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THE TERNARY COMMUTATOR OBSTRUCTION
FOR INTERNAL CROSSED MODULES

MANFRED HARTL AND TIM VAN DER LINDEN

ABSTRACT. We study the notion of internal crossed module in
terms of cross-effects of the identity functor. These cross-effects
give rise to a concept of commutator which allows a description
of internal categories, (pre)crossed modules, Beck modules, and
abelian extensions in finitely cocomplete homological categories in
a way which is very close to the case of groups. We single out the
obstruction which prevents a Peiffer graph from being a groupoid—
which in a semi-abelian context is known to vanish precisely when
the Smith is Huq condition holds, so is invisible in the category of
groups—as a certain ternary commutator. Such a ternary commu-
tator also appears in the Hopf formula for the third homology with
coefficients in the abelianisation functor and in the interpretation
of the second cohomology of an object with coefficients in a module.
It is generally not decomposable into nested binary commutators:
this happens, for instance, in the category of loops, where Smith
1s Hugq is shown not to hold.

INTRODUCTION

Internal crossed modules in a semi-abelian category [42] may be ax-
iomatised in several equivalent ways. In all approaches the starting
point is a desired correspondence between crossed modules and in-
ternal categories, which determines the basic properties that such an
axiomatisation should satisfy.

In the article [41] Janelidze presents axioms for internal crossed mod-
ules in terms of the internal actions he introduced in his article [20] with
Bourn. His analysis is elegant and efficient and captures all appropriate
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examples. It also explains that the extension of the case of groups to
semi-abelian categories is not entirely without difficulties. The most
straightforward description of the concept of crossed module merely
gives so-called star-multiplicative graphs—in which the composition of
morphisms is only defined locally around the origin—and not the in-
ternal groupoids one would expect, in which any composable pair of
morphisms can actually be composed. Of course this defect can be
mended, as it is indeed done in [41]. Unfortunately, the resulting char-
acterisation of internal crossed modules becomes slightly less natural.

The question thus arose when the two concepts (star-multiplicative
graphs and internal groupoids) are equivalent. It turns out [53] that
the gap between the two is precisely as big as the gap between the Huq
commutator of normal subobjects and the Smith/Pedicchio commuta-
tor of internal equivalence relations. That is to say, in a semi-abelian
category they are equivalent if and only if the Smith is Hug condition
holds. This explains why the difference between the two concepts is
invisible in the category of groups, in fact in any of the categories where
internal crossed modules were ever considered: all of those are strongly
protomodular or at least action accessible, so that the Smith /Pedicchio
commutator and the Huq commutator are equivalent. One solution
would be to restrict ourselves to such a somewhat less general context,
but then we would choose to ignore the problem rather than to face it.

Alternatively, another axiomatisation might be found, one which
maybe stays closer to the case of groups, but which shows clearly what
has to be added to make the theory work in general. In the present art-
icle we try to do precisely this. We present a new approach to internal
crossed modules, one which is based on a different notion of internal ac-
tion, and which from the start takes the Smith is Huq problem explicitly
into account. The resulting characterisation is an obvious extension of
the groups case, but at the same time the ingredient missing there is
brought into focus: it appears as a ternary commutator. A byproduct
of this alternative analysis is that the context is enlarged to a non-exact
setting, as we may work in finitely cocomplete homological categories
instead of semi-abelian ones.

Cross-effects of functors. The main technical innovation which al-
lows us to consider higher-order commutators and the corresponding
actions is the general theory of cross-effects. The concept of cross-effect
of a functor between abelian categories was introduced by Eilenberg
and Mac Lane in the article [29], where it was used in the study of
polynomial functors. This definition does, however, not generalise to
non-additive contexts. The approach due to Baues and Pirashvili [5],
worked out in the case of groups, does extend easily to more general



2 MANFRED HARTL AND TIM VAN DER LINDEN

situations. It is such an extension we shall consider in the present art-
icle. Here we will not use cross-effects to study polynomial functors—
this is, for instance, done in the articles [35] and [37]. In the present
article we shall rather construct higher-order commutators, and express
the higher-order coherence conditions internal actions may satisfy in
terms of higher cross-effects. In fact, ternary cross-effects will suffice
for our present purposes.

Commutators and actions. The concept of internal action intro-
duced by Hartl and Loiseau [36] blends naturally with the theory of
cross-effects. It is based on the idea that the second cross-effect

(K|L) :Ker( §g§f>>>:K+L—>KxL)

of the identity functor 14 of a finitely cocomplete homological category
A evaluated in the objects K, L € Ob(A) behaves as a kind of “formal
commutator” of K and L. (This was also discovered independently by
Mantovani and Metere, see [50].) If now k: K — X and [: L — X are
subobjects of an object X, their (Higgins) commutator [K, L] < X
is the image of the induced morphism

(K|L) 5 K+ L5 %

Using higher cross-effects it is easy to extend this definition to higher-
order commutators: for instance, given a third subobject m: M — X
of X, the ternary commutator [K,L, M| < X is the image of the

composite
k
LK,L,M < ! >
(K|ILIM)——K+ L+ M ——X,
where tx 1, as is the kernel of

CEENE))

K+L+M (K+L)x (K+M)x(L+M).

The basic properties of the (binary) Higgins commutator are explored
in the articles [36] and [50]. In the former it is also explained how this
commutator gives rise to a concept of internal action. We shall recall
some of this in sections [2] and [3} for now it suffices to mention that
an action of an object G on an object A is a morphism ¢: (A|G) — A
satisfying a certain condition, and that such an action contains just
enough information for reconstructing the semi-direct product A x,, G.

The ternary commutator obstruction. The Smith is Huq condi-
tion for homological categories may be expressed in terms of cross-
effects as the vanishing of a ternary commutator. Thus a condition
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which is about locally defined internal categorical structures admitting
a global extension is characterised as a computational obstruction.

Indeed, we prove that for equivalence relations R and S on X with
respective normalisations K, L<1 X, the relations R and S commute in
the sense of Smith and Pedicchio if and only if [K, L] and [K, L, X] are
trivial. As [K, L] = 0 precisely when K and L commute in the Huq-
sense, the object [K, L, X] is the ternary commutator obstruction
which should vanish for the Smith /Pedicchio commutator and the Huq
commutator to be equivalent in the given situation.

In the category of groups, this condition on ternary commutators is
invisible, as all ternary commutators are expressible in terms of bin-
ary ones. This explains why crossed modules of groups, which cor-
respond to internal categories in the category Gp, may be character-
ised using just a binary commutator as is done in the final section of
Mac Lane [48]. In general, though, ternary commutators cannot be
written in terms of repeated binary ones.

This new viewpoint on the Smith is Huq condition gives new ex-
amples of categories which satisfy it. A nilpotent category of class 2
is a semi-abelian category whose identity functor is quadratic, i.e., it
has a trivial triple cross-effect [35]. Hence, almost by definition, any
such category satisfies (SH). In particular, the Smith is Huq condition
holds for modules over a square ring, and specifically for algebras over
a nilpotent operad of class two [3].

On the other hand, the category of loops (quasigroups with an iden-
tity) does not satisfy (SH): we give an example of a loop X with an
abelian subloop A and elements a € A, x € X such that the associator
element [a,a,x] is non-trivial. (In fact, one of the first examples of
a non-associative structure ever considered will do, see Example [4.9).
This proves that the triple commutator [A, A, X] need not vanish even
when the binary commutator [A, A] does. As a consequence, Loop
is not action accessible or strongly protomodular—though it is well
known to be semi-abelian [§].

Definition of internal crossed modules. Consider a quadruple
(G, A, u,0) in which G and A are objects, p: (A|G) — A is an action
of Gon A, and 0: A — G is a morphism. This quadruple is a crossed
module when the following three squares commute.

(A|G) L5 A (A]A) <% 4 (AJA|G) 2% 4

(51G)l/ l/ﬁ (1A|6)J/ H (1A|a|1G)l/ H

(GIG) —= G (A|G) —> A (AIG|G) — A
G H K12

The first square expresses the precrossed module condition which says
that the morphism ¢ is G-equivariant with respect to p and the con-
jugation action ¢ of G on itself. Quadruples which satisfy this first
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condition correspond to internal reflexive graphs. Commutativity of the
middle square is the Peiffer condition: the conjugation action ¢4 of
A on itself coincides with the pullback 0*(u) of p along 0. Quadruples
which satisfy the first two conditions correspond to so-called Peiffer
graphs, which admit some kind of composition locally around the ori-
gin, and which are equivalent to star-multiplicative graphs ([49], see
also [53]). The square on the right commutes when the local composi-
tion of the Peiffer graph extends to a globally defined internal groupoid
structure.

Internal categories in a homological category. Our analysis of
internal crossed modules depends on a new characterisation of internal
categories in terms of internal actions, valid in any finitely cocomplete
homological category. Let us just mention here that an internal reflex-
ive graph

R%e G doe = Co€ = ]_G

C

is an internal category when either one of the following equivalent con-
ditions holds (Theorem [5.2)):

- [Ker(d), Ker(c)] = 0 = [Ker(d), Ker(c), R];

- [Ker(d), Ker(c)] = 0 = [Ker(d), Ker(c), Im(e)];

- the conjugation action ¢ (A|R) — A of R on A = Ker(d)
factors through the morphism (14[c): (A|R) — (4|G);

. CA7R — (eoc)*(CA,R)

Abelian extensions, Beck modules. The concepts of abelian exten-
sion and Beck module allow a similar analysis in terms of internal ac-
tions and ternary commutators. Both are certain internal Mal’tsev op-
erations in a slice category, known to exist if and only if a Smith /Pedicchio
commutator vanishes. We shall see that a short exact sequence

0 Arts X 2o @ 0 (A)

is an abelian extension if and only if A is abelian and [A, A, X] is zero.
Likewise, an internal G-action ¢: (A|G) — A on an abelian object A is
a G-module structure on A if and only if a certain induced morphism
Pa1: (AJA|G) — A is trivial. Alternatively, one could ask that the
induced diagram

Y

(A x AjG) =) oy a6 — 2 L axA
(+|1G)l/ l+
(A[0) . A

commutes, to mention two of several equivalent conditions.
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Applications in homology and cohomology. We give two concrete
applications of these results in semi-abelian (co)homology. First we
characterise double central extensions [31], 40}, 60] in terms of binary
and ternary commutators, and obtain a Hopf formula for the third
homology of an object Z with coefficients in the abelianisation functor:

K ALA|X,X]|
[K,L,X|v [K.L| v [K ~ L, X]’

where K, L < X are the kernels induced by a double presentation of
7. This formula is valid in any semi-abelian category with enough
projectives, whether the Smith is Huq condition holds or not.

