RING THEORETIC ASPECTS OF WEAK HOPF ACTIONS

CHRISTIAN LOMP

ABSTRACT. Following Linchenko and Montgomery’s arguments we show that
the smash product of a semiprime module algebra, satisfying a polynomial iden-
tity and an involutive weak Hopf algebra is semiprime. We get new insight into
the existence of non-trivial central invariant elements in non-trivial H-stable
ideals of subdirect products of certain H-prime module algebras satisfying a
polynomial identity by considering an adapted version of Kaplansky’s theorem
and by introducing a Brown-McCoy radical for module algebras. We extend
Puczylowski and Smoktunowicz’s description of the Brown-McCoy radical of
a polynomial ring to module algebras and apply our result to left bialgebroid
measurings, gradings and involutions. The paper finishes with an extension of
results by Bergen et al. and Cohen at al. on irreducible module algebras to
weak Hopf actions.

1. INTRODUCTION

Group actions, Lie algebras acting as derivations and finite group gradings are
typical examples of Hopf algebra actions which have been studied for many years.
Several generalizations of Hopf algebras have emerged in recent years, like weak
Hopf algebras (or quantum groupoids) introduced by Béhm et al. [6]. The action
of such objects on algebras, as given by quantum groupoids acting on C*-algebras,
[29] or weak Hopf algebras arising from Jones towers [14] are particularly interesting.
New examples of weak Hopf algebras arose from double groupoids [3], which were
also used to find new weak Hopf actions (see [29]).

A long-standing open problem in the theory of Hopf action is to show that the
smash product A#H of a semiprime module algebra A and a semisimple Hopf
algebra H is again semiprime (see [10]). The most recent partial answer to this
problem has been given by Linchenko and Montgomery in [17] where they prove the
semiprimness of A#H under the condition of A satisfying a polynomial identity.
We will see that their result carries over to actions of weak Hopf algebras. We
reach more generality by considering actions of linear operators that satisfy certain
intertwining relations with the regular multiplications on the algebra.

In the fourth section we will consider weak Hopf action H on algebras A satisfying
a polynomial identity and prove that any non-zero H-stable ideal contains a non-zero
central H-invariant element if A is a subdirect product of H-compressible module
algebras. For that we consider a kind of Brown-McCoy radical for algebras relative
to the action of an algebra of linear operators. We will show an analogous description
of the Brown-McCoy radical of a polynomial ring as given by Puczylowski and
Smoktunowicz. We also adept a version of Martindale’s central closure relative to
an operator action and consider strongly prime algebras. In the fifth section we

1991 Mathematics Subject Classification. 16N60; 16S90; 16540; 16 W30.

Key words and phrases. weak hopf actions, bialgebroids, measuring, smash products,
semiprime rings, prime rings, strongly prime, Brown-McCoy radical.

The research for this work was mainly carried out during the author’s visit to the Max-Planck
Institut fiir Mathematik in Bonn. He would like to thank the institute for the interesting at-
mosphere and the excellent working conditions. The author would also like to thank his home
institute for a leave that made the stay at the MPIM possible. Last but not least he would like to
thank his wife for all the effort and trouble the author’s stay caused her.

1



2 CHRISTIAN LOMP

apply the previously obtained results to measurings of left bialgebroids, gradings
and algebras with involutions.

In the final section we consider weak Hopf actions on irreducible algebras ex-
tending some results of Cohen et al. to this setting.

2. LINEAR OPERATORS ACTING ON ALGEBRAS SATISFYING A POLYNOMIAL
IDENTITY.

The aim of this section is to extend a recent solution to the semiprimness problem
for smash products to weak Hopf actions.

2.1. Let k be a field and let A be an associative unital k-algebra. For any a € A
define two linear operators L, and R, in Endg(A) given by (L(a),z) = az and
(R(a),x) = za for all z € A. We identify A with the subalgebra L(A) of End(A)
generated by all left multiplications L(a) and denote the subalgebra generated by
all operators L(a) and R(a) by M(A), which is also sometimes referred to as the
multiplication algebra of A. As a left L(A)-module, A is isomorphic to L(A) since
we assume A to be unital.

Let L(A) C B C Endi(A) be any intermediate algebra. Then A becomes a
cyclic left B-module by the evaluation pairing (, ) : Endg(A) x A — A with
Y-a:= (,a) =1(a). A subset I of A is called B-stable if B-I C I. The B-stable
left ideals are precisely the (left) B-submodules of A.

2.2. The first technical Lemma generalizes a corresponding result of Linchenko [16,
Theorem 3.1] for Hopf actions and Nikshych [23, Theorem 6.1.3] for weak Hopf
actions. Recall that an ideal whose elements are nilpotent is called a nil ideal.

Lemma. Let L(A) C B C Endy(A) and suppose that for all i € B there exist

m > 1 and elements Vi, ... L W2, ... Y2 € B such that
L({p,a)) =Y o} o L(a) o9} and Y _4f o} € L(A) (1)
i=1 i=1

for any a € A. If A is finite dimensional over a field of characteristic 0 and if I is
a nil ideal, then B - I is nil. In particular the Jacobson radical of A is B-stable.

Proof. Denote the trace of a k-linear endomorphism f of A by Tr(f). Let ¢ € B,
a € A. Using Tr(fgh) = Tr(hfg) and the hypotheses we get:

Tr(L((, @) = Tr ( (Z 7o 1/)3) ° L(d)) = Tr(L(y) o L(a)) = Tr(L(ya))
i=1

for some y € A. Suppose that a € I with I a nil ideal, then ya € I is nilpotent,
hence Tr(L((3,a))) = Tr(L(ya)) = 0. For any k > 0 set z* := (1, a)*. Then

= (L)), = 3o ()

for a; = a{y2, z8~1). Since [ is an ideal, a; € I. Hence

Tr(L(2)*) = Tr(L(z")) = ZTr(L(w}, a;))) =0

Since A is finite dimensional, char(k) = 0 and the trace of all powers of L(z) is
zero, L(z) is a nilpotent operator, i.e. z = (1, a) is nilpotent. Thus B - I is a nil
ideal. Since the Jacobson radical of an Artinian ring is the largest nilpotent ideal,
we have B - Jac(A) = Jac(A). O
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2.3. The last Lemma, which had been proven first by Linchenko for Hopf actions
and then by Nikshych for weak Hopf actions allows us to show the stability of the
Jacobson radical of an algebra A which satisfies a polynomial identity and on which
act some operator algebra B which is finitely generated over A. The hypotheses of
the following Theorem allow the reduction to finite dimensional factors.

