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Introduction.
Systems of q-differential equations have been studied for at least a century by flIther

classical rncthods involving lots of computations and producing cumbersome formulas.
With thc appearance of quantized enveloping algebras, q-elifferential equations anel op­
erators becanle very popular, since they were regarded, at the beginning, as principal
characters of a future qualltizcd D-Inodule theory. The general expectation was that,
for any silnple Lie algebra, there exist quantized versions of thc flag variety and of the
principal hOlnogenious space, 0 therwisc callecl the 'base affine space' (cf. [GK], [BBI]) ,
and an analog of thc canollical homomorphislll of the quantizecl enveloping algebra into
the algebra of differential operators on the base affine space. This homomorphism should
iInply the so-callecl 'localization construction' [BBI], [Be] which realizes representations
of a quantizecl enveloping algebra as 1110dules over (twisted) differential operators on the
flag variety. Anel the algebras of (twisted) differential operators on the flag varieties were
expected to be 'locally' isolnorphic to the algebras of q-differential operators.

Quantized analogs of the flag variety [TT], [LaR] , [So] and a quantized version of thc
base affine space [Jo] were proposecl.

But, with thc cxccption of the (quantizcd) Sl2-case investigated by T. Hodges [H], q­
differential operators do not provide the local picture for any version of Bernstein-Beilinson
'localization construction' . As weIl as other, quite interesting, analogs 0 f Wey1 algebra.c;
(see [Ha], [Ma]).

Thus two qucstions arise:.
(a) What are differential operators on 'quantized spaces'?
(b) What is a natural quantizecl version of the Beilinson-Bernstein localization con-

strllction? .
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Answering to these questions was thc motivation to unelel·take this work.
In this paper, we explain what are differential operators on general associative rings.

Since thc known cxaInples of 'quantized spaces' are (identifieel with) algebras of certain
type, or 'projective spaces' associated with them, this SeCIl1S to give an answer to the
question (a) above, at least for affine spaces. However, this is not exactly the case.

The point is that quantized 'spaces', in particular, quantized enveloping algebras, are
algebras in ccrtain, naturally related to thenl, ul0noiclal categories. Thus, a quantized
enveloping algebra Uq(g) is an algebra in the monoidal category of Zr-gradecl Inodules,
where r is the rank of the Lie algebra 9 . A choke of a quasi-sYllllnetry ß (Le. a solution of
the Yang-Baxter eqllation) in any Il1onoidal category C- detcnnines a differential calculus
in this monoidal catcgory. And after a quasi-symlIletry ß is fixed, any (not necessarily)
finite set X of invcrtible objects of C~ deternünes a Hopf algebra Uß,x in C-. The quan­
tizeel algebras by Drinfeld alld Jirnbo are particular cases of this construction. Using this
setting, one can elefine the 'base affine space', the Hag variety, anel the Beilinson-Bernstein
construction for quantized and 'classical' enveloping algcbra.~ Silllultaneously. Note that
everything is going on inside of thc lllonoidal category C- (of gracled modules) which, there­
fore, can be rcgarcled as a natural universum of the theory. The same way as thc monoidal
category of super (i.c. Z/2Z-brraded) vector spaces can bc viewed as a natural universum
of super-Inathelllatics.

Below follows alllore detailcd account on the contcnts of this paper.
Section 1 is a continuation of Introduction. We rernind shortly the conventional,

Grothenclieck's, differential calculus [Gr]. Thcn wc cxplain how the approach should be
nlodified to obtain thc notion of a differential operator on a noncommutative ring. Finally,
wc give, for a rcader's convcnicnce, Cl. short outline of sOlne of the basic notions and rcsults
of this paper anel its continuation with a Inore algebraic (and less geoInetric) ring-theoretic
flavor than in thc l11ain body of the work.

The conventional D-ca1culus deals with quasi-coherent sheaves of differential algebras
on ascheme. We switch to a noncoInlnutative picture by idcntifying a schenlc X = (X, 0)
with the category A = .Qcof:Jx of quasi-coherent sheaves on X, and replacing quasi-coherent
(sheaves of) algebras R with the monads R®o in A. Thus, abclian categories in this work
are thought as categories of quasi-eohercnt sheaves on ascheIne. Following this dictionary,
(closed) subschclues of a 'scheIne' Aare identified with a certain class of topologizing
subcategories of A. We outline this philosophy (togethel' with prelinlinaries on topologizing
subcategories) in Section 2.

In Section 3, we introduce sonle of the first not ions of fonnal differential geometry,
like formal neighborhood and the conormal bundle of a 'subscheme'.

In Seetion 4, differential endofunctors and monads appeal'.
In Section 5, we apply the general approach to the category R - mod of left modules

over an associative ring R. In particular, we definc differential operators from onc R-modulc
to another.

Section 6 is concerned with properties of differential bilnodules anel algebras with
respect to localizations. It is known that differential bilnodules, in particular differential
algebras (in thc sense of [BB]) over a cOlnnlutative ring R behave weIl with respect to
localizations at finitely generated multiplicative subsets in R. This rncans that such a
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localization of a differential bimodule has a natural structure of a differential bimodule over
the localized ring. We establish much stronger properties in the general, noncomluutative,
case. However, in order to obtain naturallocalization properties in noncommutative setting
we have to switch to derived categories already in thc affine case.

In 'Colllpiementary facts' we discuss the localization of D-Illodules at points of the
spectrum and a suggestive analog of thc D-affinity of endofuncto1's.

We were trying to introduce in this paper the Inain ideas anel SOllle facts used in the
next part of the work. In particular we rnake rno1'e stress on categorical and gcornetrical
point of view than is strictly necessary to obtain the rnain results of the paper.

In oreler to show the direction of the fllther developlnent, we will sketch here the
contents of the next two parts of this work which sha11 appeal' in the subsequent paper.

In Part 11, we extend and apply facts of the previous sections to sketch D-calculus in
Illonoidal categories.

After introducing general constructions anel SOllle of basic facts of module theory in
luonoidal categories, we describe the algebra of differential operators on a skew polynomial
algebra. The latter is regardccl as a 'comlllutative' algebra in the lllonoiclal category of zr_
graded modules over a commutative ring K with a fixed syrllmetry. We call it sometimes,
by abusc of language, an affine s]Jace.

After that we define an 'affine algebra' whcn instead of a sYlllrlletry in the monoidal
category of Zt-graded modules we have a qllasi-symruetry, ß. In this case, the 'affine
algebra' appeares together with the ß- Weyl algebra of differential operators on it.

The third part of the work is declicatecl to the eonstruetion of Hopf algebras naturally
assoeiatecl with a quasi-symmetry. We define Hopf algebras in a quasi-SYlllllletric eategory
anel discuss same of relevant examples.

Fix a nlonoidal category and its symlnet1'Y a. Given a quasi-symmetry ß, we ean
construet Weyl algebras (in the sense of Part 11) whieh are ß-Hopf algebras. Our goal is to
'extcnd' them naturally to a-Hopf algebras. This is possible to do nnder eertain natural
requirelllcnts whieh are satisfied in all known eases of interest.

We study Hopf actions and erosseel products in monoidal categories. A special ease
of this eonstruetion is the 'affine base spaee' for any (quantized) enveloping algebra of a
reduetive or Kae-Moody Lie algebra.

We eonstruet, in an arbitrary rllonoidal eategory, a Weyl algebra assoeiated with a
bilincar form and a quasi-syrnmetry.

Then we study relations between quasi-synulletries, the Translation gr01Lp (- thc group
of isomorphy classes of invertible objeets), anel the fundamental group of our monoidal
eategory.

As a result of this study, we eonstruet Hopf algebras assoeiated with a quasi-syrllilletry.
This way we obtain a falllily of Hopf algcbras with a quasi-synuuetry playing the role of a
parameter. The quantized enveloping algebra." by Drinfeld and .J irnbo are particular cases
of this eonstruetion.

We eonclucle with a short presentation of a quantized version ofthe Bcilinson-Bernstein
loealization construetion.
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1. Grothendieck's differential calculus
and its noncommutative version.

1.0. Differential bimodules and differential rings. First we rccall shortly thc differ­
ential calculus on commutative rings and scheInes following [BB].

Fix a commutative ring k. If not specified otherwise, ® Ineans 0k.
Let R be a commutative k-algebraj and let M be an R-biInodule such that, for any

z E M and any A E k, A' Z = z· A. The binlodulc M can be regarded as an R0R-module.
For any r E R, define thc cndomorphisIll adr of thc binlodulc M (- the adjoint action

of r) by ad" (z) = r . z - z . r for all z E M.
An incrcasing filtration {Mi I i ;::: -I} on M is called a D-filtration if M-l = 0 and

adr(Mi ) ~ Mi-l for all r E Rand i ;::: O.
There is the largest (with respcct to the inclusion) D-filtration M.- on M defined by

M i- := {z E M I adr(z) E M i--1 for all r E R}l i ;::: O. The subbiIllodule M- := Ui;:::O M i- is
called the differential part of M. And M is called a differential birnodule if M- coincides
with M.

Let A be an associativc ring equipped with an algebra rnorphism i : R --tA. An
increasing ring filtration A. = {Ai I i ;::: -1} is called a D-ring filtratio'f1: if it is a D­
filtration of thc R-bimodule A such that i(R) ~ An and i(R) lies in the center of the
associatec1 graded algebra. One can observc that the largest D-filtration A~ on A is a
D-ring filtration. And i : R --+ A is called an R-differential algebra if A = A -, i.c. when
A is a differential R-bimodulc.

Note that, if we regard abimodule M as an R (9 R-Iuodule, M i- := {z E M IZi+l Z =
O}, where I is thc kernel of thc multiplication 1'n : R (3) R --+R. It foIlows from this
description that the canonical D-filtration is cOlllpatible with localizations: for any t E R,
there are natural isomorphisms (Mi-)t ~ (Mt)~ ~ R t (9 M i- ~ M i- 0 R t . Here Mt denotes
the localizatioll of M at tj Lc. Mt := R t (3) M 0 R t ·

The cOIupatibility with localizations allows to globalize the notion of a differential
bimoduie. A differential bimodule on a schc7ne X is a qllasi-coherent sheaf M on X
having thc following properties:

(i) for any open U ~ X, M(U) is a differential tJx(U)-binlOdulcj
(ii) ifU is affine and t E CJx(U), then M(Ud ~ M(U)t.
If the scheIne X is locally noetherian, thc direct iIllage functor of the diagonal ~ :

X --+ X x X provides an equivalence betwecn the category Diff(X) of differential biInod­
ules on X and the fuIl subcatcgory of thc catcgory Qcohxxx of qua.'si-coherent sheaves on
X X X generated by shcavcs supported on the diagona.l.

A differential Ox-algeb1u (or D-algebra on X) is a sheaf of associative algebras on
X equipped with amorphisIll of algebras {, : CJx ---+ A which Ina.kes A a differential
Ox-bimodulc.

For a D-algebra A on X, an A-module is a sheaf of A-Iuodules which is quasi-coherent
as an Ox-nloduie.
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1.0.1. Differential operators. Let X = (X, Ox) be a scheme over a commutative ring
k; and let Land N be quasi-coherent tJx-Illodules. A lJlOrphism f : L -----+ N of sheaves of
abelian groups is callcd a differential operator if, for any open affine U ~ X, the morphism
fu : L(U) ---+ N(U) lies in the differential part of the tJ(U)-biIllodule Homk(L(U), N(U)).

1.0.2. The same constructions don't work in the noncommutative case. Suppose
now that R is a noncollllllutative ring. We still have the adjoint action of R on any R­
bimodule M, r H adr , r E R.

Note by passing that, for any z E M, the map (ul : R -----+ M, r H adr(z) is a
derivation of thc ring R in M; i.e. thc Leibniz's rnle hoIels:

ad1•... (z) := rs· z - z· TS = r . ad... (z) + ad... (z) . r.

The elerivations r f---7 adr(z) are called inner derivntions in the bimodnle M. One
can check that the rnap ad : R ---+ Endk(lvI) , T H ad,., is a Lie algebra IllorphisIll (with
respect to comrnntators in R anel Endk(M)).

Having thc adjoint action of R, one can repeat thc constructions above. Namely,
define the canonicaI filtration of a biIllodule M by:

Again, identifying R-binlodules with R (9 RO-Illoelllles (where RO denotes the ring
opposite to R), one have:

(1)

where :J is the kernel of the multiplication R 0 RO ---+R.
Note that, in general, M i- alld M- := Ui>O lvfi- are not R-bimodules: they have

a structure of binIoclules only over the center orR.. This indicates that the copying the
commutative constructions does not lead to adequate notions of a differential bimodule
and (therefore) a differential operator.

It shall beconle dear from what follows that thc failllre of a direct imitation of thc
commutative setting is duc to the fact that, for a noncollllllutative ring (this time we mean
R0RO), left ideals (in particular 'I) do not define a subschmllc and its formal neighborhood
in a way they do in the commutative case.

So that to find a 'right' notion of a differential operator one needs first to have an
adequate notion of a noncolllnlutativc subschCllle. 01' at least to understand what is the
diagonal.

1.0.3. The diagonal. For two lcft ideals, m anel n, of an associative unital ring A,
we write rn ~ 11, if there exists a finite set x of elcIIlCllts of A such that the left ideal
(m : x) := {b E A j bx C 7ft} is contained in n. The cquality ((m : x) : y) = (m : yx)
implies that ~ is apreorder on the set IlA of left ideals in A (cf. [R], Lerllllla 1.1.1).

Note that if m is a two-sided ideal, m ~ (171 : x) for any subset x C A which means
that m ~ n iff 171 ~n. In particular, the preorder ~ coinddes with ~ when the ring A is
commutative.
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Fix an associative (always unital) k-algebra R, and take A = R ® RO, where RO is the
k-algebra opposite to R. Denote by K jj thc kernel of the Inultiplication J.L : R ® RO ---+R.
One can check that KJ-L is a left ideal in R ® RO which is two-sided if and only if the
k-algebra R (hence R ® RO) is commutative (LeInnla 5.1 ancI Note 5.1.2).

As we have mentioncd in Introduction, a way to switch froIn the comllultative setting
to the noncommutative one is to replace scheInes by the categories of quasi-coherent sheaves
on these scheInes.

NaturaIly, the category of quasi-coherent sheaves on the 'affine scheme' X correspond­
ing to a k-algebra R shoulcI be R - mod.

The category of quasi-coherent sheaves on the affine scheIne X x X is (equivalent to)
the category R - bi of R-bitnodules which we identify, whcncver it is convenient, with
R ® RO - mod of left R ® RO-modules.

More gcnerally, if Y is an affine SChClllC isomorphic to Spec8 for anothcr k-algebra,
8, then thc category of quasi-coherent shcavcs on thc product X x Y is (equivalent to)
R ® 8° -7nod.

FinaIly, we define the (category of qllasi-coherent sheavcs on the) diagonal of X x X
as the full subcategory, ßR, of the category R®Ro -7T~od generated by all R®Ro-modules
M such that, for any z E M, K,-L :::;Ann(z).

Fix an R ® RO-module M. We caU an incrcasing filtration {Mi I i 2:: -1}, where all
Mi are R ® RO-submodules of M, a D-filtration if M-l = 0 anel M i/Mi- 1 E ObßR for all
i 2:: O. AncI we call an R®Ro-Illodule M differential if it has a D-filtration {Mi} such that

Ui>oMi=M.
- Every R ® RO-module contains the biggest differential SUbIllodule which is called the

differential part of M. For any two left R-nloelules, L anel N, thc k-module HOffik(L, N)
is naturally a R ® RO-module. In particular, it contains the biggest differential R ® RO­
submodule Dif !k(L, N). Morphisms from DiJ!k(L, N) are called differential operators
from L to N.

For readers' convenience, WB give in the next section an 'eleruentary' definition of
differential operators and ontline some of their Inain properties.

1.1. Adefinition and an outline of main properties of differential operators. Fix
an associative unital algebra R over a conunutativc ring k. Ir not specificd otherwise, ®

means ®k.

1.1.1. Definition. An R ® RO-nlodule M is differential Hf, for any finitely generated
submodu1c M' of M, there is an increasing finite filtration {Mi I -1 :::; i :::; n} such that
M-l = 0, Mn = M', and thc R ® RO-module Mi+1/Mi is a. sllbquotient of a finite direct
surn of copies of R.

A differential R-algcbra is an algebra nlorphism R ---+ 8 which rnakcs S a differential
R ® RO-Il1odule.

1.1.2. Proposition. Any R ® RO-module M contains the biggest differential submodule,
Mdiff' callcd the differential part of'M. Thc correspondencc M I---t Mdiff is functorial:
for any R ® RO-module 7norphism <p : M ---+ N, <p(Mdiff) ~ Ndiff.
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In particulaI', for any pair of R-nloelulcs, L anel N, thc R ® RO-Inoelulc HOffik(L, N)
contains the biggest differential submodule Dif fk (L, N). Morphisms from Dil fk(L, N)
are called (k -linear) differential operators from, L to N.

1.1.3. Proposition. (a) If M and M' are differential R ® RO-modules, then their tensor
product over R, the R ® RO -module M ®n M', is differential too.

(b) For any ring 1uorphism R -:+ B, the differentinl part of the R ® RO -module B is
a subring of B,o i. e. Bdif f is a differential R-algebra.

In partieular, for any left R-module L, the R ® RO -1nodule Dif fk (L, L) of differential
operators from L to L is (L differential R- algebra.

If L = R, we shall write Dk(R), 01' sinlply D(R), instead of Dif fk(R, R) and call
D k (R) the algebra of (k-lincar) differential OlJerators on R.

Probably, the most significant property of differential R®Ro-Inodules and algebras (in
particular, algebras of differential operators) is their cornpatibility with localizations which
we establish in Section 6. One of thc conscquences (and special cases) of this compatibility
is the following assertion (which is a particular case of Proposition 6.5.1):

1.1.4. Proposition. Let R -r R' be an algebra rn 0 r7Jhism. such that the functor Q =
R'® R is an exaet localization and R' is fiat as a left R-1nod1lle too. (fOT instance, R' is the
loealization of R at a right and left Ore set). Then

(a) For any differential R ® RO -module lvI , the fnnetor M ® n is eompatible with the
localization Q = R'®n. And Q 0 (M®n) ~ Al'®RI, where Al' = R' ®n M ®R R'. The
eanonieal (R', R)-bimodule morphism R' ®n M ---+ R' 0n M ®R R' is an isomorphism.

(b) If M E Ob/:)..};) , i. e. if M is a differential R @ RO -module of n-tlt order, then the

R' ® RO -rnodule M' has the same order: M' E Ob.6.. ~~) .
(c) Let cp : R --+ A be a differential algebra (i. e. cp is a k-algebra morphism turning

A into a differential R ® RO-module. Then R' ®R A has ft unique k-algebra strueture such
that the canonieal maps A ---+ R' 0R. A f-- R' are k-algcbra rnorphisms. And R' ®R. A is
a differential R' ® RO -rnodule.

Thc following Proposition (6.5.2 in thc Inain body of the text) shows that, under
the conditions of Proposition 1.1.4, any differential bhllodule over the localized ring is the
localization of a differential bimodulc.

1.1.5. Proposition. Let R ---+ R' be an algebra morphisrn such that the functor

Q = R'®R : R - mod -r R.' - '1rtod

is an exact localization und the R' is flat as a Zeft R-rnodule. Let M' be a differential
R' ® R'o -rnodule. A nd let M := Q ~ (M') di f f (i. e. M is the differential part 0 f the R ® RO­
module M'). Then the eanonical morphism cp : R' ®R. M ---+ M' is an isomorphism of
R 0 RO-modules. Moreover, the isomorphisrn cp induee8, for any 11, 2: 0, an isomorphisrn

R'Q9R M n --+M~, wher'eM~ (resp. Mn) denotes the.6..~.~+l)- (resp ..6..~+l)_) torsion of
M' (resp. of M).

