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EVERYWHERE NON REDUCED MODULI SPACES

(Fabrizio Catanese, Universita di Pisa)

Introduction

The purpose of this article is to show how often the moduli

spaces of surfaces of general type can be everywhere non reduced

in the case when the canonical bundle K
S

is not ample. On the

other hand, by giving a simple criterion which implies that this

roust happen, we are in fact able to subsume almost all the pre­

viously known examples of obstructed deformations in dimension 2

as particular issues of a very general situation; we produce also

infinite series of examples, showing in particular that all non

Cartier divisors of rigid 3-dimensional weighted projective spaces

give rise to this pathology.

Ta be .more··precise, let V be an algebraic variety with a

finite group Aut(V) of automorphisms (e.g., cf. [Mal, if V 1s

of general type); then, if V admits aspace of moduli ffi(V)

(cf. [Mu 2]), locally (i.e. in an analytic neighbourhood of the

point of m(V) correspoding to V) m(V) is the quotient of the

base Def(V) of the Kuranishi·family of deformations of V by

thegroup Aut (V)" . (cf-. [Wa]). It· i5 clear that in this ·case m.(-\l)­

1s (locally) everywhere non reduced, e.n.r. for short (i.e.,

~verywhere ~i~g~lar) if and only if Def((V) 1s e.n.r ..
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We recall the classical terrninology:

structed deforrnations if the germ Def(V)

V is said to have- ob­

is singular. The stronger

condition that Def(V) be e.n.r., i.e. everywhere singular, ean thus

be referred to as V· -having "everywhere obstructed deformationslI, and

has been regarded up to now as a very pathological phenornenon.

The first example of algebraic varleties V with Def(V)

e.n.r. is due to Kodaira and Mumford ([Ko], [Mu 1]) : here, though,

V and its deforrnations are blow-ups of ~3 , henee there are no

birational moduli.

After several examples of obstructed deformations were ex-

hibited,· e .g. by Kas ([Ka 1], [Ka 2]), by Burns and Wahl ([B-W]),

by Hor ikawa ([ Har 1 ] ), then Hor ikawa [Hor 2] and, later, .Miranda

([Mi]) gave examples of surfaces of general type S (respectively

with .p = 4,7, K2 = 6 , 14) for whieh Def(S) is e.n.r.
g

Their approach was through the classification of all the

surfaees with those invariants (Miranda uses Castelnuovo's classi­

fieation [Cas] of surfaces with K
2 = 3 Pg: - 7 and IKS I birational).

In both cases the outcome is that the canonical bundle KS is not

arnple for all the surfaces corresponding to the points of a compo-

nent of the moduli space. This research started when I tried to

find a direct proof that Def(S) was e.n.r., and I noticed

that for both examples the singular canonical models were hyper­

surfaces in a 3 dimensional projective space (respectively

Xg c~(1,1,2,3), X
7
c~(1,1,1,2)) admitting a double cover
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ramified on the singular point and a (disjoint) canonical di-

visor.

It became clear that the essential point had nothing to da

wi th ·the fact that these two surfaces lie on extremal lines of

surface geography, it was instead the common feature of X being

the quotient of a smooth surface Z by ~/2 in such a way that

all deformations of X remain singular.

In fact, already Burns and Wahl ([B-W]) had already intro-

duced the philosophy that one may have obstructed deformations

if KS is not ample, i.e. the canonical model X is singular.

I would like parenthetically to point out that in their examples

of obstructed deformations X is a surface with many nodes so

that, by Beauville's beautiful remark in [Be], X has many double

covers ramified only at the nodes, and thus one falls again in

our general picture, which is as follows.

Main Theo~em Let Z be a ~mooth ~u~6aee with Def(Z) ~mooth,

and let G be a 6inite g~oup aeting on Z in ~uch a way that

X = z/G ha~ ha~ only R.V.P.'~ (Rational Vouble Point~) a~ ~in­

gula~itie~ and i~ indeed ~ingula~. Let p: Z ~ X be the

quotient map, and a~~ume that the 6ollo~ing inelu~ion 06 hheaveh

(0 • 1 . ) w
X

induce~ an injective map between the 6i~~t eohomology g~oup~.
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~ufLj~C.t~ onto th~n, i6

5 i~ th~ minimal fL~~oiution 06 ~ingulafLiti~~ 06 x, th~n

(0.2.) Def (5) i~ a pfLoduc.t Def(Z)G)( R , Wh~fL~

Def(Z)G i~ a ~mooth ~eh~m~ and R i4 a non fLedue~d, eonn~et~d,

O-dim~n~ional 4eh~m~ who~~ l~ngth n ean in 6aet b~ afLbitfLafLily

laJtg ~. 0

It is important to observe that the two cohomological con-

ditions are quite reasonable, since the first is verified if

Wx is sufficiently ample, and the· second one is automatically

verified if p is unramified in codimension 1.

Roughly speaking, the first condition guarantees that all

the deformations of X are equisingular, the second one that all

the equisingular deformations of X come from deformations of

Z which preserve the action of G .

This is the simple idea, and the technique uses , beyond

other tools, a useful criterion by Pinkham ([Pi]) I which clarifies

and extends previous results of Kas[Ka2] and Burns-Wahl [B-W].

As we already mentioned, our criterion implies that K
S

is

not ample for all the surfaces corresponding to the points of a

component of the moduli space , and so we regard our criterion as

a sort of explanation of this pathology.
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In fact it makes us still confident about the validity of

the following conjecture [Cat] if S is a surface of g~neral

type with q = 0 and KS ample, then the moduli space m(S)

is smooth on an open dense set.

As to the further contents of the paper,§ 1 contains the

proof and a more general version of the basic criterion above.

§ 2 is devoted to examples where p: Z ->- X is unramified in

codimensiort 1, and we show in particular that if G acts on a

3-fold W, -then for all the hypersurfaces Z of large degree

we obtain e.n.r. moduli spaces. We also use a slight generaliza-

tion of Kas' surfaces [Ka2] , to show that the ratio between

tangent dimension and dimension of Def(S) can be arbitrarily

large. Finally most of our effort is spent in § 3 to analyze,

the somehow 11most simple" example, the one of hypersurfaces X

in a weighted projective space W .

We have in fact that the examples of Horikawa and Miranda

belong to the huge class of non-Cartier hypersurfaces X in a

weighted projective space ~ = W(1,1,p,q) with p,q relatively

prime.

We first classify all the X's as above with R.D.P.'s,

then we apply our criterion.

The striking result is that in this case the deformation

space of S is always e.n.r. The underlying philosophy is the
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following: if X cF3 , then all small deformations of X

still surfaces in w3 (cf. [K-S)) i whereas (cf. § 2,

are

Xa cF(1,1,2,2)) this is no longer true in general for all

weighted Fis, it is true if F has isolated singularities and

is thus rigid, and then one gets an e.n.r. deformation space be­

cause of the infinitesimal deformations coming from the singula-

ri ties of lP .

Acknowledgements: I would like" to thank R. Miranda for arousing

my interest about the problem of e.n.r. moduli spaces and for

sending me his preprint [Mi].

The paper grew out of a talk I gave at the problems seminar

of Columbia University, during the special year on Algebraic

GeometrYi there H. Pinkham pointed out that the infinitesimal

computation of the obstruction map that I needed was already

available in his earlier paper ([Pi]), and I thank hirn heartily

for this precious help.

Thanks for the warm hospitality go to Columbia University

and to the Max-Planck-Institut, where I could finish the fasti­

dious computations of § 3 and write the final version.

Finally, the results of this paper were announced at two

Conferences, where my participation was supported by G.N.S.A.G.A.

of C.N.R. and the Italian M.P.I.
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Notation

S a complete smooth minimal surface of general type over ~

For any variety X ,

n~ is the sheaf of Kähler differentials,

1 is the sheaf of vector fields, and, if is8x = Hom~ (~X'~X) B

any subsc~eme of X with ideal sheaf 1B
, 8x ( - log B) is the

subsheaf of vector fields carrying d (I B) into I B .

If B is reduced, NBlx' the equisingular normal sheaf of B

X , is the quotient 8x /8 x ( -log B) (cf. [Cat], 9.16, 9.17).

Wx is the dualizing sheaf (here an invertible sheaf, since X

shall be Gorenstein)

Def(X) , if X is complete, is the basis of the semi-universal

family of deformations of X (cf. [Gr])

For a vector space V, V* denotes its dual space.

If G is a finite group acting on a vector space V, VG de­

notes the subspace of invariant vectors.

If G is a finite group acting on a variety Z , G denotesz
the stabilizer of a point z .

If p: Z~ X = Z/G is the quotient rnap, and F is a G-

linearized sheaf, G denotes the G-invariant part of thep*(F)
direct image.

A 1-point nilpotent scheme R shall be the spectrurn of a local

Artin ~-algebra of length > 1 .

in
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§ 1 The basic criterion

Let a finite group G act on a smooth (complete) variety

z .

If z E Z has non trivial stabilizer G , thenz

z f. W = U Fix (g) , where Fix (g) = {z I Ig (z ') = z'} •
gEG
g*id

Moreover, let W' c W be the 16cus in vl-Sing.~W which has

codimension 1: then for z E W' Gz is cyclic and generated by a

pseudo-reflection g , where we recall (cf. [eh]) that

Def. 1.1. g is a pseudo reflection if g is an automorphism of

Z of finite order n s.t. for each point z of Z

either a) i
g (z) * z for i < n ,

or b) there exist local coordinates (tl' ... t
m

) around

z such that

(1.2.) g (tl' ••• t m) = (t 1 '

(where

,t 1,st)rn- m

i5 a primitive th
n root of unity)

Lemma 1.3. If g is a pseudo reflection, let XI = Z/g , let

pi: Z --+ X' be the quotient .map and let BI be the (srnooth)

branch locus of pi •
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Then there are natural isomorphisms

Proof. Both jV,j are naturally defined and are clearly iso­

morphisms on the open sets where pI is unramified.