Theorem. Let L(A) C B C Endy(A) over some field k of characteristic 0 with B
being finitely generated as right A-module. Suppose that for all v € B there exist
n > 1 and elements 1, ... 0L W2 ... 92 € B satisfying

L((¢,a)) =Y W} o L(a) oy} and Y 47 o} € L(A) (2)
i=1 i=1
for any a € A. If A satisfies a polynomial identity or if k is an uncountable alge-
braically closed field, A countably generated and all left primitive factor rings of A
are Artinian, then B - I C Jac(A) for all nil ideals T of A.

Proof. Let I be a nil ideal. It is enough to show that (B - I)V = 0 for all simple
left A-modules V, then B - I C Jac(A4). Let V be a simple left A-module and
P = Anny (V) be its annihilator. If k is an uncountable algebraically closed field and
A is countably generated, then it satisfies the Nullstellensatz, hence Endg (V) = k
(see [20, 9.1.8]). If primitive factors of A are Artinian, then by the Weddeburn-Artin
Theorem A/P ~ M, (k) for some n, hence V is a finite dimensional simple left A-
module. On the other hand, if A satisfies a polynomial identity, then A/P ~ M,,(D)
where D is a finite dimensional division algebra over F' = Z(A/P) by Kaplansky’s
Theorem [20, 13.3.8]. Tensoring A by F yields an F-algebra A= A® F with
F-action on the right. Then

L(A)=L(A)®@ FC B® F C Endi(A) ® F C Endp(A® F) = Endp(A).

Moreover V is a finite dimensional simple left A-module since Ann i(V)=PQF =:
P and A/P ~ M, (D) is finite dimensional over F. Note also that the nil ideal T
extends to a nil ideal I := I ® F since by [15, Theorem 5] I is a locally nilpotent
algebra and hence any element Y ;" a; ® f; lies in a nilpotent finitely generated
subalgebra generated by the a;’s and F'.

To summarize, our hypothesis on A allows us to consider V to be a finite di-
mensional simple left A-module, where A and B are algebras over some field k& of
characteristic 0. Denote by W = B®4V the induced left B-module. Since By is
finitely generated and V is finite dimensional, W is finite dimensional. Note that
the left B-action on W is given by ¢+ (¢®v) := (pod)®v. Let Q = Anny(W). Then
Q is B-stable, because if a € @ and ¥ € B, then by hypothesis there exist elements
Wi,k W20 2 € B satisfying equation (2). Thus for any w = ¢ @ v € W
we have

(1h,0)-(p@0v) = (L((1h,a))op)@v = Y _ploL(a)otfod@v = Y ¥}-(a-(¢7-w)) =0,
i=1 i=1
since ¥? -w € W and a- W = 0. Hence B-Q C Q. Let Qp = Anng(A/Q). Then
A/Q ~L(A/Q) C B/Qp C Endx(4/Q).

Since W is finite dimensional, A/Q is finite dimensional. Note that V is a simple
left A/Q-module. Any nil ideal I of A yields a nil ideal (I4+Q)/Q of A/Q. Moreover
every element ¢ + Qp € B/Qp satisfies (2). By Lemma 2.2, (B-1)+ Q)/Q =
B/Qp - (I +Q)/Q is included in Jac(A4/Q). Thus

(B-DV = (B/Qp-(1+Q)/Q) -V C Jac(A4/Q) -V =0.
Hence B - I C Jac(A) for any nil ideal I of A. O
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3. WEAK HOPF ACTIONS ON ALGEBRAS SATISFYING A POLYNOMIAL IDENTITY

Before we apply the results from the previous section, we first recall the definition
of weak Hopf algebras (or quantum groupoids) as introduced by G. Béhm et al. in
[6].

Definition. An associative k-algebra H with multiplication m and unit 1 which is
also a coassociative coalgebra with comultiplication A and counit € is called a weak
Hopf algebra if it satisfies the following properties:

(1) the comultiplication is multiplicative, i.e. for all g,h € H:

Agh) = Alg)A(h). 3)

(2) the unit and counit satisfy:
(A®id)A(l) =(A1)@1ARA1)=(1xA1)(A(1)®1) (4)
e(fgh) = e(fg1)e(g2h) = e(fg2)e(g1h) ()

(3) there exists a linear map S : A — A, called antipode, such that
h1S(h2) = (e @ id)(A(1)(h © 1)) =: e(h) )
S(hi)hs = (id @ €)((1 @ h)A(1)) =: €s(h) (7)
S(h) = S(h1)h2S(hs) (8)
Note that we will use Sweedler’s notation for the comultiplication with suppressed
summation symbol.

—~
D

3.1. The image of ¢; and €4 are subalgebras H; and Hg of H which are separable
over k ([24, 2.3.4]) and their images commute with each other. Those subalgebras
are also characterized by Hy = {h € H : A(h) = 11h ® 15} respectively Hs = {h €
H : A(h) = ].1 & ].Qh}

3.2. A left H-module algebra A over a weak Hopf algebra H is an associative unital
algebra A such that A is a left H-module and for all a,b € A,h € H:

h-(ab) = (hy-a)(he-b) and h-14 =¢€;(h)-14 ©))