The restrietions on a localization can be considerably weakened if differential bhnod­
ules and operators are replaced by strongly differential ones.
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1.1.6. Strongly differential bimodules and operators. Wc eall an R ® RO-module
M is strongly differential iff, for any finitcly gcneratcd sublnodulc M' of M, there is an
inereasing fini te filtration {Mi I -1 ::; i ::; n} Slieh that M -1 = 0, Mn = M', and thc
R ® RO-module Mi+1/Mi is a quotient of a finite clircet SUfi of eopies of R.

Clearly any strongly differential bimoclule is differential. If the base ring R is COlnmu­
tative, then the converse statement is true: these two dasses coincide. In thc general case,
one can characterize differential birnodules in terms of strongly differential ones:

1.1.6.1. Proposition. An R®Ro-module is differential iff it is a submodule of a strongly
differential R ® RO-module.

(This is a corollary of Proposition 5.11.4.3.)
The exact analogs of Propositions 1.1.2 anel 1.1.3 hold for strongly differential bitnod­

nIes. We denote strongly differential·operators on a k-algebra R by D~(R) 01' simply by
Dß(R)

Strongly differential R ® RO-rnodules which are ftat 3...'3 left R-lnodules are compatible
with any exact localizatiollS. In particulaI', wc have thc following assertion (Proposition
6.5.4.1):

1.1.6.2. Proposition. Let R -r R' be an algebra 1nor]Jhism such that the functor

R'®R : R - moll ---t R' - Tnod

is an exact localization ('lay the ring R' is the localizatiun of R (Lt a left Ore set). Then
(a) The action 01 D ß (R) on R extends naturally to an action on R' giving a canonical

ring homomorphism D tJ (R) ---t D1.l (R') which induces (L left R' -1nodule isomorphism

(b) For any Dß(R)-module M, the R'-module R' ®n M has a natural, in particular
compatible with D1.l (R) ---t D ß (R'), structure of a D!l (R') -modnle.

(c) Ifthe ringR' is such that thefunctor®R.R': rnorl-R ---t mod-R' is a localization
(e.g. R' is the localization of R at a left and right Ore set), then we also get an induced
right R'-module isomorphism D 5 (R) ®R R' ---+ D1.l(R').

Let us point out an irnportant conncction with envcloping algebras. Let k be a com­
mutative ring. Let Uk (g) = U(g) be the ellveloping k-algebra of a Lie algebra g. Recall
that U(g) is a Hopf algebra. There is a following assertion (Proposition 5.10.1):

1.1.6.3. Proposition. Let<p : U(g) ---t Enrlk(R) be a flopf act,ion on the algebra R (i.e.
the multiplication R ®k R --t R is a U(g)-1nodule m077Jhism). Then U(g) acts by strongly
differential operators.

1.1.6.4. Corollary. Let 9 be a Lie algebra over a ficlri k of zero characteristic. And let
<p : U(g) ---t Endk(R) be a Hopf action on the algehTa 1?. Let R' he an Ore localizalion of
R. Then the action of U(g) extends uniquely to a Hopf action on R'.

To give a flavor of the next part of this work (which will appear in a subsequent
paper), we shall continue this sketch a little bit fllther.
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1.2. Graded differential operators. Let k bc a COllllTIutativc ring. Fix an abelian group
fand a ,group hOITIOmorphislu (bieharacter) ß : f x r -----* k*. In our main examples,
the group r can be assllIned to be frce of finite rank, Le. f ~ zr. Note that onee an
isomorphisln r ~ zr is fixed, ß is canonically detennined by its values on the basis of zr;
i.c. by an ". x r Inatrix with entrees in k*.

Let R be a f -graded associative k-algebra. COl1sicler tbe category grrR - mod of
graded R-ulodules. We want to define differential operators in this graded setting. To do
this, we need a natural snbstitute for R ® RO-rnodule R.

Note that the bieharacter ß determines an action of r on any graded module M.
In particular, ß defines an action of f on R by ring automorphisnls. The corresponding
crossed product R#k[r] (where k[f] is the group algebra of f with the natural r -grading)
regarded as a graded R ® RO-ITIoclule, is our substitute for thc biInodule R.

1.2.1. Definitions. A graded R®Ro-module M is differential (resp. strongly differentia0
iff, for any finitely generated graded submodule M' of M, there is an increasing filtration
{Mi li 2:: -I} such that M-l = 0, Mn = M' for sonle 11, and the R®Ro-module Mi+l/Mi
is a subquotient (resp. a quotient) of a direct sunl of copies of R#f.

A differential (resp. a strongly differential) R-algebra is a graded ring Inorphislll
R -----* S such that S is a differential (resp. strongly differential) R-llloduie.

Propositions 1.1.2 - 1.1.5 and their analogs for strongly differential bimodules hold
word by word if we replace lllodules by gracled llloclllies a.nd InorphisIllS by graded mor­
phisms. For exalnple, when we define differential operators frolll a graded R-module L to
a graded R-moclule M, we should take the graded pa.rt, gtHOIllk(L, M), of Homk(L, M).
In particular, we obtain the ring of f-graded differential operators, D#(R), and the ring

D#/J (R) of f-graded strongly differential operators on R. Note that n# (R) is a graded
subbimodule of gtHOIllk(L, M).

Note that when the group f is trivial, we get our previollS not ions of differential and
strongly differential bimodules and operators.

Thc corresponclence R f---t Dß(R) depends naturallyon the grading group f. Nanlely,
wc have the following

1.2.2. Proposition. Suppose that f' is a subgroup 0/ the grou]) f, fLnd ß' is the restriction
to r' x f' 0/ the bicharacter ß : f x f -+ k·. Then the subring 0/ D# (R) generated by

r-graded endomorphisms is a subring 0/ D#(R).

Wc havc the following graded analog of Proposition 1.1.6.2:

1.2.3. Proposition. Let R -r H' be a graded ring rnoryJhis1r1. such that the functor
R't&!R : gtrR - mod -----* gtrR' - "110(1

is an exact localization (for instance, the ring R' is I.he localization 0/ R at a left Ore set
consisting 0/ homogeneou8 elernents). Then

(a) The action 0/n#/J (R) on R extends naturally to an action on R' giving a canonical
ring hornornorphism

Dt!J (R) -----* Dt!J (R' )
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which induces an isomorphism of left R' -modules

(b) For any D1& (R) -module M, the R' -rnodule R' ® R M has a natural, in paTticular

compatible with D#!l (R) ---+ D#!1 (R'), structuTc of a D#!1 (R') -rnodule.
(c) If the ring R' is such that the f/lnctor ®RR' : gtr1norl - R ---+ gtrmod - R' is a

localization (e.g. R' is the localization of R at a left and rigid hornogeneous Ore set), then
we also get an induced right R'-module isomorphisrn

The above definition of differential operators is quite satisfactory in the skew commu­
tative situation as is shown in thc following exarnplc.

1.2.4. Example: differential operators on a skew affine space. Let q = (qij) be an
r x r matrix with qij E k* such that qjiqij = 1 for all i, j. Let R be the corresponding skew
polynomial k-algebra; i.e. R is generated by :1:1, ... ,:1:,- subject to the following relations:

(1)

The algebra R is regardcd as the algebra of regular functions on the skew (more
spccifically, q - ) affine space.

Take r = zr, and ß thc bicharactcr r x r ---+ k* detennined by the matrix q.
Assurne that k is a field of characteristic zero. One can show (Proposition 8.4) that the
ring of graded differential operators, Dß(R) = Dq(R) is gencrated by lcft multiplication
by elements of Rand by corrcsponding ß-derivations. This iIllplies that Dq (R) coincides
with the ring n!;5 (R) of graded strongly differential operators.

1.3. Taking into account a canonical action of r. It was onc of Ollr first conclusions
that, in the graded situation, all 'scheInes' shollld bc considcred over the group algebra
k[r]. Therefore a morc natural definition of different.ial operators on R should include the
action k[r].

1.3.1. Definition of ß-differential operators. Set for convenience R r := R#k[r].
Note that any gradcd R-IllOdulc L is autoInatically a graclecl Rr-Inodulc and any graded
R ® RO-module is a graded R r ® Rr-nlodule.

Wc dcfine differential and strongly differential Rr-bimodulc as in 1.1.1 with 'Illodules'
replaced by 'graded Illoelules' anel R replaccd by Rr .

For any graded R-IllOdulcs Land N, Diffß(L, N) is thc (graded) differential part of
thc graded Rr 0 Rr-nlodule gtHOIllk(L, N). In particular, we obtain the (graded) ring of
ß-differential operator's, Dß(R), acting on the gradcd ring R.

1.3.2. Proposition. The algebTa Dß(R) is the subalgebra ofEnrlk(R) generated by n# (R)
and k[r].

Similarly, the algebra Dß(R) 01 strongly differential opcrntors on R is the subalgebra

of Endk(R) generated by n#& (R) and k[r].
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In particular, we have a direct analog (anel consequence) of Proposition 1.2.2:

1.3.2.1. Proposit ion. S1lPPOSe that r' is (l subgro71p 0f the gro up r, and ß' is the
restrietion to f' x r' of the bicharacter ß : f x r -+ A;·. Then the subring of Dß' (R)
generated by f-graded endomorphisms is a sub1ing 0/ Dß(R).

1.3.3. Localization. Proposition 1.2.3 above holels litcrally with Dt s replaced by Dß.
1.3.4. Main example. Let (aijh~i,j~r be a Cartan luatrix of finite type. Let 9 be the
corresponding semisimple Lie algebra, P the weight lattice. Let Q ~ P be" the root lattice,
and ab ... , CYr a basis of sirnple roots. Let q bc an indctcnninate, k a field containing Q(q)
and all roots of q. Let the set {di}, di E {I, 2, 3} for all i, be such that the luatrix (aijdi)
is symnletric. Let (,) : P X P ---+ Q bc a nondcgcncrate synunetric pairing determined by
(ai, Cij) = aijdi . Take f = P, anel define a bicharacter ß : r x r ---+ k* as ß(" a) = qb,a).

Let Uq = Uq(g) be the quantized enveloping algebra corresponding to thc Cartan
nlatrix (aij). Then Uq adluits a triangular decoluposition Uq = U- <S>k UO ®k U+, where
UO ::: k[Q] - the gTOllp algebra of Q. The algebra Uq is naturally Q-graded, hence it is
r-graded. The action of k[Q] induced by the grading anel the bicharacter ß is nothing but
the adjoint action of UO on Uq .

Denote by U~ the subalgebra of Uq generated by U- and U+.

For any f-graded k-algebra R, we put Dt(R) := Dt(R), Df!l(R) := DtS(R) and
Dq(R) := Dß(R), D~(R) := Dß(R), and call these algebras respectively the ring of graded
quantum differential and strongly differential operators on Rand the ring 0/ quantum
differential and strongly differential operators on R.

1.3.4.1. Note. In practicc, we usually lueet graded algebras R which are defined aver
Q(q) and such that the r -action on R is defined over Q(q). In this case one can take
k = Q(q) .•

One of important facts of this paper is thc following quanttull analog of Proposition
1.1.5 above:

1.3.4.2. Proposition. Let R be a f-graded l~-algeb1'(L with a Hopf action 0/ Uq such that
the canonical action 0f k [f] on R when restricted to k [Q] coincides with the U O

(::: k [Q]) ­
action. Then

(a) The algebra Uq acts on R by quantum, strongly differential operators; i. e. the action
is given by a homomorphis1n Uq ---+ D~ (R).

(b) The subalgebra U~ acts on R by graded quantum strongly differential operators; i. e.

the action is given by a h01nomorphism U~ ---+ Dfs (R).

1.3.4.3. Corollary. Let R be as in Proposition 1.3.4.2; and let R --+ R' be a graded Ore
localization. Then the action 0/ Uq on R extend.9 uniquely to a Hopf action on R'.

1.3.4.4. Remarks. 1) Proposition 1.3.4.2 and Corollary 1.3.4.3 are essential for our
localization constrllction for quantized enveloping algebras.

2) It is worth to mention that the proofs of these (anel a nUlnbcr of other) statements
do not belong to thc world of rings and ideals. Anel cven a proper fonulliation of the
localization assertions requires arieher envirernent of abelian categories and monads. _
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1.3.5. Example: algebras of differential operators on the quantum line. To
illustrate the difference between D# and Dß , consicler thc silnplest possible example of a
'noncommutative space' - the 'quantum line'.

Let k be a field of characteristic zero. The algebra of functions on a quantum line
over k is the algebra R = k[xJ of polynornials in one variable regarded as an algebra in
the category gtzVeck of Z-graded k-vector spaces - the parity of x is 1). We define the
bicharacter ß by (the necessary conditions) ß(l, 0) = 1 = ß(O, 1), and ß(l, 1) = q for some
q E k*. We assurne that q is not a root of Olle. Then the algebra Dt = Df is generated
by (rnultiplications by) Rand the ß-derivation B = Dq (see Exarnple 1.2.4). In partieular
it coincides with the algebra n:JJ of strongly differential graded operators.

Note that the ß-derivation a = Bq happens to be the so called q-derivation - an
operator acting on polinornials by the fornulla:

B = Bq : f(x) Ho (f(qx) - f(x))lx(q - 1)

- known for at least a hundred years.
Thus Df (R) is a k-algebra generated by x and 8 sllbject to the relation:

Bx - qxo = 1.

(1)

(2)

When q = 1, D:(R) is the first Weyl algebra, Dr = Al; Le. it is isomorphie to
thc algebra of differential operators on the one-dilllensional affine space. Aremarkable
property of the Weyl algebras is the Bernstein's Theorell1 (cf. [B]) whieh in the case of Al
claims that any nonzero A1-n1odule is of infinite dirnellsion over k. This property eIoes not
hold for Df (R) if q f:. 1.

Indeed, Olle can check that the left ideal It of the algebra D:(R) generatecl by the
elelnent Tl = Bx -11 (1 - q) is two-sided, and thc correspollding quotient algebra, Df(R) I J-L,
is (isomorphie to) the cOlnrnutative algebra of functions on the hyperbola givcn by the
equation ox = 1/(1 - q). In other words, D:(R)llt is isornorphic to the algebra of
Laurent polynomials k[x, x-i) in one variable. In particular, the algebra Dt(R) has a
parametrized by k* fanlily of one-dinlensional representations. Note however that if M is
a fini te dimensional Dr (R) -1110dule, then it is annihilated by the ideal It (see [R], 11.4) .

Consider now the algebra Dq(R) defineel in 1.3.1. It is generateel by Df(R) and the
autolnorphislll h sending x into qx anel the inverse to h. We dahn that the Bernstein's
property - any nonzero Dß(R)-rllodule is infinite dhnensional - holels.

In fact, Olle can check that

x8(xn ) = xn(qn - l)/(q - 1), anel h(xU
) = qnxn;

for all n; i.e. x8 = (h - l)/(q - 1), or

h = (q - 1)x8 + 1 E n#(R). (3)

But, of course, h-1 rt D# (R). Let lvI be a Dß(R)-ll1oelule of finite k-dimension.

Thell, sincc M is finite dilllensional Dt (R)-1110elulc, it is annihilated by the elenlent 1] =
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ox - 1/(1 - q) (cf. [R], 11.4), henee by the left ideal gcnerated by TJ. But, it follows [rom
(3) that thc left ideal generated by "7 eoincides with the whole algebra D#(R). So that the
module M is zero.

Note that the algebra Dß(R) is isomorphie to the (Ore) localization of the algebra
D#(R) at the Illllitiplicative set (TJ) generated by the nonnal elclnent TJ. One can deduce
from this fact that the algebra Dß(R) enjoys the salne nice properties as the first Wcyl
algebraAl: its Krull, hOlno10gical, and Gelfand-Kirillov cl irnensions coincide and are equal
to 1.

We shall show in oue of thc subscqucnt papers that thc coincidenee of the three
dimensions, and the Bcrnstein's property hold for the algebra of ß-differential operators
Dß(R), where R is a skew polynoIllial algebra of any cliIncnsioll.

2. Preliminaries: topologizing Sllbcategories as subschemes.
2.1. From schemes to categories. The first natural step on thc way of finding non­
commutative analogs of eonstructions and notions of conulllltative algebraic geometry is
to identify schemes with the catcgories of qua..'3i-coherent shcaves on these schemes. If Y is
a closed subschenlc of a schclne X, than the category Y of quasi-coherent sheaves on Y is
(iclentificd with) a ccrtain subcategory of the catcgory X of quasi-coherent sheaves on X.
The subcategory Y has the following propertics:

(a) It is full and closed with respect to finite direct sUlns (takcn in X);
(b) With any object, it contains all its subqllotients (taken in X);
(c) Thc subcategory Y is corefiective which Illcans that thc iuclusion functor Y --t X

has a right adjoint.
(d) The sllbcategory Y is refiective, Le. the inclusion fllnctor Y --t X has a left

adjoint.
The right adjoint functor of (c) assigns to any object of X its biggest subobject froln

Y. The left adjoint functor of (cl) is the tensoring over CJx by CJx /X, where I is the
defining ideal of the subscheIne Y.

A subcategory Y of an abelian category X satisfying the conditions (a) and (b) is
callecl topologizing.

If X is an affine scheIne, i.e. X =SpecR. for a COllullutative ring R, then X is the
category R - mod of left R-lllodules. And 1{ is generated by all R-Inodules annihilated by
some Cdefining') ideal I c R. The left adjoint functor of (d) is the tensoring by R/I over
R. In other words, it sends cvery R-nlodule M into M/IM.

Thcre is the following fact ([R], Seetion 111.6).

2.2. Proposition. For an arbitrary associativc ring R, therc is onc-to-one correspondence
between refiective topologizing subcategories 01 R - mad und two-sided ideals of the ring
R: to any two-sided ideal 0:' , there correspond.r; the f1tll subcategoT7) [R/a] generated by alt
modules annihilated by Q'. In particular, any refiective topologizing s1tbcategoT'1.J of R - mad
is corefiective.

2.3. Subschemes. Fix an abelian category A. We shall call topologizing coreflective
subcategories of A subsche1nes of A. -
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A subscheme shall bc called Z ariski closcd (01' silnp ly closcd) 1 if it is a reflective
subcategory of A.

Proposition 2.2 shows the catcgory R - rnod conld havc very fcw Zariski closed sub­
schemes. For instance, if A = R - rnod for a simple ring R (say, a Weyl algebra), then
thcre are only two trivial Zariski closed subcategories: 0 and R - r11od.

On the other hand, there are, usually, lots of non-closecl subschemes as the following
subsection shows.

2.4. Subschemes of the category of modules. Let A be the category R - mod of
left Illodules over an associative ring R. And let T be any topologizing subcategory of A.
Denote by FT the set of allieft ideals m in R such that Rlrn E ObT.

Conversely, for any set F of left ideals in R, clenote by TF the full subcategory of
R - mod generated by all nlodules M such that , for any z E M, Ann(z) EF.

2.4.1. Lemma. 1) For any topologizing subcategoT7J T 01 R - rnod, the set F = FT has
the following properties:

(a) m, 11, E F implies that mn n E F;
(b) if 1n E F, then any left ideal 11. containing m belongs to F;
(c) for any m E Fand any finite subset :r: 0/ elernents 0/ R, (rn: x) EF.

2) 11 F is a subset 01 the set 1zR of left ideals 0/ R having the properlies (a), (b), (c),
then the subcategoT7j TF is topologizing and c01'efiective.

