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2 FERNANDO Q. GOUVEA AND NORIKO YUl

INTRODUCTION

as s ---t r

Let )( = X k be a snl00th projective algebraic variety of dinlension n defined over a
finite field k = IFq of characteristic p. The zeta-function of X (relative to k) has the fonll

where Pi(X, T) E 1 + TZ[T] for every i, 0 ::; i ::; 2n, allel has reciprocal roots of absolute
value (//2. Taking 1: equal to an even integer 21', we see that for any integer l' between 0
anel n

Z(X -ß) ~ Cx (1')
,q (1 - qr-3)Pr(X)

where Cx(r) is SOIlle rational nUlnber anel Pr(X) is an integer (calleel the 1,-th COIllbillatorial
Picard nUlllber of )( = )(k.) In this paper, we obtain infornlation about these two ntllnbers
for algebraic varieties that are espccially sinlple.

There are standard conjectural descriptions of the nUlnbers Pr(X) and Oxer) that
connect theIn with aritillnetic anel geoInetric invariants of X. Let k be an algebraic c10sure
of k anel let ~)(k := X Xk Tc be the base change of )( from k to k. Let f be any pritne
different froIn p = cho.r(k). Let P~ t()() denote the dinlension of thc subspace of the f-adic
etale cohomology group H 2r(xk , 'Qe (1')) , generated by o.lgebraic cycles of codinlcnsion l'

on X elef1ned over k, and let
P~ (X) := Inax P~ e(.X),

l:f.p ,

(The nUIllbers P~,l(X) are in fact presuIned to be independent of thc choice af the priIne
f.) "IVe call p~(X) thc r-th Picard nUlllber of X = X k • rt is known that p~(X) ::; (Jr(.X),
anel Olle conjectures that they are in fact equal:

(0.1) The Tate Conjecture. lVilh lhe definitions aboue, we haue

Pr(X) = p~(X).

This is known to holel in a nUl11ber of special cases (rational surraccs, Abelian SUl'raccs,
products of two curves, anel Fernlat varieties under certain condi tions, etc.)

Picarcl numbers are, of course, very sensitive to the field of definition. In variolts
contexts, we will want to COlnpare the Picarel lltlInber of a variety X over k to thc Picard
nunlber of its base change to extensions of k. As onc runs over bigger and biggcr finite
extensions of k, the c0I11binatorial Picard nunlber eventually stabilizes. vVe will rercr ta
the latter nUlnber as the r-th (coJ11bina,torial) stahle Picard tHlll1ber of X and dcnote it by
p,.(X).

As for the rational number Cx (r), aseries of conjectures has been forIlnI1o.ted by Licht­
enbauIll [L84, L87, L90] anel Milne [n1iI86, n1i188] (see also Etesse [Ete88]). (The conjec­
tures concern the existence of "motivic cohomology" anel in particular of certain cotnplexes
of etale sheaves Z (1').)
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(0.2) The Lichtenbaunl-Milne Conjecture. Assu'me that the cO"lr/'plex Z(1') exisls and
Ihal Ihe Tate Conjeclure holds for ~":( = )(k. Then

Cx(r') = ±x(~>{, Z(7)))' qx(X,O,r)

where
x(X, 0, r) := 7' X(X, 0 X ) - (1' - 1)X(X, n\ )+ ... ± X(X, n'x- I )

anel xC\."", Z(7')) is the Eu/er-Poincanl characleristic 01 the cO'TTtp/e.'"C Z(1').

For surfaces, this fornnda is equivalent to the Artin-Tate fornlltla, which is known to be
trlle whenever the Tate conjecture holeIs. For higher dinlensional varictics, thc conjectural
fonnula has not yet been provcd (or disproved) even for a single exalnple. Thcrcfore,
providing exaInples related to this conjcctllre secnlS to be of considcrable interest.

The purpose of this paper is to offer a tcsting grollnd for the Lichtenbaulll-rvliine conjec­
ture for diagonal hypersurfaces, cxplicitly evaluating the special values of zeta-fllnctions
at integral arguments. This is done by passing to the twisted Fernlat Inotives associated
to such varieties.

We now proceed to set up thc case wc want to investigatc. Let trI, a,nd 11. bc integcrs
such that 112 2: 3, (p,rn) = land n ~ 1. Let c = (ca,CI,'" ,cn+d be a vcctor where
each Cj E k x, such that COCl ... Cn +1 #- 0 E It.. Let. V = V: (c) C lPk+1 elenote thc diagonal
hypersurface of dimension n and of dcgrcc rn defined over k = lFq given by thc equation

(1)

"Ve denote by X := V,:n(l) the Fennat variety of diInension n anel of degrec 111. elefined by
the cquation (1) with c = (1, 1 ... ,1) = 1. "Ve call the vector c 30 twist.ing vcctor. Note
that the vector c = (co, Cl, ... ,Cn+ I) is only defined up to llnd ti plic3otion by 30 non-zero
constant, and further, that changing any of the coefficients by an elenlent in k X which is
an nl

th power gives an iSOlnorphic variety. "Ve will call two such choices for c equivalent.
"Ve will denote the set of 3011 vectors c = (CO, ... , Cn+l), considered L1p ta eql1i valencc, by
C.

Throughout the paper, we inlpose thc hypothesis that k contains 3011 thc rn-th roots of
unity, which is equivalent to the condition that q == 1 (moel m).

The diagonal hypersurface V = v:1n( c) is a cOIllplete intersection, and its cohOll1ology
grOl1ps are rather simple (cf. Deligne [D73]). Hs geonletry and 30rithlnetic are e10sely
connected to those of the Fernlat varicty, ,l' = V:(l). In fact, the eigenvalues of the
Frobenius endoInorphisnl for .1:' are .Jacobi SUIns, and those for V are t.wisted .Jacobi sunlS j

that is, Jacobi sums lnultiplied by sOlne 1n-th root of unity. Furthernlol'c, thc gcoIl1etric
and topological invari30nts of V, such as the Betti numbers, the Ci, j)-th Bodge nllll1bers,
the slopes and the dimensions anel hcights of fonnal groups are independent of thc twisting
vectors c for the defining equation for V, anel therefore coincide with the corrcsponcling
quantities for X. By contrast, arithll1ctical invariants of V (that are sensitive to the
ficlds of definition), such as the Picard nUlnbcr, the group of algebraic cycles, and thc
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intersection matrix, differ fronl the corrcsponcling quantities for A'. Relations between
these arithlnetical invariants of V anel the corresponding invariants of .1' are one of our
lnain theines.

To understand the arithnletic of a, diagonal hypersurface V = V:( c) of elilnension 12

anel elegree 1n with twist c, we use the natural group action to associate to it a falnily of
1110tives which correspond to a particularly natural decomposition of the cohornology of V,
which wc call the motivic elecolnposi tion. vVc call these (not neccssarily i ndecolll posable)
1110tivcs lwisled Fermat motives, and the direct SU111 of these motives is the 1110tive attached
to V itself. The arithmetic of these tllotives "glues together" to fOrIn the arithlnetic of V.

Let VA denote a twisted Fennat lnotive. vVe say that VA is supersingular if the Newton
polygon of VA has a pure slope n/2 ; VA is ordina1'y if the Newton polygon of VA coincides
with the Hodge polygon of VA; anel VA is of IIodge-lVitt type if the Hodge-\'Vitt COh01l101­
ogy group Hn-i(vA, l'Vn i ) is of finite type for every i, 0 ~ i ~ n. (Ir VA is ordinal'y, then it
is of Hodge-vVitt type, hut the convel'se is not true.) Then passing to diagonal hypersur­
faces V, we say that V is supe<l'singularJ ordinarYI and of Hodge-lViti. type if every twisted
Feflnat Inotive VA is supersingular, ordinary, and of Hodge-\Nitt typc, respcctively. Note
that these properties are not disjoint at the 1110tivic level (that is, lnotives can be ordinary
and supersingular at the same time).

The set of all diagonal hypersurfaccs has a rather elaborate induclive s/'ruc/'urc, I'clating
hyperslll'faces of fixed degree and varying dilnension. We foclls on two types of such: the
first relating hypersurfaces of clinlension 11, and 11,+2, and the second relating hypcrsurfaces
of dilnensions n + 1 and 11, + 2. This inductive structure is indepcndent of the twisting
vectors of the defining equation for V. As before, the inductive structllre can be considered
at the nlotivic level, and the arithlnetic and geollletry of lnotives are dosely related to
those of their incluced lnotives of higher dinlension. Cohomological rea.lizations of these
structures shed light, for instance, on the Tate conject ure and on special va.lues of (partial)
zeta-functions. (For details, see Chapter 4 below.)

For diagonal hypersurfaces V = V:( c) of odd dill1ension 12 = 2d+ 1, the Tate conjecture
is obviously true (Nlilne [11iI86]). For diagonal hypersurfaces of dinlcnsion 11, = 2, the Tate
conjectul'c can be proved for any twist cover k on the basis of the results of T'ate ['1'65] and
Shioda and Katsura [Shi-K79J for Fcnnat sUl'faces x2m(1) over k. For highcr dinlensional
cases, we obtain the following l'esults.

(0.3) Theorem. Lei V = V:( c) bc a diagonal hypersurface with twist c and lei ,1' =
V: (1) be the Fennat variet.y! both of dcg'/'ec Tn and dimension n = 2d ovc'!' k = IFq . Let
Pd(V) and Pd( X) denote ihe d-lh Picard nU1nber 0/ V and X, respeetivcly, and lcl Pd(V)
and Pd(X) be the correspondi71g stable Picard 1l1lmbc'rs. Then thc following assertions hold:

(a) Thc slab/e Picard nun~bers are giucn by

whcrc lhe s'lI;m 1'uns over a// supe1'singular Fcrmat 1notives VAJ and Bn(VA) derwtes the
n-tJ~ Betti nun/,ber of VA.
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(b) Assu'me that rn is p7'irneJ rn > 3. Then

That is, the actua/ d-th cornbinatoria/ Picard numbc'l' oJ ,Yk is stable.
(c) Assume thai, rn is p'l'irneJ nl > 3. Then

Furtherrnore J the jol/owing are eq11.iva/ent:

(1) Vk and Xk a're iso'TTtorphic
(2) Pd(Vk ) = Pd(.Yd
(3) c is equiva/enf to fhe trivial twist 1.

Part (c) is false in general for cOlnposite 1n: for SOlne values of 1n, oue cau find twists c
such that Pd(Vk) > Pd(.l'k). One can also find nontrivial twists such that Pd(Vk ) = Pd(,l'k).

Shioda [Shi82a] has obtained a closed r01'111Ula for the stable Picard l1umber for surfaccs
of pri111e degree: if n = 2 and rn is a pritnc, then:

PI (V) = 1+3(rn - 1)(111. - 2).

Dur C0l11putations lead us to conjecture si111ilar formltlas fol' higher-dil11ensional hypersur­
faces. \Nhen n = 4 alld 111. is prilne, we conjccture that

P2(V) = 1 + 5(111. - 1)(3rn2 - 15111. + 20),

and when n = 6 and 111. is prime, that

P3(V) = 1 +5· 7(ro - 1)(31'n3
- 27rn 2 +86rn - 75).

We say that a twisting vector c = (co, CI," • ,Cn+l) is extrC'Hle if ca := C~OC~1 •.. c~++/ tt
(kx)m fol' any a = (aa, al,··· ,an+d E Q(~ with j(a) = rl. The reason these are interesting
is thc following observation.

(0.4) Theorem. Let V = V:( c) be a diagonal hypers11'1face oJ dünension n = 2d mul
pritne degree m > 3 over k = IFq • Suppose that c is ex/:re'meJ then the Tate conjechtrc
ho/ds Jor VkJ and lOe have

Since diagonal hypersurfaces V = V~~(c) are cOlnplete intersections, their zeta-functions
have the fonn:
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In our case, Q(V, T) is an integral polynolnial of clegree m~l {( 711, - 1)n+ I +(-1 )n+2}, alld
over C

Q(V, T) = II (1 - (J(c, a)T)
aE9.;:,

where the product is taken over all twisted Jacobi SllIns, (J( c, a).

Studying the asymptotic behaviollr of the zeta-function as 8 -1 7" c1early bails down,
then, to studying the aSYlnptotic behavioul' of the polynomial Q(V, q-S) as S tends to 7",

o :s; 7' :s; n. To da this, we first evahlate the polynolnials Q(VA, q-r) corresponding to
n10tives VA as s -1 T, and then glue together the tnotivic qllantities to yield thc following
global results.

(0.5) Theoreln. Let V = V:( c) be a diagonal hypeTsu1jace wilh twist. c und tel ....1:' =
V;;' (1) be lhe Fe'r'mai variely, bolh oJ dimension n and degree 1'"11. DVC'!' k = IFq •

(I) Let n = 2d and assume m printeJ 1'n > 3. Pul Q*(V, T) = (1 - qdT)Q(V, T). Define
quantUies cd(Vk ), Od(Vk ) and 1UV(1')J as follows:

r

1UV(1') = L(1' - i)hi,n-i(v).
i=O

Then the following assertions hold Jor lhe H,nit

(a) I/V is supersingular (7"esp. sl'rongly supersingular) J then lhe liuli!. is equal io ±111,~,dv ... )
(resp. equal io 1).

(b) lj V is 0/ Hodge-l'Vitt typeJ then lhe li'mit takes lhe Jollowing Jonn:

Here Bd(Vd is the global "Braue1' nurnber"J 0/ Vk . /t. is a positive integer (not necessarily
pri1ne to nlp)J and is a square up io powers o/1'n.

IJ c is extre'meJ then Bd(Vk) is a square.

(II) Let n = 2d +1 and nl p1'hne > 3. Then Jor any intege1' T J 0 :s; r :s; d,
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wheTe Dr(vk ) is a positive integer (not necessari/y prime to rnp), and Dr(Vk) = Dn-r(Vd.

Detailed accounts of Theorenl (0.5) can be found in Chapters 6 and 7 below. T'hc
hypothesis of rn being prinle is not a subtlc one, and is present 1110stly for tcchnical
reasons. One expects that there are siluilar fOl'mulae for thc cases of C0l11posite nl. Dur
calculations are in agreenlent with such an expectation; see the COffiInents in Chaptcr 9.

For diagonal hypersurfaces V = V2(c) of dilllension 11, = 2 anel clegree 1n > 3 with twist
cover k = IFq , thc Tate conjecturc holeIs for V over k, so that V satisfies the Artin-Ta.te
fOl'I1Htla relative to k (cf. Nt iInc [MiI75]). Olle of the Illotivations of thc LichtenballIll­
t\1ilne conjecture is to generalize the Artin-'T'ate fornHda to higher (even) dimensional
varieties. For diagonal hypersllI-faces V = V:( c) of dinlension 11, = 2d with twist cover
k = IFq , LichtenbaurTI and Milne have shown that assuITIing the existence of complexes of
etale sheaves Z(1') having certain properties yields the fallowing fornnda:

(0.6) Theorenl [Milne-Lichtenbaunl]. Assu'me the itale e01nplexes Z(1') exisl. Let.
V = V:( c) be a diagonal hype1'S7t'1jaee 0/ dünension 11, = 2d and (p'rinte) degTee 1n > 3
with i.wist cover k = IFq • Then the validily 0] the Tate conjeetuTe Jor Vk i1nplies /.hat Vk
satisfies the Lichlenbaum-i\tlilne f01'Tnula:

1
. Q*(V,q-S) # Brd(Vk)ldetAd(Vk)1
1m = ±------:-:-:--:-:-----

.5-+d (1 - qd-.5)Pd(Vk) qQdV(d)

where Brd(Vk ) = # JJn+l (Vk, Z( cl)) is the "Brauer" gr071p of Vk and # Brd (Vk ) its or­
der, Ad(Vk) is the i-mage 0] i.he d-th Chow group CHd(Vk ) in Hn(Vk ,71(d))) {Di I 1: =
1, ... , Pd(Vk)} is a Z -basis for Ad(VkL det Ad(Vk ) = dct( Di . Di) is lhe detc'J"tninanl
0] the i71te'rsect.io71 ·matrix on Ad(Vk)) and oV(d) = sn+l (d) - 2sn(cl) + wv(d) where
wv(d) = ~~=o(d - i)hi,n-i(v) wilh hi,i = dinlk Hi(V, ni ), and si(d) = diIll Hi(V, Zp(d))
(as a pe1ject gl'O'llP sehe-me).

Far thc definition of H, see Milne [Mil86], pp. 307.)
"Ve refer ta thc fonllula in this theorenl as the Lichtenbaulll-Milne fonnula. It is known

to holel for d = 1 01' d = 2 whenever the Tate Conjecturc holds. \Vhen the Brauer group
Brd(Vk ) exists, its order is a square, anel this gives us a handle on the (otherwise quitc
nlysterious) value of this ternl in the fonTIula.

Since we can get infonnatian abaut the special values elirectly frarn propcrties of twisted
Jacobi sums, we can COInpare these results with those preclictccl by the Lichtenbaunl-~Irilne

fonllula.

(0.7) Theoren1. 'The notations 0] Theore·m (0.5) Te1nain in force. J] i.he eomplexes Z(l')
exisi. and the 'Tale Conjeet1tl'e holds, so thai. the Lichi.enba1l'm-A1ilne ]o'rnw,la (0.6) is valid)
thert we haue, /0'1' rn pri7ne:
(I) The following asse'rtions hold:

(0,) I] Vk is supel'singular, then

# Brd(Vd! det Ad(Vk)1 = qav(d)1n~d(Vk).
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(b) I/ Vk is of Hodge- ~Vitt type, then

# Brd(Vk)1 det Ad(Vdl = Bd(Vk)rn"d(Vlr
).

(11) For each printe ewith (e, 1n) = 1, the Jollowing asscdions hold:

(a) FOT a printe ewi!.h (e, n~p) = 1,

i/ Vk is supersingular

1/ Vk is 0/ Hodge-lViU !.ype

and
Idet Ad(Vk ) 0z Zel = l.

(b) For !.he prirne p = char(k), 1/ Vk is oJ Ilodge- l'viU type) then

# Brd(Vk)p_t.ors = IBd(Vk)I;1 and Idet Ad(Vk) 0z Zpl = 1.

(III) The Jollowing divisibility asscrNons hold:

(a,) Ij VI. is strongly supe'1'singular, thcn ßrd(VJ;) 1:8 a p-groupJ and Idct Ad(Vk )I rliuirlc8
apower of p.

(b) If Vk is 0/ lIodge-lVitt type, !.hen # Brd(Vk) is a square (with a possible except,ion
0/ lhe 1n-part), and Idet Ad(Vk)1 divides apower of 171..

For extreme twists c, we get a more satisfactory result. Thc Tate Conjecture holds with
Pd(Vk) = 1, and one can determine thc contribution of thc intersection pairing explicitly.

(0.8) Theorem. Lel V = V:( c) hc a diagonal hypcrsu'ljace 0/ prime degree rn > 3 and
di'mension n = 2d wit.h an extreme twisl cover k = IFq • Then C H d(VI.) is generated ouer
Q by the only one class 01 algebraic cycles, consisling 0/ hyperplane sect.'ions on Vk and
Idet Ad(Vd I = rn.. Then lhe Lichtenba'ffm-Jl1ilne jormllla holds rnof17tlo the existence oJ
Brd(Vk), in the sense lhat

where cd(Vk) is as in Theore'ln (0.5). The exponent cd(Vk) - 1 zs even, ([nd Bd(Vk ) is a
square.

When it is defined, the aclual order oJ lhe Er'aue'1' g'I'oup 'reiates 10 lhc motiv'ic ßnl'llC'1'
lHl'mbers by the f01'm71la

±Brd(Vk ) = nl~d(Vlr)-l I1lBd(VA )]

VA

where the produd is taken over allnon-super'singular twisled Fermat rnolives VA. # Bl'd(VA)
is a square (inc/uding lhe ln-part) Jo'1' eve'1'Y VA in the product.

About the Lichtenbauln-rvIilne conjectul'e (0.2), we have:



ARITHM ETIC OF DIAGONAL HYPERSURFACES OVER FINITE FJELDS !J

(0.9) Theorenl. Let V = V:(c) be a diagonal hype1'surlace oJ dintension n and p1'inw
degree 111 > 3 with twist c ove'!' k = IFq • Assun~e the existence 01 the con~p/exes Z(1') Jo1'
r, 0 :S r :S n.

(I) Let n = 2cl) und t.ake an extre1ne twist c. 11 Vk is 01 Hodge-l'Vitt type. Then) lhe
exponent 01 q in the residue Cv(d) oJ (0.2) is correet) thai is)

d

X(V, 0, cl) = 1Uv(cl) = L (cl - i) hi,n - i (V) .
i=o

FurlheT11l01'e) X(Vk , Z(1')) is given by

(11) Lel n = 2d + 1. Then fo1' any 1') 0 :S r :S d) Vk satisfies the Lichlenbaunl- klilne
101"11lula. Thal is) Jor any r, 0 ::; r ::; cl) we have Pr (Vk ) = 1) and lhe exponent. 01 Cf lS

co.,..,.ecl, i.c.) X(V, 0,1') = 1Uv(r). NJoreovc1', X(Vk, Z(r)) is given exp/icil/y hy

Dr(v)
X(V Z(1')) - k E Q
"k, - (-1)r "(r+l )/2 n~ (i _ 1)2 . n~d-2" (1 _ r+j ) .q 1=1 q )=1 q

Many of the results in this paper were previously announced in Gouvea anel Yui [G-Y92].
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LISTS OF NOTATIONS AND CONVENTIONS

Let p be a rational prime
k = IFq : the fini te field of q elelnents of char(k) = ]J > 0
~x =< z > : the multiplicative group of k with a fixed generator z
k : the algebraic closure of k
(kx)m := {cm Ic E k X

}

r = Gal(k/k) : the Galois group of k over k
~V = W(k) : the ring of infinite Witt vectors over k
!( = I«(k) : the field of quotients or ~V

v : a p-adic valuation of Qp nornlalized by l/(q) = 1
F : The Frobenius morphisIl1
\I : The Verschiebung 111orphisll1
<l> : the Frobenius endOlTIOrphis111

Let 1'n and n be positive integers such that 111. ~ 3, (111, p) = 1 and n ~ 1
e: a priIne such that (f, 1"n) = 1
Ql : the field of f-adic rationals
Zl : the ring of f-adic integers
I It l

: the f-adic valuation of Q nonnalized by lel t l = e
lxi: the a.bsolute value of x E IR

L = Q(() : the rn-th cyclotolnic fielel over Q where ( = e2rri
/

m

(,' = Gal(L/Q) : the Galois group of Lover Q, which is iSOlTIOrphic to (Z /1"nZ) X

4J(111.) : the Euler function
c = (Co, CI, ... , cn+d E k X x ... x J...~x (n + 2-copies) : the twisting vector
V = v~n(c) ; the diagonal hypersurface ~?:Ol qXi = 0 C IP~+I with the twisting vectol'

C of degree 111. and dilnension n

,1:' = V: (1) : the Fermat val'iety L:?:01 xim = 0 C 1Pk"+1 of degree 171. ancl dirnensioll n
with the trivial twist c = 1

I-'m : the group of 1n-th roots of unity in C (01' in k)
<5 = <5: = tt~+2 /6. : a subgroup of thc autolnorphis111 group Aut(V) of V
6 : the character group of ®
2l = 2l: =

n+1
= {a = (ao, aI, ... , an+d E <5 I (tj E Z/1nZ, ai;j=. 0 (Inod m), Lai == 0 (1110d 1n)}

i=O

For a = (ao, al, ... ,an+l) E Ql:,
Ilall = L:~ol (~) - 1 where < x > is the fl'actional part of x E Q
]Ja: the projector defined in (3.1)
j(a) : a .Jacobi SUffi of dimension n anel elegree 1"n
ö(c, a) : a twisted Jacobi SU111 of ditllension n anel elegree 111.
a : an induced character in 2l~~d for sorne d ~ 1
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j(ä.) : an induced Jacobi sunl of an appropriate dilnension and degree rn
8(c, ä.) : an induced twisted Jacobi sunl of an appropriatc dill1ension and clegree 111.
A = [al : the (Zjn1.Z)X-orbit of a
PA = [al = LaEA Pa
A= [al ; the (Zjn1.Z)X-orbit of a
M A : a Fermat lnotive of elegree rn anel dilnension n

VA: a twisted Fennat 1110tive of degrce n~ anel dinlension n
j\l1 Ä : an induced Fermat I110tive of elegree 111. and an appropriate dinlcnsion
VÄ : an induced twisted Fcnnat Inotive of degrcc rn and an appropriatc dinlension

#8 : the cardina.lity (resp. order) of a set (resp. group) S'
Q3~ = {a E Q!~ I 3(c, a) = qn/2} with 11. even
~l = {a E Q!~ I (J(c,a)/qn/2 = a root of unity in L} with 11. even
Q.:m = ?ifll \ Q3 mn n n
1)m = Q!m \ 23 m

n n n

O(l!:) : the set of (Z/n~Z)X-orbits in l!~

O(1)~) : the set of (Z J7nZ) X-orbits in i)~

[d(Vk) = #O( l!';:)
Ad(Vk ) = #O(1)~l)

Od(Vk ) = [d(Vk ) + Ad(Vk )

Let 111 be a f-module where r = Gal(kJk) with the Frobenius generator cI>

1V!r : the kernel of the I11ap <I> - ] : At! -+ A1
M r : the cokernel of the 111ap <I> - 1 : M --+ 111
J\1tors : the torsion subgroup of 1\1

o : the structllre sheaf of V and X
n : thc sheaf of differentia.ls on V and .1:'
vvn : the sheaf of De Rhaln-\Nitt cOInplexes on V and ;t'

Gm : the sheaf of llnits

Arithlnetical invariants of V and X are rather sensitive to the fields of definition. vVhen­
ever the fields of definition are to be specified, subscripts are adjoined to the objects in
qllestion.

For instance,

Pr(Vk ) (resp. Pr(Vd : the 1·-th Picarcl number of V defined over k (resp. k)
p~(Vk) (resp. p~(Vd): the dinlension of the subspace of H2r(vk, Qe(r-)) generated by

algebraic cycles of codimension l' on V elefined over k (resp. k) where eis a prinlc =I p

Brr(Vk ) (resp. Brr(Vk)): the 1,-th "Bra.uer" grollp of V over k (resp. k)
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1. T\VISTED .J ACOBI SUMS

Let 1n 2:: 3 anel 11, 2:: 1 be integers. Let k = IFq be a finite field of cha,racteristic ]J > 0
anel let k denotc its algebraic c1os11re. ASSUlllC that k contains all the 1n-th roots of unity,
which is equivalent to the conelition that q =1 (ITIOel m). v\Te fix a multiplicative character
X of k of exact order 111 by choosing a generator z of k x and elefining

X : k x = (z) --+ iLm

by
x(z) = e27rijm := ( .

Let ~ denote the ilnage of the diagonal inclusion iLm Y iL~+2, and let

.......

and let l8 be its character group. Note that there is a natural action of <8 on the variety
\I.

Let L = Q(e21fi
/

m
) = Q(() be the 1n-th cyclotomic field over Q. ThcT1 ® can be

ielentifiecl with the set

n+l
Q5 ~ {a = (ao, al, ... , (Ln+r) I (ti E Z/1n.Z, L (ti =0 (ITIod 'ln)}

i;;:O

under the pairing
n+1

(5 X l5 --+ L : (a, g) --+ a(g) = rr (ti.
i:;:o

Let 21: be a s IIbset of Q5 elefi neel by

2!: = {a = (ao, al,··· Q.n+r) E Q5 I ai ~ 0 (nl0d 1'n) for every 'i}.

If thcre is no anlbigllity, we wl'ite 2l for 2l: to 1l1ake thc notation lightcr.
To each a = ((ta, al, ... ,(Ln+l) E 2l:, we will associate several objects that will later

prove to be elosely related to the geometry of our varieties. First, we define the length of
a to bc

n+l
Ilall = L ((Li) - 1,

. 111
);;:0

where (x) = x - [x] is the fractional part of x E IR.
Now let G = Gal(L/Q); as usua.l, we identify G with (71/nlZ)x. Let H = {pi Il10d rn I

o :::; ·i < f} be thc decomposition group of a prime idcal p in L lying above p, with
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Norn1L/Q(p) = pi. Let GI H = {8t, 52, ... l sd, so that f· t = cP(nl-) (where cP is the Euler
function). Then we define

AH(a) = L Ilpiall = Ilall + llpall + ... + Ilpl-tall·
piEH

It is probably worth noting that if p =1 (lllOd 1n), then f = 1 anel A H ( a) = Ila 11. For
practical reasons, many of our cOlnputations wcre done under this hypothesis. Finally, \ve
define an elenlent in the integral group ring of G,

t

w(a) = L AU(Sia ) . Si E Z[G].
i=l

For l1Ulch of the paper, we will fix a twisting vector c = (co, Cl, ... '<;~+l) with n + 2
conlponents Ci E k X

• Consider a diagonal hypersurface V = V,:n( c) C IP~+I ovcr k defincd
by the equation

cox;; +CIX~ +... + enX : + Cn +1X:+ 1 = o.
It will occasional1y be useful to consider the sct of al1 possible vectors c. It is elcar that

Inultiplying each Ci by an rnt.h power in k X givcs an iSOlnorphic V, anel that 1l1ultiplying
all the Ci by a scalar will leave V llI1changed. Hence, we will idcntify the set of all c's
(considcred up to equivalence) with thc set

C = (k X /(kx)m))n+2/~,

where ß is the diagonal inelusion of k X I(kx)m in the proeluct. 'A'e will say that c is trivial
whcn it is equivalent to (1,1, ... ,1), i.e., when V is iSOITIorphic to the Fern1at hypersurface
X.

The set C eleady has a group structure. In fact, since k contains thc ln
th 1'00ts of llnity,

it is isonlorphic to thc group ~ of autoillorphis111S of V; in particulal', there is an action
of a E 2l on C,

given by
( )

L-'I. a _ ao al an+1
C, a r--r C - Co CI •.. cn+l .

This lllap will be the Inain tool for cOlllparing the arithlnetic of V to that of the Fcrnleü
hypersurface X.

(1.1) Definition. The twisted Jacobi surn 01 di'TnCn5ion n and of degrce 111 (relative to q

anel X) associateel to a = (aa, aI, ... ,an+d E <B and c = (Co, CI, .•. ,cll+d is

3(c, a) = 3(c, a)q,X = x( C~OC~I ••• C~+~l )j(a) = x(cR)j(a)

where j (a) is the .J acobi sun1 of elilnension n anel of elegrec 171.. That is,

j(a) = (_I)n LX(vd a1 x(V2)a:J X(Vn+lt n +1

where the SUln is taken over all (n +])-tuples (VI, V2, , Vn+l) E kX x ... x kX subject
to the linear relation 1 + Vl +... +Vn+l = O. V\'e will often refer to the vector C 01' to the
root of unity X(C~OC~I ... C~++11) as "the twist."
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(1.2) Properties of twisted Jacobi sun1S. Lcl. 3(c, a) be a twisted Jacobi S7.UH 0/
dirnension n and 0/ degree 111.. Then 3(c, a) has the Jollowing properties;

(a) 3(c, a) is an algebraic integer in L; rn01'e precisely) if gcd(a, 111) = d 2: 1) lhen
3(c, a) is an algebraic intege'l' in Q( (d) ~ L. ~Vilh 'respect lo any contplcx entbedding,
3(c, a) has the absolute value 13(c, a) I = qn/2.

(6) Lel.

G(x) = LX(x)7/J(x)
xEk

lIenole a Gauss sunz, where 'IjJ : k I-t Jlp is tlze addit.ive cha'l'acl.er 0/ k defined by

~/,( ) = 21l"i(x+.+x'l/P)/p
0/ xe.

Then J01' a = (ao, (LI, .•• , an+d E 21:,

11]( ) - ( ao al a,,+l )G'( aO)GI( aj ) GI( a"+l)o c, a = -X Co CI' .. cn+ I f X f X . .. f X .
q

(c) As above) lel

G = Gal(L/Q) = {at I at«() = (l with t 11lOd 1n} ~ {t lnod 1H I (t, 111.) = I}.

Then G aets on ö(c, a) by

where oJ COU1'se
la= (tao,lcll, ... ,hln+l) E Q{~.

In olher words, G flets on ö( c, a) via ils nal7.l'ral action 011 21: .
(d) Let p C L = Q(() be any ideal lying above p. As an l:deal hl L, (ö( c, a)) has t.he

jJrim-e ideal deconzposition
(ö(c,a)) = pw(a),

where w(a) E Z [GI) is the elenzent defined above.
(e) F01' any pri1ne ewith (e, nl.p) = 1) lel. I Il denote i.he e-adic absolute value nonnal­

ized by Iflll = e. Tlzen
lö(c,a)ll = Ij(a)k

(f) Let v denote fhe p-adic vahtalion 0/ Qp normalized by 1/(q) = 1. 'Phen

v(ö(c,a)) = 1/(j(a)).

Proof. The twisted Jacobi sum ö(c, a) difrers fl'ODl the Jacobi SUIl1S j(a) only by lTIulti­
plication by an rn-th foot of unity. Thus, all assertions are cleal'. 0
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There is an inductive structul'C in the twisted Jacobi sun1S which rcflects an undcr­
lying geOll1ctric inductive structul'C (studied extensively by Shioda [Shi82b] for Fertllat
varieties). Fix a positive integer rn 2:: 3 and let 1', s be positive integers. Define a set

21~.. := {(b, cl) E 21;.n x 21:n I b = (ba, b}, . .. , br+d, cl = (da, d}, ... ,ds+.)

with br+1 +d..+l == 0 (mod 1'n)}.

Then a pair (b, cl) E 21~.. gives rise to a character in 21~+ .. :

b#cl:= (ba,bl, ... ,br,da,dll ... ,d~) E 21;."+3'

On the other hand, a pair (b', cl') E m~_l x m:n_1 also yields a character in 21;.n+s:

Shioda [28] has shown that therc is a bijection

In other woreis, every Jacobi sunl of dimension 'ln = T + s can be obtained from .Jacobi
SUlllS of lower diInension by one of the two methods.

This inductive structure can be realized coho11101ogically. In fact, Shioda [Shi79a] has
done that with Hodge COh0l11010gy groups. Here we sha11 discuss how the inductive struc­
ture are realizcd at the level of Jacobi sunlS and twisted Jacobi SUtTIS.

(1.3) Lenlllla. Por fixed n1. 2:: 3 und 11. 2:: 1) choose l' und s so that r + s = 11., so tha.{ wc
have a bijeclioH

2t: f-----7 21~ß U m;.n-l x 21:n-l'

(a) !fa = b#cl = (ba,bl, ... ,br,do,dl, ... ,d3) with (b,cl) E 2l~l~) lhcH the Jacobi SUU2

j (a) 01 degrce 1'"11. and dirnension 11 is given by ,

j(a) = X(-l)j(b)j(cl).

(b) lf a = b' * d' = (b~, b~, . .. , b~, da, d1 , ••• , d.. ) wilh (b', cl') E m;.n-l x m:n-l) then the
Jacob i sum. j (a) 0f degree rn and dirn ensio 12 n is given by

j(a) = qj(b')j(d').

Proof. This is an immediate consequence of the proeluct expression for j (a) in terms or
Gauss sunlS, anel the identity G(X)G(X) = qX( -1).

(a) '.;Ve have
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because of the conelition br+1 + d!!+l = 0 (mod 1n).

(b) vVc have

vVe will be particularly interested in the case when l' = 11 - 1, S = 1, which \vill allow
us to obtain information on Jacobi SUl11S of elirncnsion n by putting together inforn1ation
fron1 diInensions n -1, n - 2, 1, anel O. Noticc that if cl E 2{~, then j(cl) = x( -1), which
Inakes the fornllda in iteIn (b) particularly sirnple. It is probably also worth pointing out
that when 1n is odd we must have x( -1) = 1, sirllplifying the fonllulas sti 11 furthcr.

(1.4) Reluark. Going down the incluctive structure, wc see that any character a E 2{:

can be cxpressed in tenns of characters in 2{~ (which are trivial to understand L21~n anel

21~\.

There is another (luuch silnpler, but still uscful) inductivc structure on .1a.cobi SUlllS
which depends on the degree.

(1.5) Len1n1a. Fix n 2 I, and let 1n = 111~ be apower of a p'rinw rHo, und assume tJutl

eithc1' 1110 2 3 and t 2 2, {)'/' 1no = 3, t 2 3. Lel a = (ao, ClI,' .. ,(ln+l) E 21:. AS8U'lnC tJul!.

gcd(ao, a I, ... , an+h 1n) > 1, and hence is apower 0/ rHo. lV1'üe ad1no = ai Jor each 'i)
o :::; i ::; n + 1. Then a' = (a~, a~, ... ,a~+l) is an ele'menl oJ 2{:~-I. I/we writ.e jm(a) Jor
lhe Jacobi S7.l1ll oJ an elenten t. of 21:, t.hen we have

Proof. This follows frolll thc identity on Gauss sun1S:

Adcling in the twist does not change lnuch:

(1.6) Proposition. The induclive st.'l'uetu'res above are rcalized at. lhe level of twisted
Jacob-i 87.1'TnS as 10//0108:

(I) Fl:X 1n 2 3 and vary n 2 1.

(a) Choose positive intege1's l' und .5 such thaI. l' + S = 11. Let c = (co, Cl, ... , c,,+ I) E
k X x··· x k X ((1' +2) - copies) and cl = (do, d1, ... , ds+d E k X x ... x k X ((8 +2) - copics).

Let a = (ao, ah ... , ar+d E 2!;.n and b = (bo, br, ... ,bs+d E 21:n such that ar+l +b!!+l =
1n. Let a := a#b = (ao, al, ... , ar , bo, 61, ... , b~) E Q!: be the induccd cha1'acler. For any
veetorsc andd, write c= (Co,ct, ... ,c,.,do,d1 , ••• ,ds ). Then



18 FERNANDO Q. GOUVf~A AND NORll<O YUI

(b) Let, c = (Co, Cl, ... , er) E k X X··· Xk X ((7'+ 1) - copies) und 'et. cl = (da, cl l , •. . , d~) E
k X x··· xk x ((s+I)-copies)) whc.,.c, as above) 7'+s = n. Pul. c = (Co, CI, .•. ,Cr , da, d!, . .. , ds)'

Let a = (ao, al, . .. ,ar+d E m;.n-1 and lei, b = (ba, bl , ... ,bs ) E m:n-1' Put. a =
(ao, 0.1, .•. ) ar , bOl b1 , •.• , b8 ) E m: be the ind'uced charade.,.. Then we haue

Ö(c, ä) = qö(c, a)ö(d, b).

(c) In particular, if l' = n-1, S = 1) let c = (co, Cl, ,cn-d E k X x· .. x k X (n - cOjJ'ics),
and a = ((La, (LI, ... ,an-d E 21~~2' Let ä = (ao, al, , an+1, a, 1n - a) E 21: be an induccd
charade.,.. For any veeto'T' (cn, Cn+l) E k X x k X

, wrile C = (Co, Cl, ... ,Cn-l, Cn, Cn+! ). 'Then
we have

ö(c,ä) = qX(-c~c~+t)ö(c,a) = qX(-Cn/Cn+ltÖ(c,a).

Consequently, for any integer 1') 0 ~ r ::; n)

NOnTIL/Q (1 - ö(c, a)) = NornlL/Q (1 -X( -Cn+2/Cn+3t ö(c, ~)) .
qr qr+

(II) Fix n and vary 171. Suppose that rn = rn~ where 7no is a pTi'me ~ 3 and t ~ 2, OT
7no = 3 and l' ~ 3. Let C = (CO,Cl, .•. ,Cn+d E k X x ... x k X ((71. +2) - copies). Dcl, a =
(ao, (LI, ... ,rtn+l) E 21: such t.hai, gcd(aa, (LI, ... 1 (Ln+l, 7n) =f=. 1. Pul 177.' = 171./1nO = rn~-l

and lct a' = (a~, a;, ... , a~+!) E 21:
1

whcrc a~ = ai/1no J01' each i. Then

8(c, a) ö(c, a')
NonTIQ((",)/Q(l - qr ) = NonnQ((."I)/Q(1 - ({ )

Jo.,. any integer r J 0 ::; r ::; n.
Proof. (I) (a) "Ve have fron1 LenlIna (1.3)(a)

1](- -) _ -I( ao a, a r ibodb, Jb r ) '( #b)o c, a - X Co Cl ... er (0 1 ... (. s J a

_ - ( ao a, a r ar+1) -/( Ibo [bi bb. ,b'+l) -/( -a r+, [-b.+ 1 ) '( #b)- X Co Cl "'Cr Cr +1 X (.0 (1 ..• s (1"+1 X Cr +1 ("+1 J a

(b) and (c) are proved in the san1e \Vay.