If pi (z) = x , g(z) =".z , we take loeal coordinates as in

('.2.) and then the proof follows from a direct cornputation.

o

We set now Z 11 = Z-(W-W') = {z Gz is generated by a pseudo-

(p*e z) ~ 8x( - log B) is an isomorphism,

is injective, an isomorphism on xO ,

reflection}, so that codim (Z - Z 11 ) ~ 2, X = Z/G , let

p : Z --+ X be the quotient map, and finally set X" = p (Z 11

Lemma 1.4. Let B be the (reduced) branch locus of p: Z ~ X =

= Z/G, xO = X - Sing X, i: xO Co.....+ X the inclusion map. Then

the natural homomorphism

whereas n1 c j v (n ' )GX >p* Z

and p*(n~)G'equals i*(f2'O)
X

Proof. By (1.3.) the assertion is true on the open set XII c xC

Since codim (Z-Z" ) j;: 2 and' 8· Z
, n1 are locally free, if

Z
G 11

i" . X" ~ X is the inclusion, p* (eZ) = (i '* (eXil ( - log B).
1 G 11' 1 1and p* Olz) = (i* )(f2 n) = i*(~ 0)

x x
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11

We have now to show that 8
X

( - log B) ~" (i ) * (8
X

11 ( - 10gB) )

is an isomerphisrn. This fellows since 8X( - log B) is torsion free

(if v 1s a vector f ield, f 1s a function and v (df) IX 11 E=: 1
BnX

11 ,

then v(df)"E 1
B

) , hence we have an injective homombrphism of which

j gives an inverse.

Finally, the inclusion ~X c p~~z shows that jY is injective

Q.E.D.

We let now ~ : S -+X be aresolution of singularities of X,

and Y be the normalization of the fibre product Z Xx S .

We then have a diagram

Y tp); 5

(1.5.)

z p > X

and we set y
O = Y-Sing (Y) 5° = 5 - <p (Sing y)

ZO = Z - E(Sing(Y))

Proposition 1.6. Für any invertible sheaf C on X, we have
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HO(n 1 ~ -rr*C) ii HO (r2 1 ~ p*C)G
S . Z

Proof. By abuse of nota tion we shall identify C with i ts pull-

backs, which we shall consider endowed of their natural lineari-

~ation (notice that G acts on Y , with quotient s).

is a

= HO 01.10 ~ C)
S

= HO(01 ~ C) G
YO

Since S - s° has eodim ~ 2 I

, G 1 0 1
by (1.4.) (<.p*f2yo ) = rt

so
I henee H (f2

so
~ C)

and this last elearly equals HO(n 1 ~ ()G sinee
Z

modification and Z is srnooth.

Q.E.D.

Corollary 1.7. Let Z,G, ... be as above and assume X Goren-

stein I dirn Z = 2 . Let T* be the cokernel of the sequence

Then HO(T*) ~ HO(Ext 1 (n~/~x»v and the image of HO(r) is iso­

morphie to the' eokernel of

HO(n' ~ wX) ~ HO(n' ~ 0 2 )
X 5 5

Praof. First of all 0
2

~ Ws ;; -rr*(wx) sinee the singularities
S

of X are Gorenstein quotient singulari ties., henee R.D.P.'s; so

that the second statement follows directly from (1.6.) letting
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C be w
X

By (1.4.) the above sequenee is obtained.by tensoring with

Wx the exaet sequenee of loeal eohomology

o --+-

and, as in Pinkham's article ([Pi] page 174, (4) of theorem 1),

we notice that by loeal duality the last term is' isomorphie to

EXt!1(n1 q)")v
X' X

Q.E.D.

Remark. Notice that sometimes Y is necessarily singular, "no

matter of whieh resolution S of X one takes.

I.e., there is no blow up of Z on whieh G acts as a group

genera ted by pseudo refleetions. For instance, take th~ action of

Z/4 such that (u,v) -+ (iu,-iv) : on the first blow-up there

is a point where the action has eigenvalues (i,-1) , henee this

point has to be blown up, and over it lies a point where the eigen-

values are (-i,-1), ... henee the procedure can never end.

From now on we shall assurne dirn Z = 2 , X Gorenstein (i.e.,

with R.D.P.'s only), and let S

larities of x.

be a minimal resolution of singu-
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Also we shall use freely the results of [B-W] and [Pi], in

particular we shall use the theorem of Burns and Wahl, asserting

that there is a fibre product

Def(S)

(1.8.)

Def(X)

where LX' LS are the bases of the versal family of (loeal)

deformations of the respective germs (X,Sing X) , -1(S,TT (Sing X)) .

We have that L
X

is also

smooth and ß is a finite cover with zero differential at the

origin ß is a direct product, over the singular points of X

of the quotient maps

(1.9.) H 1. (e )
E,x S

Ext 1 (01 q) ,
X,x, X,x

where Ex = n- 1 (x) ,and

aeting on the veetor space

Wx is the Weyl group of the singularity

1
HE (e S) •

x

Let us now look at the maps of ta~gent spaces at the base

points induced by diagram (1.8.): it fits into a larger diagram

(where E = U E )
. 1 XX slngu ar
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(1.10) H1 (8
5

)
): 1 .~

°( HE (8 5 ) ~

/1 1 H2 (8
5

)
11

O~
1

Ex t
1 (n~, ~X) HO (Ext 1 (n~,~X)) H2 (8

X
)H (8 X) -+ -+ ~

11
TX

1Here the inelusion of HE (8 S ) 1s induced by the sequence of loeal

cohomology ([B-W] 1.3), on the other hand Burns and Wahl prove that

n*8 S = 8X ' so that the Leray speetral sequence for the map TI

(cf. [Pi] page 176) gives the sequence

plus the isomorphism H2 (6x) ~ H2 (6
S

)

splitting

thus we obtain the

(1.11)

On the other hand, (cf. [Pi]), the lower exaet row of (1.10) is

given by the Ext spectral sequence, and Pinkharn proves that

(1.12) ob is dual, via Grothendieck duality, to the rnap
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a

corresponding, using the isomorphisms of corollary 1.7, to the

omap H (r) ibidem.

Definition 1.13. We let ::ESDef(X) , the space of equisingular

deformations of X , be (cf. 1.8.) the germ

tangent space (1.10) is H1 (ex)

-1
~ (0) . Clearly its

We can already derive some consequences (the first statement

being already in [Pi]):

Proposition 1.14. Def(S) is singular unles5 ob is the zero

map. If ESDef(X) is smooth and ob is injective, then

Def(X) = ESDef(X) and Def(S) = ESDef(X) x R , where R is a non

reduced connected O-dimensional scheme.

Proof. Since 6 is finite, dirn Def(S) = dirn Def(X) , hence

Def(S) is smooth iff Def(X) i5 smooth and ~ has surjective

differential (re~all that 6 has zero differential); by (1.10) the

last condition means that ob be the zero map.

For the other assertion, if ob is injective, then the in-

clusion ESDef(X) c Def(X) induces an isomorphism of tangent

spaces: if thus ESDef(X) is smooth, by Dini's inversion theorem

this inclusion is an isomorphism. This means that the morphism

W is constant, thus Def(S) = ESDef(X) x 6- 1 (0) , and our claim
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follows since -S is finite and with ° differential, hence

R = S-1 (0) is a non reduced O-dimensional scheme consisting

of one point.

Q.E.D.

Remark 1.15. By 1.12., 1.7., the conditions "o b injective"

(resp.; non zero) are equivalent to "HO(r) surjective" (resp.

non zero) .

Theorem 1.16. Let Z be a smooth algebraic surface, and let G

be a finite group acting on Z , in such a way that the quotient

x = Z/G has only R.D.P.ts as singularities. Consider the exact

sequence (cf. (1.7.»:

then, if S is a minimal resolutioD of singularities of X ,

i) Def(S) is singular if the map HO(r) i8 non zero

ii) Def(S) is e.n.r. if the following hypotheses are verified:

a) Def(Z) i8 smooth

b) H1 (8 )G surjects onto H1 (8 x )
Z

c) HO (r) is surjective.

Proof. i) is arestatement of 1.14., in view of remark 1.15.

For the same reason ii) is proved if we show that ESDef(X) is



- 17 -

srnooth provided a), b) hold.

Let Def(Z)G be the subspace of Def(Z) consisting of the

deforrnations preserving the action of G : it is weIl known that,

under the natural inclusion Def(Z) C H1 (SZ) Def(Z)G =

= Def(Z) n H1 (Sz)G (cf. e.g. [Cat], Lecture 3). Hence, if Def(Z)

is srnooth, then Def(Z)G is srnooth with tangent space equal to

H1 (SZ)G . We have a natural rnorphisrn Def(Z)G ~ ESDef(X) by

b) it induces a surjective map on tangent spaces, hence ESDef(X)

is also smooth, by Dini's theorem on implicit functions.

Q.E.D.

Recall that, by lemma 1 .4., we have an exact sequence

(1.18)

The map fits thus into the cohornology exact

sequence associated to (1.18), hence hypothesis b) is equivalent

to the injectivity of H
1

(N'B!X) ~ H
2

(SZ)G .

We record for later use the following

Lemma 1.19. Hypothesis b) "that

is implied by the vanishing of

following nurnerical relation

H1(S )G
Z

H
1

(N'Blx)

maps ont9

and is equivalent to the



- 18 -

Proof. The first assertion is trivial, the second follows from

Serre duality. In fact h
2

(Sz)G = hO(n~ ~ n~)G , whereas

h 2 (ex) = h
2 (e s ) (cfa 1.10), which equals hO(n~ ~ n~) =

= hO(n~ @ wx)G by 1.6.

Q.E.D.

Corollary 1.20a Let Z be a srnooth algebraic surface with

Def(Z) smooth, let G be a finite group acting on Z in such a

way that the quotient map p: Z ~ X = Z/G is unramified in

codimension 1, and X has only RaDaP.'s as singularities (and is

indeed singular!) .

Then, letting as usual S be a minimal resolution of singu-

larities of

jects onto

x ,observe that p*wx = n~ ; if HO(ni @ n~)G sur-

* GTi ' we have Def (5) s; Def (Z) ,x R , where R is a

*1-point nilpotent scheme of length = dirn TX .