Proof. 1) (a) is a consequence of the fact that thc quotient Illodule R/m n 11, is a
submodule of the direct sum Rlm EB R/n.

(b) The Illodule R/n is a quotient of R/rn; hence Rln E ObT togcther with R/m.
(c) Let u clenote the image of the identity eleIllcnt in R/rn. The left ideal (m : x)

is the annihilator of the element EBrExTu of thc direct SUlll of I x I copies of R/rn; hence
RI(m: x), being a subrnodule of a Illodule fronl T, belongs to T.

2) For any rnoclulc M the set M p := {z E M I Ann(z) E F} is a submodule.
In fact, for any z, Zl E M and any r E R, wc havc:

Ann(z + Zl) 2 Ann(z) n Ann(z'), alld Ann(rz) = (Ann(z) : r).

Clearly MF is thc largest SUbulodule of M which belongs to T F . This means that the
subcategory l'F is coreflective.

If M, M' E Obl'p, thcn M EB M' E ObTF, since for any two 'elements z E M and
z' E M', the annihilator of z EB z' equals to the intersection of Ann(z) anel Ann(z'),
Clearly any subobject of an object of Tp belongs to TF. Finally, a quotient of any object
of 'lrp belongs to 'lrp. So that the subcategory 1rF is topologizing. _

The sets F of left idcals satisfying the conditions of LCl1lIlla 2.4.1 are called topologizing
filters.

2.4.2. Note. For any topologizing subcatcgory 'Ir, thc subcategory 'lrp, where F = FT

is the set {rn E I1R I R/m E Obl'} is thc intersection of all corcftective topologizing
subcategories of R - 1nod containing T.•

2.4.3. Example. Fix an associativc ring R. Let ~ denote apreorder in the set IzR of left
ideals in R defined as follows: m ~ 11. if therc exists a finite sllbset x of elements of R such
that (m : x) := {r E R I1'X C rn} ~n.
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Let m be any lcft ideal in R. Den.ote by [R/m] the full subcategory of A generated by
all modules M such that, for any z E M, 1n ::; Ann(z). One can check that the subcatcgory
[R/m] is topologizing and coreflective. Moreover, [R/1n] is thc sInallest coreflective topol­
ogizing subcategory of A containing the Inodllle R/m. Oue can see that [R/rn] = 1r[m] ,

where [m] := {n E IIR I rn ::; n}.
The topologizing subcategories T[m] are nünimal in the following sense: for any topol­

ogizing filter F of left ideals in R, TF = UmEF 1r[m]' •

2.5. Subschemes of an abelian category. We shall call coreflective topologizing
subcategories of the catcgory A subschemes 0/ A. The subscheInes which are also reflcctive
subcategories shall be called Zariski closed 01' simply closcd if this does not create any
ambiguity.

Note that if the ring R is siulple (like algebras of differential operators with polynomial
coefficients), therc are only trivial Zariski closed subscheInes of R - mod. Whilc we have
lots of subscheines.

From now on we shall assume that the abelian categorics under consideration have
the property

(sup) For any asccncling chain n of subobjects of an objcct M, the supremuIu of n
exists; and, for any subobject L of M, thc natural lllorphism

sup{XnL I XE O} -t (supO) nL

is an isomorphisIll.
Examples of thc catcgol'ies with thc pl'operty (sup):
1) The category R - mod of left modules over an associative ring R.
2) Thc category of sheaves of R-Iuodulcs on an al'bitrary topological space.
3) The catcgory of quasi-cohcrent sheaves on an arbitrary scheme.
4) Any noethel'iall abelian category.

2.5.1. Note. Recall that the pl'operty (sup) is apart of the definition of Grothendieck
categories exalllpies of which are categories R - 1nod for all rings anel categories of abelian
sheaves on topological spaces (Examples 1) and 2) above).

Apparently, it is not known if the category Dcof)x of qua"c;i-coherent sheaves on an
arbitrary scheme X is a Grothendieck catcgory (cf. thc Appendix B in [ThTJ). One can
easily check, howevcl', that DcoQx has thc property (sup) .•

Example 2.4.3 is extended to any abclian category A with the propel'ty (sup) as
folIows.

For two objects, X anel Y of A, we write X >- Y if Y is a. subquotient of a finite
direct sum of copies of X. One can check that the relation >- is apreorder (cf. [R],I1!.1).
For any objcct V of A, denote by V>- the full subcategory of A generated by all objects X
such that V >- X.

Note that V>- is topologizing, since it is closed undel' finitc direct sums; and if X E

ObV>- and X >- Y, thcn Y E ObV>-. But, in general, thc subcatcgory V>- is not coreflective.
The full subcategory [V] of A generated by aU X E ObA which are supremums of thcir
subobjects fronl V>- is both topologizing allel coreflective.
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Note that any corefl.ective topologizing subcategory 11' of A can be represented as
UVEX[V], where X is a class of objects of 11' having the property: for any Y E Ob11', there
exists X E X such that X >- Y.

Clearly V >- W if and only if W~ ~ V~. In particlllar, the subcategories V~ and [V]
depend only on the equivalence class (V) of thc object V with respcct to >- .

The following renlark is independent on the main body of the text.

2.5.2. Remark: relations with the spectrum. For the notion of the spectrum of an
abelian category and relatecl notions usecl below 1 the reader is referrecl to [R], Chapter 111,
or to [RI]. One can see that Spec[V] = SpecV~ = SUJJP(V). So if V ESpecA, then
SpecV~ is the set of a11 specializations of (V).

Asslllue that the category A has uo nonzero objects with empty support. In this case,
if V'E SpecA and is a closed point, then all l1ol1zero objects of V~ are equivalent to V.

A nonzero object V of an abelian category A is callcd quasifinal if X >- V for any
nonzero object X of A. A category A having a quasifinal object is called loeal. Reeall
that a11 simple objects (if any) of a loeal category are isolnorphic one to another and are
quasifinal (cf. [R]' Lelnma 111.3.1.2). In particlllar, auy nonzero object of A has siInple
subquotients.

If A is a loeal category and V is a quasifinal objcct , then [V] is called the residue
category of A. If V is a siInple object , the rcsicIue eategory is equivalent to the category
of vector spaces over residue skew field of [((A) = Encl(V) (cf. [B,], 111.5.4).•

If A = R - 17locl and V = Rlrn for SOl1le left ideal 1'n in R, the subcatcgory [V]
coineides with the subcategory [Rlrn] of Exalnple 2.4.3.

2.6. Serre subcategories. Recall that a full subeatcgory 1r of an abelian category A is
called thick if, for any exact sequence 0 ---+ M' ---+ lvI ---+ M" ---+ 0 in A, the object M
belangs to 11' iff M' and M" belong to 11'. In other words , 1r is thick iff it is topologizing
and closed under extensions. .

For any subcategory § of A, denote by § - the fnll sllbcategory of A generated by a11
objects M such that auy nonzero subquotient of M has a nonzero subobject fronl S.

2.6.1. Lemma. For any subcategory § of an nbelian category A,
(a) the subcategory § - is thick;
(b) (S-)- = §-;

(c) S ~ § - if § is topologizing.

Proof. See Lelnlna 111.2.3.2.1 in [R] .•

The subcategory § of A is callcd a Scrre subcatego7'J) if § = § -.

Thc proof of thc following observation is left as an exercise for areader:

2.6.2. Lemma. Suppose that A has suprc1nu1ns 0/ subobjects (which is the case if, for
example, A has small direct sums), then a thick subcategor1J 11' is a Serre subcategol/) iff it
is a subscheme.

2.7. Operations on subschemes. Fix an abclian catcgory A. Wc sha11 assumc whenever
it is required (in particular through this snbscction) that A has thc property (sup) (cf.
Subsection 2.5).
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2.7.1. Lemma. (a) The intersection 01 any set 01 subschernes 01 A is a subscheme.
(b) The intersection of any set of Zariski closcd suhschc1ncs of A is a Zariski closed

subscheme.

Proof. (a) Clearly the intersection of any set of topalogizing subcategories is a topolo­
gizing subcategory. SiInilarly, the intcrsection of any fanüly X of coreflective subcategories ­
is a corefiective subcategory.

In fact, let n be a fanüly of subobjects of an object Y which belong to thc intersec­
tion nsEx S. Since each of the subcategories § E X is corcftective, sup n belongs to this
intersection too. This irnplies the corefiectivity of nsEx S.

(b) Let now ~ be a faInily of Zariski closed subscheInes. And let, for any 11' in ~, "JT
dcnote a left adjoint to the inclusion JT : 1r -t A, and 11T thc adjunction arrow I dA --+
JTo" JT. Let KT dcnote the kernel of 1fT. Note that TfT is an cpilllorphisIu; so that JTo" JT ~
Cok(1]T). Set K~ := SUP{KT 111' E ~}. For any M E OhA, MIK~(M) is a quotient of
MIKT(M) for any 1r E ~; hence it is an object of nTE;j 1r. Conversely, if Y is an object of
nl'E~T, then an arbitrary morphisIIl f : M -t Y factors by M --+ MIK'f(M). SO that
Kerf 'contains' K~(M). All together shows that thc Inap M H MIK~(M) extcnds to a
left adjoint to the inc1usion functor nTE~1r -t Ai i.e. n'll'E~ 1r is a reflective subcategory
of A.•

2.7.2. The supremum of subschemes. The supre1nurn, sup~, of a faIuily ~ = {Si 1

i E J} of subscheInes is the snlullest subschcnle of A containing all the subschemes of the
falnily ~.

Let {Si I i E .J} be any falnily of topologizing subcatcgorics of A. Thcn thc smallest
topologizing subcatcgory containing all thc subcatcgorics Si equals to thc union of the
subcategories X>-, wherc X runs through EBiEJXi in which Xi E ObS i for all i E J,
anel only finite number of Xi are nonzero. If all the subcatcgories Si are coreflective and
arbitrary direct SUIllS EBiEJXi , Xi E ObSi, exist, then we have an analogons description
of the smallest subscheIne S containing all §( thc subcatcgory § is the union of the
subcategories [X], where X runs through all SUIllS ffiiEJXi with Xi E ObS i .

Note that 'all SllI11S' in this description can be replaccd by the requirement Xi E Si,
where Si is a sct of objects of Si such that Si = UYE3; [Y].

For instancc, if Si = [Xi] for SOIllC Xi E ObA, i E .J, then Sllp{Si 1 i E J} = [EBiEJ Xi]'

2.7.2.1. Lemma. The supremum of a finite number 01 Zariski closed subschemes is a
Zariski closed subscheme.

Proof. Wc shall use the notations of the argulllent of LCIulua 2.7.l.
Let J be a finite family of Zariski closed subschcrnes of A. Denote by K J the functor

which assigns to any M E OhA thc intersection nTEJ I{']'(M). Sillce J is finite, M / KJ(M)
is a subobject of EBTE'JMIK']'(M) = EBTEJ".Jy(M). DeHote by wJ the (uniqucly defined)
extension 0 f the 111ap M H MIK J (M) to a functor fra 111 A to A. Since t he direct sum
EBTEJMIKT(M) is an object of sup J, thc functor WJ takes valucs in the subcategory sup J.
On the other hand, if M E Ob(supJ) , then KJ(M) = 0; i.c. the natural epimorphism
M --+ 'l' J (Al) is an isomorphisln. This shows that WJ is lcft adjoint to the inclusion
supJ ---+ A.•
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2.7.3. Gabriel multiplication. For any two subcatcgorics §, T of an abelian catcgory
A, define their product §.1' as thc fu11 subcat.egory of A generated by a11 objects M of A
such that there exists an exact sequencc

o--+ M' -r M -r NI" --+ 0

with M' E Ob1' anel M" E ObS.

2.7.3.1. Lemma. (a) Ij Sand l' are topo logizing subcategoriesJ then such is S • 1'.
(b) For any topologizing subcategories §, T, lU 01 A J

§ • (1' • lU) = (8 • 1') . lU und o. § = § = § • o.

Prooj is left to areader.•

It fo11ows frolli thc definition of • that a topologizing category T is truck Hf l' is
idcmpotcnt: l' = T .T.

2.7.3.2. Lemma. For any topologizing subcategorics 8, 1rJ anti X,

(8.1') n (8. X) = S . (1' n X) anrl (1'. S) n (X. 8) = (1' n X) • S.

Proof. Clearly (8 • 'Ir) n (8· X) 2. S. (T n X). To show the inverse inclllsion, pick any
object M of (8 .T) n (S. X). By definition of ., there exist exact sequences

o-r T -r M --+ S ---t 0 and 0 ---t X --+ M -r S' ---+ 0,

where T E Ob1', X E ObX, S E ObS :3 S'. Since thc sequence

o ---+ T n X --+ M ---+ 8 EB S'

is exact, and 8 EB 8' E S, the quotient object MI(T n X), being a subobject of 8 EB S',
belongs to S. While T n X, being a subobject of T and ~Y, belongs to T n X.

Thc second assertion coincides with the first one in the dual catcgory.•

ThllS, topologizing subcategories fonn a semiring with a COffill1utative operation n
anel a nonconlffiutativc operation .; i.c. n nüght bc thought as an addition, and • as a
rllultiplication.

The following assertion shows that the Gabriel lllultiplication is compatible with our
notions of a subscheme anel a Zariski closeel sllbschcllle.

2.7.3.3. Lemma. Ij topologizing subcategoric.9 § and l' oj Aare reJlective (resp. corefiec­
tive), then such is § • 'Ir.

Froo! is that of Lenl111a 111.6.2.1 in [R] .•

2.7.3.1. Example. Let A = R - mod for sonlC ring R. Let S anel l' bc subschemes of
A defined by lcft ideals resp. J and X : S = [HI3], T = [RIX]. If the subschenlCS Sand
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'Ir are closed, i.e. the ideals :I and I are two-sided (cf. Proposition 2.2), then S.'Ir is a
closed subscherne with the defining ideal :lI : § . 'Ir = [R/ :lI) :::: R/:lI - mod.

If § andlor 1[' are not closed, § .1[' is not, in general, of thc fornl [R/m] for some left
ideal m.•

2.7.4. The n-th neighborhood of a topologizing subcategory. Given a topologizing
subcategory T of A, define the n-th neighborhood of T a.s thc n-th power of T:

T(n) := T •...• 'Ir (n tünes).

One can check that T(oo) := Un>l 'Ir(n) is a thick subcatcgory of A which coincides
with the intersection of all thick subcategorics containing 11'.

2.7.4.1. Remark. If 'Ir is a snbseheIne (resp. a closcd subschellle), then, by Lemma
2.7.3.3, all the subcategories 11'(n) are (resp. closed) snbschCllles. However, thc t hiek
subcategory 1r(oo) is not, in general, a subschclnc.

On the other hand, the minimal subscheine F = [1'(00)] containing 1'(00) is not, in
general, thick any luore. We shall see that F is thick (heuce Serre) if thc category A is
locally noetherian (Proposition 3.1.2.1) .•

3. Relative differential calculus In abelian categories.
Fix an abelian category A with the property (sup) and its subscheme T.

3.1. T-filtrations and T-objects. Fix an object 1\1 of A. An increasing filtration
M. = {Mi I i ~ -I} on M is aT-filtration if lvI-1 = 0, allel M i/ Mi-l E ObT for any i ~ 0.

Thanks to the coreflectiveness of 'Ir, thcrc is a callonical 11'-filtration defined by: for
allY i ~ 0, Mi := 'Ir(i+l) M := 11'(i+l)-torsion of M. We are using here the fact that if 'Ir
and § are corcflective topologizing categorics than such is 11' • §. Clearly the canonical
T-filtration is the biggest one in an obviuos sense.

For any M E ObA, we call the subobject 11'00 (M) := sup{'Ir(i) M} the T -part 0/ M.
We call M a 1f-object if M = FM. The full subcategory of the category A generated

by 1f-objects shall be denoted by 'fIX'.

3.1.1. Lemma. The subcategory 1fOO is a subscheme.

Proof. For any object M of A, FM is the largest 1f-subobject of M. Since any
rnorphism f : M ---+ M' induces morphislns j(n) : T(n) M ---+ y(n) M' for all n, thc Illap
M H FM extenels to a functor A ---+ 1['00 which is left adjoint to the inclusion functor
F ---+ A; Le. Too is coreflective.

It follows frolll the property (sup) and thc fact that subcatcgorics y(n) are topologizing
that any subquotient of a 1r-object is a T-object. Anel elirect SUln of any number of T­
objects is a 1f-object. In particular, thc subcatcgory 1fOO is topologizing.•

3.1.2. Digression: T-objects and 'Ir- -objects. For any M E ObA, the 1r-part of M
is a (proper in general) sllbobject of thc 1r- -torsion of M. To see thc difference bctwcen
being a 1f-object and a 11'- -torsion (= 1r- -objcct), wc consielcr, for any object M of A, thc
following increasing filtration:
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Mo =0;
Mi is the preimagc of thc 1'-torsion of M/Mi-ll if i is a lbnit ordinal;
Mi = sup{Mv I v < i}, if i is a limit ordinal.
Set Alw := sup{Mi}. One can see that A1w belongs to 1'-, and M/Mw is 1'-torsion

frce. The latter implies that M /Mw is 1'- -torsion free; i.c. M w is thc 1'- -torsion of M.
Recall that 'M is locally noethcrian' lneans that lvI is the suprClnum of its noetherian

subobjects. For example, any left Inodule over a left noetherian ring is a locally noetherian
object of R - mod. And any quasi-cohercnt sheaf on a noetherian scheme X is a locally
noetherian object of thc category .QcoQx of qua..,;i-cohercnt shcaves on X.

3.1.2.1. Proposition. Suppose that M is a locally noetherian object of A, then M E
Ob1'- iff M is a l'-object.

Proof. a) Suppose first that M is nactherian. Then M E Ob1r- iff M E Ob1r(n) for
some n.

b) Supposc that M is thc suprcmunl o[ a set {Mn} o[ noetherian subobjects. If M
belangs to 1['-, then, according to a), all Mo are 11'-objects. It. remains to observe that,
since all sllbcategories 11'(n) are coreflective, supremUIll of any falni1y of 1'-subobject is a
11'-subobjcct.•

3.2. Conormal bundle and 1r-filtrations. For any topologi"ing subcategory §, denote
by Is the subfunctor of I dA assigning to any objcct A1 of A the intersection of K er(f),
where f runs over all arrows f : M -t X with X E O!J§. Wc caU I s the defining ideal of
the subcategory S .

Clearly Is is a subfunctor of I'Jf if 11' ~ S. In particular, ITe'Jf is a subfunctor of I T . For
any topologizing subcategory 1r of A, wc dcfine the conormal b71ndle 0T of 11' as IT/ITeT.

Let M. = {Mi li 2: -I} be any 1r-filtration of an object M. One cau sce that, for any
i, IT(Mi ) ~ M i - 1 anel ITeT(Mi ) ~ Mi-2 (we set Mi = 0 for all negative i). This implies
thc existence of canonical nlorphisnls

(1)

3.3. The case of the category of modules. Suppose that A is thc catcgory R - mod.
of left lnodules over a ring R. Anel let F be any functor froln A to A. Then, for any
R-bimodulc M, F(M) has a natural R-bimodule structurc which is thc composition of
the bimoclllle structurc RO -t EndR(M, M) anel the provided by thc functor F lnapping
EndR(M, M) --+ EndR(F(M), F(M)). In particular, the R-rnodule F(R) has a natural
R·bimoclule structurc.