(II) Let Xm and Xm l be nniltiplicative characters of k X of exaet order rrl and rn', respce­
tively. Just note that

This together with Len1n1a (1.5) then yields thc assertion. 0

In what folIows, this induetive strueturc will have to bc dealt with in two levels; one
Inay look only at the a veetors , or eonsidcl' also thc twists c. In the first ea.se, as wc shall
see, Olle obta.ins infonnation about geometrie properties of thc diagonal hYPcl'sul'face;
taking the coordinate veetol' C into account is only necessary when looking for aritllInetic
properties.
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(1.7) Proposition. Tf m zs an odd prim,e powe1'} t.hen I,hc twisted Jacobi SU'lH 3(c, a)
satisfies the cong'1'ucnce

ö(c, a) == 1 (mod (1 - ()),

where ( is an rnth root 0/ unity in L. Ij 111. > 3 and ca is an 111. th power in I..~) lhcn in fact

3(c, a) = J(a) =1 (rnoel (1 - (?).

Proof. Thc twisted Jacobi stirn ö( c, a) differs fronl thc Jacobi surns J(a) only by ll1UI­
tiplication by an ln-th foot of llnity. ff 111. is prinlc, thcn .Jacobi sunl J( a) satisfies the
congruence

J(a) 1 (rl1oel (1 - ()O) with 0' E Z, a 2: 2.

In fact, if 11l > 3 it is known that 0' ~ 3. (This is due to Iwasawa [lwa75].) The lwasawa
congruence can be generalized, using 0. result of Ihara that covers the ease 11. = 1, to prinle
powers. This fact was stated in Shiodo. [Shi87] without proof. We sho.11 include a short
proof herc invoking thc inductive strllctures, o.nd thc Ihara congruence for .Jacobi SUI11S of
dimension one.

I[ 111. = 1n~ with 1110 prime anel 111. > 3, then Ihara [lha86] has shown tho.t 0. .Jacobi sunl
J(a) of diInension one satisfies the congruence

where a = (aa, aI, a2) E 2lr with gcd(ao, aI, a2, rn) = 1 anel ( is an 1nth root of unity. This
irnplies at onee that

j(a) - 1 (mod (( - I?).

Now suppose that ged(ao, at, Uz, rn) > 1. Then one can divide the ai by apower of 'm,o

to get a chal'acter a' = [a~, a; 1 a;] of degree rn' such that gcd( a~, a;, a;, 'ln') = 1, and the
Ihara congruenee says that

where (mi is an 171.'-th root of unity (hence 0. power of (). Reca11ing that J(a) = jm/(a/),
we get, once again, that

j(a) == 1 (mod (( - 1)3).

To prove the congruence for higher dilnensional Jacobi surns, we use Lelll111a (1.3) on
the inductive structure on j(a) with respect to dirl1ensiolls. As we noteel above, if we "go
down" the inductive structure we see that every higher-dinlensional .Jacobi SlLl11 can be
expressed as a product of

(1) Jacobi sunlS of dimension 1,
(2) apower of q, and
(3) apower of X( -1).
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(Note that a Jacobi SUITI of dilllcnsion zero is simply equal to x( -1)). No"\,, since 171. is
odd, X( -1) = 1, anel, since q - 1 (1l1od 111.), wc know that q == 1 (1l1od (1 - ()rP(m)). Since
n1 > 3 we have <jJ(m) > 2, anel, together with Ihara's resllit for dilllcnsion 1, this gives thc
congruence we want.

Finally, writing 3(c,a) = (tj(a) with sOlllet, 1 ::; t::; 171., we get

8(c, a) - 1 = (tj(a) - I = (t(j(a) - 1) - (1 - (l) == 0 (Ill0d (1 - ()).

Notice that this COIllplltation in fact shows that

8(c, a) =1 (nl0d (1 - (?)

also when 111, is not prillle and (t,1n) > ]. D

Even for prilne 111, the precisc nature of the (1 - ()-adic expansion of Jacobi sums is
still unkno\\'n. Still, partial results are availablc.

Let Sllppose m is pril11e, and Ict 1r = ( - 1. Then (1r) is a pri 1l1e ideal in L = Q(()
with (1r)m = (rn) and NornlL/Q(-1r) = n1.. The (1r)-adic COIllplction of L is the loeal
field Lm := Qm(C) equipped with a valuation Y1f (which extends the valuation ordm of
Qm norIllalized by ordm(1n) = J) such that Y1f(1r) = 1 and y1r (rn) = 111 - 1. Let p
be a priIlle ideal in Lover p stich that NonllL/Q(p) = q. Thell q =1 (111od 111.) allel
Z[(]jp ~ IFq • Let A : IF; /(JF;)m -+ 7l/rn71 be the isolllorphisrll. Now we clefine for each
i, (1 ::; i ::; (n1 - 3)/2),

ß2i := I: A(X)2i"\(1 - x) E 7l/1n71.
xEF"

Further, we define fUllctions TLog and TExp by the truncated power series of the classical
logaritflIll and exponential:

anel

Let 1r' be an element of L defined by 1r' == TLog ((Inod 1rm). Thcll
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where 1L is a unit in Lm . Then rr ' is a pri Inc elelncnt in Lm satisfying (rr /
)m-l = (717.) ancl

Norm(-rr/) = NOl'Il1(-rr) Nonn(u) = rn Nonn(u) with (Nornl(u),n~) = 1. Now we 111ake
use of the rn-adic expansion of .Jacobi SUI11S provecl by rvliki [Nt ik87] (cf. Yui [Y94]): Let

a = (al, a2,··· ,an+d E 2l:. Then

where
(m-3)J2 n+l ( ')2i+l n+l

y = " [(" a~i+l)ß. 7r ) + q - 1(" a~-I)(7r')m-l
~ ?--' J 21 (2i + I)! 2117.?--' J
1=1 }=O J=O

(where the ai anel the ß2i are liftecl to Z in any way, since two such liftings are congruent
I110d (Jr/)m-l).

Fr0I11 this, we easily obtain:

(1.8) Theoreln. (Cf. Yui [Y94]) Let rn. > 3 be prirnc. Let a = (ao, aI,' .. ,an+d E 2l:.
Suppose that there is an integer i such that 1 ::; i ::; (717. - 3) /2 satisfyi119

n+l

(L a~i+l)ß2i"t0 (n10d 117.).
j=O

Let i o be t.hc least MlCh i. Then

ord 1r (j(a) - 1) = 2io + 1 2: 3.

(For i o = 1, this is the Iwasawa congruence in [Iwa75].)

Proof. FrOIn the above discussion, we have

ord1l",(j(a) - 1) = 2io + 1 2: 3,

and since rr ' = rr u with a unit u, the assertion follows. D

Oue can also see from 11iki 's formula that the first few terll1S of the 1f'-adic expansion of
j (a) -1 inval ve only odd powers of Jr/. On the other hand, thc fOflnula gi ves no infonnation

about further tenns in the expansion. In particular, if we have (L:j:~ a~i+l )ß2i = 0 for

all i such that 1 ::; i ::; (111. - 3)/2, all we can conclude is that orcl(j(a) - 1) 2: 711, - 1.
That one can have equality here is shown by the exan1ple 111. = 5, 11. = 8, ]J = 11,
a = (1,1,1,1,1,1,1,1,1, 1)-see (6.13) below.

In spite of this, it would not be too [a.r-off to expect that the following would be true:
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(1.9) Conjecture. Fix 111., 11] and q as above, but llssume rn > 3 is printe and n = 2d is
cven. Let a = (ao, al,' .. ,fln+d E 2t~. Then

ofd 1r (j (a) - qd) is always odd.

The situation for twisted ,Jacobi SUl11S is sinlpler, since (for 111. pril11e) the Iwasawa
congruence clearly implies that ord(l_() ((J(c, a) - 1) = 1 unless 8(c, a) = j(a).

Finally, we note one usefnl consequence of the lwasawa-Ihal'a congruence:

(1.10) Proposition. Lcl rn be a ])'ri'me poweT, rn > 3, and tel n = 2d be euen. Suppose
3(c, a) = qd. Then eithc1'

(a) j(a) = qd and ca E (kx)m, 0"1'

(b) ca rf. (kx)m .. but has orderstriet.ly less than 111. as an ele'menl oJkxj(kx)m.
IJ 111 is printe, we have 3(c, a) = rl iJ and only lj j(a) = qd and ca E (kx)m.

Proof. Let X(c lt
) = r Thcll 3(c, a) = qd if and only if j(a) = ~qd. Since q == 1 (mod rn),

this implies that j(a) == ~ (rnod 111). On the other hand, thc Iwasawa-Ihal'a congruencc
says that j(a) - 1 (nl0d (1 - ()2). It follows that (1 -~) is divisible by (1 - ()2, which
can only happen if ~ is not a prinlitive 1nth foot of unity, hence if ca has order strictly less
than 111.. D

(1.11) Renlark. vVhen Ta is not prilne, one can indeed have j(a) =f qd, but 2(c, a) = qd.
This occurs when X(ca

) = j(a)jqd. 'vVe illustrate this phenonlenon with an exalllple. Take
Ta = 9, n = 6, ]J == 1 (nl0d 9), and choose

a = [1,3,4,4,5,6,6,7]

Then, setting ( = e27ri
/

9
, we have

and

anel

c = [1, 2, 1, 1, 1, 1, 1, 1].

The importance of the case when 2(c, a) = qn/2 should becOllle clear as we go Oll to
look at the zeta-function of V.

(1.12) The zeta-function of V = v~n (c). vVe 110W recall the basic facts about thc zeta
functions associated to our varieties V = V:( c). For each integer i 2: 1, let ki = IFq i a.nel
let lVi denote the nunlber of ki-rational points on V = V7~( c). Then the zeta-functioll of
V = V:(c) is defined as

~Ni .
Z(V, T) = exp(L..,.. -.Tl) E Q((T)).

1.
i=l

The following properties of Z(V, T) are weIl known:
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(a) The zeta-function Z(V, T) is a rational function of the fOrIn

r. Q(V, T)(-I),,+1 r1

Z(V, T) = TI~l ( _ iT) EQ(l )
1=0 1. q".

where Q(V, T) E 1 + 1'1Z[T] with deg(Q) = m~l {(1n - 1)n+1 + (_1)n+2}.
(b) Over Q((), Q(V, T) factors as

Q(V, T) = II (1 - 3(c, a)T)

where

3( ) - ( ao al a" +I) . ( )c, a = X Co Cl ... cn+1 J a

is a twisted J acobi SUl11 of dilnension n and of degree 1Tl with absolute vaIue qn/2.

The fact that the zeta-fullction has this form follow frorn the Davenport-Hasse relation
011 twisted Jacobi SUI11S, which we recall brieHy hcrc. (See Davenport anel 1·lasse [D-H35],
see also Weil [VV49, VV52].) For each ki , define the characters Xi and 'ljJi by

Xi(Z) = x(Normk;/k(Z)), 'ljJj(Z) = 1jJ(Tracek;fk(Z))'
Then tbe Gauss sunl relati ve to k i is

G(xd = G(Xi, 'ljJi) := L 'ljJi(X)Xi(X),
xEk;

The Davenport-Hasse relation elescribes the errect of base change on Gauss Sll1ns, that is,

G(Xi) = (-1)i-1G(X).
From this anel (1.2)( b), we can deduce a relation al110ng twisted Jacobi surns under base
change. Let 3i(c, a) denote a twisted Jacobi sunl relative to k i and Xi, "ljJi with 31 (c, a) =
3(c, a). Then

3j(c, a) = 3(c, a)i for any i 2: 1.

Furthermore,

In what follows, we will be interested in the special value at T = q-r for various integers
1'. vVe set this up by writing

Q(V, T) = (1 - qrTyr II(1 - 3(c, a)T),

where the product is now taken only over those a for which 3(c, a) -# q" (note that the
equality can only occur if r1, is even and l' = '11./2.) llhen we have

Q(V, q-S) rv (1 - qr-st II(1 - 3(c, a)q-r)

as s --+ 1'. It is this last product we are particularly interested in COlllputing. It is useful
to not that as a runs over the characters the twisted .Jacobi sums will run ovcr rull Galois
conjugacy classes in Q((), so that the product can be broken up as a prod uct of nonns;
we will consider this fact nlore carefully in a latcr scction.
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2. COHOMOLOGY GROUPS OF V = V:(c)

The geOIl1etry and topology of V = V:( c) are dosely linked to thosc of the Fermat
variety X = V:(l), to which it is of course ison10rphic over the algebraic dosure k. In
fact, the phrase "geOIl1etric anel topological invariants" of V usually l'cfcl's to quantitics
dcpending only on thc base-change of V to k, which a,re therefore independent of thc
twisting vector c = (co, Cl, ... , Cn+l) of the defining cquation for V. Wc recürd this für
future reference.

(2.1) Lell1nla. Let V = V:( c) denote the diagonal hype",slL1face as above. The following
cohol1~ological const1'llctiOllS are independent (up to ison~o.,.phiS'm) of twisting vector c =
(CO,Cl, ... ,Cn+d:

(a) for each p1'hne e i- p = char( k) wul each i E Z, the /!-adic elale coho1nology gr01lp
Hi(V, Qt(i));

(b) fo.,. each p1'iJne e#- p = char( k) wi/h (e, 1n) = 1 and each i E Z, lhe e-adic efale
cohorn%gy g1'O'Up Hi(V, Zt(i));

(c) fOT each pah' (i, j), the de Rhant cohonw/ogy gro7.1p f[~~ (V j k), und the Hodge speclral
sequence

Ei,j - Ni (\I nj ) ::::} lli+j (Vjk)
1 - 'V DR

(d) f01' each i E Z, the crystalline cohonw/ogy groups

(e) for each pair (i, j), the Hodge- H1iU cohornology gr01lpS 11 j (V, H!ni )

(f) the form,al gr01lpS <I>~n-t a'rising front 1{n-i(v, l,vni ), espedally t,he Artin-JHazUT

formal group <Pi, = U· (V, Gm).

Nüw we can use thc known facts relating the COhOll1ology of V to .Jacobi SUIllS to übtain
SOl1le of the invariants üf V. We recall thc definitions:

(2.2) Definition.
(0.) The i-th Betti nu'mher of V, denoted Bi(V), is defined by

11 el: p

ljf=p

(b) The (i,j)-th lJodge nu'mher ofV, denoted hi,j(V), is defined by

hi,i (V) = ditnk Hi (V, ri)

In partieu/ar, ho,n(v) is the geoTnei'ric genus, Pg(V), of V.
The flodgc nU1nbe'1's oJ V are
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The lIodgc polygon of V is the polygon in IR2 obtained by joüüng successively the fine
seg'menls wilh slope i conneeting lhe points (2:~::~ hj , 2:~==~ j hj ) und (2:~=0 hj , 2:~:;;o j hj )
for each 'i, 0 ::; i ::; n (wilh lhe convention that the eUlply surn equals zero, so thai thc first
point is the o'rigin).

(c) The slopes of V a1'e defined to be thc slopes of tJu; isoc1'yslul lln (V / ~V)!(. Lel

.,. ,

be the slope sequencc of \I J orde'1'cd so that

o::; 0:0 < al < .. . < CY t ::; 11,

and 77li denotes the muftiplicily of slopc O'i J rcspcclively. Then the iVcwlon polygon 01
V l:S the polygon in 1R 2 obtaincd by jOl:ning successivelv the Une segments with slope O:i

connecting fhe points (2:~==~ 1nj, 2:~::~ O'j1nj) and (2:~:;;o 1nj, 2:~·:;;o O'j1nj) jor each i J 0 ::;
i ::; t (wilh the sanLC c071venll:on as to the C1Hpty SU17l).

The relation of thc COhOlll01ogy of V with twisted Jacobi SUIllS allows us to essentia.lly
l'educe 3011 questions rcgarding these invariants to cOlllbinatorial questions about thc a
vectors.

(2.3) Len1n1a.
(a) The i-th EeUi nunlbeT of V is comp11,ted by

o
1

#9J.r;: + ]
#9J.r;:

ij i odd and i :j:. 11,

if i eUCH and i :j:. 11,

if i = 11. even

if i = n odd

and #2J.r:n = {(nI - l)n+2 ± (n1, - l)}/nl J wilh the sign depending on whether n is even 0'1'

odd.
(b) rhe (i,j)-th 1I0dge nU'l1lbc'l' ofV is CO'Trlputed by

hi,j (V) = { ~{a E QI~' Illall = i}
ii i + j :j:. n

if i + j = Tl

Furthermo'1'e, we have Bn(V) = 2:7=0 hi,n-i (V).
(c) Let p be a p'1'irne in L lying above ]JJ let H bc a decomposition subgro1lp JO'1' p, ([nd

let. Nornl( p) = pi. Thcn the slopcs 01 V ([re the nU1ubcrs
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arranged Ü1 inc1'easing "manne1'. (Cf. Koblitz [1<75], and Suwa and Yui [8-Y88].)

Proof. Given what is known about the Fennat variety X (see 8uwa and Yui [8-Y88]),
we have only to explain thc assertion on thc slopcs of V. Thc eigenvalues of the Frobeni us
of V differ from those of X just by the rn,-th roots of unity

- ( ao a"+l )X Co ... cn+1 with a E 2t:.

Therefore, the p-adic ordinals of the eigenvalues of V are the sal11e as thosc for the Fennat
variety ,,1'. 0

We willlater COJllPlltc cxplicitly these invariants in a few specific cases. Wc also recal];

(2.4) Theorem. (MaJ'Jur [M72]) The Newton polygon of V lies aboue 0'1' on t.he fJodge
polygon of V.

vVe uow consider fonnal groups arising fron1 V 1 e.g., thc Artin-l\1azur fonnal groups

<I>v = He(V, Gm) of V.

(2.5) Lemlna. (Artin and NIazur [A-rvI77) ; cf. Suwa and Yui [8-Y88)). There is
a connecled s'mooth fonnal gl'OUP <I>~n-i over k whose Gm'tier lnodule i8 iso'morphic to

Hn-i (V, l'Vni ). In parUCUhll') the A7'lin-A1azu'r funclor <I>v = H71(V, Gm) is representable
by a connected s1noot.h formal g'l'OUP <I>~,n ouer k of dintension Pg (V). Pltrthenn01'c, <f>~n-i

has fhe following ]J'l'O]JC'I'Ucs:
(a) <l>~n-i is is01noTphic oue'r k io the c01'1'esponding f01"mal gr'oup of l.hc FC'J"mal varief.YJ

m,i,n-i
"i',r .

(b) Thel'e is a canonical e:tacl sequence of connec/.ed snwoth fO'1'Tnal groufJs

o-r ui,n-i -r <I>i,n-i ---+ vi,n-i -r 0v v v

where U~n-i is unipo/'cn/' llnd V~n-i is p-divisibleJ whose dimension and lhe hcight are
e.'tplicitly 9iven as fo//o1O.9:

\. VI n-I
(UD V =

aE\]{"
i5:AH(a)/f <i+l

((i + 1) - AH(a)f I))

and
ht v~n-i = #{a E 2t~ li ::; AH(a)ff < i + I}.

Proof. Since thc COhOl1l0logy groups Hn-i(V, IVni ) are isol11orphic to Hn-i(.y, vl/n i),
the assertion follows froll1 Suwa and Yui [5-Y88, Chapter 3]. 0
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3. T\VISTED FERMAT MOTIVES

Let V = v~n(c) be a diagonal hypersurface with twist cover k = IFq • The polynomial
Q(V, T) has degree #QJ.";: (essentially the nth Betti number), which is in general a very
large nlunber. However, one sees easily that it factors very highly over Z. This allo\\Ts us
to break up the problem of studying special values into aseries of silnilar problems for
factors of Q(V, T). Formally, this is done by introducing twisted Fennat Inotives, which
turn out to be attached to certain quotients of V. Here we regard the group <B = ®~ as
a subgroup of the autolll0rphism group Aut(V) of V.

(3.1) Definition. For any a E ®, let

1 '" -1 1 '" -1 1Pa = #r1t L-- a(g) 9 = ------=i=I L-- a(g) 9 E Z[-, (][®).
\:J rn n m

gE~ gE0

Recall that (Z/mZ)X acts on ®by

and that this action is related to the GaJois action Oll the twisted Jacobi SUln corresponcling
to a = (ao, aI, ... ,an+d. This suggests we consider the (Z/rnZ)X-orbit of a, denoted
A = [al. (It will be relevant later to note that the order of A is at Inost </;(rn).) Let

PA = L Pa E Z[l/n~][®].
aEA

Then it is easily seen that Pa and PA are idenlpotents, anel that

LPa= L PA=l,
aEl5 AEO(l5)

where O(®) denotes the set of (Z/rnZ) X-orbits in (5. Identifying 9 E ® C Aut(V) with
its graph f g , we see that PA E End(V) ® Z[1/1n] nlay be regareled as an algebraic cycle on
(V X V)k with coefficients in Z[1/1n]. Therefore, the pair (V, PA) := VA defincs a nl0tive
over k, corresponding to the (Z/rnZ)X-orbit of A in ®.

The same projector PA defines the Fennat nl0tive M A of dimension n and of degree rn
corresponding to A = [al (Shioda [Shi87]). Thus VA is a twisted version of the Fernlat
motive M A . \tVhen c is fixed, we call VA the twisted Fei'rnat motive of dirnension n and 0/
degl'ee m corTesponding to A = [al. (For a general background on motives, see for insta,nce
Soule [Sou84].)

This construction gives a decolnposition of the lTIotive attached to the variety V, as
follows:

V=(V,ßv)= E9 (V,PA) = E9 VA
AEO(lt5) AEO(l5)
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corresponding to L]JA = 1. We call this thc 1notivic decomposilion of V. In cohonl0logy,
this corresponds Lo thc decomposition

where Hn denotes any of the cohonl0logy theories nlentioned abovc, and where Hll(V)(A)
is the part of the cohomology group fixcd b.1' the kernel of a. If we decolnpose f1 n (V) 0 L
according to thc characters of <8, so that

f/ll(V) 0 L = E9 Hn(V)( a),
aE~

then we have
Hn(V)(A) = Hn(V) nE9 Iln(V)(a).

fiEA

It is interesting to relate the Inoti ve VA to a "real" gcoll1ctric object. (Cf. Schoen
[8ch090].) Th is is not hard to do, since it suffices to construct the quotient V by an
appropriate subgrollp of ®. Let X o, Xl, ... , ~X'"n+l be honl0geneous coordinates on IPk+1

and consider thc hyperplane H defined by

(3.2.1)

Then the 1110rphisnl

IP 71+1 --+ IPn+ 1
k k

(XO,X1, ... ,Xn+r) 1-1 (X;,X;n, ... ,X:;+,)

realizes V = V:; as a finite Galois cover of H with Galois grollp (5. The branch locus
consiAsts of thc (n+2)-h.1'perplanes ~)(i = 0 for i = 0, 1, ... , n+ 1. Now for each charactcr

a E Q), let Q)a denote the kernel of thc l11ap <5 -+ J.Lm : 9 1-1 a(g):

® n = {g E Q; Ia(g) = I}.

(Note that this depends onl.1' on the (Z /tnZ) x-orbi t of a.) Then of course (!j / (!ja =
Irn(a) C (Z/rn.Z).

(3.2) Theorenl. The quotient <5a \ V is lhe nonnalization oJ lhc comp/ete intersecl.ion in
IPn+2 given by lhe equations

(3.3.1 )
71+1

ym = IIX~i1 ,

i=D

n+1

LCiXi =0.
i=D
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Proof. This is essentially clear. Let 1110 denote the conlplete intersection abovc. 'I'hen V
111apS to I'Vo via

( \r \r \r) (xrm \rm \rm rr \r a ,)
./\ 0, ./\ I , .•. , ./\ n+ 1 f---7 0' ./\ 1 , ... , ~/\ n+ 1 , ./\ i

anel I'Vo lnaps to the hyperplane 1i by pl'ojection on the first n + 2 coordinates. lt is a
trivial matter to see that <Ba acts triviallyon Hlo, anel that no other e1cnlents of <B do.
Thc rest folIows. 0

Thus, jf WAdenotes the quotient, we have

for each of the coholTIology theorics above and cach 11. .2: 1.

(3.3) Len1111a. The F1'obenius endo'lTtorphism <1> 01 V relah:ve Lo k connnules wilh lhe
'lTtoLivic deco'lTtposit.ion. Thai is) lhe end01HorpldS'm <1>- induced from the Frobenius endo­
1norphis1n on the COh0111010gy groups defined in (2.1) ads semi-siulply.

Proof. Note that

<1>*. PA = PA' <1>*.

o
(3.4) Len1n1a. The polynomial Q(V, T) lactoTs as

Q(V, T) = rr Q(VA , T)
AEO«(5)

where
Q(VA, T) := rr (1- ö(c, a)T) E 1 + Z[T].

aEA

is the polynomialJ not necessarily i.,..,.educible oue1' Q) C01Tcspondi119 lo the t.wisted Fe'1"mat.
1notive VA.

The nUI11crical and geometrie invariants of VA are defincd in thc obvious way, and their
val ues can be C0111puted analogollsly to those of V.

(3.5) Lenllna.
(a) The i-th Betli nunlber 0/ VA is

Bi(VA) = dinlQt Hi(VAp Qt) = dirn/( [fi (VA /H/) f{

{

#A i1 i = n and A C 2l:
= 1 i/ i even und A = ((0, ... ,0)]

o ot.he'l'wise
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We have Bn(VA):::; q:,(m)J with equality when gcd(a,m) = gcd((ao,aI, ... ,an+t},m) = 1
(henee in partieular when m is prime). MoreoverJ we have

Bn(V) = L Bn(VA)'
AEO(~)

(b) The (i, j)-th Hodge number 0/ VA is

hi,i (VA) := dimk Hi (VA, ni )

= { ~{a E A Iliall = i}

and 'moreover, we haue

i/ i +j = n and A c 2l~

otherwise

hi,i(V) = L hi,i(VA).

AEO(0)

The Hodge numbers 0/ VA are defined by

hO(VA) = ho,n(vA), hl (VA) = hl,n-l (VA), ... , hn(VA) = hn,O(VA) .

In partieular) hO,n(vA) is the geometrie genusJ pg(VAL 0/ VA. Furthermore, we haue
L:?=o hi,n-i(VA) = Bn(VA)'

(c) The slopes 0/ VA are the slopes 0/ the isoerystal Hn(vA/W)K, and are given by

{AH(a)//laEA}

arranged in increasing order. .

(d) Mazur's theorem can be syphoned to motives, and indeed, the Newton polygon 0/ VA
lies above or on the Hodge polygon 0/ VA.

(e) The formal gTOUp ~~:-I of VA is defined by the formal group u:ho~e Cartier module
is isomorphie over k to Hn-i (VA, Wn i) for eaeh i, 0 ::; i ::; n. Let 'V~:-1 be the p-divisible

part 0/ <I>~:-i. Then

d· 'VI n-I
1m VA =

d· 'Vl n-I
CO 1m VA =

aEA
iSAH(a)/J<i+l

(AH(a)/ f - i), and
aEA

iSAH(a)/f <i+l

ht D~:-i =#{a E A li ::; AH(a)jf < i + I}.

Proof. The assertians in Lemmas (2.2), (2.3) and (2.5) are passed anto motives by Lemma
(3.3). D

We can make the fallowing definitions:
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(3.6) Definition.

(a) VA is ordillury if the Newton polygon coincides with thc Bodge polygon of VA.

(b) VA is supel'singular if thc Newton polygon has the pure slope n/2.

(b') VA is strangly supe1'sü1gu[a'l' if ö( c, a) = qn/2 for every a E A.

(c) VA is oJ Hodge-lVilt type if Hj (VA, lVO i
) is of finite type ovcr 1-\/ for any pair Ci, j)

with i + j = n.

(3.7) Lelulua. IJ VA is super'singular tflen j(a) = ~qn/2) whcrc ~ is an ln-th rool of unily.
fI1n is a p'l'üne) 1'17. > 3) lhen in fact. j(a) = qn/2.

Proof. The first assertion is well known, The second follows frOln Proposition (1.10). 0

From the LelTIlna we see that if VA is supersingular then ö( c~ a) differs froI11 qn/2 by a
factor of a root of unity, This expla.ins the tenn ::strongly supcrsingular'J above.

It will be useful for the subsequent discussions to give a cOlllbinatorial characterization
of ordinary, resp'J of Hodge-\Nitt type, resp'J supersingular t.wisted Fennat Inotives. Sonle
such results are easy to obtain; for cxall1pleJ it is clear frol11 tbe above that when ]J == 1
(Iuod m), so that f = 1, evcry lnotivc will bc ordinäry. Thc following is a 1110re prccisc
result:

(3.8) Proposition. (Cf. Suwa and Yui [S-Y88]). Let VA denolc a twisted Fermat. maUve
01 dilnension n and degree 1n.

(a) The Jollowing conditions are equivalent..
(i) VA is ordh1a'l'y.
(ii) Jlpall = Ilall Jo'l' any aE A.

(b) The Jollo1Oi11g conditions are equivalcnl.
(i) VA is supc'T'8ingula'1'.
(ii) AH(a) = n//2 /01' any a E A.

(c) The Jollowing condil.ions aTe equivalent.
(i) VA is oJ ffodge-lVitt type.
(ii) lIplall - Ilall = 0, ±1 Jo.,. any aE A and JOT any j) °< j < f.

Proof. The assertions of (a) anel (b) follow imlnecliatcly fro111 thc definition. For (c), see
Suwa anel Yui [8-Y88], Chaptcr 3.

(3.9) Remarks.
(1) If VA is ordinary, then VA is au tOInatically of Hodge- \Vi tt type. Howevcr, the

converse is not true. (See lllusie anel Raynaud [I-R83].)

(2) VA ca.n be ordinary 01' of Hodge- '-'Vitt type, and at thc san1e tilne supersingula.r.

(3) Thc relations anl0ng these propel'ties for Fcrnlat 1110tives JHA and for twisted Fcr­
111at motives VA are as expected: If 114.-1 is ordinary (resp. of Hoclge-\iVitt type, resp.
supersingular), then so is VA. This iH, of course, clear froIn Proposition 3.8.
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(3.10) Proposition. Let. VA be a twisted Fe'nnaJ 'motive 0/ degree 1n and 0/ euen di'Tnen­
sion 11 = 2d. Then the /ollowing state1nents a're equivalent:

(i) VA is ordinal'Y and s7lpe1'singular,

(ii) Ilall = d /0'1' every aE A,

(iii) hd,d(VA ) = Bn(VA).

Proof. Clear. D

(3.11) Proposition. Let VA be a twisted Fennat ·motive 0/ degree 711, and oJ even (hn~en­

sion n = 2d. As above, let J denote the order 0/ the decon~position group IJ C G 01 an
üleal dividing p. 11 VA is onlinary but no{ supersingular, {hen

Proof. Note, first, that if f = Bn(VA) then VA is autoI11atically supersingular, so that
our statement does nlake sense.

Next, since VA is ordinary, we have

Ilall = IIpall = ... = Il pl-1 all for every aE A.

On the other hand, VA is not supersingular, so that

AH(a) = Ilall + IIpall + ... + Ilpl-Iall -I df for SOlne aE A.

This implies that

Hall -I d for sonle a E A.

Now, it is easy to see that we have

Ilall + IIlall = n = 2d for same l E (Z/rnZ)X

(which necessarily does not belang to H), anel hence

Iitall -I d

for this t. This shows that there cau be at l1l0St Bn(VA) - 2f vectors a for which Ilall = cl,
which proves our clai 111. D

Characterizations of ordinary twisteel FernHtt nl0tives anel twisted Fernla.t motives of
Hoelge-Witt type in tCl'lns of farnlaI grollps can bc dCelllccd from Ekedahl\; rcsult (Ekedahl
[Eke84]).
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(3.12) Proposition. Let VA bc a twisted Fe'nnat 'motive oJ degree rll and di'rnension n.

(a) The Jollowillg conditions are equivalent.
(i) VA is ordinary.
(i i) <r>t:-i is iSOlnorphic over k to the ·mult.iplicative group rGm,k for each i J 0 < <

(n - 1)/2.

(b) The Jollowing conditions are equivalent.
(i) VA is oJ IJodge- Witt type.
(ii) <I>~:-i is iso'lno'l'phic over k Lo a p-divisible JOl'mal groujJ for each i, 0 ::; 'i ::; (n -1) /2.
(iii) hi,n-i(VA ) = dirn Di,n-iVA +codi111D~~1,1l-i+l for each i, 0::; i::; (n -1)/2.

(c) fj VA is supersingula1', then 4>~:-1 is ll11ipolent. Jor every 'l.

(3.13) Exanlples. We have C0111puted thc invariants of various twisted F'errnat IllOtivc:s.
A few exanlpIes of such co 111 pu tations are can be found i11 Table 1.

Passing to the global situation, we can now Inake the following definitions for diagonal
hypersurfaces.

(3.14) Definition. Let V be a diagonal hypersurface of dilnension n and of degree .,.17..

(A) V is said to be ordinary ir each twisted Fcrmat Inotive VA is ordinary.

(ß) V is said to be supersingula'f if each twisted Fennat 1110tive VA is su persingular.

(B') V is said to be strong/y sllpers'ingu/ar if cach twisted Fennat 1110tive VA is strongl)'
supersingular.

(C) V is said to be oJ IIodge-lViU type if each twisted Fer111at ITIotive VA is of Hodge-vVitt
type.

(3.15) Remarks.
(1) ~Ilost diagonal hypersurfaces are of I11ixed type. üne easy case, however, was noted

above: diagonal hypersurfaces of degree rn over IFp are ordinary when p =1 (n10d 111.).
(2) Diagonal hypcrsurfaces or degree 1'n over IFp are supersingular when]J == -1 (n10d '111.).

(3.16) Remark. To simplify the calculations, one notes that 111any of our 1110tives are
iS0l110rphic, rechlcing greatly the nUIllber of cases to be considered. First of all , note
that two Ferrnat 1110tives J'vt A and J\;1A' will be iSOlnol'phic whenever sOine character
a = (aa, al, ... , rt n +1) E A is cq \laI to a pCl'Il1utation of a. charactcr in A'. Thus, for
cOlllputations which depend only on M A , one can sirnply work with a representativc from
each isomorphisIll dass, and keep a count of their multiplicity.

C0111putations involving the twist c require a bit Illore care. lf c is particlllarly sin1plc
however, sirnilar idcas still apply. For exatl1plc, if we ha.vc c = (Co, 1,1, ... ,1), which is
a case we will often want to consicler, we nced only break up the iS011101'phisill c1asscs
according to the first entries in the characters, so that the Illotive VA deteflnincd by
a = (1,1,2,2,5,5) is isomorphie to that detern1ined by a = (1,2,1,2,5,5), though not to
that determined by a = (2,1,1,2,5,5). This only slightly cOinplicates keeping track of
the rnultiplicities.
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4. THE INDUCTIVE STRUCTURE AND THE HOOGE AND NE\VTON POLYGONS

Shioda (Shi79a, Shi82b] (cf. also Shioda and Katsura [Shi-K79]) havc studiccl geo­
Inetrically the incluctive structure of Fennat varieties. 'A'e have describecl thc ineluctive
strllcture of diagonal hypersurfaccs in Lemma (1.3), Lelnnla (1..5) allel Proposi tion (1.6).
In this sectioIl, we shall cOllsider coholllological realizations of the inductive structure by
Hoclge COh0I11010gy, 6tale (01' crystalline) coholllology and Hodge- \Vitt COh0I11010gy. ~Irore

concretely, we shall see the effect of the inductive strllctllre on thc Bodge polygon, the
Newton polygon and the forIllal groups attached to Illotivcs M A and VA.

T'o begin, we l'ccall the inductive structure described in Section 1. Rccall that Q(~

denotes the set of vectors a = (ao, al, ... ,an+l) such that L: (Li =0 (illOd rn) anel {Li "t=- 0
(lll0d rn) for each ·i. In particular, Q(~ = {(a,1n - a) la E Z/111,Z,a ~ O}.

Thcn thc inductivc structure described above gives a I1lap

Olm Olm Olm
:'«n X:'«o f---t :«n+2

by concatcnatiotl of vcctors:

((ao, (LI, .•. , (Ln+d, (a, 1n. - a)) f---t (aO, (LI, •.• , rt n+!, (l,1H - a).

'A'e call this inductive structllre the type I inductive strllcture. 'Nc will rcfcl' to vcctors in
2l:+2 which a,re in the ilnage of this map as illduced characters o/I,ypc I, anel to twisted
Fennat Illotives cOlTesponeiing to such vectors as type I l1lotives. \Vc note that for each
a E 2l~, there are exactly 1n - 1 induced characters ci E 2t~n+2 of typc I. \Ve view the
indllctive strllcture of type I as a sort of "tree" beginning at dilnensiotls n = 0 anel n = 2
anel branching up through dinlensions of the sanle parity (since cach step adels two to thc
dinlension).

These do not exhaust 2l:+2, as Shioda [Shi79a] has shown. The cOInpleI11ent, however,
is also obtained fro111 lower elilnensions, e.g., 11, + 1 and 1; it is isol11orphic to thc subset
21:+1,} of Q{~n+l X 21~ definecl by

Then the ineluctive structure gives a, map

by assign ing to a pai r (a, b) the vector a#b = (([0, ([ 1, ... , (ln+ I, bo, bd. Wc ca.lI t his
ineluctivc strllcturc the lype II inductive strllctllre. \Ve will rcrcr 1;0 vectors in 2l:~~2 which
are in thc ilnage of this Inap as ind'1lced charaete1'S 0/ type II, and twisted Fcnnat I110tives
corresponeling to such vectors as t.ype II IDotives. We note that for each a E Q{;~~I' there a.re
at Inost 111. - 2 inchlced charactcrs of type 11 with bo+bl = {ln+2, anel at I110St 111. - ([n+2 - 1
induceel characters of type TI with bo+b1 = an +2 +m. 'vVe Inay view thc inductive structure
of type [1 as again sort of "tree" beginning at dilnension 11, = 1 anel branching up through
all elilllensions each step aelding one more dilnension.
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One thing that Inakes thc inductive structure especially useful is that the invariants
we are dealing with do not change if we pel'lnutc thc cntries in the character vector
a = [ao, al, ... ,an+I)' This I11eanS that 0.11 that we pl'ove about induced characters is also
true for characters that are "induced up to pcrn1tltation". Up to pernlutation, a charactcr

may be induced fronl characters of lower dinlension in 111any different ways, of course.

Let V = V,7( c) be a diagonal hypcrsurface of dinlension n and dcgl'ce 172 with twist
c defined over k = IFq and let X = V:(l) bc the eorresponding Fernlat varicty. \,Vc
fix 112 onee anel for all anel vary n. In this sectioll, we will bc concerned with how thc
inductive structure is l'eftected in propcrties of thc Hodge and Newton polygons of V.
Such properties are, as relnarked above, independent of the twist c. In othcr words, in
this section we are essentially dealing with Fernlat hypersurfaecs ,l'.

(4.1) Theorenl. Lel 1n ;::: 3 and n ;::: 1 be as above. Then lhe Jollowing asserlions hold:

(Type I) Let a E 21: and tel, VA be I.he correspondhlg I.wisled Fennal ·motive. Then a
twisted Fermat 'mol.ive oJ di'mension n + 2 oJ type I intluced Jron~ a inlten:ts the same
structure as thaI. oJ VA. In other words, 11 VA is ordinary (resp. oJ lIotlge- H/itl type: resp.
supersingular)J lhen any inducetl Inot.ive oJ type I is ordinary (l'esp. oJ ffodge-1Vit.t. typeJ
resp. supersing'lllar).

All 7n - 1 twisted Fel'mat 'lnot.ives of dilnension n + 2 oJ t.ype r ind1.lced fron/' aare "co­
hOTnological/y iso'morphic" in t.he sense t.hat t.hey have I.he sante coho11l010gical invariant.s
Jor Betti coho'TnologYJ {-adic cohomologYJ crystalline coho'mologYJ Hodge- Hlitl cohomology
dc.

klore general/YJ any t.wist.ed Ferma/. nlo/.ive oJ type I oJ dimension n + 2d wit.h cl ;::: 1
induced fro'm a inherit.s t.he st.rllc17.l're oJ VA.

(Type fI) Let a E Qt:+l und b E Qt;n J and let VA and VB be t.he co'rresponding twisted
FeTnlat 'lnot.ive oJ dinzension n +1 and 1J respeclively, where 13 denot,es lhe ZjrnZ-o'rb'it. oJ
b. 11 both VA and VB are oTllinary (resp. s'llpersingulm)J then so is thei'!' induced rHot.ive
01 type 11 of di'rnension n + 2. 11 VA is of ffodge-l'Vitt. type und VB is ordinarYJ 01' t.he
other way aroundJ tlzen the induced IHot.ive is oJ f1odge-lrViU lype.

HoweverJ not all t.wist.ed Fe'rma/. nwt.ives oJ rHmension n +2 oJ type I1 induced fro'TU a
ure "cohol7Zologica//y isorHorphic".

