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Topological Entropy Versus Geodesie Entropy

Gabriel P. Paternaill*

Abstract

Miguel Paternaint

\Ve show timt for a. compacl. RielllaIlllian IIIauifold /vi, the geodesic entropy
-defincd as the expollential growth rate of the average llumber of geodesic seg­
ments betwecll two points- is ::; tllf\.ll the topological entropy of the geodesic
flow of M. "fVe also show that. if k! is simply cOllllected anel N c M is a COlIl­

pact simply cOllllecteel Stl bIllall ifold, thell the exponen tial growth rate of the
seqtlence giVCll by tlLe Betti II1ll11hers of the space of paths starting in N a.nd
ending in a. fixcd point of Al, is bOlluded above by the topological entl'0py of
the geodesic flow Oll the normal sphere hundle of N.

1 Introduction

Let M be a eOll1pact. ol'iented Ce<.> RielllfLlll1ian lnanifold aud let N C M be a C0111pact
oriented subn1anifold. Fix p E ft,1 and ..\ > O. Denote by 71N(P, A) the nun1ber of
geodesie seglnents leaving orthogonally frOln N and tenninating at ]1 with length
~ A. If p is not a [oeal point of 1\' one can see that. Tl,N(p,..\) is finite. Define

where f-l is the Inea..'Hlre il1dueed by t.he Rielllanllian ~t.ructure. Integrals of this sort
were already considered in [1] wheu N is a. point anel in [4] when N is a totally-geodesic
hypersurfaee. We deRne aN t.o be the llUlllbel':

(1)

All these lltllllbers are Rienuulllia,u illVa.l'iil,llts anel HOIIlChow 111eaSUre the con1plexity
of the geon1etry of geodesics leaving Ol'thogollally froll1 CL sublllanifold. In Section 2 we
will prove using YOIlldin's Theorelll [8] tltCLt all these invariants are bounded above by
the topological ellt.ropy hto1J of the geoelesic ftow. Such abound was al ready obtained

·Supported by the l\'la..x-Planck-lllst.il.llt. für r\'lat.hematik aud by a t.ravel grant. from CDE. On
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in (7] and implicitly used in {2, Section 2.7] when N is a point. As an application
of this generalization we will show the following: let n(zJ, (j,..\) denote the number of
geodesic segment.s bctween p and q with length :::; A, then

limsu],,\_+oo~ log r n(IJ, f[, .r\)d'L(]J)(IIL(q) ~f hgeod ~ htop '
A JMxM

The nUlnber hgeod cau be rcgarded as the geodesie entropy of the Rielnannian metrie.
Reeently r.,1ane [6] proved that also one l1as hgeod ;::: htop •

In Section 3, we will show that if 111 anel N are simply conneeted there exists a
eonstant C > 0 depeuding only on the geonletry of M and N such that if 0(1', N)
denotes the Hilbert lnanifold of path.s frolll N to p then for k ;::: 1

k 1
~ hi ( !1 (1', lV)) ::; V01 (Al) IN (C k ),

where bj (!1(p, N)) are the Betti ntlInbers over a fixed fielel. This was proved in [3]
when N reduces to a point. Finally, as a. eorollary, we relate the exponential growth
rate of the sequence hi(O(p, N)) wit.h t.he topologicaJ entropy of tbe geodesie flow on
the nonnal sphere bundle of N.

We would like Lo thank D. GroInoll allel rvf. Sebastiani for useful cOlnments and
suggestions.

2 An upper bound for the geodesie entropy

Let M be a compact oricnted Rielna,lIl1ian l11allifold allel let N C M be a eOlnpact
oriented sublnanifolel. \·Ve will rleIlot.e by T /'Il1. t.he nonnal bundle of N and by
SN.L the (unit) nonnal sphel'e bundle. Set D l\',t = {v E T N.L : 11 v 11::; A} and

SNt.L = {v E T N 1. : 11 v 11 = t}.
lf TM denotes the tangent bundle of /11 anel 1r : TM -. Al denotes tbe canonical

projection, then the exponetlt.ial lna.p is e1:p = 1r 0 4>1 where <Pt : T A1 -. T A1 is the
geodesic flow. Finally exp.L : TN1. -. ~1 will denote the restriction of exp to T N.L.