There is a functor morphism <p : F(R)®n --+ F, wherc, for any X E ObA, thc
nlorphisln cp(X) is dcfincd as the bnage of idx llnder thc cornposition

A(X, X) c::: A(X, HOIDn(R, X)) --+ A(X, Hon1n.(F(R) , F(X))) c::: A(F(R) ®R X, F(X)).

The lnorphism cp is an isolllorphislTI iff the fllllctor F has a fight adjoint (cf. [Bass],
Proposition 1.2.2). Thc functor h : M f---t M0n. [roln the category R-bi of R-bimodules to
thc category EndA of endofunctors of thc category A = R - 1HOd is flllly faithful and is a
left adjoint to the fUllctor assigning to any cndofllllctor F of A into the R-bimodule F(R).
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Consider now tbe setting of Exalnple 3.1: A = R - 1nod, J is a left ideal in R; 'f = [J]
is tbc nlinimal subscbenle of A containing the Inoclulc R/J. One can check that IT(R)
coincides with the biggest two-sided ~deal J t := (J : R) = {T E R I Jr ~ J} contained in
J. And I T.1'(R) = J;. So that OT(R) ~ J t / J;.

It follows from Proposition 6.4.1 in [R1] that the canonical functor nlorphism

is an isolllorphism iff J is a two-sided ideal; i.e. if J = .ft. In this case IT.T(R) = J2 and,
by tbc sanle proposition, IT.T ~ IT.T(R)0R.

In particular, if J is a two-sided ideal, the canonical functor morphislll OT(R)0R --t
OT is an isomorphisln.

4. Differential endofunctors and monads.
Let A be an abelian category. Let B denote the category Enrl(A) of functors from

A to A (we assume that A is equivalent to a 'slllall' category). Clearly B is an abelian
category which inherits lnany of properties of A. For cxalnple, B has the property (sup)
if A has it. Anel B has the salne kind of lilnits as A has.

We take as 11' the diagonal ~ which is thc miniInal subschClne of 5 cOlltaining I dA.
We shall call the ~-part of any objcct M of ß the differential part 01 M, and ~-objects

differential 0 bjects (functors).
Anel we have the corresponding cononnal bundlc Oll : B --+ B.

4.1. Lemma. For any M, N E ObB and n, 111. 2: 0, the natural rnorphism

lactors through ~ (mn) (M 0 N).

Proof. (a) If X E Ob~ aud Y E Ob~ (n), thcn X 0 Y E Ob~ (n).
In fact, thc assertion is trivially true for J'l( = Irl. And thc class of Sy of all X E ObB

such that J'Y 0 Y E Ob~ (n) is closed with respcct to taking direct SllIllS and sllbquotients,
since ~ (n) is topologizing and coreflectivc. Since ~ is the IniniInal full subcategory of B
containing Id and closecl with respect to these operations, the class Sy contains Ob~.

(b) Suppose that X E Ob~ (m) for SOlne rn 2: 2, and Y E Ob~ (n). Then therc exists
an cxact sequence 0 --t L --t X --+ M ~ °such that L E Ob~, M E Ob~(m-l).

Clcarly
O--tLoY--tXoY-tMoY--tO (1)

is an exact sequence in which, according to (a), L 0 y E Ob~ (n). Anel, by the induction
hypothesis, M 0 Y E Ob~ (nm-n). It follows froin (1) that X 0 Y E Ob~ (mn) .•

4.2. Corollary. 1f M and N are differential objects of 5, then MoN is differential tao.

4.3. Differential monads. Rccall that a nlonad in a catcgory A is a pair (F, J-L), where
F is a functor from A to A and J-La nlorphisln F 0 F -----1 F such that

(a) J.L 0 FJ.L = J.L 0 J-lF;
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(b) there exists a 1l1orphislU TJ : I dA --t F such that 11, 0 F77 = idF = J-L 0 TJF.
Note that thc latter equality detenuines TJ uniquely.
In fact, if 77' : I dA --t F is another lllorphisin with thc sanle properties, then we have:

TJ' = J-L 0 TJF 0 TJ' = J-L 0 P77' 077 = TJ·

4.3.1. Examples of monads. (a) Astandart exmnple of a 11lonad is associated with
a ring morphism R ---::;A. The corresponding category A is R - mod; and thc mouad is
(A0n, J-L), where Il is dctenuined by thc rnnltiplication A 0 A ---::; A (01', ruther, by the
1110rphislll A 0n A ----+ A induced from the rnultiplication) in A.

(b) Similarly, a quasi-coherent sheaf of algebra.') A on a scheme X equipped with a
morphism L : Ox --t A of sheaves of rings defines a 1110nad (A0o x ' J-l) on the category
A = .Qcol)x·

(c) Let C : A ----+ Band C'" : B ----+ A be adjoint functors; and let

€ : Co C'" ----+ fds , 77: IdA ----+ G'" 0 G

be adjunction arrows. Then (C'" 0 C, G"'€G) is Cl. luollad in A .•

Fix a mouad lF = (F,ll). An lF-rllodule is a pair (M, m), whcre M E ObA and m is
a morphisrll P(M) ----+ M with thc following properties: mo 7/(M) = idM , mo J-L(M) =
moFm.

A module morphislu from M = (M, m) to M' = (M', rn') is any tripie (M, f, M'),
where I is a 11lorphislll frOlll M to M' cOlllpatible with actions: m' 0 F f = 10 m. The
composition is defined in an obvious fashion. Thus we have thc catcgory lF - mod and
the forgetting functor F : IF - mod ----+ A. Thc functor F is right adjoint to the functor
assigning to any M E ObA the IF-module '" F(M) := (F(M),J.l(M)) and to any arrow
I : X ----+ X' the lnorphisrn F f : '" F(X) ----+ '" F(X') of lF-modules. One can see that the
corresponding to the pair of adjoint functors C' F, F) rllollad coincides with lF.

So thc general nonsense example(c) provides a universal way of constructing mouads.

4.3.2. Proposition. Let lF = (F, J-L) be a monarl in A. Then ß (00) F is a submonad of lF.

Proof. By Lenuua 4.1, for any 71" m ;::: 0, thc canonical 11lorphism

ß(m)F 0 ß(n)p --+ F 0 P (2)

factors through ß (m) F 0 ß (n) F --+ ß (mn) F 0 F. This iInplics (because the sllbcatcgory
ß (mn) is topologizing) that the imagc of thc cornposition of (2) with the rnultiplication tl
is a subobjcct of ß (mn)F .•

We caU a lnonad lF = (F, tL) differential, or a D-7nonad, if F is differential.
The fuH snbcategory of differential objccts of the category B will bc denoted by D - A.

4.4. Remark. Insteacl of taking ß eqnal to the cntirc category EndA, wc might be
interested in choosing ß to be a certain fnU subcategory of EndA closed with respect to
composition of functors anel coliruits (takcn in EndA), and containing f dA. Two irnportant
for this work choices are B = End'A - thc fuH subcatcgory of EndA generated by all right
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exact functors - and B = ~ni)A - thc fuH subcategory of EndA generated by functors
having a right adjoint. _

5. Differential calculus over noncommutative rings.
5.1. Differential bimodules and rings. For any two rings A, B, we shall identify
(A, B)-bin1odules with the corresponding A ® BO-Inodules. Here BO is the ring opposite
to B. In particular, R-biInodules will be identified with left R 0 RO-Illodules.

To Inake the contents of this section more eonveniently applicable, we shall consider
algcbras and bimodulcs over a eorllIllutativc ring k. This I11Cans that, instead of the
category (A, B)-bi of all (A, B)-modllles, we single out thc fuH sllbeatcgory (A, B) - bilk of
(A, B)-bi generated by binlodules M having thc propcrty: for any y E M anel A E k, Ay =
VA. Thc canonical equivalence (A, B) - bi ---+ A 0 BO - rnod induccs an equivalence
(A, B) - bilk ---+ A 0k BO - rnod. In particular R - bilk is identified with thc category
R0k RO - mod.

Fix a k-algebra R = (R, J-L).

5.1.1. Lemma. The kernel KJ1. 01 the multiplication IL is a Zeft ideal in R 0k RO.

P1'oof. By definition of the multiplication in R 0k RO, (a 0 b) I: Bi 0 ti = L: aSi @ ti b.
Therefore, if I: Si 0 ti E Kilo, then J-L((a 0 b) I: Si 0 td = a(I: sitdb = O.•

5.1.2. Note. The kernel KJ1. of the Inultiplication IL is a right (hence two-sided) ideal if
and only if the algebra R is COIllll1utative.

In fact, if R is COluIllutative, then KJ1. is two-sided. On thc other hand, for any r E R,
the eleluent r 01-101' belongs to KJ1.' The cleluent (1' 01-10 r)(a01) = Ta 01- a 0 l'

belongs to KJ1. iff ra = ar. -

5.2. Lemma. The full subcategory ~R of R0k RO - rnod generated by all R®k RO -modules
M such that, for any z E M, K~ ~ Ann(z) is a subscherne.

The subscheme ßR is closed (i. e. the subcategory ß R. is refiective) ij and onZy if the
algebra R is comrrudative.

Proof. This is a special case of Example 3.1: for any ring A and any lcft ideal v in
A, the full subcategory [RIll] generatcd by all A-Iuodules M such that v ~ Ann(z) for all
z E M, is topologizing and corefiective.

If R is conlmutative, then such is R 0k RO = R 0k Rj and thc subcategory ßR (which
coincides with [R 0k ROIK JJ] in thc notation above) is generated by all R 0k R-modules
M which are annihilated by K JJ' It is refiective: a fnnetor right adjoint to the inclusion
ßR ---+ R 0k R - rnod is tensoring by R ®k RIK,J. over R ®k R.

It follows froIll Proposition 111.6.4.1 in [R], that the topologizing sllbcategory ßR is
refLective if and only if KJ1. is a two·sided ideal. And, according to Note 5.1.2, the ideal KJ1.
is two-sided iff the algebra R is cOlnmutative.•

Für any R-biIuodule M, the subbimodulc ~llM := sup{~~)M I i 2:: 1} of M will
be called the differential part 01 M. Wc shall call an R ®k RO-rnodulcs M differential if
M = ßIfM.
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Clcarly the differential part of M is containeel (usllally properly) in the ,üR-torsion
,üR(M) of M.

5.3. D-filtrations. We call an increasing filtration {Mi I i 2: -I} of an R-bimodule M a
D-filtration if M-l = °allel Mi/Mi-I" E ~R for any i 2: 0.

One can produce thc canonical D-filtration of any bimoelule M by taking as Mi the
,ü~+l)-torsionof M: M i := ~~+1)M. In other worcls, for any i 2: 0, Mi is thc preinlage
in M of {z E M/Mi - 1 I K JL ~ Ann(z)}.

This D-filtration is the biggcst one with respect to thc natural prcordering of filtra­
tiOllS.

5.4. Remark. Let M. = {Mi I i 2: -I} be a D-filtration of an R ®k RO-IDodule. If R is
cOlnmutative, the action of K~ on M senels Mi into Mi-I. Therefore this action induces
actions (R ®k RO-Illodule Inorphisms) K~ ®k gTiM ---+ gri-1M. Note that the ideal K~
acts trivially. Which nIeans that the latter actions inchlce birnoclule morphisms

(1)

where ,01 R := KI-L/(KJL )2 is the bimodule of Kähler differentials.
We denote by

(2)

the dual nlorphisnls. One can check that the D-filtration M. is luaximal Hf Mw coincides
with the .6.n-torsion of M, anel Ji are Illonolllorphirns for all i 2: 1.

If R is nOllconllllutative, this constructioll does not work. Anel thc reason is that tbe
topologizing subcategory .6.R is not reflective (in other worels, it is not Zariski closed). But
there is a natural replaceIllcnt for ,01 R - the conormal bnndle of the subschcme .6.R which
is a functor froln R ®k RO - rnod to R ®k RO - mod.•

5.5. A reformulation. Now we shall consiclcf thc cql1ivalcncc of thc category R-bi/k
of R-biInodules over k (which is identificd whcnevcr it is convcnicnt with the category
R 0k RO - rnod) and the catcgory of k-linem' functors R - rnorl ---+ R - mod having a
right adjoint. Following H. Ba.ss [Ba], wc shall call such functors continuous. Recall that
this equivalence sends any R-bimodule M into the functor lvI®R.

5.6. Lemma. The equ ivalence Jn between R ® k RO - 111,0(1 and the category <C nD k (R - mod)
0/ continuous k-linear endo/unctors R - mod ---+ R - rnod sends the subcategory ßn into
the minimal subseheme .6. c 0f <C nD k (R - mod) eontaining the identical /unctor. Th e induced
functor frorn ~R to .6. c is an cquivalence of catcgorics.

Proof. Note that R :::: R 0k RO / KI-L aB lcft R ®k RO-lnodules. Thc isomorphism is the
cornposition of thc Inap

and thc projection R0kRo ---+ R®kRo/KI-L (we are using tbc fact that r08-1'801 E K~

for all 1', 8 ER). This irnplies that ßR is the nünimal topologizing coreflective subcategory
of R 0k RO - rTLod containing the R ®k RO-Inodule R.
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Note now that the equivalence between the category R Q9k RO - 1nod and the category
of continuous k-linear functors sends R into a. fllllctor isol11orphic to the identical functor.
This implies the assertion.•

5.7. Lemma. I] M and N are differential hirnodules, then M 0 R N is a differential
bimodule.

Proo]. The assertion follows frol11 the following statenlent:

Far any n, m ~ 0, the natural morphism .6..~n)M Q9n .6..Y;) N ---+ M ®R N ]actars

through the subbimodule .6..h.mn)(M Q9n N).
This can be proved the salne way as Lemrna 4.1, first llsing thc fact that the equivalence

between the category R®kRo-mod and lE.nDk(R-m,od) senels M®nN into the composition
of thc functors corrcsponding to M and N (cf. Rel11ark 4.4) .•

5.8. Proposition. Let R ---+ A be a ring morphis1Tt. Then.6.. RA is a subring 0] A.

Proo]. The fact follows from Lelnma 5.7 (as Proposition 4.3.2 follows from Lemma
4.1) .•

We call R ---+ A a differential R-algebra (01' silnply a D-algebra) if A = .6..RA.
5.9. Differential operators. For any two R-nlodulcs V anel W, HOIUk(V, W) has a
natural structure of an R ®k RO-lnodule. We denote by D'if!k(V, W) the differential part
of Homk(V, W). We shall caU elements of DiJh,~(V, IV) k-differential operators (ar simply
differential operators) from V to W.

ClearIy HomR(V, W) is contained in Dij fkO) (V, W) := .6.. (Endk (V, W)); Le. R-nlodule
morphislllS are differential operators of the zero order.

We shall write D k (R) instead of Dif fk(R, R). Note that there is a natural ring
11lononl0rphism from R to Endk(R) assigning to cach elell1Cnt l' E R the left multiplication
by r. The birllodule structure on Endk(R) defined above coincides with the one induced
from the Inorphislll " : R ---+ Endk(R). Thus R ---+ Dk(R) is a D-algebra.

Note that the right lllultiplications by elelllents of R (=cndolllorphisms of the left

R-IllOdulc R) also belong to DkO
) (R). Therefore the inulge of the canonical nlap

belongs to the subbirnoclule DiO) (R) of differential operators of zero order.
Any derivation d : R ---+ R belongs to .6.. (2) Endk(R) := D(l) (R).
In fact, for any r E R, d 0 r . -r . od = d(r)·. Here 1" denotes the operator of the left

luultiplication by r. Therefore, for any element t EKer(/l), td E l.(R) = DkO) (R).

Thus D(R) contains aU operators of left and right Inultiplication by elements of R
and all derivations. Recall that if R is comrnutative and regular, D(R) is generated by
Do(R) and Der(R).

5.10. Enveloping algebras and differential operators. Fix a commutative ring
k. Let 11. = (8, H, p.) be a Hopf k-algebra; and let R = (R, n,,) be any associative k­
algebra. Recall that C:l. 1l-rnodule structure T : H ®k R ---+ R is called a Hopf action if thc
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Inultiplication m : R ®k R ---+ R is an 1-l-1nodule lllorphisln. Thc latter Ineans that thc
diagram

idH®k m 'T

H®k R0k R ----+ H0kR ----+ R

J®id 1 1m

idII0a0idR r0r
H0k H0k R0k R ----+ JI 0k R 0k IJ 0k R ----+ R®k R

commutes. Here adenotes thc standart isolllorphisrn H 0k R ---+ R ®k H, h 0 r Ho r ® h.

Let Uk (g) = U(g) be the enveloping k-algcbra of a Lic algebra g. Recall that U(g) is
a Hopf algebra.

5.10.1. Proposition. Let cp : U(g) ®k R --7 R be (L Ho])f action of U(g) on any k-algebra
R. Then U(g) acts by differential operators.

Proof. The coproduct J : U(g) ---+ U(g) ®k U(g) is uniquely dcterrnined by thc its
values on g, and J(x) = x 0 1 + 1 ® x for all .7; E g. Thc action of U(g) on R being Hopf
anel thc above fornlula for J Inean that 9 acts on R by derivations which are differential
operators of the first order (cf. Section 5.9). Since U(g) is generated by g, the assertion
follows froln thc fact tllat Dk(R) is a subalgebra of Endk(R) (cf. Proposition 5.8). _

5.11. Upper central filtration and strongly differential bimodules. Recall that
the center of an R-biInodule M is the set 3(M):= {z E M I1'Z = zr for all r ER}. An
R-bimoelulc L is callcd artinian if it is generated as a. left (01' right) R-nlodule by its center:
L = R3(L).

Wc denote the full subcategory of R - bi/k = R ®k R O
- rnod generated by artinian

R-bimodulcs by Ar'tR. Clearly ArtR is a subcategory of the 'diagonal' ßR. Anel if the
ring R is cOlnmutative, they coincide: ArtR = ßR.

Note that thc indusion functor ArtR ---+ R ®k RO - rnod has a right aeljoint which
assigns to any R-binlodule M the artinian billlOdulc R3(M). In othcr words, Artn is a fuIl
coreflective subcatcgory of R 0k R O

- mod.
Define thc upper central .5erics {3nM I n ~ -1} of an R-biInoclule M by
3-1M = 0; and for any n ~ 0, 3nM = R3n(M), wherc 3n(M) := {z E M I adr(z) E

3n-l(M) for all r ER}. Here adr(z) = rz - ZT.

In particular, 3o(M) = 3(M) is the center of M; hcnce 3o(M) = R3(M) is thc
rnaximal artinian subbinlodule of M.

ClearIy thus elefined thc upper central series of A1 is an increasing filtration. We
elenote the union Un~-l 3n M by 300M.

5.11.1. Note. The upper ccntral filtration of a birnoclule M is the li-filtration of M in

the sense of Subscction 3.1, where 1r = Artn: 3nM is thc Art~~)-torsion of M. Only this
time 'r is not a topologizing subcategory. _

Since artinian biInodules belong to the diagonal ßn, it follows from the definition of
the upper central series that 3nM ~ ß~)M for all 11. Therefore 300M is containcd in thc
differential part of M: 300M ~ ß nM.
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If R is cornmlltative, 3nM = ß~)M for aH n; hellce 300M = ß nM. In the nonCOffi­
rnutative ease, 300M is, in general, a proper snbbirnodule of ß nM.

5.11.2. Example. Let V, W be left R-lnoclulesj and let M be the R ®k RO-ruodule
HOlllk(V, W). Then 3(M)= Homn(V"W), hence 30JvJ = R· HOllln(V, W). In other words,
30M consists of aHleft linear cOlllbinations with coefficients in R of R-module rnorphisms
from V to W. If V = W = R, where R is regarded as a left R-lllodule, then HomR(V, W) is
naturaUy isolllorphic to (the right R-rllodule) R: the isoillorphisrll assigns to each element
r E R the right multiplication by r. So that 30M = 30Endk(R) is the illlage of the natural
morphism R ®k RO ---t Endk(R).