Proofa ° .
Q.EaD.

We can in fact restate theorem 1.16. with the weaker assumptions

we have in fact used

Theorem 1.21. Notation being as in 1 .16., Def (S) = Def (Z) G x R I ,

*with R' a 1-point nilpotent scheme of length ~ length Tx ' pro-

vided:



a)

b)

is smooth

H1 (e )
x
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1s surjective

c) there is a singular point x s.t. HO(r) surjects onto

*T.
x
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§ 2 Exarnples of e.n.r. rnoduli spaces.

In this paragraph we shall consider basically two types of

exarnples for which cor. 1.20 applies.

As rnentioned in the introduction, the first exarnple concerns

surfaces in 3-folds, while the second is a slight generalization

of Kas' surfaces [Ka 2] , and deals with quotients of products of

curves.

In the first exarnple we shall consider the following situation

(2.1.) W is a srnooth 3-fold, and G is a finite group acting

on W with only a finite number of"points w
1

' ••• Ws having a

non trivial stabilizer. There is also a very arnpIe divisor H

such that ~W(H) has a G-linearization (e.g. if H is a G­

invariant effective divisor) .

Assurne further

(2.2.) There exists an integer r ~ 0 and Z- E jrH[ s.t.

i) Z is G-invariant and with R.D.P.'s

ii) Z contains some w.
~

iii) if z ~ w. , then
1·

z is smooth at and Gw.
1

acts on the

tangent plane T Z,w.
1

with deterrninant = 1.
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Theorem 2.3. rf" (2.1.), (2.2.) .hold and 5 is a minimal resolution

of X = Z/G , then for r» 0 5 has everywhere obstructed de-

formations.

Proof. Since, by (2.1.), p: Z~ X is unramified in codirnension

1, cor. 1.20 applies: in fact, by (2.2.) X has enly R.D.P.'s and

1s singular. We have to· verify that HO(n~ ~ Wz)G maps onte

T; = HD(T*) = HO((p*n~)G/n~) (cf. 1.7.). Notice that the restri­

etion rnap ~ @ wy1(rH) ~ n~ ~ ww(rH) is a homomorphism of

G-modules, while Wz and ww(rH) differ just by a character of

G •

Now T* is a quotient of 1 G 1
(p*RWJ /nW/ G ,which has finite

length, hence there exists an integer

of T = :" n' "/mk g1 where
1=1 w,w i w,w i w,w 1

k > 0

mW,w.
~

s.t. T* 1s a quotient

is the maximal ideal

of the point w. .
~

It suffices now to choose r» 0 s.t.

ente T .

H
o (rL~_ Q (H) )'W 'lII Ww r maps

Q.E.D.

We show now at least that (2.1.) (2.2.) eccur easily.

Example 2.4. We let W = A , where A is an abelian 3-fold and

let H be any polarization.

G = {±1} acts in the standard way, so w
1

, ... w64 are the
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2-torsion points.

For every r, HO(~A(rH» splits into even and odd part, and we

take Z inside IrHI-.

By Lefschetz's theorem ]rHI embeds A for r ~ 3 , therefore by

Bertini's theorem, we can choose Z to be smooth and to contain

all the 64 2-torsion points.

2.2 iii) holds since (- 1)2 = 1 , so X has 64 ordinary qua-

dratic points.

It is important tö remark that S is a regular surface.

xO is the smooth part-of

HO(n 1 ) --7 HO(Oz1)+ .
xO

x , we have

But, by standard exact sequences, since 1
H (~A ( - rH» = ° ,

we have , so there are no invariant forms.

The next examples we consider are a sligh~ generalization of

an exarnple due to Kas, [Ka2] , and we shall call the cor~esponding

surfaces "generalized Kas surfaces".

Consider, for i = 1,2 , f. : C. ~ r. a simple cyclic
1. 1. ).

cover of degree n between complete smooth curves, i.e.



B. consisting of distinct points· s.t.
~
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(2.5.) There is an invertible sheaf .ci on f 1

(Ir (B.) ~. ~
~

and a divisor

n.c. ; C. i s the
~ ~

subvariety of L. ~ the line bundle whose sheaf of sections 1s
~

C. , obtained by taking the nth - roet ef the section defining
~

B. •
~

·Clearly the greup ~ ;: Z/n
n

ef th
n roets of unity acts on

C. , and f. C. ~ f. is the quotient rnap.
~ ~ ~ ~

Netice further that

(2.6.)

To adhere to our standard notation, we let Z = C1 x C2 and we let

~n act on Z by the (twisted) action

(2.7.)

It fellows imrnediately that if X = Z/~n ' then the singularities

of X are exactly R.D.P.ls of type A 1 ' andn- p:Z--,.X is

unrarnified in cedirnension 1.

As a prelirninary cemputation, we netice that (n = n1 , for short)

( 2 .8 . ) = f ~ (n r 0 C~-1)
~ . ~

~
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(f i ) *rl
C

. = rlr. m (rlr. ~ Ci) Gl ••• Gl(rlr. @ C~-l)
1. 1. 1. 1.

(with nr . ~ er being the eigensheaf corresponding to the
1.

character of lJ
n

, S ~ S-j) '.

~2
(f . ) *rl

C1. •
1.

where n~2(B.r ~ C~r . 1. 1.
1.

is the eigensheaf.

We apply now the KUnneth formula to Z = C
1

x C2 ' keeping in

mind that the action is twisted on the second factor, to compute

the G-invariant sections of (where we denote by the

same symbol a sheaf on C.
1.

and its pull-back to Z)

(2.9.)

~ HO(rl ~ c J
2
'») Gl ••• (syrnrnetrical expression interchanging ther 2

roles of f
1

, r 2 ) .

It is weIl known (e.g. since the Kodaira-Spencer map is onto

for the family of deformations of

Def(Z) 1s smooth.

z of the form C I X CI)
1 2

that
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In order to check that

B
1

= b' + ... b'1 r 1

B2
= b ll + ... b"

1 r 2

and we choose local coordinates (x,y) on Z vanishing at

. Then the first summand of (2.9.), loeally at (b! ,bI.')
1. ]

eontributes e~pressions of type

(2.10.)

+ •••

where n
a =a (x)

h h'
- n·

C(k = C(k (y ) , i. e ~ the a I Sh
are pull-backs

of loeal functions on f
1

' and similarly for the ak's.

We· have the following lemma, whose proof is straight-forward.

Lemma 2.11. By the quotient map

a generator of w , the quotient
n {

X r---+ ~x

-1
y r----+ s y

, with

1 1p*Qz/nx is locally generated by the expressions

i i+1
d

i i+l
dx y x ~ y x y (for i = 0, .... n - 2)

Theorem 2.12. Let S be a generalized Kas surfaee as above of

degree n . Then" Def(S) = Def(f 1 ) x Def(f 2 ) x R where R is a
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1-point nilpotent scheme of length (n - 1) x (r 1 x r 2) if

r. = deg(B.) ~ g. = genus(f.) and the branch points are general.
~ ~ ~ ~

Corollary 2.13. If v = h' (8 s )/dim Def(S) is the ratio··between

tangent dimension and dimension of Def(S} there da exist genera-

lized Kas-surfaces with v arbitrarily large.

Proof. If S has degree n, deg(B i ) = gi - 1

= (n-1) (g,-') (g2- 1)/3[(g,-1) + (g2-1)).

then v(S) =

c

Proof of 2. '2 .. By· lemma 2.11. it suffices to verify that, for

each h = 0 I •••• n - 2 , we have 2 surjective maps,

(2.'4.) ~> ED 0: ..
~J

~=1, •• r1
J=1 , •• r 2

(given by Q}(valb, ~ valb~l»)

i I j i J

and its symmetrical.

By duality there roust be a surjection

and this holds
for

for

i < n

i = n
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This condition and the symmetrical one hold if deg(B.) S;
~

S genus(f.) and the branch points are general, by an easy
1

argument on the Jacobian of r.
1

Q.E.D.

The following is, instead, an example where the moduli space

is only singular. Its purpose is to illustrate the following feature:

though 5mall deformations of hyper5urfaces in ~3 are still

hypersurfaces in ~3 (cf. [K-S], [Se]), the same is not true for

hypersurfaces of a weighted projective space ~ if ~ has not

isolated singularities.

In fact (as it happens in the examples by Horikawa and

Miranda cf. § 3) when all the deformations are surfaees in ~ ,

and the surfaces have' to pass through the (rigid) singular points

of the weighted projective space, then the deformation space be-

comes everywhere non reduced.

Example 2.15. Let X be a general member of the family of hyper-

surfaces of degree 8 in :IP = lP (1 , 1 ,2 ,2) X has 4 quadratic

ordinary singular points, henee the tangent eodimension of this

family in the Deformation spaee i5 at least 4.

But' Wx = ~x(2) , so that the canonical rnap of x ernbeds it

as the cornplete 1ntersection G4 n Q~ in ~4 where G4 1s a

quartic hypersurface in ~4 and Ql
2 is a quadric of rank 3. It

is easy to see that the complete intersections G4 n Q2 are all the
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deformations of X , and that the previous family has thus

codimension equal to 3.
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§ 3 Weighted hypersurfaces with everywhere non reduced

moduli spaces.

Thi-6 paltagJtaph -6hoW-6 -6ome.how that OUlt -6ituation i-6 not "aJtti­

6ieial", in 6aet the. exampte.-6 we -6hall eon-6ide.Jt in thi~ -6e.etion

will be. hype.lt-6uJt6aee.-6 X 06 de.gfte.e. d in a we.ighte.d 3-dime.n-6ional

Plt0 j e. etive ,6 pae e lP ( 1 , 1 , P , q) in the.-6e example-6 S -6hall be. -6imply

eonneeted, we -6ha.ll gei all the A -6ingulaJtitie-6 and Def(S) will
n

be e.n.r. '60ft all d -6a.ti-66ying eelttain eongJtuenee-6 whieh gua!tantee

that X i-6 geneJtieally-6ingulaJt; the example-6 06 Holtikawa and

Miltanda will be two i-6-6ue-6 06 a double in6inite -6eltie-6 06 exampte-6.