3.3. Let A be a left H-module algebra over a weak Hopf algebra H and let A be
the ring homomorphism from H to Endg(A) that defines the left module structure
on A, ie. (A(h),a) :=h-aforall h € H,a € A. Property (9) of the definition above
can be interpreted as an intertwining relation A(h) o L(a) = L(hy - a) o A(hs) of left
multiplications L(a) and left H-actions A(h).
The following properties are now deduced from the axioms:
Lemma. Let A be a left H-module algebra over a weak Hopf algebra H. Then
(1) Vze Hy: Mz) = L(2-14) andVz € Hy : M(z2) = R(z - 14);
(2) Vhe Hijae A: L(h-a) = A(h1) o L(a) o A(S(h2))
(3) If S? =id, then \(S(h2)) o A(h1) € L(A) for allh € H.
Proof. (1) Let z € Hy;. Since A(z) = 112 ® 13, we have for all a € A:
z-a=z-(1ga)=(l1z-14)(1a-a) =1y - ((z-1a)a) = (2-1a)a
The proof of the second statement is analogous.
(2) For h € H,a,x € A we have
(h-a)r = (h1-a)(e(ha) 1a)x
= (b -a)(e(h2) - x) = (hy-a)(haS(hs) - x) = h - (a(S(hs) - x))
(3) Suppose S? = id, then S(es(h)) = S(ha)h1 and as S(H;) C Hy, we have
using (1):
A(S(h2)) o A(h1) = A(S(es(h))) = L(S(es(h)) - 1a) € L(A).
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3.4. We say that a weak Hopf algebra H is involutive if its antipode is an involution.
Say that H acts finitely on a left H-module algebra A if the image of A : H —
End(A) is finite dimensional. The following statement follows from the last Lemma
and Theorem 2.3

Theorem. Let H be an involutive weak Hopf algebra over a field k of characteristic
zero acting finitely on a left H-module algebra A. If A satisfies a polynomial identity
or if k is an uncountable algebraically closed field, A is countably generated and all
left primitive factor rings of A are Artinian, then the Jacobson radical of A is
H-stable.

Proof. Let A : H — Endg(A) be the ring homomorphism inducing the left H-
module structure on A. Denote by B the subalgebra of Endy(A) generated by L(A)
and A(H). Let hq,...,hy be elements of H such that {A(h1),...,A(hp)} forms a
basis of A(H). We claim that any element of B is of the form Y., A(h;) o L(a;)
for some a; € A. It is enough to show L(A)A(H) C A(H)L(A). So take elements
h € H and a,b € A. Then using Lemma 3.3(2), S~ = S and S(H;) = Hs we have

ho - ((S(h1)-a)b) = (h2S(h1) - a)(hs - b) (10)
= (S(er(h)) - a)(ha - b) = ales(hy) - 14)(ho - b) = a(h - b).

This shows the intertwining relation L(a) o A(h) = A(h2) o L(S(h1) - @) in B which
yields that B is finitely generated as a right A-module. By the definition of module
algebras, we also have that A(h) o L(a) = L(hy - a) o A(h2). Hence N(H)L(A) =
L(A)X(H). For any a € A and ¢ = >.* | L(a;) o A(h;) € B we have by Lemma
3.3(3) and by equation (10):

L((,a)) = Y Lla)oL( hl,a>)
3 L(as) 0 Alhay) © L(a) 0 A(S(hiz)
> Ahiz)o L (hm-aﬁ)oL(a)oA(S(his»=Zw;oL<a>o

for ¢} = A(hiz) o L(S(hiy) - ai), 95 = A(S(hi3) and some appropriate choice of
indices j. Moreover

D o) =Y A(S( (hiz)oL(S = " L(yn,,)oL(S(hi1)-a;) € L(A)

for some elements yp,,, € A that exist by Lemma 3.3(4). Therefore the hypotheses
of Theorem 2.3 are fulfilled and the statement follows.
|

3.5. Smash products of weak Hopf actions. Recall that the smash product
A#H of a left H-module algebra A and a weak Hopf algebra H is defined on the
tensor product A®p, H where A is considered a right H;-module by a-z = a(z-14)
for a € A,z € H;. The (k-linear) dual H* of H becomes also a weak Hopf algebra
and acts on A#H by ¢ - (a#h) := a#¢(— h), where ¢ — h = h1($, h2). Using the
Montgomery-Blattner duality theorem for weak Hopf algebras proven by Nikshych
we have:

Lemma. Let H be a finite dimensional weak Hopf algebra and A a left H-module al-
gebra. Then A#H is a finitely generated projective right A-module and A#H#H* ~
eM,(A)e for some idempotent e € M, (A) where M, (A) denotes the ring of n x n-
matrizes for some number n > 0.

Proof. By [21, Theorem 3.3] A#H#H* ~ End(A#H 4). Since H; is a separable k-
algebra, it is semisimple Artinian. Hence H is a (finitely generated) projective right
H;-module and H is a direct summand of H}* for some n > 0. Moreover it follows
from the proof of Lemma 3.3 that A#H = (1#H)(A#1). Thus H @y, A ~ A#H
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as right A-modules by h ® a — (1#h)(a#1). On the other hand H ®p, A is a
direct summand of H' ®p, A ~ A" as right A-module. Hence A#H is a projective
right A-module of rank n and End(A#H)4 ~ eM,(A)e for some idempotent e €
M, (A). O

3.6. Semiprime smash products for weak Hopf actions. We can now transfer
Linchenko and Montgomery’s result [17, Theorem 3.4] on the semiprimness of smash
products to weak Hopf actions.

Theorem. Let A be a left H-module algebra over a finite dimensional involutive
weak Hopf algebra H over a field of characteristic zero. If A is semiprime and
satisfies a polynomial identity, then A#H is semiprime.

Proof. Set B = A#H+#H™*. Note that H* is also involutive since its antipode is
defined by (S*(¢), h) := (¢, S(h)) for all ¢ € H*, h € H. By [22, Corollary 6.5] H*
is semisimple and by [6, 3.13] there exists a normalized left integral A € H*. This
implies that A# H is a projective left B-module as the left B-linear map A#H — B
with a#h — a#th#A splits the projection B — A# H given by a#h#¢ — a#h(d —

1).

First suppose that Jac(A) = 0. By Lemma 3.5, Jac(B) ~ eM,,(Jac(A4))e = 0 for
some idempotent e. This implies also that Radg(A#H) = 0 as well, since A#H
is supposed to be a projective left B-module. Recall that the radical Rad(M) of a
module M is the intersection of all maximal submodules of M or equivalently the
sum of all small submodules, i.e. of those submodules N of M such that N+ L # M
for all L # M.

Since A#H is a finite extension of A, also A#H satisfies a polynomial identity
and since H* is finite dimensional it acts finitely on A#H. Thus 3.4 applies and
for any nil ideal I of A#H we have B - I C Jac(A#H). On the other hand any
B-submodule N of Jac(A#H) is contained in Radp(A#H), which is zero. Hence
I =0 and A#H is semiprime.