Then we focus on cohomology in semi-abelian categories, and explain
how to connect the main result of [34] with the torsor theories from [21],
27]. The central idea here is that for any abelian extension such as (A]),
the conjugation action of X on A factors through p to yield an action of
G on A. This action, called the direction of , is always a module,
and thus we obtain the direction functor

dg: AbEth(.A) — MOdG(A)

We give an interpretation of the second cohomology group H*(G, (A, v))
of G with coefficients in a module (A,) as the group of connected
components of the fibre d;' (A, ) of the direction functor dg over the
module (A,1). When, in particular, the action ¢ is trivial, we recover
the interpretation worked out in [34] of the second cohomology group
of G with coefficients in an abelian object A as equivalence classes of
central extensions of G by A. On the other hand, the fibre d;'(A,v)
consists of torsors of G by (A, 1), as in [21] and [27].

H3(Za ab) =

Structure of the text. In Section [I] we recall the basic categorical
notions we need further on and introduce some conventions and nota-
tions. Section [2] is devoted to the definition and first properties of
cross-effects and the induced (higher-order) commutators. We recall
some properties from [36], [50] and then prove right exactness results for
cross-effect functors: preservation of coequalisers of reflexive graphs
(Theorem and Corollary [2.27)) and cokernels inducing certain ex-
act sequences (Proposition [2.31] Corollary and Proposition [2.33).
These are used in Section [3| where we explain how to deal with in-
ternal actions and semi-direct products starting from cross-effects. In
Section [] we give a characterisation of the Smith is Hug condition
(Theorem [4.6)) in terms of ternary commutators, and a formula for the
Smith/Pedicchio commutator of equivalence relations in terms of a bin-
ary and a ternary commutator of normal subobjects (Theorem .
We also find a characterisation of double central extensions (Propo-
sition 4.16)) and a Hopf formula for the third homology of an object
(Theorem |4.17)). This leads to Section [5| where we give new character-
isations of internal categories (Theorem [5.2)), which gives an elementary
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description of the concept of internal crossed module. We use this de-
scription to prove some of its most classical properties: Theorem [5.7]
and Proposition [5.12] In Section [6] we turn to abelian extensions; we
obtain some equivalent characterisations (Theorem and an explicit
description of the reflection of extensions to abelian extensions (Corol-
lary|6.5). Next, in Sectionlﬂ, we consider Beck modules; we give several
characterisations (Theorems [7.3] and [7.13)) and study the relation
with internal crossed modules (Proposition|[7.18)). In the final Section [
these results are used in the study of semi-abelian cohomology (The-
orem [8.7)).

CONTENTS
[ntroductionl 0
(I.__Preliminaries| 6
(2. Cross-effects and commutators| 10
[3.  Internal actions and semi-direct products| 21
[4. "T'he Smath 1s Hug condition| 25
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[8.  An application to cohomology| 52
[Acknowledgement| 56
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1. PRELIMINARIES

As a rule we shall work in a finitely cocomplete homological category
A unless where explicitly mentioned. Some proofs need a semi-abelian
environment; we always explain where and why.

We start with an overview of those basic categorical notions and
results needed throughout the text.

1.1. Pointed categories. A pointed category has a zero object, an
initial object that is also terminal. In a pointed category with finite
sums, we denote the coproduct inclusion X — X; +--- + X, by ix,
or by i, and its canonical retraction

0
<1;(k>:X1+"'+Xn—>Xk
0

by rx, or by ri. We further write 7: X7 +---+X,, » X —i—---—i—)/(\k+
-++ + X, for the morphism whose restriction to X; is ix;, when j # k
and is the zero morphism when j = k.
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Dually, when working in a pointed category with finite products, we
denote the product projection X; x --- x X,, — X}, by 7x, or m; and
its canonical section

<O,‘..,1Xk,...,O>ZXk—>X1X"'XXn

by ox, or oy.

1.2. Regular and exact categories. Recall that a regular epi-
morphism is the coequaliser of some pair of morphisms. A regular
category is finitely complete and endowed with a pullback-stable (reg-
ular epi, mono)-factorisation system. Given a morphism f: X — Y,
we write im(f): Im(f) — Y for the mono-part in this image factor-
isation of f. If M < X is a subobject of X, we write f(M) for the
direct image of M along f: the image of fom, where m: M — X is
a monomorphism that represents the subobject.

Regular categories provide a natural context for working with rela-
tions. We denote the kernel relation (= kernel pair) of a morphism f,
the pullback of f along itself, by (R[f], f1, f2). A regular category is
said to be Barr exact when every equivalence relation is effective,
which means that it is the kernel pair of some morphism [I].

1.3. Homological and semi-abelian categories. A pointed cat-
egory with pullbacks is protomodular [IT] when the Split Short Five
Lemma holds. When, moreover, the pointed category is regular, then
protomodularity is equivalent to the (Regular) Short Five Lemma:
given a commutative diagram with regular epimorphisms p, p’ and
their kernels, if a and ¢ are isomorphisms then also z is an isomorphism.
We usually denote the kernel of a morphism f by (Ker(f), ker(f)), and
say that a morphism is proper when its image is a kernel. A proper
monomorphism is said to be normal, and when M < X is a normal
subobject we write M < X.

A pointed, regular and protomodular category is called homolo-
gical [7]. This is a context where many of the basic diagram lemmas
of homological algebra hold. In particular, here the notion of (short)
exact sequence has its full meaning: a regular (= normal) epimorph-
ism with its kernel such as above. A short exact sequence is
split when there exists a section (or splitting) s: G — X of p, i.e.,
a morphism s in A such that pes = 1.

Note that a split epimorphism p: X — G may have many splittings.
When just one splitting s is chosen, the couple (p, s) is called a point
(over GG). The category of points Pt(A) has points in .4 (considered
as diagrams pos = 1¢) as objects and natural transformations between
points as morphisms. The points over a given object G form the full
subcategory Ptg(A) = (1¢)/(A/G) of Pt(A).

Unless where explicitly mentioned in the text, we shall always work
in a finitely cocomplete homological category which we write A.
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A Mal’tsev category [24] is finitely complete and such that every
reflexive relation is necessarily an equivalence relation. It is well known
that any finitely complete protomodular category is Mal’tsev [12]. Fur-
thermore, the Mal’tsev property is preserved by slicing. This is a con-
text in which many of the basic constructions in commutator theory
make sense. In a Mal’tsev category, internal categories are automatic-
ally internal groupoids.

Semi-abelian categories are homological and exact with binary
sums [42]. In a semi-abelian category, the direct image of a kernel
along a regular epimorphism is still a kernel. In this context, the exist-
ence of binary sums entails finite cocompleteness, and any comparison
morphism (rx,ryy: X +Y — X x Y is a regular epimorphism.

1.4. Extensions and double extensions. An extension in a homo-
logical category is a regular epimorphism. The extensions in A form a
full subcategory Ext(A) of the category of arrows Arr(.A) = Fun(2°P, A):
morphisms are commutative squares between extensions. Since regular
epimorphisms are normal, an extension p: X — G may equally well be
considered as a short exact sequence . Then we call p an extension
of G by A.

A double extension in A is a commutative square

&X
< Q

o
N

such that all arrows in the induced right hand side diagram are exten-
sions [31]. In a semi-abelian category this happens when the square is a
pushout of regular epimorphisms. Double extensions form a full subcat-
egory Ext?(A) of the category Arr*(A) = Arr(Arr(A)) = Fun((22)°P, A)
of double arrows in A. By Lemma below, double extensions
correspond to short exact sequences in the category Ext(A). In other
words, the double extensions in A are the normal epimorphisms in
Ext(A), and in Ext(A) kernels of normal epimorphisms are computed
degree-wise.

Higher extensions were introduced in [31] following [40] in order to
capture the concept of higher centrality which is useful in the study
of semi-abelian (co)homology: see, for instance, Subsection below
and the articles [30, 31, [60]. We shall also need double extensions for
the proof of Theorem [2.26]
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Lemma 1.5. [14] I8 20, BI] Consider, in a homological category, a
commutative diagram with exact rows

p

0 A X' I>G’ 0

1

0 A X > G 0.

p

(i) The right hand square pox = gop’ is a pullback if and only if a
s an isomorphism.

(ii) Suppose that x and g are regular epimorphisms. Then the
square pox = gop' is a double extension if and only if a is a
reqular epimorphism. Il

1.6. Abelian objects and internal abelian groups. In a Mal'tsev
category A, an object A is abelian when it carries a (necessarily
unique) internal Mal’tsev operation: a morphism g: A x A x A — A
such that g(z,z,2) = z and g(x, z,z) = x. As soon as A is moreover
pointed, such an internal Mal’tsev operation is the same thing as an
internal abelian group structure. However, in general, the two concepts
are different: see, for instance, sections [6] and [7] below where we con-
sider them in a slice category. To avoid confusion, we denote the full
subcategory of A determined by the abelian objects Mal(A), and we
write Ab(A) for the category of internal abelian groups in A. Again,
when A is pointed, Ab(.A) coincides with the full subcategory Mal(.A)
of A.