Here lP
3

= proj(~[YO'Y1 'Y2'Y3]) p < q are relatively prime

integers, lP =lP(1,1,p,q) = proj([[x O'x
1

,x
2

x
3

]) where deg Xo =

= deg x 1 = 1 , deg x 2 = p, deg x
3

= q .

We let G = Z/pq ~ and let s E ~* be a primitive (pq)th

root of unitYi G acts on lP 3 by

(3.1.)

(3.2.)

(3.3.)

ttJ : JP
3 ~ lP , given by ttJ (y 0 ' Y1 ' y 2 ' y 3 ) = ( y 0 ' y 1 ' Y~ , Yj )

3 ~
is such that lP /G ~ lP

X = {f = O} of degree d in lP , and let Z = ttJ- 1 (X)
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(thus Z is the locus of zeros of

( ) de=f. f ( p q)
F Y YO'Y 1 'Y 2 'Y3 ) •

Proposition 2.4. Assurne d ~ (p - 1) (q - 1) , so that we can write

d as d = bp + aq wi th a , b ;;;: 0 . Then, for a general choice of

f Z is srnooth, X is singular but has only R.D.P. ' s qS singu-

larities· iff p,q,d are according to the following table, where

P2 = (0,0,1,0)

Table 2.5.

P
3

= (0,0,0,1) are the singular points of W .

W d ,Singularity at P2 Singularity at P
3

W(1,1,2,3) d = 1 + 6k A
1 A

2

lP (1 , 1 , P , p+ 1 ) d = p(k(p+1)-1) / A
P

lP (1 , 1 , P , rp-1 ) d = (kp-1) (rp-1) Ap-1 /

Proof. First of all let Q2 = 1JJ -1 (P
2

) Q3 = 1JJ -1 (P3) . It is

3easily verified that the stabilizer of a point y E~ equals

i) G if Y = Q2,Q3 or y belongs to the line L = {y =y =O}2 3

ii) tz/p if Y2 = 0 and y is not as in i)

iii) tZ/q if Y3 = 0 and Y is not as in i) .
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Moreover, G is generated by pseudo reflections if
y

Y * Q2,Q3' so that in particular P2 , P3 are the only singular

points of JP . Since a pseudoreflection is characterized by the

property of having a fixed locus of codimension 1, we see that if

Z is smooth (and G-invariant), then X is smooth outside P2 '

Since d = aq + bp , by Bertini t s theorem Z is smooth out-

side the locus {y~ = Y~-= y~Py;q = O} , i.e. outside Q2 and

Q3 ' hence X too is smooth away of P2 , P3 .

Now, Z is smooth at Q2 iff f d (YO'Y1,1 ,Yj) contains either

a constant term, or a monornial of degree 1, i.e. iff either dEO

or d 8 1 (mod p). Similarly Z is smooth at Q3 ~ d a 0 or

d E 1 (mod q)

there are

(u,v) on Z at Q2 with G acting by

<~p> q
. We have ~{u,v} ~ ~{u,v} = ~{u,v } :

E = s-q ,~{u,v}G = ~{u,w}z/p , wherehence, if we set

Assume now that Z contains Q2 (d 8 1 (mod p))

then local coordinates

Z/p acts by u ~ EU, W~ EqW •

It is well-known that the quotient is a R.D.P. iff Wx is

invertible, i.e. the determinant of the transformation is 1, i.e.

q + 1 ii 0 (mod p) ; then one has a singulari ty of type A 1.p-

We proceed in an entirely sirnilar fashion for Q3' P3
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finding that Z is srnooth (resp. ernpty) at Q3' X has a R.D.P.

at (in fact, a singular point of type A 1 )q- iff d - 1 (rnod q)

and p + 1 :::; 0 (rnod q) (resp.: d:::; O(q))

We have thus four cases: but, if d a 0 (mod q)

then X is smooth, and this case has to be excluded.

d 8 Q. (mod p) , .

I f P + 1 - 0 (mod q) since p < q , then necessarily q:::: p + 1 •

Clearly then q + 1 ;::: 0 (mod p) ~ 2 == 0 (mod p)

q :::: 3 or p:::: 1 , q:::: 2 •

i.e. p:::: 2 ,

We fall then into the cases 1), resp. 2) of the table. On the other

hand, q:::: p + 1 , d == 0 (mod p) d E! 1 (mod q) iff there exists m

such that d == mp , and mp == 1 (mod p + 1) ; bu t mp:= - In (Inod P + 1)

hence it must be In + 1 8 0 (p + 1) , i .e. we are in case 2) of the

table.

Finally, if q:::: rp - 1 , d i:i 0 (mod q) d i:i 1 (mod p) means that

d :::: m(rp - 1) and m(rp - 1) == 1 (mod p) , i. e . m + 1 == 0 (mod p)

i. e. m :::: kp - 1 , as in case 3) of the table.

Q.E.D.

Remark 3~6. These varieties X are Weil subcanonical, i.e. ~(1)

is a divisorial sheaf (cf. [Re]) associated to a Weil divisor of

which a multiple t is a canonical divisor; the subindex i of

X is the minimal i such that ~ (i) is invertible (ilt)
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In the 3 cases 0 f tab I e 2. 5 . t = 6 (k - 1) (p+ 1) (kp- 3)

p [r (kp - 1) - k - r - 1] , i = 6, P + 1 , P respectively.

Th e.oJte.m 3. 7 . Let x c lP ( 1 , 1 , p, q) = JP be a 9 e.ne.Jtal hyp e.Jt-6 uJt6 ac: e.

a-6 in table. 2.5. 06 de.gne.e. d -6.t. X i~ 06 ge.neJtal type, i.e.

d > 2 + P + q and r > p - 2 • 1 6 S i~ a minimal Jte..6 olu.tio n 06 x,

the.n eveJty .6matl de60Jtmation 06 S i-6 the. Jte..6otution 06 a hypeJt.6uJt-

and Def(S) = ESDef(X) )( R , wheJte

ESDef(X) i-6 -6mooth and R i.6 a 1-point nilpotent .6c:heme. 06 length

e.quat to the. .6um 06 .the MilnoJt numbe.Jt.6 06 the. ~ingula.Jtitie..6.

Proof. Of course we are going to use theorem 1.16, part ii). It is

weIl known that Def(Z) is smooth (cf. [K-S] [Se]), and we have

to verify the surjections

To verify the first, we eonsider the exact sequenee 1.18. Here

B = B2 U B3 ' where B.
1.

is defined by the equation X. = 0 ;
1.

B2 , B
3

are smooth and intersect transversally in d points.

(The only exception being the 11 case with p = 1 , where B = B )
3

Lemma 3.8.

Proof. At a point p where B2 , B3 meet, (x 2 ,x3 ) are loeal
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parameters. The vector fields in ex ( -log B) are of the form

a(x 2 ,x 3 ) • X 2 d/dX2 + b(x 2 ,x 3 )x 3 a~3 ' hence the cokernel NB has

local sections of the form a(x
3

) a/ax
2

+ ß(X
2

) a/ax
3

•

Q.E.D.

Lemma 3.9. If does not contain P2 ' then ~ ~B (q)
3

otherwise - ~B' '( q ) ~ ~B (- (p - 1) P 2 )
3 3

Proof. The first assertion is trivial. To prove the second state-

ment, cf. the proof of 3.4., we may assume (after a linear change

of coordinates) that u = YO/Y 2 ' v = Y3 /Y2 are local coordinates

for Z at Q2 . We let M be the intermediate quotient Z/(Z/q):

henee u = YO/Y2' w = v
q = x 3 /yi are local coordinates on M.

M is (locally) smooth and the quotient rnap M ~ X is unramified

in codimension 1, so that

(3.10)

eG = e (- log B) Z/p
Z M

where B = {w = O} .

is invertible, and we areWe claim first of all that NI
B

3

going to exhibit a Ioeal generator around P
2

. We recall that the

local ring ~ is generated by
X'P 2

subject to the relation xr = zP .

x = p
y = w- , z = uw ,
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The sections of 8X ' by 3.10., are of the form (notiee

that Z/p aets by (u,w) ~ (€U,€-1 w) where € is a primitive

pth root of unity)

'"
(a (x , y , z )w + Cl (x , y , z ) up - 1) Cl / Cl w + (b (x , y , z ) u + ß (x , y , z ) wp- 1) Cl / Cl u

whereas the sections of 8~ are of the form

p-1a(x,y,z)w a/Clw + (b(x,y,z)u + ß(x,y,z)w ) Cl/au.

Henee the elements in the quotient

uniquely in the form

ean loeally be written

(3.11) p-1 '"u Cl / Clw· Ct (x) .

We ean also rewrite

p-1u 3/Clw = x • u- 1 Cl / Cl w = xu - 1 (Cl / Cl y pwp- 1 + Cl / az · u) = x Cl / Cl z +

p-1
+ pz a/Cly

so a Ioeal-generator of i8

(3.12) p-1u a/Clw = x Cl/ClZ + pzP-1 a/ ay

in a neighbourhood V2 ·of P2 ·
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We let V. be the open set where x. * 0 , for i = 0,1.
~ ~

Then Va' V1 ' V2 is an open cover of B3 · On Va we have

coordinates (for ~)

(3.13)

whereas

(3.14) x = z =

(where, ef. table 2.5., r = 2 in the first ease).

Clearly a/a~ is a loeal generator for NI on ,Va andB3

since 1 I;P/~q I;/~r havex = , y = z = , we
~

a p~l a _-r 0 p-l l-r a l-r . a 1-r( .1...+
~

= p L -+>- äZ = pz ~ -+ x~ - = ~ x
~q

ay '-;, ay oz az

+
p-l aay ) On V

l we have coordinates a = x
O

/x
lpz . ,

b = x2/x~ , c ::::l: X /xq , sueh that a = l/n b = ~n-P ,3 . 1

e = c;n-q .

