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Introduction

Considef n‘1,...,nd € N without common factor, then for

any n €N large’enough n €T =< Dgres-yng > the semigroup
generated by NyreeerDg o The Frobenius's change money problem
consists to find the biggest g € W - I' in function of
Nyreee/Dyg - This prpblem has been studied from the
combinatorial point of view and only are known the solutions
for d = 2 (Sylvester) and d = 3 (R&dseth). In fact using

the terms of index of regularity one can remark that g is

the index of regularity of the Hilbert function of the ring

n n
k[t T,...,t d] and can be interpreted by using syzygies, see

[Mo], in fact the reader can see all the results in this like
one generalisation paper of the Frobenius's problem: namely
describe using combinatorics the syzygies of a monomial curve.
Here we give positive solutions for affine and projective
monomial curves in k3 and ZP3 respectively and an eaéy
criterium for a projective monomial curve in IP3 to be

arithmetically Cohen-Macaulay in terms of its semigroup.

I thank the Max-Planck-Institut for its generous hospitality,
- Monique Lejeune for her encouragement and S. Sertdz, A. ¥zlik
to write me about this problem and G. Valla for interesting

discussions.



a a
0.1 - Consider a monomial curve A kit 1,...,t d] given
a1 ay '

parametrically by X1 =t reeerXy T t , this is a graded

ring and the Hilbert function H(n) =_dimkAn takes values

1

0 or 1. Further if a .,a, are relatively prime, then

17
H(n) = TI for all n large. The smallest number ¢ such
that H{(n) =1 for all n > g 1is called the index of
regularity of the Hilbert function. Then it is clear that

g is the biggest integer g ¢ T where T is the semigroup

generated by Ayreeerdy - Sometimes it is called the Frobenius

number.

0.2 - Now consider A as a quotient of the weighted polynomial

ring R = k[x1,...,xd] where weight (Xi) = a; then as an

R-module A has a syzygies (i.e. free resolution)

0 - ® R[-n
i

] » ... 3 R>2A->0

da-1,1

1= ® Rlmgg,s

and we have the relation

For more about index of regularity see also [Mo].



§ 1. Some generalities about equations and relations of curves

t.1. - Let C a curve given parametrically in

k[Xqr...iXg] by X, = £, Xy = 0, (8), 00 Xg = 0g(t) .

Call P the ideal of this curve in k[X1,...,Xd] . Consider

~

¢ € N such that (a,m) = 1 . And the curve C given parametrically

- m - 6] _ a X ~
in k[x.]'aot,xd] by x1 - t I X2 - (Dz(t ) ,.... 'Xd - (.Dd(t ) ? Call P
the ideal of this curve in k[X1,...,Xd] . Also for one element

f € k[X1,...,Xd] we put ¥ the element T := f(X?,Xz,...,Xd) .

1.17.17 - Remark. We can also replace the ring of polynomials by the

ring of convergent power series or the ring of formal power series.

1.2 - Lemma. £ € P «=» £ € P . In particular if £i0...,f, is a
minimal system of generators of P , then ?1""’¥s is a minimal
system of generators of P .As a consequence P is a complete

intersection if and only if P is.

1.2.1 - Remark. The proof of all the facts in this section comes from
the following trivial claim, where R 1is the ring of polynomials.
Any £ € R c¢an be written as
£=F +x T, + ...+ x%¥
171 1 o=

0 1



where fi € R .

1.2.2 Proof of 1.2. -~ By definition P (resp. P ) is the Kernel of

the morphism- R ——> k[t] sending X1 to t™ and xi to wz(t)
{(resp. Xi to wi(ta)) and this proves the first assertion in

1.2. |

In order to prove the second assertion, we take f € P and we
write it like in 1.2.1

£ =% + X1f1 R i

0
then we claim that ?i are such that fi € P , we replace the
parametrisation of € in £ , but then the powers of t in
?0(X1(t),.;.,xd(F)) are in o X , those of X??i in nlij o X

1 £ i 5 o-1 , this implies that fi € P for any i , in particular
after the first assertion in 1.2 fi € P , and this is enough to

prove the second assertion in 1.2.