A'!ore general/YJ for uny posit.ive in/.egers .,., SJ le/. a E 21;.n and b E Qt~l. 1I VA and VB
are both ordinary (resp. bolh supe'l'sing'lllu") , lhen so is lhe 1:nducerl 'mo/.ive oJ rHmension.
l' + s. fJ VA is of ffodge-lrV1:U type and VB is o'rdinarYJ 0'1' lhe othe'/' way unntndJ lhen VA
is oJ Hodge- ~Vit.t type.

The proof of Theorenl (4.1) will be given bit-by-bit below, by looking into the cffccts
of the inductive structure Oll COhOlllOlogy grollps with various cocfficicnts.

We first set up necessary notations: Ir ä E Qt:+2 is a character of type I (l'esp. type II)

induced froIn a E 2l: (resp. a E Qt~t), let Adenote the (Zj711.Z) X-orbit of a, alld VA the
corresponding twisted Fennat tllotive of dinlcnsion n + 2 and degree 117,.
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\Ne now discuss the effect of the inductive structures of diagonal hyperslu'faces on Hodge
polygons.

(4.2) Proposition. Lelln > 3 und 11. 2:: 1. Then the /ollowing asseTtions hold:

(Type I) Let a E 2l: and let VA be fhe cOITesponding hm:sted FeTmat 'mot.ive 0/ degree
nl, and (Hmension n. SUPIJose that cl E 2l~2 is an induced cha1'ader 0/ t,ype J. Then the
slopes 0/ the Hodge polygon o/lhe cO"Tcsponding twisted Fermat 'motive VÄ increase by 1
from those 0/ VA while keeping the same 'lTntltiplicifies. In olhel' wOl'ds, i/ VA has a Hodge
slope j, 0 ::; j ::; n with 'lTLull-iplicity h j

, lhen VA has a Hodge slope j + 1 with '1Hultiplicity
hj

.

A10re general/y, -iJ a E 2l~2d is an induced charaeter 0/ t,ype I, then lhe slopes 01 the
Hodge polygon 01 the co.".,.esponding twist,ed Fcr-nlat motive increase by d fro'ln lhose 0/ VA
while keeping the saTnc '1nult:iplicilies.

(Type 11) Let a = (aO,ul, .. . ,an+2) E 2i:+ I, and b = (bo,b1,b2) E 2l~ wilh Cln+2+b2 = In

and let VA and VB denoie lhe cO'fresponding twisted Ferrnal Trwtives. Suppose that a =
a#b E 2l:+2 is the induced charaeter 01 type [1. Then the slopes 0/ the Hodge polygon 01
the c01"responding twisted Fermat motive VÄ (l]'e given by Ilall + Ilbll where Ilbll E {O, I}.

Mo're general/v, lel a E 2l;.n+8 is an induced chal'adel' 01 type 11, say, a = a#b with
aE 2l~1 and b E 2l:n. Th.en the slopes 01 the fJodge polygon 01 VÄ al'e given by Ilall + Ilbll
whel'e llbll E {O,l, ... ,s}.

Proof. (Type I) Let a = ((La, CL I, ... , Cln+ll (L, 111. - a) E 2t:+2 be an induced character of
type 1. Then

.... a 111. - a
IJal1 = Ilall + (-) +( ) = Ilall + 1.

rn rn

It is easy to see that

#{a lilall = j} = hi = #{a Illäll = j + I}.

(Type II) Let a = (ao, a 1, •.• , an+I, bo, bd be an induced character of type Ir. Then

n+l 1 b
Jläll = I:(a

i
) + I:(~) -1 = llall + Ilbll- ((a

n
+

2
) + (b

2
) -1) = Ilall + Ilbll·

n1. rn. rn 1n
1=0 i=O

For higher dimensional cases, repeat the above argulllent sufficiently 111any tinles. D

(4.3) Exalnples. (Type 1) Let (rn, n) = (5,2). Thc set 2t~ consists of 1 + 52 11011­

trivial charactcrs. Grouping those chal'acters which belong to the sanle 1110tives up to
pennutation, we obtain thl'ee different "grollps": 16 chal'acters are "like" a = (1,1: 1,2),
24 are "Iike" a = (1,2,3,4) allel 12 are "like" a = (1,1,4,4).

The Hodge polygon of V[J,1,1,2] has slopes 0,1,2 with I1lltltiplicities 1,2,1, rcspectively.
Then the Hodge polygons of the induced twisted Feflllat Illotives of type I of dinlensions
2 +2d for any d 2: 1 have sIopes 1 + d, 2 + d, 3 +d with the saille Inultiplicity 1,2,1.
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The Bodge polygons of V[1,2,3,4] and V[I,1,4,4] have the pure slope 1 with 111ultiplicity 4.
Then the Hodge polygons of the induced twisted FerI11at I110tives of type I dilnensions
2 + 2d for any d 2:: 0 have pure slope cl with Il1ultiplieities 4.

Notiee that [1,2,3,4] and [1,1,4,4] are both induced froll1 the dilnension zero eharaetcr
[1,4], so that one eould obtain the inforI11ation froll1 the clin1ension zero ease.

(Type 11) Let (rn,n) = (7,n) with n 2:: 1. Let a= (1,1,1,4) E 2t~. The Bodge polygon
of V{1,l,I,4] has siopes 0,1,2 with respeetive Inultiplieities 2,2,2. Now let b = (1,3,3) E 2t;,
and let ä = a#b = (1, 1, 1, 1,3) E 2t~ be an indueed eharaeter of type 11. Then the Bodge
polygon of V[1,1,I,I,3] has slopes 0,1,2,3 \vith Inultiplieities 1,2,2,1, respectively.

lf a = (1,1,2,4,6) E 2t~, then the Bodge polygon has slopes 1,2 with IlHtltiplieities :3, ~),

respeetivcly. Let b = (1,5, 1) E 2ti and let ä = a#b = (1, 1,2,4, 1,5) E 2t~ bc an incluccd
eharaeter of type 11. Then the induced 1110tive has the Hodge polygon with stopes 1,2,:3
with ll1ultiplieities 2, 2, 2, rcspeetively.

Now we shall discuss the effect of thc inductive structures on Newton polygons.

(4.4) Proposition. Let rn, > 3 and tel n ~ 1. Let p be fl prirne not dividing rn and tel .r
be the order 0/ p mod 1n.

(Type I) Let a E 2t: and let VA be lhe CO'1"l'esponding I.7visled Fermat ·motive 0/ deg1'ee
rn and dhnension n. Sllppose that ä E 2t:+2 is an induced characte'!' 0/ type r. Then the
slopes lhe lVewton polygon 0/ VA incrense by 1 /rom. those 0/ VA while keeping the SfL'17W

'Inulll:plicilies. In other word,';, if VA has a lVewlon stope a wilh multiplicil,y r) then VA has
a /'Ilem/on slope a + 1 wil.h 'multiplicily 1'.

Alore general/v) lj a E 2l:+2d is an irul-uced charader 0/ type I front a E 2t:) then /he
slopes o/lhe Newlon polygon 0/ VA inc'rease by d /r'o.,-11, lhose 0/ VA while /he rnultiplicilies
rernain the sa1ne.

(Type' 11) If ä E m~+2 is 0/ type TI) say) ä = a#b where a E m:+1 and b E 2tjTl) lhell
stopes 0/ VA are given by {AH(a)j / + AI1 (b)j J}.

lv/ore general/v} lel ci E 2t;.+" be an induced charader 0/ f.ype 11) say) ä = a#b wilh a E
2t;.n and b E 2t:n. Then lhe slopes 0/ lhe lVewlon polygon of VA are given by {AH(a)jf +
AH(b)jI}.

Proof. This follows fron1 Lelnma (1.3) and Lell1Il1a (2.3)(e).

(Type I) Let a = (ao, (LI, .•• , an+d E 2t~' and let ci = (ao, al, ... , an+l, (1" 1n - a) E Q{;~+2

be an induced charaetcr of type I. Thcll the slopes of thc Newton polygon of VA are givcn
by AH(ä)j / where

AH(ä) = L lItäll·
tEH

But fol' each t EH, we have

_ a rn - a
Iitall = IItall + (-) + ( ) = Iitall + 1.

.,.11. rn
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Bence the slopes of the Newton polygon of VÄ are the slopes of VA plus 1. The asscrtion
on the 11lultiplicity is obvious.

(Type 11) Let a E 2t~+2 be an induced character of type II, i.e., a = a#b wherc a =
(aa, al, ... ,an+2) anel b = (ba, bt, b2) with an+2 + b2 = 111. Then

AH(ä) All(a) + All(b) AH(a) AH(b)
/= / =/+/.

Hence the slopes of the Newton polygon of VA are givcn by {AH(a)/ f + AH(b)/ f}.
For higher dimensional cases, repeat the above argunlent suH1ciently lllany timcs. D

(4.5) Exan1ples. (Type I) (1) Let (1'n,n) = (7,d) with d ~ 1, anel letp be apriIlleSllCh
that p == 2 01' 4 (nloel 7). Then J = 3. Thc set 2t~ consists of olle plus 186 characters: 24
like a = (1,1,1,4); 72 like a = (1.,1,2,3); 18 Iike a = (1,1,6,6) alld 12 like a = (1,2,5,6).

The Newton polygon of V[i,I,I,4] has slopes 1/3,5/3 with I1lldtiplicities 2,2. Then the
Newton polygon of the induced twisted Fennat 11l0tive of type r of dinlension 2 + 2d for
any d ~ 0 has slopes 1/3 +d,5/3 + d with the same n1l1ltiplicitics 2,2.

The Newton polygons of V[I,I ,6,6] and V[I,2,5,6] has pure slope 1 with multiplicity 4. l'hen
the Newton polygons of the ineluceel twisted Fernlat Illotives of type I dirneIlsion 2 + 2cl
for any d '2: 0 have pure slopes 1 + d with I11ultiplicity 4.

(2) Let (rn, n) = (25, cl) with cl 2:: 1. Let p be a prinle such that p =6 01' 21 (Ill0el 2,5).
Then f = 5.

Let a = (1, 1,5,18) or a = (1,3,5,16) E Q!~5' Thc Newton polygons VA have slopes
3/5,4/5,6/5,7;'5 with 111ultiplicities 5,5, .5,5, respectively. Hence all the induced twisted
Fennat Illotives of type I of dilnension 2 + 2d have Newton polygons with slopes :3/,5 +
d, 4/5 + d, 6/5 + d, 7/5 + cl with nlLtltiplicities 5,5,5,5. Let a = (1,2,3,19) E 21~5. Thc
Newton polygon of VA has the pure slope 1 with 111Ultiplicity 20. Hence all the ineluceel
twisted Fenl1at motives of type I of dinlension 2 +2d have Newton polygons with the pure
slope 1 + d with 111ultiplicity 20.

(Type Il) Let (nI, n) = (7, n) wi th n 2:: 1, and let ]J be a prilllc such that p =2 01' 4
(Jllod 7), so that f = 3.

Let a = (1, 1, 1,2, 2) E 2t~. The Newton polygon of V[1,I,I,1,2] has siopes 2/:3, 7;:3 wi th
111ultiplicities 3,3. Let b = (1,1,5) E 2ti anel let ä = a#b = (1,1,1,2,1,1) E 2t~bc an
induced character or type 11. Thcn the Newton polygon of VA has slopes 2/3+1/3,7/3+2;:3
with Il1ultiplicities 3,3.

Let a = (1,1,2,2,4,4) E 2t~. The Newton polygon of V[I,I,2,2,4,4] has stopes 1,3 with
tllultiplicities 3,3. Let b = (ba, b1 , 3) E Q!; with bo +6, = 4. Then there are two choiccs
for b, up to pernlLltation, nalllely b = (1,3,3) anel (2,2,3).

Let ci = a#(I,:3, 3) = (1, 1,2,2,4,1,3) E 2l~. Then the Newton polygon of the corre­
sponding Inotive has slopes 5/3,10/3 with 111ultiplicities 3,3.

Let ä. = a#(2, 2, 3) E 2t~. Thcn the Newton polygon of thc corresponeling 1110tive has
slopes 4/3,11/3 with nlLtitiplicities 3,3.
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(4.6) Proposition. Let nl > 3 and n 2:: 1. Then lhe lollowing assertions hold:

(Type I) Let a = (aa, al, ... ,an+d E 2t: and /eI. VA be lhe corresponding twisted Fermnl.
1nol.ive 01 degree 1n and diulCnsion n. Suppose that a E 2t:+2 is an indl.lced charader of
type I. Then VA l:nherit lhe structure ol"V.A, lhal is, il VA is ordina'ry (resp. 01 Hodge- lViII.
I.ype, 1'esp. supersingu/ar), then so is VA'

Al/ln - 1 twisted Pe1'mat n~otives VA 01 type I 01 dimension n + 2 branching out /,.0'111.
fhe sa'me VA 01 dimension n inherit the struchl're of VA.

(Type lJ) Let a = (ao, al" .. , an+l, (ln+2) E Q{:+I nnd b = (ba, 61, b2 ) E Q{f wit.h ([n+2 +
b2 = rH. Sl.lppose that a E Q{:+2 be an indl.lced charaeter of type II, say, a = alb. Let
VB derwte the twisted Fermat motive co'r'1'csJ)(J1HNng to lhe Z/rnZ-orbit B olb. fl boUl VA
and VB al'e ordinary (1'esp. bolh a're supersingl.llar), then so is VA. fjVA is 01 lIodge-lViU
type and VB is ordina1'Y, 01' the othe1' way around, theH VA is of flodge- H/iU lype.

However, not all twisted Per'mat 'motivcs VA of type 1I 01 dimension 11. + 2 indl.lced /1'0'/11

the salne VA 01 dinwnsion n + 1 are "coh01n%gica/ly iso'111.ol'phic".

Proof. "Ve use the conlbinatorial charactcrizations of orclinary (resp. of Hoelgc-\Vitt
type, resp. supersingular) nlotives given in Lenlnla (3.8).

(Type I) If VA is ordinary (resp. of Hoelge-Witt type), then for any a E A anel for any
j,O::; j < /, we have

11 pi a 1I - 1I all = 0 (res p. 0, ±1).

Then III.,iäll = lipiall + 1 for any j, 0 ::; j < I, and Inoreover,

II~äll - Ilall = IIIJal1 - Ilall = 0 (resp. 0, ±l).

This ilnplics that VÄ is ordinary (rcsp. of I-Iodgc-vVitt type). If VA is supersingulal', thcn
AH (a) = 11//2 for any a E A, an cl hence AJJ (a)/J = AH (a) / f + 1 = (n + 2) /2. So VAis
also supersingular.

(Type 11) Recall that

for any j, 0 ::; j ::; f. ThllS, if both VA anel VB are ordinary, 01' if VA is of Hodge-"Vitt
type anel \lB is orclinary, then IIp7bll = 0 for any j, 0 ::; j ::; /, so that

lipiäll - Ilall = 0 or 0, ±1 for any j, 0 ::; j ::; f.

This illlplies that VA is also ordinary, or of Hoelge-\Nitt type.
If both VA anel VB are supersinglllar, then

A (a) = AH(a) Au(b) = n/2 1/2 = (n +1)/2
H J + I J + f f'

Therefore, VÄ is supersingular. 0
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(4.7) Relnark. For type II induced 1110tives, thc property "of Hodge-vVitt type" will
in general not be hereelitary. Let (rn, n) = (7,2) anel let p be a. prill1e such that p == 2
or 4 (Il1od 7). Let a = (1,1,1,4) E 2!~ anel b = (1,3,3) E 21i, anel let ä = a#b =
(1,1,1,1,3) E 2t~. Then it is easy to see that VA is of Hoclge-vVitt type anel so is VB.
However, for ä,

Ilall = 0, 112all = 1 but 1l4all = 2.
This itnplies that VA is not o[ Hodge-\Nitt type.

(4.8) Exanlples. (Type I) (1) Let (n1.,n) = (7,n) with n 2: 1. Let p bc a prin1e such
that p == 2 or 4 (1110d 7). Take n = 2. Then V(1,l ,1,4] is of Hodge-vVitt type. Consequcntly,
all the induced twisted Ferl11at 1l10tives VÄ of type I of dilnensioll 2+ 2d are of Hodge-vVitt
type. vVhile, the 1110tive V[t,1,6,6] is ordinary aud supersingular. Thercfol'e, all thc twisted
Fennat 1110tivcs of type I stelnlning [roln this 1110tive are also ol'dinary anel supersillgular.

(2) Let (rn, n) = (19, n) with n 2: 1. Let p be a pri1l1e such that p =4 01' ,5 (mod 19).
Take n = 2. Then V[1,4,5,9] is of I-Iodge-Witt type. Therefol'e, all the ineluced twisted
Fennat Inoti ves of di1l1ension 2 + 2d are of Hodge-v\litt type.

(Type 11) Let (rn,n) = (7,n) with n 2: 1.
(]) Let p be a Pl'illlC such that p - 2 01' 4 (mod 7). So f = 3. Let a = (1,1,2,4,6) E 2!~.

Then VA is ordinary. Let b = (bo, b1 , 1) E 2ti with bo + b1 = 6. There are, up to
pertl1utation, three possible choices for b, namely, b = (1,.5,1),01' (2,4,1), or (:3,:3,1).
Let a = a#b E 2t~. If b = (2,4,1), VB is ordinary anel hence VÄ is also ordinary. If
b = (1,5,1) or (3,3,1), VB has the Hodge polygon with slopes 0,1 while the Newton
polygon with slopes 1/3,2/3, so VB is not ordinary. Conseqllently, VÄ is not ordinary
either.

(2) Let p bc a prill1C such that]J =2 or 4 (ll1od 7). So f = :3. Lct a = (1,1,1: 5, 6) E 2l~.

Then VA is of Hodge-vVi tt type bll t not ordinary. Let b = (bo, b1 , 1) E 2ti \Vi th bo+b} = 6.
Again, as in (a), thel'e are three possibilities for b. Ir b = (2,4,1), then VB is ordinary.
Now ä = a#b = (1,1,1,5, bo, br) E 2t~ satisfies

IIp1äll - Ilall = 0, 01' ±1 for J = 0,1,2.

Hencc VÄ is o[ Hodge-Witt type. Ifb = (1,5,]) or (3,3,1), then VB is of Hodge-vVitt
type. However, VÄ is not of Hodge-Witt type as it violates characterization of Lcn1111a
(3.8) for I110tives of Hodge-\Vitt type.

(3) Let p be a prin1e such that p - 3 or 5 (n10d 7). Then J = 6. AJlY character
a E 2t~ gi ves rise to a s 11 persi ngular twisted Fernlat 1110tive VA. If a = a#b, t lIen VÄ is
supersingular if anel only if VB is supersingular.

(4.9) Relnark. There do exist characters a E 21:+1 anel b E 2t~n such that neither VA HOl'

VB are supcI'singular, but the induced character ä = a#b yields a supersingular rnotive
VA' For exalnple, let 1n = .5, n = 2, and choose any p =] Inod rH.. 'T'hen neither a =
[1,1, 2, 3, 3] E 2t~ nor b = [4,4, 2] E 2tf are supersingular, but a#b = [1, 1,2,3,4,4] E 21~

certainly iso
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Thc inductive structurc ca,n be realized also for formal groups arising frOl11 a twisted
Fermat Inotive VA and those arising fron1 the induced lnotive VA' "Ve denote by <l>v

A

denotes the formal group arising from VA anel let 'DVA be its p-divisible part. For VA' <l>v_
A

and Dv- are defined silnilarly.
A

(4.10) Proposition. Thc hypolheses and the notations oJ P.roposition (4.6) remain in
force. Then the Jollowing assC'rt.ions hold:

(Type I) Let VA be a twisted Fennat motive of din~ension n llnd deg'ree rn. Lei. VA be
a type I twisted Fennat 'motive 0/ ditnension 11, + 2 l:nduced fro'ln VA. Then JOT each 'i,
o< i < n Di+ 1,n+2-(i+l) is ison~Orl)hic over k to Di,n-i.

- - , ~ ~

(Type 11) Let VA be a twisted Fennat 'motive 0/ di.,nension 11, + 1 and degrec n1.. Lei. VA
is a type 11 twisted Fennal 'motive 0/ di.,nension 11. + 2 induced fl'on~ VA and VB. Tltcn if
-ni,n+l-i, fit' I' t' t IV' l' 11 -nin+2-i' I J 1"/,' t'VV

A
1.S 0 rnu ,zp 1,ca ,wc ,ypc U11.( B 'lB O'I'( lnarYJ ,~en v ' 1.5 a so 0 'lnu ,'/}J .lOt ,'/.VC

type for cach i, 0 ::; i :S n + 1.

P f (T I) Th I f -ni n-i . . I . h h f -ni + 1 n+2-(i+l) I f Iroo . ype e s opes 0 vV
A

COlnClC C Wlt tose 0 vv_' . n act, t le
, . A

slopes of 'D~:-1 are giyen by

with
, AH(a) .
1,::; f < Z + 1;

h·l I I f -ni + 1 n+2-(i+l) . 1WIe t 1e s opes 0 vv_' are glven )y
A

{All(ä)/ f - (i + l)}aEA with
. , AH(ä) .'[ + 1 ::; f < '[, + 2.

But AH(ä) = AH(a) + 1, so that slopes of these fonnal groups are equal. Thcrefore, the
assertion folIows, as over k slopes detern1ine c01l1pletely the structure of p-divisible groups.

(Type 1I) For each i, 0 :S ·i :S n + 1, slopes of D~n+2-i are given by {Aj(a) - i + AI)b)}
where a E A such that i ::; AH(a)/f < i + 1. by Len1ma (3.5)(e). 1f VB is ordinal'Y then
<I-~~-i is of lnultiplicative type for any I by Proposition (3.12). Hencc thc assertion rollows
frorn Proposition (4.6). D

(4.11) Exalllples. Let (111, n) = (7, n) with n ~ 1. Let p be a pril11e such that ]J =1
(n10d 7).

Let a = (1,1,1,4) E 2t~. Then D~': has slope 0 with lnultiplicity 2. Let ä =
(1,1,1,1,4,6) E 2t~ be an induced chal'acter of type 1. Then "D~'~ has slope 1 with tnul-

A

tiplicity 2, while "D0'~ has slope 0 with nutltiplicity 2 anel this is isol110rphic to 'D°V,2 over
A A

k.
Let a = a#b = (1,1,1,1,3) E Q1~ be an induced charactel' of type II where b =

(1,3,3) E Q1I. Then D~'~ has slope 0 with Inultiplicity 1.
A
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Let a = (1, 1,2,4,6) E 2!~ and b = (2,4, 1) E 2!i. Then VA and VB are both ordinary.
Let a = a#b E 2!~ be an induced character of type TI. Then ::D~'~-i is isol11orphic to a.

A

copies of Gm over 11, for each i, 0 :::; i ::; 4.

5. T\VISTING AND THE PICARD NUMBER

Let f! be a prillle different froIll p = char( k).
For odd dilnensional diagonal hypersurfaces V = V:( c) with n = 2d + lover k = IFq ,

the Tate conjecture is obviously true for any twist c as the l-adic etale COholll010gy group
If2r (Vk , Qt(1')) has dimension 1 for any 1', 0:::; r::; d (Milne [~'liI86]).

Therefore, in this section, we confinc ourselvcs to cvcn dinlensional diagonal hypersur­
faces V = V~t(c) of dimension n = 2d with twist cover k = IFq • Let

Q*(V,T):= (l-qdT) II (1-2(c,a)T).
aE\l;."

(5.1) Definition. The d-th combinalorial Picard llu'mber Pd(Vk) is defined to be the
I1ntltiplicity of qd as a reciprocal foot of the polynolllial Q*(V, T). That is,

where
~: = {a E 21: I 2(c, a) = qd}.

'v\fc say that Pd(Vk ) is slable if we have Pd(Vk) = Pd(Vkl) for any finite extension k' of k.
There is always an extension k1 such that Pd(Vk1 ) is stable. 'vVc writc Pd(V) for the stable
cl-th c0l11binatol'ial Picard IHnnber of Vk .

Oue can think of the stable cOInbinatol'ial Picard ulnnber of V as the cOlnbinatol'ial
Picard nUl11bcl' of tbe base change Vk of V to the algebraic closure.

(5.2) Len1n1a. lVe have

Pd(Vk) = 1 + #{a E Q{~ J j(a)/qd = X(C~OC~I ... C~++ll)}.

Fo!' lhe stable Picard numbcr) we haue

(
~m

Pd V) = 1 + #~1l

wheTe
~~1 = {a E 2!: I2(c, a)/qd = a roof, 01 unity in L}.

Proof. The first assertion is just thc definition. The second rollows at Ollee frolll thc
Davenport-Hasse relations. 0

Let X = V:(l) denote the Fernlat variety of diInension n = 2d and degree 1n definecI
over k. We want to conlpare the nUIllbel's Pd(Xk ), pd(Vd, Pd(X) and Pd(V),
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(5.3) Len11l1a. For the stable PicU'I'd 1Hunbers, tue haue

1\'lo'1'eove'1', this quantity is equal fo 1 + L Bn(VAJi) where the SU1n is taken ouer a/l supe'/'­
singular twisted r'ermat 1notives VAJi •

Proof. The first assertion is deal', since over k we Vf = ,1'h' The second assertion follows
inlInediately froln Defini tion (5.1) anel LClnlna (5.2). 0

Our C0111putations suggest that thcre are dosed fonnulas for the stable d-th cOlnbina­
tol'ial Pical'cl nUl11ber Pd(V) of a diagonal hypersurface of dilnension 2d.

(5.4) Conjecture. ASSU'17le thaf 111. is prüne and let V be a (l1:agonal hypc1's'Il'rjace oJ
di'rnension n = 2d und oJ degTee nL Then the Jollowing assel'hons hold:

(a) For d = 1, 10e haue

PI (V) = 1 + (1n - 1) (3111 - 6).

(T'his is in fact a theoreITI proved by Shioda [Shi82a]).

(b) FoT' d = 2, 10e conjeduTe thai

P2(V) = 1 + 5(rn - 1)(3111.2
- 15m + 20)

(c) Fo'r cl = 3, 10e conjedul'e that

P3(V) = 1. +5· 7(rn - 1)(3n1.3
- 27111.2 + 86rn - 95).

1'0 forrnttlatc a general conjectul'e, it would be intcresting to ielentify thc sequence of
polynoInials 3111 - 6, 3rn2

- 15tn +20, 31n3
- 27rn2 +861n - 95, ....

The following proposition givcs a first result connecting Picarcl numbel's and stable
Picard Bumbers in the case when 1n is a pl'iIne nUll1bcr.

(5.5) Proposition. Ass7l'me that 111. is jJrl1ne. Then lhe Jo/lowing assertion." hold:
(a) lVe haue

That is: the achlai cl-fh cO'fnbinatorial Picarrl nU1nber 0/ ..l'k i8 stable.

(b) IVe haue

(c) The Jollowing are equivalent:

(1) Pd(Vk) = Pd(A'k)J
(2) ca = C~OC~I .•• C~++11 E (kx)m Jor all supersingular a.
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Proof. This is pretty n1tlch a direct consequence of Proposition (1.10). vVe know that
j(a) = qd for cvcry supersingular charactcr a (Len1lna (3.7)), which gives (a,), and (b) and
(c) follow ilnlnediately. 0

The condition that ca be an 111.-th power is closcly connected, as in thc proposition,
with the variation of the cOIl1binatorial Picard ntllnber under twisting. 'rVe introduce S0111C
concepts intended to give a 111easure of this variation. For this discussion, wc assu'me thaI,

111. > 3 l:S a prhne throughout.. Recall that in this ca.se we can only have j(a) = ~qd (~ a
root of unity) if ~ = 1, so that "supersingular" and "strongly supersingular" are equivalent
(for Fennat 1110tives). Thc first inlpOl'tant concern is to consider to what extcnt twisting
preserves this property.

(5.6) Definition. SupPosc 1"12 is priInc, 111. > 3. Let

S := {a E m; I j(a) = (/} = {a E m: lais supersingular}.

so that S is thc set of supersingular a's. Let c = (co, Cl, ••. ,Cn+l) be a twisti ng vector.

(a) We say that c is ve'1'Y 'mild if Ca is an rnth power for all a E S.
(b) 'rVe say that c is exh'C1nc if there is no a E S for which cR is an rn th power.

The definitions are Inade so that thc following assertions hold:

(5.7) Corollary. 11111. > :3 is prime, wc have
(a) Pd(Vk) = Pd(l"l'k) whcncve1' c l:S a vc'ry mild twisl., und
(b) Pd(Vk ) = 1 'Wheneve'1' c is an extrcl1ze twist.

'rVe would like to have SOIlle idea about how often these boundary cases occur. 1'he first
is in fact easy to decide:

(5.8) Proposition. The only very 'mild twist is the t:rivial twisl.

Proof. As was pointed out above, the set C of 0.11 possible twisting vectors c (considered
up to equivalence) is iS0I110rphic to I-L~;2 /6.., where 6. is the diagonal indusion of I-tm'

Furthcrmore, wc have a perfcct pairing

where, as above,

Il1apping (c, a) to ca. 'rVe can think of hoth C and ®as vector spaces over thc field IF with

171. elelnentS. Reca11, finally, that Q{ = Q!;~l is the subset of ®given by the condition that
ai =j:. 0 for a11 i.

A twist c is very Illild if it annihilates every a E S. If we denote by Sthe vector subspace

of ~ generated by S, it follows that c annihilates evel'Y vector in S. The proposition will
follow then, fr0l11 the following claiIn:
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- --
Glaün: S = <5

To see this, note that the property of being supersingular is invariant under permuta­
tions of the entries ai in the vector a. Fronl LelTIlna (5.9) beIow, this inlplies that S (which

is contained in @) is eithcr trivial, one-elinlcnsional, 01' equal to @. Howcver, the estinlatc
in Lcnl1na (5.10) shows that thc first two cases cannot occur, and we are elone. 0

(5.9) Len1n1a. Let. V bc a finite di'mensional vectol' space of di'mension d over a field IF
0/ cha'racleristic rn. Lel HI C II bc a nOll-trivial subspace. Suppose tJwJ there exisls a
basis /01' V such thai. l,he action 0/ l,he d-th sy'mrnetric grou]) S'd salisfies O'(H/) = IV fo'/'
alt a E S'd. Then either coelim(H/) = 1 01' di111(IV) = 1.

Proof. lJsing the basis we have assull1cc! cxists, we Inay idcntify V witli IF'!, and the a.ction
of S'd siInply per111utes the entries in a vector (Xl, X2, ... ,Xd) E V. 'vVc Inay obviollsly
asslnne d ~ 4, since the concIusion is trivially true othenvise.

The subspace
1'V} = {(x, x, ... ,x) I X E IF}

is then clearly the uniquc one-dimensional subspace which is fixeel by all 0' E S'd. Dual]y,
the subspace

H/O = {(X1,X2, ... ,Xd) IL X1= O}

is also clearIy the unique hyperplane in V which is invariant under all a E S'd. lf rn

does not divide d, \ve clearly have V = H/o ffi H/1, and this direct sunl deco111position is
Sd-stablej on the other hand, if nl, does divide cl, we have 1/VI C Wo.

Hy hypothesis, 111' is a non-trivial subspace which is invariant under the action or S'rl.
"Ve clain1 that we nlust havc either 1V = 1V1 01' HI = H/o. For this, aSSU1l1e that HI f IV1 ,

i.e., that there exists a vector v E HI whosc cntries are not all equal. vVc then proceed in
several steps:

Step 1: the're eXl:sts a vec/.or VI E 1V 0/ lhe fOrIn VI = (0, X2, X3, ... , Xd).

"\Te are assunling thcl'c is a vector v E HI not all of whose entries a.re equal. lf any
of those entries is equal to zero, we are done after a pennutation. Ir they are all non­
zero, let v = (YI, Y2, Y3, ... ,Yd) E 1V. Since HI is closed undel' pennu tations, we have
(Y2' Yl, Y3, ... , Yd) E 1'V, and hence

and this last vector is non-zero because Y3 f 0. This proves step 1.

Step 2: i/ HI contains a vector of the form, (0,0, ... ,0, 1, 1, ... ,1) consisling only of zeros
and ones, then I'V = H/o and 'In dl:vides the n1L'mber oJ ones in this veclor.

Consider first the case whcn there is olle zero and d - 1 011CS. In this case, the space
generated by W anel thc vector (1, 1, ... ,1) 111Ust be all of V, since it contains

(1,1, ... ,1) - (0,1, ... ,1) = (1,0, ... ,0)
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anel all its pennutations. Since I/V is nontrivial, it rnust be of coditnension 1 in V, and
hence Blust be vVo (which, as we pointed out above, is the unique Sd-invariant hyperplane).

Next, suppose
(0,0, ... ,0,1,1, ... ,1) E W.
"-...-"

I

Let y t-+ Y denote the projection on Jri-i+l given by the last cl - i + 1 coordinates. The
ilnage of IV under this projection is an S'd_i+l-invariant subspace of Jri-i+l which contaills
a vector consisting of one zero anel d-i ones. By the argulllent in the preceding paragraph,
it IllUSt be the subspace defined by requiring that thc SUln of the entries be zero. Hence,
there is a linear COIll bination

L AjajY = (0,0, ... ,0,1, -1),
j

where Aj E IF anel aj E Sd-i+l. Identifying Sd-i+l with a subgl'oup of Sd in the obviollS
way, it follows that "the sarne" linear cornbination works in ltV:

L AjajY = (0,0, ... ,0,1, -1).
j

Since (0,0, ... ,0, 1, -]) and its pennutatiol1s clearly generate }tl/o, it follows that ~I => Hlo,

and hence HI = H/o because it is a, non-trivial subspace.
Thc clailn about the characteristic clearly follows [rom this conclusion. This proves

Step 2.

Step 3 {induction}: repeat until done.

By Step 1, we already know that I'V contains a non-zero vector of the fonn

If all of the Xi are equal, we ca,n divide by their COI1uuon value anel apply Step 2 to conclude
that I/V = H/o. Tf not, we can repeat Step 1 as Iong as there are at least thrce non-zero
entries.

Hence, we can conclude that either Hl = H/o 01' HI contains a non-zero vectol' with
at most two non-zero entries. lf there is only one non-zero entry, then clcarly HI =
\I, contrary to the hypothesis; hence there luust be two. In a.ddition, applying Step
1 I1lust yield the zero vectol' (because it cannot give a vector witli only olle non-zero
elltry). Hence, we I11USt have eithcl' (0,0, ... ,0,1,1) E HI, in which case Step 2 applies,
01' (0,0, ... ,0,1,-1) E HI, in which case clearly I/V => H/o- This proves the Lenll11a. 0

(5.10) Lelun1a. Let 1TI be a ]J'l'inw, rn > 3, and Let n = 2d be evcn. Therc exist at least
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supe1'singulaT" vectoT"s a E m:.
Proof. For d = 1, this is due to Shioda [Shi82a]. For larger d, it follows from thc
inductive structure, since each supersingular vector a in dimension n yields 1n -1 induced
supersingular vectors of type 1 in dimension n + 2 (see Theorem (4.1)). (lf the conjecture
in (5.4) hold for d ~ 2, we have nluch bettel' lower bounds for #5.) 0

This allows a strengthening of Proposition (5.5):

(5.11) Theorem. Assu1ne that rn is p1'i'me. Then the Jollowing asse1,tions hold:
(a) We have

That is, the actual d-th eombinatorial Piea1'd numbeT" of X k is stable.

(b) lVe have

(c) The Jollowing a're equivalent:

(1) Vk and Xk are isomorphie,
(2) Pd(Vk) = Pd(,l'k),
(3) ca = C~OC~l ••• C~++tl E (kx)m JOT" all supersingular a,
(4) c is equivalent to the trivial twist.

Proof. It is clear that iSOlllorphic varieties will have the salne cOlnbinatorial Picarcl nUlll­
bel', so (1) ilnplies (2). The equivalence between (2), (3), and (4) follows at once frOl11
Proposition (5.5) and Proposition (5.8), And (4) clearly ilnplies (1), 0

Understanding extreme twists is ITIuch harder. Note, first, that they do exist: if c =
(co, 1, 1, ... ,1), then ca = Co ao cannot be an 1n-th power unless Co is already an rn-th
power (since rn 18 prilne and a 1= 0 (mod rn)). Hence, 1f Co 1S not an 1n-th power in k the
twist c = (Co, 1, 1, ... ,1) is extreme. In our COITIputations, all extrenle twists turn out to
be equivalent to twists of this fornl.

(5.12) Question. How Inany extrelne twists are there for a given choice of rn, n, and k7
Are all of thenl, up to equivalence, of the form c = (Co, 1, 1, ... , 1)7

vVe now proceed to relate th1S combinatorial game with Inatters of more serious inlport:

(5.13) Definition. Let V = V:( c) be a diagonal hypersurface of degree rn, dilnension
n = 2d with twist cover k = IFq • Thc d-th i-albe Pica1'd nU1nber, Pd,f(Vd of Vk i8 dcfined
to be the dilllension of the €-adic etale COholll01ogy group H2d.(VJ" Ql(d)), generated by
algebraic cycles of codimension d on V over k.

(5.14) The Tate Conjecture. l,Vüh lhe notalions as above, we define the d-th PiC(L,,.d
number 0/ Vk by
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whc'!'e e1'uns Dve'!' all prirnes not eq1.lal to p. Then p~(Vk) 2:8 a wcll-defined q1.lan/,dy} wlu:ch
is equal to the rank of lhe Chow group of algebraic cycles of co-dimension d on Vk n~od1l10

1'ational cquivalence} and
p~(Vk) = Pd(Vk ).

(As we pointed out before, it is known that p~(Vk) ::; Pd(Vd. So the Tate conjccture
claims the validity of the reverse inequality.).

(5.15) Definition. vVe say a diagonal hypersurface V = Vr7(c) over k is cx/.rcnw if thc
d-th Picarel nunlbcr p~(Vk) = 1.

(Observe that if Vk is supersinglliar over k, it can never be extrellle.)

(5.16) Theoreill. LeI, V = Vr7( c) be a diagonal hype1's1.t1jace oJ pri'me degree 1n > :3 and
di'mel1sion n = 2d wi/.h twist cover k = IFq . /1 c is ex/'."ente} then V is extre·mc} and in
this case} the Tate conjcct1.l're hold::; for Vk and we have

Proof. If c is extrenle, then Pd(Vd = 1 by Corollary (5. 7)(b). Since there is always an
obvious algebraic cycle of coditnension cl on V defined over k, nanlely, the algebl'aic cyclcs
of hyperplane sections of codinlension d on Vk , the assertion follows fron1 the ineqllality

p~(Vk) ::; Pd(Vd· D

(5.17) Relnark. Shioda [Shi83] constructed an exan1ple of hypcrsllrfaccs Y, of elegrce 1'n

ancl elituension n in IFF+1
, having Picarcl nUl11ber Pnj2(Y) = 1. Our exalnples are different

p

fron1 those of Shioda.

For diagonal hypersurfaces V = Vr7( c) with non-extrelne twists cover k = IFq , we have
thc following ruditnentary results on the Tate conjecture.

(5.18) Proposition. LeI. V = V~l(c) be a diagonal hypers'luface of di'mens'ion 11. = 2d
and dcgrce m, with twist C ovc'/' k = IFq . Thcn the Tate conjeclure ho/ds /01' Vk in the
following cases:

(a) n = 2 and rn, c alld p arbitrll'/'yj
(b) Vk is supersingular.

Proof. Let k' be a. finite extension of k for which Vk' = Xk"
(a) By Shioda and Katsura [Shi-K79] the Tate conjecture holds for ,l'k'. This in1plies that

H 2 (XJ" Ql(l))Gal(kjk
l

) is spanned by algebraic cycles (of coditnension 1) over k'o Taking the
Gal(k'/k)-invariant subspace of this Ql vector spacc, we see that JI 2 (X:z.;,Qe(1))Gal(:z.;/k) is
also spanned by algebraic cycles (of coelinlension 1) over k. This establishes the bijection

NS(V~~) 0z Ql ---+ J{2 (V:z.;, Qe(l) )Gal (k/k).

anel hence the validity of the Tate conjecture for V;n( c) for any twist c.
(b) By Tate [T65], the Tate conjecture holels for supersinglllal' Fennat variety Xk"

Using the sanle arguInent as for (0.), the validity of the Tatc conjecture is establishcel for
supersingular Vk • 0
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(5.19) Remarks.
(1) If the Tate eonjecture is true for Fennat varicties X = V;d( 1) over k, then the Ta.te

eonjeeture holds for A' ovcr k and also for diagonal hypcrsurfaees V = V;d( c) over k with
arbitrary twists c. This ean be shown en1ploying the sallle line of arglllncnts as for thc
ease of surfaees, replaeing NS(Vk) by thc ehow group CHd(Vk), and H2 (V;,;, Qt{l)) by
H2d(Vrn Ql(d)). Then the Tate eonjeetllre for ;\:' = ...1:'2d over k is equivalent to the validity
of thc equality

p~(X~;) = 1 + L Bn(VA)
VA

where the sunl runs aver all supersinglllar twisted Feflnat Inotives VA'!;.