In general, if A is semiprime, we can extend the H-action of A to the polynomial
ring Alx] by identifying A[z] with A ® g, H¢[z], which is a left H-module algebra,
where H acts on & by h-x = (&(h) - 14)x. Since A is semiprime, satisfying a
polynomial identity, Jac(A[z]) = 0 by [2]. Moreover A[z] also satisfies a polynomial
identity and by the argument above A[x]#H is semiprime. As any ideal I of A#H
can be extended to an ideal I[x] of A#H x| = Alx|#H, also A#H is semiprime. [

4. KAPLANSKY’S THEOREM AND THE BROWN-McCCOY RADICAL

As seen in the last section, the Jacobson radical of the polynomial ring A[z] has
been shown very useful to prove the desired result. The Brown-McCoy radical of
Alx], which includes the Jacobson radical, had been described by E. Puczylowski
and A. Smoktunowicz in [25]. In this section we will give a weak Hopf theoretical
analog of their description by considering the intersection of maximal H-stable
ideals. This also leads to consider compressible and strongly prime module algebras.
Eventually in analogy of Rowen’s theorem on semiprime Pl-algebras we show the
existence of non-zero central H-invariant elements in non-trivial H-stable ideals
for certain H-module algebras that satisfy a polynomial identity. Throughout this
section we will consider intermediate algebras M (A) C B C Endj(A4). Recall that
AB = {(1)f | f € Endp(A)} ~ Endp(A). We have AP = {a € A| V) € B :
(¢,a) = (1, 1)a}. Since M(A) C B, AP C Z(A). The B-stable ideals of A are
precisely the (left) B-submodules of A. We say that A% is large if it intersects all
non-zero B-stable ideals non-trivially. If I is a B-stable ideal, then B also acts on
A/I. Tn particular (A/I)® C Z(A/I). Be aware that in general (AZ + I)/T C
(A/I)B might be a proper inclusion.
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4.1. Kaplansky’s theorem. Kaplansky’s theorem says that any primitive algebra
satisfying a polynomial identity is a matrix ring over a division ring which is finite
dimensional over its center.

Proposition. Let M(A) C B C Endy(A) such that B is finitely generated as a
right module over M(A). Suppose that A satisfies a polynomial identity. Then
there exists a number d such that for all maximal B-stable ideals P of A, there
exists an embedding A/ P — M, ((A/P)B) where n < d/2.

Proof. Since A ® A°P satisfies a polynomial identity, also its factor M (A) satisfies
a polynomial identity. As a finite extension, also B satisfies a polynomial identity
of some minimal degree d. Let P be a maximal B-stable ideal of A and B’ :=
B/Anng(A/P). Then A/P is a simple faithful left B’-module with Endp:(A/P) ~
(A/P)B. By Kaplansky’s Theorem [20, 13.3.8] B’ ~ M,,((A/P)?B) with n < d/2.
Since A/P C B’ as rings the statement follows. O

In particular if A is B-simple and B is finitely generated over M(A), then A is
finite dimensional over A® if (and only if) A satisfies a polynomial identity.

4.2. Subdirect product of B-simple algebras. As a consequence we will get
that if the intersection of maximal B-stable ideals in A is zero, then A® is large.

First we will recall some terminology. A polynomial f(z1,..., %, ) in non-commuting
indeterminates x1, ..., x,;, and integer coefficients is called a central polynomial for
an algebra A if all evaluations are central, i.e. forallay,...,am € A: f(ai,...,am) €

Z(A) and furthermore f is non-trivial, i.e. f(z1,...,2m) # 2+ g(x1,...,T,y) with
z € Z and g(x1,...,%,) a polynomial identity for A. The Capelli polynomials are
the polynomials

th—l(zla e Tty Y1y 7yt—1) = Z (Sgn(o—))xo’(l)ylxo(Q)yQ T (t—1)Yt—1To(t)
€Sy

and
cat = (cot—1(T1, - Tt Y1, Ye—1)) Yt

for t > 2 (see [20, 13.5.5]). There exists an operator V on non-commutative poly-
nomials, such that for any commutative algebra A, Vcg,2 is a central polynomial
for M,,(A) (see [20, 13.5.10]). The discovery of such central polynomials is usually
attributed to Formanek and Razmyslov. Since for lower sizes m < n, M,,(A) can
be considered a subring of M, (A) with equal center, we also have that Vcg,2 is a
central polynomial for M,,(A) for all 1 <m < n.

4.3. Following Rowen’s argument in [27] and using Proposition 4.1 we will show
that subdirect products A of B-simple algebras have large ring of invariants A%.

Theorem. Let M(A) C B C Endg(A) with B being finitely generated as left M(A)-
module. If A satisfies a polynomial identity and the intersection of maximal B-stable
ideals is zero, then any non-zero B-stable ideal intersects AP non-trivially.

Proof. The proof follows Rowen’s argument in [27]. Let {P,;};csr be a collection
of maximal B-stable ideals of A whose intersection is equal to zero. Denote by
m; + A — A/P; the canonical projections. For any non-zero B-stable ideal K of A,
denote by I’ the set of indices with m;(K) # 0. By Lemma 4.1, all factors A/P; can
be embedded into a matrix ring M,, (C;) whose center is C; = (4/P;)®. Choose an
index j € I’ such that n = n; is maximal (but less than d/2 from the Lemma). As

mentioned in the last paragraph, there exists a central polynomial f(z1,...,%m)
for My,;(C;) and also for all matrix algebras M,, (C;), with i € I'. Since f is
not-trivial, there exist elements a1, ...,a, € A/P; such that 0 # f(a1,...,am) €

C; = (A/P;)P. Since m;(K) = A/P; there exist elements ki, ..., k,, € K such that
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7j(kr) = a, for all 1 <7 < m. Since f is a central polynomial for each A/P;, we
also have 7;(f(k1,...,kmn)) € (A/P;)® for all i. For all ¢y € B and i € I we have

mi (0 = L - 1), f(kry o b)) = (0 = L( - 1), mi(f (R, km))) = 0,

as m; is B-linear. So (¢ — L(¢ - 1), f(k1,...,km)) belongs to the intersection of all
kernels of the m;’s which is zero. This show f(ki,...,kn,) € K N AB. |

4.4. A Brown-McCoy radical. Denote by BMc(A) the intersection of all max-
imal B-stable ideals. We saw that if A is a Pl-algebra with BMc(A) = 0, then
AP is large. A Theorem by Rowen says that a Pl-algebra whose prime radical
is zero has large center and we will attempt to generalize his result. Note that
since the B-submodules of A are precisely the B-stable two-sided ideals, we have
BMc(A) = Rad(pA), where Rad(pA) is the (module theoretic) radical of A as left
B-module. When considering semiprime PI algebras A, one typically reduces to
study the polynomial ring A[z] which is semiprimitive since Jac(A[z]) = N[z] for
some nil ideal N of A which will be zero in this case. Puczylowski and Smoktunow-
icz showed that the Brown-McCoy radical BM(A[z]) equals S(A)[z] where S(A) is
the intersection of all prime factors with large center. Following their ideas we will
give a similar characterization for the BMc(A[z]).