For instance, an abelian object in the category of groups is an abelian
group, and an abelian associative algebra over a field is a vector space
(equipped with a trivial multiplication).

1.7. The Huq commutator. A coterminal pair
K-tsx<l

of morphisms in a homological category Hug-commutes [19,[39] when
there is a (necessarily unique) morphism ¢ such that the diagram

VAN
K> k

KXL ,,,,,,,,,,, TN >X

(0,1L>\ /
L

is commutative. We shall mostly be interested in the case where k£ and
[ are normal monomorphisms (i.e., kernels). The Huq commutator

[k, ("9 [K, L]" — X
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of k and [ is the smallest normal subobject of X that should be divided
out to make k and [ commute—so that they do commute if and only
if [K, L]"9 = 0. It may be obtained through the colimit @ of the outer
square above, as the kernel of the (normal epi)morphism X — Q. In a
homological category, an object X is abelian when [X, X]" = 0.

2. CROSS-EFFECTS AND COMMUTATORS

We explain how the cross-effects of the identity functor of a ho-
mological category give rise to (higher-order) commutators. We start
with some basic definitions and properties, give some examples and
recall how the binary commutator is a categorical version of the Hig-
gins commutator [36, 38, [50]. Then we focus on right exactness results
for cross-effect functors, mostly those valid in semi-abelian categories:
preservation of coequalisers of reflexive graphs (Theorem and Co-
rollary and cokernels inducing certain exact sequences (Proposi-

tion and Corollary [2.32)).

2.1. Cross-effects of functors. We recall how the definition of cross-
effects given in [5] in the case of groups extends to a general categorical
framework [36], [37].

Definition 2.2. [36] Let F': C — D be a functor from a pointed cat-
egory with finite sums C to a pointed finitely complete category D. The
n-th cross-effect of F'is the functor

cr,(F): C" — D,
a multi-functor C — D, inductively defined by
cry (F)(X) = Ker(F(0): F(X) — F(0))
and, for n > 1,
e, (F)( Xy, ..., X,) = Ker(7),

where

FF(X 4+ X)) - [[FXG o+ X+ X))
k=1

is such that mpor = F(7). We usually write
F(Xy|-]X,) = et (F) (X, ..., Xn)
and
ker(7) = ix,,..x, = L§(1,...,Xn3 F(Xy|--+1X,) —» F(X1 + -+ X,,).

The functor cr, (F) acts on morphisms in the obvious way that makes tx, . x,
natural. When F' is the identity functor 14 of A we write

(Xaf -+ | Xn) = Ta(Xa] -+ [ X5).
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Example 2.3. Let us make explicit what happens in the lowest-dimensional
cases, which are essential in the present article. When n = 2 we obtain
a short exact sequence

(rx,my)

0%(X|Y)>LX%YX+Y—[>X><Y%O

for any X, Y in A. Note that the object (X|Y') is denoted X ¢Y in the
article [50]. When n = 3 and X, Y, Z are objects of A, we consider
the morphism

CEMENE)

X+Y+Z (X+Y)x(X+2)x (Y +2),

which need no longer be a regular epimorphism; the cross-effect (X |Y'|Z2)
of 14 is its kernel.

Example 2.4. In the case of groups
(X]Y) = (aya™y  |ze X,yeY),

a kind of “formal commutator” of X and Y as explained in [50] and [36].
This fact will prove crucial in what follows.

Given groups X, Y and Z with respective chosen elements z, y and
z, the word

acyxilyflzyxyflelzfl
is an example of an element of (X|Y|Z).
Example 2.5. In a pointed variety of algebras V), an element of a sum
X +Y + Z is of the shape
L1y ey Ty Yty e oy YLy 21 -+ 5 Zm)

where t is a term of arity & + [ + m in the theory of V and x4, ...,
L€ X, Y1, ...,y Y and z1, ..., 2, € Z. It belongs to the cross-effect
(X|Y'|Z) if and only if

(1, Ty Y1y, Y,0,...,0) =0 in X +Y,

t(zy,. o 25,0,...,0,21,. .., 2,) =0 in X+ 2,

t0,...,0,y1,- -, Y, 215y 2m) =0 inY + Z.

Here 0 denotes the unique constant of the theory of V.

Proposition 2.6. The multi-functors cr,(F) are
(i) reduced: F(Xi|---|X,) =0if X, =0 for somek € {1,...,n};
(ii) symmetric: for any permutation o € ¥, there is an isomorph-
sm
op: F(Xq| -+ Xy) = F(Xoqy| - [ X)),

natural in X1, ..., X,, and moreover ooty = (00T p.
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Proof. Assertion (ii) is obvious. For (i), just observe that if X = 0,
then the morphism 7}, is an isomorphism, while by definition 7ot x,

0. O
2.7. Joins and the sum decomposition. For subobjects
LtsX <M
of an object X in a homological category A we write
LvM=Im({}) L+M— X)

and Lv M =L x M when L AM = 0 and L is normal in L v M. Note
that we have L v M = L x M if and only if there is a split short exact
sequence

l

0 L LvM—/—M-——0,

m

which justifies the semi-direct product notation (see Section . As for
the sum, morphisms defined on L x M are completely determined by
the effect on L and M, and written in a column.

Proposition 2.8. [36] Suppose that A is finitely cocomplete homo-
logical, C 1is pointed with binary sums and F: C — A preserves zero.
Then we have a decomposition

FX+Y)=(F(X|Y)x F(X)) = F(Y)
forany X, Y inC. O

2.9. Higher-order commutators. We need the following categorical
notion of commutator (of arbitrary length) which was introduced in [36]
and [50] and is more thoroughly studied in [35].

Definition 2.10. Let X be an object of a finitely cocomplete homo-
logical category. The n-fold commutator morphism of X is the

compusil € 11( >rphism
<1 >
LX,.., X 1x

(X XS X 4 XX

n

When z;: X; — X for 1 < < n are subobjects of X, their commu-
tator is the subobject

(@1-frn) X
——(X] - [X)——X)

Z1
LX1,..,Xn <xn>

(X0, Xa] = (X0 [X,)

X)
of X.
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Example 2.11. In [35] it is shown that in the category of groups
[X1,...,X,] is indeed essentially generated by all n-fold commuta-
tors of elements of Xy, ..., X,,. In particular, the n-fold commutator
[X,..., X] = Im(cY) coincides with the n-th term of the lower central
series of X, i.e., with the (normal) subgroup generated by the commu-
tators of weight n in X.

Remark 2.12. The binary commutator [K, L] is also studied in [50],
where it is called the Higgins commutator. It is an conceptual gen-
eralisation of the commutator constructed in a varietal context in [3§].

In contrast with the Huq commutator, the Higgins commutator K, L]
need not be normal in X, even when both K and L are normal sub-
objects of X. In fact, the Huq commutator [K, L] of K, L < X is
the normal closure of [K, L], so that [[K, L], X] v [K, L] = [K, L]
by Proposition below.

Remark 2.13. Note that an object X is abelian if and only if its com-
mutator morphism ¢ is trivial: [X, X| = 0 precisely when [ X, X |#14 = 0.

Remark 2.14. The higher-order commutators are generally not built
up out of iterated binary commutators (Example . Moreover, in
general, the lower central series mentioned in Example does not
coincide with the concept considered in [39].

Proposition 2.15. [36, (0] If K, L < X in a semi-abelian category
then the normal closure of K in the join K v L is [K,L] v K. O

Proposition 2.16. [36] In a semi-abelian category, consider K, L < X.
The subobject K is normal in K v L if and only if [K, L] < K. In par-
ticular,
(i) K< X if and only if | K, X]| < K;
(ii) a morphism f: X =Y in A is proper if and only if the com-
posite morphism

(flly) c
(XlY) ——=|)Y) ——Y

factors through Im(f). O

Remark 2.17. As further explained in Example the exactness of
A is fundamental here; in fact, it is also shown in [36] that the char-
acterisation (i) of normal subobjects is valid in a finitely cocomplete
homological category if and only if this category is semi-abelian.

The following basic properties commutators have will be useful through-
out the text.

Proposition 2.18. [35] Let Xi, ..., X, be subobjects of an object X
and let f: X =Y be a morphism.

(o) Commutators are reduced: if X; = 0 for somei then [Xy,..., X, | =
0.
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(i) Commutators are symmetric: for any permutation o € %,
(X1, Xl = [Xoqy, - Xoigmy]-
(ii) Commutators are preserved by direct images:
fIXy, o Xy X = [f(XY), . f(XG), ., F(XG)]-
(i) Commutators are monotone: if M < X; then
(X1, 0, X1, M, X, X <X, X, X X, -, X
(iv) Removing brackets enlarges the object:
[ X1, Xi], Xigr, -, X < [ X, -0, Xy Xigr, -0, X
(v) Removing duplicates enlarges the object:
(X1, .., Xo, X1, Xigo, -, X0 <[ X0, X, Xie o, X0

when Xz = Xi+1'
(vi) Commutators satisfy a distribution rule with respect to joins:

[Xi, o X Ar v v A=\ X X Ay A

A<ksm
I <..<ip<m

(vii) When A is semi-abelian, if X1v...v X, = X then [Xy,..., X,]
s normal in X. U

2.19. Inductive nature of cross-effects. We give an alternative in-
ductive description of the higher-order cross-effects.

Lemma 2.20. For objects Xq,...,X,, in C and 1 < k < n there ezx-

ist factorisations vy, (., v} as indicated in the following commutative
~ _F

diagram, where 1 = UX oo X g X g+ X 1, X k420000, X

F(Xa| - [Xpa]| = [Xiso| - [ X0 ) (X[ Xii1) ffﬁ??fi??& F(Xq]---[X5)

EX s Xjet1

L

F(Xq |- [ X1 Xg 4 X1 | Xppo| - [ X)) b= F(XG + - + X))
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Thus v and i are mutually inverse isomorphisms, which yields an
exact sequence

0

!