(2) Shioda [Shi79b] flIrther I'edlleed the validity of thc Tate eonjeeturc for Pennat vari­
eties to the vcrifieatioll of eertain cornbinatorial eonditions (Pr:n(p)) on rn, 11. and p.

(5.20) Picarcl nUlubers for conlposite Tl1,. ASSUlllC that Vk has eOlllposite degl'ce. 1n
this ease, we observe that the stable and thc acttlal Picarel ntunbers are considerably
different frOll1 prinle degrec ea.se. For instanec, Proposition (5.5)(b) no langer hoIds; ill
SOllle cases one can find twists c satisfying

where

The situation is less eonfusing when 1n is adel. See seetion (9.1) for SOlllC speculations
aboti t this ease.

(5.21) Tables of Picard nunlbers. In the appcndix, we list examples of the aetua.l
Picard nUlllbers Pd(Xk ), Pd(Vk) anel the stable Pica,rel nUI11bcrs Pd(V) of V = V;; of di1l1Cn­
sion n = 2d with twists c elefined over the prilne field k = IFp . The results are tabulatcd
in Table lIe.

6. "BRAUER NUMBERS" ASSOCfATED '1'0 T\VISTED JACOBI SUMS

Let V = V~'(c) be a diagonal hypcrsurface of dilnension 11. anel degree '/11, with twist
c defined over k = IFq . The evaluation of thc polynolnials Q*(V, T) (ror Tl = 2d) allel

Q(V,T) (for n = 2d+ 1) at T = q-r for each integer 1', 0 ~ T ~ cl, can be redueed to the
eva.luation of the polynonlials Q(VA, T) and henee to the cOinputation of the nonns of thc
fonn

( o(c,a)) ( r
Norn1L/Q 1 - ,. = Q VA, q- )

q

für eaeh integer T, 0 ~ l' :S d.
'vVe first recall sonle relevant notations. lf e is any prilne let I leI elenotes the e-a.die

valuation nOl'lnalized by leil l = e. For the priIlle p = ehar(k) and k = IFq , let v denote a
p-adic valuation nonnalized by v(qh::= 1.
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(6.1) Lemlna. Lei, VA be a twisted Fennat .,notive of dimension 11. ([nd 0/ degree Tn = Tnh,
whe1'e Tno is an odd p'rüne und .,n > 3, -lm:th twist c over h~ = IFq , S1lppose that VA i8
supersing'ular, Then fo'l' any 1', 0 ::; l' ::; n)

N (1 8(c,a)) II (l_q~-rtt)1 orn1L/Q - r = . ~

q tE{Z/mZ)X

where ~ is so'me 1'n-th root of unity in L,
In paTlicula1', i1 VA i8 strongly s1lpcrsin9ular, then fOT any r, 0 ::; r ::; n,

1/21' = n und VA i8 not stl'ongly supersingula'l', the nonn i5 divisible by 1HO' 1n pa'rticular,
if Tn is prime and c has the ]J'ropeTly that ca rt (kx)m for a E A, thcn the norm i5 equal
Lo 177.-

Proof. If VA is supersingular, then 8(c, a) = q"i ~ for SOIne rn-th root of unity ~ E L. If
2r = n, then the norn1 is equal to fItE(Z/mZ)x(1 - e), which is obviollsly divisible by 1'11.0,

If 1n prime ca rt. (kx)m for some (anel hence any) a E A, then thc norm is exactly equal
to 1n by Proposition (1.10). 0

Note that if VA is strongly supersingula.r a.nd 2.,. = n the nonn is sin1ply equa.l to zero.

(6.2) Theoren1. LeI. VA be a twisted Fermat rnohve of di'mension n and ]J'rime degrcc
1n > 3 with twist c Qver k = IFQ • Suppose that VA is of Hodge-lVitt type and is not
super5ingular, Then the following asse-rt.ions hold,

(a) If n = 2d, then f01' any T, 0 ::; l' ::; n,

N . ( 8(c,a)) _ B"(VA )· 1'11.
OIffiL/Q 1 - - ( )r{ qW r

where
r

10(1') := 1OV
A

(1') = L(r - i)hi,n-i(VA),
i=O

llnd Br(vA) i5 a posil.ive integer (not necessarily prüne to 17~p) satisJying

(b) If Tl = 2d + l, I.hen f01' any 1') 0 ::; l' ::; 11,
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whe1'e Dr (VA) is a positive integer (not necessa1'ily pl'i'me to 1np) satisfying

Dr(VA ) = Dn-r(vA ),

and w(1') is the inleger defined in (a).

Proof. Our prüof will be divided into several parts. (Cf. Shioda [Shi87), Suwa anel Yui
[S-Y88] anel also Yui [Y91].)

(1) The l>-part: By Lemma (3.4)(c), thc slopes of VA are given by {a E A I AH(a)/f}.
Then the exponent of q in the norrn is givcn by

r

- L nlax(O, l' - AH(a)/ f) = - L(1' - i)#{a E A I AH(a) = if}·
aEA i=o

If VA is ordinary, thcn by Proposition (3.8)(a), we have

#{a E A I AH(a) = if} = #{a E A Illa)1 = i} = hi,n-i(vA ).

lf VA is of Hodge-V\litt type, then by Proposition (3.8)(c), llplall - Ilall takes values 0 01'

±l. If Ill.riall = llall for evcry j, 0 ::; j < n, then VA is ordinary. So we assunle that
\Ipiall = Jlall + 1 for sonle j, anel for each i, 0 :::; i :::; n, define the following quantities:

S-l,i = #{j, 0 :::; j < f Illall = i all cI lipiall = i-I},

SO,i = #{j, 0 :::; j < f Illali = i anel 11P"'all = ·i},

SI ,i = #{j, 0 ::; j < f Illall = i anel Illrlall = .; + I}.

'fhen for each i, 0 :::; i :::; n, S-I,i + SO,i + SI,i = f. Furthernl0re, for cach a E A with
Ilall = -i, 0 :::; i :::; n, wc have

AH(a) 1 . J 1
T - f = (1' - i) - y(llall + Ilpall + ... + Ilvall + ... + IIp - all)

= 7' -7{ij + (81,; - LI,;)} = (7' - i) -7(81,; - LI,;)'

T'hen the exponent of q in the nonn is gi yen by
r r

- L (r - i)h;,n-i(vA) +7L(81,i - Ll,i)h;·n-i (VA)'
i=O i=O

Rut by thc eluality, wc have for cach i,

hi,n-i(VA ) = hn-i,i(VA ) anel (Sl,i - S-l,i) + (Sl,n-i - S-l,n-i) = O.

This inlplies that the second sunl in the a.bove expression is 0, anel therefore, thc exponcnt
of q in thc norm is

r

- L(1' - i)hi,n-i(vA ) = -w(1').
i=o

(2) The nI-part: This follows frOlli Proposition (1.7) that ö(c, a) ==] {tnod (1 - ()).

Proof of the facts that for cach 7', 0 ::; l' :::; n, B" (VA) = Bn-r (VA) (resp. Dr (VA) =
Dn-r (VA)) are defel'red to Proposition (6.4) and its corollary helow. 0
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(6.3) Relnarks.
(1) In Theoreln (6.2)(a), if we take a twist c with the property that ca rf. (kx)m for any

a E A, then the exponent of 117. in the nonn NonnL/Q(l - 3(c, a)/qd) is precisely equal to
1. Therefore, Bd(VA) is relatively priIne to rn. This follows fr0111 Proposition (1.7) and
Proposition (1.10).

(2) In Theorelll (6.2)(b), if we ease thc assul11ption that VA is of Hodge-Witt type, the
invariant 1O(r) ought to be adjusted. That is, W(1') ShOlild bc replaced by

where Tr-I,n-r+I(VA ) is thc dilnension of thc unipotcnt forllla\ group Un+1(VA,Z];{r)) (cf.
Suwa anel Ylli [S-Y88], RClllal'k (TI .2.3)).

(6.4) Proposition. (Cf. rvlilne [~lliI86], §l 0.) There is a dllali ty between the norlllS.
That is, for each r, 0 :::; r :::; [n/2],

NornlL/Q(l - 3(c, a)/qr) _ w(n-r)-w(r)
-q .

NorI11L/Q(1 - 3(c, a)/qn-r)

Proof. T'his is essentially the results of Nlilnc [IVlil86], in §10, projected down to 1110tives.
vVe sketch a proof here. vVe know (vVeil [\V49, \V52]) that foI' any 1', 0 :::; l' :::; n, V satisfies
the functional equation

Z(V (n-s))
1· ,q - (~-r)f

I111S-4r Z(V, q-s) - q

where E: = 2::~;0( -1)1 Bi(V) is the self-i nterscction nUlllber of the diagonal V x V (which
is the Euler Poincare characteristic of \I). Now the functionaJ equation COIllIllutes with
the Illotivic decomposition, so we obtain, for each i, 0 :::; i :::; n,

But Bn(VA) = 2::7=0 hl
,n-i (VA) by Lenl11la (2.:3)(b). So by applying the saIlle arglIlnent as

in ivliine [~1i186], (10.1), wc have

n n

(1' - ~)Bn(VA) = L(n - 7' - i)h. i,n-l(vA) - L(1' - i)h l,n-i(vA )

~ 1=0 1=0
= w(n - 7') - 10(1').

o
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(6.5) Corollary. F01' each 1', O:S 1':S n) Br(vA ) = Bn-r(vA ) and J)r(vA ) = J)n-r(vA ).

Proof. Note that for each i,°:S i :S n,

Q(VA, q-r) . qw(n-r) = 1.

Q(VA , qn-r) . qW(")

(6.6) Examples. Here are some examples. Let (1n, n) = (5,4) and let c = (1,1,1,1,1, :3).
Let q = p E {lI, 31,41}. We cOlnpute thc norOlS for 1 :S l' :S 3 ancI different vectors a:

(1) Let a = (1,1,1,1,2,4). Then 10(1) = 0,10(2) = 1 ancI 10(3) = 4.

{

5· 41 . 71 for l' = 1

NonnL/Q(1 - ö(c, a)/11 r
) = 5/11 for l' = 2

.5.41.71/11 4 for 1'=3.

{

.5· 271 . 661 fol' l' = 1

NonnL/Q(1 - ö(c, a)/31 r
) = 5/31 for l' = 2

5 . 271 . 661/314 for l' = ~t

{

34 . 53 ·281 for 7' = 1

NonnL/Q(1 - ö(c, a)/41 r
) = 53/41 for 7' = 2

3'1 .53 ·281/41'1 for l' = 3.

(2) Let a = (1,1,1,1,3,3). Then w(l) = 0, w(2) = 2, and w(:3) = 4.

{

5· 11 . 271 for l' = 1

NorolL/Q(1 - ö(c, a)/11 r
) = 34 .5/112 for l' = 2

. 5 . 11 ·271/11'1 for l' = 3.

{

34 ·5· 11 . 191 for r = 1

NornlL/Q(l - ö( c, a) /3r) = 34
. 5/31 2 for l' = 2

34 ·5·11 .191/314 for l' = 3.

{

53. 11 . 2131 for l' = 1

NormL/Q(1-ö(c,a)/41 r )= 34 .53/41 2 for 1'=2

.53 .11.2131/41 4 for 1'=3.

Cohonl010gical interpretations of the integers B"(VA) and J)r(vA) for any 1', °:S l' :S n
are given as folIows. Let [' = Gal(k/k) denote the Galois group of k over k with the
Frobenius generator <P. For any r-Inodule 1\1, let kIr (resp. 1\;[r) denote the invariant
(resp. coinvariant) subspace of 1\1 uuder r', that is, the kernel (resp. cokernel) of <1> - 1 :
Ai --+ lvI. For any Abelian group kI, 1\Jtors denotes thc torsion subgroup of Jltf.

First we consider priIne esuch that (C, rnp) = 1. The results of IVIilne [IVliI75, n'liI86, iVlil88},
Schneider [Schn82] (cf. Bayer-Neukirch [B-N78)) anel Etesse [Ete88] can be passed onto
twisted Fennat motives as the cohoInology group functors appearing in their fonnulae
commute with the motivic deC0I11position.
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(6.7) Proposition. Let ebe a printe such thai (t,171-])) = 1. Let VA be a twisted Fernlat
'1notive 0/ di'mension n and dcgree 17~ wilh twist cover A.: = IFq •

(I) Assu'1ne that VA '1,S supersingula'l' but. not strong/y S71pe'1'sirtgular. Then Jor each
intege1' r) 0 ::; '1' :::; n,

IN ( o(c,a))I-l
ornlL/Q 1 - qr e = 1.

(11) Assun2e t.hat rn is a pdul,e and tJuzl VA is not supeTsingulll'l'. Then Jo.,. cach '1',

o::; l' ::; n) the Jollowing asse'1'lions hold:

(a) 11 n = 2d) then

if 'I' =1= cl,

if 'I' = cl.

(b) [fn = 2cl +], then

In hoth cases) all the quardil.ies appearing in the formulae are finit.e, and a/l coho'mology
groups are with respect to eiale topology.

The main idea in the proor of the abovc proposition is to observc that results or n1ilne
[I\1i186], §6, l\1ilne [MiI88],§6 and Schneider [Schn82] (cf. Bayer-Neukirch [B-N78]) can be
passed anto 11lotives. \Ve state those results, specialized ta our case, as a Lelll111a:

(6.8) Lenlnla. Let ebe a ]J'l'irne such that (f, 1np) = 1. Then Jor any integer r! 0 :::; '1' ::; n,
we have the jol/owing jormulae:

(a) Suppose that 2'1' =1= n. Then

where a// fhe cohonlology gro'ups a.,.e finite.

(b) Suppose lhal 27' = n. Then

where a// fhe quantities are finite.

Now we use this to pl'ove thc Proposition.

Proof of Proposition (6.7). (1) This is cleal' froll1 Lenlnla (6.1).
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(TI) l3y Theorenl (6.2), wc have, for each r, 0 ::; r ::; n,

if n = 2d

if n = 2d + 1.

Now by Leln111a (3.5)(a), #Ifi(VA , Zt(r)) = ] for any i =I- n, n + 1. rvloreover, there are
isomorphislllS:

and

observe also that rP acts selni-slInply on Hn (VAp Qt(1')) for any 1', 0 ::; r :::; n.

(a) Let 12 = 2d. If T f= cl, then lI n+1 (VA,Zt(r)) = Fln(VAJ<,Ze(r))r is finite, anel if
l' = d, thcn fln+'(VA,Zt(r))tors is finite. Furthennore, ffn(VAp Ze(1')) is tOl'sion-fl'cc so
that #fI1l(VA ,Zt(r)) = #H7l(VAp Zt(r))r = 1. These facts together with Le111111a (6.8)
yield thc required formulae.

(b) Let n = 2d + 1. Thcll the assertion follows fro111 the saIllC line of arglllnent as for
(I)(a) with r i= d. D

Now we considel' the prilne p = char(k).

(6.9) Proposition. Let VA be a twisted Fe'l"mat molivc of di'mension n and degrcc 111

with twist cover k = IFq •

(1) Assu1ne th(tf, VA is supc'1'sing1l/ar but not s17'ongly supeTsingulaT. Then J for any 1')

o :::; l' :::; n,

I ( ö(c,a))I-l
NornlLIQ 1 - = 1.qr p

(II) Ass'U1ne that VA is not supersingu/ar but 01 ffodge-lViU type. Then for any T)

o:::; r :::; n, we haue the fo/lowing assertions:

(a) Let n = 2d. Then

(b) Lel n = 2d + 1. Then for each r, 0 ::; l' ::; l1 J

Onee again, we begin by Boting that the results of Nliine [MiI86], §6 (cf. Etesse [Ete88]
anel 8uwa anel Yui [8-Y88]) eau be passed anta Inotives, allel state theIn as a Leml11a.
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(6.10) Lemnla. For any T, 0 :S l' ::; 11., we have the following fonnulae:

(a) Suppose that 21' =j:. n. Then

where all the quantities a're finite.

(h) Suppose that 21' = n. Then

I w(r)Q(V -r)I- 1 = #IIn(VAl"Zp(r))r,tors + I 1-ITr-1,n-r+l(v )
q A, q P [#Hn(v Z (,))f]2 q P . A

AIi , P 1 tors

whe're all the quanlities a1'e fini/.e.
In both cases, ifVA is 0/ Hodge-lVitt type, then Tr-l,n-r+l(VA ) = O.

Proof. (a) The fonnula of rvlilnc [~1iI86), Proposition (6.4) is read for a twisted Fcrnlat
I1l0tives VA as fo11ows:

whcre

en(1') = T,·,n-r(vA ) - 2: (1' - v(8(c,a)) = -10(1') +Tr-1,n-r+l(vA),
nEA

lI((J(c,a))<r

as Tr,n-r(vA) = O. This gives the requircd fonnula.

(h) Ir 21' = n, the fonl1ula of Milne [Nt i188], Proposi tion (6.4) (see also Etesse [Etc88])
is read as fo11ows: .

Q(V -r) _ #JJn+l (VA, Zp(1'))t.ors -a .. (VA )

A, q - [#Jjn(vA
Ii

, Zp(1'))[orsF q

where

O'r(VA) = Tr-1,n-r+l (VA) - Tr,n-,' (VA) + 2: (1' - v(8( c, a))
aEA

lI((/(c,a))<,'

= Tr-1,n-r+l(vA) + 10(1') - Tr-1,n-r+l(VA) = 10(1').

This gives the required formula. [j

Proof of Proposition (6.9). (I) This is deal' frOIll Lell1ma (6.1).
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(II) \Ve have, for each 1', 0 :::; l' :::; 11.,

IQ(VA, q-r) 1;1 =

if v(8(c,a))<r

if v(8(c,a))>r.

= I TI (1- a(c~a»I;ll TI (1- a(c~a»I;ll
aEA q aEA q

v(3( c,a)) ):=r v(3( c,a)) <r

First, observe that

~() { 1
8(c,a)I- 1

1
1 _ oc,a

l

-,= . q" P

qr p 1

TI (1_8(c,a))I-l.
(( P

aEA
v«(l(c,a))>r

Then using the ielentity in ReInark (6.3), we have

Iqw(r)Q(VA, q-r)l;l = Iql;lTr- 1,n-r+l (VA) + I TI (I _ 8(c, a)) I-I.
(( p

aEA
v(3(c,a)):=7'

So we have only to interpret thc tcnn Irr aEA (1 - (l(c~a)) I-I in tenns of SOll1e coho-
v(3(c,lt)):=r q p

111010gical quantitics.

Now by Lemnla (3.5)(a), Ili(VA,pZp(r)) = 0 except for i = n and 11, + 1. Ivloreover,
thcrc is an isomorphis1l1

and also there is an exact sequence

o ---+ Hn(VA"Zp(r))r ---+ Hn +1 (VA ,Zp(1')) ---+ lIn+1 (VAp Zp(r))r ---+ O.

(a) Let 11, = 2d. If l' =1= d, then

TI (1 - 2(c~a))I;1 = #Jln(VAJ<,Zp(r))r
aEA q

v«(l(c,a)):=r

anel Hn+l(VA,Zp(1')) is finite, in fact, #Hn+l(VA"Zp(r))r = qT'·-l.n- .. +l(VA), anel hencc

so is Iln(VA",ll p(1'))r. Further, #ffn (VA J<,ll p(1'))r = 1. These facts together with the
fornlltla in Lelll111a (6.10)(a) then yields the required formula.

]f l' = d, then we have

TI (1- 2(c,a))1- 1 = #I1 H (VArc ,Zp(l'))rtorsl
r{ p ,

aEA
vUI (c,f!.) )=r

anel Hn+I(VApZp(r))r is finite, in fact, #fln+I(VApZp(r))f = qT.. -1 ... - ..+I(V.... ). Therefore,

lIn(VApllp(r))r,tors is finite. Further, #Hn(VApZp(r))fors = 1. Hence these cOlllbined
with the formula in Lenllna (6.10) (b) yield thc required fOl'lllula.

(b) If 11, = 2d+ 1, the SaIl1e argunlcnt as for (a.), 21' =1= n gives thc fOrInula in question. 0
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(6.11) Theorenl. Let VA be a /,wisted Fe'rrnat 'motive of dimension n = 2d and printe
deg1'ee 1n > 3 with twist C ouer k = IFq • Suppose that VA is of J{odge-lViU type ([nd not
supel'singular. Then Bd(VA ) 1:$ a square, up to powel'S oj 111..

IjConjechl're (1.9) holds, 01' I/Ca f/. (kx)m fo'ra E A, then 13 d(VA ) is a square.

Proof. Let ebe a prilne such that (e, 1Tl.p) = 1. Then the Poincare duali ty on the e~adic

etale cohomology groups anel Proposition (6.7)( 11)(a) inlply that 1Bd(VA) II I is even.

For the prime ]J = char(k), thc duality of ]J-adic cohomology groups and Proposition
(6.9)(II)(a) irnply that IBd(VA )I;1 is even.

For the nt-part, if Conjecture (1.9) Oll the 1l1,-adic order of thc .Jacobi SUlltS is true, then
IBd(VA) 1;;/ is also even. Furthenllore, if ca tt (kx)m for SOlllC (and hence any) a E A,
then Bd(VA ) is relatively prinle to ·ln by Proposition (1.10)(b), so that IBd(VA)I~l = l.
T'herefore, Bd(VA) is a square. 0

(6.12) Definition. Let VA be a twisted Fennat lllotive of dilllcnsion n = 2d and degrcc
1"12 > 3 with twist cover k = IFq • Supposc tllat VA is or Hodge-vVitt type but not
supersingular. Then the DUlD bel' ßd (VA) in definecI in Theorenl (6.2)( a.) is called the
Brauer llu'Tnber of VA.

This ternlinology was suggested to HS by B. fvlazur. As we sha.ll clarify below, Bd(VA)
shottld be equal to the the order of thc "Brauer group" ßrd(VA)' The existencc of this
group, however, is yet to be established.

(6.13) Exan1ples. We list some cOlnputational results on the Brauer nUlnbcrs Bd(VA)
dcfincd over k = IFq • t\.1ore examplcs and methods fol' C0I11puting Bd(VA) can be found in
Table IH.

(l) Let (rn, n) = (5,8). Let q = p E {lI, 31, 41, 61, 7I}.

(1) Let a = (1,1,1,1,1,1,1,1,1,1) E 2l~. Thcn wc write

,t B4 (VA) ·5
Nonn(l - 8(c, a)/p ) = <1

P
Thc following tabttlates tbe values of B<1(VA) for various valucs of the twist c:

twist ]J = II p = 31 p =41 p = 61 ]J = 71

c = [1, 1, 1, 1, 1, I, I, 1, I, 1] 54 56 34 .54 54 . 1092 54

c = [1,1,1,1,1,1,1,1,1,3] 13g2 24 . 1092 34 .54 31812 39192

C = [1, 1, Ir 1, 1, I, I, I, 3r3] :!4 34 . 11 4 34 .54 34 .4614 :r1 .8212

C = [l,I,l r l,I, I, 1,3,3 r3] 24 . 1g2 1511 2 34 .54 192 ·23g2 ;11:! ·5g2

C = [1,2,3,4,1,2,3,4,1,2] 1;~92 56 2411 2 212 24 . 11 6

c = [1,1,2,2,3,3,4,4,4,1] 24 . 1g2 1392 401 2 .54 . 1092 54

C =[I, I, 1,1,2,2,2,3,3,3] 181 2 56 401 2 3181 2 ;{D192

c =[1,3,3,3,3,2,2,2,2,4] 13g2 1511 2 941 2 54 . 1092 54
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Recall that Iwasawa's congrllence inlplies that whenever the twist is trivial ß4(VA)
will be divisible by 1122 ; in this case, it is in fact divisi ble by 111.

4
• This ilnplies that we

have ordU- O(l - j(a)) = 4 = ord(1_0(p'l - 1) for cach of thc prinlcs p in the tahle.
'vVe have checked also that if p = 101 we have ord(1_0(1 - j(a)) = 5 (anel, of course,
orel p _()(p4 - 1) = 8). Conjecture (1.9) is true in all cases.

The reader will note that 3 is a fifth power modulo 41, which explains sevcral of thc
entries in that col umn.

(2) Let a = (1,1,1,1,1,1,1,2,3,3) E Q1~. Then we writc

The following tabulates the Brauer nUl11bers B4 (VA) for various values of the twist c:

twist P = 11 p = 31 p =41 P = 61 p = 71

c= [1,1,1,1, I, 1,1,1,1,1] 24 .52 24 .34 .52 24 . 192 .52 24 . :3 4 . 52 24 .52

C = [1,1,1,1,1, I, 1,1,1,3] 41 2 792 24 . 192 .52 11 4 74 . 11 2

C = [1,1,1,1,1,1, 1,1,3,3] 1 192 24 . 192 .52 691 2 281 2

C =[1, 1, 1, I, 1, 1, 1,3,3,3] 41 2 792 24 . 192 .52 11 4 74 . 11 2

C =[1,2,3,4,1,2,3,4,1,2] 292 192 792 11 4 74 . 11 2

C = [1,1,2,2,3,3,4,4,4,1] 24 .52 792 11 2 .31 2 691 2 281 2

c= [1,1,1,1,2,2,2,:3,3,3] 292 24 .34 .52 892 691 2 281 2

C = [1,3,3,3,3,2,2,2,2,4] 24 .52 792 892 601 2 11 2 . 192

(11) Let (112, n) = (7,6) and let q = p E {29, 43, 71, 113}.
(1) Let a = (1,1,1,1,1,1,4,4) E 2!~. Thcn we writc

3 ß3(VA) . 7
Nonn(1 - 8(c, a)/p ) = --"""-­

p"

The following tabulates thc Brauer nUlnbers B3 (VA) for various valucs of the twist c:
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twist P =29 p = 43 p= 71 p= 113

c= [1,1,1,1,1,1,1,1] 972 .72 292 .72 41 2 .72 1~12 . 1672 .72

C = [1, 1, 1, 1, 1, 1, ],3] I ~14 212 .132 41 2 .83 2 41 2 .832

C = [1, 1, 1, 1, 1, 1,3, 3] 36 .4 I2 36 • ] 32 36 . 132 .292 2 12 . ~1G

C = [I, I, 1, 1,1,3,3,3] 2 12 • l:f! 292 .972 43 2 . 2~192 811 2

c= [1,2,3,4,5,6,1,2] 36 .41 2 2392 132 .3372 1~12 . 29 2 . 71 2

C = [1,2,3,3,4,4,5,5] 181 2 :1 6 • l:rt 36 . 132 .292 71 2 . 1392

C = [1 , 1,1,2,2,3,3,3] 36 . 41 2 292 .72 13 2 .181 2 71 2 . 1392

c= [1 , 4,4,4 , 4,1 , 1,1] 432 292 .71 2 41 2 .832 71 2'. 1392

(2) Let a = (1,1,1,2,3,3,5,5) E Q{~. Then we write

3 B3 (VA ) ·7
Nonn(J - 3(c, a)jp ) = 2

]J

Thc following tabulates the Brauer nUlllbers ß3(VA) for various values of thc twist c:

twist P = 29 p= 43 p = 71 p = 11:1

c= [1,1,1,1,1,1,1,1] 74 74 74 74

c= [1,1,1,1,1,1,1,3] 132 832 71 2 972

C = [1,1,1,1,1,1,3,3] I 132 26 . 1~~2 432

C = [1,1,1,1, 1, :~,3, ~)] I 292 1 ]

c= [1,2,3,4,5,6, 1,2] I 132 74 4~12

C = [1,2,3,3,4,4,5,5) 36 36 1 26 .36

C = [1,1,1,2,2,3,3,3] 74 26 71 2 432

C = [1,4,4,4,4,1, I, 1] 74 74 74 74

(6.14) Renlarks.
(1) Note that all twisted Fennat 1110tives considered above are ordinary. IVlore exalnples

anel 111ethods for computing the Brauer ntunbers of VA can be found in Tablc IV.
(2) N. Boston pointed out that all prinle factors with the exception of sInall prinles like

2,3 and ]J appearing in the Brauer numbers Bd(VA) are of the fonn ±l (nlod rn). There
is an elenlentary explanation of this fact.
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Let f be a prime such that (e, 1'n) = 1. Let ,\ be a prinlc in L lying above f. If eelivides
the nornl NornlL/Q(l - 3(c, a)jqd), then S0I11C conjugate of ,\ divides 1 - 3(c, a)/qd. This
inlplies that Norm('\) elivides NorI11L/Q(1 - 3(c, a)/qd). But Nornl('\) = ef where f is the
oreler of eInoelulo 1n. So if [2 exactly divides thc norm, then f = 1 01' f = 2. In these case,
eis of the fonn ±l (Inod 1T1,). (However if ea divides thc nOl'1l1 with a > 2, then e is not
necessarily of the fonn ±l (mod 171.).) Since our nunlbers are relativcly small, thc order
of ewill tend to be 2 except for slllall primes, anel that is what we sec in thc tablc.

"Ve uow COlnpare the Brauer l1ulllbers associated to twisted Ferllla.t 1110tives VA and
those associateel to Fernlat I110tives j\t1A of thc dilnensiotl 11. anel dcgrce 1'n belonging to
thc (ZjnlZ)X-orbit A.

(6.15) Proposition. Let VA (resp. A1A) be a twisted Fermat 'motive 0] dünension 11. and
degree 1n with twist c (resp. 1) ouer k = IFr", be/anging to the sam,e (71/1'n71)X- orbit A.
Then Jor any r, 0 S; l' S; n, the ]ol/owing asserliolls hold:

(a) NornlL/Q(1-8(c,a)jqr) = NornlL/Q(1-j(a)jqr) iJund onty lfcR = C~OC~l ..• C~++11 E
(kx)m JOT all a E A.

(b) Let 1'11 be printe> 3, and n = 2d. J/ thc conjecture (1.9) is true, t.hen the rn-part 0]
the quotient. 0/ the nonns

NonnL/Q(1 - j(a)jqd)

NornlL/Q(1 - 8(c, a)Jqd)

is 0/ the forn~ 1n2e witJ~ e 2:: o.
JI c satisfics the projJcrty thai. eH rt (kx)m fo1' a E A, lhcn the asse'rlion is i,TUC 'IlnCOH­

ditionally.

Proof. The assertiolls (a) follows in1l11edia.tely frOlll Defini tion (1.1) that 8(c, a) = ~y(ca)j (a).
For (b), note that both norms have the sanle ]J-adic order, and thc rn-part follows fronl
Proposition (1.7), TheorCI11 (6.11) anel Renlal'k (6.3)(1). 0

(6.16) Exanlples. (I) Consider the salne C, a anel p as in ExaInple (6.6). Then

NornlL/Q(l - j(a)/p2) = { 52

NonllL/Q(1 - 8(c, a)Jp2) 1

ifp=11,31

if p = 41.

For p = 41, observe that ca E (IF:1)5.

(11) Consieler the Sanle C, a anel p as in Exanlple (6.13)(11). Observe that the rn-part of
the fraction

Norn1L/Q(1 - j(a)jp3)

NonllL/Q(1 - ö(c, a)Jp3)

is of the fonll 1n2e with c 2:: 0 for any twist c. (In fact, it equals eithcl' 72 01' 74 in all cases
where ca is not an ln-th power.)

F'inally we discuss thc effect of the inductivc structures on the nonns.
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(6.17) Proposition. (a.) Lei a E 21~l and tel a = (aa, (LI, ... , {tn+l, (t, 1'11. - a) E 21;~+2 bc
an induced chal'acter 0/ type I fro'm a. Then JOT any r J 0 ::; r ::; n J

2(c,ä) 2(c,a)
Norn1L/Q(1 - 1) = Norn1L/Q(1 - .)

qr+ q'

if and only i/ X( - ~:+:)a = 1 JOT all ä E A.
(b) Let 1'n = rn~ be a p'rimc power' where rHo is a pd·me 2. 3 and I 2. 2, o'/' ?j rno = 3)

t > 3. Let a = ({[o, ([I, , an+I) E Q{~ wilh gcd( ao, a., ... , an+l) = rHo. Let Tn' = .,.n~-l

and a' = (ao/rno, (t1/rnO, , an+l/rna) E 21:'. Then

2( c, a) ä( c, a /)
NonnQ(",)/Q(l - ) = Norll1Q(( ,)/Q(l - )(( '" (l

Jo1' any 1', 0 ::; r ::; n.

Proof. (a) This follows in1111ediately fron1 Proposition (1.6)(I)(b).
(b) This fo11ows ilnlnediately frOln Lelnlna (1.6)( II). 0

7. EVALUATING THE POLYNOMIALS Q(V, T) AT T = q-r

Let V = V;.n(c) bc a diagonal hypersurfacc of dinlcnsion n and degrcc 1n > 3 with twist
cover k = IFq •

First we consider even din1ensional cases. Let n = 2d, anel wri te

wherc the product is takcn over all twisted Jacobi SUIUS ä( c, a) such that 8(c, a) #- qd. vVe
can also write Q*(V, T) in the following fonn

where the second product is taken over aU twisted Fennat lnotives VA which are not
strongly supersingular.

"Ve first rccall, 01' further set up sonle relevant notations.

93: = {a E 21) ä(c,a)/(/ = l},

93:
l

= {a E 211 8(c, a}/qd is a root of unity in L},
(!m = 93m _ 931H

n n n ,

1': = 21~ - 93;:\

O((!~) = the set of (Z/nlZ)X-ol'bits in (!:, anel

0(1':) = the set of (Z/nlZ) X-orbits in 1':
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If V = Vr7 with 12 = 2d, we further put

(7.1) Proposition. (n = 2(1). Let V = V: (c) be a supel'singula'r diagonal hype1'su'Jface
of di1nension n = 2d and prüne degree 1n > 3 with twist c ouer k = IFq • Then for each 1',

o::; l' ::; d,

TI TI (1 - qd-re)

VA tE(Z/mZ)X
AEO(e::,")

Proof. This follows irnmediately frOnl LCI1lIna (6.1).

(7.2) Corollary. UndeI' the sanle sl:tuatl:on as in Proposition (7.1), the 101/0wing asser­
/.ions hold fOl' l' = d:

(a) If Vk is strongly supersingulal', then the Hmil is eq1lal lo 1.

(b) Tf Vk is s1lpeTsingu/m', but not strong/y supcrsing1llar, then the lilnil is cq'llal to
111,e"d(VI<) .

(7.3) Theorenl. (n = 2d) Let V = V:(c) be a diagonal hypers'wjace of dünension n = 2d
and printe degree rn > 3 10ith twist cover k = IFq • Suppose that Vk is 01 f!odge-1ViU type.
Then fo'l' any integer I', 0 ::; I' ::; d, 10e haue

Br(vk ) . rn"\d(V,)

qwv(r)
TI (l_qd-r~ttd(Vk).

tE{Z/mZ)X

lYhel'c Ad and cd are defined above, and l.he othe'l' q1lantities in lhe fo.,."nu/a are defined as
fol/o1Os:

Pd(Vk ) = 1 + #{a E Q(~ I8(c, a) = qd} (= 1 for c extre'me huist),

where the sn1n is laken over all supersingula'l' twisled Fennat 'motives VA, and

r

lUV(l') = L(1' - i)hi,n-i(v).
i=O
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fI e1'e Er (Vk) is a positive integer (110t. necessaTi/y printe io 1Hp) satisfying

Proof. For each twisted Fenllat Il10tive VA which is not supersingular, wc have

Q( r) (ö(c,a)) 1VA, q- = NorlllL/Q 1 - E -(-)Z(( qW r

with

by TheoreIl1 (6.2)(a). By Lenllna (3 ..5)(b), the functor Ili( ,,ni) with 'i+ j = n COIlllllutes
with the 1110tivic deCOlllposition V = EBVA. T'herefore, gluing tbe l'esults of Theorem
(6.2)(a), the exponent of q in Q-(V, q-r) is given by

r rL L(r - i)hi,n-i(VA ) = L(r - i)hi,n-i(v)
VA i=O i=O

not 5.5.

where the first sun1 in thc left hand siele runs over all twisted FerIl1at 1110tives VA whieh
are not supersingular.

Ir 111. is prinle > 3, tben Tbeoren1 (6.2) (a) anel the hypothesis that q - 1 (rnod 1H) yield
the eongrucIlec

Twisted Fennat 1110tives VA whieh are supersingular hut not strongly supersingular gives
rise to the auxiliary faetor

There are altogether Ad(VjJ twisted Ferll1at 1110t.ivcs VA whiell are not slipersinglilar. rrhllS
the assertion on the rH-part folIows.

The assertion for Br(vk ) follows frOll1 Proposition (6.4) anel Corollary (6.5), noting that
Br(vk) = n Br(vA) where the proeluet is taken over 3011 twisted Fel'Illat lllotives whieh
a,re not strongly supersingular. 0

(7.4) Corollary. UndeT the same situation as in The01'e1n (7,3)) the fol/owing asse.,.lion
ho/ds: 1f Vk is of Hodge-1ViU type, then fo1' l' = d, the /i1nit is equa/ t.o
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(7.5) Theorelll. (n = 2d) Let V = V:(c) be a diagonal hypers'll'1jace of dinwnsion
n = 2d and pri-me degree 111. > 3 with twist c ouer' k = IFq • Suppose that Vk is of Hodge­
I·Vitt type and lhat Conjecture (1.9) ho/ds fO'1' each a E 2l~ such t.hat. eR is an 1n-th powe1'.
Then fhe in/.eger Bd(Vd is a square.

In partic'lllar) if c is extreme) then Bd(Vd is a square.

Proof. vVe have for auy prime e(including e= p),

whcrc thc sunl is taken over all twisted Fernlat motives which are not strongly supersin­
gular. Thcn the assertion fo11ows froll1 Theorenl (6.11). 0

Now we consider odd dirnensional diagonal hypersurfaces V = V~l (c) over k = IFq • Let
n = 2d + 1. For e30ch r, 0 ::; T ::; d,

where the product is taken over a11 twisted Fenllat 1l10tivcs VA.

(7.6) Theorenl. (n = 2d + 1) Let 1n be a prime> 3. For any integer T J 0 ::; l' ::; d) tel

Tlten Dr (Vd is aposilive integer (no/' necessari/y prime t.o 1np) such that

und
r

WV(1') = L(1' - i)hi,n-i(v).
i=O

Proof. Observe that

D" (Vk ) = TI D" (VA) = TI NormJ.,/Q(l _ 3(:; a))
VA

where the product is taken over a11 the rnotives VA. Then thc assertion fo11ows fronl
Len1111a (6.1) anel TheorelTI (6.2)(b). Thc duality on Dr(Vd fo11ow5 froll1 Proposition
(6.4) and Coro11ary (6.5). 0

COholllological interpretations of the integers Br(Vd and Dr (Vd for 1', 0 ::; T ::; n follow
frOl11 the results of l\1ilne [wlil86,1'Ii188].
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(7.7) Proposition. Let V = V;:l (c) be a diagonal hypersu'lface 0] di·mension n and de!Jree
Tn > 3 with twist cover k = IFq , Ass'lt'ln.e that V is 0] Hodge-lVitt. type. 'rhen ]0'1' any
integer 1', 0 ::; l' ::; n, the ]ollowing asse1'f,ioHs hold:

(1) Let n = 2d. Then

lj l' =I- d

lj l' = d.

([I) Let n = 2d + 1. Then

All thc cohomology grOU]J8 appearing in t.he ]onnulae are finite.

Proof. This fo11ows froll1 Proposition (6.7) anel Proposition (6.9). 0

(7.8) Exalllpies. SOIlle computations of the global "Brauer nunlbers" are tabulated in
tablc IV.

'vVe now C0I11pare the asynlptotic values of thc partial zeta-functions of a diagonal
hypersurface V = V~l (c) and thc Ferrnat variety .Y = V:; (1) over k = IFq , An interesti Ilg
case is when n = 2d.

(7.9) Proposition. Lel V = V,:n(c) and ...1:' = v~n(l) be a diagonal and the Fel'mat
hypcrsu'1faces oJ di1nension n = 2d and prime degree 1n > 3 wit,h twist c ([nd 1, rcspectivcly,
ave1' k = IFq • Tlten the quotient

is equal to

(1) 1n~d(Vk)-~d(tYk) if ballt V and ;r are supersingula1', and

(2) ~;~~:~, 1nOd (Vk )-30d (,-r,,) if balh V and ...1:' are of Ifodge-lVitt. type.