By definition, 31(Endk (R)) consists of aH endornorphisrus d : R ----t R such that,
for any r E R, dr - rel E 30Endk(R), whcrc r Incans the operator of left mllltiplication
by the elernent r; Le. dT - Td is a surn of cornpositions of operators of left and right
ruultiplications (=the image of R ®k RO in Enrlk(R)). Note that dcrivatious of Rare
exactly k-endorllorphisrlls aof R such that, for any l' E R, the COlllffiutator Br - Ta is an
operator of thc left nllrltiplication by an eleruent of R. In particular, any derivation of R
belongs to 31(Endk (R)) .•

5.11.3. Strongly differential bimodules and operators. Wc shall call objects of the
subeatcgory ArtR strongly differential R-bimodules (01' R®k flo-rnodules). More explicitly,
an R ®k RO-module M is strongly differential oJ order n if 3n+lM = M and M =1= 3mM if
m'::;n.

For any R-lllOcIulcs Land N, we caU the elerncnts of 3ooHo1llk(L, N) strongly differ­
ential operators f,om L to N.

Note that if thc ring R is cOilllnlltative, strongly cau bc droped, since in this ease

A t (n) - A (n)
r R -uR'

5.11.4. The difference between the category of differential and that of strongly
differential bimodules. We begin with a touple of general assertions.

5.11.4.1. Proposition. (a) Let S be a Jult subcatcgory oJ an abelian category A closed
with respect to finite direct SU1ns (taken in A) and contnining all quotients oJ each oJ its
objects. Then the Jull subcategory S oJ A generated by alt subobjccts oJ objects oJ S is the
smallest tO]Jologizing subcategory oJ A containing S.

(b) Suppose the abelian category A has the property (sup) and direct sums 0/ (small)
sets oJ objects. Let S be a Juli corefiective subcategory 0/ A containing all quotients (in
A) oJ each oJ its objects. Then the Jull subcategory § 01 A generated by all subobjects oJ
objects 0/ S is topologizing and corefiective. ThereJore S is the rninimal s7.lbscheme oJ A
containing S.

Proof. (a) Thc subcategory S is, evidently, closed with respect. to taking subobjects
(in A) of any of its objects. It is closed with respect to taking any quotients too.

In fact, let f : JY ---7 Y be an epimorphisrI1 with X E ObS. By definition of S, there
exists a rllonoarrow t : X ---7 W, whcre W E ObS. Then in the universal (push-forward)
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square

X --t W

I 1 1f'
I

I.

Y ---+ W'

the arrows L' anel f' are resp. a monoruorphism and an cpilnorphisln. Since the subcatcgory
5 is closeel with respect to taking quoticnts in A, thc object W' belongs to 5. Thereforc
Y, being a subobject of W', belongs to S.

(b) Since S is a fnil coreflective subcategory of A, for any diagram D ---+ 5, the
existence of resp. lim.! 0 D and colimJ 0 D garantees the existence of resp. limD and
colimD, where J is the indusion functor 8 -----+ A. Anel

limD = JA(limJ 0 D), (resp. colimD = .!"(coli7nJ 0 D))

whenever ZirnJ 0 D (resp. colimJ 0 D) cxist (cf. [GZ], Proposition 1.1.4). Since J has a
fight adjoint, coli7nJ 0 D ~ J(colimD).

Undcr conditions, since A is closed with respect to sn1all dircct sums, hence with
respect to any colinüts, 5 is closcd with rcspect to colinüts, and thc last formula rueans
that the coliruits in 8 are those taken in A.

Since A has the property (sup), the direct sun1 of any set of ruonoll1orphisms is a
monomorphism. Therefore, since S is closed with respcct to direct sums, any direct SUfi

of a set of objects of § is an object of S. This proves that § is a coreftcctive topologizing
subcategory. •

5.11.4.2. Proposition. Let A be an abelian category with the property (sup). And let
5 be a Jull corefiective subcategory oJ A (in particular, S is closed with respect to colimits
taken in A) and containing aU quotients 01 euch oJ iU; objccts. Then the s1lbcategory s(n)

JOT any positive n and the subcategory 8 00 have the sa1ne properties.

Proof. (a) It is convenient to split thc proof of this assertion into a couple of usefnl
lemmas.

5.11.4.2.1. Lemma. Let Sand T -be full S7Lbcatcgories 01 A containing with any of its
objects all its quotients in A. Then 5. T enjoys the same property.

Proof. In fact, let f : X -----+ Y be any epiluorphism with X E Ob8. T. Thc latter
lneans that there exists an exact sequence

o -----+ X I -----+ X -----+ X" ----4- 0 (1)

with X' E ObT and X" E Ob8. We can include the sequence (1) and thc morphism f into
a comn1utative diagram

i e
0 ---+ X' -----+ X -----+ X" ---+ 0

J' 1 1 1 1I" (2)
./ c /

1

0 ---+ y' -----+ y --t y" ---+ 0
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where Y' is the iInage of / 0 i, and Y" is a cokerncl of the monolnorphism i' . Thus /' is
an cpimorphism by construction. Since e' and / arc cpimorphisIT1S, /" 0 e = e' 0 f is an
ephnorphisln. Thcrefore j" is an epimorphisnl. By a..'3SUIl1ptions on the subcatcgorics S
and T, Y ' E ObT and Y" E ObSj hcnce Y E ObS • T .•

5.11.4.2.2. Lemma. I/ Sand T are /ull corejlective snbcategories 0/ an abelian category
A, then S. T is core}tective.

Proof. For any X E ObA, denote by Xs (resp. X,) the S-torsion of X which is the
maximal subobject of X belonging to S (resp. to T). Fix an objcct X of A. Wc have a
cOlnmutative diagranl

------t X

L' r
C

--+ --t 0

(1)

o ------t
C'

-----+ X s., -t (X/X,)s --t 0

where X s., is thc pull-back of the arrows e anel L. Clearly X s., is an objcct of S. T. We
claim that any mOl1omorphisln Y ---+ X with Y E ObS • T factors through Xs., ---+ X.

This follows froln thc fact that Y, = Y n X, which hnplies that Y/Y, is a sllbobject
of X/X,. Therefore, being an object of S, Y /YT factors through (X/X,)s. Thc latter
means that Y is a subobjcct of X s.,.•

5.11.4.2.3. Lemma. Let {Sn I n 2:: 1} be an incr'casing (with respect to ~) sequence 0/
Juli coreflective subcatcgories oJ an abelian catcgo'liJ A. S1lPPOSC that A has the property
(sup). Then the Juli coreflective subcatego'rJj colim{Sn} generated by ali objects X which
are supremums oJ Jamilies oJ objects fro1n {Sn} is corefiective.

1J, /01' any n E N, the subcategortj Sn contnins (LU q1l0tients 01 any 0/ its objects, then
colim{Sn} has the sarne ]Jroperty.

ProoJ. (a) Let, for any X E OhA, X s dcnote the S-torsion of X. Sincc A has thc
property (sup), sup{XSn 111,2:: I} is the lim{Sn}-torsion ofX.

(b) Let X is an object oflim{Sn}j Lc. sup{"'Ysn In 2:: I} ~ X. And let f : X ---+ Y be
an epinlorphisIn. Denote by Yn thc iInage of thc COIliposition XS n ---+ X and f. It follows
fronl thc property (sup) that thc canonical rnorphislI1 sup{Yn } ---+ Y is an isomorphism.
Since by assumption Yn E ObSn for any n, this iInplies that Y E colirn{Sn}' •

(b) The proo/ 0/ Pro]wsition 5.11.4.2. By Len1I1laS 5.11.4.1 and 5.11.4.2, the Gabriel
product S • T of coreftective full subcategorics of A containing with each object all its
quotients (in A) enjoys the same properties. Therefore s(n) cnjoys these properties for
any positive integer n. Now it follows from Leluma 5.11.4.3 that Soo := colim{s(n)} is
also coreflective and contains all quotients of any o[ its objects.•

Now we go back to R-birnodules.

5.11.4.3. Proposition. The diagonal !:J. n 'i,8 thc Juli s1lbcategory 0/ R ®k RO - mod

generated by subbimodules 0/ artinian bimodules. MOTeover, JOT any 11, E N, ~~l) is the Jull

subcatego'lij of R 0k RO - mod generated by alt subhi1nodules 0/ bimodules oJ Art~l). And
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ßEt is the Jull subcategonJ of R ®k R O
- mad generated by all subbimodules of bimodules

of Art~.

Proof. In fact, the subcategory Artn of artinian bilnoelules is coreflective anel any
quotient Inoelule of an artinian biInoelulc is artiniall too. So the assertion follows from
Propositions 5.11.4.2 anel 5.11.4.1. • '

One of the big advantages of 'artiniall fonnal neighborhoods' Art~) is the following
fact.

5.11.4.4. Proposition. The Junctor FR : R - bi ---+ End(R - mari), M H M®R, sends,

fOI any n E N, the subcategolY Art~) into thc n-th neighborhood 6. (n) oJ the diagonal ß
in End(R - rnod),. and it sends ArtEt into ß 00.

Proo/. (a) The functor FR is right exact. And, for any artinian bimodule M, there
exists abimodule epiulorphislll L ---+ M, where L is a free artillian biInodule; that is
L = (J)R - the direct SUUl of a set J of copies of R. Since L®n. is isolnorphic to the dircct
SUffi of J copies of thc idclltical functor, M®n belangs to thc diagonal ~.

(b) Suppose now that FR scnds Art~l) into ~ (n). Anel let M E Art~l+l); Le. there
exists an exact bilnoclule sequence

o ---+ M' ---+ M ---+ M" ---+ 0 (1)

with M' artinian and M" E ObArt~t). Since the functor FR is right exact, to the sequence
(1) therc corresponds an cxact sequence of cndofunctors:

(2)

By the ineluction hypothesis, M"®R belangs to 6. (n), anel we have checked that M'®R
belangs to ß. Therefore M®R is an object of .ß(n+1).

(c) It relnains thc case n = 00. But the fllnctor FR is cOlnpatible with any colimits.
So that if M E Art1Z , Le. M = sup{Mn In 2: O}, where {Mn 1n 2: O} is an increasing

filtration with Mn E ObArt~l) for every n E N, thcn M®n = sUp{Mn®R I n 2: O}.
Therefore, since Mn®n belongs to ~(n) for each n , M®R belongs to ~oo.•

5.11.5. Strongly differential operators and the Weyl algebra of a noncommu­
tative algebra. Thc following proposition is analogolls to Proposition 5.7.

5.11.5.1. Proposition. For any pair oJ birnodules, M E ObArt~~) and L E ObArt~n),

their tensor pToduct, M ®n N, belongs to Art~.17n).

Proof. 1) Thc category ArtR of artinian R-bhnodulcs is closcd with respect to ®n,
since the center, 3o(M ®R N), of the tensor product of bilnodulcs M and N contains the
image of the product, 3o(M)®k3o(N), of centers of Al allel Nunder canonical epiInorphislll
M ®k N ---+ M®RN. Anel one can s~c that, for artinian M and N, thc map

R3o(M) ~k 3o(N) = M ®k 3o(N) ---+ M ®R N
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is epimorphic.

2) Suppose that M E ObArt~), n 2:: 2, anel L E ObArtn. Then L ®R M ~ ObATt~).
In fact, there is an exact sequence

o ---+ M' ---+ M ---+ M" ---+ 0

where M' E ObArtR anel M" E ObArt~l-l). The sequence

L 0n M' ---+ L 0R 1v[ ---+ L 0R M" ---+ 0

(1)

(2)

is exact. The binlodule L ®R M' is artinian and, by t.he induction hypothesis, L 0n M"
belongs to Art~-l). This together viith the fact that the image of an artinian bimodule

is shows that L ®R M E ObArtt.).

3) Take M E ObATt};) , n 2:: 2, so that there cxists a exact sequence (1) with M'

artinian and M" E ObArt~-l). And let L E ObArt~n) for SOlne m 2:: 2. Consider the
exact sequence

o---+ M' 0R L ---+ M ®R L ---+ M" 0R L ---+ 0 (3)

According to 1), M" ®RL E ObArtkm ). By the inchlction hypothesis, M' 0nL belongs

to Arthmn
-

m
). It follows froln Proposition 5.11.4.2 anel the fact that Artn contains all

quotients of each of its objects, that thc iInage of lvI' ®n L in M 0n L is an object of
Artkmn

-
m

). Therefore M 0R L E ObArtkmn
).•

This inlplies that the full subcategory Art'R generated by all bimodules M such that
M = 300M is closed with respect to ®n too. Olle of the conscqllences of these facts is the
following

5.11.5.2. Proposition. Let A be a k-algebra with an R-bi7nodule structure determined
by a k-algebra rnorphism R ---+ A. T~en 300A is a ~'i7Lbalgcbra of A.

In particular, we have the k-algebra DZ(R):=3ooEnrlk,(R) of strongly differential op­
erators on R.

5.11.5.3. The Weyl algebra of an algebra. Dcnote by Ak(R) thc subalgebra of
Endk(R) generated by thc image of R®kRo in EndkR (which is the subalgebra in Endk(R)
generatcd by lcft anel right Inultiplications by elCIncnts of R) anel by the k-moelule Derk (R)
of k-derivations of R.

We call A k (R) the Weyl algebra 0/ R.
Since all derivations of a ring R belang to 31Endk(R) (cL Example 5.11.2), and the

image of R0kRo in EndkR belongs to 30Endk(R), the Wcyl algebra Ak(R) is a subalgebra
of the algebra 3ooEndk(R) = Dk(R) of strongly differential operators on R.

5.11.5.3.1. Proposition. Let r.p : U(g) 0k R ---+ R be a Hopf action of U(g) on an]}
k-algebra R. Then the image ofthe algebra hornomoryJhisrn U(g) ---+ Endk(R) is contained
in the Weyl algebra of R. In pariicular U(g) actB by Btrongly differential operators.
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Prooj. This foHows froIn thc fact that the Lie algebra 9 acts by derivations (cf. thc
argument of Proposition 5.10.1 and Example 5.11.2) .•

5.11.6. Upper central filtration and differential continuous endofunctors. It
is useful to extend the facts of Subsections 5.11.1-5.11.4 to a Illore general setting wmch
includes in particular sheaves of quasi-coherent bimodules on scheInes.

Fix a.n abelian catcgory A with the property (sup). Anel fix a Zariski closecl sub­
scheme (Le. reflective and coreflective topologizing subcategory) 1r of thc catcgory <enDA
of continuous (Le. having a right adjoint) functors froI11 A to A. Wc assurne also that 1r
is closed with respcct to C0l11positions of functors and contains the ielcntical functor I dA.

We call a continuous functor F E Ob1r ariinian if for any nonzero morphism 9 : F ---+
G, there exists a Il10rphism f : I dA ---+ F such that fog i=- o.

We clenote the fuH subcategory of 1r generated by artinian functors by Art1r.

5.11.6.1. Example. Let R bc a k-algebra and A = R - rnod. Take as 11' thc fuU
subcategory <enDkA of <EnDA generated by k-lincar continuous fllnctors. Thc canonical
equivalence R - bi ---+ <EnDA, M f---t M®R, cstablishcs an cquivalence between 1r and the
Zariski c10sed subschenlc R ®k RO - mod of R - bi = R ® RO - mod. We have already
observeel (cf. the part (a) of thc proof of Proposition 5.11.4.4) that the same cquivalence
establishes an equivalence between the category Art1r of artinian k-lincar enelofunctors and
the category ArtR of artinian R-bimoelules.•

5.11.6.2. Proposition. The subcategory Ar'tl' oI1r is corefiective and contains alt quo­
tients 0/ any 0/ its object.s. It is also a 1nonoidal snbcalcg0171 0/1f: i. e. it contains I dA and
closed with respect to the ~ornposition 0/ functors.

Proof. (a) Let F E ObArtT, G E ObT, and let e : F ---+ G be an epimorphism. If 9
is a nonzcro nlorphism G ---+ G', then 9 0 e : F ---+ G' is nonzcro. Thcrcforc, since F is
artinian 1 there cxists f : I dA ---+ F such that (g 0 e) 0 J = 9 0 (e 0 f) i= 0 w hich shows that
G is artinian.

(b) To prove that ATt1r is coreflectivc, we need to show that every F E Ob1r has the
biggest artinian subobjcct. Let Arts(F) denote thc dass of all artinian subobjects of F.

Note that Arts(F) is filtered. In fact, for any two Illonoarrows G --+ F t-- G' in
11' with G and G' artinian, thc supremum of thc subobjects G and G' is the image of the
corrcsponcling morphisl11 G ffi G' ---+F. Clcarly the direct sunl of artinian object is an
artinian object, Therefore sup(G, G'), being an cpiIllorphic inlage of an artinian object
G EB G', is artinian too (cf. (a)).

Let now {Gi I i E J} be an increasing fanüly of artinian subobjects of F. We clainl
that G := sup{Gi I i E J} is artinian~ Note first that thc category 1r inherits from Q:nDA
the property (sup) which implies that the canonical 1110rphism

colirn{Gi I i E J} ---+ sup{Gi I i E J}

is an isolllorphism, In particular, if 9 is a nOIlzcro morphislll sup{Gi } ---+ G', there cxists
j E J such that thc conlposition, gj, of 'Trj : Gj ---+ sup{G i } anel 9 is nonzero. Since Gj is
artinian, there exists a Illorphism f : IdA --+ G j such that gj 0 f = go ('Trj 0 f) is nonzero.

•
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Denote by ~T the diagonal in 1r - the nünimal subscheIne of 1r containing I dA. Ap­
plying Propositions 5.11.4.1 and 5.11.4.2, we a obtain direct analog of Proposition 5.11.4.3:

5.11.6.3. Proposition. The diagonal ~T is the Juli subcategoflj of 1r generated by all

subobjects of arlinian objects. Moreover, for any n E N, ~~n) is the /ull subcatego'Tij 0/
1r generated by all subobjects of objects 0/ A1't1r(n). Anel ~T is the Jull subcategory of 1r
generated by all subobjects of objects 0/ Art'JrOO.

Froof. By Proposition 5.11.6.2, thc subcategory ATt1r of artinian objects is coreflective
and contains all quotients of any of its objects. So the assertion follows from Propositions
5.11.4.2 and 5.11.4.1. •

We have also an analog of Proposition 5.11.4.4:

5.11.6.4. Proposition. The inclusion Junctor 1r ---+ EndA sends, for any n E N, the
subcategoT1j Art1f(n) into the n-th neighborhood ~oo of the diagonal ~ in EndA. And it
sends Art1r(n) into the Li.00.

Proof is a siInplified version of the arguIllcnt proving Proposition 5.11.4.4. Details are
left to thc reader. •

Mimiking 5.11.4.5, we shall call objects of Art1r(71) strongly differential objects ofT of

order::; n.

5.12. n--bimodules and D- -rings. Wc call an R-bill1odulc M a D- -bimodule if it
belongs to the Ininimal Scrrc subcatcgory ~R containing Li. R . Clearly any D-bimodule
is a D- -bil11odule. The opposite is not true in general. However, we have the following
assertion:

5.12.1. Proposition. Let R be a left noetherian ring. Then any R 0k RO-module which
is a D- -torsion is differential.

Proof. This is a corollary of Proposition 3.1.2.1. •

5.12.2. Lemma. The minimal Serre s1lbcategory L\ - 0/ the category ~nDk(R-mod) con­
taining the identical functor I dR - mod is closed with respect to the composition of /unctors.
Mo reover, ~ - 0 1I' ~ 1r Jor any Serre s1Lbcatego flJ 1r 0 f ~n(l k (R - rnod).