A loeal generator for is a/ae , and

Hence a section of

s.t.

NI

~3
is given by funetions on

p-l
= A2 (x a/az + pz a/ay) = Al a/oc .
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= A
2

, A n-q
= Ao 1

A x r - 1
2 2

i.e.

and

a rational section of

A = A
2

, A = A • (:J.)P-1 , we obtain
2 1 1 X o

[lB (q - (p - 1)) . Therefore
3 "

NI - Q)B (q - (p - 1)) ~ [lB ((p - 1)D) where 0 is the divisor of
B3 3 - 3

( Xx 01 )zeros of in V
1

. On"the other hand the" section X o
vanishes on V

1
n B

3
giving D as divisor, and on P2 with multi­

plicity 1, hence [lB -(D) = Q)B (1) ~ ~B (~P2)

333
Q.E.D.

Analogously we have (assuming p ~ 2)

(3.15) N' equals Q)B (p) if B2 ~ P3B2 2

~B (p) ~ ~B (-pP3 )
2 2

if B2 3 P
3

(here q - 1 = p) .

To finish the proof, we shall apply lemma 1.19, and we shall show

by explicit computations that

hO(r2 1
«l [t2)G_ h O(r2 1

~
" G h 1 (N I )p*w ) = +

Z Z Z X B2
(3.16)

+ h 1 (N I ) ( "~ 1 (N~ ) if P = 1 ) .
B3 3

We are first going to compute the left hand side, and in fact we

shall show that the following holds true:
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(3.17.) Claim: The left hand side of (3.16) equals

° °h (.Q)]? (1 , 1 , p) (d - p - q - 2» + h ( III JP (1 , 1 , q) (d - P - q - 2) ) i f P '= 2 ,

and equals h°(~ 2 -(d - 3 - q) ) i f P = 1 •
lP

Proof of the claim: The exact seque~ce

(3.18) o~ q)z ( - d + i) ~ n~31 z (i) ~ n~ (i)'~ 0

shows that for i < d ,

By the exact sequence

(3.19)

we get

(3.20)

1 4 (y,)° ---+ n (i) ~ Q) 3 (i - 1) ] >Q) 3 (i) ~ °
]?3 F JP

HO(ni(i)) HO(q) (i-1)4
(y , )

HO (q)z (i»)][ker ]
) =- Z

4 (y . )
HO(Q)= ker ( A, 1) ] ) A, where A, = ( j) )

1- 1
,

J ]?3
.

Then, by the Koszul exact sequence for the regular sequence

in .A = EB A, , we get
i~O - ]

n
1
, j = y. dy . - Y .dy,

1 ] J. 1

HO (n 1 (h» =z

Now, the terms in the exact sequence (3.20) are G-modules,

therefore we have to check whether the induced G-module structure

on H
o(n z1 (1' ) ) " d f ' d \ ' d 4H C01nCl es or 1 = - 1\ - P - q , resp. 1 = -
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wi th the natural ones on HO (n~ ~ p*wx) , resp. HO (n~ ~ n~) •

To do this we notice that the G-modu-le structure on A.
1

linearizes the ~ 3(i) '3 and we rewrite (3.19) as
]?

~ (A1)v~~ 3(1-1) ~~ 3(i) ~O.
"JP JP

By which we" get (i = 0) n
3

;; (det A 1) v ~ Q) 3 ( - 4) ; then 3. 18
JP3 JP

gives n~" n:3 ~ ~z(d) " (det A,)v ~ ~z(d-4) • On the other hand.

we have" an inclusion of sheaves, induced by multiplication by a

constant times

(3.21)

11 z

1n (d-p-q-2)
Z

since (det A
1
)v corresponds to the character s ~ s-p-q , for

which y~~1yj-1 is an eigenvector, it follows that

n1
~ p* (wx ) :; n1 . (d-p-q-2)" Z Z

(3 .22,)

51' ~ n 2 v n~(d - 4)Z Z - (det A1 )

given byas the element w of _1_ Z/ ~
pq

It follows that, if we define the weight W of a rnonornial

ja j1 j2 j3
Yo Y1 Y2 Y3
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be the subspace of monomials of degree

AW = e A~ , then
i 1.

=

and w (u, ,) + W (n ' .) = O}
1.J 1.J

{L vi' (y) n" 1 v, j E Ad 6J 1.J 1. -

W(V'j) +w(n, ,)
.L 1.J

1 1= ---- }
q p

We let ~I be the linear map induced by (3.21), which is clearly

injective; then the left hand side of 3.16 i5 just the dimension of

eoker (~ I) •

(multiplication by

Sinee ~ I , i d d b 11 •• (.\ ) 6 (A· ) 6
.LS n uee y a map ~ ~d-4-p-q ~ d-6

y~-lyj-1) where these spaees are viewed as

G-modules

W = HO(n 1
Z

space V

aecording to (3.22), it will suffiee to identify

Q ~2z)G/HO(nzl Q P*/"x)G "th t' t f 1 t~ ~, H ~ w w~ a quo l.en 0 a supp emen ary

6 G
to Im ~ inside ((Ad - 6 ) .

1 1
HO(n 1 n2)G

- - -
Reeall that ~ = { L vijnij v

01 E A P. q
z Z i<j

2 1 1 2 2 2- - - - - - - -
v

02
,v

12 € A P q v 03 ,v
13 E A P q v 23 f A P q}

The above properties imply, since (p,q) =
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(3.23) v 01
is divisible by p-1 q-1

Y2 ,Y3

v 02 ,v12 are divisible by
p-2 q-1 if P ~ 2Y2 Y3

(by q-1 if P = 1)Y3

v 03 ,v13 are divisible by p-1 q-2
Y2 Y3

v 23 by p-2 q-2 if P 2; 2 (by q-2 if p = 1)Y2 Y3 Y3 .

Therefore we can choose the space V to consist of the elements

such that

(3.24) L v .. n .. E V <0:::0=:> v 01 = 0 , and (for i = o, 1)
1J 1J

v i2 = p-2 q-1 if P ~ 2 (v i2 = 0wi2 Y2 Y3

if P = 1) with wi2
= wi2 (YO,Y 1 ,Y 3 )

v i3 = p-1 q-2 with wi3 = wi3 (YO'Y 1 'Y2)wi3Y2 Y3

v 23 = p-2 q-2 if P ~ 2 with w23w23 Y2 Y3

not containing monomials divisible by Y2Y3

Now, a given element L v .. n.. in V maps to 0 in W - (defined
1J 1J

above) iff there do exist .u.. as in (3.22) s.t.
1J
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~ v n = yP-1 yq-1 ~ u n
~ ij ij 2 3 ~ ij ij

We can write the above equation as 4 equations, corresponding

to the respective coefficients of dyO' .... ,dY3 .

We must have ° = L:
i<j

p-1 q-1
(v"-Y2 Y3 u .. )(y.dy.-y.dy.) =

1.J 1.J 1. J J 1.

=
p-1 q-1

L: (v., - Y2 Y3- u" ) y . dy ,'*' 1.J 1.J 1. J1. J
(if we agree that v, ,

J1.
=-vij

u " = - u.. for j > i) .
)1. 1.J

Thus, for j = 0, .. 3

We can write the above, if

. L: (y , v. , - yP2 -1 Yq3 -1 Y , u, ,) =
i*j 1. 1.J 1. 1.J

P ;;;: 2 , as

o .

p-1 q-1
Y2 Y3 (w02(YO'Y1'Y3) -Y2u02+w03(YO'Y1'Y2) -Y3 u 03

(3.25)

The above system is equivalent to the one obtained by

equating to z~ro the terms in the brackets: but then one can

observe that (I being the first new equation and so on ... )

YoI + Y111 = 111 + IV , hence the IV equation can be drscarded.

We write the wij as Taylor series in Y2 ' Y3 ' thus we set
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Wi2 :::::: wi2 + Y3 wi'2

Wi3 " = wi3 + y 2w1.3

Assurne that our element in V is mapped to ° inside W: then we have

(3.26)

w12 +w 13 =-Y
O

u 01

w~2 D u 03 (mod Y2 )

w
03 - u

02
(mod y 3)

w13
E u

12
(mod Y3)

w" 5! u
13

(mod Y2)12

and w23 :::::: YOw02 + y 1w12 - Y2YOw03 ­

- y
2

y
1

w
13

Conversely, if (3.26) holds, it suffices to choose u
01

= u 01

= 0 .

I w23 does not

AG } ::::::
d-p-q-2

I

Therefore the kernel of V ~> W is the same as the kernel

of the mapping associating to an element of V the pair

YO (w
02

+ w
03

) + Y
1

(w
12

+ w
13

)

w23 - YOw02 - y 1w12 + YOY2w03 + Y1 Y2w13 .

We conclude that dirn W = dim{w23 E A
d
G 2- -p-q

contain monornials divisible by Y2Y3} + dirn {Wij E

G
:::::: dirn {w' E Ad - 2- p - q n ([[YO'Y 1 ,Y2 ]) +

+ dirn {w" E A~_p_q_2 n ([[Y O'Y 1 ,Y 3 ]} = h°t'lJP(1,1 ,p) (d-p-q-2) +
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o
+h Q)JP(1,1,q) (d-p-q-2) .

Whereas, for p == 1 , only is *0 , and V = yQ-2wj3 3 j3

with

We find then that the element in V maps to 0 into W if

L y, (w, 3 - Y3u , 3) = °
j*3 J J J

We claim then that L Yj Wj3 = ° in ~[YO'Y1'Y2] is a necessary

and sufficient condition since then by exactness cf the Koszul

we choose

s.t. w
J
'3 == L Yhuh, , and then

h*j , J

Thus here dirn W = h
0

"( Q) (d - 3 - q) )
JP2

Q.E.D. for the claim

To deal with the right hand side of (3.16), we use Serre

duality and the fact that (cf. [Do], 3.5.2.)