8. THE LICI-ITENBAUtvt-NIILNE CONJECTURE

Consider diagonal hypersurfaces V = V~I(C) of cvcn dil11cnsion n = 2d ~ 2 allel dcgrcc
m, with twist cover k = IFq , As a higher ditnensional analogue of the Artin-Tate fonnula.:
n'Iilne [NliI86,!Vt i188] and LichtenbaulTI [1.84, L87, L90] have fornlulated a conjectural for­
mula on the special vaJuc of thc partial zcta-function of V at T = q-d. In this scction, wc
conlpare our results with those preelicted by their fonnula,

Thc rvrilne-Lichtenbaul11 conjecture concerns thc residue of the zeta-function Z (V, T)
(01' rather of thc partial zeta-ful1ction Q(V, 'T) / (1 - q"'T)P,.(Vk)) at integral argu 1l1ents T =
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q-r for 0 ::; r ::; n. Particularly interesting is the case when r = d. In this case, the
~I[ilne [IVliI86, ~1[i188] has a fonnula for the lilnit Q'"(V, q-S)/(l - qd-S)Pd(V,,) as s tenels to d,
which hold if we assunle the validity of thc Tate conjecture, and the existcnce of certain
cOlllplexes of etale sheaves Z (d). Such cOlnplexcs are to used to elefine SOllle lnotivic
COh0l11ology groups, anel thc candidatcs for thcln havc becn dcfined by LichtenballlTI for
d ~ 2. [L84, L87, L90]. Thc existence of such c0l11plexes for d > 2 is still unknown.

We begin by stating the fonnula of Lichtenbautn anel Milne for the partial zeta-function
of Vk .

(8.1) The Lichtenbaunl-Milne fornlula. Let V = V:(c) be a diagonal hypcrsu'1'facc
of di1nension n = 2d 2:: 2 and degree 111 wdh twist, cover k = IFq • Let CHd(Vk) denolc
the Chow g'roup of algebraic cycles of codinwnsion d on V defined over k nwdulo algebraic
equivalence. Assum,e that

(1) the're e.'"Cists a c01nplex Z (d) sahsfying lhe axio'TnsJ and that

(2) the cycle n~ap CI-Id(Vk) --7 Hn(Vk, Z(d))) is surjechve.

Then, if the Ta/.e conjecture holds f01' Vk, we haue

wheTe fhe quantit.ies on fhe righl hand side are explained as /O/101OS:

Brd(Vk) = lJ2d+1(Vk , Z (d)) dCfwfes lhe "Braue'" !iro'njJ" 0/ Vk,'

Ad(Vk) = hn[CHd(Vd -f Iln(Vk,Z(d))] is lhe i'mage ojClrl(Vk) in Iln(Vk,Z(d)),

{D i } is a Z-basis for Ad(Vk) 'Tnodulo lOl'Sl:on,

det Ad(Vd = elct( Di . Dj ) is lhe delernünanl of lhe i11lcTseclion J)(lil'ing on Ad(Vk ),

Ad(Vk)tor is the l01'sio71 subgro1.tp of Ad(Vk)J und

O:d(V) = sn+l (d) - 2sn(d) + L:v(a(c,a)<d(d - v(8(c, a)), where s"(d) =: dirn H"(Vk , Zp(d))
(as Q. pe'lieet group schenle).

(8.2) Ren1ark. ('rate [T68], Milne [NliI86] and Milne [l\1iI88], RelTIark (6.7).) For n = 2,
the Tate conjecture holels for V = V2 over k, and this fOrllltda in (8.1) is ineleed thc
Artin-Tate fonTIula:

A l(Vk) = NS(Vk)=the Neron-Severi group of V,

Br' (Vd = H3 (Vk, Z(l)) = II2(Vk, Gm) is the cohOITIological Brauer group of Vk (which
is isolnorphic to the algebraic Brauer group of Vk ),

detAt(Vd = disclVS(Vd, anel

#A 1(Vk)t.or = 1, 0:1 (V) = Pg(V).

FrOln the Artin-Tate fonnula, we can deduce the following assertions.
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(8.3) Corollary. Let V = V;n(c) be a diagonal hypers'lt'lface 0/ di"mension n = 2 and
degree 1n with twist c ovcr k = IFq • Tltcn the Jollowing assc1'/.ions hold:

(a) IJ Vk is supersingular, then

wltere (I (Vk) is the quantity defined in Chapter 7.
In pa1'/.icu/a1', 1] Vk is sl1'ongly supersingular, then Br l (Vk) is a p-group, and disc NS(Vk)

divides apower 0/ p.

(b) Assu'me that 1"11 is a priJne > 3. lf Vk is 0/ flodge-l'Vitt type, lhen

SOIllC of the quantities in (8.1) can bc C0l11putcd for diagonal hypcrsurfaces.

(8.4) Proposition. Let V = V,:n( c) be a diagonal hype1'su'1jace 0/ (Hmensiol1 n = 2d ([nd
degree 1n wilh twist. cover k = IFq • Then the /ollowing assertions hold:

(a) Ad(Vd is torsion-J1'cc.

(b) IfVk is 0/ J-lodge-lVitt type, then sn+l(d) = sn(d) = 0, so that O'd(V) = wv(d).

(c) I/Vk is supersingular, then lUv(d) = 0 and Od(V) = sn+l(d) - 2s"(d).

Proof. (a) Since V is a cornplete intcrsection, Ad(V) is torsion-frec by Delignc [D73].

(b) If Vk is of Hodge-\Vitt type, then Hn(Vk,Zp(d)) = 0 and Hn+I(Vk,Zp(d)) is finite.
So thc assertion follows froIn T'heoren1 (6.2) and Theoren1 (7.3).

(c) If Vk is supersingular, then wv( cl) = 0 as the Newton polygon has thc pure slope d.
In this case, the fonnal groups 4>- (V) are all unipotent by Proposition (3.11). (As notcd
by NIilne [MiI86], Relnark 3.5, the actllal cOlnplltation of the invariants sn+1 (cl) and 8 n ( cl)
seelns very difficult. In fact, we nccd to determine the structure of the fornlal groups
attached to V, especially, the nUlnber of copies of Ga occuring in thc fornlal groups.) 0

In the case of an extreme twist, we can also detennine the contribution frorn the inter­
section pairing:

(8.5) Proposition. Let V = V:(c) be a diagonal hypcrS'll'1jace 0/ (Hmension 11 = 2d]
prim,e dcgree rn > :3 wilh an extre"m.e twist c clcfined over a finite field k = IFq . Thcn
Ad(Vk ) is generatcd over Q by the single dass, [11], consisting 0/ hyperplane seelions on
Vk 0/ codünension d, and any hype1'plane seetion fl E [11] Iws the self-interseet.ion nU1nbcr

(H, H) = 111..

Proof. Since c is extrenlc, we know p~(Vd = Pd(Vk ) = 1, and hence Ad(Vk ) is generatcd
by a hyperplane section. Let H be a. hyperplane of dilnension d + 1 and let fI =: V n H.
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Then we can COIl1pute the self-intersection lltunber (H, H) by taking a.nother hyperplane
H' of dilnension d + 1 and looking at the multiplicities of the intersection V n H anel
V n H', that is, of V n H n H'. Now V n H is a subvariety or elegree 1n anel dinlcnsion
d in projective space so that its intersection with a "generic" hyperplane H' consists of

exactly 111 points. Therefore (H, H) = 111. D

Observe that thc assertion of Proposition (8.5) reInains valid for any field k, or any

characteristic as long as V,l.; has an cxtreIlle twist.

(8.6) Corollary. Under I,he situat.ioll 01 Proposition (8.5), wc haue

Idet Ad(Vdl = 111..

The final quantity in (8.1) is thc "Brauer group" Brd(VJ;). This is not even knowll
to exist unless the COIllplcx Z(d) eloes, so we cannot COIllpute its oreler cxplicitly. Thc
eluality properties of Z(d) do iIl1ply, however, that this order (when it is elefined) lllUSt be
a square, allel this is what wc exploit below. .

We consider first the case when V is of Hodge-"'Vitt type.

(8.7) Theorenl. Let V = V,:n( c) be a diagonal hypersu'Iface 0/ dirrlension 11 = 2d and
printe deg'ree rn > 3 with twist cover k = IFq • Sllppose V,l.; is 01 Hodge-lVill type. Thcn
wc have

# Brd(V,l.;) Ielet Ad(Vdl = 1n 8d (Vk
) • Bd(Vk ),

where Bd(V,l.;) = nBd(VA), the prodllet. being taken oveT all the non-supersingularmotives.
The nurnbeT Bd(VJ.;) is a square up to powers of rn.

11, l:n addition, c is ext.rerne, then lhc Tate Conjcclure is !.',.uc 10'1' Vk and I elet Ad(Vd I =
'In, so that the Lichtenbau"11z-A1ilne Jormula holds lj and only il we have

# Brd(Vk) = 1118d (Vk )-1 • Bd(Vk)

The exponenl od(Vd - 1 is eueH, anti I3d(Vk) l:S a squaTe.

Proof. This is just a 11lattcr of putting together alt that we have already proved. To sec
that the exponent of 111 is even in the extreIne case, recalt that

o(V
k

) = ßn(V) - Pd(Vk ),

rn -.I

anel that
I3

n
(V) = (1"11- - 1)n+2 + (1"11- - 1) + 1.

1n

Since Vk is cxtrclne, Pd(Vd = 1, anel a. elirect calclllation shows that ok(Vd -1 is eVCll. D

Note that when 11 = 2 the Tate Conjecture is known to hold and thc cOInplex Z(l) is
known to exist, so that the formula in TheoreIn (8.7) holds ullconditiona1ly.

"'\Te have C0I11puted thc Brauer ntlIllber Bd(Vd for Inany different V (of prinle degrcc).
In alt cases, it turns out to be a square (including the 'In-part). It is natural, thcn, to
conjecture that this is always the case.
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(8.8) Conjecture. Let V = V~)(c) be a diagonal hype'rsurJace 0/ dintens'ion 11 = 2d and
pl'i1ne degl'ee rn > 3 with twist c ovcr k = IFq • Suppose Vkis 0/ Hodge-lVitt type. Thcn
the global uB'rauer n;ll'1nber" Bd(VA) is a sq'ua'l'c.

Note that conjecture (8.8) follows fron1 Conjecture (1.9).
It is natural to ask about the exponent b'd(Vk). In the non-extreme case, Ol1e can l11ake

no pl'cdictions, since one doesn 't know the value of thc deterIllinant dct Ad(Vk ). In fact,
even in the sil11plest ca.se, one sees both odd and even exponents. For exal11ple, ta.ke Tn = 5,
n = 2, p = 11. In table (Ib1), one sccs that for various twists one gets Pd(Vk ) = 5 01' 9,
which gives b'd(Vk ) = 12 anel 11, respcctively. For thc trivial twist, we gct Pd(':\:'k) = 37
anc! od(Vd = 4.

Now we go on to consider the case where Vk is supersingular. This is a littlc less
satisfactory, because we are unable to gct an cxplicit va.lue for Üd(V), So our results arc
necessarily partial.

(8.9) Theoren1. Let V = V:( c) be a diagonal hypel's'lujace 0/ din~ension n = 2d und
pd'me degl'ee ',n > 3 wUh l'lVl:sl cover k = IFq • Suppose Vk is S'upe1'singular. Thcn file

Lichtenba'll;m-kfilne fonnu/a holds Jor Vk if and only i/ we have

In pa1'iicular:
(a.) [1 Vk is st'rongly supersingular} t.hen o(Vd = 0 and the Ll:chtenbaurn-l\Iilne JO'l'l'nula

holds lj alld only ij we have

In particular) Brd(Vk) .,nust be a p-gronp.
(b) [/ c is cxtre'mc, t.hen we know that Idet Ad(Vd I = Tn and the Lichtcnbrt'lun-AIilne

forrn"llla hofds ij and only if wc have

The rn-part of this num.be1' l:S a squa1'e.

Proof. Clear fronl the above. D

Note that since the Tate Conjecturc is known to hold when Vk is supel'singular: we
know that thc Lichtenba.uln-ivlilne fOl'Il1l1la holels for Tl = 2 anel 12 = 4 (since in thosc ca.ses
thc cOlnplex Z(d) has beeIl constructcd). ThllS, for Tl = 2 a.nc! Tl = 4 the equalities in
Theorcnl (8,9) hold 1Il1conditionally.

(8.10) Exan1ples. Let V = VJ(c) with an extrclne twist c = (2,1,1,1,1,1,1,1) over IF29 •

Then the global "Brauer nUl11ber" of V is cOInputed as folIows. One produces a "lninitnaI"
list of characters, i.e., a list of charactcrs such that their associated 1110tives lnake up a set
of rcpresentati ves of the isolllorphisnl classes of nlOtives VA. Olle then C01l1putes thc norn1
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for each of our characters a, and then it is sinlply a matter of putting the d30ta together
(taking rnultiplicities into account). The nI-part C30n be cOlnputed directly, sincc we have

r ( ) (n1-1)n+2+(n1-1) (
Ud Vk = ( ) = :.19991,

171 rn-1

so that, as pointed out above, Od(Vk ) - 1 is even.
As to the global "Brauer IHlInber", we can COIllpute the I110tivic "Brauer l1ulllbers" anel

then put them 3011 together. The fuHlist of v30lues can be found in Table IV. Putting theIn
3011 together with the correct Inultiplicities gives

B3(V
k

) =2152220.325200'52268 .1:353056.293024.4116576.4314392.711736.

834144 . 971120 . 223336 . 2815320 . 349168 . 379280 . 461840 . 63156 . 9.5:3336

Thus, the Lichtenbaum-Milne fonnula will hold if we have

# Br3(Vk ) =739990 .2152220.325200 .52268 .1353056 . 293024 .4116576.4:314392 . 71 1736 .

834144 . 97 1120 . 223336 . 281 5320 . 349168 . 379280 . 461840 . 631 56 . 953336

i\10re exarnples can be found in Table IV.

Now we cornpare the above results with the Lichtenbauln-Milne conjecture (0.2) on the
residue of Z(V, q-$) as s -+ d.

(8.11) Theoren1. Let V = V: (c) be a diagonal hypersurface 01 dirnension n = 2d und
printe degree 1n > 3 with twist cover k = IFq . Suppose Vk is 01 Hodge-lVitt type. Then the
exponent 01 q in the residue Cv(d) in the Lichtenbuunt-/l1i/ne conject1lrc (0.2) is co.,..,.cct}
that is}

d

X(V, 0, d) = L(d - i)hi,n-i(v) = wv(d).
i=O

F1lTthcrrnore, flSS1tmc that the complc:res Z (r') eXl:81. Then

(-1 )dq-d{d+l)/2 n~= (qi - 1)-2
X(Vk , Z(d)) = Bd(V) 10 ~v ) E Q

k . rn d "

where Od(Vk ) is as defined in Chapler 7.

Proof. This follows from Thcorenl (7.3) and Theorem (8.7). 0

Now we consider odd dirllensional diagonal hypersurface V = V~(c) over 1..... = IFq • Let
n = 2d + 1 and 1n prinle > 3. ThclI for each integer r', 0 ::; r ::; d, the Tate conjecturc is
obviously true as H2

r (VI" QlCr)) has din1ension 1.
Now we are interested in the special value of Z(Vk , q-$) at s = r. "Vc obtain fl'0111

Theorenl (7.6),
2d 2d

lim Z(V, q-$)(l - qr-d) = Q(V, q-r) II(l - qi-")-l = q-wv{r) J)d(Vk) II(l _ qi-d)-I.
$-+r

i=oi:f.r

Now we COIllpare this with the LichtenbaUln~Milneconjecturc (0.2).

i=Oi:f.r
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(8.12) Theorelll. Let V = V:(c) be a diagonal hype'rsu·,jace of dhnension 11. = 2d +1
and pd1ne degree 1n. > 3 with twist cover k = IFq . Assu1ne that for any 1') °::; r ::; cl,
the cO'lrtplexes Z(r) exisl. Then Vk satisfies the Lichtenbau'1n-l\1ilne Jormula) !'hat is) !'he
exponent 0/ q i8

r

x(V,O,r) = L(d - i)hi,n-i(v) = wv(r),
i=O

and X(Vk , Z(r)) is given explicitly by

Proof. This follows frOin TheorcI11 (0.1) of n1ilnc a.nel 1'hcol'CI11 (7.6). 0

9. R,EMARKS, OBSERVATIONS AND OPEN PROBLEMS

(901) The case of C0111posite 111.. ~'Iany of the results obtained in this paper arc I'e­
stricted to diagonal hypersurfaces of prime degree 111-. This restrietion is not a subtle
one, but rather a technical one. In fact, we have some rudinlentary results for diagona.l
hypel'surfaces of composite degree rH..

Let Vk = Vk ( c) be a diagonal hypersurface of elegree 171. anel elin1cnsion n with twist c
defincd over k = IFq •

(9.1.1) The Picarcl nUlllberso About the cOInbinatorial Picard Iltunbers for Vk of cvcn
dinlension n = 2d, we note tha.t the assertion of Proposition (505)(b) 110 langer holels;
indeed, in SOIl1C cases there are twists c sa,tisfying

(*)

where

For instance, take (rn, n) = (4,2), p = 5. Then Pl(.,l'd = 8. Now choose twists c =
(4,4,1,1) (rcsp. c = (3,4,2, 1)). Then PI (Vk ) = 16 (resp. (10)). As for anothcr cxanlplc,
take (111, n) = (10,4), p = 1]. ThcIl P2(A'd = 4061, but for a twist c = (10,10,10,1,1,1),
we have P2(Vd = 5218.

\Vc conlputcd the acttlal Pical'd numbcl's for va,rious twists in a 11 tllnber or cascs (thc
results are tabulated below). In cach case, we pick a non-prilnitive root 9 Inodulo p, anel
consider twists of the forn1 C = (co, CI, . o. ,Cn+d where each cOinponent Ci is of the rann
gj, 1 ::; j ::; 1'71 - 1. Based on our cOInputations, wc observc thc following facts:

(a) Extren1e Twists: In the COIllpositc case, our definition of extrelne twists does not
work. Instead, we simply say a twist is extl'elne if thc cOlllbinatoriaJ Picard nUlnber of thc
resulting variety is 1. Such twists seem to be very harel to find. In ou!' cOinputations, they
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occurred only for n = 2 and 1n = 9, 14, 01' 1.5, anel all of theIn were equivalent to twists of
the fOrI11 (ca, 1,1, ... ,1). For I110St values of 111. anel 11" we found no extreme twists at all.

(b) The inequality Pd(Vk) ~ p(Xk): as we pointed out above, this does not hold for
general 11L On the other hand, our C0I11putations suggest that it does hold whcn 111. is
odel.

For lnore exall1ples, see thc Tablcs 1Je in the appendix.

(9.1.2) The norU1S. We have conlputcd thc nonns of algebraic lllunbers 1 - 3(c, a)/qd
for sonle selecteel twists c. Here we recOl'eI SOllle partial results, and observations bascd
on our C0I11putations.

(a) If 1'11, is odd anel 1n = 17l~ where 1HO is an odel priI11e anel l' ~ 2, then, as pointccl out
above, thc Iwasawa-Ihara conjeeture holeIs, anel we have

2(c, a) == 1 (l110c! (1 - ())

where ( is an nI-th root of unity. Consequcntly, for any 1', 0 .:; l' .:; 11"

3(c,a)
NormL/Q(l - d) == 0 (n10d 1710)

q

anel higher powers of rno will occur when the twist is trivial.

(b) For general 112, there seell1s to bc no general pattern for the powers of the prime
elivisors of 1n in the norD1. See the tables below for various exan1ples of this.

(c) For arbitrary rn, and c, the p-pc\'rt of thc nOrIns satisfies

2(c,a) 1
NornlL/Q(l- ,) E -(-)Z for any T, 0':; 1'':; n

q' qW r

where wer) is as in TheoreIn (6.2).
(cl) For arbitray 112, c anel n = 2d, we have

is a square up to a factor involving only the IHilnes dividing rn.

(9.1.3) Exanlples. 'vVe compute l1orn1S for seleeted twisted Jacobi SUlTIS of cOlnposite
degree.

Each table below records the nurnbers

w(d) (8(c,a))
q NOrl11l,/Q 1 - d

q

for various values of rn, n, p, and a, and two different twists. Supersingular characters
are indicateel by *.
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(a) 1n = 6, n = 2, p = 7:

a w(l') C= (2 11,1 11) c = (2,3 15,1)

*(11 1,5,5) 0 :{ 3

*(11 2,4,5) 0 1 22

(1,1,1 13) 1 22 ·3 22 ·3

(3 1I, 11I) 1 33 :{3

(1 11,212) 1 52 33

(2,2, 1,1) 1 1 3

(b) rn = 9, n = 2, p = 19:

a w(l') c=(2,I,l t l) C = (2 13,5,1)

*(1,1,818) 0 3 3

*(1 14,6,7) 0 3 3

(1,1,1 16) 2 3 33

(6 11, 11I) 2 37 :{

(1 11,215) 2 3 :3

(5 11,1,2) 2 3.172 :1. :H2

(1 12, :~, :1) I 3 33

(c) 1n = 4, 11 = 4, p = 5:

a w(r) c = (2, 1, I, 1, 1, I) c= (2 t 3,5, I, 1,1)

*(1,1,1,313,3) 0 2 2

*(1,1 12,2 13,3) 0 2 2

*(2,1 11,2,3,3) 0 22 2

(l t 3,313,3,3) ] 2 2 .32

(3 t l,3,3,3,3) 1 2 . ~{2 2.32

(1 11,1 11,2,2) I 2 2 .32

(2 t l,1 11,2,l) I 22 2.32
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(cl) rn = 6, n = 6, p = 7:

R w(r) c = (2, 1, 1, 1, 1, 1, 1, I) c = (2,3, 5, I, ] , 1, 1, 1)

*(1,1 , 1,2,4,5,5,5) 0 1 1

*(1,1,2, ],4,5,5,5) 0 1 3

*(1,1,1,3,3,5,5,5) 0 :~ 3

(1,5,5,5,5,5,5,5) 2 26 ·3 26 .:1

(5,1,5,5,5,5,5,5) 2 :{ . 52 33

(1,1,3,5 , 5,5,5,5) 1 3 33

(2,1,2,5,5,5,5,5) 1 1 3

(5, I, 1,4 ,4,ß,5,5) 1 52 52

(1,1,1,1,1, C2,4) 2 11 2 11 2

(2,1,1,1, I, 1,2,3) 2 1;{2 22

(1,1,1,3,3,3,3,3) 1 22 ·3 22 . :{

(1,2,2,2,2,2,3,4) 1 1 1

(1,2,3,2,2,2,2,4) 1 1 22 ·3

(2,2,2,2,2,2,3,3) 1 52 52

(e) 111. = 15, n = 6, p = 31:

ft w(l') C = (2, I, 1, I, 1, 1, 1, 1) c = (2,3,5, I, 1, 1, 1, 1)

*( 1,1,1,1 , 14, 14,14,14) 0 52 0

(1,5,14,14,14,14,14,14) 5 292 .5092 292 .5092

(1,14,5,14,14,14,14, ]4) 5 292
. 5092 2392

(1,8,11,14,14 , 14 , 14,14) 4 28 .4212 1381 2

(8, 1,11,14,14,14,14,14) 4 1381 2 34 .4792

(1 , 3,3,7,8, JO, 14,14) 1 54 52

(1,3,3,7,7, 1l,14, 14) 4 54 28 .52 .292

(~{, 1,3,7,7, ] 1,14,14) 4 28 .52 . 292 2281 2

(I, :l, 3,6,8,11,14 , 14) 1 292 28

(14,3,3,6,8,11,14,1) 1 34 292
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(9.2) The plus nOrlTIS. Let VA bc a twisted Fermat rnotive of dilllensioll n anel elcgrce
n1 over k = IFq • \Ve ShOldd compute also thc plus norn1S

Norn1L/Q(1 + 8(c,a)/r() 0::; l' ::; 11

as done in Yui [Y94].

(9.2.1) Proposition. ASS1l'T7W that. VA is of flodge- ~ViU type. Tltcn the Jollowing asser­
tion8 hold:

(I) Let. 111. and n be arbitrary. Then fO'1' any r, 0 ::; l' ::; n, the p-part. of the 110'1'111. i8
eq1lal to qWVA (r).

(II) Assume tJuli, 111. i8 ln-ürte) and c is extrente.

(a) Assunte that 11 is eucn. Then for any 1', 0 ::; r ::; n)

where Bf. (VA) is a positive integer relatively pri"me to 111.) (but not necessarUy printe to p).

(b) Assume thaI. 11 is odd. Then for any 1')0 ::; l' ::; 11 J

where D+ is a positive int,eger 1'elat,ivcly printc 10 'In, (but not nccessarily pl'i-Ine to p).

Proof. (I) This is true by the san1C reasoning as for thc p-part in Theoren1 (6.2).
(11) Let 82(C, a) denote a twisted Jacobi sun1 relative to k2 = IFq:J. Note that 82(c, a) =

8(c, a)2. Then

Observe that both Jacobi SUlllS 82( c, a) anel 8(c, a) satisry the congruencc of Proposition
(1. 7) :

th(c, a) == 8(c, a) =1 (mod (1 - ()).

~1oreover, the assertions of Theoren1 (6.2) are also valid ror the Ininus nonn ror 82( c, a),
that is,

where B;(VA ) anel D;(VA ) denote thc positive integers defined a.s in Thcorclll (6.2) ror
the twisted Fennat nl0tive VA corrcsponding to 82(c, a).

If n is even (resp. odd), the Ininus norms for th( c, a) and 3( c, a) have the 'In-adic order
1 (resp. 0). Therefore, thc norm identity (*) yields the assertion on the plus norn1. D
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(9.3) Further questions. Our investigation raises a nUlllber of questions that seelll
worthy of further investigation.

(1) Conjecture (1.9) ought to bc studicd further.
(2) vVe have made 110 use of the varieties constrllcted in Theorenl (:3.2). It lnight be

worthwhile to investigate their geoIlletry.
(3) Conjecture (5.4) secms vcry likely to be accessible, at least in terms of thc COlll bi­

natorial Picarel nUlllber (it is clearly l11uch harder to actually tl'Y to obtain enough
generators for the Chow group).

(4) The qucstion of thc cxistcllce anel frequency of extrcl11e twists (see (.5.12)) seenlS
interesting also.

(5) \Nhen V is supersingular, one shaltld be able ta COIllputc the invariants O'd(V). This
is equivalent ta the deternlination of the structure of the uni potent fOrtlla.l groups
attached to V. 1n particlllar, one wOllld likc to know thc llllIllber of copics of Ga 's
occuring in thenl (cf. (8.4)).

(6) The obvious next step is to go on to study aritillnetical properties of diagonal hy­
persurfaces over nUlllber Aelds. SOll1C investigation along these lines has already
been started. Pinch anel Swinnerton-Dyel' [P-S91] considered a diagonal quartic
surfaces over Q addressing these questions , in which case, the L-scl'ies was ex­
pressed in ternlS of Hecke L-series with Grossencharacters over lQ(i). Harrisol1
[H92] allalyzed the special value of L-fllllctioll of a diagonal quartic sllrface ovel' Q
proving the Block-Kato conjectul'e on Talnagawa rllllnbers for Grosssencha.racters
over Q(i).

More generally, Shuji Saito [Sa89] consielered arithlnetic surfaces allel proved
among other things thc Aniteness of the Brauer grollp. Also Parshin [Pa83] dis­
cussed special values of zeta-functions of function fields over nUlllber fields.

As an attempt to generalize the rcsults for diagonal quartic sUl'faces by Pinch­
Swinnel'ton-Dyer anel Ha.ITis, Goto, Gouvca anel Yui [G-G-Y94] have started COI1­
sidering the abovc questions for weighted diagonal K3-sul'faces defined over 11l1lnber
Aelds.

We plan to considcI' these questions in sllbseqllent papers.
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TABLES

Here we tabulate SOI1le of our c01nlHltations.

CONTENTS

Table I: Twisted Fennat I110tives and their invariants

Table 1I: The Picard numbcrs of V = \I~rl (c)

Table BI: "Brauer nlllnbers" of twisted Fennat I110tives

'fable IV:"Global Brauer nUlnbers" of V = ~:n(c).

A NOTE ON THE COMPUTATJONS

The computations were done nl0stly at Colby College, using a variety of C01l1puter
equipInent and several softwarc packagcs. The prcliIninal'Y computations were clone with
1\1athentatica on a ~1acintosh Quadra 9.50. These providecl us with a basic outline of what
the results should look like. T'he final cOInputations werc done with C prograIns using
thc PA RI library for Ilumber-thcoretic functions and infinite-precision arithtnetic. The
portability of both C progranls and the PARI library allowed us to run the progranls
on a VAX running Ultrix, a SparcStation, an Intel-based nlachine running OS/2, allel on
a Macintosh Quadra 950. Thc softwarc llsed included the PARI library (by H. Cohen
et. al.), the Gnu C COInpiler (including the OS/2 port by Eberha.rd I\1attes), anel the
NIP\N C cOInpiler on the I\1acintosh.

Most of thc techniques uscd to do thc COl1lplitations wcre straightforward, requiring
mostly time and large aIl10unts of cOlnputer nlC1110ry. The full cOlnplltations required
several Inonths to be complctcd. Gaps in the tables above reflect cases where wc wcre
unable to cOlnplete thc computations. .

The lTIOre aInbitious cOlnputations \Vere greatly helped by a grant fronl Colby College,
which allowed us to upgrade one of our Inachines. In writing thc pl'ogranls thenlsc1ves,
we received a great deal of help fronl a student at Colby College, Lynette Millett, \,·,.ho
was our research assistant over one sun1lner and dicl much of the initial progral111TIing. \f\le

also thank Henri Cohen for his help with the PARI library.

The funclaInental stl'ategy for organizing the cOlnputations was cxploiting the Ill0tivic
decOInposition, and in particulaI' the fact that two Fernlat nl0tives are iSOInorphic when
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one character in the first is a perIllutation of a character in thc seeond. Henee, for each 1n

and n, we began by generating 30 represent30tive for e30ch of the Fernl30t 111otives. vVe tllcn
elilninated frol11 the list any "duplieates" (i.e., any eh30racter whose Inotivc was isomorphie
to one already represented). This gave us our basie list of eharactcrs.

lvlany of the quantities we were looking for were independent of the twist, anel hence
could be cOlnputed directly froln our Illinilnallist of characters. VVhen a twist was present
and relevant, we took it into account by breaking thc isolnorphisl11 dass of Illotives (givcn
by permutation) into subdasses for which thc twisted Inotives were isolnorphic. For
cxalnple, for a twist of the fornl (co, 1, 1, ... 1 1), we only need to consider how Ina.ny
pennutations have a certain entry in position 0, since othcr entries can be perIllutcd
without changing the iS01110rphisI11 dass.

After COI1lputing our data for cach isolnorphism dass, Olle needs to worry about tbc
Inultiplicity of each dass. This is siluply a I1latter of counting pennutations, except for
cases when a I1lotive is ':sclf-isomorphic", i.e., when there is a pennutation of a which is
also a I1lultiple of a. These occur fairly often, in fact.

Most of thc computations are then straightforward. Jacobi sums were cOInputed by
using their expression in tenns of Gauss sums (see (1.2)), which were cOInputed directly.
(This is by [ar the most tiI1le-COnslIluing portion of the conlputatioIls.) Nonns were also
C01l1puted in a straightforward fashion.

1701' the 1110st part, the t30bles below represent only a saIllpling of our output, chosen Lo
exclnplify thc various sorts of phenolnena we obscrvecl.



83

TABLE I: T\VISTED FERMAT MOTIVES AND THEIR INVARIANTS

"Ve will construct twisted Fennat Illotives of arbitrary degree anel cven elilnension for
selected twists c. If C = 1, then thc charactcrs x( c ta

) = 1 for a1l t E (71 / ntZ) x; these
will not bc listecl in the tables. The tables list; twisted Fennat motives with twists c anel
their invariants, e.g., Hodge and Betti nUlnbers, which are non-zero. "Ve use ( for e2rri/ m

in each case. Roots of unity arc nonnalized in terms of a basis of Z [C].

(30) Let (ln,n) = (8,4), and take 30 charactel' a = (1,1,2,3,4,5) E 2l~. Choose p = 17.
Pick a twist Cl = (11,15,13,10,9,1) and C2 = (5,3,3,1,1,1). Then the twisted FCl'lnat
lllotive VA and its invariants are given as folIows:

t ta x(c~n) x(c~ft) IlfR11 hi,j

1 (1 , 1,2, 3,4 j 5) .'1 1 1 !Jl,3 = h3,l = 1(,~

3 (3 , 3,6,1,4,7) -(! 1 2 h2 ,2 = 2

5 (5 , 5,2,7,4 , 1) (2 1 2 B4 = 4

7 (7 , 7,6,5,4 , 3) _(2 1 3

(b) Let (ln, n) = (15,4). Takc a character a = (1,1,1,2,2,8) E 2l.~5. Lel; q = ]J = 31.
Choose a twist Cl = (17, 19, 27,3,9, 1), and its perllultation C2 = (1,9, 3, 27, ] 9, 17). Then
the twisted Fennat motives VA and thcir invariants are given as fo11ows:

t ta x(c~a) X(c~n) lIt. a ll hi,j

1 (1,I,I,2,2,B) _(5 _ 1 (2 0 11°,4 = 11 4 ,0 = 2

2 (2,2,2 , 4,4,1) (5 (4 0 !Jl,3 = h3,1 = 2

4 (4,4,4,B,B,2) _(5 _ 1 (7 _ (U + (4 _ (3 + ( _ 1 1 B4 =B

7 (7 , 7,7,14 , 14,11) _(5 _ 1 _(7 + (6 _ (4 + (3 _ (2 + I 3

B (B, Bj B, 1,1,4) (5 ( I

11 (11,11 , 11,7,7, 13) (5 (7 3

13 (1:1,13,13, 11,11,14) _(5 -I _(6 _ ( 4

14 (14,14,14,13,13,7) (5 _(7 + (5 _ (4 _ ( + I 4

Observe that Illotives are not invariant under pennutation of twists, though the geotnetric
invariants remain the satne. Both 11lotives are ordinary but not supersingulal'.
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(c) Let (1n,n) = (25,4). Take a character a = (1,1,2,3,4,14) E 2{~5. Let q =]J = 101.
Choose twists Cl = (8,4,2,4,8,1), anel C2 = (7,7,1,1,1,1).

t ta ,t(c~n) x( c~n) Iitall hi,j

I (1,1,2,3,4,14) 1 (7 0 hü ,4 = h4 ,o = 2

2 (2,2,4,6,8 , 3) 1 (14 0 h1,3 = h3 ,1 = 4

3 (3,3 , 6,9,12,17) 1 _(16 _ (11 _ (6 _ ( 1 h2,2 = 8

4 (4 , 4,8,12,16,6) 1 (3 1 8 4 = 20

6 (6,6 , 12,18, 24 , 9) 1 (17 2

7 (7,7,14,21,3,23) 1 _(19 _ (14 _ (9 _ (4 2

8 (8,8,16 , 24 , 7, 12) 1 (6 2

9 (9,9,18,2,11,1) 1 (13 1

11 (11 , 11,22,8,19,4) 1 (! 2

12 (12,12,24, 11, 2:~, 18) 1 (9 3

13 (13,13,1,14,2,7) 1 (16 1

14 (14 , 14,3,17)6,21) 1 _(18 _ (13 _ (8 _ (3 2

16 (15,16 , 7,23,14,24) 1 (12 3

17 (17) 17,9, 1)18,13) 1 (19 2

18 (18 , 18,11 , 4 , 22 , 2) 1 ( 2

19 (19)19,13,7,1,16) 1 (8 2

21 (2 1, 21, 17, 1;~, 9, 19) 1 _(17 _ (12 _ (7 _ (2 3

22 (22,22 , 19,16,1:3 , 8) 1 (4 3

23 (23,23,21,19,17,22) 1 (11 4

24 (24,24 , 23,22,21,11) 1 (18 4

The Bodge and Newton polygons havc slopes {O, 1,2,3,4} with respectivc 111ultiplicitics
2,4,8,4,2. These n10tivcs are ordinary, but not supcl'siJlgular.

Now we take q = ]J == 11, 16 (n10d 25), then pS == 1 (n10d 25), and both lTIotives
becoll1e supersingular with Newton polygon having the pure slope 2.

There are 111any twists which give rise to isoll1orphic Inotives as Cl, c.g.,
C = (2,4,4,4,8,1), (8,2,8,2,8,1), (4,8,2,4,8,1) anel others.



85

(cl) Let (11~, n) = (7,6). Choose a character a = (1,1,1,2,2,2,2,3) E Q{~. Let q = p =
29. Take a twist Cl = (1,2,3,3,4,4,5,6), allel its pennutation C2 = (5,6,1,2,3,4:3,4).
Then the twisted Fennat motives are describecl as follows:

t ta x(eiß) x(e~R) Ilall hi,j

1 (1,1,1,2,2,2,2,3) (5 (3 1 hl ,5 = h5 ,1 = 1

2 (2,2,2,4,4,4,4,6) (3 (6 3 11 2 ,4 = 11 4 ,2 = I

3 (3,3,3,6,6,6,6,2) ( (2 4 h3 ,3 = 2

4 (4,4,4,1,1,1,1,5) (6 (5 2 B6 =6

5 (5,5,5,3,3,3,3,1) (4 ( 3

6 (6,6,6,5,5)5,5,4) (? (4 5

These two motives are ordinary but not supersingular.
Tf we choose q = ]J =2 or 4 (nlocl 7), then VA is of Hodge-\rVitt type hut not ordinary,

as the Newton polygon has slopes {2,4} with each of llltdtiplicity 3, while the Hodge
polygon has slopes {I, 2, 3, 4, 5, 5} with each of lnultiplicity 1. If we choose q = ]J == 3 01'
5 (ll1od 7), then VA is supersingular, hut not orclinary.

(e) Let (n~, n) = (11,6). Choose a character a = (1, 1, 1, 1,2,3,6, 7) E Q{k 1. Let q = ]J =
23. Choose a twist Cl = (2,1,2,1,2,1,2,1) anel its permutation C2 = (1,1,1,1,2,2,2,2).
1"hen the twisted Fennat nl0tives VA are describecl as follows:

t ta x(eiß) ,v(ctR
) Ilall hi,j

1 (1,1,1,1,2,3,6,7) (2 (8 1 h 1 ,5 = h 5 ,1 = 2

2 (2,2,2,2,4,6,1,3) (4 (5 1 h2 ,4 = h4 ,2 = 1

3 (3,3,3,3,6,9,7,10) (6 (2 3 h3 ,3 = ;{
4 (4,4,4,4,8,1,2 , 6) (8 (10 2 hi,j =0 ot.herwise

5 (5,5,5,5,10,4,8,2) (10 (7 3 B6 = 10

6 (6,6,6,6,1,7,3,9) ( (4 3

7 (7,7,7,7,3,10,9,5) (3 ( 4

8 (8,8,8,8,5,2,4,1) (5 (9 3

9 (9,9,9,9,7 ,5,10,8) (7 (6 5

10 (10,10,10,10,9,8,5,4) (9 (3 5

1n both cases, if we choose q = ]J ={2, 6, 7, 8} (mod 11), then VA are supersingu­
lar; while if we choose q = p ={3,4, 5, 9} (nl0d 11), then VA a,re neither ordinary, nor
supersingular, nor of Hodge-\Nitt type.
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TABLE 11: THE PICARD NUMBERS OF V = V~l(C)

(Ja) We COInpute the stahle, anel thc acttlal Piccu·d nlll11bers of diagonal hypersllrfaces
with trivial twist of ditnension n = 2 and degrec 111, whcrc 4 :S rn. ~ 49 choosing k = IFq

with q = p == 1 (moel 111).

m P PI (.1'k) Pt (V) In p Pi (.l:'k) Pi (V)

4 5 8 20 28 29 1054 2972

5 11 37 37 29 59 2269 2269

6 13 25 85 30 31 1226 5630

7 29 91 9.1 31 311 2611 2611

8 17 128 176 32 97 1352 3416

9 19 169 217 33 67 2977 3217

10 11 98 362 34 103 1538 3938

II 23 271 271 35 71 3367 3367

12 1:1 152 644 36 73 1856 5516

13 43 397 397 37 149 3781 3781

14 29 518 806 38 191 4862

15 31 547 835 39 79 4219 4507

16 17 296 872 40 41 2168 6224

17 103 721 721 41 83 4681 4681

18 37 386 1658 42 43 2450 10418

19 191 919 919 43 173 5167 5167

20 41 1028 1988 44 89 6380

21 43 1141 1573 45 271 6205

22 23 602 1742 46 47 6998

23 47 1387 1387 47 283 6211 6211

24 73 1136 3080 48 97 9200

25 51 1657 1657 49 197 6769

26 5a 1802 2378 50

27 109 1951 2143 51
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Dur computational results are consistent with a closed fonnula for thc stable Picard
nlunber PI (V) duc to Shioda [30]. It is given by

PI (V) = 1 + 3(1n - 1)(111 - 2) + Orn +24 L g(rn/d).
dirn

I<d<rn

Here Orn is 0 01' 1 depending on 1n being odd 01' even, anel 9 is defined as fallows: Let Q:2~(1)

dcnote the set of characters a = ((La, Q.I, Q.2, a3) E 21~ such that (Li + (Li t=. 0 (Inod 1n) for
any distinct pair (i, j) anel Iitall = 1 for all l E (71 /rnZ) x. Let

g(1'n) = L 'Wa

nEC:~ (I)

where SUffi runs over a up to pernnItation and

{
I if (tj are all elistinct

lVa =
1/2 otherwise.