Proof. Note first that any topologizing subcatcgory 1r of ~nDk (R - mod) is closed
with respect to conlposition from thc left with functors from sonle family S, then it is
closed with respect to cOlnposition frol11 the left with functors of the minimal topologizing
subcategory [3] containing S.

This follows frolll the fact that [S] is obtained frolll 3 by taking subquotients and
clirect SUIlIS.

8imilarly, if a falnily of functors 3 stabilizes a thick (resp. 8erre) subcategory 1r of
<EnDk(R - 1nod), then so does thc minimal thick (resp. 8errc) subcategory containing 3.

Now take 3 = {lei}. Clearly, a~IY subcategory 1r of ~nDk(R - mod) is stable with
respect to the cOIlIposition with l d. Therefore, if 1r is a 8errc subcategory, it is stable with
respect to the COlllposition with any functor frolll ~ - .•
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5.12.3. Corollary. Let R ---+ A be an algebra 1notphis1n. Then ß - -torsion 0/ A is a
subring °JA.

We call an algebra Inorphism R ---+ A (01', by abusc of languagc, thc algebra A itself)
a D--algebra if the R-binlodulc A belongs to .6.-.

6. Differential operators and localizations.
6.1. Differential functors and formal neighborhoods of subschemes. Fix an
abelian category A with the propcrty (sup) (cf. 2.7).

6.1.1. Lemma. (a) Let F : A ---+ A belong to .6. (n), for a positive integer n (resp.
F E obt:..00 ). Then, for any subscheme T of A, F(T) ~ 1r(n) (resp. F(1r) ~ F).

(b) If F : A ---+ A belongs to t:.. -, then every SeTTe subcategollJ, §, of A is stable with
respect to F; i.e. F(S) ~ §.

Proof. (a) Fix a subschcIne 1r of A.
1) Note that if F E Ob6., then F(T) ~ T.
In fact, let 31' denote the fuIl subcategory of EndA generated by all endofunctors

F such that F(1r) ~ T. If F E ObST, than every sllbquotient F ' of F belongs to S'[,
since, for any X E ObT, thc object F'(X), being a subquotient of F(X), is contained
in ObT. Similarly, 3 y is closed with respect to clirect SUIlIS and the taking supreillums
of subobjects. In other worcIs, 3T is a subschcme of EnrlA. Clcarly 31' contains I dA.
Therefore, it contains the Ininitnal subscheIne, .6., gcncratccl by I dA.

2) Let n be a positive integer. Suppose it is established that G(1r) ~ yen) for any
G E Obt:.. (n). And let F E Obt:.. (n+l). The latter mci:tns that thcre exists an exact sequence

o ---+ G ---+ F ---+ G' ---+ 0 (1)

with G E Obt:.. (n) and G' E Obt:... The exactness of (1) meaus exactly that, for any
X E ObA, the sequence

o ---+ G(X) ---+ F(X) ---+ G' (X) ---+ 0

is exact. If X E Ob1r, then G(X) E Obt:..(n) by assuluption, and G'(X) E Obt:.. by 1).
Therefore F(X) E Ob6. (n+l).

3) Suppose now that F E Obt:..00. This Ineans that F is thc snpreillum of an increasing
family {Fn I 11 2: 1} of its subfunctors such that, for any n, Fu E Obt:.. (n). Therefore, for
any X E Ob1r,F(X) = sup{Fn(X) In 2: 1}; anel, for auy n, Fn(X) E ObT(n) (cf. 2)); i.e.
F(X) E ObF.

(b) Suppose now that S is a thick subcategory of A. Then 38 is also closecl with respect
to extensions, hence thick (cf. thc argument in 1)). Thns, if S is a Serre subcategory of
A, then 38 is a thick subscheine of EndA. By LelllIna 2.6.2, 3s is a Serre snbcategory of
EndA. Therefore, since IdA E 3s, 6.- ~ 38.•

6.2. Differential endofunctors and localizations. Here we shall show that exact
differential endofunctors and Inonads are cOlllpatiblc with localizations at Serre subcate­
gories.
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Fix a thick category 11' of an abelian category A and a localir-ation Q : A ---t AI11'
at 11'. Denote by ~T the dass of all morphislllS S of A such that K er(s) and Cok(s) are
objects of T. Or, equivalently, ~'I' = {s E HOlnA I Q8 is invertible}.

6.2.1. Lemma. Let F be a functor A ---t A.
(a) The following conditions on F are eq1livalent:
(i) F(~T) ~ ~T

(ii) There exists a unique functor Fy such that Q° F = FToQ.
(b) 1f F(~T) ~ ET, then F(11') ~ T.
(c) Suppose that F (11') ~ 11' and F is exact. Th eu F (~'][') ~ ~T, and the functor FT

defined by the equality Q ° F = FT ° Q is exact too.

Proof. (a) The indusion F(~T) ~ ~T 111cans exactly that Q °F(~T) consists of only
invcrtible morphisll1S. Thc latter implies, by the universal propcrty of localizations, that
therc cxists a unique functor F'][' : AlT --+ AI11' such that Q ° F = F']['oQ.

Conversely, the equality QoF = FToQ itnplies that the morphislll QoF(s) is invertiblc
for any s E ~T.

(b) The subcategory 11' is thc kernel of the localir-ation Q, Le. ObT = {X E ObA I
Q(X) = O}. It follows froln the eqüality Q ° F = FT ° Q that Q ° F(X) = 0 for any
X E Ob11'; Le. F(X) E Ob11'.

(c) Suppose that the conditions of (c) hold; Lc. F is exact and F(T) ~ T. Let
s : L --+ M be any Inorphislll of A such that Qs is invertible; Le. K er(s) and Cok(s) are
objects of 1I'. Since the functor F is exact, it sends thc exact sequcllce

o ---t K er(s) --+ L~ fit --+ Cok(s) ---+ 0

into the exact sequence

o--+ F(Ker(s)) ---t F(L) ~ F(M) --+ F(Cok(s)) --+ 0 (2)

By assumption, F(Ker(s)) ::: Ker(Fs) and F(Co"~(s)) ::: Cok(Fs) are objects of thc
subcategory 11' which lneans that Fs E ET .

According to (a), Q° F = FT ° Q for a uniqucly determined FT. The functor FT is
exact by Proposition 1.3.4 in [GZ].•

We shall say that a functor F : A --+ A is cOlnpatible with localizations at 11' if F
satisfies the equivalent conditions (i), (ii) of Lelnma 6.2.1.

6.2.2. Proposition. Let 11' be any thick subcategory 0/ A and Q : A ---t AI11' a localization
at 11'. Let F be a functor from A to A compatible with Q,o i. e. Q°F = FT °Q for a (unique)
functor FT : AI11' --+ All'.

(a) 1f the localization Q and the fnnctor F have right adjoints, then PT has a light
adjoint.

(b) Let J-L : F ° F ---+ F be a strncture of a rnonrul in A. Then IF = (F, /1') defines
uniquely a monad lFT = (FT , JLT) in AlT such that the localizat?:on Q : A ---t AlT induces
an exact and faithfnl functor

W : lF - mod/~-l (11') ---+ 1FT - mod.
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H ere ~ is the forgetting functor lF - mod -----t A.
(b1) 1f the localization Q has a light adjointJ then thc functor 'l' is an equivalence 0/

categories.

Proof. (a) Let Q~ and FA be right adjoints of resp. Q and F. Denote by G the
composition Q 0 F" 0 QA : AlT -----t AlT. We have canonical morphisms:

F'foG=FToQoF"oQ=QoFoFAoQA -----tQOQA -----tldA/T (1)

thc right arrow being thc adjunction isomorphhnn. Denote the cOlnposition of these Inor­
phisms (1) by f.

On thc ather hand, thcre are arraws

Q -----t Q 0 FA 0 F --t Q 0 FA 0 QA 0 Q 0 F = (Q 0 FA 0 QA 0 FT) 0 Q = Go FT 0 Q

By thc universal property of localizations, thc cornposition of arrows (2) is equal to
1]Q for a llniquely defined nlorphislll 1] : I dA/T -----t G 0 FT . It follows from the definition
of fand 1] that these morphisms are adjunction arrows (details of the checking are left to
a reader)j hence G is a left adjoint to F1f.

(b) Suppose now that lF = (F, JL) is a lllonad with an exact functor F such that
F(1') ~ T. Then thc multiplication Il determincs a 111ultiplicat.ion lL' : FT 0 FT --t FT.

Thanks to thc equality (1), we can define a functor, cI> : lF - mod -----t F1f - mod,
by <I>(M,1n) = (Q(M), Qrn), <Pf = Qf for any IF-lllodllie (M, rn) and for any lF-module
1l10rphism f. '

Since the 10calization Q is exact, the functor cI> is exact, anel Kcr<!> = J- 1 (1r). There­
fore <I> = 'lJ 0 Q', whcre Q' is a localization lF - 1nod -----t JF - mod/~-l (1') at ~-l (1'), W a
uniquely dcfined exact and faithful functor froni IF - 111,odIJ-1 (1') to 1FT - 1nod.

(b1) Supposc now that the localization Q has a right adjoint, QA. Let 7], E denote
the adjunction morphisms rcspcctively I dA -----t Q" 0 Q and Q 0 Q" -----t I dA/T. For any
lFT-Inodule (M, m), set <I>A(M, m) := (Q"(M), rn' ), whcre m' is thc composition of

1}FQ"(M) : FQ"(M) -----t Q"QFQA(M),

QA FTf(M) : QAQFQA(M) = QA FTQQA(M) -----t Q" FT(M),

and QA m : Q" Frr(M) -----t QA(M).
One can check that the lilap (M, m) f-t (QA M, Tn' ), f f-t QA f for any 1FT-module

(M, m) and any 1FT-nlodule nlorphisln f dcfines a functor <I>A fronl the category 1FT - mod
to lF - 1nod which is right adjoint to the functor <I> defincd above. The adjunction arrows
r/ : Id --t <!>" 0 <I> and c' : «I> 0 <I>A -----t Id are incluccd frOIJl the adjunction arrows
respectively 1] anel f. In particular, E' is an isoInorphislll which nIeans that the functor
<I> A is fully faithful. Therefore <I> is a localization (cf. [G Z], Proposition 1.1.3). Since <I> is
exact, the induced functor

'l' : 1F - mod/~-l ('Ir) -----t 1FT - n/,od
is an equivalence of categories.•
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Let Q : A ---+ AlT be an exact localization having a right adjoint. For any functor
F : A ---+ A, one has an endofunctor F ' = Q 0 F 0 Q" : AlT ---+ AlT. So that we have a.
canonical fllnctor InorphisI11:

r/ := Q 0 P1] : Q 0 P ---+ p' 0 Q = Q 0 F 0 QA 0 Q, (1)

where 1] : IdA ---+ Q" 0 Q is an adjllI1ction arrow.

6.2.3. Lemma. The Jollowing conditions are equivalent:
(i) The morphism 17' := Q0 P1] : Q0 F ---+ P' 0 Q = Q 0 F 0 Q" 0 Q is an isomorphism.
(ii) There is a functoT" G : AlT ---+ AlT such that Q 0 F ::: G 0 Q.
(iii) There exists a functoT" PT : AlT ---+ AlT uniquely deterrnined by the equality

FT 0 Q = QoF.

Proo/. {i){::} (ii) is trivial.
{ii){::} (iii). The isomorphism QoF ~ GoQ shows that the functor QoF makes invert­

ible all arrows the localization Q Inakes invertible. Therefore, by thc universal property of
localizations, therc exists a llrnque funetor FT : AlT ----t AlT such that Q °F = FT °Q.

{iii){;:} (i). Thc eqllality Q°F = FT °Q ilnplies that 1]' := Q °F1] = FT °Q1]. But Q1]
is an isolnOrphisI11 (beeausc QA is fully faithful). Thercfore rl' is an isoIllorphism.•

6.2.3.1. Note. Let Q : A ---+ B be a functor having a fully faithful right adjoint, QA.
Then, for any fune tor G : B ---+ B1 the funetor G" := Q" °G° Q : A ---+ A has t he desired
property: Q0 G" = Q°Q" °G °Q ~ Go Q. Tllis follows fror11 the fact that thc adjunction
morphisI11 E : Q 0 QA ---+ I da is, thanks to thc fuU faithfulness of QA, an isoIllOrphisI11 (cf.
[GZ], Proposition 1.1.3).•

6.2.3.2. Remark. Let Q : A ---+ ß bc a fllIlctor having a fu11y faithful right adjoint,
QA. And let F : A ----t A bc any endofunctor. Consider the fuH subcatcgory C = CF of A
generated by all objects X of A such that thc canollical rnorphisill

Q 0 F11(X) : Q°F(X) ---+ Q 0 F 0 QA 0 Q(X)

is an isoI11orphism. Note that, tllanks to the fuIl faithfulness of QA, the functor Q" takes
values in C. In particlllar, the restriction, QFl of thc fllnetor Q to C has a fully faithful
right adjoint, QF" = QA jC (- thc corestrietion of QA to C); Le. QF is a loealization of C
with the sarne quotient category B.

The restrietion of the functor F to C is compatible with thc functor (loealization)
Q. Which ITIeanS that there exists a functor P' : B ----t B (F' = Q 0 F ° Q") such that
F' ° Q Ic~ Q °F Ic.•
6.2.4. Proposition. (a) Let F : A ---+ A be an c:cact ~ - -functor. Then, fOt any
localization Q : A ---+ AlT at a Serre subcaf,egoflJ T oJ A, therc exists a unique exact
functor FT : AlT ---+ AlT such that Q 0 F = FToQ.

(b) Suppose that the subcategory 1r is 'localizable 'J' i. e. the localization Q : A ---+ AlT
has a right adjoint. Then FT E Ob~ -. Moreover, if F E Ob~ (n), where n is any positive
integer, then FT E Obb. (n). 1f F E Ob~00, then FT E Obb.00
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(c) Let IF = (F,IL) be a n- -monad such thai the functor F is exact. Then, for any
SeTTe subcategory T, the rnonad IF ind71ces a rf1,onad IFT in the quotient category A/T and a
canonical exact and faithful functor

Suppose that the subcategory T is localizable. Then the functor '111' is an equivalence
0/ categories. And 1FT is a n- -monad.

IfIF is a differential monad, then IFy is differential.

Proof. (a) Supposc that F E ObLl (n). Thell, by Lernrllu 6.1.1, any Serre subcategory 'f
of Ais F-stable. It follows now fr0111 Lelnl11a 6.2.1 anel Propositions 6.2.2 that QoF = F]'oQ
for a unique functor FT . According to Proposition 1.3.4 in [GZ], the functor FT is exact.

(b) Suppose now that T is localizable, anel fix CL right adjoint Q" to Q. Note that,
thanks to the exactness of Q, the functor 12 : F f---1 Q 0 F 0 Q" [roln EndA to EndA/'f is
exact. Moreovcr, since Q respccts colimits, thc functor L enjoys the same property.

For any family 0 c EndA, dcnote by 8(0) the nüniInal Scrre subcategory of EndA
contained O. Note that Ob8(0) is obtained from 0 by taking subquotients, direct sunlS,
anel suprenlums. Since the functor J:, is c0111patible with these operations, the image
'c(8(0)) of 8(0) is contained in 8(.c(O)) and the etnbedding .c(8(O)) ~ 8(.c(O)) is an
cquivalcnce. Applying this observation to n = {/dA}, we see that .c assigns to any functor
from Ll- a functor froll1 Ll - .

This shows also that, for all n E Z+, [. scnels Ll (H) into ß (n). Thereforc .c sends Ll00

into Ll00.

It follows frolll LernuuL 6.2.3 that .c(F) is canonically isornorphic to FT whenever FT

exists. This implies thc assertions of (b).
(c) The functor 'l'T bcing an cquivalence of catcgorics follows from Proposition 6.2.2.

The rest follows from (b).•

6.2.5. Remarks and observations. Proposition 6.2.3 is a fundanlcntal fact having one
annoying condition ~ that of the differential fl1nctor F heing cxact. The following two
lenlmas provide a partial rcmedy.

6.2.5.1. Lemma. Let F be a functor fron~ A to A; (Lnd let T be a thick subcategory
of A stable with resp. to the functor F. Any of the following conditions garantees the
compatibility of F with the localization at 1r:

(a) For any rn onomorphism (resp. epim, 0 17Jhis7n) f : X ---+ Y, the 0 bject K er (F f)
(resp. Cok(F f)) belongs to the subcategollJ T.

(b) The functor F is right exact and SIF ('Ir) ~ T. /1ere 8 1F is the left satellite ofF.
(c) The functor F is teft exact and, for any objcct X of 'lr, there exists an injective

embedding X -+ M in A such thai M E ObT (for instance, an il1jective hull of any object
of'f belongs to 1').

(d) Both 81F and 8 1Fexist, and the suucategoTY T is stable with respect to 81F and
SIF.

Proof. (a) Thc condition (a) in1plies that thc functor Q 0 F sends cpimorphislns
into epimorphislllS and lllonoIl1orphislTIS into rnonornorphislllS. Thus Q 0 F is an cxact
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functor annihilating the subcategory T which implies that Q 0 F(s) is invertible for any
s E ~T := {s E HOIUA I Ker(s), Cok(s) E abT}. Thereforc, by thc universal property of
localizations, Q 0 F = FT 0 Q for a unique functor FT .

(b) Let s : X ---t Y be an epimorphiS111 in A sllch that K = K er(s) is an object of T.
Since the functor F is right cxact, the sequence

F(K) ---t F(X) ---t F(Y) ---t 0 (1)

is exact. Applying to (1) thc localization Q = Q'][', allel lIsing that Q is cxact anel, by
assumption, F(K) E abT, hcnce Q 0 F(K) = 0, wc get an exact scquence

o ---t QF(X)~ QF(Y) ---t 0

Le. QFs is an isoluOrphis111. Note that SlF is Hot lIsed in this argt.uuent.
Suppose now that t : X --+ V is a IllonoIllorphisIIl such that W := Cok(t) E ObT.

Then we havc an exact sequence

Ft
SlF(W) ---t F(X) ---t F(V) ---t F(W). (2)

Applying to (2) the functor Q and using the fact that SlF(W) and F(W) belong to
1', hcnce QS1F(W) = 0 = QF(W), wc obtain that QF(t) is au isoIllorphism.

It renlains to notice that any morphisIll U of A such that Kcr(u) aud Cok(u) are objects
of T, has a decollIposition U = tos, where s is an epiInorphis111 and t is a monomorphism
such that K eT(s) and Cok(t) belong to T.

(c) The condition of (c) iInplies that SIF(1r) ~"Ir. Thc aBscrtion follows from (b) by
switching to the opposite category.

(d) The argluneut is siInilar to that of (b). We lcave dctailcs to areader. _

6.2.5.2. Lemma. Let OQ be the class of all juuctOTS F : A ---t A satisfying the equivalent
conditions of Lemma 6.2.3. Suppose that F -f G -f 1J -f K -f L is an exact sequence
0/ ftLnctors A ---t A such that F, C, K, L E SlQ. Thcn H E SlQ.