= Q) (d-q-2)
B

2
= Q) (d-p-2)

B 3

Then, setting O2 = 0 if B 2 ) p 3' O2 = P = q - 1 if P 3 E B 2 '

0
3

= 0 if B
3

]) P2 , 0
3

= p-1 otherwise, we have
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(lB (d-q-2)))=
2

h 1 (N I ) =
B3

To end the proof, in view of 3.17 and 3.27, it suffices to

prove that for our choices of d, p, q,

(3.28)
o

h ((lB (d-p-q-2)(c 2P3))
2

if p > 1 and

o
= h (~lP(1,1,q) (d-p-q.-2))

o= h (Q)]P(1,1,p) (d-p-q-2))

Since B3 c 1P ( 1 , 1 , q) and symmetrically B
2

c JP ( 1 , 1 , p) , we are

considering·the ,following problem:

(3.29)

(3.30)

B c F (1,1,p) =~ has degree d, P is the singular

point of lP, c = 0 if B) P, c = (p - 1) other-

wise, 1 is an integer > 0: 1s there an equality

The answer is positive if c = 0 , since we have the

long' exact cohornology sequence

o~ HO (~ (d - i)) ~ HO (Q) (d - i) )
lP B

H
1

(Q) (-i)) =
JP

o .

The following lemma follows from a more general result proven in

the Appendix.
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TI:lF = lFp ~:IP = :IP(1,1 ,p)

P of :IP , and let E
co

be the blow up of

be the exceptional

divisor. Let B be a smooth curve of :IP , and identify B to

its proper transform in the Segre-Hirzebruch surface ~ =lF
P

-1Then if EO is the curve defined by TI (x
2

= 0) , and F is a

fiber of F (proper transform of Xc = 0) , we have: if r is a

positive integer and r = r 1 + r" p , with r' < p , then
o . 0

Q) B (r) = Q) B (r I F + r 11 E0 ) , and H ( Q) JP{ r» = H ( Q) lF (r I F + r 11 E0) )

Moreover q)B (oP) = ~B (<5 Eoo ) (recall that EO :3 E
oo

+ pF) •

Assume now we are in the case when B:3 P , and (d - i)

(cf. 3.29) equals t' P (as can be checked), while d = tp + 1

(so t > t l
)

It 1s then easy to see that B a tEO + F

3.31 and since HO (0JP (t'p» = HO (0
F

(t'E
O

» =

and, in view of

o
H. (0JF (t'E

O
+

+ (p - 1) E ) , we are looking· at the surjectivity of the map (res)
00

in the following exact sequence on F :

(3.32)
res

I

~ H
1

(0JF «(p-1) +t' -t)EO - (p(p-1) + 1)F) 4

This 1s equivalent to requiring the injectivity of j .
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Set b = (p - 1) - (t - t') : if b ~ - 1 the domain of j

is a vanishing cohomology group and we are done (cf., for the

vanishing, the table at page 612 of [Kon]).

Assume instead b ~ 0 , and set V = ~ 1 ~ ~ 1 (p) . Then
]I? ]I?

the map j is the map j'

1 b .• ' 1 b+t
H (Sym V ~ ~(-p(p-1)-1)) ~ H (Sym V 0 ~(-p(p-1))

given by the equation of B.

I. e., if

is the equation of B, then, 5inc~

t ) p(t-k)
L: f k (YO'Y1 Y2

·k=O
deg f

k
=kp+1

b b
Sym V' = $ ~ (;Lp) (tl stands

i=O

Q) 1 1 ) ,
:IP

fkW i ' with

for

t
L

k=O

lJI. E H
1

(Q;l (ip - P (p - 1) - 1) is rnapped under
~

fklJli E H1 (Q;!((i+k)p-p(p-1)) •

j , to

On the other hand this last group i5 zero unless i + k = h' :$

~ P - 2 , and it 15 alwaY5 better to deal with HO ' 5 rather than

H11
5 , hence we dualize, and ask for the surjectivity of

p-2

°
b 0

$ H (Q)((p-1-h')p-2)) ~> @ H ((I (p (p - 1 -i l
) -1))

h'=O i'=O

(3.33) 11 11

p-1
HO (Q)'(hp - 2))

p-1 HO((I(ip-1))
$ ~> E9

h=1 i=t-t'



(where

- 48 -

t
L f

k
tP

h
) .

k::;;O
t-t':;;;k+h~p-1

This map is not in general surjective, hence we have to check the

three cases of table 2.5.

Case I

Case II

for p::;; 2, b::;; - 2 i for p::;; 3 b::;; 0 and

HO(~(1) ~ ~(4)) ~> HO(~(5)) .

for p = 1 there's nothing to check, for p ~ 2 , there

remains to check the case for W(1,1 ,q) q ::;; p + 1 ,

which follows from lemma 3.34, since b::;; q - 3

Case I II : b::;; P - 1 - r - 1 , O. K. if r > p - 2 .

Lemma 3.34. If f has f o * 0 f O

(3.33) is surjective for t - t' = 2

f 1 rel. prime, then

Praof. Since
p-1

I hO(Q)(hp-2)) =
h=1

p-1
I hO(Q)(ip- 1)) + 1 , it suffices

i=2

to show that the kernel has dimension 1.

The"rnap is given in matrix equation by

1.JJ p - 1
f Of

1
...... f

p-2 <.P P - 1
f O f p-3

= ............

~~Of; f 2
•

ljJ 2 J 'fOf 1 c.p
1
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and it suffices to show, by induction on i = , .. p - 2 , tha t

is in the kernel, thenif

determined by tP
1

' and if

iand tP
i

+
1

g ± f
1

g i (mod f a)

fi Io tP 1 , tP2 ,

tP = f i · g. , then
1 0 ~

lP i + 1 are

i-(j-1)
gi' f O I tP·J

In fact, if tP is in the kernel, then o = 1J!. 2 = fatP. 2 +1.+ 1.+

gi = f ag i + 1 and the other inductive assertions are clear since

e.g. is gotten by dividing by f O the

above equation.

Q. E. D. for the ·:Juernrna

The verification of the surjectivity of

follows easily from the explicit description we gave of

HO(n~ ~ p*wx)G

+ w(n .. ) = O}
1.J

resp. q)

= { LU .. (y) n.. I u.. E Ad 4 q' w (u i J') +
1.J 1.J 1.J - -p-

and from lemma 2.11 (applied with n equal to p ,

Q.E.D.
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Appendix: formulas for almost simple cyclic covers and

cones IP(1,1,p).

To justify the definition of almost simple cyclic covers,

let 1 5 consider lP = lP (1 , 1,n) ., the projective cone over the rational

normal curve of degree n, and TI: lF ~ lP where lF , t!le blow

up of the vertex of the cone, is the Segre-Hirzebruch surface

We have a cornrnutative diagram

(A1) lP
2 t/J where t/J(YO'Y1'Y2)

n);lP = (Y O'Y 1 'Y2)

I € In
E: is the blow-up of the point

Yo = Y = 0 and1 ,
<P

lF" - ) lF
1 n

w, ~ are quotient morphisms by G - ~n - X/n .

JF
n

Let be -1
TI (x 2 = 0) Eco

-1 "= TI (0,0,1) F = TI - 1 (xo = 0)

and set EÜ ' E~, F' their set theoretical inverse images under

An easy computation gives

(A2) ~*(EO) = nEO' <P*(E co ) = nE~, ~*(F) = F' , and EO ' -Eco

are the branch locus of ~, wi th E O - E
co

e nF .

We notice that, by definition (cf. [Do])
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moreover q) 2 (r)
lP

Writing r = q + r 11 n , with q < n we have (<.p*Q)JF (rE')) G =
1 0

= <'p*q)lF ( qE 6)G Il> q)JF (rU E
O

) , hence, in order to demonstrate
1 n

lemma 3.31, it suffices to show that

(A4 )

This will done in greater generality.

Almost simple cyclic covers.

Let an algebraic variety Y and a line bundle L of rank 1

be given on Y , such that the sheaf of sections of L be iso-

morphic to Q)y(F} = ( for,some divisor F • Assurne that there

are given reduced effective divisors ,E O '

disjoint , and are such that EO ;::; E
co

+ nF .

E on Y , which are
00

Definition A5 The almost simple cyclic cover associated to

(Y,L,EO,Eco ) is the subvariety

n nequation 2
1

e
co

= e
0

2
0

where

x ~ JP (L EB a:~) defined by the

e are sections defining
00

E O ' resp. Eoo ' and 2
1

' 2
0

are respective linear coordinates

on the fibres of L , resp. the trivial bundle ~Y.

The group G = ~n
acts, if is a primitive th

n root of

1 , by 2 1 ---?- Z;; 2 1 ' 2 0 --}o-- 2 0 •
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Take, as custornary, z = 21/z0 as a coordinate on Va =

= (X - E ) , and z' = z Iz
00 0 1

We have

Proposition A6
n-1 C- i ( - E )

Ci EB 00

i=O

, where c- i ( - E ) _
00

- Cn - i ( - E
O

) . is the eigensheaf corresponding to s ~ si

Proof. Write a function on

f. a section of C- i on
1.

V , with g. a section of
co ]

i n-if.z = f.eOle Zl , hence
1. 1. 00

Vo f
O

+f
1
z+ n-1 withas ... f 1zn-

and n-1
VO·' as go + +gn-1(zl) on

Cj on V ; then notice that
00

f.eO/e = gn-i1. 00

Q.E.D.

Similarly one proves:

Theorem A7 If ~*(EO) = nEO' and q < n , then

q . n-1 n+q-i ))
_ ( E9 Cq -1.) ED (ED C ( - EO

i=O i=q+1

where the index i gives the
·i

1'"; ~ 1'"; e"igen sheaf .
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t'lB (d-q-2))) =
2

h
1

(N ' ) =
B

3

To end the proof,' in ~iew of 3.17 and 3.27, it suffices to

prove that for our choices of d, p, q,

(3.28) o
h (t'lB (d-p-q-2)(o2P3))

2

if p > 1 and

o ( ,
= h (Q)lP(1,1,q) d-p-q-2))

o
= h (Q)JP(1,1,p) (d-p-q-2))

Since B 3 e lP (1 , 1 , q) and symmetrically B
2

,e JP (1 , 1 , p) , we are

considering the following problem:

(3.29)

(3.30)

B e JP (1,1,p) =W has degree d, P is the singular

point of lP, 0 = 0 if B]) P, eS = (p - 1) other-

wise, i is an integer > 0: is there an equality

The answer is positive if eS = 0 , since we have the

long exact cohomology sequence

o~ HO (Q) (d - i)) ~ HO (t'l (d - i) )
lP B

H'1 (Q) (-i)) =
]I?

o .