(Ib) "Ve conlpute thc acttlal Picarel Illunbers of diagonal hypersurface V = V;~(c) for
selected twists c. Fix 1n prinlc, anel let ]J be a prilne such that p == 1 (nloel 111.). Choose
a. primitive root g nlod ulo p. We will consider twists of the fornl C = (r..(), CI, C2, C3) where
each COInponent Ci is of the fornl gi with 1 ::; j ::; 1n-1. We observc fron1 Oll l' compu tations
thc following facts:

(a) All twists of thc fonn (gi, 1, 1, 1) with 1 ::; j ::; 1n - 1 are extrerne, anel
(b) For any 1n prillle, twists of the fonn (gi 1 gi, 1, 1) for any value of j, 1 ::; j ::; 1n - 1

give the sanle Picarel nUlnber 1 + (n1 - 1)2.
(These two types of twists will not be listecl in the tables.)

(lbl) Let 111. = 5, n = 2 anel p = 11, anel take 9 = 2. Recall that thc stable Picarel
nUillber is 37.

C PI (Vk ) c pdVk) c PI (Vk)

(4,2,1,1) 9 (8,8,2,1) 5 (5,8,1 1 1) 9

(4,2,2, I) 5 (8,8,4,1) 9 (5,8,2,1) 9

(4,4,2,1) 9 (5,2,1,1) 5 (5,8,4,1) 9

(8,2,1,1) 9 (5,2,2,1) 9 (5,5,2,1) 9

(8,4,1, I) 5 (5,4,1,1) 9 (5,5,4,1) 9

(8,4,2, 1) 9 (5,4,2,1) 9 (5,5,8,1) 5

(8,4,4,1) 9 (5,4 1 4,1) 5 (2,1,1,1) 1
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(Ib2) Let rn = 7, n = 2 anel p = 29, and 9 = 2. In this case, the stahle Picarel ntlnlbcr
is 91.

C pt{Vk ) C PI (Vk ) C PI (Vk)

(4,2,1,1) 13 (3,2,1,1) 13 (6,8,4,1) 13

(8,2,1,1) 13 (3,4,1,1) 7 (6, 16,2, 1) 19

(8,4,1,1) 13 (;~,4,2,1) 19 (6,3,2,1) 1:{

(8,4,2,1) 13 (3, 16,4,1) 13 (6,3,4,1) 19

(4,4 , 2,1) 13 (3,16,8,1) 19 (6,3,8, 1) 19

(16,4,2,1) 19 (6,2,1,1) 7 (6,3,16,1) 13

(16,8,1,1) 7 (6,4,2,1) 1~{ (6,6,2,1) 13

(16,8,2,1) 13 (6,8,1,1) 13 (6,6,4,1) 1:{

(16, 16,2,1) 7 (6,8,2,1) 19 (6,6,3,1) 7

(lb3) Let 1"11 = 17, n = 2 anel ]J = 103, anel 9 = 5. The stable Picarel nut11ber is 721.

c PI (Vk) C PI (Vk) c pdVk )

(25,5,1,1) 33 (39,35,7,1) 33 (26,35,7, 1) 49

(22,5,1,1) 33 (39,49,1,1) 17 (26,48,49,1) 33

(7,25,5,1) 49 (92,72,7,11) 3~~ (26,67,35,1) 49

(7,22,5, I) 33 (92,51,1,1) 17 (27,25,1,1) 17

(:~5, 22, 25,1) 49 (92,39,51,1) 49 (27,51,22,1) 49

(35,5, I, 1) 33 (48,72,1,1) 17 (27,92,35, I) 33

(72,7,5, I) 49 (48,;{8,49,1) 49 (27,26,67,1) 49

(72,35,5,1) 33 (34,35,1,1) 17 (32,5,1, I) 17

(51,35,25,1) 33 (34,48,92,1) 49 (~~2, 51 , 7, 1) 49

(51,72,7 , I) 49 (67,7,1,1) 17 (32,48,35,1) 33

(49,72,5,1) 49 (67, ;{9, 35,1) 3:~ (:{2, 92,49, I) 49

(49,35,22,1) 33 (26,22,1,1) 17 (:~2, 27,26,1) 33
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(lb4) Let 1H = 29, n = 2 and p = 59, and take 9 = 2. The stable Picard number is
2269.

C PI (Vk) c p.(Vk) c p.(Vk)

(4 , 2,1 , 1) 57 (46 , 50,1 , 1) 29 (47, 7, 33 , 1) 85

(8 , 2,1 , 1) 57 (46 , 23,2 , 1) 57 (47 , 28,41 , 1) .57

(8 ,4,2 , 1) 57 (45,23 ,41,1) 85 (35,32 , 1, I) 29

(lß I 4, 2,1) 85 (33,21 , 10,1) 57 (35 , 7,1 , 1) 57

(16 , 8, 2,1) 57 (33 , 25,1 , 1) 29 (35 , 14,32 , 1) 57

(32 , 2, 1,1) 57 (33,41 , 25,1) 85 (35 , 53, lG , 1) 85

(32, 16 , 8,1) 85 (7 , 8,1,1) 57 (35 ,47,53 , 1) 85

(5,16,4,1) 57 (7,42 , 1,1) 29 (11,16 , 1,1) 29

(5,32 , 16,1) 85 (7 r23, lOrI) 85 (llr5,1 , 1) 57

(lO I 8,4,1) 85 (14 r21 , 1,l) 29 (11 ,42,10 , 1) 57

(10 , 5, 2,1) 57 (14,25,4 , I) 57 (11,7,10,1) 57

(20, 16, 4, 1) 85 (14,7, 33 r I) 85 (11 , 35,47 , 1) 85

(20, 10,2, 1) 57 (28,40 , 1,1) 29 (22 , 8,1,1) 29

(40,5,16,1) 85 (28,41 , 21,1) 85 (22,7 , 23,1) 57

(40 , 20,2,1) 57 (28,7 ,4,1) 57 (22,5:{,1, I) 57

(21,5,16,1) 57 (56, 20, Ir 1) 29 (22,11 , 2,1) 57

(21 , 20,5 , 1) 85 (56,40,2, 1) 57 (22 r 11,~{5,J) 85

(42 , 5,1,1) 57 (56,25 , 16,1) 57 (44,4, 1)) 29

(42 , 21,5,1) 85 (56,7 rl,l) 57 (44,41, 25 r I) 57

(25 r5, 16 , 1) 85 (56,28 , 5,1) 85 (44,56 r5,1) 57

(25 r42, 2, 1) 57 (53 , 5, I, 1) 57 (44 ,47, 1,1) 57

(50 , 20,2 , 1) 85 (53,10,1,1) 29 (44, ;{5 r53,1) "D7

(50,42,4 , 1) 57 (53,21,8,1) 57 (44,22 , 11,1) 85

(41,40,8 , 1) 85 (53,7,16,1) 57 (29,2 , 1,1) 29

(41, 50, 2 I I) 57 (53 , 56,28 , I) 85 (29 , 7, 5,1) 85

(23,40,5, 1) 57 (47,5,1,1) 29 (29,14 r40,1) 57

(2:3, 41, Ir 1) 29 (47,25,1 , 1) 57 (29 ,44,1,1) 57

(23,41,50,1) 85 (47,46,21,1) 57 (29,44,22 , 1) 57
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(Je) "'Ve COIllpllte the aetllaJ Pieard nUInbcrs of diagonal hypersurfaces Vk of dinlension
n = 2 anel degree 1'11. where 1H is c01nposite. We choose k = IFq with q = p = ] (nlod rn),
anel pick a non-prill1itive root g modulo p. vVc will consielcl' twists c = (CO, CI, C2, C3) such
that each cOInponent Ci is of the fonn gi, 1 ::; j ~ 1'n -1. Here we observe thc thc following
facts from our cOInputations:

(a) "'Vhen m = rnowhere 1HO is an odd prilne 2:: 3 and 7' 2:: 2, S0111e (but not alt) twists
of the fonn (gi, I, 1, 1) are extren1e. For instance, if .,-n = 9 (resp. 25), then c is extrelne
for j, 1 ~ j ~ rn - 1 with j _ 2 (lnod 3).

(b) "Vhen 1n = 1no . 1'71.1 where 1120 anel 7n1 are odd anel relatively prinle, then SOllle (but
not alt) twists of thc forlll C = (gi, 1, 1, I) are cxtrcnle.

(c) In hoth cases (1) and (2), the equality PI(Vk ) ::; pdXd hodls.
(d) When r71. is even, there are twists c for which Pt (Vk) 2:: PI (.l'k). v\Te arc not able

to detect any pattern on thc aetual Piearcl nUlllbers. Thc situation scenlS ratlier wild
cspecially when (rn, 6) > 1.

Here are son1e eonlputational results.

(JeI) Let (rn, n) = (4,2), p = 5 and take 9 = 2. The stable Pieard rlllll1bcr is 20.

c pt{Vk) C PI (V) C pdVk)

(1 , 1,1,1) 8 (3,2,1 , 1) 6 (3,3,2,1) 3

(2,2,1, I) 6 (3,2,2,1) :~ (3,3,4,1) 6

(4,2,1,1) :{ (3,4 , 1,1) 3 (2,1,1,1) 7

(4,2,2, I) 6 (3,4 , 2, 1) 10 (4,1,1,1) 8

(4,4,1,1) 16 (3,4,4,1) 3 (3,1,1,1) 7

(4,4,2,1) 3 (3,3,1,1) 6 (2,3,1,1) 3

(le2) Let (rn, n) = (9,2), p = 19 ancl take 9 = 2. The stahle Piearcl llU111ber is 217.

c PI (Vk ) C PI (Vk) C PI (Vk)

(1,1,1,1) 169 (8,4,1,1) 25 (7,7,7,1) 4:1

(2,2,1,1) 65 (8,8,1,1) 115 (14,14,14,1) 1

(2,2,2,1) 1 (8,8,8,1) 79 (14,7,13,1) :{3

(4,2,1,1) 27 (16 , 4,2,1) 33 (9,9,2,1)) 27

(4,2,2,1) 21 (16,16,16,1) 1 (9,9,14,1) 21

(4,4,2,1) 15 (7, 8, I, 1) 61 (4,1,1,1) 1

(4,4,4,1) 1:{ (7,8,2,1) 31 (13,1,1,1) I

(8,2,2,1) 29 (7,8,4,1) 19 (9,1,1,1) 1



(lc3) Let (rn, n) = (12,2), p = 13 and take g = 2. The stahle Picard nUIllber is 644.

C pdVk) C PI (Vk) c pdVk)

(1,1,1,1) 152 (3,3,8,1) 93 (12,12,12,1) 188

(2,2,1,1) 106 (3,3,3,1) 44 (11,4,2, I) 80

(2,2,2,1) 43 (6,2,1,1) 60 (11,8,8 , I) 51

(4,2,1 , 1) 37 (6,2,2,1) 69 (11 , 3, 1, 1) ll:~

(4,2,2,1) 48 (6,4,1,1) 57 (11, 3, :~, 1) 47

(4,4,1,1) 164 (6,8,1,1) 38 (11,6,2,1) 45

(4,4,2,1) 49 (6,8,4,1) 118 (11,6,3,1) 46

(4,4,4,1) 98 (6,8,8,1) 27 (11,12,2,1) 174

(8,2,1,1) 76 (6,3,2,1) 46 (11,12,4,1) 29

(8,2,2 , 1) 89 (6,3,8,1) 42 (11, 12,~, 1) 81

(8,4,1,1) 35 (6,~~,3,1) 33 (11,ll,8,1) 61

(8,4,2,1) 70 (6,6, 1,1) 106 (11,11,~,1) 66

(8,4,4,1) 77 (6,6,6,1) 91 (11 , 11,11,1) 19

(8,8,1,1) 154 (12,2,2,1) 110 (9,4,1,1) 128

(8,8,2 , 1) 47 (12,4,4,1) 120 (9,3,1,1) 50

(8,8,4,1) 54 (12,8,1,1) 107 (9 , 12,4, I) 196

(8,8,8,1) 79 (12,8,2, I) 116 (9,12,8,1) 31

(3,2,1 , 1) 65 (12,8,8,1) 1:14 (9, 11, 1, I) 49

(3,2,2 , 1) 50 {12, :~, 4,1) 102 (9 , 11,3, 1) 51

(3,4,1,1) 62 (12,:~,8,l) 71 (9,9,8,1) 113

(3,4,2,1) 35 (12, :~, 3, I) 128 (9,9,9,1) 62

(3,8,1 , 1) 115 (12,6,1,1) 15 (5,8,1,1) .134

(3,8,2,1) 82 (12,6,2,1) 48 (5,8,4,1) 74

(3,8,4, 1) 39 (12 , 6,4,1) 69 (5,12,8 , I) 222

(3,8,8 , 1) 96 (12, ß, 8,1) 74 (5,5,5, 1) 127

(3,3,1,1) 92 (12,12,1,1) 288 (10, 10, 10, 1) 56

(3,3,2 , 1) 23 (12,12,2,1) 55

91
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(Ic4) Let (n~, n) = (15,2), p = 31 anel take 9 = 3. The stahle Picard llun1ber is 835.

C PI (Vk) C PI (V) C PI (Vk)

(1,1,1,1) 547 (19,9,9,1) 23 (16,16,1,1) 295

(3,3,1,1) 213 (19,19,1,1) 213 (16,16,27,1) 103

(3,3,3,1) 1 (26,a,3,1) 91 (16,16,16, I) 79

(9,3,1,1) 27 (26,9,1,1) 69 (17,26,27,1) 39

(9, 3, ;~, 1) 15 (26,9,9,1) 73 (17,16,9,1) 51

(9,9,1,1) 197 (26,27, Ir 1) 17 (17,17 r l,l) 197

(27,3,1,1) 33 (26,27,9,1) 57 (20,26,27,1) 101

(27,3,3,1) 53 (26,19,1,1) 19 (20,16,27,1) 37

(27,9,1,1) 45 (26,19,19,]) 75 (29,27,27, I) 103

(27,9,3,1) 35 (26,26,1,1) 297 (29,26,27,1) 65

(27,9,9,1) 61 (26,26,26, I) 157 (25,26 r 1,1) 167

(27,27,1,1) 247 (16,3,l r 1) 89 (25, 16,3,1) 117

(27,27,3,1) 29 (16,9,3,1) 31 (3,1,1,1) 25

(27,27,9,1) 25 (16,27,1,1) 127 (27,l r 1,1) 79

(27,27,27,1) 15] (16,27,27,1) ]]5 (19,1,1,1) 1

(19,3,1,1) 49 (16,19,1,1) 21 (26,1,1,1) 157

(19,3,3,1) 41 (16,19 r 3,l) 77 (16,1,1,1) 103

(19,9, :3, I) 4:3 (16,26,3,1) 8:3 (20,1,1, J) 1
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(lIa) 'vVe COlllpute the stable, and the achtal Picard num bers of diagonal hypersurfaccs
with trivial twist of dimension n = 4 anel degree 111. where 4 ::; 111. ::; 49 choosing k = lFlJ
with Ci = p == '1 (n10d rn).

m P P2 (.l'k) . P2(V) 111 p P2(.l'k) P2(V)

4 5 92 142 28 29 139412 644122

5 11 401 401 29 59 295121 295121

6 13 591 1752 30 :u 209811 2106432

7 29 1861 1861 31 ~nl 365701 365701

8 17 3482 5882 32 97 727202

9 19 5121 8001 33 67 5557601

10 11 4061 19882 34 ]03 909922

11 23 10901 10901 35 71 54322]

12 13 10152 52992 36 7:~ 192:~972

13 43 19921 19921 37 149 ß429ßI 642961

14 29 32942 77402 :38 191 1241822

15 31 :i2901 78261 39 79 92~1781

16 17 29762 87992 40 41 2016682

17 103 50561 50561 41 83 889601 889601

18 37 34041 264672 42 43 5679132

19 191 73621 73621 43 173 103:~621 1033621

20 41 90542 346382 44 89 1850792

21 43 102801 215121 45 271 1543041

22 23 60551 277102 46 47 2207482

23 47 138821 138821 47 283

24 73 159222 745212 48 97

25 51 1946 185281 49 197

26 53 439082 50

27 109 301941 51

For 1n prill1e 1 our cOll1putational rcsults are consistent with a conjccturaJ c10scd forlllllla
for the stable Picard nllnlber P2(V) givcn in Conjcctllre (5.5)(b):

P2(V) = 1 + 5(111. - 1)(3111.2 - 1.5111. +20).
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(Ifb) vVe COlllpllte the actllal Picard llUlllbers of diagonal hypersurface V = V~(c) for
selectecl twists c. Fix 7n prillle, anel pick a prilne p such that ]J = ] (Illad 1'71.). Chaose
a prinlitive root 9 nlodulo p. vVe will bc considcl'ing twisting vcctOI'S of the fonn c =
(CO, Cl, C2, C3, C4, Cs) where each Ci is of the fOflll gj with 1 :S j :S 1n - 1. '.;Vc obsel've the
following facts froln our COlllputations:

(a) Twists of the fonn (gj, 1, 1, 1, 1, 1), 1 :::; j :S rn - 1 are all extrellle (these will not be
listed in thc tables), and

(b) Twists of thc fornl (gj, gj, gj, 1, 1, 1) givc the Sall1e Picarcl lltllnber for allY j, 1 :::;
j :::; 1n - 1, anel si111ilarly, this is truc for for twists of tbe [01'111 (gj, gj , 1, 1, 1, 1).

(lIbi) Let rn = ,5, n = 4 allel ]J = 11, allel take 9 = 2. Recall that the stable Picarcl
nUlllbel' is 401.

C P2 (Vk) C P2 (Vk) c P2(Vk)

(2,2,1 , 1,1,1) 145 (8,8,2,l j l,l) 61 (5,8,2,1,1,1) 85

(2,2,2 j I, I j l) 37 (8,8,4,4 j2, I) 77 (5,8 ,4,2, I, 1) 81

(4,2,l j l,I,I) 97 (5,2 j I, Ijl, 1) 65 (5, 8 j8, 2, I, I) 77

(4,2,2, 1,1,1) 61 (5,2 j2,l j l,l) 85 (5,5 j2,I,I,I) 85

(8,2, I j l, I j l) 97 (5,4 j l,l j l,l) 97 (5,5,4,4, I j1) 97

(8,4,I,I,l j l) 65 (5,4,2,l j l,l) 85 (5,5 , 8,1,1,1) 61

(8,4,2 j l,I,I) 85 (5,4,4,1 , 1,1) 61 (5,8 ,4,2,1,1) 81

(8,4,4 , 2,1,1) 77 (5,8,I,l j l,l) 97 (5,5 , 8,8,8,1) 61

(IIb2) Let 1n = 7, 11. = 4 allel p = 29, anel take 9 = 2. In this case, the stable Pical'd
llUlnber is 1861.

c P2(Vk) c P2(Vk) c P2(Vk)

(2,2,1,1,1,1) 541 (3, t1, I, I, I, I) 169 (6, 3,4 j2,1,1) 265

(2,2,2,l j J,I) 127 (:~, 8,2,1,1,1) 235 (6,3, 8 j4, 2,1) 259

(4,2,1,1,1,1) 289 (3,8,2,1,1,1) 253 (6, :1 j16, 2, I, 1) 283

(4,2,2,1,1,1) 199 (3,16,8 j l,l, I) ;~07 (6, 3, :~, 3,4,1) 31:3

(4,4,2,2,1,1) 361 (3,16,4,2,1, I) 259 (6,3,16,8 ,4,1) 259

(8,4,2,1 , 1,1) 253 (3,16,4,2,2, I) 265 (6,18,8,1,1,1) 271

(16,8,4,1,1,1) 307 (3,3,8,8, 1,1) 361 (6,6,4 ,4,1,1) 337

(16,8,8,1,1,1) 271 (6,8,4,2,1,1) 283 (6,16,2,1, 1,1) 307

(16,8 , 8,2,2,1) 247 (6, :3,3,3, 1,1) 235 (6,6,3,1, 1, 1) 199
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(1Ib3) Let 11"1. = 13, n = 4 and ]J = 53, anel take 9 = 2. In this case, the stable Picarcl
l1tllnber is 19921.

C P2 (Vk) c P2(Vk ) c P2 (Vk)

(2,2,1, I, I, 1) 4753 (22,11,4,1,1,1) 1693 (16,8,4,4,2,1) 1537

(2,2,2, I, 1, 1) 685 (4,4,2,2, 1,1) 2593 (32,8,4,2, I, 1) 1561

(4,2,1,1,1,1) 1441 (8,4,2,2,1,1) 1525 (32,8,4,4,2,1) 157:~

(4 l 2,2,I,I,l) 1045 (8,4,4,2,1,1) 1453 (32,8,8,4,4,1) 1621

(4,4,2,1,1,1) 1333 (8,4,4,2,2,1) J549 (32, 16,4,2, I, 1) 1489

(8,4,2,1,1,1) 1369 (8,8,4,4,1,1) 2545 (32,16,8,2,2,1) 1609

(16,4,2,1,1,1) 1657 (8,8,4,2,1, I) 1501 (32,16,8,8,8,1) 1705

(32,16 1 16,1,1,1) 1381 (16,4,4,2,1,1) 1477 (11,8 1 4,2,1 1 1) 1585

(11,16,8,1,1,1) 1705 (16,4,4,2,2,1) 1429 (11,11,8 1 4,2,1) 1465

(22,11,1 1 1,1,1) 769 (16,8,4,2,1,1) 1513

(22,11,2 1 1,1,1) 1405 (16,8,4,2,2,1) 1597

(1Ib4) Let 1n = 17, n = 4 anel p = 10:3, anel take 9 = 5. The stahle Picarcl ntll11bcr is
.50561.

C P2 (Vk) C P2 (Vk) c (J2(Vi,-)

(5,5,1,1, I, 1) 11521 (72,7,22,22,25, 1) 2881 (34,35,7,5,1,1) :~025

(5,5,5, 1, 11 1) 1297 (51,22,25,5, I, I) :~009 (34,49,51,72,5,1) 2945

(25,5,1,1,1,1) 2689 (51,7,7,5,1,1) 2705 (67,51,35,25 1 5,1) 299:~

(25,5,5,1,1,1) 1969 (51,35,22,22 1 1,1) 2833 (67,49,51,51,51,1) :32:{:~

(25,25,5,5 1 1,1) 5761 (49,25,5,5,5, I) 3217 (67,67,7,7,7,1) 2545

(22 1 25,5,5,1,1) 2929 (49,7,25,5,1,1) 2977 (26,7,5,5,5,1) 259:{

(22,22,5,5,1,1) 5697 (49,72,35 1 5,5,1) :3073 (26,35,7,25,1,1) :3073

(22 22 25 25 25 1) 2609 (39 7 22 22 22 1) :3169 (26,26,22,22,1, I) 5761, 1 , , , , 1 , 1 ,

(7,25,5,1,1,1) 3169 (39,72,22,25,5,1) 2913 (27,7,25,25,25,1) 2641

(7,2,5,25,5,1,1) 2865 (92,5,1,1,1, I) 1409 (27,35,7,22,5,1) 2945

(7,22,25,5,5,1) 3089 (92,35,22,22,25, I) 3009 (27,72,25,5,5,1) :{057

(35,22,25,5,1 1 1) 3041 (92,51,7,25,5,1) 2961 (32,51,72,22,5,1) 2~)77

(35,7,22,5,5,1) 3105 (48,~~5,7,22,5,1) 2977 (32,49,5,5,5,1) :{ 169

(72,22,25,5,5,1) 3025 (48 92 39 72 22 I) 2913 (32,49,7,5 l 1,1) 2993, , , l 1
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(Tle) vVe e0111putC the aetuaJ Pieard 111llnbers of diagonal hypersul'faces Vk of dilnension
11. = 4 and degree 111. where 111. is cO'lnposite. "Ve choosc k = IFq with q = p _ 1 (ITIod 117.),
and pick a pritnitive root 9 1110dulo p. "Ve will consider twists c = (Co, CI, C2, C3, C4, C5)

such that each component Ci is of the fOrIl1 gi, 1 :::; j ::; 111. - 1. Hel'e we observe the the
following facts [roln our computations:

(a) For any compositc 1n E {4, 6,8, 9, IO}, there were 110 extremc twists.
(b) "'Vhen 1n = 9, the equality P2(Vk) ::; P2(Xd h01ds.
(c) When 1n E {4,6,8, IO}, therc are twists c for which P2(Vk) 2:: P2(.-l'k).
\Ve are not able to detect any pattern on thc actua1 Picarcl nunl bers. Here are S0111C

computational results.

(Hel) Let (111.,n) = (6,4),]J = 7 and take 9 =:3. The stahle Picarcl nU111ber is 1752.

C P2 (Vk) c P2(V) c P2 (Vk )

(1,1,1, 1,1,1) 591 (4,6,6,6,6,1) 177 (6,2,1,1,],1) 258

(3, a, 3,3,1,1) 343 (4,4,6,6,6,1) 448 (6,6,2,1,1,1) 309

(3,3,3, ;{, 3,1) 282 (4,4,4,2,3,1) 208 (6,6,6, 1, 1, I) 666

(2,:~,3,3,3, 1) 229 (5,2, :3,3, 3,1) 273 (4,3 , 1,1,1,1) ~H8

(2,2,3,3,3,1) 394 (5,2,2,2,2, I) 164 (4,4,2,1,1, I) 357

(2,2,2,3,1, I) 230 (5,6,2,2,2, I) 329 (5,4,2,1,1,1) 216

(2,2,2,2,1,1) 447 (5,6,6,2,1,1) 472 (5,5,2,1,1, I) 227

(2,2,2,2,3,1) 190 (5,4,3,3,3,1) 235 (5,5 , 5,1,1,1) 430

(6,3,3,3,1,1) 227 (5,4,6,6,2,1) 328 (5,5,4,1,1,1) 2~n

(6,2,3,3,1,1) 382 (5,4,4,4,3, I) 259 (5,5 , 5,1,], 1) 342

(6,2,2,3,3,1) 414 (5,5,5,5,1,1) 351 (2,1,1,1,1,1) 441

(6,6,6,3,1,1) 133 (5,5,5,5,5,1) 92 (6,1,1,1,1,1) 442

(4,2,2,2,3,1) 216 (3,3,3,1,1,1) 342 (4,1, 1,1,1,1) 201

(4,6, 6, :~, 1,1) 502 (2,2,1,1,1,1) 42:~ (5,1,1,1,1,1) 282
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(Ic2) Let (rn, n) = (9,4), ]J = 19 anel take 9 = 2. The stahle Picard lllllnber is 8001.

C P2 (Vk) c P2(Vd c P2 (Vk)

(1,1,1,1,1,1) 5121 (13,8,4,4,1,1) 813 (7,7,7,7,1,1) 3441

(2,2,2,2,1,1) 1537 (1:3,16,8,4,2,1) 891 (14,2,2,2,2,1) 553

(2,2,2,2,2, I) 121 (13,13,4,4,4,1) 619 (14,7,13,16,8,1) 877

(4,4,2,2,1,1) 1089 (1:3 1 13,1:3 1 ]3,1,1) 1489 (14,14,7, lß,2, 1) 1009

(4,4,4,4,4,1) 601 (7,8,8,8 1 ],1) 2451 (9,4,4 1 4,1,1) 10:39

(8,4,2,2,2,1) 841 (7,13,4,4,1,1) 777 (9,14,7,16,1,1) 901

(8,8,8,8,1,1) 3297 (7,13,1:1,13,16,1) 907 (2,2,1,1,1,1) 1489

(8,8,8,8,2,1) 529 (7,7,8,8,8,1) 2631 (4,2,2,1,1,1) 781

(16,4,4,4,1,1) 745 (7,7,13,16,4,1) 925 (4,4,1,1,1,1) 15:37

(16,8,4,2,2,1) 883 (7,7,13,13, 1,1) 1201 (7,1,1,1,1,1) 3081

(15,16,8,8,1,1) 1225 (7,7,7,4,1,1) 535 (9,1,1,1,1,1) 121

(Ic3) Let (111.,n) = (10,4),]J =]1 ancl take 9 = 2. The stahle Picarcl nUl11ber is 19882.

c pt{Vk) e pdVk) c pdVk )

(1,1,1,1,1,1) 4061 (3,5,8,4,2,1) 1905 (10, lO, 4, I, I, 1) 1057

(2,2,2,2,1,1) 2221 (3,10,10,8,1,1) 3826 (10, 10,10, 1,1, 1) 52]8

(4,4,4,4,],1) 3053 (3,7,9,5,8" 1) 2001 (9,10,],1,1,1) 1258

(8,8,8,8,8,1) 722 (3,3,3,3,8,1) 1058 (7,5,1,1,1,1) 1082

(5,5,8,4,1, I) 1510 (6,4,4,4,4,1) 1130 (3, :3,7,1,1,1) 1178

(5,5,5,2,1, I) 1462 (6,10,8,4,4,1) 2626 (6,7,2,], I, 1) 2474

(10,5,4,4,4,1) 1202 (6,7, ]0,5,4, 1) 3018 (2,1,1,],1,1) 1322

(9,8,8,2,1,1) 2818 (6,3,3,9,10,1) 1925 (4,1,1,1,1,1) 1241

(9,10,8,4,1,1) 2001 (6,6,6,7,7,1) 1294 (8,1,1, 1,1,1) 1682

(9,9,5,8,4,1) 1526 (4,4,1,1,1,1) 3261 (5,1,1,1,1,1) 2201

(7,4,2,2,1,1) 2558 (8,4,1,1,1,1) 11:30 (10, 1,1, 1,],1) 3522

(7,8,8,8,8,1) 1082 (8,8,8,1,1,1) 2294 (9,1,1,],1,1) 1921

(7,7,7,4,1,1) 3306 (5,5,2,1,1,1) 1506 (3,1,1,1,1,1) 2481

(3,8,2,2, I, 1) 2826 (5,8,4,1,1,1) 1478 (6,1,1, ],1,1) 1442
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(lIla) We cotnpute the stable, anel the act.ual Picard nUI11bers of diagonal hypersurfaces
with trivial twist of dinlension n = 6 and elegree rn where 4 ::; 117. ::; 2.5 choosing k = IFq

with q = p =1 (lllOel 1n).

m ]J P3(Xk) P3(V) m P P3(Xk) P3(V)

4 5 492 1108 15 31 2570051 8970851

5 11 4901 4901 16 17 11:128700

6 13 9158 38166 17 103 4649681 4649681

7 29 44731 44731 18 19 50590794

8 17 118400 219872 19 191 7792471 7792471

9 19 190121 343001 20 41 73206212

10 11 190794 1225450 21 43 38846501

11 23 551951 551951 22 23 60330622

12 13 765284 4882180 23 47 18557771 18557771

13 43 1281421 1281421 24 73 226084280

14 29 2719670 8729366 25 51 28377721

26 53 116261546

For rn prinlc, OUf Cotllputatiünal results are consistent with a conjectural closcd f01'111Ula
for the stable Picard nlunbel' P3(V) described in Conjectul'c (5.5)(b):

(IIIb) vVe C0I11pute the actual Picard nUI11bers of diagonal hypersurface V = V;(c) for
selecteel twists c. Fix 117., and choose a, prinle p such that p == 1 (nlod 117.). Pick a prinlitive
rüot 9 1110dulo p. As above, we confine ourselves Lo twists of thc fonn c = (CO, Cl, ... ,Ci)
where each cOInponent runs over elelnents of the fonn gi, 1 ::; j ::; rn - 1. Again extrelllC
twists of the f01'111 (gj, 1, 1, 1, 1, 1, 1, 1), 1 ::; j ::; 117. - 1 wi 11 not bc listed in the tables. 'vVe
observe that twists of the fonn (gi, gi, 1, 1, 1, 1, 1, 1) give the salllC Picarel lllunber for any
j, 1 ::; j ::; 117. - 1 (and sil11ilarly, so do twists of the fornl (gj, gj, gi , 1, 1, 1, 1, 1)).

(IIlb1) Let 117. = .5, n = 6 and p = 11, anel take 9 = 2. Recall that the stable Picarcl
nutnber is 4901.
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c P3(Vk) c p:dVk) c P3(Vk)

(2,2) 1, 1,1) 1,1, I) 1601 (4,4,2,1,1,1,1,1) 901 (4,2,2,2,2)1)1,1) 881

(2,2,2,1,1,1,1,1) 601 (8,4,2) I, 1,1,1,1) 1001 (4,4,2,2,1,1,1,1) 108]

(4,2,1,1 , 1,1, 1,1) 1201 (2,2,2,2,1,1,1,1) 1361 (4,4,2,2,2,1,1,1) 961

(4,2,2,1,1,1,1,1) 801 (4,2,2,2,1,1,1,1) 1061 (5,8 , 4,2,1,1,1,1) 981

(lIIh2) Let 111. = 7, n = 6 and p = 29, and ta.ke 9 = 2. In this case, the stahle Picard
nllmher is 44731.

c P3(Vk) c P3(Vd c P3(Vk)

(2,2,1 , 1,1,1,1,l) 11161 (8,2 , 2,2,2,1,1,1) 6253 (16,8,4,4,2,1,1,1) 6409

(2,2,2,1,1,1 , 1, 1) 4141 (8,4,2,2 , 1,1,1,1) 6391 (16,8,4,4,4, 1,1,1) 6667

(4,2,1,1,1,1,1,1) 7201 (8,4,2,2,2,1,1,1) 6379 (16,8,8,4,2, ],1,1) 6529

(4,2,2,1,1,1,1,1) 5341 (8,4,4,2, 1,1,1, 1) 6421 (16,16,8,2,1,1, I, 1) 6469

(4,4,2, 1,1, 1,1,1) 5701 (8,4,4,2,2,1,1,1) 6403 (16,16,8,2,2,1,1,1) 631:~

(8,4,2, I, 1,1,1,1) 6121 (8 , 8,2,2,1,1,1,1) 7021 (16,16,8,8,1,1,1,1) 7279

(8,4,4,1,1,1,1,1) 6]51 (8,8,2,2,2,1, I, 1) 6193 (16,16,8,8,4, 1,1,1) 6241

(16,4,2, 1, I, 1, I, I) 6931 (8,8,4,2,1,1 , 1,1) 6493 (16,16,16,4,2,1,1,1) 6721

(16,8,1,1,1,1,1,1) 4771 (8,8,4,2,2,1,1,1) 6301 (3,8,4,2,1,1,1,1) 6517

(16,8,2,1,1,1,1,1) 6541 (8,8,4,4,2,1,1,1) 6319 (3 , 8,4,2,2,1,1,1) 6367

(16,8,4,1,1,1,1,1) 6901 (16,4,2, 2, 1, 1, I, l) 6325 (3,8,4,4,2,1,1,1) 63:~ 1

(2,2 , 2,2,1 , 1,1,1) 9061 (16,4,2,2 , 2,1, 1,1) 6721 (3,16,4,4,2 , 1,1,1) 6325

(4,2,2)2,1,1,1,1) 6757 (16,4,4,2,2,1, I, I) 6217 (3, 16,8,8,4, I, 1, 1) 637~

(4,2 , 2,2,2 , 1,1,1) 5569 (16,4,4,4,1,1,1,1) 6757 (3,3,4,4,4,1,1, I) 6175

(4,4,2,2,1,1,1,1) 7:~57 (16,4,4,'1,4, I, I, I) 5569 (3,3,8,8,1, I, 1,1) 7~~57

(4,4,2,2,2,1,1,1) 6175 (16,8,2,2, 1, 1, 1, 1) 6265 (6 , ]6,8,4,2,1, 1,1) 63~n

(4,4,4,2,1,1,1,1) 6343 (16,8,4,2,1,1, 1,1) 6277 (6 1 3,8,8,2, I, 1,1) 6409

(4,4,4,2,2,1,1,1) 5851 (Iß,8,4, 2,2, 1, 1, 1) 6523 (6,6,6 , 8,8,1,1,1) 5851

(8,2,2,2, I, 1,1, 1) 6613 (16,8,4,4,1,1,1 , 1) 6097 (6,6,6,2,1,1,1,1) 5569
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TABLE I1!: "BRAUER NUMBERS" OF T\VISTED FERMAT MOTIVES

In this section, we shall COIllpute the "Brauer IHlInbers" of selected twisted Fel'lnat
1110tives for V = V~"(c) with 11, = 2d ;:::: 4. vVhen 1n is prilne (anel to SOlllC extcnt when
1n is an odd prilne power), thc norms of Jacobi sunlS (and hence the Brauer nUl11bers)
are weIl understood. However, when 111. is COIllposite, these numbers arc still Inysterious.
Partially, this is duc to the fact that the Iwasawa type congruences are not knOWIl for
cOInposite cases. For COIllposite cases, we list SOl11e of our computational results.

(I) The case of 111. prinle. Recall thc definition of thc "Brauer Ill1l11bcrs" of twisted
Fcnnat Ill0tives VA: Ir VA is not supersingula,r, thc norm of a twisted .Jaeobi SUlll is of the
form

N
. ( 8(c, a)) _ Bd(VA) . rn

OUllL/Q 1 - d - (V )q qWd A

where Bd(VA) is a square which Illay be divisible by 111.. If VA is supersingl1lar, but not
stl'ongly supersingular, thc nonn is equal to n1.. In the tables below, we list Bd(VA) for
non-supersingular VA, and the Norm/nI for supersingular VA.

(a) Let (111.,n) = (13,4). Choose q = p = 53. 'vVe take severaJ characters (none super­
singular), and tabulate their Brauer nUI11bers 8 2(VA)' The rvIilne-Liehtenbaulll fOl"l11ula is
known to hold in this ease if the twist is extrel11C, as in the first coluI11n of thc table;they
are squares t1p to powers of 1n in general. Note thaI; we get squares in all cascs.

a\c (17,1 , I, 1,1, 1) (15,22 , 11,32,4,1) (2,2,2 , 2,1,1) (4,2,2,2,2,1)

(1,2,3,5 , 6,9) 571 2 I 16632 792

(1)2,4,5,7,7) 5472 212 60072 12492

(1 , 1,3, 4)6,11) 54 1 1 532

(1,1 , 2,2,3,4) 64732 2963 2 3132 64732

(1,1,1,3,9,11) 8832 792 .4672 792 .4672 5:~2 . 11172

(1,1,1,5,8,10) 2599g2 89692 2332 571 2

(1,1 , 1,1) 3,6) 131 2 131 2 288072 2332

(1,1,1, I, 1,8) 181 2 .3372 3892 . 10932 131 2 .88672 ;{802 . 109:{2

(1,2,5,7,12,12) I 54 1 I

(1,4,4,6,12,12) 131 2 5472 181 2 181 2

(1 ,5,10, 12,12, 12) 54 792 36 ~16
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(b) Let (rn, n) = (7,6). Choose q = p = 29. vVe take several charactcrs (none supersin­
gular ) anel twists

Cl = (3,1,1,1,1,1,1,1)

C3 = (8,4,4,2,2,1,1,1)

C2 = (4,4,2,2,1,1,1,1)

C4 = (6,6,3,16,1,1,1,1)

In each case, we tabulate the Brauer 1111111bcr 8 3 (VA)' Again, these nunlbers are known
to be squares for extrell1e twists (first coluI11n); they are squares up to powers of rn in
general. Note that we get squares in all cases.

a\c Cl c2 C3 C4

(1,2,4,4,6,6,6,6) I 74 :1 6 36

(1,3,3,3,3,3,6,6) 2232 1 72 832

(1,4,4,4,5,5,6,6) 36 1 74 26

(l,I,l,I,4,4,4,5) 3792 1972 3792 1972

(1, I, 1,1,2,2,2,4) 2932 21432 11 :1 2 26 .832

(11) the cases m. C0111posite. For cOlllposite rn, we elo not have the Iwasa.wa congru­
ence for twisted Jacobi SUlllS, though when 1rl. is apower of an oelel prilne and is greater
than 3, there Seel11S to be sorne pattern. vVe know the denOillinator of each nonn is of the
fonn qw(r) for any r, 0 ::; l' ::; n. In the table below we list thc nUIl1bers

qw(d)Norm (1 _ ö(c,a))
L/Q dq

for twisted Ferrnat rnotives VA of even dilllension n = 2<1. Again observe that all prirl1es
of exact exponent 2 occuring in the tables are of the form ±1 rnodulo sonle proper divisor
d of 1n .