Proof. Considcr the cOllunutative diagraDl with thc canonical vcrtical arrows:

QoF

1
F'oQ

-t QoG

1
---t p' 0 Q

---t QoH

1
----t F ' 0 Q

---t QoK

1
-f F'oQ

---t QoL

1
----t L' 0 Q

(1)

wherc F ' = Q 0 F 0 Q", ctc. (cf. Lemlna 6.2.1.2.1). By assu111ption, all vertical arrows
except possibly thc cClltral oue are isolnorphisrlls. By thc five-lelnma, the ccntral vertical
arrow is an isomorphisDl too.•

6.3. Localization of differential "bimodules. Fix a cOlnnlutative ring k. Let R be
an associativc k-algebra. Set Re := R 0k RO (- enveloping k-algebra 01 R). Denotc by
A thc category R - nl0d of left R-modulcs. We shall regard RC - 7nod as thc catcgory
of quasi-coherent sheaves on thc square of SpeeR over Speck. Thc diagonal, D.,R, is thc
mininlal sllbschenlc of Re - m,od containing the RC-tllOdulc R.
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6.3.1. Proposition. (a) Let M be a stTongly differential RC-module. 11 M is flat as a
rigId R-module, then, for any Serre subcategory 'Ir of R - 'fnod, the functor M®R induces
a functor MT : R - modlT ------t R - rnodl'f.

(b) Let R ---t A be an algebra morphisrn such that A is a str'ongly differential R(­
module flat as a light R-rnodule. Then, for any Serre subcategoT7j ']f 01 the category R-mod,
the algebra A induces a rnonad, AT, on R - rHorl/'lI'.

Proof. The fact follows from Proposition 6.2.2 allel Proposition 5.11.4.3.•

6.3.2. Proposition. Let R ------t R'·!Je an algebra rnorphisrn such that the functor Q =
R'®R is an exact localization. Then

(a) Any strongly differential R C-rnodule M 7lJhich is flat as a r'ight R-module determines
a strongly differential R'( -rnodule M' = R' ® R M (9R R'. And M' is isomorphic to R ' (9R M
as (R', R)-bimodules.

(b) 1f M E 0 bArt<;), i. e. if M is a .5 trongly differen tial R C-rnodule 0 f n -th 0 rder, then

the R'c -module M' has the same order: M' E ObArt~~).
(c) Let R ------t A be an algebra morphisrn such that A is a strongly differential R(­

module flat as a right R-rnodule. Then R' ®R A has a uniquc k-algebra structure such that
the canonical maps A ------t R' ®R A f-- R' are k-algebrn morphisrns. And R' ®R A is a
strongly differential R'( -module.

PTOOf. 1) Let M be an R(-module. By Lenulla 6.2.3, thc functor M0R is compatible
with thc localization Q : R - rnod ------t R - rnod/S iff thc canonical lllorphism

Q 0 (M(9R) ------t Q 0 (M®n) 0 QA 0 Q (1)

is an isolllorphisn1. In thc case when R - 'Inod/S = R f
- rnod for some k-algebra R ' ,

hellce Q can be taken equal to R' (9R, the isolllorphness of (1) Ineans that the canonical
R' ®k RO-module rnorphisll1

R' 0R M ------t R' ®R M 0R. R' (2)

is an isomorphism.
(a) Let M be a strongly differential RC-1llodule. By Proposition 6.3.1, the functor

M®R induces a functor My, where 'f is the kernel o[ thc loca.li~ation Q. Since Q = R'®R
for some k-algebra morphisill R ------t R', thc canonical 1110rphislll (2) is an isomorphism.
This proves the assertion (a).

(b) The assertion (b) follows from thc fact that the fllnctor R'®R, being a localization,
is exact anel, for any R'-luodulc L, the natural R '-n1oclule nlorphisnl R' 0R L ---t L is an
isolllorphislll. In particular, we have: R'(9R R' ~ R' ~ R'®nR. Therefore if M E ObArtR,
i.e. M is a quotient of a direct sun1 of a set of copies of R, thcn R' ®R M is a quotient of a
direct sum of a set of copics of R'. The rest of thc proof is astandart induction argument
which gocs through thanks to the exactness of of thc localization R'®R. Details are lcft
to areader.

(c) Thc fact follows fronl (a) anel thc assertion (b) of Proposition 6.3.1. •

6.3.3. Enveloping algebras and differential operators. Let U(g) be the enveloping
algebra of a Lie algebra g ovcr a field k of zero characteristk.
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6.3.3.1. Proposition. Let T : U(g) ®k R --+ R be n Hopf action on a k-algebm R. Let
R -t R' be a k-algebra morphism such that R'®n is (L localization functor (e.g. R' is a
localization 01 R at a lejt Ore set). Then the action 0/ U(g) extends uniquely to a Hopf
action on R'.

Proof. By Proposition 5.10.1, if 'P : U(9) ®k R --4 R is a Hopf action of U(g) on
a k-algebra R, then U(g) acts by strongly differential operators. Therefore the crossed
product R#U(g) acts on R by strongly differential operators. Note that R#U(g) is a flat
right (and left) R-module. By Proposition 6.3.2, R' ®n R#U(g) has a uniquely defined
structure of a k-algebra such that R'~ R' ®R R#U(g) is an algebra morphism turning
R' ®n R#U(g) into a strongly differential R'c-binloclule.

For any R#U(g)-ITIoclule M, the algebra R' ®nR#U(g) acts on R'®RM. In particular,
we have a uniquely defined action T' of U(g) on R' by strongly differential operators. We
claiIn that T' is a Hopf action.

Denote for convenience U(g) by U anel R#U(g) by 11.
1) Let (M, p : U ® M ~ M) be an U-nlodule. Then thc cOlnposition

U ® (R' ® M) ~ U ® U ® (R' 0 M) ~ (U ® R') ® (U 0 M) T'0f R' ® M (1)

defines an action of R' &;n 11 on R' &; M (- the 'tensor action') which we denote by T' 0 p.
Clearly the diagram

R'0n 11 ®(R'®M)

r
11®(R0M)

T ' 0p
-t R'®Al

r
T0p
-t R®M

,
Hl

-----t R'0RM

r
1TL

-----t M

(2)

COllllllutes. Applying the localization functor R'0R : R -rnod~ R - mod to the diagram
(2), we obtain the diagTanl

R'®n 11 0(R'0M)

r
R'®n(11®(R®M)

T'0p
R'®M-----t

r
T0p

----+ R01vI

,
7TL

-----t R' ®n M

r
7TL

-----t M)

(3)

with all vertical arrows isomorphisms. Here we are using the fact that the functor R'®R
is idempotent: R' 0n R' ~ R'. This shows that the localization of thc natural ('tensor')
action of 11 := R#U is the natural action of R' ®n 11. Now the cOlnmutativity of the
diagram

U0(R®M)
T0p

-----t R0M

110m 1 1'fit (4)
P

Al110M ----+

41



implies the commutativity of the corresponding localizecl diagram

R' f6)R 11 f6) (R f6) M)
T'0p

R'®M--t

R' ®R U® rn' 1 l 1n

R' ®nU0 (R'0n M)
pi

R'®RM-t

(5)

This shows in particulaI' (for M = R' and p induceel by r) that r' is a Hopf action. _

6.3.4. The commutative case. Propositions 6.3.1 and 6.3.2 providc the following
assertion.

6.3.4.1. Proposition. Let R be a eomrnutative k-algebra. And let M be a differential
Re -module which is flat as a right R-module. Then

(a) Far any Serre subeategory 1r 0f A, the funetor M ®R induces a (unique up to
isomorphism) differential functor My : AlT ----1 AlT.

1f M E Obß';), then MT E Obß(n).
(b) 1f the quotient catego'rlj AlT is equivalent to R' - Tnod for sorne R-algebra R', then

MT is isomorphie to the functor R' ®R M®n·

Froo/. Thc fact follows from Propositions 6.3.1 anel 6.3.2 and the coincedence, for a
commutative ring R, of the subcategory ArtR of artinian RC-lnoelules anel the diagonal

ßR. -

6.3.4.2. Remark. One can show (using Lemlna 6.2.5.1) that if A ----1 AlT is a localiza­
tion at a principal open set (i.e. a localization at any finitely gcneratcd multiplicative set),
thCIl one can drop thc right flatness condition in Proposition 6.3.4.1. Since the principal
open sets fonn a base of tbe Zariski topology of schen1cs, they provide satisfactory 'local
properties' of differential binlOdules and, in particular, of differential operators. Thus, in
thc cOffilnutative casc, the necessity to switch to dcrivccl catcgories is first manifested in
the non-affine situation. In thc noncommutativc case the principal open sets do not make
much sense in general. Therefore we have to work in tbe clerived categories already in
thc affine case. Consiclering that the diagonal D..R is not Zariski closed if the ring R is
noncommutative, this is not vcry surprizing. _

6.4. Localization of differential actions in derived categories of categories of
modules. Let k be a cOlnn1utative ring, R a k-algebra. Let A = R - mod - the category
of left R-modules; and let 8 = Re - mod, wherc RC := R ®k RO. The natural action

(we identify 8 with the corresponding full subcategory ofthe category R-bi of R-bimodules)
is an action of the monoidal category Re-rnodules, 8- = (8, ®R, R), on A. This action
incluces an action

of the monoidal derived category 1)- (8) of thc bouncled froll1 above complexes over 8 on
f)-(A).
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Fix a Serre subcategory § of A. And let Bs denote the fuIl subcategory of B generated
by aIl Re-modules M such that the functor M0n preserves §. Denote by 1)-§ the fuIl
subcatcgory of1)-(A) generated by aIl complexcs X of R-lnodules such that Hn(x) E ObS
for aIl n. RecaIl that ::D-§ is a thick subcategory of 1)- (A). By astandart argument
(using spectral sequence) one can show that thc action of the subcatcgory 1)-Bs of 1)- (8)
preservcs 11-S; i.e. thc restriction to 11- Bs x 1)-g of the functor 0~ : 1)- (B) x 11- (A) ---+
1)- (A) takes values in 1)-S.

One of consequellces of this fact is the following

6.4.1. Proposition. For any Serre subcatego17} § 0/ A = R - rnorl, the action 0/1)- Bs
on 1)- (A) induces an action 0/1)- Bs on the quotient tnangulated category

1'-Bs x ::D- (A)I1'-§ ---+ 1'- (A)/1'-S.

In parlicular, it induces an action 0/ the catcgory A1'tR 0/ strongly differential R C
_

modules on 1'- (A) 11'-§.

6.4.2. Proposition. Let IF = (F, J.L) be an algebra in j"J-Es (i. e. IF is an algebra in
the monoidal category 1'- (Bf such that F E Ob:D- Bs). Then IF determines a monad
IFs = (Fs, J-Ls) on 1)- (A)tn-S.

A localization Q l' - (A) ---+ ::0 - (A)11) - § induces an equivalence 0 f triangulated
categories

\lJ : IF - 1nod/~-1 (j"J-'Jr) ---+ IFs - 1nod,

where ~ is a jorgetting functor IF - mod ---+ j"J- (A).

Froof. Thc assertion can be proved by the argunlent used for a siInilar statmnent in
Proposition 6.2.2.•

Dcnote by (1)- (B) thc fuIl subcategory of j"J- (8) generateel by all complexes X of
RC-modules such that HU(X) is a strongly differential bilnodule for all n.

6.4.3. Corollary. Let IF = (F, J-L) be an algebra in B = R C -r71od such that F is a strongly
differential R C-module. Then, for any Serre suhcategory 1[' 01 A = R - mod, IF induces a
unique 1Lp to isomorphisrn monad IFy = (FT , MT) on the triangulaterl category 1)- (A)11)-1['.

A localization Q 1) - (A) --+ 1) - (A) 11) - T induccs an equivalence 0 f triangulated
categories

W : IF - mod/~-l('Jr) --7 IFT - 'fnod,
where ~ is a forgetting /unctor IF - mod ---+ 1'- (A).

Note by passing that the triangulated category 1)- (A)1::O-Y is natllrally eqllivalent
to the dcrived category 1'-(AI'Jr). And this is true in the general case, when A is an
arbitrary abelian category, S is a thick subcategory in A, anel 1[' is the corresponding thick
subcategory in 1)-(A) (cf. [BO]).

6.5. Localization of differential operators. Thc (not nccessarily strongly) differential
bimodulcs are compatiblc with localizations givcn by R'®n for an algebra 1110rphis111 R ---+
R' such that R' is a Rat left R-module as weIl. For instancc, R' is thc localization of R at
a left and right Ore set.
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6.5.1. Proposition. Let R --+ R' be an algebra morphism such that the /unctor Q =
R'® R is an exaet localization and R' is flat as a left R-rnodulc too. Then

(a) For any Rt-module M which belongs to ~R. , the functor M(2)R is eompatible with
the localization Q = R'(2)R. And Q 0 (M®n) ~ lvJ'®R" where lvI' = R' ®R M ®R R'. The
ean 0 nical (R', R) -bimodule rnorphism R' ® R M --+ R' ®R. M ®n R' is an isomorphisrn.

(b) 1f M E Ob~~), i. e. if M is a differential R C -module of n-th order, then the

R't -module M' has the same order: M' E Ob~~~) .
(c) Let <p : R --+ A be a differential algebra (i.e. <p is a k-algebra morphism tuming

A into a differential R t -module. Then R' ®R. A has a nnique k-algebra structure such that
the eanonical maps A --+ R' ®R A ~ R' a1'e k-algebrn morphisms. And R' ®n A is a
differential R'c -module.

Proof. (a) Considcr the fuU subcategory ,3 of R C
- n~od gcneratcd by all modules M

such that the canonical (R', R)-bitnodule lnorphisnl

R' ®nM --+ R' ®nM®nR' (1)

is an iSOI110rphisnl. It follows from the exactness of the fUllctors R'® Rand ®nR' that :=: is a
Berre subcategory of thc catcgory Rt -moli. Billce,3 contains thc RC-1nodule R, it contains
the Serre subcategory ~R' According to thc part 1) of thc proof of Proposition 6.3.2, the
functor M®n is compatible with the localization R'®n if and only if the nlorphism (1) is
an isomorphism. This proves the assertion (a).

The assertions (b) and (c) are proved by the saUle arglunent as thc corrcsponding
assertions of Proposition 6.3.2.•

6.5.2. Proposition. Let R --+ R ' be an algeb1'a nto1]Jhism such that the functor

Q = R '@R : R - rnod --+ R' - mod

is an exact localization and the R' is flat as a left R-rnodule. Let M' be a differential
R 't -module. A nd let M := Q ~ (M') dif f (i. e. 1\1 is the differential part 0 f the Re-module
M'). Then the eanonical morphisrn <p : R' ® R M --+ M' ü; an 1:somoryJhism of Re -modules.
Moreover, the isomoryJhism <p induces, for any n 2:: 0, an isonLorphisrn R ' ®R Mn -t M:1 ,

where M:a (resp. Mn) denotes the ~~~+1) - (resJ1.~};+1) -) to1"t;ion 0/ M' (resp. of M).

Proof. (i) First wc shall prove the fact for artinian RC-Illodules.
Let M' be any artinian R't-Inodulcj Lc. there cxists an R 't-ll1odulc epimorphism

(v)R' --+ M' for sonle ordinal v (as usual, (v)R' dcnotcs thc dircct sum of v copies of
R' ). Wc can include this epinlorphisIn iuto a COllullutativc diagTaITI with exact rows:

o -t K ' --+

r
o ---t K -t

(v)R'

r
(v)R

--+ M'

r
--+ M

--+ 0

---t 0

(1)

Here the upper row is rcgarded as a sequcnce of RC-n1odulc 1110rphismsj K is thc
pull-back of thc corresponding nlorphisms. ThllS M is a.n artinian Rt-module, and in the
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corresponcling cOffiInutative cliagram

0 ----t K' ----t (v)R' ----t M' --+ 0

r r r (2)
0 ----t R'®RK ----t R' ®R (IJ)R --+ R'®n M ----t 0

the central vertical arrow is, obviously, an isorl1orphislll. Since R'® n is an exact localiza­
tion, for any R'-nlodule L, the canonical cpinlOrphisnl R' ®n L --+ L is an isomorphism,
and R'® R sends universal squares ioto universal squares. Therefore the lcft vertical arrow
is an isomorphism too. This ilnplies, since both rows of (2) are exact, that the right vertical
arrow is an isomorphisIll.

(ii) Let now K' be any R't-Illodule froIll the diagonal ßR'. According to Proposition
5.11.4.1, K is a SUbIlloclule of an artinian RIt'-lllodule M'. By (i), thcre exists an artinian
Rt-module M and an RC-module IllollomorphisIll M ----t M' such that the canonical R'c_
module lllorphism R' ®n M ----t M' is an isoillorphisrn. Let K be a puH-back of the
Rt-module IllorphisIllS K' ----t M' {- M. Thcn K is Cl,n RC-subIllodule of M, hellce K E
ObßR; and thc canonical (R', R)-biIllOdulc lllorphisill H' ®n K ----t !{' is an isomorphism
(cf. thc argument in (i».

(iii) Assullle now that thc fact is true for all L' E O')ß~~). Let M' belong to Obß~~+l);
l.e. thcre cxists an cxact sequencc of R't-lllOdulcs

o ----t K' ----t M' ----t L' ----t 0

with L' E Obß~) anel K' E ObßRI. Consider the diagraIll with exact rows

(3)

o

o l'
K

M'

r
!vI

L'

r
L

o

o
(4)

where K is the ß ~&) -torsion of the Rt-Illodule K', anel L is the ßn-torsion of the R t _

lliodule L'. Finally, M is thc puH-back of the nlorphisIIlS M' / K --+ L' {- K'. We have
thc COIllmutativc diagranl with exact rows

o

o

----t K'

r
----t R' ®R K

----t M'

r
----t R' ®n M

y
R'®n L

o

o
(5)

Since thc right and the left vertical arrows are isolllorphislllS, thc central vertical arrow
is an isomorphism too.

(iv) Let M' E ObßJt,. Set M = sup{Mn \ n 2:: O}, where Mn is the ß~+l)-torsionof

the Rt-Illodule M'; and let M~ is thc ß~+l)-torsionof lvI'. Thcn, by (iii), the canonical
morphism H' 0n Mn ----t M:. is an isornorphislll for all 'lI,. This inlplies that the canonical
morphisIu

R' ®n M = colim{R' 0R Mn In 2:: O} ----t COliIll{M~ 111,2:: O} = M'
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is an isolnorphism. _

The following version of Proposition 6.5.2 for strongly differential bimodules does not
requirc R' to be a ftat left R-llIOdulc ..

6.5.2.1. Proposition. Let R ---+ R' bc an algebra rnorphis1T1, such that the /unctor

Q = R'®R : R - r1/.od ---+ R' - rnod

is an exact localization. Let M' be a strongly diffeTcntial R'c -rnodule. And let M :==
ArtIf(Q'"'(M')). Then the canonical morphünn <p : R' ®R M ---+ M' is an isomorphism
0/ Rt -modules. M oreover, the isomorphism <p induccs, /01' any TL 2:: 0, an isomorphism

R' ®R Mn ---+ M~, where M~ is the Art~~+l)-t01'sion 0/ M' and, similarly, Mn is the

ATt~+l)-torsion 0/ M.

Proof. Thc assertion follows from thc part (i) anel a shnplificd version of thc parts
(iii) anel (iv) of the arglllnent of Proposition 6.5.2. _

6.5.2.2. Note. If f : R ---+ R' is any lnorphislll of comllnltative algebras, then, for
any differential R,c-moelule M', the RC-1noclule M == / #M' obtained by restrietion of
scalars is differential too. More generally, for a.ny R'('-lIloelllle M' and for any nonncgativc

n, f#(6.V:} M) ~ 6.Y;)(f#M) anel, therefore, f#(M~iff) ~ f#(M)diff' This follows from

the observation that, as a set, 6.~)M == {z E lvI I K R.1 • Z == O}, where KRI is thc kernel of
thc mllltiplication R'c ---+ R', anel f ®k f(KR.) ~ !{RI.