1.3 Proposition. - We consider a syzygies of the ideal

P < k[X1,...,Xd] then a syzygies of P is obtained by changing
x1 by x? in any matrix syzygies of P . In particular if the
resolution for P is minimal so it is for P and the Betti
numbers of P and P are the same. If P is the ideal of a

monomial curve then the shifts in the graded syzygles of P

are obtained from those of P



Proof. - 1.2 says us that if P is generated by £ £

17 s

then P is generated by ?1,...,? that means that the

s !

proposition is true at the first step of syzygies. Now

suppose that there is a relation

s
E gi?. = 0 with g; €R

then we can use 2.1.1 to write

93 = 90,1 Y X49q9,1 oo XY 949,

this implies that
¥ 9, i?l + X, Y g9, i?i IERRRR & Y g ¥, =0
i=1 O i1 Vo ' is

in R = k[X1,...,Xd]

but monomials in each sum are different from other sums because the
powers of x1 are not in the same set. In particular we conclude

that

s - .
i§1gj'i?i =0V 3j in R

but this implies Z gJi ; =0 in R, that means that the relations

in the {%1,...,?5} are generated by the relations in {f1""'fs}
o

7 -

Now if Kn is the n?syzygies of P (resp. ?n the n-syzygies of P

just by changing X1 by X

and if we suppose that in is generated by a set of generators of

Kn. just by changing X1 by X? , then the same method apply to



show that %n+1 is generated by K_,, Just by changing X, by
x? . This gives the proof of the Proposition.
1.4 Definition. - Let C = {C_,9_} and C' = {C',3'} be two
qa q qa q
cochain complex over R . The tensor product (C & C') 1is the:

cochain complex defined by

cecH) = e (¢t e c'd)
i+j=n

with the differential e

n n-1

e s ctec'd —s (cocCY)

(a®b) —> 3, a@b +(-H)T a®3'b .

The following lemma is well known, also it will be useful in the

next section.

1.5 Lemma., - Consider a prime ideal P in a regular ring R (here
R = k[X1,...,Xd] ) and suppose that we add a new variable W and a

new equation w—m(x1,...,xd) . Call P1 the ideal in

R, = k[x1,..,,Xd,W] generated by a basis of P and W—m{x1,...,xd}

1
Let S8° Dbe the syzygies of P over k[X1,...,Xd] , we also call

S® the syzygies of P over k[x1,...,Xd,W] . Then the syzygies

e S5 R

S of P is 82 := 5° @ (0 —> R1 1

1 1 1
G = W-(.D(X.I,...,Xd)

———> 0) where



1.6 Example. - Consider the monomial curve given parametrically
in the fourth dimensional space by X = t4, Y = t6, 2 = t7 ,
U = t9 . Call P the prime ideal defining this curve in

k{x,Y,2,U0] . It is well known that P is generated by the

following elements:

c = XzY - Zz'
d = XZZ - YU
e = XY2 - ZU0
f = Y3 - U2
Let ¢(X,Y,Z2,U) = YZ = t13 , then after 1.3 and 1.5 we can say

that the prime ideal P of the curve given parametrically by

x =t v =% 2 2 7%y 2 %% g - ¢'3 is generated by

P = (a,b,c,d,e,f,g = WOl - XY)

for any o natural number prime with 13.

This is a powerful method to find syzygies without complicated
calculations.

3

1.7 Example 2. - Consider a monomial curve C in k™ , given

parametrically by X = ta, Y = tb, Z = tc, a,b,c being three
natural numbers. In-order to study equations of this cufve we

can assume that a,b,c are relatively prime. Secondly by



using 1.3 we can assume that a,b,c are coprime two by two.
Incidentally we see that if one of the three numbers say c¢
belongs to the semigroup generated by a,b , then ¢ = ma + nb ,
with m,n € N , and we can writeb 2 = XmYn . 1.5 says us that

C 1is a complete intersection (in fact a plane curve).



§ 2. Monomial curves in k3 )

2,0 - Let a,b,c € N such that (a,b,c) = 1 and that

kit?, P

,tc] be a curve C of embedding dimension 3. Let
‘R = k[X,Y,2] with grading given by weight (X) = a , weight
(Y) = b , weight (2) = ¢ . After J. Herzog ([He], [K]) we

b

know that if k[ta,t ,tc] is not a complete intersection,

his syzygies are like follows

0 —s r% Bs r3 5 R — x[t3,tP,t%1 —s 0
X b—> t°
Y }—> tb
7 b—> t° .