F(Xq]- - | Xn)

i
F(Xq] o [ X [ Xy + X1 [ X -+ [ X0)
Lo
FX ] [ Xt | X Ko - | Xn) > F(X ] [ X | X[ Xiga] - [X0)

J

0
where vy = (1x, ]+ [Lx,  [rx; [1x,,, | -+ [1x,) for j € {k, k +1}.

Proof. The factorisations ¢y, ¢}, ¢} are obtained successively by checking
that the post-compositions with the morphisms 7; are trivial. Il

Notation 2.21. If F': C™ — D is a multi-functor then for 1 <k <m
we define a multi-functor 0, F': C™*! — D by

akF(Xlu cee 7Xm+1) = F(Xh cee 7Xk—17 _7Xk+27 cee 7Xm+1)(Xk|Xk+1)'

Lemma 2.22. For any sequence of integers ki, ..., k,_1 such that
1 < k; < j there is a natural isomorphism cr,(F) = 0,_, -+ 0, F. O

This follows immediately from Lemma [2.20] and provides an induct-
ive description of cross-effects which allows for inductive proofs. The
subsequent result provides an example of this principle.

Proposition 2.23. Suppose in addition that D is homological and that
F preserves regular epimorphisms. Then for all objects X1, ..., X, in
C the functor F(Xy|---|Xk-1| — | Xk|---|Xn): C — D also preserves
reqular epimorphisms.

Proof. This was proved for n = 1 in [36] and then follows for all n by
an induction based on Lemma [2.22] i

We now refine this preservation of regular epimorphisms to a more
precise right exactness property: preservation of coequalisers of reflex-
ive graphs.

2.24. Right exactness of cross-effects. We prove that the cross-
effects of a functor which preserves coequalisers of reflexive graphs still
preserve coequalisers of reflexive graphs. Our proof shall be based on
the following basic principle concerning those coequalisers, valid in
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semi-abelian categories. (But not in merely homological ones!) Let

R - “G—2-0Q
<\ // ©)
Rlg] "

be a reflexive graph with its coequaliser, the induced kernel pair (R[q], ¢1, ¢2)

and the comparison morphism r. Certainly both ¢ and r are regular
epimorphisms. But in fact, the converse also holds: any regular epi-
morphism ¢ which coequalises d and c is their coequaliser if and only
if r is a regular epimorphism.

Lemma 2.25. Suppose that A is homological, C is pointed with binary
sums and F: C — A is reduced. Then for any X, Y € Ob(C) the
morphism

(F(rx),F(ry)): F(X+Y) - F(X) x F(Y)

15 a reqular epimorphism. Hence also the comparison natural trans-
formation

F(X+(-))= F(X)x F(-)
15 reqular epic.

Proof. Since the functor F' is reduced, the triangle

)

FX) + F(Y) 2228 px 4 Y)

r (Frx),F(ry))

F(X) x F(Y)
commutes. The result follows, as 7 is a regular epimorphism. U

Theorem 2.26. Suppose that A is semi-abelian and C is pointed with
binary sums. Let F': C — A a functor which is reduced and preserves
coequalisers of reflexive graphs. For any object X of C, the induced
functor F(X|=): C — A also preserves coequalisers of reflexive graphs.
Hence, by induction, so do all resulting functors

F(Xa| - [ X | = [ X - 1 X))
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Proof. Consider in C a reflexive graph with its coequaliser and the
induced diagram

0 0 0 0
F(X|R) ——"——RIF(Lxlg)]| === F(X[0) i F(X[Q)
F(X+R)—" S R[F(lx + ] =——= F(X + ) — =, p(x + Q)
(i) (ii)

F(X) x F(R) ——RIF(Lx) x Flg)] === F(X)  F(G) 7 F(X) x F(Q)
0 \6 0 0

in A that shows how the functor F(X|—) works on this reflexive graph.
By the “basic principle” it suffices to prove that both F(1x|q) and r"”
are regular epimorphisms.

In the bottom row, the morphisms " and F(1x) x F(q) are regular
epic by the assumption that I’ preserves coequalisers of reflexive graphs
and the fact that also the product functor F(X) x (—) does. Indeed,
products preserve regular epimorphisms and kernel pairs. In particular,
F(1x) x F(q) is the coequaliser of F/(1x) x F(d) and F(1x) x F(c).

In the middle row, the morphisms 7" and F(1x + ¢) are regular epic
because the sum functor X + (—) and the functor F' preserve coequal-
isers of reflexive graphs. In particular, F'(1x + ¢) is the coequaliser of
F(lX + d) and F(lX + C).

The four lower vertical arrows in the diagram are regular epimorph-
isms by Lemma and by the fact that 7’ is a regular epimorphism.

In the category Ext(A), coequalisers are computed degree-wise (see,
for instance, [31]). Hence the commutative square (ii) may be con-
sidered as a regular epimorphism in Ext(.A), so that it represents a
double extension in A.

Also the square (i) is a double extension in A. To see this, consider
the following diagram with exact rows, in which " = 1px) x 7.

0 — Ker(r")— F(X + R) ;NDR[F(lx +q)]——=0

L e ]

0 — Ker(r) —> F(X) x F(ﬂ "+ F(X) x R[F(q)] —0

‘ WF(R)\L \L”R[F(q)]

0 — Ker(r') — F(R) — R[F(¢)] ——0
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The right and middle composed vertical arrows in it are compatibly
split epimorphisms, so that also the left hand side dotted arrows is a
split, hence a regular, epimorphism. Lemma now implies that the
square (i) is a double extension.

Since kernels commute with kernel pairs, Lemmall.5[implies that F'(1x|q)
and r” are regular epic, and the result follows by the “basic prin-
ciple”. O

Corollary 2.27. For any object X in a semi-abelian category A, the in-
duced functor (X|—): A — A preserves coequalisers of reflexive graphs.

|

To understand the behaviour of the functor F'(X|—) with respect to
cokernels we introduce the following folding operations between cross-
effects of different order which play a fundamental role in all what
follows.

Definition 2.28. Consider X, ..., X, € Ob(C) and let rq, ..., r, be
nonzero natural numbers. Let

1x,

vr)é: : TZX1—>XZ
1 1.
X4

denote the folding morphism, and write X* = X; for 1 < k <r;. Then
a folding operation SX'»% is defined by requiring the following
square to commute.

X1, Xm

Sri
Ty, (F) (X XU XY XD X X > or (F) (X1, .., X,)

. ”
X1, X I ILxl,.,.,X,,,

F(lro- X1+ +1-Xy) FXi+ -+ X,)

- y
F(VX11 + V)

Remark 2.29. Note that the folding operations are natural in their
arguments. It is also easily checked by the very definition of cross-
effects that the morphism

F( 21 I V;&)Obxl

Tn
X

does indeed factor through vy, . x,.

Notation 2.30. Taking n = 1 and writing m = r; we obtain a natural
transformation

SE et (F)eA™ = F,
with A™: C — C™ the m-fold diagonal functor, defined by

X F
tx

(SE)x: crm(F)(X, ..., X) = ey (F)(X) —X> F(X)
for X € Ob(C).
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Proposition 2.31. Suppose that C is pointed with binary coproducts,
A is semi-abelian and F': C — A is reduced. Then F preserves coequal-
isers of reflexive graphs if and only if any cokernel

0 q
A G > () 0
in C gives rise to an exract sequence

<(S§)GOF(0I1G)>

FAIG) x F(A) — 2 /pqy — 1@

F(Q)—0
(D)
m A.

Proof. Suppose that F' preserves coequalisers of reflexive graphs. For
a cokernel as above, the diagram

(2
A+G—i—=G—1—=+Q
G

is a reflexive graph with its coequaliser, hence so is its image

F(<1ag>)

F(A+ G) =Flo— F(G)

through F. Since the kernel of F' ({2, )) is F(A|G) x F(A) by Propo-
sition [2.8] the sequence

r (< it >> °J F(q)
F(AIG) » F(A) ——— F(G) ———»

is a cokernel. Here j: F(A|G) x F(A) —» F(A + G) is the canonical in-

clusion, a normal monomorphism. Hence already the morphism F' (< 160 >) o7,

as any normalisation of a reflexive graph, is proper: it is a compos-

ite of a split epimorphism with a kernel. Furthermore, this morph-

ism decomposes on the semi-direct product as claimed: first of all,
F({2,))eF(ia) = F(0); secondly,

F({i))otaa=F (Ve)oF(0+ 1g)otac
= F (V%) otg.aoF ()16) (F)
= (S5)aoF(d|1¢)

— P (E)

F(Q)—0

Conversely, let
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be a reflexive graph with its coequaliser. Then its normalisation
coker(d) q

Ker(d) G > Q 0

is a cokernel, hence for ¢ = coker(d): A = Ker(d) — G we obtain the
exact sequence @ Then Proposition gives the reflexive graph
with its coequaliser . Since R is a regular quotient of A + G this
proves the statement. Il

Corollary 2.32. Suppose that C is pointed with binary coproducts, A
is semi-abelian and F': C — A is reduced and preserves coequalisers of
reflexive graphs. Consider an object X and a cokernel

Asa-1vQ 0

in C. Then we obtain an exact sequence

<SfffoF<1x|a|1c>

F(1x|0) F(1x|q)
F(X|AIG) % F(X|A)—— 2 /px|@)
in A.
Proof. By Theorem the functor F(X|—) preserves coequalisers of
reflexive graphs, hence by Proposition the sequence

(A )one
F(1x|0) F(1xlq)

F(X[-)(A[G) x F(X]A) F(X]G)

F(X|Q)——— 0

FXIQ) ———50
is exact. Now we only need to prove that
F (Lx (i, )) etac = S157F (1x]0]1e);

but this equality is easily obtained when post-composing with the
monomorphism tx g. ]

When the morphism ¢ in the statement of Proposition happens
to be a split epimorphism in a homological category, the proof may be
simplified and the result extended to the case where A is not necessarily
Barr exact.