(a) Let (111, n) = (9,4). Choose q = p = 19.

a\c (17,1, I, I, I, 1) (15,3,IJ,13,4,l) (2,2,2,2,1,1) (4,2,2,2,2,1)

(1,3,8,8,8,8) 3 3.732 3 . 19 2 3· 192

(1,5,6,8,8,8) 3 33 ;3 3

(1,2,4,4,8,8) 3.372 3.192 3 .172 ;). 172

(1,1,1,1,1,4) 3.56 ;{ . 71 2 3 .802 3:i

(1, 1, 1, I, 7, 7) 3 . 1792 3 . 1792 ~1 . 1072 :l5

(1,1,2,2,6,6) 3 .2332 3.172 33 . 71 2 :3 .26 . 172

(1,2,6,6,6,6) 3 3.532 :3 3 3.372

(3,3,3,3,3,3) 33 .56 33 .56 ~13 . 56 39



102

(b) Let (1n,n) = (20,4). Choose q = p =1 (n10d 20), e.g., p = 41.

a\c (17,1,1,1,1,1) (15,3,11,13,4,1) (2,2,2,2,1,1) (4,3,2,2,2,1)

(1,3,19,19,19,19) 792 24 41 2 61 2

(1,8,14,19,19,19) 241 2 212 79 2 192

(1,4,18,19,19,19) 461 2 592 J 592

(1,5,17,19,19,19) 4192 54 24 .52 24 . 101 2

(1,11,11,19,19,19) 3592 3792 3792 ~~592

(1,3,3,15,19,19) 1 24 41 2 24

(1,2,8,11,19,19) 461 2 28 61 2 212

(1,4,5,12,19,19) 1 24 .52 24 .52 54

(1,3,9,9,19,19) 792 24 .52 .192 52 .612 61 2

(4,4,4,4,12,12) 52 . 31 4 52 .594 52 52 .594

(4,4,4,5,8,15) 52 24 11 4 38

(4,4,5,5,10,12) 28 . 192 61 2 41 2 41:2

(4,5,5,5,5,16) 6192 14392 52 .4192 14:{9:.!
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TABLE IV: GLOBAL "BRAUER NUlvlBERS" OF V = V:(c)

Finally we are ready to COlllpute the global "Brauer numbers" of diagonal hypersurfaces
V = V:(c).

(I) The case of prhlle clegree
(a) Let (r7l,n) = (5,4). vVe choosc Cf =]J = 11 and a twist c = (CO,Cl,C2,C3,C4,CS).

Wc COlllpute thc "Brauer ntllnhers" of alt twisted Fermat motives fol' V = V,; (c). There
are altogether 820 characters a E 2l~. For the trivial twist C = 1, thcy arc divided
into 5 non-isolllorphic types of 1110tives, all of diIllension 4. The isolll0rphisJ11 types are
represented by the characters [1,3,4,4,4,4], [1, 1, 1,4,4,4], [1, 1, 2, 3,4,4], [1, 2, 2, 2,4,4],
anel [1,1,1,1,3,3]. vVe know that P2(,1:'k) = 401

If we introduce a non-trivial twist c, this is no longer true. In fact, each equiva.lcncc
dass is further divided into subc1asses. "Ve COlllpute the ::Brauer nutnbers" for Ferlllat
1110tives with twists Cl = (2,1, 1, 1, 1, 1). In this case, the non-iSOl110l'phic su bclasses are
distinguished sinlply by their ao cotnponcnts, which we list in the table.

Under the condition that ]J =1 (tllod 5), all motives are ordinary; the second anel
third Illotives are ordinary anel supersingulal'. These are distinguishecl by an astcrisk in
thc tables. For cotnpleteness, wc havc also inclueled the strongly supcl'singular 1110tives,
which can be recognized by the fact that they havc 0 in the COlUI11n for the "Brauer
Jllltllber" (because the nonn is zero in that case).

The table below lists the "Brauer Illimbers" B 2(M A ) anel B 2(VA ).

number H w(2) 00 multiplicity B 2 (A.1 A ) ß2(VA )

1a (1,3,4,4,4,4) 1 1 20 52 24

1b (1,3,4 7 4,4,4) 1 3 20 52 1

1c (1,3,4,4,4,4) 1 4 80 52 1

2a *(1,1,1,4 7 4,4) 0 1 20 0 1

2b *(1,1,1,4 7 4,4) 0 4 20 0 1

3a *(1,1,2,3 7 4,4) 0 1 120 0 1

3b *(1,1,2,3 7 4,4) 0 2 60 0 1

3c *(1,1,2,3,4,4) 0 ;{ 60 0 1

3d *(1,1,2,3,4,4) 0 4 120 0 1

4a (1,2,2,2,4 7 4) 1 1 40 52 I

4b (1,2 7 2,2,4 7 4) 1 2 120 52 I

4c (1,2,2,2,4,4) I 4 80 52 1

5a (1 7 1,1,1,3,3) 2 I 40 52 24

5b (1,1,1,1,3,3) 2 3 20 52 t9 2
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Ln this case, thc global "Brauer Illunbers" are:

(b) Now choose q =]J = 11 anel let the twist be c = (2,2,1,1,1,1). Thc corresponding
Picarcl l1lul1bers P2(Vk ) is 14.5. The isomorphisll1 classes are now dividcd into sllbclasses
corresponding to thc first two entries ao, al' We list thc "Brauer llubnlcrs" B2(VA).

Ilumbcr a w(2) aO,al multiplicity B 2 (VA )

la (1,3,4,4,4,4) 1 1,3 4 1

Ib (1,3,4,4,4,4) 1 1,4 16 52

le (1,3,4,4,4,4) 1 3, 1 4 1

Id (1,3,4,4,4,4) 1 3,4 16 1

1e (1,3,4,4,4,4) 1 4,1 16 52

11 (1,3,4,4,4,4) 1 4,3 16 1

Ig (1,3,4,4,4,4) 1 4,4 48 1

2a *(1,1,1,4,4,4) 0 1, 1 8 1

2b *(1,1,1,4,4,4) 0 1,4 12 0

2c *(1,1,1,4,4,4) 0 4,1 12 0

2d *(1,1,1,4,4,4) 0 4,4 8 1

:la *(1, 1,2,3,4,4) 0 I, 1 24 1

;{b *(1,1,2,3,4,4) 0 1,2 24 I

:1c *(1,1,2,3,4,4) 0 1,3 24 1

:3d *(1,1,2,3,4,4) 0 1,4 48 0

:3e *(1,1,2,3,4,4) 0 2,1 24 1

31 *(1,1,2,3,4,4) 0 2,3 12 0

3g *(1,1,2,3,4,4) 0 2,4 24 1



number a w(2) aO,al multiplicity B 2 (VA)

3h *(1,1,2,3,4,4) 0 3,1 24 1

3i *(1,1,2,3,4,4) 0 3,2 12 0

3j *(1,1,2,3,4,4) 0 3,4 24 1

3k *(1,1,2,3,4,4) 0 4,1 48 0

31 *(1,1,2,3,4,4) 0 4,2 24 I

3m *(1,1,2,3,4,4) 0 4,3 24 I

3n *(1,1,2,3,4,4) 0 4,4 24 1

4a (1,2,2,2 1 41 4) I 1,2 24 24

4b (1,2,2,2,4,4) 1 1,4 16 52

4c (1,2,2,2,4,4) 1 2,1 24 24

4d (1,2,2,2,4,4) I 2,2 48 1

4e (1,2,2,2,4 1 4) I 21 4 48 1

4f (1,2,2,2,4,4) 1 4,1 16 52

4g (1,2,2,2,4,4) I 4,2 48 1

4h (1,2,2,2,4,4) I 4,4 16 24

5a (1,1,],1,3,3) 2 11 1 24 1

5b (1,1,1,1,3,3) 2 1,3 16 ~4

5c (1, I, I, 1, 3, 3) 2 3, 1 16 :l4

5d (1, 1, 1, 1, 3, 3) 2 3,3 4 24

Thc global "Brauer lllllnber" is

lOG
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(c) Let (1n,n) = (7,4) Here we choose q = ]J = 29 and twists c = 1 and c =
(3,1,1,1,1,1). vVe cOlnpute the "Brauer nUIllbers" of all twisted Fennat 1110tives for
V = V;(c), anel the global "Brauer nunlber" B2(Vk ). There are altogether 6,666 char­
acters a E Q{~. For the trivial twist c = 1, Olle needs to consider 14 rcpresentativcs of
isolllorphisIll classes of Fennat Inotives. If we have the extrenle twist c as above, each iso­
111orphisI11 dass is further divided into subc1asses which are distinguished by their ao entry..
\Ve compute the "Brauer nlllnbers" for the Ferrnat nlotives anel for the twisted Fernlat
motives with twist c = (3,1,1,1,1,1). Again with our choice of p with p == 1 (rnoel 7),
a11 lllotives are ordinary; rnotives which are ordinary anel supersingular are indicated an
asterisk.

number a w(2) ao Illul ti pI ici ty B 2 (.A1A) B 2 (V,d

1a (1,3,6,6,6,6) 2 I 30 72 41 2

Ib (1,3,6,6,6,6) 2 3 30 72 41 2

1e (l, 3, 6, 6, 6, 6) 2 6 120 72 26

2a *(1,1,1,6,6,6) 0 1 30 0 1

2b *(1, 1,1,6,6,6) 0 6 30 0 1

3a (1,4,5,6,6,6) 1 1 120 72 I

3b (1,4,5,6,6,6) l 4 120 72 26

3e (1,4,5,6,6,6) 1 5 120 72 1:{2

3d (I,4,5 ,6,6,6) 1 6 360 72 1

4a *(1,1,2,5, 6,6) 0 1 ·180 0 1

4b *(1, 1, 2,5,6,6) 0 2 90 0 1

4e *(1,1,2,5,6,6) 0 5 90 0 1

4d *(1,1 , 2,5,6,6) 0 6 180 0 1

5a *(1, 1,3,4,6,6) 0 1 180 0 1

5b *(1,1 , 3,4,6,6) 0 3 90 0 1

5e *(1,1,3,4,6,6) 0 4 90 0 1

5d *(1,1 ,3,4,6,6) 0 6 180 0 1

6a (1,2,2,4,6,6) 1 1 180 72 I

6b (1,2,2,4,6,6) 1 2 360 72 1

6e (1,2,2,4,6,6) 1 4 180 72 132

6d (1,2,2,4,6 , 6) 1 6 360 72 26



Ilumber a w(2) ao multiplicity B 2 (M A ) B 2 (VA)

7a (1 12,313, 6,6) 1 1 180 72 1

7b (11 2,3,3,6,6) 1 2 180 72 26

7c (1,2,:1,3,6,6) 1 3 360 72 1

7d (1,2,3,3,6,6) 1 6 360 72 132

8a (1 15,5,5,6,6) 2 1 60 72 1

8b (1 15,5,5,6,6) 2 5 180 72 26

8c (1 15,5,5,6,6) 2 ß ]20 72 41 2

9(1 (1 , 1,1 11,1,2) 3 1 30 (/. 832

9b (1, I, I, 1, 112) 3 2 6 72 432

10a (1,1 , 1,1 , 5,5) 3 1 60 72 832

lOb (1,1,1,1,5,5) 3 5 30 72 132

lLa (1,1,1,2,4,5) 2 1 360 72 26

I1b (1 , 1,1 12,415) 2 2 120 72 13 2

llc (1 , 1,1 , 2,4,5) 2 4 120 -') 41 2(W

lld (1, L, 1, 2,4,5) 2 5 120 72 432

12(1 (1 , 1,1 , 3,3,5) 2 1 180 74 41 2

12b (1, 1, 1,3,~~,5) 2 3 120 74 1

12c (1, 1,1 , 313, 5) 2 5 60 74 132

13a (1,1,2,2,4,4) 3 1 60 212 .72 71 2

13b (1,1 12, 214,4) 3 2 60 212 .72 71 2

13c (1,1 12,2,4,4) 3 4 60 212 . 72 71 2

14a *(11 2,3,4 , 5,6) 0 1 120 0 1

14b *(1,2,3,4,5,6) 0 2 120 0 1

14c *(1,2,3,4,5,6) 0 ~~ 120 0 1

14d *(1 , '2, :~, 4, 5, 6) 0 4 120 0 1

14e *(1,2,3, 4,5,6) 0 5 120 0 1

14f *(1,2,3, 4,5,6) 0 6 120 0 1

Wc obtain the global "Brauer nU1l1bcrs"
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(cl) Let (111, n) = (7,6). "Ve choose p = 29, ancl cOInpute the global "Brauer nUll1 her"
of V = VJ(c) over IF29 for c = 1 and for c = (2,1,1,1,1,1,1,1). "Ve C0I11pute "Brauer
nlllnbers" of all the twisted Fern1at I110tives in each case. The notations in the tables :
w(3) ancl 8 3(VA) are a.s defined in Theorelll (6.2). Supersingular n10tives are indicatcd
by an asterisk.

a w(~-q ClO Illul ti plici ty B3 (A1 A ) B3 (V",d

la (1,5,6,6,6,6,6,6) 3 1 42 72 26

Ib (1,5,6,6,6,6,6,6) 3 5 42 72 56

le (1,5,6,6,6,6,6,6) 3 6 252 72 132 .292

2a (1,1 ,3,6,6,6,6,6) 2 1 252 72 41 2

2b (1,1,3,6,6,6,6,6) 2 3 126 72 432

2e (1,1,3,6,6,6,6,6) 2 6 630 72 1

3a (1,2,2,6,6,6,6,6) 3 1 126 72 3492

3b (1,2,2,6,6,6,6,6) 3 2 252 72 832

3e (1,2,2,6,6,6,6,6) 3 6 630 1'2 281 2

4a *(1,1,1 , 1,6,6,6,6) 0 1 105 0 1

4b *(1,1,1 , 1,6,6,6,6) 0 6 105 0 1

5Cl (1,1,4,5 ,6,6,6 1 6) I I 1260 72 1

5b (1,1,4,5 ,6,6,6 ,6) 1 4 630 72 132

5e (1,1,4,5 ,6,6,6,6) 1 5 630 _'l 1{ w

5d (1,1,4,5,6,6,6,6) j 6 2520 72 26

6a (1,2,3,5,6,6,6,6) 2 I 1260 72 41 2

6b (l,2,3,5,6,6,6,6) 2 2 1260 72 26

Ge (1,2,3,5,6,6,6,6) 2 3 1260 72 432

6d (1,2,3,5 ,6,6,6,6) 2 5 1260 72 41 2

6e (1,2,3,5,6,6,6,6) 2 6 5040 72 1

7Cl (1 1 2,4,4,6,6,6,6) 2 I 630 74 2G

7b (1,2,4,4,6,6,6,6) 2 2 630 74 41 2

7e (1 , 2,4,4,6,6,6,6) 2 4 1260 74 36

7cl (1,2,4,4,6,6,6,6) 2 6 2520 74 1



a w(3) ao mult,iplicity B3 (MA) B3 (VA)

8a (1,3,3,4,6,6,6,6) 2 1 630 72 41 2

8b (1,3,3,4,6,6,6,6) 2 3 1260 72 4:1 2

8c (1,3,3,4,6,6,6,6) 2 4 630 72 1:~2

8d (1,3,3,4,6,6,6,6) 2 6 2520 72 1

9a *(1,1,1,2,5,6,6,6) 0 1 1260 0 I

9b *(1,1,1,2,5,6,6,6) 0 2 420 0 I

9c *(1,1,1,2,5,6,6,6) 0 5 420 0 1

9d *(1,1,1,2,5,6,6,6) 0 6 1260 0 I

10a *(1,1,1,3,4,6,6,6) 0 I 1260 0 I

lOb *(1,1,1,3,4,6,6,6) 0 3 420 0 I

10c *(1,1,1,3,4,6,6,6) 0 4 420 0 1

IOd *(1,1,1,3,4,6,6,6) 0 6 1260 0 I

11a (1,1,2,2,4,6,6,6) 1 1 2520 72 1

11b (1,1,2,2,4,6,6,6) 1 2 2520 72 26

l1c (1,1,2,2,4,6,6,6) 1 4 1260 72 I

11d (1,1,2,2,4,6,6,6) 1 6 3780 .. '} 132(-

12a (1,1,2,3,3,6,6,6) I 1 2520 72 1

12b (1,1,2,3,3,6,6,6) 1 2 1260 72 I :~2

12c (1,1,2,3,3,6,6,6) 1 3 2520 72 26

12d (1,1,2,3,3,6,6,6) I 6 3780 72 I

13a (1,1,5,5,5,6,6,6) 2 1 840 72 1:~2

13b (1,1,5,5,5,6,6,6) 2 5 1260 72 1

13c (1,1,5,5,5,6,6,6) 2 6 1260 72 4:~2

14a (1,2,2,2,3,6,6,6) 2 1 840 74 1:~2

14b (1,2,2,2,3,6,6,6) 2 2 2520 74 I

14c (1,2,2,2,3,6,6,6) 2 3 840 74 41 2

14d (1,2,2,2,3,6,6,6) 2 6 2520 74 ::1 6

15a (1,2,4,5,5,6,6,6) 1 1 2520 72 1

15b (1,2,4,5,5,6,6,6) 1 2 2520 72 1

15c (1,2,4,5,5,6,6,6) I 4 2520 72 1;)2

15d (1,2,4,5,5,6,6,6) 1 5 5040 72 I

15e (1,2,4,5,5,6,6,6) 1 6 7560 72 26
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a w(3) ao multiplicity 8 3 (}v1 A ) 8 3 (VA )

16a (1,3,3 1 5,5,6,6, 6) 3 1 1260 212 .72 71 2

1Gb (1,3,3,5,5,G,6,5) 3 3 2520 212 .72 132

16c (1,3,3,5,5,6,6,5) 3 5 2520 212 .72 132

IGel (1,3,3,5,5,G ,6,5) :~ G 3780 212 .72 132

17([ (1,3,4,4,5,6,6,6) 1 1 2520 72 1

17b (1,3,4,4,5,6 1 6,6) 1 3 2520 72 1

17c (1,3,4,4,5 1 6,6,6) 1 4 5040 72 132

17d (1,3,4 , 4,5,6 1 6,6) 1 5 2520 72 1

17e (1 , 3,4 1 4,5,6,G 1 6) 1 6 7560 72 26

18a (1,4,4,4,4,6,6,6) 3 1 210 72 134

18b (1,4,4,4,4,6,6,6) :~ 4 840 72 281 2

18c (1,4,4,4,4,6,6,6) :~ 5 630 72 832

19a *(I,I,2,2,5,5,G,G) 0 1 1890 0 1

19b *(1,1,2,2,5,5,6,6) 0 2 1890 0 1

19c *(1,1,2,2,5,5,6,6) 0 5 1890 0 1

I9d *(1,1,2,2,5,5,6,6) 0 6 1890 0 1

20a *(I,I,2,3,4,5,6,G) 0 1 7560 0 1

20b *(1 1 1,2,3,4,5,6,6) 0 2 3780 0 1

20c *(1 , 1,2,3,4,5,6,6) 0 3 :3780 0 1

20d *(1,1,2,3,4,5,6,6) 0 4 3780 0 1

20e *(1 1 1,2,3,4,5,6,6) 0 5 3780 0 1

20/ *(1,1,2,3,4,5,6,6) 0 6 7560 0 1

21a (1,1,2,4,4,4,6,6) 2 1 2520 72 41 2

21b (1,1,2,4,4,4,6,6) 2 2 1260 72 432

21c (1,1,2,4 1 4,4,6,6) 2 4 3780 72 1

21d (1,1,2,4,4,4,6,6) 2 6 2520 -') 26(M

22a (1,2,2,3,3,5,6,6) I 1 :n80 72 ]

22b (1,2,2,3,3,5,6,6) I 2 7560 72 132

22c (1,2,2,3,3,5,6,6) 1 3 7560 72 26

22d (1,2,2,3,3,5,6,6) 1 5 3780 72 1

22e (1,2,2,3,3,5,6,6) 1 6 7560 1'1. I



fl w(3) ao multiplicity B3(.A,1 A ) B3(V~d

23a (1,3,3,3,3,3,6,6) 3 1 126 72 832

23b (1,3,3,3,3,3,6,6) 3 3 630 72 132 .292

23c (1,3,3,3,3,3,6,6) 3 6 252 72 56

24a (1,3,4,5,5,5,6,6) 2 1 2520 72 132

24b (1,3,4,5,5,5,6,6) 2 3 2520 72 41 2

24c (1,3,4,5,5,5,6,6) 2 4 2520 72 26

24d (1,3,4,5,5,5,6,6) 2 5 7560 72 1

24e (1,3,4,5,5,5,6,6) 2 6 5040
_'l 432
{~

25a (1,4,4,4,5,5,6,6) 2 1 1260 74 I

25b (1,4,4,4,5,5,6,6) 2 4 3780 74 I

25c (1,4,4,4,5,5,6,6) 2 5 2520 74 36

25d (1,4,4,4,5,5,6,6) 2 6 2520 74 41 2

26a (1,1, ],1,1,1,3,5) 4 1 252 72 . 1972 9532

26b (1,1,1,1,1,1,3,5) 4 3 42 72 . 1972 631 2

26c (1,1,1,1,1,1,3,5) 4 5 42 72 . 1972 132 .712

27a (1,1,1,1,1,1,4,4) 4 1 126 72 .972 4:~2

27b (1,1,1,1,1,1,4,4) 4 4 42 72 .972 41 2 .432

28a (1, ],1,1,1,2,3,4) 3 1 1260 72 1:{:.J .292

28b (1,1,1,1,1,2,3,4) 3 2 252 72 56

28c (1,1,1,1,1 1 2,3,4) 3 3 252 7'-~ 432

28d (1,1,1,1,1,2,3,4) 3 4 252 72 2232

29a (1,1,1,1,1,3,3,3) 3 1 210 26 .72 432

29b (1,1,1,1,1,3,3,3) 3 3 126 26 .72 1

30a (1,1,1,1,2,2,2,4) 4 1 840 72 .41 2 26 .832

30b (1,1,1,1,2,2,2,4) 4 2 630 72 . 41 2 461 2

30c (1,1,1,1,2,2,2,4) 4 4 210 72 .41 2 36 . 132

31a (1, I, I, 1,2,2, 3, ~~) 2 I 1260 72 132

31b (1,1,1,1,2 1 2,3,3) 2 2 630 72 212

31c (1,1,1,1,2,2,3,3) 2 3 630 72 132

111



112

a w(3) Go multiplicity B3 (A,ICd B 3 (VA)

32a (1,1,l,1,3,4,5 t 5) 3 I 2520 72 281 2

32b (1,I,I,l t 3,4,5,5) :3 :1 630 72 212

32c (1,1,1,1,3,4,5,5) :~ 4 630 72 I ~~2

32d (1,1,1,1,3,4,5,5) 3 5 1260 72 832

33a (1,1,1,1,4,4,4,5) :~ 1 840 72 . 132 972

33b (1,l,I,I,4,4,4 t 5) :~ 4 GaO 72 . ] 32 I

33c (1,1,1,1,4,4,4,5) 3 5 210 72 . 132 3792

Observe that the prime factors of 8 3(VA) with exception of 2, 3 and 5 are all of thc
fOrIn 7k ± 1.

Putting together all these Inotivic "Brauer I1tunbers" counted with correct rnultiplicities,
we obtain, as pointed out in the rnain text,

#B3 (Vk) =2152220 .325200 .52268 . 1353056 . 293024 .4116576 .4314392 . 71 1736 .

83,11,14 . 971120 . 223336 . 2815320 . 349168 . 379280 . 4618'10 • 631 56 . 953336

(11) The case of composite degree
Finally, we do a few cornputations in thc composite case. Since we do not, for 1n

cOlnposite, have prccisc infonnation as to thc 1n-part of thc nonn, wc prefer to record in
each case the value of

pW(d) Norn1(1 _ 8(c, a) ).
pd

Thel'e are two cases to consider. First, if n1. = 1'nü is an odd prin1e power, the lwasawa
congruence is knowl1 to hold, and thcrefore contributes to thc norn1 an oeld power of the
prin1c rno. \Ne can observe this below, in the case 1'11. = 9.

If, on the other hand, m is not an acId prilne power, things seern to be much less deal'.
In particular, we list, below, the results for rn = 6, 11. = 4. In this case, we see that
thc norm is sometirnes divisible by 2, sametilncs by 3, sornetill1es by both, S0l11ctinles by
neither. The prirne 2 always occurs ta an even po\....el', while 3, when it accurs, appcal's
with an odd power.

(a) Let 1'11. = 9, 11, = 2, p = 19. In this case, the twist c = (4,1,1,1) is extrclne, in thc
sense that p(Vk ) = 1. The fallawing table records the values af

pW(I) Nonn(l _ o(c,a))
p

for the trivial twist Cl = 1 anel for C2 = (4,1,1,1), with a running through a list of
repl'esentatives of the isorl1orphism classes of twisted Fermat rnotives. As usual, we brea.k
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thc nine isolll0rphisIll classes of Fennat Illotives into subclasses detennined by tbc first
coefficient, ao. Supersingular Inotives are Il1arked by an asterisk.

Cl w(1) ao multiplicity Cl = 1 C2

1a *(1,1,8,8) 0 1 9 0 3

1b *(1,1,8,8) 0 8 9 0 3

2a (l t 1,l,6) 2 J 18 26 .33 3.172

2b (1,1,1,6) 2 6 6 26 . ;j3 33

3a (1,1,2,5) 2 1 36 37 3

3b (1,1,2,5) 2 2 18 37 3

3e (1,1,2,5) 2 5 18 37 3· 192

4a (1,1,3,4) 1 1 36 33 26 . :~

4b (1,1,3,4) 1 3 18 33 35

4e (1,1,3,4) 1 4 18 33
~{

5a (1,2,3,~{) 1 1 18 35 3

5b (1,2,3,3) 1 2 18 3.5 3.172

5e (1,2,3,3) 1 3 36 35 33

6a *(1,2,7,8) 0 1 18 0 :j

6b *(1,2,7,8) 0 2 18 0 3

6e *(1,2,7,8) 0 7 18 0 3

6d *(1,2,7,8) 0 8 IB 0 3

7a *(1,3,6,8) 0 1 18 0 :~

7b *(1,3 t 6,8) 0 3 1B 0 33

7e *(1,3,6,8) 0 6 18 0 33

7d *(1,3,6,8) 0 B 18 0 3

Ba *(1,4,6,7) 0 1 12 33 3

Bb *(1,4,6,7) 0 4 12 33 3

8c *(1,4,6,7) 0 6 12 33 33

Bd *(1,4,6,7) 0 7 12 ;j3 3

9a *(3,3,6,6) 0 3 3 0 33

9b *(3,3,6,6) 0 6 :{ 0 33
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(b) Let rn = 9, 11. = 6, p = 19. The following table l'ecords the values of

for Cl = 1 anel C2 = (4, 1, 1, 1, 1, 1, 1, 1) and a running through a list of representati ves of
thc isomorphisn1 classes of twisted Fennat tnotives. As usual, we break the 129 iSOlnor­
phisrn c1asses of Fcnnat rnotives into subclasses detennined by thc first cocfficient, ao.
Supersingular motives are rnarked by an asterisk.

a w(3) Go multiplicity Cl = 1 C2

la (1,5,8,8,8,8,8,8) 3 1 42 :f~ . 1092 3 .712

Ib (1,5,8,8,8,8,8,8) 3 5 42 :~3 . 1092 3.532

le (1,5,8,8,8,8,8,8) 3 8 252 ;{3 . 1092 26 . ~~

2a (1,1,3,8,8,8,8,8) 2 I 252 26 .33 3· 193

2b (1,1,3,8,8,8,8,8) 2 3 126 26 .33 3:1

2e (1,1,3,8,8,8,8,8) 2 8 6::l0 26 .33 3· 172

3a (1,2,2,8,8,8,8,8) 3 1 126 33 .172 ~{

3b (1,2,2,8,8,8,8,8) 3 2 252 ;{3 . 172 26 . :~ • 172

3e (1,2,2,8,8,8,8,8) 3 8 630 ::l3 .172 3· 172

4a (1,6,7,8,8,8,8,8) ;3 I 252 33 3.892

4b (1,6,7,8,8,8,8,8) 3 6 252 33 35 . 172

4e (1,6,7,8,8,8,8,8) ~{ 7 252 33 3·5(;

4d (1,6,7,8,8,8,8,8) 3 8 1260 33 3·5;{2

5a *(1,1,1,1,8,8,8,8) 0 1 105 0 ;{

5b *(1,1,1,1,8,8,8,8) 0 8 105 0 3

6a (1,1,4,7,8,8,8,8) 2 1 1260 37 3·37:l

6b (1,1,4,7,8,8,8,8) 2 4 630 37 3 . 192

6e (1,1,4,7,8,8,8,8) 2 7 630 37 ;{

Gd (1,1,4,7,8,8,8,8) 2 8 2520 37 3



a tU(3) Uo mllitiplicity Cl = 1 C2

7a (1,1,5,6,8,8,8,8) 1 1 1260 :13 3

7b (1,1,5,6,8,8,8,8) 1 5 630 33 3

7e (1,1,5,6,8,8,8,8) 1 ß 6:10 33 35

7d (1,1,5,6,8,8,8,8) 1 8 2520 33 26 ·3

8a (1,2,3,7,8,8,8,8) 2 I 1260 26 .33 :{ . 192

8b (1)2,3,7,8,8,8,8) 2 2 1260 26 .33 :{ .732

8e (1)2,3,7,8,8,8,8) 2 3 1260 26 .33 33

8d (1,2,3,7,8,8,8,8) 2 7 1260 26 .33 3.372

8e (1,2,3,7,8,8,8,8) 2 8 5040 26 • 33 ~{ . 172

9a (1,2,4,6,8,8,8,8) 3 1 1260 33 .71 2 :{ . 1072

9b (1,2,4,6,8,8,8,8) 3 2 1260 33 .71 2 3.172

ge (1,2,4,6,8,8,8,8) 3 4 1260 :1 3 .71 2 3

9d (1,2,4,6,8,8,8,8) 3 6 1260 :{3 . 712 :{5

ge (1,2 , 4,6,8,8,8,8) 3 8 5040 33 .71 2 3.233 2

10a (1,2 , 5,5,8,8,8,8) 1 L 6:10 33 :{ . 172

lOb (1,2,5,5,8 ,8,8,8) 1 2 630 33 3

10e (1,2 , 5,5,8,8,8,8) 1 5 1260 33 26 ·3

IOd (1,2 ,5,5,8,8,8)8) 1 8 2520 ;{3 3

11a (1,3 , 3,6,8,8,8,8) 2 1 6:30 26 .33 3.192

Ilb (1,3 , 3,6,8,8,8,8) 2 :{ 1260 26 . ;{3 33

11e (1,3,3,6,8,8,8,8) 2 6 630 26 .33 37

lId (1,3,3,6,8,8,8,8) 2 8 2520 26 .33 ~{ . 172

12a (1,3 , 4,5,8 ,8,8,8) 2 1 1260 26 .33 :3 . 192

12b (1,3,4,5,8,8,8,8) 2 3 1260 26 .33 :33

12c (1,3,4,5,8,8,8,8) 2 4 1260 26 .33 3

12d (1,3 , 4,5 , 8,8,8,8) 2 5 1260 26 .33 3

12e (1,3 , 4,5,8,8,8,8) 2 8 5040 26 .33 3 . 172

13a (1,4,4,4,8,8,8,8) 4 1 210 26 .39 3 . 1272

13b (1,4 , 4,4,8,8,8,8) 4 4 6:{0 26 .3 9 3 . 17'2 .71 2

13c (1,4,4,4,8,8,8,8) 4 8 840 26 .39 3 .9192

14a (1,7 , 7,7,8,8,8,8) 4 I 210 26 .39 :3 . 1632

14b (1)7 , 7,7 ,8,8,8 , 8) 4 7 630 26 .3 9 :{ .9192

14c (1,7,7,7,8,8,8,8) 4 8 840 26 .39 :{ . 172 . 71 2
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a w(3) ud mult.iplicity Cl :;;;: 1 C2

15a *(l l I, 1,2,7,8,8,8) 0 I 1260 0 :3

15b *(l l I, 1,2 l7,8,8,8) 0 2 420 0 ;{

15c *(lll,l,2 l7,8,8,8) 0 7 420 0 3

15d *(l,l l1,2,7,8,8,8) 0 8 1260 0 :3

16a *(ll 1, 1,3 l6,8,8,8) 0 1 1260 0 :3

16b *(1,1,1,3,6,8,8,8) 0 3 420 0 33

16c *(1, I, 1,3 l6,8,8,8) 0 6 420 0 33

16d *(1,1,1,3,6,8,8,8) 0 8 1260 0 :3

17a *(1,1,1,4,5,8,8,8) 0 I 1260 0 :{

17b *(1,1,1,4,5,8,8,8) 0 4 420 0 3

17c *(1,I,I,4 l5,8,8,8) 0 5 420 0 3

17d *(1,1,1,4,5,8,8,8) 0 8 1260 0 :{

18a (I, 1,2,2,6, 8l8, 8) 1 1 2520 33 3·17'2

18b (l,l,2,2,6,8 l8,8) 1 2 2520 33 26 ·3

18c (1,1,2,2,6,8,8,8) 1 6 1260 33 a5

18d (l,I,2 l2,6,8 l8l8) 1 8 3780 33 ;{

19ft *(J, 1l2, 3l5,8, 8, 8) 0 1 5040 33 3

19b *(l,l l2,3,5,8,8,8) 0 2 2520 33 3

lOc *(lll,2,3 l5,8,8,8) 0 3 2520 33 :fl

IOd *(1ll,2,3 l5,8,8,8) 0 5 2520 33 3

10e *(l,l,2,3 l 5,B,B,B) 0 8 7560 33
:~

20a (1,l l2,4,4 lB,8,8) 2 I 2520 37 3·17'2

20b (1,I,2,4,4,B,B,B) 2 2 1260 37 3· 102

20c (1,1,2,4,4,B,8,8) 2 4 2520 37 3

20<1 (1,I,2,4,4,8,B,8) 2 B :H80 37 :{

21a (1,I,3,3,4,B,8,8) I 1 2520 35 26 ·3

21b (1,l l3,3,4,8,8,8) I 3 2520 35 3:l

21c (l,ll3,3,4,8,8,8) 1 4 1260 35 :3

21c! (1,l l3,3,4,B,8,8) 1 8 3780 35 3.172



a w(3) ao multiplicity Cl = 1 C1

22a (1,1,5,7,7,8,8,8) 2 1 2520 37 3.732

22b (1,1,5,7,7,8,8,8) 2 5 1260 37 3

22c (1, 1,5,7,7,8,8,8) 2 7 2520 37 3

22d (1,1,5,7,7,8,8,8) 2 8 3780 37 3· 192

23a (1, 1,6,6,7,8,8,8) 1 1 2520 3~ 3

23b (1,1,6,6,7,8,8,8) 1 6 2520 3~ 33

23c (1,1,6,6,7,8,8,8) 1 7 1260 35 3 ..172

23d (1,1,6,6,7,8,8,8) 1 8 3780 35 3

24a (1,2,2,2,5,8,8,8) 1 1 840 33 3

24b (1,2,2,2,5,8,8,8) 1 2 2520 33 3

24c (1,2,2,2,5,8,8,8) 1 5 840 33 3

24d (1,2,2,2,5,8,8,8) 1 8 2520 33 26 ·3

25a (1,~,2,3,4,8,8,8) 2 1 2520 33 3

25b (1,2,2,3,4,8,8,8) 2 2 5040 33 3.372

25c (1,2,2,3,4,8,8,8) 2 3 2520 33 26 .33

25d (1,2,2,3,4,8,8,8) 2 4 2520 33 3.732

25e (1,2,2,3,4,8,8,8) 2 8 7560 33 3· 192

26a (1,2,3,3,3,8,8,8) 1 1 840 33 3

26b (1,2,3,3,3,8,8,8) 1 2 840 33 3

26c (1,2,3,3,3,8,8,8) 1 3 2520 33 33

26d (1,2,3,3,3,8,8,8) 1 8 2520 33 3.

27a (1,2,4,7,7,8,8,8) 2 1 2520 37 3.372

27b (1,2,4,7,7,8,8,8) 2 2 2520 37 3. 172

27c (1,2,4,7,7,8,8,8) 2 4 2520 37 3· 192

27d (1,2,4,7,7,8,8,8) 2 7 5040 37 3

27e (1,2,4,7,7,8,8,8) 2 8 7560 37 3

28a (1,2,5,6,7,8,8,8) 1 1 5040 33 3

28b (1,2,5,6,7,8,8,8) 1 2 5040 33 3

28c (1,2,5,6,7,8,8,8) 1 5 5040 33 3

28d (1,2,5,6,7,8,8,8) 1 6 5040 33 35

28e (1,2,5,6,7,8,8,8) 1 7 5040 33 3

28/ (1,2,5,6,7,8,8,8) 1 8 15120 33 26 ·3
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a w(3) ud mult.iplicit,y Cl =1 C2

29a (1,2,6,6,6,8,8,8) 2 1 840 :13 3 . 192

29b (1,2,6,6,6,8,8,8) 2 2 840 33 3 .53 2

29c (1,2,6,6,6,8,8,8) 2 6 2520 ;{3 35

29d (1,2,6,6,6,8,8,8) 2 8 2520 :{3 3

30a (1,3,3,7,7,8,8,8) 3 1 1260 35 3.172

30b (1,3,3,7,7,8,8,8) 3 ~~ 2520 35 33 . 172

30c (1,3,3,7,7,8,8,8) 3 7 2520 35 26 ·3 . 172

30d (1,3,3,7,7,8,8,8) 3 8 :H80 :~5 3 . 1072

31u (1,3,4,6,7,8,8,8) 2 1 5040 :~7 3.372

31b (1,3,4,6,7,8,8,8) 2 3 .5040 37 26 .33

3le (1,3,4,6,7,8,8,8) 2 4 5040 37 3.19 2

31d (1,3,4,6,7,8,8,8) 2 6 5040 37 33

31e (1,3,4,6,7,8,8,8) 2 7 5040 37 3

~Hf (1,3,4,6,7,8,8,8) 2 8 15120 37 3

32a (1,3,5,5,7,8,8,8) 2 1 2520 33 3 ·lt!.