Clcarly Proposition 6.5.2 (for a eomlnutativc R) is a conscqllence of this fact. _

6.5.3. Proposition. Let R ---+ R' be an algebra morphisrn such that the functor

Q = R'0R : R - rnod ---+ Hf - rnod

is an exact localization und R' is flat as a left R-modulc.
Let M be an Re -module, M' :== R' 0 R M ®R R'. /f the natural Tnorphism M ---+ M' is

injective, then, for any n 2:: 0, the morphism R' 0 R 6. ~~) M ---+ 6.~) M' is an isomorphism.
In particular, R' ® n Mdif f ---+ M~if f is an R r -module isoTnoryJhis1Tl,.

Proo/. By Proposition 6.5.2, R' ®R 6.~)(Q'"'(Mf)) ---+ 6.~.~) M' is an isomorphism for
any n. Let M bc the ilnage of the eanonical Inorphisln M -t R' ®n M ®R R' = M'.
Clearly 6.~~)(M) == M n 6.~~)(Q"(M')). Note that thc funetor D : L Ho R' ®n L 0n R',
being cxact, respects pull-backs. In particular, it rcspects interscetions. Note that

It follows that in thc eOllllllutative diagranl

R' ®n 6.~)(M)®R· H'

r
R' 0R ~~&)(M)

--+ R' 0R 6.~\(Q(M'))

1
~ 6.~~)M'
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both vertical arrows and the upper horizontal arrow are isornorphisms. Therefore, for all
11" the morphism 1>71 : R' 0n ß~&)M ---+ ß~) 1\1' is an isornorphisIll. This implies that the
canonicallnorphislll 1> : R' ®n Mdiff -t M~iff is an isolllorphisrn.•

A sinlilar argument proves the following version of 6.5.5 for strongly differential parts
of bimodules.

6.5.3.1. Proposition. Let R ---+ R' be an algebm rn011Jhisrn such that the functor

Q = R'®R : R - rnod ---+ H' - morl

is an exact localization and R' is flat as a Zeft R-module.
Let M be an R t -rnoduZe, M' := R' ®R M ® R R'. If the natural morphism M -t M'

is injective, then, jor any n :2: 0, the morphism R' ®n ATt};) M ---+ ATt~~) M' is an
isomorphism. In particulaTJ the map R' ®R. ATtn(M) ---+ A rtjV (M') is an R't -rn odule
isomorphism.

6.5.4. Proposition. Let R ---+ R' be an algebra morphi.r;m ,'Juch that the functor

Q = R'®R : R - rnarl ---+ R' - mari

is an exact localization. Let L be a coherent R-rnodulc {i. c. thcre cxists an exact sequence
F1 -t Fa ----t L --+ 0, where Fi are free mOfbdes 0/ finite type}. Then, for any R-module
N, the natural Rt -module rnorphism

HOlllk(L, N) ---+ HOlllk(R' ®R. L, R' ®R. N)

induces, for all n :2: 0, isomarphisms

R' ®R Dijf~(L, N) ---+ Dijj~(R.' @n L, R' ®n N).

In particular, we have an R'c -module isornorphisrn

Here Dij1.6 (resp. Dijj~) denotes strongly differential operators {resp. strongly differen­
tial operators oj order no greater than n}.

Prao/. Thanks to Proposition 6.5.3.1, it suffices to show that the strongly differential
part of the RC-module Horllk (R' ®R L, R' @R N) is contaillecl in the image of the morphism

(1)

(a) Let M be an artinian Rt-module. And let 1; : M ---+ HOU1k(R' @n L, R' ®n N) be
au RC-rllodule rllorphislu. We claim that thc inlage of 1; is contained in thc image of tbc
canonicallnap (1).

In fact , since therc is an RC-u1odule epiluorphislll oi' a direct sum of a set of copies
of R auto M, we can aSSllrue that M = R. And any Rt'-rllodulc morphism fronl R to
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HOffik(R' (OR L, R' ®R N) is uniqucly definecl by the valllc, 1, of the identity of R t
, and,

therefore, TI = 11' for all 7' E R; Le. 1 E HOllln(R' (On. L, R' (On N). Since R'(OR is a
localization, thc canonical rllap

is an isoIllorphislll; anel Homn' (H' (On L, H' (On N) is isolllorphic to Honln(L, R' (On N).
Since L is a finitely generatcd R-modulc, thc lllorphisln

R' (On Homn(L, N) ---+ HOilln.(L, R' (On N)

is an epiIllorphisnl.
(b) Let 0 --+ M' ~ M ~ M" ---+ °be an exact sequence in Re - mod such

that M" is artinian anel M' E ObArt~). Let f : !vI ---+ HOlllk(R' (OR L, R' 0R N) be
an Re-IllOdule 11lorphisrl1 anel the COlllposition 1 0 L ta.kcs valllcs in thc image of (1). This
means that f indllces a (unique) Rt-llloelule 1l10rphis111, I", frOlll M" to the cokernel, <r, of
(1). Since MO is artinian, it is generated by its centntl elClllents. Fix any central element
x' E MO. Let x E M be a preinlage of x' anel sct Ix := f(x). The rllorphism Ix has the
property: fxT - r Ix E Im(f 0 L) for all r ER.

(bI) Let L be a free R-Illoelule of finite type with free generators {ei I i E J}. Let 9x
denote thc R'-lllodule lnorphisnl R' 0R L ---+ R' 0n. N such that gx(ei) = fx(ei) for all
i EJ. Then Ix E gx + Irn(f 0 L). Since the itnagc of J 0 I, is contained in thc inlage of the
111ap (1) and gx belongs to thc iInage of (1) (cf. (a)) ,Ix belongs to thc inlage of (1).

This proves the proposition in the case whcn L is a [ree R-nlodule of a finite rank.
(b2) The general case. Let L bc an arbitrary cohercnt R-nlodule; Le. there exists an

exact sequence of R-moelule lllorphisms Fr ---+ }ü ---+ L ---+ 0, where Pi are free modules
of finite type. Then we have thc following conunutative diagralll with exact rows

-+0

-+0
(1)

is contained in thc image of
Dif f5(R' ~R L, R' ®n N) is

-+

-+

-+

-+0-+

Since, accorcling to (bI), Dif fS(R' @n Pi, R' 0n N)
R't @nr HOlnk(Fi, N), i = 0,1, the same is true for L; i.e.
containecl in the inlage of R,e @nr HOlllk(L, N) .•

6.5.4.1. Proposition. Let R ---+ H' be an algebra 'fnorIJhis1n such that the functor

R'0R : R - mod ---+ H' - rnod

is an exact localization (say the ring R' is the localization of R at a left Ore set). Then
(a) The action of D S (R) on R extends nahtrally to an action on R' giving a canonical

ring homomorphism Df;l (R) ---+ D S (R' ) which induccs (L left H'-module isomorphism R'0n
D(R) --+ Dß(R').

(b) For any D 5 (R)-module M, the R'-rnodule R ' 0n M has a natural, in particular
compatible with Df;l (R) ---+ D ß (R'), structure of a D S (R' )-module.
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(c) 1/ the ring R' is such that the functor ®RR' : rnod- R -t rnod- R' is a localization
(e.g. R' is the localization 0/ R at a left and right Ore set), then we also get an induced
right R'-module isomorphisrn D5(R) ®n R' -+ DS(R').

Praof. The assertion (a) follows frOID Proposition 6.5.4.
(b) The assertion (b) follows from (a).
(c) The assertion (c) is t he right hand siele version of (a). •

Complementary facts.
C.l. Differential operators and Spec.

In thc COIluDlitative case, thc 'loeal nature' of differential operators implies that the
loealization of a D-Illodule at a point of ascheIDe is a D-Il1odule at this point (i.e. on thc
affine scheIne of thc loeal ring at this point). This fact is, of course, quite usefnl, since
it allows to study D-modllies 'loeally', at points of undcrlying topologieal space (see, for
instanee, the loeal criterion for holononücity of a conlplex of D-Illodules ).

A rerllarkable consequenee of our localization theoreIlls is that the fact is true in
thc general, noncollullutative setting: loealizations of (cornplexes of) D-modules at points
of the spectrum are (complcxes of) D-modules at thc points. Note however that this
important fact cannot be even fonllulated in thc language of rings and Illodliles. The
reason is that the eategory of modules over a noneoInlllutative ring loealizcd at a point of
the speetrum is not, usually, eqnivalent to a category of lllodules. As a result, we need to
switch froIn categories of Illodllies to nlore general abclian categories and replaee algcbras
by Inonacls and modules over algebras by modules over 11lonads.

For the readcr's eonvenicnce, we remin<! first what is thc speetruIn of an abclian
eategory and Inention a couple of its basic properties. After that we shall fonnulate the
fact.

C.I.O. Preliminaries on Spec. Reeall that, for any two objects X, Y of A, we write
X >- Y if Y is a subquotient of a finite direct sun1 of copies of X (cf. Note 2.5.1). For
any X E ObA, denote by (X) the full subcategory of A such that Ob(X) = ObA - {Y E

ObA I Y >- X}. It is easy to check that ..-Y >- }' iff (1') ~ (X). This observation
provides a convenient realization of thc quotient of (ObA, >-) with respect to tbe equivalcnce
relation indueed by >- : ..-Y ~ Y if X >- Y >- ..-Y. Narllcly, (ObA, >-)/ ~ is isomorphie to
({(X) I X E ObA}, ;2).

Set SpecA = {P E OhA I P # 0, and for any nonzero subobject X of P, X >- P}. The
spectrum, SpecA, 0/ thc eategory A is the preordered set of equivalenee (with respect to
>- ) classes of objects of SpecA.

C.I.O.I. Note. It follows from the definition of SpecA that any siInple object (Le. a
nonzero objeet without proper nonzero subobjects) belongs to the spectruIll. Moreover, it
is easy to see that if M >- L anel M is a siInple object, thell either L = 0, 01' L is isolnorphic
to a direct SUIn of a finite nUInber of copies of M j in the latter case L ~ M. In partieular,
if both Land Mare sirnple objects, thcn M >- L Hf AtJ is isoillorphic to L .•

The canonical realization of (ObA, >- )/ ~ iuchlees a eanonical realization of SpecA ;
(SpecA = {(P) I P ESpecA}, ;2).
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C.I.O.2. Proposition. For any P ESpecA, the subcategory (P) is a SeITe subcategory of
A. 1f A is a categoT1j with the propert1j (sup) , then the C(JTwerse is tme: if X is an object
of A such that (X) is a SeTTe subcategory of A, tken X is eq71ivalent (in the sense of>- )
to a P ESpecA; i. e. (X) = (P).

Proo]. See Proposition 2.3.3 and 2.4.7 in [R,J. _

A nonzero object X of a eatcgory A is ealled (juasijinal if, for any nonzero objeet Y
of A, Y >- X. Thc eategory A having quasifinal objccts is ealled loeal.

One can check that all silnple objeets of CL local category (if any) are isomorphie to
eaeh other. In particular, thc eatcgory of left lnodules over a eOlInIlutativc ring R is loeal
iff the ring R is loeal.

C.I.O.3. Proposition. For any P ESpecA, the quotient eatcgory AI(P) is loeal.

Proof. See Proposition 3.3.1 and Corollary 3.3.2 in [R]. _

For more details on the speetrum of abelian categorics sec [R1] or [R], Chapter III.

C.I.I. Differential monads and the spectrum. Thc following proposition is a conse­
quence of Proposition 6.2.4.

C.I.I.I. Proposition. Suppose that, for an1j P ESpecA, the loealization Qp : A --+
AlP at P has a right adjoint.

(a) Let F be an exaet D- -funetor (i.e. F E Ob!:i. - ). Then, f01' an1j P ESpecA, there
exists a unique flLnetor F p : AlP ---+ AlP such that Qp 0 F = F p 0 Qp. The funetor F p

belongs to !:i. ÄIP for (LU P ESpecA.

If F E Ob!:i. (n) Jor same positive n, then F p E Oh!:i.~?p for aU P ESpecA. Similarly,

if F E Ob!:i. 00, then F p E Ob!:i. AlP'
(b) Let lF = (F,IL) be a D- -monad sueh that the funetor F is exaet. Then, for an1j

P ESpecA, the monad lF indnces a D- -m,anad lFp = (Fp ,J.Lp) on AlP. A nd for (LU P,
the eanonieal f7.Lnetor

is an equivalence of eategones.
1f the 1nonad lF is differential, then the quotient 1nonad lFp is differential for aU

P ESpecA.

C.I.I.2. Note. If thc fllllctor F in Proposition C.1.1.1 is only right exact, then we should
switeh to derived catcgorics of categorics of rnodules and llSC analogs of results of Section
6.4. We leave details to the reader. _

C.l.2. Remark. Proposition C.l.l.1 shows in particular that in noncommutative gCOlll­
etry monads and lnodules over monads are inavoiclable substitute of algcbras anel lllOdulcs
over algebras. In fact, even if A = R - rnod for SOHle a.ssociative ring R, the quotient
category AlP is not usually equivalcnt to thc eategory of IllocIules over any ring. -
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C.2. D-affinity for monads.
Warking with categories of endofunctors, olle can get, using quite elClnentary tools,

sonle suggestive and useful versions of ilnportant facts. One of them we have considered
in Sections 6.1, 6.2 - the cOlllpatibility of differential actions with localizations. Here we
shall discuss an elenlentary prototype of D-affinity.

Let Q : A --+ B be a functor having a right adjoint, Q" : B --+ A; anel let 1] = 1]Q
and € = €Q be adjunction arrows, 1] : I dA --+ Q" 0 Q, E: Q 0 Q" --+ I da.

Ta any functor G : B --+ B, there corresponds a fllnctor GIf
: A --+ A elefined by the

fonIlula: G If := Q" 0 G 0 Q. Thc rnap G I--t G" elefines a functor I Q : End(ß) --+ End(A).

C. 2.1. Lemma. Th e junctor IQ : End(ß) --+ End (A), G I--t Q" 0 G°Q, extends naturally
to a monoidalfunctor (IQl 1J) : (End(B), 0, Id) --+ (End(A), 0, Id). 1f the functor Q" is
fully faithf1l1, then 4> is an isomorphism.

Proof. For allY G, G' E ObEnd(B), the nlorphisrn

4>(G, G') : IQ(G) oIQ(G') = (Q" 0 Go Q) 0 (Q" 0 G' 0 Q) --+ IQ(G 0 G') = Q" 0 G 0 G' 0 Q

equals to Q'"' 0 GEQG' 0 Q, where €Q : 1dA --+ Q" 0 Q is an adjunction arrow. One can
check that (IQ, 1J) is a lllonoiclal functor. We leave details to areader.

If the functor Q" is fully faithful, EQ is an isoillorphislll; hell(~e cp, is an isonlorphism.

•
C.2.2. Corollary. Let G = (C, J-L) be a mon(ul on B. Then IQG := (IQ(G), J-L'), whcre J-L'
equals to IQ/.L 0 </>(C, G), is a monad on A.

C.2.3. Proposition. (a) Assume the setting 0/ Lern7na C.2.1. Let G = (C, /.L) be a monad
in ß. Then the pair of adjoint junctors (Q, Q") induccs a J1lnctor, QIf, from the categonJ
IQG - 7nod ofIQG-modnles to G - mod.

(b) 1f the junctor Q" i.s fully faithful (1:.e. Q 'i.c; a localization), then thc functor
Q" : IQG - 71l0d ---7 G - 7nocl is an equivalence 0/ categories.

Proof. Fix adjunction arrows 1] : I dA -----t Q'"' 0 Q anel E: Q 0 Q'" --+ I ds .
(a) The functor Q'"' induces a fnnctor Q" : G - mod~ IQG - mod assigning to any

G-moelulc M = (M,1n : G(M) --+ M) the LQG-nloelule IQM := (Q"(M), m'), where
m' = Q"(nl 0 G€(M)), anel to any G-module HlOrphislll j the Inorphisrn Q"f.

(b) Suppose now that thc functor Q" is fully faithful. R.ecall that this Ineans exactly
that the adjunction arrow E is an isoillorphisill. Thcrcforc wc can assign to any IQG-moelule
N = (N,I/) the G-llloelule Q'(N) := (Q(N),I/), where the action v' is the composition of
€-lC 0 Q(N) : Go Q(N) --+ Q 0 Q'" 0 G 0 Q(N) = Q 0 IQC(N) and Qv. The map Q' is
functorial. Anel one can check that E' = {E/(N) := E(N) IN E ObIQG - 7110d} is a functor
isoillorphism from Q' O Q" to 1dc;-mod, and 7/' = {71'(M) := 71(M) IM E ObG - mod} is
a fllnctor lllorphism frolll I dZGo. -nwd to Q" 0 Q. It follows that E' anel 1]' are adjunction
arrows between functors Q' and Q". Since € is an isoillorphislll, E' is an isonlorphism which
Ineans that thc functor Q" is fully faithful. Thereforc Q' is a localization which makes
invertible exactly those IQG-Illodule morphislllS S : (N,I/) --+ (N', v') the localization Q
makes invcrtiblc.
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We claiIn that Q's is invcrtible only if s is invertible.
In fact, let s : (N, v) = N --7 N' = (N', 11') bc an L Q G-nlodule Inorphism such that

Qs is invcrtible. Note that the action v : GT(N) ----t N is a coequalizer of the pair of
IllorphislllS GII, J-L(N) : G 0 G(N) -t G(N). Thus we have a COllllllutative diagTaln with
exact rows:

jj.(N)-Gv
G(N)

1/

Go G(N) ------t ------t N ------t0

JQGOJQG(s) 1 :JQG(s)1 s 1 (1)
jj.(N')-Gv' v'

Go G(N') ------t G(N') ------t N' ------t0

Note that the vertical arrows of (1) are invertible, since IQGs := QA 0 G 0 Qs and Qs
is invertible. This inlplies that s is invertible.

It follows frOI11 thc universal property of localizations that a localization is an equiv­
alence of categorics iff it luakes invertible only invertible arrows. _

C.2.3.1. Note. Proposition C.2.3 is truc without any restriction on thc categories in­
volved. For instance, they nüght be non-additive. In thc latter case, the left horizontal
arrows in thc diagraIll (1) should be rcplaced by the corrcspollding double arrows. _

C.2.4. Interpretations. The functor Q : A -t B having a right adjoint Q" can be
rcgarclecl as an inverse image functor of a IllorphisIll fronl B to A (then QA is a direct image
fUllctor of this morphislnj cf. [R], eh.VII). Note that the pair Q, Q" detennines a pair of
adjoint functors

Q' : End(A) -t End(B), F Ho Q 0 F 0 Q", Q'A : Enrl(B) -t Enrl(A) , G ~ Q" 0 G 0 Q.
(1)

Thus the functor Q'" Inight be vicwccl as a direct iInage fllnctor of a Inorphisln from
End(B) to End(A). Thc lllonad IQtG = (IQG, tt') := (Q'A(G), tL') corresponding to a
lllonad G = (C,IL) on B (cf. Proposition C.2.3) call be regarclecl as the direct image
(sometimcs as global sections) of the monacl G. This Wrty Proposition 6.5.3 might be
interpreted as II G-affinnity of B over A".

Unfortunately, we do not work usually with the whole category of enelolllorphislllS.
Instead, we are interested in endolno.rphisl1lS which havc right adjoint. And, in general,
the restriction of the 'direct inlage functor' Q'" (sec (1)) to thc full subcatcgory <enD(B) of
End(B) generated by functors having a right adjoint eIoes not take values in <enlJ(A). It
eioes, however, if the functor QA has a right adjoint, as one can see frorn (1). In this case
we caU the lllorphism B --7 A affine.
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