_Now we improve this result giving explicitely the matrik M . The
.equations- of the curve C in k3 being the 2 x 2 miﬁbrs of the
matrix M . The g;oblem to £find M 1is in fact equivalent to the
solution of the Frobenius's change money problem in dimension 3

Problem. - Find the biggest g € N who can't be written
g=aa + B8b +yc , with a,B,y €N

2.1 - In order to relate both problems we introduce the Apery

sequences. Let [ be the semigroup generated by a,b,c and



s € I , then the Apery sequence T (s) 1is by the definition
I(s) = {Ler/l1-s¢grT}.

2.1.1 - Remark. - Let (a,b) =4 and T' = <a/d, b/d> the

semigroup generated by a/d and b/d . Suppose that

r'(a/d). = {y b/d + zc / (y,z) € D} ,
then

rfa) = {y b + ize / (y,z) € 0, 1sisd} .
2.1.2 - It follows from remark 2.1.1 that in order to describe
the Apery sequence T (a) we can consider only the case where

{(a,b) = 1

Let Sg be the unique integer such that

s.bscmoda and 0 < Sq < a

0
put s_, := a and consider the Jung-Hirzebruch continuous
f;action
S_q T @ = qy8; 7 Sy q; 2 2, s, 2 6
Sg T 92%1 T %2
Sm-1 ; Im+1 °m

and the sequences Pi’ Ri defined by



Then {si} and {Ri} are strictly decreasing sequences, P

is a strictly increasing secuence of integers; R .4 is a

negative integer, and for any i we have s.P, - s

1T i+1 =a

i+1Pi
2.2 - Definition. - Let v the unique integer number s.t.

R+1 S0 < R_ .
Vv AY]

s s
v+ 1 o} Y
5 s 5 < 5 . Now we

v+1 v

This is equivalent to saying that

can state the nice theorem of R&dseth.

2.3 - Theorem ([R8]). - With the above notations, any element
8 € I'(a) can be written 6 = yb + zc , we suppose that 2z is
the minimal with this property and when this is the: case the

pair (y,z) 1s unique. Now let

A= {(y,z)/0 gy < S, T Sypq” 0 5 2z < Pv+1}
B = {(y.Z)/sv <S4 Sy < S, 0 Sz <Py~ Pv}
then T(a) = {yb + zc/(y,z) € A U B}

And now we can describe the syzygies of a monomial curve C

given by X = ta, Y = tb, z = t° .



2.4 - Theorem. - Let a,b,c three natural numbers if a,b
are not coprime by using 1.3 we can suppose (a,b) =1 ;
then with the above notations the matrix syzygies for the

, 3
curve C 1n k is:

[ R s -5 )
X v v V v+
s 1 Pv
M = y V Z
P -P -R
[ 7 v+l v X v+1
J

Moreover the curve C 1is a complete intersection if one of

Rv+1' Pv or Sv+1 is null.
Proof. - By definition of the sequences Sy Pi’ Ri we have
the relations
(1) P\J+1c = bsu+1 ( Rv+1)a
(2 s b =Ra+ P .c
V v
{3) (RV-Rv+1)a = (Sv_sv+1)b + (Pv+1—Pv)c

the third relation is a consequence of the first two. Also

we use the relation

P

(4) sy Poq = SyFy

= a .

Now by [He] p.10 it is enough to prove the following claims:

Claim I. - P ¢ 1is the least multiple of ¢ in <a,b> .

v+



Claim II. - 1) va is the least multiple of b in <a,c>

or ii) (Rv_Rv+1

Proof of Claim I. - Suppose that there exists v, Oéy<Pv+1

such that yc € <a,b> , then (0,y) € AUB by 2.3 and
yc € T(a) , i.e. yc = Ab this contradicts the minimality
condition on the coefficient given to define A and B

(see 2.3).

Proof of Claim II. - Suppose that there exists v, Oéyksv

such that yb € <a,¢>, vy minimal with this property by 2.3

(y,0) € AUB, and yb = Xc , using the Claim I X 2 P

v+
and we can write yb = (A—Pv+1)c + bsv+1 (-Rv+1)a . But
Yyb € T(a) then “Ro,q = 0 . If R\)+1 ¥+ 0 we get a contra-

diction and we have proved the part i) of the Claim II. If

Rv+1 = 0 , because vy 1is minimal we must have Sy+1 = 0 and
Pv+1 =0 or vy = S, 41 and A = Pv+1 the first relation is
impossible by definition of Sy Pi . From the relation

Pv+1c = sv+1b we get that Sy T $ E ' Pv+1=6 g ;, Where

a = (b,c) and § = (Sv+1’ Pv+1) and by (4) that
(sv—sv+1)6(b/a) + (Pv+1 - Pv)ﬁ(c/u} = a in particular §

divides a . Now using (3) we obtain
SR =a, i.e. & divides o = (b,c)

this implies § = 1 by hypothesis. Now it is clear that if

Ya € éb,c> then o divides vy ; this implies that Rva is

)a 1is the least multiple of a in <b,c>

.



the least multiple of a in

of 2.4. Note that Rv = Rv_R

The last affirmation in 2.4

of the matrix syzygies.