The following lemma follows from a more general result proven in

the Appendix.
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This condition and the symrnetrical one hold if deg(B.) ~
1.

~ genus(f.) and the branch points are general, by an easy
1.

argument on the Jacobian of r.
1.

Q.E.D.

The following is, instead, an example where the moduli space

is only singular. Its purpose is to illustrate the following feature:

though small deformations of hypersurfaces in ~3 are still

hypersurfaces in ~3 (cf. [K-S], [Se]), the same is not true for

hypersurfaces of a weighted projective space ~ if ~ has not

isolated singularities.

In fact (as it happens in the examples by Horikawa and

Miranda cf. § 3) when all the deformations are surfaces in ~ ,

and the surfaces have to pass through the (rigid) singular points

of the weighted projective space, then the deformation space be-

comes everywhere non reduced.

Example 2.15. Let X be a general member of the family of hyper-

surfaces of degree 8 in ~ =~ (1 , 1 ,2 ,2) X has 4 quadratic

ordinary singular points, hence the tangent codimension of this

family in the Deformation space is at least 4.

But" W
x

= ~x(2) , so that the canonical map of X embeds it

as the complete intersection G4 n Q2 in ~4 where G
4

is a

quartic hypersurface in ~4 and QI
2

is a quadric of rank 3. It

is easy to see that the complete intersections G4 n Q2 are all the
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Set b = (p - 1) - (t - t') : if b:;;; - 1 the domain of j

is a vanishing cohomology group and we are done (cf., for the

vanishing, the table at page 612 of [Ron]).

Assurne instead b ~ 0 , and set V = ~ 1 m ~ 1 (p) . Then
~ F

the map, j is the map j'

(3"32)
1 b . I" 1 b+t

H (Sym V ~ ~(-p(p-1)-1» ~ H (Sym V 0 ~(-p(p-1»

given by the equation of B.

is the equation of B , then, since

I . e ., if f =
t
E ci'k=O ijkYOy~y~(t-k) =

t p(t-k)
E f k (YO'Y1)Y2

,k=O
deg f

k
=kp+1

b b
Sym V"= (B Q) (;Lp) (Q) stands

i=O

for Q) 1!} ,
JP

W. E H 1 (~ (ip - P (p - 1) - 1)
1.

is mapped under" j' to

~ f k Wi ' w i th f k 1JJ i E H 1 (() ( (i + k) p - p (p - 1) )

k=O

On the other. hand this last group is zero unless i + k = h I :i

~ P - 2 , and i t is always better to deal wi th HO I S rather than

H 1 I S , hence we dualize, and ask for the surjectivity of

p-2
0 b 0

{B H (() ( (p - 1 - h I ) P - 2» ~> G) H (Q) (p '( p - 1 - i I) - 1) )
h ' =0 i'=O

(3.33) 11 11

p-1
HO (~"(hp - 2) )

p-1 HO
(Q) (ip - 1) )

{B ~> (l)

h=1 i=t-t '
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= JFP ~ lP = lP ( 1 , 1 , p) be the b low u P 0 f

of ~ , and let E be the exceptional
00

divisor. Let B be a smooth curve of lP , and identify B to

its proper transform in the Segre-Hirzebruch surface F =JF
P

Then if EQ is the curve defined by
-1

TI (x 2 = 0) , and F is a

fiber of JF (proper transform of X o = 0) , we have: if r is a

positive integer and r = r t + r" p , with r' < p , then

Q)B(r) = Q)B(r'F + r" EO) , and HO (Q)]p(r) ) = HO(~lF (rtF + r" EO~.)

(recall that EO = E
oo

+ pF) .

Assurne now we are in the case when B 3 P , and (d - i)

(cf. 3.29) equals t l P (as can be checked), while d = tp + 1

(so t > t l
)

It is then easy to see that B g tEO + F , and, in view of

3.31 and since HO(Q)]p (t'p)) = HO(Q)lF (t'E
O

)) = H,O(Q)~ (t'E
O

+

+ (p - 1) E ) , we are looking' at the surjectivity of the map (res)
00

in the following exact sequence on lF :

(3.32) res

~ H 1 (Q)lF (( (p - 1) + t I - t) E
O

- (p (p - 1) + 1) F) 4

--.i> H 1 (Q) lF (( t I + P - 1) EO - P (p - 1) F) .

This is equivalent to requiring the injectivity of j .
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, and we letq A~

1.

- 40 -

be the subspace of monomials of degree

i , weight w , set Aw = t'll Jl,w hw n. , t en
i 1

HO(o1 6i' p*w )G =
Z X

{I u .. (y)n .. I u .. E A
d

41) 1J 1J . - -p-q

and w(u .. ) +w(n .. ) = O}
1.J 1.J

=

w(v .. ) + w(n .. )
1.J 1J

1 1= ---- }
q p

We let ~' be the linear map induced by (3.21), which is clearly

injective; then the left hand side of 3.16 is just the dimension of

coker(~') .

Since ~I is induced by a map )..l : (A ) 6 ~ (A .) 6
d-4-p-q d-6

(multiplication by where these spaces are viewed as

G-modules

W = HO(n 1
Z

space V

according to (3.22), it will suffice to identify

Q n2z)G/HO(nz1 ~ p*wx)G 'th t' t fIt~ H H ~ Wl a quo 1en 0 a supp emen ary

6 Gto Im l.l inside ((Ad - 6 )) .

1 1

HO(n 1 ~2)G
- - - -

{ !
.. p. qRecall that @ = I v, ,n .. v 01 E AZ Z i<j 1J 1J

2 1 1 2 2 2- - - - - - - - - -
v 02 ,v12 E A P q v 03 ,v13 E A P q v 23 f A P q}

The above properties imply, since (p,q) = 1
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with the natural ones on HO(n~ @ p*wx) ,

To do this we notice that the G-module structure on A.
1

linearizes the ~ 3(i) 1 5 and we rewrite (3.19) as
:IP

(i = a) n 3 - (det A1) v. ~ Q) 3 ( - 4) ; then 3. 18
]p3 :IP

~ Q)z (d) ;;; (det A
1

) v ~ Q)z (d - 4) • On the other hand,

By which we get

gives n2
.. n3

Z ]p3

we have an inclusion of sheaves, induced by multiplication by a

constant times

(3.21)

II?

1n (d-p-q-2)
Z

since (det A
1
)v corresponds to the character ~ ~ ~-p-q , for

which y~-1yj-1 is an eigenvector, it follows that

.n~ @ P* (wx) - n~ · (d - p - q - 2)

(3.22)

n~ ~ n~ - (det A1) v n~ (d - 4)

given byas the element w of _1_ Z/ ~
pq

It follows that, if we define the weight W of a monomial

ja j1 j2 j3
Ya Y1 Y2 Y3
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We let V. be the open set where x. * 0 , for i = 0,1.
1 1

Then Vo ' V1 ' V2 is an open cover of B3 · On Vo we have

coordinates (for W)

(3.13)

whereas

(3.14) z =

(where, cf. table 2.5., r = 2 in the first case).

andonis a loeal generator for NI
B 3

Z = s/~r , we have

a/{H~Clearly

since x = i, y = sP/~~
. 1

a = p sp- .l... + ~-r a = pzP-1~ 1-r .1... + x~ 1-r ..l.. = ~ 1-r(x .1... +
~ ~q ay az ay az az

+ pzp-1 ;y) On V
1

we have coordinates a = x O/x
1

'

b = x2/x~, c = x3/~i ' such that a = 1/n b = ~n-P ,

c = sn-q .

A Ioeal generator for is a/ae , and

Henee a section of

n v.
1

s.t.

NI

~3
is given by funetions AO,A

1
,A2 on

p-1
= A2 (x a/3z + pz a/3y) = A

1
a/ac .
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1-point nilpotent scheme of length (n-1) x (r
1

xr2) if

r. = deg(B.) ~ g. = genus(r.) and the branch points are general.
111 1

Corollary 2.13. If v = h 1
(8S )/dim Def(S) is the ratio"·between

tangent dimension and dimension of Def(S) there do exist genera-

lized Kas-surfaces with v arbitrarily large.

Proof. If S has degree n, deg (Bi) = gi - 1

= (n -1) (g1 - 1) (g2 - 1) /3( (g1 - 1) + (g2 - 1)].

then v(S) =

o

Proof of 2.12. By lemma 2.11. it suffices to verify that, for

each h = 9, .... n - 2 , we have 2 surjective maps,

(2.14.) ---->> (f) ([. •

~=1, .. r1 1J

J=1 , .. r
2

(given by GH valb ! 0 valb ~I) )
i,j 1 J

and its symmetrieal.

Since

~b~ '" while HO(u ~ c~) ----»
1 f 2

H
1

Hl
r2

(-B2 ) @ C~) injects-into

,-
By duality there must be a surjection HO(C-h ) ~> HO"( Cn - h )

2 2

HO ((i) r for i < n
and this holds <===;10 =2 for i = n

-......&~.~_.~--_ ........... - -~~-----------
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There is an invertible sheaf C. on r. and a divisor
1 1

B.
1

consisting of distinct points· s.t. t'lr (B.)
. 1
1

is the

subvariety of L. , the line bundle whose sheaf of sections is
1

C. , obtained by taking the n th - root of the section defining
1

B. •
1

'Clearly the group jJ ;:: Z In
n

of th
n roots of unity acts on

C. , and . f. : C. ~ r. is the quotient map.
111 1

Notice further that

(2.6.) EI) •••
- (n-1 )

ED-C.
1

To adhere to our standard notation, we let z· = C x C
1 2

and we let

act on z by the (twisted) action

(2.7.) r;(x,y) -1
= (t;x,l; y) •

It follows imrnediately that if x = Z/jJ , then the singularities
n

of X are exactly R.D.P.ls of type A 1 ' and p: Z ~ Xn- is

unramified in codirnension 1.