4.5. Compressible algebras. The algebra A is called B-primeif I.J # 0 for all B-
stable non-zero ideals I, J of A. Note that if A is B-prime, then all non-zero elements
of AP are central non-zero divisors of A, because if 0 # z € A® and xy = 0 for
some y € A, then (¢, z){(¢,y) = (¥, 1)(d,xy) = 0 for all ¥, ¢ € B. Note that for all
y € A,x € AB and ¢ € B we have (¢, yx) = (Yo L(y),x) = (Yo L(y), )z = (¢, y)z.
Analogously we have (¢, xy) = x(¢,y). Thus (B -z)(B-y) =0 and hence y =0 as
A was B-prime. In particular A” is an integral domain. A is called B-compressible
if A can be embedded as left B-module into each non-zero B-stable ideal I of A.

Lemma. A is B-compressible if and only if A is B-prime and AB is large.

Proof. If A is B-compressible and IJ = 0 for some B-stable ideals I and J of A. If
J # 0, then there exists a B-linear embedding f : A — J. Hence (I)f = I(1)f C
IJ = 0 and as f was injective, I = 0. On the other hand 0 # (1)f € J N AB.
Conversely if A is B-prime, then AP is an integral domain. For any B-stable non-
zero ideal T of A and 0 # o € IN AP, if yr = 0 for y € A, then (,y) (W', z) =
(,yz) (', 1)y =0, ie. (B-y)(B-x)=0. Hence y = 0 and the map a — ax is an
injective B-linear map. O

4.6. We define S(A) = ({P C A | P is B-stable and A/P is B-compressible}.
Considering A[z] as a free left A-module of countable rank, the action of B extends
to Alx] by (¢, az™) := (,a)x™ for all monomial az™ and ¢ € B. Our aim is to
show that BMc(A[z]) = S(A)[z] as in [25].

Lemma. BMc(A) N AB C Jac(AP).

Proof. Note that BMc(A) = Rad(pA) since the B-stable ideals are precisely the
B-submodules of A. If x € Rad(pA)N A, then B-(1—1) = A since B-x is a small
B-submodule of A. Hence there exists ¢ € B with 1 = (,1 — x) = (¢, 1)(1 — z).
Set y = (1, 1). For all ¢ € B we have

(@,9) = (&) (1 —2)y = (b, y(1 —2))y = (¢, 1)y

Thus y € AP is a quasi-inverse of z. The same argument holds for all elements
1 — rz with r € AP and shows that z € Jac(AP). O
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4.7. We extended the B-action to Alx], but the B-submodules are in general not
ideals of A[z]. Let B be the subalgebra of Endy (A[z]) generated by M (A[x]) and B,

AN

then the B-stable ideals of A[x] are precisely the B-submodules of A[z]. Further-

more BMc(A[z]) = Rad(zA[z]). Note also that A[z]® = AP[z]. Hence by Lemma
4.6 we have

BMc(A[z])NAP[z] = Rad(5A[z])NA[z]? C Jac(A[z]P) = Jac(AZ[z]) = N[z] (11)
for some nil ideal N of A5.

Lemma. If A is B-compressible, then BMc(A[z]) = 0.

Proof. Suppose that A is B-compressible, then A? is an integral domain and hence
has no non-zero nil ideals. Thus BMc(A[z]) N AB[z] = 0 by equation (11). If
BMc(A[z]) # 0 we may choose a non-zero polynomial 0 # f(z) = I a;z’ €
BMc(A[z]) of minimal degree. Let I be the ideal in A generated by all leading
coeflicients of polynomials in BMc(A[z]) of degree n. Since BMc(A[z]) is B-stable
and since B-acts homogeneously, I is also B-stable. Since A is B-compressible,
INAP is non-zero and we may assume that the leading coefficient of f(x)isin INAB.
Since for all ¢ € B : (¢, f(x)) — (¥, 1) f(x) € BMc(A[z]) has degree less than f(x)
and since f(z) had minimal degree in BMc(A[z]) we have (¢, f(x)) = (¥, 1) f(x).
Hence f(z) € AB[z] N BMc(A[z]) = 0 a contradiction. O

As a consequence we have BMc(A[z]) € S(A)[z], since we showed that any
B-stable ideal P with A/P being B-compressible is the intersection of maximal
B-stable ideals of A[z].

4.8. In order to show the reversed inclusion we closely follow Puczylowski and
Smoktunowicz’s proof. Let f(z) = Y.i_  a;z’ € Afz] with a,, # 0 # a,. Set
deg(f) = n for the degree of f and min(f) = m. The coefficient of z"(/) is denoted
by 18(f) = a,,. The length of f(z) is defined as len(f) = deg(f) — min(f)+ 1. The
following operation had been introduced in [25] for w(x) € Alx] with min(w(z)) > 1

and any f(x) € Alz] :

Fr(@) = f(@) = (1= w(@)ls(f)am™n D).
Then the following statements hold:
(1) min(f*) = min(f) +1;
(2) deg(f*) < max{deg(f), min(f) + deg(w)};
(3) len(f*) < max{len(f) — 1, deg(w)}
In particular there exists a number d such that applying the x-operation d times
yields a polynomial p(z) € Alx] with

len(p) < deg(w) < min(p).

Moreover if f(x) € I[z], then also f*(z) € I[z] and if M is an ideal of A[z] and
1 —w(z) € M, then 1 — f(x) € M implies 1 — f*(x) € M. Thus we can conclude

Lemma. Let M be an ideal of Alz] andw(x) € Alx] with min(z) > 1 and 1—w(z) €
M. If I is a proper ideal of A such that xI[x] + M = Alz], then there exists a
polynomial p(x) € xI[z] such that 1 —p(z) € M and len(p) < deg(w) < min(p).