Proposition 2.33. Suppose that C is pointed protomodular with bin-
ary coproducts, A 1is finitely cocomplete homological and F: C — A is
reduced and preserves reqular epimorphisms. Then any split right-ezact
sequence

q
Asq _—=Q—0
S
gives rise to split exact sequences

<(SF c°§(5|5)>
F
F(A|Q) = F(A © ?F(Q)%O

(G)
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and, given an object X in C,

<SfféGoF(1Xas)> e
F(1x]0) 1xlq
x|s

(H)
in A.

Proof. Consider the following diagram of solid arrows.

F

< L?,Q > (TQ
F(A|Q):>4 F(A)% F(A+ Q) — )—>0
) H
Ker(F(q))»———— F(G) ——> " ——0

Its top row is exact by Proposition . Moreover, F' (< 9 >) is a regular
epimorphism by the protomodularity of C and the hypothesis on F'.
Hence by the uniqueness of image factorisations, ker(F'(¢)) is equal to

g . (SEYGgoF(9)s)
i (F (<) ig0) = im (D577 )
taking into account. Hence the sequence is exact. Now the
exactness of may be deduced as in the proof of Proposition m,
noting that the functor F'(X|—) preserves regular epimorphisms (Prop-
osition [2.23]). d

3. INTERNAL ACTIONS AND SEMI-DIRECT PRODUCTS

There are several ways in which the concept of action can be in-
troduced categorically: starting from monoidal structures [9, [10]; as
algebras over a certain monad, so that an equivalence between actions
and points is obtained [20] [41]; or via cross-effects, as explained in [36].
The interpretation of actions as algebras due to Bourn and Janelidze
is conceptually very beautiful and rests on a deep categorical result:
when A is semi-abelian, the kernel functor Pts(A) — A is monadic, so
that the resulting category of algebras is equivalent to Ptg(A). Thus
the construction of semi-direct products is part of the definition of ac-
tion from the start; being algebras of a monad, actions form a category
of which the properties are well-studied.

In comparison, the definition of actions via cross-effects is rather
ad hoc. But, even when actions-as-algebras are formally equivalent to
actions-via-cross-effects, in some situations the latter notion is easier to
work with. And there is one further, and more important, advantage:
these actions are defined using binary cross-effects, but there are also
higher cross-effects, which may be used to express properties of actions
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that are not so easily captured by other means. In the present article
we shall be studying one instance of this phenomenon.

3.1. Basic definition. Let A, G be objects of A and ¢: (A|G) — A
a morphism. Consider the coequaliser

Q00
(A|G) == A+ G -1+ 0.

We say that the pair (A, ) is an action (of G on A) or a G-action
when the morphism k;, = goi4 is a monomorphism. (Compare with
the analysis of actions worked out in [54].) When this happens, we
write A Xy, G = @ and call ) the semi-direct product of A and G
along . It fits into the split short exact sequence

k

p
0 A oA, GG >0 (1)
Sy

where py, is induced by r¢: A + G — G and sy, = goig.
It is further proved in [36] that assigning to an action (A1) the

point

Py

Axy, G —=dC

59
defines one half of an equivalence between the category Actg(A) of G-
actions in A and the category Ptg(A) of points in A over G. The other
half takes a point

»
X—=G

and sends it to the induced dotted arrow ¢ in the diagram with short
exact rows

0 s (A2 A ¢ A G0

«zzv <§>l , l”G

0 Av - X—————2———0.

Example 3.2. In the category of groups any action ¢: (A|G) — A is
already a G-group, i.e., the function

(9.a) = g-a=1(gag 'a)a

does not only satisfy the rules 1-a = a and (g¢')-a = g-(¢’-a), but also
g-(aa’) = (g-a)(g-a’). This agrees with the fact that in Gp, semi-direct
products correspond with G-groups rather than with general actions.

In practice, it is often desirable to construct suitable actions; a rich
source of actions is given by normal monomorphisms as they carry a
conjugation action of the object they are contained in [36].
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Example 3.3. For any object X, the conjugation action
X = = Vioxx: (X|X) = X
of X on itself corresponds to the split short exact sequence

<1X70> 2
> XxX—=X—>0.

Ax,1x)

0 X

Proposition 3.4. Let n: N — X be a normal monomorphism in A.
Then there is a unique action VX : (N|X) — N of X on N such that

VX
(N|X) <75 N

(nlx)l I“

(X|X) =X

commutes, the conjugation action of X on N. It is natural in the
sense that any commutative square as on the left

N —— N’ (N|X) — (N'|X")
AR
X—X N—N

gives a commutative square as on the right. U

Proposition 3.5 (Co-universal property of the semi-direct product).
Consider in A an action ¢ : (A|G) — A and morphisms

A%Z&G.

Then there ezists a (necessarily unique) morphism <£>: AxyG—>Z
such that <§>okw = f and <§>osw = g if and only if the square

(A|G) —25 A

(fg)l lf

(21Z2) —> Z
€2

commautes. O

Example 3.6. The trivial action of an object G on an object A is the
zero morphism 0: (A|G) — A. Then the semi-direct product A oG
is A x G and pyq is the product projection 7g: A x G — G. Hence two
coterminal morphisms f and ¢ as in Proposition [3.5] Hug-commute if
and only if cZo(f|g) is trivial. This of course also follows immediately
from the fact that A x G is the cokernel of 14 ¢: (A|G) > A+ G and

the equality ¢Zo(flg) = (] Yorac-
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Example 3.7 (Centrality). The conjugation action ¢ of an object
X on a normal subobject N < X is trivial if and only if N is central
in X, which means that n: N — X and 1x: X —» X Hug-commute;
indeed noc™* = ¢X¥o(n|lx). (Compare with Theorem 3.2.4 in [25].)

Starting from conjugation actions we may again construct various
new actions by the following device (see Lemma below for a partial
converse).

Proposition 3.8. [30] Let ¢: (A|G) — A be an action, let m: M — A
be a monomorphism and h: H — G a morphism. Suppose that M
is H-stable under 1, i.e., the morphism vo(m|h): (M|H) — A factors
through a (necessarily unique) morphism ¢: (M|H) — M such that the
square

(M|H) ...... ® > M

<m|h>l Im

(A|G) — A
commutes. Then o is an action of H on M. U

Definition 3.9. When, in particular, M = A in the above proposition,
we write ¢ = h*(1))

(AlH) = 4

(1A|h)l

(A|G) —> A

(J)

and call ¢ the pullback of ¢ along h.

Remark 3.10. This choice of terminology may be justified as follows.
Through the equivalence of actions and points, the square matches
the morphism of split short exact sequences

0 A Ay H et H >0
|
0 Ab—> Axy G =G ——>0;

¥ Sy

Lemma [I.5] tells us that the right hand side square of the diagram is a
pullback. (In fact, one easily sees that it is also a pushout.)

Example 3.11. When N < X as in Proposition [3.4]

N,N

N,X) =c

n*(c =c).

Indeed, nocVXo(1x|n) = cX¥¥o(n|lx)e(1x|n) = cXo(n|n), which equals
nocy by naturality of conjugation actions.
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Example 3.12. For any action ¢: (A|G) — A,
Y= O ls,) = s ()
the action ¢ coincides with the restriction to G of the conjugation

action of the semi-direct product A »x, G on A.

3.13. A first encounter with a ternary cross-effect. Any action
induces certain higher-order operations which we shall need in what
follows.

Notation 3.14. Let A, G be objects in and ¢: (A|G) — A a morph-
ism. Consider n > 2 and 1 < k < n — 1. Define ¢, to be the
composite morphism

she
Vkn 1 (Al [A|G]-++|G) —2E s (A|G) — 2 A

N, X

In particular, taking 1) to be the conjugation action ¢ of an object

X on some normal subobject N < X, we get morphisms
NX |
i (N [NIX]--- | X) = N.
Note that cjl\ﬁX = ¢MX. Also the other conjugation actions cﬁ;ﬁ L are
interrelated, the generic relation being the following one:

Lemma 3.15. For any normal monomorphismn: N — X the equality
it = o(Inln[lx): (N|NIX) — N

holds. In particular, cgf’lX = cf’QX = .

Proof. Post-compose with n and use the commutative diagrams ob-

tained by injecting the various cross-effects into the corresponding

sums. 0

This coherence condition in terms of ternary cross-effects will ap-
pear again in the analysis of crossed modules: see Theorem and
Example and below. We shall also investigate some closely
related structures, such as Beck modules and extensions with abelian
kernel. Those structures all satisfy variations of this condition, vari-
ations which may be expressed in terms of higher-order commutators

(sections [6] and [7]).
4. THE Smith is Hug CONDITION

We explain how the Smith s Huq condition for finitely cocomplete
homological categories may be expressed in terms of cross-effects as
the vanishing of a ternary commutator. Thus a condition which is
about locally defined internal categorical structures admitting a global
extension is characterised as a computational obstruction. This is the
key point of the present article—all results in the ensuing sections are
based on it.
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Theorem characterises when two given equivalence relations R,
S on a common object X commute in the Smith/Pedicchio sense: if K
and L denote their respective denormalisations,

[K,L] = [K,L,X] =0

is a necessary and sufficient condition. This immediately gives a charac-
terisation of the Smith is Huq condition (Theorem , and a formula
for the Smith/Pedicchio commutator in terms of cross-effects (The-
orem . We also find a characterisation of double central extensions
(Proposition , which allows us to obtain a Hopf formula for the
third homology of an object in any semi-abelian category with enough
projectives (Theorem [1.17)).

4.1. The Smith/Pedicchio commutator. Consider a pair of equiv-
alence relations (R, S) on a common object X

T1 52
R<—Ap— X —As— S,
T2 S1

and consider the induced pullback of 1 and ss.