As a prelirninary computation, we notice that (n = u1 , for short)

(2.8.)
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Theorem 2.3. If' (2.1.), (2.2.) hold and S is a minimal resolution

of X = Z/G , then for r» ° S has everywhere obstructed de-

formations~

Proof. Since, by (2.1.), p: Z~ X is unrarnified in codimension

1, cor. 1.20 applies: in fact, by (2.2.) X has only R.D.P.'s and

is singular. We have ta' verify that HO(n~ ~ Wz)G maps onto

T~ = HO(T*) = HO((p*n~)G/Q~) (cf. 1.7.). Notice that the restri­

etion map ~ ~ wv1 (rH) ~ n~ @ ww(rH) is a homomorphism of

G-modules, while Wz and ww(rH) differ just by a character cf

G .

Now T* is a quotient of 1 G 1
(p*nw) /nW/ G ,which has finite

length, hence there exists an integer
5

of T = m n1 /rnk n1 where
i=1 w,wi w,wi w,w 1

k > °
mw,w.

1

s.t. T* is a quotient

is the maximal ideal

of the point w. •
1.

It suffices now to choose r» ° s.t.

ente T .

maps

Q.E.D.

We show now at least that (2.1.) (2.2.) occur easily.

Exarnple .2.4. We let W = A , where A is an abelian 3-fold and

let H be any polarization.

G = {±1} act5 in the standard way, so w
1

' ... w64 are the
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.c be w
X

By (1.4.) the above sequenee is obtained by tensoring with

Wx the exaet sequenee of loeal eohomology

0-+ . ([21) ~H1 (Si)1) ~O
1* 0 Sing X X

X

and, as in Pinkham's article ([Pi] page 174, (4) of theorem 1),

we notiee that by loeal duality the last term is isomorphie to

E -l.,1(01 ~')v
Xl,: X' X

Q.E.D.

Remark. Notice that sometimes Y is neeessarily singular, no

matter of whieh resolution S of X one takes.

l.e., there is no blow up of Z on which G acts as a group

generated by pseudo reflections. For instance, take the action of

Z/4 such that (u,v) ~ (iu,-iv) : on the first blow-up there

is a point where the action has eigenvalues (i,-1) , hence this

point has to be blown up, and over it lies a point where the eigen-

values are (-i,-1), ... henee the procedure ean never end.

From now on we shall assume dirn Z = 2, X Gorenstein (i.e.,

with R.D.P.'s only), and let S

larities of X .

be a minimal resolution of singu-
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Proof. By abuse of notation we shall identify 'c wi th i ts pull-

backs, which we shall consider endowed of their natural lineari-

~ation (notice that G aets on Y , with quotient 5).

5ince 5 - 5° has codirn 2: 2 , HO(~1 ~ C) = HO (~,1 ° ~ C)
5

5

by (1.4.)
1 G ~1 hence HO(~1 ~ C) HO(~1 ~ C)G(<.O*rly ) = , =

°
sO sO yO

and this last clearly equals since is a

rnodification and Z is smooth.

Q.E.D.

Corollary 1.7. Let Z,G, ... be as above and assurne X Goren-

stein, dirn Z = 2 . Let T* be the cokernel of the sequence

Then HO(T*) = HO(Ext1(~~,~x))v and the image of HO(r) is iso­

morphie to the"cokernel of

Proof. First of all sinee the singularities

of X are Gorenstein quotient singularities, hence R.D.P.'s; so

that the second statement follows directly from (1.6.) letting
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11

We have now to show that eX(-log B) ~ (i )*(eX"(-logB»

is an isomorphism. This follows since ex ( - log B) is torsion free

(if v is a vector field, f ,is a function and v(df) Ix"· f IBnX" ,

then v(df) € I
B

) , hence we have än injective homomorphism of which

j gives an inverse.

Finally, the inclusion ~x·c·p*~z shows that jV is injective

Q.E.D.

We let now n : S ~X be aresolution of singularities of X,

and Y be the normalization of the fibre product Z Xx S .

We then have a diagram

Y lP)o S

(1.5.)

z P)o X

and we set y
O = Y-Sing (Y) sO = S - lP (Sing Y)

:

Z 0 = Z - E: (S ing (Y) )

Proposition 1.6. For any invertible sheaf L on X , we have
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Then there are natural isornorphisrns

Proof. Both jY,j are naturally defined and are clearly is07

morphisms on the open sets where pi is unrarnified.

If pi (z) = x , g (z) = ,z , we take local coordinates as in

(1.2.) and then the proof follows from a direct computation.

o

We set n ow Z tl = Z- (W- W') = {z Gz is generated by a pseudo-

reflection}, so that codim (Z - Z") ~ 2 , X = Z/G , let

p: Z~ X be "the quotient map, and finally set X" ~ p(Z"

Lemma 1.4. Let B be the (reduced) branch locus of p: Z ~ X =

= Z/G, xO = X - Sing X, i: xO~ X the inclusion map. Then

the natural homomorphism (p*e z ) ~ ex ( - log B) is an isornorphisrn,

h n 1 cj Y _ (n 1 ) G . . . t . . h . X°w ereas H X~ p* ~~Z 1S lnJec lve, an 1somorp 1sm on .,

and P*(Q~)G'equals; i*(Q1 0 )
X

Proof. By (1.3.) the assertion is true on the open set X" c xO

Since codim (Z - Z 11 ) ~ 2 and" 8"z , [21 are locally free, ifZ
G 11 \

i" : X" ~ X is the inclusion, p* (e Z) = (i ) * (8x11 ( - log B')
1 G 11 1 . ' 1and p*(Slz) = (i * )(Sl 11) = l*(~ 0)

X X
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(1.10) H
1

(eS)
)- 1 "~

0E HE (es) ~

/1 1 H
2

(e s)
11

o~
1

Ext
1 (n~, Q)x) HO(EX~1(n1,Q) )) H2 (e

x
)H (ex) ~ ~ ~x x

I1
Tx

1Here the inelusion of HE(e S ) is indueed by the sequenee of loeal

cohornology ([B-W] 1.3), on the other hand Burns and Wahl prove that

TI*e s = ex ' so that the Leray speetral sequenee for the map TI

(cf. [Pi] page 176) gives the sequenee

I 2

plus the isomorphism H2 (ex) ="H 2 (e s )

splitting

thus we obtain the

(1.11)

On the other hand, (cf. [Pi]), the lower exaet row of (1.10) is

given by the Ext, spectral sequencei and~~nkham_ proves that

(1.12) ob is dual, via Grothendieck duality, to the map



EVERYWHERE NON REDUCED MODULI SPACES

(Pabrizio Catanese, Universita di Pisa)

Introduction

The purpose of this article is to show how often the moduli

spaces of surfaces of general type can be everywhere non reduced

in the case when the canonical bundle KS is not ample. On the

other hand, by giving a simple criterion which implies that this

must happen, we are in fact able to subsume almost all the pre-

viously known examples of obstructed deformations in dimension 2

as particular issues of a very general situation; we produce also

infinite series of examples, 'showing in particular that all non

Cartier divisors of rigid 3-dimensional weighted projective spaces

give rise to this pathology.

To be more precise, let V be an algebraic variety with,' a

finite group Aut(V) of automorphisms (e.g., cf. [Ma], if ,'~V ... is

cf general type); then, if V admits aspace of moduli ffi(V)-

(cf. [-Mu 2·]), locally (i. e. in an analytic neighbourhood of the

point of m(V) correspoding to V) ffi(V) is the quotient of the

base Def(V) of the Kuranishi family' of deforrnations of V by'

thegroup Aut (V) (cf. [Wa]). -It i8 c lear ·tha t in" this -ca'se" m(V)

is (locally) everywhere non reduced, e.n.r. for short (i.e.,

everywhere singular) if and only if Def((V) is e.n.r ..
,.-, .

! ~ I....

\: .
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We recall the classical terminology:

structed deformations if the germ Def(V)

V is said to have ob­

is singular. The stronger

condition that Def(V) be e.n.·r." i.e. everywhere singular, can thus

b~ rererred to as V having "eve~ywh~re ~Rst;ruct~d deforrnations 11, and

has been regarded up to now as a very pathological phenornenon.

The first example of algebraic varieties V with Def(V)

e.n.r. is due to Kodaira and Mumford ([Ko], [Mu 1]) : here, though,

V and its deformations are blow-ups of F 3 , hence there are no

birational moduli.

After several examples of obstructed deformations were ex-

hibi ted, e. g. by Kas ([ Ka 1 ], [Ra 2 ] ), by Burns and Wahl ([ B-W] ) ,

by Hor ikawa ([ Hor 1 ] ), then Hor ikawa' [Hor 2] anc1, later, Miranda

([Mi]) gave examples of surfaces of general type S (respectively

with 'P
g

= 4,7, K2 = 6 , 14) for which Def(S) is e.n.r.

Their approach was through the classification of all the

surfaces with those invariants (Miranda uses Castelnuovo's classi­

fication [Cas] of surfaces with K
2

= 3 Pg"-7 and IKSI birational).

In both cases the outcome is that the canonical bundle K
S

is not

ample for all the surfaces corresponding to the points of a compo­

nent of the moduli space. This research started when I tried to

find a direct proof that Def(S) was e.n.r., and I "noticed

that for both exarnples the singular canonical models were hyper­

surfaces in a 3 dimensional projective space (respectively

Xg cF(1,1,2,3), X
7

cF(1,1,1 ,2)) admitting a double cover
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Added~in-proof: While giving a talk at the Max-Planck-Institut

on the above results, I learnt from Masa-Hiko Saito that he has

also been studying a situation similar to the one considered in

§ 1.