4.9. We need some condition on the B-stableness of powers of B-stable ideals that
in our application will be satisfied.

Lemma. Suppose that for any B-stable ideal I of A all powers I"™ are B-stable.
Let M be a maximal B-stable ideal of Alx] and P = AN M. Then P is B-stable
and A/ P is B-compressible.



10 CHRISTIAN LOMP

Proof. We may assume P = 0, i.e. AN M = 0. Our aim is to show that A is
B-compressible. Certainly A is B-prime since for all non-trivial B-stable ideals I, J
of A, Ilz] + M = Alz] and J[z] = JI[z] + M hold. Hence JI # 0 - otherwise
JC MNA=0. Let J be a non-zero proper B-stable ideal of A. We need to show
the existence of a non-trivial B-invariant element in J. Note that zJ[z]+ M = A[z]
since otherwise zJ[z] C M and J[z] + M = A[M] implies J = A. So let w(x) =
S a;zt € xJ[z] be a non-zero polynomial of minimal length with 1 —w(z) € M.
We claim that w(z) € AP[z]. If not, then let k be the maximal number such that
ap ¢ AP. Hence there exist ¢* € B with ¢ := (¢*, az) — (¢*,1)ar, #0. Let I = B-¢
be the B-stable ideal in A generated by c. Note that for any m > 1, I™ is B-
stable by hypothesis and xI™[z] + M = A[x] since otherwise I is improper. By
Lemma 4.8 there exist polynomials p,,(x) € xI™[z] such that 1 — p,,(z) € M and
1 —p(z) € M and len(p,,) < deg(w) < min(p,,) for all m. For each m we suppose
to have chosen a polynomial p,,(z) of minimal length. Since w(xz) had minimal
length in zJ[z] among all those with 1 —w(x) € M and since I" C J, we have also
len(w) < len(py,). By showing that actually

len(w) <len(p1) <len(pz) < --- <len(pm-1) <len(pm) < --- < deg(w) (12)

for all m, we will reach a contradiction since len(p,,) is bound by deg(w). So
let m > 2 and let a be the leading coefficient of p,,(z) which belongs to I™.
Since I"™ = I"™"Y(B - ¢) there exist elements u; € I™™! and ; € B such that
a= Zj’:l u; (15, ¢). Denote by g(x) the polynomial g(z) = (¢*, w(x)) — (¥*, H)w(x)
whose leading coefficient is ¢ and whose degree is deg(g) = k. Note that since
1 —w(z) € M we have

g((E) = Wf*»w(f)) - <1/1*, 1> + <¢*7 1> - <'l/]*a 1>w(x)
= @D -w(x) - @1 -w()) € M.
Now define h(z) = ijl u;j (1, g(x)) which has degree k and leading coefficient a.
Thus the polynomial q(z) = py,(x) — h(z)z%9Pm)=* has degree less than deg(p,,)
and since len(pn,) > len(w) > len(g) > len(h), we have len(py,) > len(q). On the
other hand ¢ € 2™ '[x] and 1 — ¢(x) € M. Thus by the minimality of the length

of pm—1 we get len(pm—1) < len(q), which proves the chain (12).
U

4.10. Summarizing the Lemmas 4.7 and 4.9 we can now state an extension of
Puczylowski and Smoktunowicz’s description of the Brown-McCoy radical of A[z]
under some operator action.

Theorem. Let M(A) C B C Endg(A) such that powers of B-stable ideals of A are
B-stable and denote by S(A) the intersection of B-stable ideals I whose factors A/
are B-compressible. Then BMc(A[z]) = S(A)[x].

The description of the Brown-McCoy radical and Theorem 4.3 allows us to
strengthen 4.3.

Corollary. Let M(A) C B C Endg(A) such that B is finitely generated over M(A).
Suppose that A satisfies a polynomial identity and that A is a subdirect product of
B-compressible algebras. Then AP is large in A.

4.11. The central closure of a module algebra. Before applying the obtained
results we like to look at another related concept. A general central closure con-
struction for an algebra A and some intermediate algebra M (A) C B C Endg(A)
such that A does not contain any non-zero nilpotent B-stable ideal, was given in
[18], namely by defining a ring structure on the self-injective hull A of A as left
B-module. To be more precise, there exists a left B-linear map

¥ : A® s Endg(A) — A with (a® )y := (a)t
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with AP = {(1)f | f € Endp(A)}, whose kernel is an ideal in the ordinary tensor
product of A and Endp(A) (see [18, Theorem 3.2]). The multiplication on A is then
defined as

(a)s - (b)t = (ab)st Va,b € A, s,t € Endp(A).
There exists also an 1nJect1ve ring homomorphlsm EndB(g) — At (1)t whose
image is denoted by AB_ Define B = (M(A), B) to be the subalgebra of Endy,(A)
generated by M(A) and the B-action. Then End 5 (A) ~ AB.

4.12. Strongly B-prime algebras. Those algebras whose central closure is sim-
ple are called strongly prime.To have an analog for module algebras we first recall
that for any left R-module M over some ring R, the smallest Grothendieck category
in R-Mod containing M is called the Wisbauer category o[M], whose objects are
all submodules of quotients of direct sums of copies of M. A module M is called
strongly prime if for every submodule N C M, o[M] = ¢[N]. Strongly prime left
R-modules were defined in [13] and form the elements of Rosenberg’s ”left spec-
trum” of a ring (see [26]). Let M(A) C B C Endy(A) be as above. Then we call A
strongly B-prime if A is a strongly prime left B-module. For B = M (A) this notion
reduces to the ordinary notion of a strongly prime algebra. Since the self-injective
hull of a strongly prime module has no fully invariant submodules ([30, 13.3]) and
since every ideal of A is fully invariant as EndB(A) ~ABCz (A) we get that the
central closure A of a strongly B-prime algebra A is B- simple and AB is a field.
With this and with Lemma 4.1 we get:

Corollary. Let M(A) C B C Endy(A) with B being finitely generated as M(A)-
module. If A is a stmngly B-prime algebra satzsfyzng a polynomial identity, then
its central closure A is a finite dimensional over AB. Moreover A embeds into a a
matriz ring M, (AB).