:.{2b (1,3,5,5,7,8,8,8) 2 3 2520 33 26 .33

32c (1,3,5,5,7,8,8,8) 2 5 5040 :~3 3.19 2

32d (1,3,5,5,7,8,8,8) 2 7 2520 33 3.73 2

32e (1,3,5,5,7,8,8,8) 2 8 7560 33 3 .372

3:~fl (1,3,5,6,6,8,8,8) 1 1 2520 ;{3 3

33b (1,3,5,6,6,8,8,8) 1 3 2520 33 33

33c (1,3,5,6,6,8,8,8) 1 5 2520 33 3

~{3d (1,3,5,6,6,8,8,8) 1 6 5040 33 35

33e (1,3,5,6,6,8,8,8) 1 8 7560 33 26 ·3

34a (1,4,4,5,7,8,8,8) 2 1 2520 37 3.372

34b (1,4,4,5,7,8,8,8) 2 4 5040 37 3 . 192

34c (l,4,4,5,7,8,8,8) 2 5 2520 37 3 .732

34d (1,4,4,5,7,8,8,8) 2 7 2520 37 3

34e (1,4,4,5,7,8,8,8) 2 8 7560 ~~7 3



fl w(3) 00 mult.iplicit.y Cl = 1 C2

35a (1,4,4,6 ,6,8,8,8) 3 1 1260 ;3 5 3· 1792

35b (1,4,4,6 ,6,8,8,8) 3 4 2520 35 3 . 1072

35c (1,4,4,6,6,8,8,8) 3 6 2520 35 33 . 172

35d (1,4,4,6,6,8,8,8) 3 8 3780 35 26 . 3 . 172

36a (1,4,5,5 , 6,8,8,8) 1 1 2520 33 3

36b (l,4,5,5 , 6,8,8,8) 1 4 2520 ~33 :J ' 172

36c (1,4,5,5,6,8,8,8) 1 5 5040 :~3 :3

36d (1, 4,5,5,6,8,8,8) 1 6 2520 33 ~~5

:36e (1,4,5,5,6,8,8,8) 1 8 7560 :3:l 26 . :~

370 (1 , 5,5,5,5,8,8,8) 3 1 210 3:1 . 172 3 . 1072

:Hb (1 , 5,5,5,5,8,8,8) 3 5 840 ;~3 . 172 3 . L72

37c (1,5,5,5,5,8,8,8) 3 8 630 33 . 172 26 . 3 . 172

38(1 (1,1,2,2,2,3,8,8) 2 1 2520 26 ·3:l 3

38b (1 , 1,2,2,2,3,8,8) 2 2 3780 26 . :33 :3 . 172

38c (1,1,2,2,2,3,8,8) 2 3 1260 26 ·3:l 33

38d (1,1,2,2,2,3,8,8) 2 8 2520 26 .33 3

:39a *(1,1,2,2,7,7,8,8) 0 1 1890 0 3

39b *(1, 1,2,2 ,7,7,8,8) 0 2 1890 0 3

39c *(1 , 1,2,2,7,7,8,8) 0 7 1890 0 ;)

39d *(1,1,2, 2,7,7,8,8) 0 8 1890 0 ;)

40(1 *(1,1,2, 3,6,7,8,8) 0 1 7560 0 3

40b *(1,1,2, 3,6,7,8, 8) 0 2 3780 0 ;)

40c *(1,1,2, 3,6,7,8, 8) 0 3 3780 0 33

40d *(1,1,2,3,6,7,8,8) 0 6 3780 0 :):1

40e *(1,1,2,3,6,7,8,8) 0 7 3780 0 ;3

40/ *(1,1,2,3,6,7, 8,8) 0 8 7560 0 :{

4la *(1,1,2,4,5, 7, 8,8) 0 1 7560 0 ;)

41b *(1,1,2,4,5,7,8,8) 0 2 3780 0 3

41c *(1,1,2,4,5, 7,8,8) 0 4 3780 0 :3

41d *(1,1,2,4,5, 7,8,8) 0 5 3780 0 ;~

41e *(1,1,2,4,5,7,8,8) 0 7 3780 0 3

411 *(1,1,2,4,5,7,8,8) 0 8 7560 0 3
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a wP) ao mul tipI ici ty Cl = 1 C2

42a (1,1,2,4,6,6,8,8) 1 1 7560 35 3

42b (1,1,2,4,6,6,8,8) I 2 3780 35 3

42c (1,1,2,4,6,6,8,8) I 4 3780 35 3· 172

42d (1,1,2,4,6,6,8,8) I 6 7560 35 33

42e (1,1,2,4,6,6,8,8) I 8 7560 35 3

43a (1,1,2,5,5,6,8,8) 1 1 7560 33 3

43b (1,1,2,5,5,6,8,8) 1 2 3780 33 3

43c p,1,2,.5,5,6,8,8) ] 5 7560 33 26 ·3

43d (1,1,2,5,5,6,8,8) 1 6 3780 33 35

43e (1,1,2,5,5,6,8,8) 1 8 7560 33 3

44a *(1,1,3,3,6,6,8,8) 0 1 1890 0 :~

44b *(1,1,3,3,6,6,8,8) 0 3 1890 0 33

44c *(1, 1,3,3,6,6,8,8) 0 6 1890 0 33

44d *(1,1,3,3,6,6,8,8) 0 8 1890 0 3

45a *(1,1,:3,4,5,6,8,8) 0 1 7560 0 3

45b *(1,1,3,4,5,6,8,8) 0 3 3780 0 33

45c *(1,1,3,4,5,6,8,8) 0 4 3780 0 3

45d *(1,1,3,4,5,6,8,8) 0 5 3780 0 3

45e *(1,1,3,4,5,6,8,8) 0 6 3780 0 ~13

45/ *(1,1,3,4,5,6,8,8) 0 8 7560 0 3

46a (1,1,3,5,5,5,8,8) 2 1 2520 26 .33 3. :372

46b (1, ],3,5,5,5,8,8) 2 3 1260 26 ·3:1 33

46c (1,1,3,5,5,5,8,8) 2 5 3780 26 . ~i3 3 . 172

46d (1,1,3,5,5,5,8,8) 2 8 2520 26 .33 3.73 2

47a. (1,2,2,2,2,2,8,8) :~ 1 126 33
. 1092 3 .56

47b (1,2,2,2,2,2,8,8) 3 2 630 33 . lOg2 26 . :~

47c (],2,2,2,2,2,8,8) :1 8 252 33 . 1092 3.532

48a *(1,2,2,3,5,7,8,8) 0 1 7560 3a 3

48b *(1,2,2,3,5,7,8,8) 0 2 15120 33 3

48c *(1,2,2,3,5,7,8,8) 0 3 7560 33 33

48d *(1,2,2,3,5,7,8,8) 0 5 7560 33 3

48e *(1,2,2,3,5,7,8,8) 0 7 7560 33 3

48/ *(1,2,2,3,5,7,8,8) 0 8 15120 33 3



a w(3) 00 multiplicity Cl = 1 C2

49a (1,2,2 ,3,5 ,5,8,8) 1 ] 3780 33 3 . 172

49b (1,2,2,3,6,6 ,8,8) 1 2 7560 33 26 ·3

4ge (1,2,2,3,6,6,8,8) 1 3 3780 33 33

49d (1,2,2,3,6,5,8,8) 1 6 7560 33 35

4ge (1,2,2,3,6,6,8 ,8) 1 8 7560 33 3

50a (1,2,2 ,4,4,7,8,8) 2 1 3780 37 3 . 172

50b (1,2,2,4,4,7,8,8) 2 2 7560 37 3 . 192

50e (1,2,2,4,4,7,8 , 8) 2 4 7.160 37 3

50d (1,2,2,4,4,7,8,8) 2 7 3780 37 3 .732

50e (1,2,2,4,4,7,8,8) 2 8 7560 37 3

51a (1,2,2,4,5,6,8,8) 1 1 7560 33 3· 172

51b (1,2,2,4,5,6,8,8) 1 2 ]5120 33 26 ·3

51e (1,2,2 ,4,5,6,8,8) 1 4 7560 33 3

51d (1,2,2,4,5,6,8,8) 1 5 7560 33 3

5le (1,2,2,4,5,6,8 , 8) 1 6 7560 33 35

51! (1,2,2,4,5,6,8,8) 1 8 15120 33 3

52a (1,2,2 ,5,5,5,8 ,8) 1 ] 1260 33 3

52b (1,2,2,5,5,5,8,8) 1 2 2520 33 26 ·3

52e (1,2,2,5,5,5,8,8) 1 5 :H80 33 3

52d (1,2,2,5,5,5,8 , 8) 1 8 2520 33 3

53a (1,2,3,3,4,7,8,8) 1 1 7560 35 26 . ;{

53b (1,2,3,3,4,7,8 , 8) 1 2 7560 35 3

53c (1,2,3,3,4,7,8,8) 1 3 15120 35 33

53el (1 , 2,3,3,4,7,8,8) 1 4 7560 35 3

53e (1,2,3,3,4,7,8,8) 1 7 7560 35 3

53! (1,2,3,3,4,7,8 , 8) ] 8 15120 35 3 . 172

54a *(1,2,3,3 ,5,6,8,8) 0 1 7560 33 3

54b *(1,2,3,3,5,6,8,8) 0 2 7560 33 3

54e *(1,2,3,3,5,6,8,8) 0 3 15120 33 33

54d *(1,2,3,3,5,6,8,8) 0 5 7560 33 3

54e *(1,2,3,3,5,6,8,8) 0 6 7560 33 0

54! *(1,2,3,3,5,6,8,8) 0 8 15120 33 3
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a w(3) ao il1Ultiplicity Cl = 1 C2

55a (1,2,3,4,4,6,8,8) 2 1 7560 37 3· 172

55b (1,2,3,4,4,6,8,8) 2 2 7560 37 3 . 192

55c (1,2,3,4,4,6,8,8) 2 ~~ 7560 37 33

55d (1,2,3,4,4,6,8,8) 2 4 15120 37 3

55e (1,2,3,4,4,6,8,8) 2 6 7560 37 26 .33

55! (1,2,3,4,4,6,8,8) 2 8 15120 Si 3

56a (1,2,6,6,7,7,8,8) 1 1 3780 35 3

56b (1,2,6,6,7,7,8,8) 1 2 3780 35 26 . :~

56e (1,2,6,6,7,7,8,8) 1 5 7560 35 33

56d (1,2,6,6,7,7,8,8) 1 7 7560 35 3.172

5ße (1,2,6,6,7,7,8,8) 1 8 7560 35 3

57a (1,3,3,3,3,7,8,8) 2 1 630 35 3 .5:32

57b (1,3,3,3,3,7,8,8) 2 3 2520 35 33 . 17 2

57e (1,3,3,3,3,7)8,8) 2 7 630 35 3· S7:!

57d (1,3,3,3,3,7,8,8) 2 8 1260 35 3 . 192

58a (1,3,3,3,4,6,8,8) 1 1 2520 35 26 ·3

58b (1,3,3,3,4,6,8,8) I 3 7560 35 33

58e (1,3,3,3,4,6,8)8) 1 4 2520 35 3

58d (1,3,3,3,4,6,8,8) 1 6 2520 35 33

58e (1,3,3)3,4,6,8,8) 1 8 5040 a5 a.172

59a (1,3,3,3,5,5,8,8) I 1 1260 33 26 . :1

59b (1,3,3,3,5,5,8,8) 1 3 3780 33 33

Sge (1,3,3)3,5,5,8,8) 1 5 2520 33 3

59d (1,3,3,3,5,5,8,8) 1 8 2520 33 3

GOa (1,3,4,4,4,4,8,8) 3 1 630 33 26 . ~~

60b (1,3,4,4,4,4,8,8) 3 3 530 33 35 . 172

60e (1,3,4,4,4,4,8,8) ~~ 4 2520 33 3 .532

60d (1,3,4,4,4,4,8,8) 3 8 1260 33 3.56



a w(3) ao multiplicity Cl = 1 C2

Glo (1,3,4,7,7,7,8,8) 3 1 2520 33 . 71 2 26 . :i . 172

GIb (1,3,4, 7,7~7,8,8) 3 3 2520 33 . 7]2 35

Gle (1,3,4,7,7,7 ,8,8) 3 4 2520 33 . 71 2 3 . 172

Girl (1,3,4,7,7,7,8,8) 3 7 7560 33 . 71 2 :i . 2332

61e (1,3,4,7,7,7,8,8) 3 8 5040 33 .71 2 3

62a (1,3,5,6,7,7,8,8) 2 1 7560 37 3 .73 2

62b (1,3,5,6,7,7,8,8) 2 3 7560 37 ~i3

62c (1,3,5,6, 7,7,8~8) 2 5 7560 37
~~

62rl (1,3,5,6,7,7,8,8) 2 6 7560 37 26 .33

62e (1,3,5,6,7,7,8,8) 2 7 15120 37 3

62! (1,3,5,6,7,7,8 ,8) 2 8 15120 37 3 . 192

63a (1,3,6,6,6,7,8,8) ] 1 2520 35 ;)

63b (1,3,6,6,6 ,7,8 ,8) 1 3 2520 35 33

63c (1,3,6,6,6,7,8~8) 1 6 7560 35 33

6:id (1,3,6,6,6,7,8,8) 1 7 2520 35 :1 . 172

63e (1,3,6,6,6,7,8,8) 1 8 5040 35 3

64a (1,4,4,6,7,7,8,8) 2 1 3780 33 3

64b (1,4,4,6,7,7,8,8) 2 4 7560 33 3. :n2

64c (1,4,4 ,6,7,7,8,8) 2 6 3780 33 26 .33

64<1 (1,4,4,6,7,7,8,8) 2 7 7560 33 3.192

64e (1,4,4,6,7,7,8,8) 2 8 7560 33 3.732

65a (1,4,5,6,6,7,8,8) ] 1 7560 35 :3

65b (1,4,5,6,5,7,8,8) 1 4 7560 35 3

65c (1 ,4,5,6,6,7,8,8) 1 .5 75ßO 35 :1

65d (1,4,5,6,6,7,8 , 8) 1 6 15120 3~ 33

65e (1,4,5 ,6,6,7 ,8,8) ] 7 7560 35 :i . 172

65! (1,4,5,6,6,7,8,8) 1 8 15120 35 :3

66a (1,4,6 ,6,6,6,8,8) 2 1 630 35 :1 .372

66b (1,4,6,6,6,6,8,8) 2 4 630 35 3 ' 192

66c (1,4,6,6,5,5,8,8) 2 5 2520 35 33 . 172

66d (1,4,6,6,5,G,8,8) 2 8 1260 35 3.372
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a w(3) ao Illultiplicity GI = 1 C2

67a (1,5,5,5,6,7,8,8) 3 1 2520 33 .712 3· 1792

67b (1,5,5,5,6,7,8,8) :{ 5 7560 33 .712 :~ ·2;{:3:!

67c (1,5,5,5,6,7,8,8) 3 6 2520 ;)3 . 712 35

57d (1,5,5,5,6,7,8,8) 3 7 2520 33 . 71 2 3

67e (1,5,5,5,6,7,8,8) 3 8 5040 :{3 . 712 3 . 172

68a (1,5,5,6,6,6,8,8) 2 1 1260 33 :{ . :H2

68b (1,5,5,6,6,6,8,8) 2 5 2520 33 3

68e (1,5,5,6,6,6,8,8) 2 6 3780 ;{3 35

68d (1,5,5,6,6,6,8,8) 2 8 2520 33 :{ . 532

69a (1,1,1,1,1,1,1,2) 5 1 42 :{:I .2332 ;) . 29,S:{2

69b (1,1,1,1,1,1,1,2) 5 2 6 33 .2332 3 . 2393 2

70a (1,1,1,1,1,1,5,7) 5 1 252 33 .1632 3.8632

70b (1,1,1,1,1,1,5,7) 5 5 42 33 . ] 632 3.60292

70e (1, ],1,], ],1,5,7) 5 7 42 33 . 1632 3 . ]72 . 1272

71a (1,1,1,1, 1,1,6,6) 4 1 126 212 .33 :{ . 372

71b (1,1,1,1,1,1,6,6) 4 6 42 212 .33 37 . 172

72a (1, 1, I, 1, I, 2, 4, 7) :{ 1 1260 ;{3 . 1092 26 . :1

72b (1,1, I, 1,1,2,4,7) ;{ 2 252 :{3. 1092 ;) . 892

72c (1, I, 1, I, 1,2,4,7) 3 4 252 :{3 . 1092 3.532

72d (1,1,1,1,1,2,4,7) 3 7 252 ;{3 . 1092 :1.532

73a (1,1,1,1,1,2,5,6) 4 1 1260 33 .892 :{. :H4

73b (1,1,1, 1,1,2,5,6) 4 2 252 33 .892 3 . 7:{2

73c (1,1,1, 1,1,2,5,6) 4 5 252 33 .892 3 . 1092

7:{d (1,1,1,1,1,2,5,6) 4 6 252 ;33 .892 212 .33

74a (1,1,1,1,1,3,3,7) 4 1 630 ;{3 . ] 72 3 . :159 2

74b (1, I, 1, I, 1,3,3, 7) 4 3 252 :{:I. 17'2 33 .271 2

74c (1, 1, I, I, 1,3,3, 7) 4 7 126 ;{3. 172 :{ . ;10t~

75a (1,1, I, 1, 1,3,4,6) :3 1 1260 33 . 1092 26 ·3

75b (1,1,1,1,1,3,4,6) 3 3 252 ;{3 . 1092 :fl

75c (1,1,],1,1,3,4,6) :1 4 252 :{3 . 1092 3 .53 2

75d (1,1,1,1,1,3,4,6) 3 6 252 33 . 1092 35
. 172



a w(3) ao multiplici t.y Cl = 1 C2

76a (1,1,1,1,1,3,5,5) 5 1 630 :{3 .3792 26 ·3· 1072

76b (1,1,1,1,1,3,5,5) 5 3 126 33 . 3792 35 .4332

76e (1,1 , 1,1,1 , 3,5,5) 5 5 252 :{3 .3792 3 . 4;tf~

77a (1, 1, 1, 1,2,2, 4, 6) 4 1 2520 33 .1792 3.1272

77b (1 , 1,1,1 , 2,2,4,6) 4 2 1260 33 . 1792 3 . lß~{2

77e (1,1 , 1,1,2,2,4,6) 4 4 630 33 . 1792 :{ . 172 . 71 2

77d (1,1,1,1,2,2,4,6) 4 6 630 33 .1792 33 • 37 2

78a (1,1,1,],2,2,5 , 5) 4 1 1260 37 . 172 3 . 17'2 . 192

78b (1,1,1,1 , 2,2,5,5) 4 2 630 37 . 172 :~ . 1092

78e (1,1 , 1,1,2,2,5,5) 4 5 630 :{7 . 172 3 . 172 .532

79a (1,1,1 , 1,2,3,3, 6) 3 1 2520 33 3·5:{2

79b (1 , 1,1,1,2,3,3,6) 3 2 630 33 :{ . 56

7ge (l,l , l,l , 2,3,3,ö) 3 3 1260 33 35 , 172

79d (1,1,1,1,2 , 3,3,6) 3 6 630 33 33 . 1092

80a (1,1,1,1,2,3,4,5) 3 1 5040 33 3.532

80b (1,1,1,1 , 2,3,4,5) 3 2 1260 33 3.56

80e (1,1 , 1,1,2,3,4,5) 3 3 1260 33 :f'·172

80d (1,1,1,1,2,3,4,5) 3 4 1260 33 3.532

80e (1,1,1,1,2,3,4 , 5) 3 5 1260 :3 3 3.71 2

81a (1,1,1,1,2,4,4,4) 3 1 840 33 3 .2692

81b (1, I, 1, 1, 2, 4,4, 4) 3 2 210 33 3 . 172

Sie (1,1,1,1,2 , 4,4,4) 3 4 630 33 :{ . lö:{2

82a (1,1,1 , 1,3,3,:3 , 5) 4 1 840 33 .271 2 3 .2332

82b (1,1,1,1,3,3,3,5) 4 3 630 ;{3·271 2 :3 5 . 372

82e (1,1 , 1,1,3, 3,3,5) 4 5 210 33 .2712 3. :n4

83a (1,1,1,1,3,3 , 4,4) 2 1 1260 33 :{ . 17 2

83b (1,1,1 , 1,3,3,4,4) 2 :{ 630 33 3:1 • 192

S3e (1,1,1,1,3,3,4,4) 2 4 630 33 3 . 102
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a w(3) ao multiplicity Cl = 1 C2

84a (1, 1, 1, 1,3,6, 7, 7) 3 1 2520 33 . 172 :{ . 172

84b (1,1,1,1,3,6,7,7) :3 3 630 33 • 172 3~ .71 2

84c (1,1,1,1,3,6,7,7) :3 6 630 33 . 172 35

84d (1, I, I, 1,3,6, 7, 7) ;) 7 1260 33 . 172 26 ·3 . 172

850 (1, I, 1,1,4,5,7,7) :{ 1 2520 33 . 172 3.172

85b (1, I, I, 1, 4,5, 7, 7) 3 4 630 33 . 172 :3 . 2332

85e (1,1,1,1,4,5,7,7) :3 5 630 33 . 172 3 . 1792

85d (1, I, 1, I, 4,5, 7, 7) 3 7 1260 33 . 172 26 ·3· 172

86a (1,1,1,1,4,6,6,7) 2 1 2520 33 3 .732

86b (1, 1,1,1,4,6,6,7) 2 4 630 :{3 :{ . 172

86c (1,1,1,1,4,6,6,7) 2 6 1260 33 37

86d (1,1,1,1,4,6,6,7) 2 7 6;{0 :{3 3

87a (1,1,1,1,5,5,6,7) 4 1 2520 33 . 372 3

87b (1, I, 1,1,5,5,6,7) 4 5 1260 33 .372 :{ . 251 2

S7e (1,1, 1,1,5,5,6,7) 4 6 630 33 . ;172 33 . 1792

87d (1,1,1,1,5,5,6,7) 4 7 630 33 .372 3 . 1632

88a (1,1,1,1,5,6,6,6) 3 1 840 :1 3 :{ . 172

88b (1, 1,1,1,5,6,6,6) 3 5 210 :{:1 3 ' 2692

88c (1,1,1,1,5,6 , 6,6) 3 6 630 3:1 :33 .532

89a (1,1,1,2,2,2,:3,6) 4 1 2520 26 . :{9 3 . 172 .71 2

89b (1,1,1,2,2,2,3,6) 4 2 2520 26 .39 3 .9192

S9c (1,1,1,2,2,2,3,6) 4 3 840 26 .39 33 . 372

89d (1, 1, 1, 2, 2, 2, :l, 6) 4 6 840 26 .39 :3 3 . 1792

90a (1,1,1,2,2,2,4,5) 4 1 2520 26 .39 :3 . 172 ·7f?

90b (1,1,1,2,2,2,4,5) 4 2 2520 26 .39 :~ .9192

90c (1,1,1,2,2,2,4,5) 4 4 840 26 .39 :3·25fl

90d (1,1,1,2,2,2,4,5) 4 5 840 26 . :3 9 3

91a (1,I,l,2,2,3,:l,5) 3 1 3780 35 • 172 :l .532

91b (1,1,1,2,2,3,3,5) :{ 2 2520 35 . 172 3.71 2

91c (1,1,1,2,2,3,3,5) 3 3 2520 35 . 172 :3 3 . 1092

91d (1,1,1,2,2,3,3,5) 3 5 1260 35 . 172 3· S92



a w(3) ao multiplicity Cl = 1 C2

92a (1,1,1,2,2,3,4,4) 3 1 3780 33 .532 3 . 1632

92b (1,1,1,2,2,3 , 4,4) 3 2 2520 33 . 532 3 .892

92e (1 , 1, 1,2 , 2,3,4,4) 3 3 1260 33 . ,132 35

92d (1 , 1,1,2,2,3,4,4) 3 4 2520 33 . 532 26 . :~

93a (1,1,1,2,3,3,3 , 4) 2 1 2520 33 . 192 3· 192

93b (1, I, 1, 2,3 , 3,3,4) 2 2 840 33 . ] 92 :~ . 172

93e (1,I,l,2,3,3,~~,4) 2 3 2520 33 . 192 35

93d (I, l,l,2,:~,3,3,4) 2 4 840 33 . 192 3 . 172

94a (1, I, 1, 21:~,6,6, 7) 2 1 7560 26 .33 3.172

94b (1,1,1 , 2,3,6, 6,7) 2 2 2520 26 .33 3 .372

94e (1,1,1,2 , 3,6,6 , 7) 2 3 2520 26 .33 37

94d (1,1,1,2,3,6,6,7) 2 6 5040 26 . :~:l 33

94e (1 , 1,1,2,3,6,6,7) 2 7 2520 26 .33 3 . 7;~2

95a (1,1,1,2,4,5,6,7) 2 1 15120 26 .33 3·17'2

95b (I, I, 1, 2,4 , 516,7) 2 2 5040 26 . :~3 3·37:!

95e (1,1,1,2,4,5,6,7) 2 4 5040 26 .33 3

95d (1,1,1,2,4,5, 6,7) 2 5 5040 26 .33 3

95e (l, 1,1,2, 4,5,6,7) 2 6 5040 26 . :~3 33

95/ (1,1 , 1,2,4 15,6,7) 2 7 5040 26 .33 :~ .732

96a (1 , 1,1,2,4,6,6,6) 3 1 2520 .33 . 172 3 . 1792

9Gb (1,1 , 1,2,4,6,6,G) 3 2 840 33 . 172 3· 17:!

ü6e (11 1,1,2,4,6,6,6) 3 4 840 33 . 172 3 . 1072

96d (1, 1, 1, 2,4,6,6,6) 3 6 2520 33 . 172 33 . 71 2

97a (1,1,1 , 2,5 , 5,6,6) 3 1 3780 35 3 . 1792

97b (1,1,1,2 , 5,5,6 ,6) 3 2 1260 3r; 3 . 259 2

97e (1, 1,1,2,5 , 5,6,6) 3 5 2520 35 26 .:~

97d (I, 1,1,2,5,5, 5,6) 3 6 2520 35 33

98a (1, I, l, 3 I :~, 3, 3, 3) 3 1 126 33 . 172 3 . 307'2

98b (1,1,1,3,3,3, 3,3) 3 3 210 33 . 172 26 .37

127



128

R W(;~) aO IllUItiplici t.y Cl = 1 C2

99a (1, 1, 1, 3, 3, 4, 71 7) 2 1 3780 ~3 . 172 3.532

99b (1,1,1,3,3,4,7,7) 2 3 2520 ;{3 . 172 33

9ge (1,1,1 , 3,3,4,7, 7) 2 4 1260 33 . 172 3

99d (1,1,1, :3,3,4,7,7) 2 7 2520 :_~3 . 172 3. :n2

100a (1, I, 1,3,3,5,6, 7) :~ 1 7560 :{3·712 3 .2332

100b (1,1,1,3,3,5,6,7) 3 3 5040 :{3 . 712 :)5

100e (1,1,1,3,3,5 ,6,7) 3 5 2520 ;{3 . 712 3

lOOd (1,1,1,3,3,5,6,7) 3 6 2520 ;{3 . 712 33 . 172

100e (1, 1, I, :{, 3,5,6, 7) 3 7 2520 :33 . 71 2 3 .172

101a (1, I, 1,3,3,6,6,6) 2 1 1260 26 .33 3· 172

10Ib (1,1,1,3,3,6,6,6) 2 ;~ 840 26 .33 :~7

10ie (1, I, 1,3,3,6,6,6) 2 6 1260 26 .33 33

102a (1,1 , 1,3,4,4,6,7) 1 I 7560 33 3

lO2b (1,1,1,3,4,4,6 , 7) 1 :3 2520 33 33

102e (1,1,1,3,4,4,6,7) 1 4 5040 ;{3 26 ·3

102d (1,1,1 , 3,4,4,6,7) 1 6 2520 33 35

102e (1,1,1,3,4,4,6,7) 1 7 2520 33 :3

103a (1,1,1,3,4,5,6,6) 2 1 7560 26 .33 3· 172

103b (1,1,1,3,4,5,6,6) 2 3 2520 26 .33 ;{I

103e (1,1,1,3,4,5,6,6) 2 4 2520 26 .33 ;{

103d (1,1,1,3,4,5,6,6) 2 5 2520 26 .33 ;{

103e (1, I, 1,3, 4,5,6,6) 2 6 5040 26 .33 33

104a (1,1,1,4,4,4,6,6) 2 1 1260 26 .33 ;~

104b (1,1,1,4,4,4,6,6) 2 4 1260 26 .33 3.372

104e (1,1,1,4,4,4,6,6) 2 6 840 26 .33 ;{7

105a (1,1,2,2,3,3,3,3) 2 1 630 35 3.172

105b (1,1,2,2,3,3,3,3) 2 2 630 35 ;{

lO5e (1,1,2,2,3,3 ,3,3) 2 3 1260 35 ;{3

106a (1,1,2,2,3,6,6,6) 3 1 2520 35 3 . 1072

106b (1, 1,2,2,3,6,5,6) ;{ 2 2520 35 26 ·3 . 172

lO6e (1,1,2,2,3,6,6,6) 3 3 1260 35 33 . 71 2

106d (1,1,2,2,3,6,6,6) 3 6 3780 35 33 . 172



a w(3) ao multiplicity Cl = 1 C2

107a (1,1,2,2,4,5,6,6) 3 1 7560 35 3 . 1072

107b (1,1,2,2,4,5,6,6) 3 2 7560 35 26 ·3 . 172

107e (1,1,2,2,4,5,6,6) 3 4 3780 35 3

107d (1,1,2,2 ,4,5,6,6) 3 5 3780 35 3 .2332

107e (1,1,2,2,4,5,6,6) 3 6 7560 35 33 . 172

108a (1 , 1,2,3 ,3,4 ,6, 7) 1 1 15120 ~~3 26 . :~

108b (1,1,2,3,3,4,6,7) 1 2 7560 33 3

108e (1,1,2,3,3,4,6,7) 1 3 15120 33 35

10Bd (1,1,2,3,3,4, 6,7) 1 4 7560 33 3

108e (1,1,2,3,3,4,6,7) 1 6 7560 :3 3 33

108! (1,1,2,3,3,4,6,7) 1 7 7560 33 3

109a (1,1,2,3,3,5,6,6) 2 1 7560 37 3

109b (1 , 1,2,3 ,3,5,6,6) 2 2 3780 37 3

10ge (1,1,2,3,3,5,6,6) 2 :3 7560 37 33

lO9d (1,1,2,3 1 3,5,6,6) 2 5 3780 37 3.192

lOge (1,1,2 ,3,3,5,6,6) 2 6 7560 37 26 . :13

llOa (1,1,2,3,4,4,6,6) 2 1 7560 33 3.372

llOb (1,1,2,3,4,4,6,6) 2 2 3780 33 3.732

llOe (1,1,2,3,4,4,6,6) 2 3 3780 33 37

llOd (1,1,2,3,4,4,6,6) 2 4 7560 33 3.192

llOc (1,1,2,3,4,4,6,6) 2 6 7560 33 26 .33

llla (1,1,3,3,3,3,6,7) 2 1 1260 33 :)

111b (1, 1,3,3,3,3,6, 7) 2 3 2520 33 35

llle (1 , 1,3,3,3,3,6,7) 2 6 630 33 33 . 17 2

lUd (1,1,3,3,3,3,6,7) 2 7 630 33 3.532

112a (1,1,3,3,3,4,5,7) 2 1 5040 33 3

112b (1,1,3,3,3,4,5,7) 2 3 7560 33 35

ll2c (1 , 1,3,3,3,4,5 ,7) 2 4 2520 33 3 .372

112d (1,1,3,3,3,4,5,7) 2 5 2520 33 26 .:1

112e (1,1,3,3,3,4,5,7) 2 7 2520 33 3.532
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a w(3) ao mul ti plici ty Cl = 1 C2

113a (1,1)3,3)3,4,6,6) 1 1 2520 33 26 ·3

113b (1, 1,3, 3,3,4, 6,6) 1 :{ 3780 33 35

113c (1,1,3)3,3)4)6,6) 1 4 1260 33 3

113d (1) 1,3)3,3)4)6,6) 1 6 2520 33 33

114a (1,1,3)6,6)6)6,7) 1 1 1260 33 3

114b (1,1,3)6,6)6,6,7) 1 3 6:~0 33 35

114c (1,1,3)6,6)6)6,7) 1 6 2520 33 33

114d (1, I, 3) 6, 6,6) 6, 7) 1 7 630 33 3

115a *(1,1,4,4)6,6,7,7) 0 I 1260 33 3

115b *(1,1,4,4)6,6,7,7) 0 4 1260 33 3

115c *(1,1)4,4)6,6,7,7) 0 6 1260 33 0

115d *(1,1,4,4,6,6,7,7) 0 7 1260 33 3

116a (1,1)4,5)6,6,6)7) 1 1 5040 33 3

116b (1,1)4,5)6,6,6)7) 1 4 2520 33 3.172

116c (1,1,4,5)6,6,6)7) 1 5 2520 33 3

116d (1,1,4,5)6,6,6)7) 1 6 7560 33 3::i

116e (1,1)4,5)6,6,6)7) 1 7 2520 ;)3 3

117a (1,1)4,6)6,6,6)6) 2 1 252 33 . 172 3. ~H2

117b (1,1)4,6,6,6,6)6) 2 4 126 33 . 172 3· 192

117c (1,1)4,6)6,6,6)6) 2 6 630 ;{3·17 2 33

118a (1,2)3,3)3,3,4)8) 2 1 1260 35 3

118b (1,2,3,3,3,3,4,8) 2 2 1260 35 3 . 192

118c (1,2)3,3,3,3,4,8) 2 3 5040 35 ~~3 • 172

118d (1,2)3,3)3,3,4,8) 2 4 1260 35 3.372

118e (1,2)3,3,3,3,4,8) 2 8 1260 ~~5 26 .:1

119a (1,2,3,3,3,3,6,6) ] 1 630 35 3

119b (1,2,3,3,3,3,6,6) 1 2 630 35 3.172

119c (1,2,3,3,3,3,6,6) I 3 2,520 35 33

119d (1,2)3,3,3,3,6,6) I 6 1260 35 33



a w(3} (LQ multiplicity Cl = 1 C2

120a (1 , 2,3,3,3,4,5,6) 1 1 5040 a5 :1

120b (1,2 ,3,3, 3,4,5,6) 1 2 5040 35 3 . 172

120c (1,2 , 3,3,3,4,5,6) 1 3 ]5120 35 33

120d (1,2,3,3,3,4,5,6) ( 4 5040 3° 3

120e (1,2,3 , 3,3,4,5,6) L 5 5040 3fi ;)

1201 (1,2,3 , 3,3,4,5, 6) L 6 5040 35 33

121a *(1,2,3,3,6,6,7,8) 0 1 3780 0 3

121b *(1,2, 3,3,6, 6,7,8) 0 2 3780 0 3

121c *(1,2,3,3,6,6,7,8) 0 3 7560 0 33

121d *(1,2,3,3,6,6,7,8) 0 6 7560 0 33

121e *(1,2,3,3,6,6,7,8) 0 7 3780 0 ;)

1211 *(1,2,3,3,6,6,7,8) 0 8 3780 0 :3

1220 *(1 , 2,3 , 4,5,6,7 ,8) 0 I 5040 0 :{

122b *(1,2,3,4,5,6,7,8) 0 2 5040 0 3

122c *(1,2,3,4,5,6,7,8) 0 3 5040 0 33

122d *(1,2, 3,4,5,6,7,8) 0 4 5040 0 :1

122e *(l,2,3,4,5,6, 7,8) 0 5 5040 0 :{

122/ *(1,2,3,4,5,6,7,8) 0 6 5040 0 33

1229 *(1,2,3, 4,5,6,7,8) 0 7 5040 0 3

122h *(1 , 2,3,4,5,6,7 ,8) 0 8 5040 0 3

123a (1,2,3 , 6,6,6 ,6, 6) 2 1 252 3[, :1 . 19 2

123b (1,2,3,6,6,6,6 , 6) 2 2 252 35 3. :n2

123c (1,2 ,3,6, 6,6,6,6) 2 ;) 252 35 33

123d (1,2,3,6,6,6,6,6) 2 6 1260 35 33 . 172

1240 (1,3,3,3,3,3,3,8) 3 1 42 39 :{ ·7:{2

124b (1,3,3,3,3 ,3,3,8) 3 3 252 39 26 . :1 3

124c (],3,3,3,3,3,~,8) :3 8 42 39 ;{ . ] 72

1250 (1,~,3,3,3,3,4, 7) ;) 1 84 :{3 .56 :{ ·7:{2

125b (1,3,3,3,3 ,3,4,7) 3 3 420 33 .56 39

125c (1,3,3,3,3,3 ,4,7) 3 4 84 33 .56 ;{ . 7;{2

125d (1 , 3,3,3,3,3,4 , 7) 3 7 84 :13 . 56 3.732
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a w(3) Uo multiplicit.y Cl ;::: 1 C2

126u *(1,~,3,3,6,6,6,8) 0 1 420 0 ;)

12Gb *(1,3,3,3,6,0,6,8) 0 3 1260 0 ~~3

120c *(1,3,3,3,6,6,6,8) 0 0 1200 0 33

126d *(1,3,3,3,6,5,0)8) 0 8 420 0 :~

127a *(1,3,3,4,0,0,0,7) 0 1 840 33 3

127b *(1,3,3,4,6,D)6,7) 0 :~ 1080 33 0

127c *(1,3,3,4,0,0,6,7) 0 4 840 33 3

127d *(1,3,3,4,6,6,6)7) 0 6 2520 33 33

127e *(1,3,3,4,6,6,6,7) 0 7 840 33 3

128a (3,3,3,3,3,3,3,6) 3 3 14 39 26 .33

128b (3)3,3,3,3,3)3,6) 3 5 2 39 33 .56

129a *(3,3)3,3,6)ß)5,ß) 0 3 35 0 33

129b *(3,3,3,3,6,6,6,6) 0 6 35 0 33
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(b) Let rn = 6, 11 = 4, p = 7. The following table records thc values of

for Cl = 1 anel C2 = (5, 1, 1, 1, 1, 1), with a running through a list of represcntati ves of
the isolll0rphisI11 classes of twisted F'ennat nlotives. As usual, wc break the 24 iS01110r­
phislll classes of Fennat ITIotives into subclasses deternlined by tbc first cocfficient, (ta.

Supersingular 1110tives a.re Ina,rked by an asterisk.

number a w(2) ao multiplicity Cl :::;:: 1 C2

la (1,3,5,5,5,5) 1 1 10 ] 3

lb (1,3,5,5,5,5) 1 3 10 1 ~~3

le (1,3,5,5,5,5) 1 5 . 40 1 22 . ~~

2a *(1,1,1,5,5,5) 0 1 10 22 3

2b *(1,1,1,5,5,5) 0 5 10 22 3

3a (1,4,4,5,5,5) 1 1 20 22 ·3 1

3b (1,4,4,5,5,5) 1 4 40 22 ·3 3;{

3e (1,4,4,.5,5,5) 1 5 60 22 ·3 52

4a *(1,1,2,4,5,5) 0 1 60 0 1

4b *(1,1,2,4,5,5) 0 2 30 0 3

4c *(1,1,2,4,5,5) 0 4 30 0 3

4d *(1,1,2,4,5,5) 0 5 60 0 1

5a *(1,1,3,3,5,5) 0 1 30 22 3

5b *(1,1,3,:3,5,5) 0 3 30 22 0

5c *(1,1,3,3,5!5) 0 5 30 22 3

6a *(1,2,2, 3,5! 5) 0 1 60 3 1

6b *(1,2,2,3,5,5) 0 2 120 3 0

Be *(1, 2, 2, ~3, 5, 5) 0 3 60 3 1

6d *(1,2!2,3,5!5) 0 5 120 3 22
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number a w(2) 00 multiplicity Cl = 1 C2

7a (1, 1, 1,1, 1,1) 2 1 2 1:12 3.52

8b (1 , 1,1,1,4,4) 1 1 20 :~ I

8e (1,1, 1,1,4,4) 1 4 10 ;~ :13

9a (1,1,1, 2, ~~,4) ] 1 120 a:~ 24

9b (l,l,I,2,;{,4) 1 2 40 33 ;)

9c (1,1,1,2,3,4) 1 3 40 3:~ 1

9d (1,1, 1,2,:~,4) 1 4 40 3~ 22 ·3

10a (1,1, 1,3,:~,3) 1 1 20 I 22 ·3

lOb (1,1,1,3,3,3) 1 3 20 ] :13

lla (1,1,2,2,2,4) 1 1 40 24 :1

11b (1,1,2,2,2,4) 1 2 60 24 1

lle (1,1,2,2,2,4) 1 4 20 24 52

12a (1,1,2,2 , 3,3) 1 1 60 22 ·3 52

12b (1,1 , 2,2,3,3) 1 2 60 22 ·3 ;{3

12c (1,1,2,2,3,3) 1 3 60 22 ·3 24

13a *(1 , 1,4, 4,4,4) 0 1 10 I 3

l:{b *(1,1,4,4,4,4) 0 4 20 1 I

14a (1,2,2,2,2,3) 1 1 10 52 :{3

14b (1,2,2,2,2,3) 1 2 40 .5 2 24

14e (1,2,2,2,2,3) 1 3 10 52 3

15a *(1,2,2,4,4,5) 0 1 30 22 :{

15b *(1,2,2,4,4,5) 0 2 60 22 1

15e *(1,2,2,4,4,5) 0 4 60 22 1

15d *(1,2,2,4,4,5) 0 5 30 22 3

16a *(1,2,3,3,4,5) 0 1 60 0 I

16b *(1,2,3,:1,4,5) 0 2 60 0 3

16e *(1,2,3,3,4,5) 0 3 120 0 22

16d *(1,2,3,3,4,5) 0 4 60 0 3

16e *(1,2,3,3,4,5) 0 5 60 0 1

"~ - .



number a w(2) Uo multiplicity Cl = 1 C2

17a *(1,2,3,4,4,4) 0 1 40 ] 0

17b *(1,2,3,4,4,4) 0 2 40 1 1

17c *(1,2,3,4,4,4) 0 3 40 1 3

17d *(1,2,3,4,4,4) 0 4 120 1 22

IBa *(1, 3, ~~,3, 3,5) 0 1 5 22 3

18b *(1,3,3,3, :~,5) 0 3 20 22 0

IBc *(1,3,3,3,3,5) 0 5 5 22
:~

Iga *(1,3,3,3,4,4) 0 1 20 3 22

19b *(1,3,3,3,4,4) 0 3 60 3 1

19c *(1,3,3,3,4,4) 0 4 40 3 0

20a (2,2,2,2,2,2) I 2 2 33 3

21a *(2,2,2,4,4,4) 0 2 10 0 3

21b *(2,2,2,4,4,4) 0 4 10 0 3

22a *(2,2,3,3,4,4) 0 2 30 22 1

22b *(2, 2, ~~, 3, ", 4) 0 3 30 22 0

22c *(2,2,3,3,4,4) 0 4 30 22 1

23a *(2, 3, ~~, 3, ~~, 4) 0 2 5 0 3

23b *(2, 3, ~~, 3, ~{,4) 0 3 20 0 22

23c *(2,3,3,3,3,4) 0 4 5 0 ~{

24u *(3,3,3,3,3,3) 0 3 1 22 0
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