Let HS recall t.bat a point. I' is called a. [aeal point of N if it is a. singular value
of exp.L. By Sard 's Theorenl t.lie .set. of roca.l points F(N) lia.-; Ineasure zero in M.
Recall thc definition of IN(A) froln the lntroduction. Now we will prove:

Proposition 2.1 IN(.r\) ::; J~\ Vol(4)t(SN1.))dt, wher'e Vul(4)t(SN.L)) stands for the

Riemanniau vol1l1ue of 4>t(SN.L) with n:.spcct 0/ the cltuonica[ rnetric of TM.

Proof: Let w denote the Rienlannia.J1 volurne elell1ent and let (exp.L )*w denote the
pull-back of wunder the 1l1ilV e;t:]J1.. Tbc saI11C argUI11elÜS a.s in [1, 4] show that if

p ~ F(N) then nN(I',.r\) is finite, IN(.r\) is weil defined and

JN ( .r\)::; r I (e:1: 1'1. rw I,
JDNf
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or in other words
I N (:\);:; j I llet d(exp.l)v) I dv.

DNt

Using Fubini's Theorelll allel the Gauss Lelluna we obtain:

{ Idet d( eX]J.l)lI Idv = (" dt ( I det d(exp.l)v Ir (S'NJ.) Idv =
JDNt Ju JSNr ".. I

r>' fU] I det d7r1Jt(v) 11 def (dcjJdtl ITtI(SN.L) I dv;:;
Ju SN.L

1~ dt hNi I det (d,ptlv IT.(SNi)1 dv,

which yields the desired ineql1ality.
o

Let htop(Y) denote the topologicaJ elltropy of the geodesie flow with respect to the
set Y C SA1; htop will always sta.nd for htop (Sft1). Recall the definition of aN in (1).

Proof: YOllHlin 's TheorelI1 gives (cL [2, 8]):

lim.~ul"_+oo~ log Vol(,p,(SNJ.)) :::: h'op(SNJ.),

so the corollary follows directly frolll tolle last proposition.

Corollary 2.3 hgeod ::; h top '

o

P1'oof: Let ß denote t.he diagona.l ill A1 X A1 aud consider in ft1 x A1 the product
Inetric. Then if :c = (]J, q) E A1 x Atl one has t.hat. n(p, fJ,:\) = n6(x,72') since a
geodesic segnlent betwecll l' allel fJ with lellgth L COl'l'csponcls to a geodesic in M x M
leaving orthogonally 1'1'0111 .6. and tenninating at :1; with lengt.h "7iL. Thus froln the
definitions it follows that

1
hy~od = /2a~. (2)

Now consider the lllap f : S(ft1 x A1) ~ SI given by f(vI' V2) = (11 vIII, 11 V2 11). Since
f is a first integral of the geodesie flow Oll S( /11 x /11) it follows tha.t htop ( S( A1 x M)) =
sUPcES1htop(f-I(c)). But if we write c = (:c,y) then htop (f-l(C)) = (x + y)h top and
thus the topological entropy of the geodesie fiow of A1 X /11 equals V2 htop . Now the
corollary follows by C0111billillg the equa.t.ion (2) wit.h Corollary 2.2.

o
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3 The path space D.(p, N)

Suppose now that A1 is a. COll1pact silnply connected 111anifold and N C M a compact
silnply connected sublna.nifold. Choose a triangulation of Al addapted to N and let
C:1 k (M) anel C:1 k (l\r) denote tbe k-skeleton of M anel N respectively.

Take a point ]) E A1 anti consider 0(1', N), the Hilbert lnanifold pf pat.hs starting
from a point in Ar allel eneling in p. Denote by O(p, N) the subspace of !1(p, N)
given by all piece-wise linea.r paths respect to the chosen triangulation. Following
Gromov ([3]) we observe t.hat Ö(p, N) has a natural cell-decolnposition as folIows. A
path I E n(p, N) cau be ident.ified wit,h the sequence of sin1plices 0"1, ... , O"r that it
touches on its way frOlll Ar to I); in this fashion a cell in O(p, N) can be thought as
the cartesian prodllct 0"1 X ... X O"r where two cOllsecutive silnplices O"i, O"i+1 are faces
of one simplex. Note tbat dirn (J'j can be any vallle between 0 anel dirn M.

We will now show that t.hc argunlellt.s in [3] extcnd to the case of the path space
O(p, N). Since A1 anel l\r are siInply connecteel t.he inclusion tnap

is hOITIotopic to a constallt. lnap (q, q) E (/\1, N) witlt hOlllOt.Opy

By the hOiTIotopy extension lellllna (re1a.ti ve versioll, cL [5, Corollary 4-10]) Yt can be
extended to a hOIllotopy

Gt : (iH 1 l\') ---+ (1'1, IV)

so that Go is the identity nlap allel 0' (~f GI contracts the I-skeleton of M to a point
q E N. Moreover, Gt can be chosen snlootlt.