5. APPLICATIONS TO MEASURINGS, GRADINGS AND INVOLUTIONS

In this section we will apply the obtained results to (weak) Hopf actions or more
generally to measurings of left bialgebroids.

5.1. Bialgebroids. Hopf algebroids generalize the notion of (weak) Hopf algebras,
but instead have two bialgebroid structure. Recall from [5] or [8] that a k-vector
space C is an R-coring (for a k-algebra R) if there exists some R-bilinear maps
A:C — C®grC and e : C — R satisfying the coassociativity and counit condition.
An associative unital k-algebra A is an R-ring, with R being an associative unital
k-algebra if there exists a homomorphism of k-algebras n: R — A. A left character
of an R-ring A is a k-linear map x : A — R such that for all a,a’ € A,r € R:

X(1a) =1g,  x(ad’) =x(an(x(a’))),  x(n(r)a) =rx(a).
Right character being defined analogously. An R ® R°P-ring A can be described by
a pair of k-algebra maps s : R — A and t : R°? — A with commuting range.

Definition. Let L be a k-algebra. A left bialgebroid H over L is a k-algebra with
an L® L°P-ring structure (H, s,t) and an L-coring structure (H, A, €) subject to the
following compatibility axioms.
(i) The bimodule structure in the L-coring (H,A,€) is related to the s and t
via
I-h-l:=s)t(l")h, forallll' €L, heH. (13)
(ii) Considering H as an L-bimodule as in (13), the coproduct A restricts to a
k-algebra map from H to

Hx, H {Zh ®p b+ Y hit(l) @p by =Y hi @ his(l) WeL},
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where H xp H is an algebra via factorwise multiplication.
(iii) The counit € is a left character on the L-ring (H, s).

A bialgebra H over k is of course an example of left bialgebroid over k. A weak
Hopf algebra H has a left bialgebroid structure over L = H; with € = €.

5.2. Following [7] we say that a bialgebroid H over L measures a left L-ring A with
unit map ¢ : L — A if there exits a k-linear map, called a measuring, H @ A —
A, h®a+— h-a such that for all h € H,l € L,a,b € A,
(i) h-1a = u(e(h));
(i) (¢(D)h)-a = (h-a)c(l) and (s(D)h) -a=())(h- a);
(ili) h- (ab) = (h1 - a)(h2 - b);
Weak Hopf actions are examples of left bialgebroid measurings. Note that an
H-module algebra A over a weak Hopf algebra H is an Hy-ring, with ¢(2) = 2z - 14
for z € H;.

5.3. Given a measuring of a left bialgebroid H on A we consider the subalgebra B
of End(A) generated by M(A) and A\(H) where A(h) denotes the action of h on A.
The invariants of such an H-action, are defined as

A ={ac A|h-a=1(eh))a Vh € H}.

Then Z(A)H := Z(A)NAH = AB and Z(A)H being large means that any non-zero
H-stable ideal contains a non-zero central H-invariant element. We say that H acts
finitely if A(H) is finite dimensional over k. Note that by property (i) we also have
some intertwining relations between L(a) resp. R(b) and A\(h) namely:

A(h) o L(a) = L(hy - a) o A(hg) and A(h) o R(b) = R(hs - b) o A(hy).

Hence if H acts finitely on A, then B is finitely generated as right M (A)-module.
Instead of B-simple, B-prime, B-compressible, etc. we will write H-simple, H-
prime, H-compressible. We call an H-stable ideal I of A H-prime (strongly H-prime
resp. H-compressible) if A/T is H-prime (strongly H-prime, resp. H-compressible).
Summarizing we have the following results on Hopf algebroid actions on A:

Theorem. Let H be a left bialgebroid measuring A. Then
(1) A is H-compressible if and only if A is H-prime and Z(A)H is large in A.
(2) The intersection of maximal H-stable ideals of Alx] is given by S(A)[x]
where S(A) is the intersection of H-compressible ideals.
(3) Suppose that A satisfies a polynomial identity and that H acts finitely on
A, then
(a) If A is H-simple, then it embeds into a matriz ring M, (Z(A)H).
(b) If A is strongly H-prime, then A s finite dimensional over Z(A\)H.
(¢) If A is a subdirect product of H-compressible module algebras, then
Z(A)H s large in A.

5.4. Gradings. If M is a monoid and A is an M-graded k-algebra, then H = k[M]
is a bialgebra and there are projections 7, : A — A, onto the g-components for
all g € M. Those projections define linear operators. Let B be the subalgebra of
Endj(A) generated by M(A) and all projections 7, with g € M. The B-stable
ideals are precisely the graded ideals of A. The polynomial ring A[z] is naturally
graded with g-components being A,[z]|. Note that we also have some intertwining of
L(a) and 7,4, namely if aj, is a homogeneous element of Ay, h € M, then L(ap)omy =
Thg © L(ay) and R(ap) o mg = mgn © R(ap). Hence if M is finite, then B is finitely
generated as M (A)-module. The subring of invariants AP is the center of the e-
component Z(A,.), where e is the neutral element of M. Applying the results of the
last section we get similar statements as in the last theorem. For instance that the
intersection of maximal graeded ideals of A[z] is given by S(A)[z] where S(A) is the
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intersection of those graded ideals P of A with A/P being graded prime and having
large subring Z(A/P.). And if A satisfies a polynomial identity, M is finite and
A is strongly graded prime, then its graded central closure A is finite dimensional
over Z(Ay).

5.5. Involutions. Our approach also yields corresponding results for algebras A
with involutions *, by considering the subalgebra B generated by L(A) and *, that
automatically will contain also all right multiplications R(a) = % o L(a*) o *. The
x-ideals are the left ideals I of A with I* C I. The subring of invariants AP is the
subring of central symmetric elements, i.e a € Z(A) with a* = a. We can rephrase
the above results in the *-setting. For instance, that the intersection of maximal *-
ideals of A[z] is given by the intersection of %-ideals P of A with A/P being *-prime
and having a large subring of central symmetric elements.

6. ONE-SIDED IRREDUCIBLE MODULE ALGEBRA

The left uniform dimension of A is denoted by udim(A) and is the supremum of
the cardinalities of the index sets of direct sums of left ideals contained in A.