Rxy S5 8
_
]

The equivalence relations R and S Smith/Pedicchio-commute [62]
57, 19] when there is a (necessarily unique) morphism 6 (a connector
between R and S) such that the diagram

R
<IR,ASOT1>/ \:2

RXXS <<<<<<<<<< 6> X

<AR052715>\ s %

is commutative. The connector 6 is a partially defined Mal’tsev oper-
ation on X, as the diagram commutes precisely when 6(z, z, z) = z for
(x,z) € S and O(x,z,z) = x for (z,z) € R. It is also the same thing
as a pregroupoid structure |46, 44] on the span (d = coeq(ry,72),¢ =
coeq(sy, 52)).

The Smith/Pedicchio commutator [R,S]° of R and S is the
smallest equivalence relation on X that should be divided out to make
R and S commute, so that they do commute if and only if [R, S]° = Ax.
It may be obtained through the colimit () of the outer square above,
as the kernel of the (normal epi)morphism X — Q).



THE TERNARY COMMUTATOR OBSTRUCTION FOR INTERNAL CROSSED MODULES

4.2. The Smith is Huq condition. The normalisation K of an
equivalence relation (R, ry,72) on X is the monomorphism

rooker(ry): K = Ker(r;) — X.

We say that a monomorphism is an ideal when it is the normal-
isation of some (necessarily unique) equivalence relation [I3]. In a
homological category, ideals are direct images of kernels along regu-
lar epimorphisms—see [50] for an in-depth analysis. We shall give a
precise characterisation of ideals in terms of internal actions in Ex-
ample For now, it suffices to note that the normalisation of an
effective equivalence relation is always a kernel; conversely, any normal
subobject N <« X (in the strong sense, i.e., it may be represented by a
kernel) admits a denormalisation Ry, the kernel pair of its cokernel.
This process determines an order isomorphism between the normal su-
bobjects of X and the effective equivalence relations on X, which in
the semi-abelian case coincides with the correspondence between ideals
and equivalence relations.

It is well known that Smith/Pedicchio-commuting equivalence rela-
tions have Hug-commuting normalisations [19]. However, the converse
need not hold; in |7, [16] a counterexample is given in the category of di-
groups, which is a semi-abelian variety, even a variety of Q-groups [38§].
(See also Example ) Thus arises a property homological categories
may or may not have:

Definition 4.3. A homological category satisfies the Smith is Huq
condition (SH) when any two effective equivalence relations on a
given object commute as soon as their normalisations do.

[t turns out that the condition (SH) is fundamental in the study of in-
ternal categorical structures: it is shown in [53] that, for a semi-abelian
category, this condition holds if and only if every star-multiplicative
graph is an internal groupoid. As explained in [41] and in Section [5| of
the present article, this is important in the definition of internal crossed
modules.

The Smith is Huq condition is known to hold for pointed strongly
protomodular exact categories [19] (in particular, for any Moore cat-
egory [58]) and for action accessible categories [22], 25] (in particular,
for any category of interest [55], [56]). Well-known examples are the cat-
egories of groups, Lie algebras, associative algebras, non-unitary rings,
and (pre)crossed modules of groups.

Theorem 4.4. For effective equivalence relations R and S on X with
respective normalisations K, L < X, the following are equivalent:

(i) R and S Smith/Pedicchio-commute;
(i) [K,L] =0=[K, L, X]. 0
Hence a homological category satisfies (SH) when for any pair of ef-
fective equivalence relations of which the normalisations commute, the
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ternary commutator obstruction vanishes. The proof is an obvious ap-
plication of the following fundamental lemma. The basic admissibility
condition which appears in it was first discovered by Martins—Ferreira,
see e.g. [51]. (Incidentally, we believe Lemma answers part of the
question asked in the concluding section of that paper; see also [52].)
We shall consider diagrams of shape

A C
L
D
with for = 1p = gos and aor = [ = yos. By taking the pullback of f
with g, any diagram such as may be extended to a diagram

in which the square is a double split epimorphism (i.e., also the obvious
squares involving splittings commute). The triple («, 3,7) is said to
be admissible with respect to (f,r,g,s) if there is a (necessarily
unique) morphism ¥: A x5 C' — D such that ¥ee; = a and Joeg = 7.

Lemma 4.5. Given any diagram , let k: K — D be the image of
acker(f), I: L — D the image of yoker(g) and B: B — D the image of
B. Then the triple (o, B,7) is admissible with respect to (f,r,g,s) if
and only if

K, T]=0=[K,IB

Proof. We decompose A, C and A x g C' into semi-direct products and
then analyse in terms of the induced actions what it means for v to
exist. By the equivalence between actions and points there are unique
actions ¢, 1 that give rise to the morphisms of split short exact se-
quences

0 ker(/) A—DB%O

H (-

0 K x BHB%O
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and

| k)

T

C—DB%O

szpB—DB%O

By Remark we obtaln the following commutative diagram with

exact rows, in which ¢ =

(9°0)* ()

= po(1k|py)-

p
0 K> KNC(LMB):}LMB%O

s¢

(ker(f),0) mc
0 K~ AxgC—=C 0

ea=(rog,1¢cy
TA g
f

0 K A > B 0

ker(f)

r

Now write k = acker(f): K — D and | = 7oker(g): L — D. If the
desired morphism ) exists then

Yok = 190< <keer2(gc)r,0> > = Yo {14,s0fyoker(f) > _

€200

aoker(f)
ocol;gra(f)>= <<fyoker >> <<B>>
Conversely, if the morphism

o =((1y)

satisfies the relevant constraints: it is clear from
oty = v and that ¥ortoejoker(f) =

Yoeq oker(f) >

Joesoo

exists then ¥ = ¥or ™!
the above calculation that 1ex™!
acker(f), but we also have

19IO/€710<1C7 50f>07” =
= ok~

V'orloejor = Vor to(r, sy = ok To(reg, 10 )os
106205 = YoS§ = 6 = QoT.

Thus ok tee; = a. It follows that the desired morphism ¢ exists if
and only if ¢ exists, which according to Proposition is the case if
and only if the diagram

) LIN K

(K|L x, B

(K8)] l (M)

D|D) ——>D
(DID) —

commutes. To find conditions for this to happen we use sequence
on the identity functor of A in order to decompose the object (K|L x4y,
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B) in three parts, via the regular epimorphism

K,Lxy,B
512 o(L|kylsy)
< (Liclhy) > t (KI|L|B) + (K|L) + (K|B) — (K|L x4 B).

(1x|sy)
First note that by Example and naturality of the conjugation
action
koCo(lklsy) = k°%0°(1K|Pw) (1klsy) = ko = ko™ ePo(1x]s,)
P Po(kICE))e(1k]sy) = P Po(k|B)
P Po(k[Ch )o(Lrclsp),
so that Diagram (M) always commutes on (K|B).
Next, keCo(li|ky)) = kope(lic|py)o(Lic|ky) = kopo(1k[0) = 0 by
reducedness of the cross-effect. Hence, for the equality
keCo(Lic[ky)) = Po(k[Ch )o(L|ky))

to hold, the morphism c?Ps(k|l) = cPo(k|l)o(k'|l') has to be trivial.
(Here we write k = kok’, and similarly for [ and ). Noting that (k'|l')
is a regular epimorphism by Proposition , we see that ¢PPo(k|l) = 0
precisely when [K, L] = Im(cPo(k[l)) is trivial.

Finally,

keGeSys " PelLiclkylsy) = kopo(Liclpp)oSys ™ o(Liclkylsy)
= kopoSy3” °(1K|pw|Pw)°(1K|kw|8w)
= koo Sy's o(1[0[15)
is zero, while

P Po(k| b N)eSts oLk kylsy) = P PoS s o (k[ VI E D)o (L lhy|s)
cPo(k|1]8)

= c5 o(k[1|B)=(K'|l'| 8"
As (K'|l'|#") is a regular epimorphism by Proposition [2.23} this tells us
that Diagram commutes on (K|L|B) if and only if [K, L, B| =
Im(cPo(k|l|3)) = 0, which concludes the proof. O

Theorem 4.6. The following are equivalent:

(i) the Smith is Huq condition holds;
(i) any two effective equivalence relations on a given object com-
mute as soon as their normalisations do;
(iii) any two equivalence relations on a given object commute as

soon as their normalisations do;
(iv) for any K, L ideals of X,

[K,L,X] <[K, L™
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Proof. Conditions (i) and (ii) are equivalent by definition. The equiv-
alence between (ii) and (iii) is Remark 2.4 in [53], but may also be
obtained using Lemma [£.5 Now suppose that (iii) holds and consider
normal subobjects K and L of X. Divide out their Huq commutator

0—> K, L]Hs—s X 25 Q 0

and write ¢(K), q(L) < @ for the direct images of K and L along g.
By Proposition [2.18]ii we obtain a diagram

[K»L>X] —* [Q(K)>CI(L)’ Q]

00— [K, L] X > Q 0

q

and a factorisation of K, L, X| over [K, L|"9. Indeed, [¢(K),q(L), Q]
is zero by Theorem [4.4] as [¢(K),¢(L)] = ¢[K, L] = 0. Finally, (iv) =
(i) is again a consequence of Theorem [£.4] O

This at once yields a new class of examples.

Example 4.7. A nilpotent category of class 2 is a semi-abelian
category whose identity functor is quadratic, i.e., it has a trivial triple
cross-effect [35]. Hence, almost by definition, any such category satisfies
(SH). In particular, the Smith is Huq condition holds for modules over
a square ring, and specifically for algebras over a nilpotent algebraic
operad of class two [3].

Example 4.8. When K, L, M are normal subgroups of a group G,
[K, L, M] = [K,[L,M]] v [L,[M, K]] v [M,[K, L]

by a result in [35]. Hence in Gp all triple commutator words are essen-
tially of the shape considered in Example [2.4]

This of course also gives (SH). So far it is not clear which categories
allow a similar decomposition of their triple commutators.

For instance, the semi-abelian variety Loop of loops and loop homo-
morphisms forms a counterexample. We show that it does not satisfy
the Smith is Hugq condition, which also implies that this category is
neither action accessible nor strongly protomodular.