Suppose now A1 has CL Riclnanniall lnetric a.nel let L : O(p, N) ---+ R be the
length functional. Note that a SlllOOt.li 1I~a.p f : (Pd, N) ---+ (A1, N) induces a map
j : O(p, N) ---+ O(f(])), I'l). \\Te will prove:

Lenlma 3.1 Then~ exisl.s fl CO 'IlstflU I. C > ÜJ dependiug only on M and N such that
the natura/rnnp

is surjeetive for i ::; k nnd all k .2: 1 and any ]J E A1.

Proof: First observe that O(]" IV) ha~ tlle satne hOlnotopy type as O(p, N) and it
is independent of the point ]J E 1'.1. Hence t.he lellllna. is a consequence of the following
claim: there exists a constant C > 0 elepending olllyon 111 anel N so that

for all k ~ 0, wltere 6- is thc induced ma.p by a.
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Consieler a cell (ji X ... X (Jr in 0.(1', N) with di1n (UI X ... X ur) ~ k. Take a path
I in this cell. Since 0' seuels the I-skeleton to a point we observe that

for sOllle constant J( > O. Call d the Inaxinnll11 of the diameter of 0.11 positive
dimensional sinlplices in tlte triangulation. Thcll clearly

Thus L(&(1')) ~ J( rlk. If we set C = J(d we obtain the clail11.
o

Corollary 3.2 /f P rt F( N) lheu L:7:::: 1 bj(O(p, N)) ~ 'fl.NÜJ, Ck) for (L/l k ;::: 1J where
C > 0 is the const(J.ut f1'o'11l thc prcvi()"us lenuna. und the Bctt.i nU1ubers bi (f2(l', N)) are

laken over a fixer! field.

Proof: If p rt F(N), thell t.he lengt.1I functiollal L is cl ~1orse function on O(p, N).
The critical points of L are pl'ecisely the geodesics leaviug orthogonally from N and
ending in p. Bence 11N(p, A) is llot.hillg but tbc ntllnber of critical points of L with
length ~ A. If wc set, (l.'l it is llsual, O'\(p, N) = L-1 [0, Al, t.he Morse inequalities
imply:

r

L bi (!l"(p, IV)) :::; 1I.N (jJ, A),
i=l

where l' is such that bi ( n:' (lJ, N)) = 0 1'01' i > .,..
But frol11 Lenuna 3.1 we kllOW that bi ( n(p, J\T)) :::; Ui(nCk (p, N)) for i ~ k anel the

corollary folIows.
o

Define now '''N (J,'i:

1 k
TN = U·m..suPk_+OOj; log L lJi(f!(p,J\')).

j=l

Corollary 3.3 For all k 2::: 1 wc !t(Wl: t,!tat

k 1 1 rCk

~bi(n(jJ,lV))::; Vol(!l1)JN (Ck) ~ Vol(A1) Ju Vol(<pt(SNJ.))rlt,

where C > 0 is lhe constaut fl'O'1n LC'1Iuna. 3.1. 111orcover,
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Proof: It fol1o\\'s directly by integratioll frOlll the previous corol1ary, Proposition
2.1 anel Corol1ary 2.2.

o

Remark 3.4 The lltunber 'rN cau thought as a llleasure of tbe "complexity" of tbe
embedding N t......+ A1. Ir this elnbedclillg is COlllplicatecI, i.e. if rN > 0, then Corollary
3.3 says that tbe topological elltl'0py of the geoclesic flow over the set SNl. is positive.
In tbis way Corollal'Y ~t3 could be regarcIecl as fol1ows: the "cOlnplexity" of the
embedcling is bounded by tlle dYlnalnics of tlle geocIesic flow on the nonnal sphere
bundle.

Final1y note that COl'olla.ry :t:_~ lias t.he following interesting application. Let M
be a siJnply conneet,ed COIJJjJfI,Ct HWllifo/d and Pi C A1 Cl siJnply conlled,ed cOlnpact
subnJitnifold. Then if evel:Y geodesie lea.villg ort./logonally fronl N returns ortlJogonally
to N at constant, t,hne, t,hen 2:7:;::1 hi (f1(]" !'i)) gro\Vs at 11108t, like k. IncIeecl since there
exists T > 0 so that <PT(SN.L) = Sl\f.L, it follows that Vul(4)t(SN.L)) is bounded
which ilnplies the clailll via Corollary :3.:3.
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