6.1. A result [4, Theorem 2.2] by Bergen, Cohen and Fishman says that if a Hopf
algebra H acts finitely on a module algebra A with finite uniform dimension, such
that A is a simple A#H-module, then A has finite dimension over AX.

Lemma. Suppose L(A) C B C Endg(A) such that A is a simple left B-module. If
B is generated by n elements then [A : AP] <n-udim(A).

Proof. Since A is a simple left B-module, Endp(A4) and hence AP is a division
ring by Schur’s Lemma. Let z1,...,x; be linearly independent elements of A 4=.
Then by the Jacobson Density theorem there exist elements vy, . ..,y such that
;- x; = 0;;1. Since B is n-generated over A, there exist an epimorphism of left
A-modules ¢ : A" — B therefore elements t; € A™ such that (¢;)¢ = ¢, for all 4. If
Zle a;t; = 0 for some a; € A, then

0= (Z aiti> Q- Tj; = Zaz(% . a:j) = L(Clj)

for all j. Thus Eszl At; is a direct sum in A™ and k < udim(L(A)™) = n-udim(A).
Hence [A: AP] < n-udim(A). O

6.2. Before we apply this result to weak Hopf actions, we first generalize another
result from the theory of Hopf actions to a more general setting. Let A be an R-
ring with k-algebra homomorphism 7 : R — A. The existence of a left character
X : A — R is equivalent to R being a left A-module, namely through the following
action a - r := x(an(r)) for all a € A,r € R. It also allows to define invariants of
left A-modules M as

M, ={meM]|am=x(a)mVa € A} ~Homu (R, M).

In particular Enda(R) ~ R, can be considered a subalgebra of R. A is called a
Galois R-ring if the homomorphism A — End(Rg, ),a +— x(an(—)) that defines the
A-module structure on R is an isomorphism.

6.3. The smash product A#H of a module algebra A and a weak Hopf algebra H
is an A-ring with left character x given by a#h — ae;(h)-1. So the next result will
automatically apply to this case.

Proposition. Let A be an R-ring with left character x such that A is finitely
generated as left and right R-module . Suppose R has finite left uniform dimension,
R is simple as left A-module. The following statements are equivalent:
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(a) A is a simple ring;
(b) Ais a Galois R-ring and Rp, is finitely generated projective;
(c) R is a faithful A-module and A, # 0;
If AR is free of rank n, then (a — ¢) are also equivalent to:
(d) dim(Rg,) =n and Ay # 0;

Proof. To put us in the situation where we can apply Lemma 6.1 we consider the
subalgebra B of End(R) generated by all operators A(a) := [r — 7-a = x(an(r))].
The left B-module structure of R is the same as the left A-module structure. Hence
R is a simple (faithful) left B-module. Note that R® ~ Endp(R) = R, is a division
algebra. Furthermore, B is finitely generated as left L(R)-module since A is finitely
generated as left R-module and R ~ L(R) C B. By Lemma 6.1 dim(Rp) is finite.
Since Ap is finitely generated, say by R, we have k-dim(Rpg,) > dim(Ag, ). Hence
A is finite dimensional over R, .

(a) = (b) Suppose A is simple, then it is a matrix ring over a division ring, hence
x splits as left A-module by some map ¢ : R — A. Since A is simple, the trace
ideal (R)¢A equals A, i.e. R is a generator in A-Mod. Hence by a standard module
theoretic argument A ~ End(Rg, ) and Rg, is finitely generated projective (see
[30, 5.5]).

(b) = (c) is clear since R is a generator. Recall that A, ~ Homa(R, A).

(¢) = (a) Ay # 0 implies that R is isomorphic to a left ideal of A (since R is a
simple A-module). Hence also B contains a copy of R as a left ideal and is therefore
a left primitive ring having a faithful minimal left ideal, i.e. B ~ M,,(R,) with
m = dim(Rg, ). If R is a faithful left A-module, then A ~ B is simple.

If Ag is free of rank n, then n - dim(Rpg, ) = dim(Ag, ) holds. (c) < (d) As seen
in the last step A, # 0 implies B ~ M,,(Ry) with m = dim(Rpg, ). On the other
hand n - m = dim(Agr,) > dim(Bgr,) = m? holds. Hence n = m if and only if
A ~ B if and only if R is a faithful left A-module.

O

6.4. Considering A#H as an A-ring with left character and by considering the
subalgebra of Endy(A) generated by the H-action and L(A) we can apply 6.1 and
6.3 to obtain the weak Hopf analogs of results by Bergen et al. [4, Theorem 2.2
and Cohen et al. [11, Theorem 3.3].

Corollary. Let A be a left H-module algebra over a finite dimensional weak Hopf
algebra H. If A has finite left uniform dimension and is a simple left A#H -module,
then it is finite dimensional over A™ and satisfies [A : A] < dim(H) - udim(A).
Moreover the following statements are equivalent:

(a) A#H is simple;

(b) A® C A is an H*-Galois extension;

(¢) A is a faithful left A# H-module;
If A#H 4 is free of rank dim(H), then (a — ¢) are also equivalent to:

(d) dim(Apwe) = dim(H).

6.5. Concluding remarks. The associativity of A is not needed to prove Lemma
6.1. Non-associative examples of module algebras are given by module algebras
over quasi-Hopf algebras. Let H be a quasi-Hopf algebra, that is H is an asso-
ciative algebra which is a not necessarily coassociative coalgebra satisfying some
compatibility conditions (see [12]). A left H-module algebra A is a unital algebra
in the category of left H-modules (see [9]). In particular its multiplication satisfies
(ab)e = Y (a! - a)[(2? - b) (23 - ¢)] where ¢~ ! = 2' ® 22 ® 23 is the inverse of the
Drinfeld reassociator of H. By the proof of 6.1, substituting A by L(A) we get the
following
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Corollary. Let A be a left H-module algebra over a quasi-Hopf algebra H which
acts finitely on it. If A has finite left uniform dimension and is a simple left A#H -
module, then it is finite dimensional over AM.

This applies in particular to finite quasi-Hopf action on non-associative division
rings, which are now seen to be finite extensions of their (associative) subring of
invariants. Quasi-Hopf actions on non-associative division rings were considered for
example by Albuquerque and Majid in [1].
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