Example 4.9. A loop is a quasigroup with unit, an algebra
(A7 K \7 /7 1)

of which the multiplication - and the left and right division \ and /
satisfy the axioms

y=uz-(z\y) y=a\(z-y)
x=(x/y)-y = (z-y)/ly
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and 1 is a unit for the multiplication, z -1 = x = 1 - 2. We shall
sometimes write xy for x - y. The variety Loop of loops is semi-abelian
(as mentioned for instance in [§]). Loops are “non-associative groups”,
and indeed an associative loop is the same thing as a group. It is
easily seen that the abelian objects in Loop are precisely the abelian
groups—which are not to be confused with the objects in the variety
of commutative loops, which have a commutative, but possibly non-
associative, multiplication.

The associator of three elements x, y, z of a loop X is the unique
element [z,y, z] of X such that (xy)z = [x,y, z]-x(yz). Hence [z, y, z]
is equal to ((zy)z)/(x(yz)). Given three normal subloops K, L and M
of X, we write [K, L, M] for the associator subloop of X determined
by K, L and M: the normal subloop of K v L v M generated by the
elements [z, y, z], where either (z,y, z) or any of its permutations is in
K x L x M.

It is clear that the object [ K, L, M| is a subloop of the triple commu-
tator K, L, M|, as for any associator element [z, y, z|, the associators
[1,y, 2], [z,1, 2] and [z,y,1] are trivial (Example [2.5]). In general the
triple commutator [K, L, M| is bigger though: otherwise the category
of groups would be quadratic—which it is not, as there exist examples
of groups that are not 2-step nilpotent.

In order to prove that the category Loop does not satisfy the Smith
1s Hug condition, it suffices to give an example of a loop X with an
abelian normal subloop A of X such that [A, A, X] is non-trivial. Then
by Theorem [4.4]the denormalisation R4 of A does not Smith/Pedicchio-
commute with itself, even though [A, A|] = 0. (This situation is further
analysed in Theorem ) In fact, in our example, already the associ-
ator [A, A, X] is non-trivial.

We take X to be the well-known (and historically important) loop of
order eight occurring in relation with the hyperbolic quaternions: the
set

{]-7 _]-72 _Z.7j7 _j7 k:v k}

with multiplication determined by the rules

ij=k=—ji
jk=i=—kj i =jj=kk=1
ki=j=—ik

and the expected behaviour for —1. The subset {1, —1, j, —j} of L forms
a normal subloop A of index two, isomorphic to the Klein four-group
V = 7Zy x Zy. Now j(ji) = j(—k) = —i while (jj)i =1, so

15,5, € [A, A, XT < [A, A, X].
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4.10. Decomposition of the Smith /Pedicchio commutator. The
above Theorem leads to a formula for the Smith/Pedicchio com-
mutator of two equivalence relations in terms of binary and ternary
commutators of their normalisations: Theorem [.14]

Lemma 4.11 (cf. Remark [2.12)). For any K, L < X in a semi-abelian
category, the join [K, L, X] v [K, L] is normal in X.

Proof. Consider first the quotient ¢ of X by [K, L, X|, then the direct
image of [K, L] along q.

[K, L] — [q(K), q(L)]

| I

00— [K,L, X]|> X —Q 0

Note that [K, L, X] is normal in X by Proposition [2.18/vii. To prove
our claim we only need to show that the commutator [¢(K),q(L)] is
normal in @ = ¢(X). But

[[a(K), a(L)]. ¢(X)] < [a(K), q(L), ¢(X)] = ¢[K, L, X] =0
by Proposition [2.18so that the result follows from Proposition[2.16] O

Remark 4.12. When, to the above situation, we add M < X such
that K v L v M is X,

[K,L,M]|v[K,L|=[K,L X]v|[K,L].
Indeed, freely using the rules from Proposition [2.18] we see that
|K,L,K v Lv M]
= [K,L,K,L,M]|v[K,L,K,L]v |[K,L,L, M|
v|K,L,K,M|v |K,L,K|v |K,L,L| v |K,L M|
< [K,L,M]v|[K,L]v[K, L, M]
v |L,K,M|v|L K|v|K,L|v|K,L M|
= [K,L,M]v|[K,L],
while the other inclusion is obvious.
Remark 4.13. If K, L < X are such that K v L = X then K, L| =
0 suffices for the respective denormalisations R and S of K and L

to commute in the Smith/Pedicchio-sense [32]. In other words, when
[K, L] is trivial, the ternary commutator [K, L, X] is trivial as well.

By Remark this also follows from
[K, L, X] v [K, L] = [K, L,0] v [K, L] = [K, L].

Theorem 4.14. In a semi-abelian category, given equivalence rela-
tions R and S on X with respective normalisations K, L < X, the
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Smith/Pedicchio commutator R, S|® is the left hand side equivalence
relation

() ()

(LK. L, X v [, L) sy X =2 X [, L], X =52 X
< [k,1] > 1x
1x

where 7y is the conjugation action of X on [K,L,X| v [K,L]. When,
in addition, K v L = X then [R,S]® simplifies to the above right hand
side equivalence relation.

Proof. The equivalence relation in the statement above is the denor-
malisation of the normal subobject [K, L, X| v [K, L] of X considered
in Lemma [£.11] By Theorem [4.4] it satisfies the same universal prop-
erty as |R, S|5, thus it coincides with it. The further refinement is just
Remark [4.13 O

4.15. An application to homology. One situation where expressing
the Smith /Pedicchio commutator in terms of cross-effects yields imme-
diate results is in semi-abelian (co)homology. For instance, according
to [31] the Hopf formula for the third homology object H3(Z, ab) of an
object Z with coefficients in the abelianisation functor

ab: A — Ab(A): A AJ[A, A]MMd

depends on a characterisation of the double central extensions in A.
Such a characterisation was given in [60] in terms of the Smith /Pedicchio
commutator: a double extension such as below is central if and
only if
[R[d], R[c]]® = Ax = [R[d] A R[c], Vx>,

Here Vi is the largest equivalence relation on X, the denormalisation
of 1x. When (SH) holds this condition may be reformulated in terms of
the Huq commutator, and when A has enough projectives this makes
it possible to express H3(Z, ab) as a quotient of commutators. So far,
however, it was unclear how to obtain a similar explicit formula in
categories that do not satisfy (SH).

Proposition 4.16. Given a double extension
X —-sC

| ™

in a semi-abelian category, write K = Ker(c) and L = Ker(d). Then (NJ)
1s central if and only if

[K,L,X]=[K,L] =[K ~ L,X] =0.
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Proof. Via Theorem this is an immediate consequence of The-
orem 2.8 in [60]. O

Recall that a double presentation of an object Z is a double ex-
tension such as in which the objects X, D and C are (regular
epi)-projective.

Theorem 4.17. Let A be a semi-abelian category with enough project-
wes. Let Z be an object in A and a double presentation of Z with
K = Ker(c) and L = Ker(d). Then

K ALA[X,X]
[K,L, X v [K. L] v [K ~ L, X]

When, moreover, A is monadic over Set, these homology groups are co-
monadic Barr—Beck homology [2] with respect to the canonical comonad

on A.

Proof. This follows from Proposition and the main result of [30];
see also [3I]. Note that by Lemma and Proposition [2.18]vii, the

denominator is indeed normal in X so that the formula makes sense.
O

Hg(Z, ab) =

5. INTERNAL CROSSED MODULES

Now we turn to the study of crossed modules from the viewpoint of
the definition of actions in terms of cross-effects. It turns out that this
literally generalises the classical definition as in the case of groups—
except for a higher coherence condition which does not appear in any
of the usual categories where crossed modules have been considered,
such as groups, Lie algebras and associative algebras. It expresses the
property (SH) needed to extend a star-multiplication to an internal
category structure in arbitrary semi-abelian categories, or even finitely
cocomplete homological ones—see [41], 53].

5.1. Internal categories and internal groupoids, star-multiplicative
graphs and Peiffer graphs. The analysis of the Smith is Huq con-
dition in terms of higher-order commutators yields new conditions for

an internal reflexive graph to be an internal category (or, equivalently,

an internal groupoid).

Theorem 5.2. Consider an internal reflexive graph (R,G,d,c,e).

R<—-
(&

G doe = coe = 1g (O)

The following are equivalent:
(i) (R,G,d,c,e) is an internal category;
(ii) [Ker(d),Ker(c)] = 0 = [Ker(d), Ker(c), R];
(iii) [Ker(d),Ker(c)] = 0 = [Ker(d), Ker(c), Im(e)];
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(iv) the conjugation action c¢V%: (A|R) — A of R on A factors
through the morphism (14lc): (A|R) — (A|G);
(v) e = (eoc)*(chF)

Proof. Theorem |4.4] implies that(i) and (ii) are equivalent, because the
given reflexive graph is a groupoid if and only if the kernel pairs R|[d]
and R|c] of d and ¢ Smith/Pedicchio-commute [57]. It is clear that
(ii) implies (iii), while the equivalence between (i) and (iii) may be
obtained via Lemma [4.5] In fact (ii) also follows from (iii) by a direct
commutator calculation using Proposition as R = A v Im(e).

The equivalence between (iii) and (iv) is a consequence of Proposi-
tion 2.33] Finally, if ¢ = ¢*(¢) then

e* (M) = e*(c*()) = (coe)* () = o,

so that ¢MF = c*(e*(cMf)) = (eoc)*(cMT), 0

Condition (ii) on commuting kernels says that a reflexive graph
(R,G,d,c,e) with a multiplication m: Ker(d) x Ker(c) — R defined
locally around 0 as in

0
B/\a m(fB, o) =y

such that mo(lker(a), 0) = ker(d) and mo(0, Iker()) = ker(c) extends to
a globally defined multiplication (i.e., an internal category structure) if
and only if the obstruction [Ker(d), Ker(c), R] vanishes. Similar “local
to global” properties were studied in [49, 63| after they appeared nat-
urally in [41]. Since both are relevant in what follows, we briefly recall
their definition; see [49, 53] and Remark for more details and a
proof that the structures are equivalent.
Consider a reflexive graph (R, G, d, ¢, e) and the pullback

TKer(d)

R x¢ Ker(d) —— Ker(d)
(d)

| - l
TR O=coker
R G

d

The reflexive graph is star-multiplicative [41] when there is a (ne-
cessarily unique) morphism ¢: R xg Ker(d) — Ker(d) such that the
conditions ¢e(ker(d),0) = lker(ay and ¢{es0, Iker(q)) = lker(ay hold.