2.5 - Remark. - The results

[Mo-1] to construct a large

symbolic Rees ring & P(n)

- 13 -

<b,c> and finish the proof
because in this case R
v+ 1

is clear from the description

in this section are used in
series of examples where the

is noetherian.

v+1



§ 3. Syzygies of projective monomial curves in IPB

3.0 - We consider the projective curve given by the para-
metrisation X = ua, Y = ubta-b, Z = ucta—c' W = ta when
a,b,c are natural numbers a>b>c>0 . Related with this

projective curve we have two assoclated affine curves putting

respectively u =1 or t =1

Many people have studied the question of finding the
syzygies of a projective monomial curve, specially Bresinsky
and Renschuch, now using the results on section two it is
possible to give equations and syzygies in function of the
invariants introduced there. This algorithm is of special
interest in cases where computer fails because of high number
of computations. Usihg the algorithm in section 2 and then
Bresinsky-Renschuch [B-R] and Bresinsky [B]; computation of

syzygies needs only fourth operations on integer numbers.

3.1 Proposition. - Consider the morphism ¢ : k[X,Y,Z,W] - klu,t]
given by X = ua, Y = ubta_b, Z2 = ucta—c' W = t? where a>b>c
and we assume (a,b) = 1 . The notations are those introduced
in section 2 and we put Ri = sj - Pj - Rj for any Jj . Then

the ideal Kerd¢ is generated by the polynomials
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-— _— 1
ZPv+1 Y v+1x R\)+1w Rv+1
R -R Rl_Rl _ -
{ix vV VI v v YS Sv+1ZPv+1 v
R P\) s\) _Rl
| X "2 ¥ -y Yy Vv

: - -2P 2R_-R 2R'-R'
YZSv”§v+1ZPv+1 o v+1W v v+
- - -1)R_-R
Y(qv+1_1)sv_sv+1zpv+1 (qv+1 1)Pv _ X(qv+1 1)Rv v+1
’ - 1_p!
w(qv+1 1)Rv Ry+1
o
Rt s R . P _
WR\"HZ\’q—x\’1z\’1 .

We repeat this last group by changing v by v-1 and so on.
The process stops when we find Ri 2 0 , then the last

equation will be

instead of W Y - X *z .

3.1.1 - The proof is a direct consequence of our algorithm
described in section 2 and Bresinsky-Renschuch [B-R]. The

syzygies follows from these equations by using Bresinsky

B 1.

3.2 - In the case where (a,b) % 1 we can give the following

receapt to find the equations:



-.16 =

Let A := (a,h) and 5 = a/}, b = b/\A . Let Ei, ﬁi’ R, be

i

the sequences associated to a,b,c using 2.1.2. Then we

define the sequences Sy Pi' Ri associated to a,b,c by:

s, = Ei, Pi = Aﬁi, Ri = ﬁi for all i .
Put Ri = s; - Pi - Ri and the equationé obtained with these
values in 3.1 are a minimal basis defining the curve X = ua,
v = uPt?P, 7 2 (Ge¥C, o= 12,
3.3 - Corollary. - The ring B = [ua, ubta_b, ucta-c, ta] is

a Cohen-Macaulay ring if and only if Rb 2 0 . In this case

the matrix syzygies is given by

R R' S -s )
X “w v AVERAVE & |
.sv+1 P
Y z V
P -pP -R ~R'
7 v+l v X \)+‘lW v+1
| 0

Proof. - This follows from the above proposition and the

well known fact (see for example [S-V1] pp.167).

3.3.1 - Lemma. - Let C be a monomial curve in :Pi , then
C 1s arithmetically Cohen-Macaulay if and only if the ideal

defining C in the ring kI[X,Y,Z2,W] has at most three

generators.
3.3.2 - Remark. - Corollary 3.3 answers a question of

Stiickrad and Vogel ({$-V2] p. 101); namely say when the ring
B 1is Cohen Macaulay in terms of a,b,c . Note also that this

corollary make superflows case i of Lemma 2 [§-v2].
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