NG =
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It is Peiffer [49] when there is a (necessarily unique) w: Ker(d) x Ker(d) — R
such that we(lker(a), 0) = ker(d) and wo{lker(d); lker(a)) = €ocoker(d).

0

ﬁ/\a w(B,a) =

5.3. Precrossed modules and crossed modules. A precrossed mod-
ule is a normalisation of a reflexive graph, while a crossed module is a
normalisation of an internal groupoid. We describe these structures in
terms of internal actions.

Definition 5.4. A precrossed module in a semi-abelian category A
is a quadruple (G, A, i, ) where G and A are objectsin A, u: (A|G) — A
is an action of G on A, and d: A — GG is a G-equivariant morphism
with respect to the action 1 and the conjugation action of G on itself,
respectively. In other words, the following square commutes.

(A|G) > A

<a|1o>l la (P)

Together with the obvious morphisms, the precrossed modules in A
form a category PXMod(.A).
Proposition 5.5. The category PXMod(A) is equivalent to RG(A).

Proof. This is an extension of the equivalence between actions and
split epimorphisms. Given a precrossed module (G, A, u1, 0), the action
1 corresponds to a split exact sequence

er d
00— A R G —>0 (Q)

where R = Ax,G. Proposition [3.5|gives a unique morphism c¢: R — G
such that @ = coker(d) and coe = 1 precisely when ([P]) commutes. [

In particular, since the category PXMod(.A) is equivalent to a cat-
egory of diagrams in A, it is homological or semi-abelian when so is

A.

Definition 5.6. A precrossed module (G, A, p, 0) is a crossed module
if its associated reflexive graph is an internal category. This gives us
the full reflective [57] subcategory XMod(.A) of PXMod(A).

Janelidze analysed this concept of crossed module using internal ac-
tions in semi-abelian categories [41]. Our actions are different, and
thus we obtain a different characterisation, valid in finitely cocomplete
homological categories:
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Theorem 5.7. A precrossed module (G, A, 11, 0) in a finitely cocomplete
homological category is a crossed module if and only if it satisfies the
following two additional conditions:

(i) the conjugation action of A on itself coincides with the pullback
of i along 0, i.e., ¢t = 0*(u) so that the square

(4]4) <> 4
<1A|a>l H (R)
(AlG) — A
o
commutes;
(ii) the square
H2,1

(AJA|G) %ﬂl

(1A51G)\L

1,2
commutes.

Proof. Using Proposition [2.8] we decompose the object R in such a
way that the fifth condition of Theorem [5.7]falls apart in three distinct
statements. One of those is the commutativity of @, a second one is
the commutativity of , and a third is trivially satisfied.

Indeed, R = A %, G, so that we may consider the following pair of
parallel morphisms.

(AJAIG) % (A]4)) % (A|G) — (AJA + G) ML (4]4 %, G) ——

(e0c)* ()
On (A|G) these morphisms coincide, as goig = e: G = A%, G = R by
definition of e, and
(eo0)* (cM)o(Lale) = e*((eoc)* (M) = (eocoe)*(¢F)
= e* (M) = Mo(1]e).
On (A]A) they coincide if and only if the square (R) commutes. To

see this, recall that ¢ = (*@%: A+ G — A x, G = R, so that gois
is the monomorphism ker(d): A — R. Then

ker(d)oc™Fo(14|ker(d)) = ker(d)oc™
by naturality of conjugation actions (Proposition , and
ker(d)o(eoc)* (¢ )o(14|ker(d)) = ker(d)oc™o(1 4]eoc)o(1 4|ker(d))
= ker(d)oc™o(1 4|€)o(1 4]coker(d))
= ker(d)opo(14|0).

A
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Hence ¢4 = jio(14|0) if and only if ¢4® and (eoc)*(c*F) coincide on
(A]A).

Similarly, ¢4® and (eoc)*(c*®) coincide on (A|A|G) precisely when ()
commutes. For a proof, consider the commutative diagrams

(A]AjG) — L (414 R)

ta,g °t2
(AA+G) ——— A+ A+ G2 4L A+ R
LA,A+G
(Lalg) latq iA
AR <iRoker(d)>
(A|IR) ———— A+ R<~ ;R W ker(d)+ker(d)+ 15
AR <ker(d) <ker(d)
c™ 1r
Av R — R+R+R
ker(d) v
and
( allale)
(A1416) M (4]41R)
a1 S3i"
pen | (A|G) —) s (AIR) —2" o A+ R AL AR
u AR <ker(d) l l/ker(d)—l—ker(d)-i—l R

ker(d) v

which show that pg; = ¢ (1|q)0LA G )OLIQI Similar diagrams show that

1,22(1a]0l16) = (eoe)* (¢ )o(1]g)orliis ot

and these two equalities together are precisely what we need to prove
our claim. O

Alternatively, in this proof we could have used Sequence as in
the proof of Lemma

Remark 5.8. Condition (i) could be called the Peiffer condition.
It means that the reflexive graph induced by (G, A, u, 0) is a Peiffer
graph: the commutativity of (]ED gives us a morphism of split short
exact sequences

0 Al><1A’O> AxA:EA%O
H wl Aalay |
0 A R:’QG%O

ker(d)
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as in Example The conditions ker(d) = wo(14,0) and eod =
wo{la,14) tell us that w is a Peiffer structure on (R,G,d,c,e). By
Proposition 3.7 in [53] this is equivalent to the reflexive graph being
star-multiplicative in the sense of [41], or—when A is semi-abelian—the
condition that ker(d) and ker(c) commute.

The star-multiplication on (R, G, d, ¢,e) may also be obtained dir-
ectly from the commutativity of @ Indeed, via the co-universal prop-
erty of semi-direct products (Proposition we see that the needed
morphism

CZ AN@*(H)AZRXGA—)A

exists if and only if 0*(u) = 4.

Hence a semi-abelian category satisfies (SH) if and only if the coher-
ence condition (ii) always comes for free: any precrossed module that
satisfies the Peiffer condition is a crossed module. This happens, for
instance, in all of the examples considered below in [5.9]

In a non-exact context this is not quite true. As explained in the
last paragraph of [53], in order that (SH) be equivalent to the condi-
tion “all star-multiplications come from internal category structures”; a
slight strengthening of the definitions of star-multiplicative graph and
of Peiffer graph imposes itself. Thus asking that (ii) always follows
from (i) in a finitely cocomplete homological category seems formally
stronger than assuming (SH), as the Peiffer condition (i) only gives
“weak” Peiffer graphs.

Examples 5.9. When A is the category of groups, the above Defini-
tion of a crossed module is equivalent with the classical definition,
because the coherence condition (ii) follows from (i). In the case of
augmented (i.e., non-unitary) associative algebras we obtain the defi-
nition due to Dedecker and Lue [20], 47| and Baues [4], and in the case
of Lie algebras the one considered by Kassel and Loday [45].

Example 5.10 (Kernels). In all classical algebraic examples, any ker-
nel is a crossed module. This is of course true in general. Given a
short exact sequence (A), the quadruple (X, A, ¢**, a) is a precrossed
module by naturality of the conjugation action, and it satisfies the
Peiffer condition by Example and the coherence condition by
Example . The internal category corresponding to (X, 4, ¢, a)
is the kernel pair R[p] of p. In a semi-abelian category, any crossed
module (G, A, i, 0) where @ is monic is of this shape, as follows either
from the next example or from Proposition [2.16]and the commutativity
of the square ([P].

Example 5.11 (Ideals). In a non-exact setting, however, the exist-
ence of the action p is not enough to guarantee that ¢ is a kernel.
Actually, when (G, A, p,0) is a crossed module in a finitely cocom-
plete homological category, ¢ being a monomorphism is equivalent to
the corresponding internal category being an equivalence relation—but
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there is no reason why this equivalence relation would be effective. The
kernel of 0 is precisely

Ker(d) A Ker(c) = Ker({d,c): R — G x G),

which is zero if and only if d and ¢ are jointly monic.

In any case, a monic precrossed module is the same thing as an ideal
(Subsection . Furthermore, any monic precrossed module is auto-
matically a crossed module, since in a Mal’tsev category any reflexive
relation is an equivalence relation. In other words, when ¢ is a mono-
morphism, the commutativity of (]ED and the naturality of conjugation
actions (Proposition imply that also (]ED and commute.

Some classical properties of crossed modules of groups easily gener-
alise to homological or semi-abelian categories. Note that here we do
not yet use the coherence condition (S|); it is needed, however, in a
refinement of property (ii) given in Proposition below.

Proposition 5.12. Let (G, A, u,0) be a crossed module in a finitely
cocomplete homological category A. Then the following properties hold:
(i) K is central in A, so that in particular K is abelian;
(i) K is stable under p: there is a unique action k such that the

square
(K|G) "> K
(klc)l k
(AlG) — A
W
commutes;

(iii) when A is semi-abelian, the morphism 0 is proper; we thus
have an exact sequence

0 Ktsa—2sg-LvQ 0 (T)
where k = ker(0) and p = coker(0).

Proof. Via Example to obtain (i) must prove that the conjuga-

tion action of A on K is trivial. By Proposition [3.4] we have that

kocK:A = ¢A4o(k|14), so that the result follows from the Peiffer condi-

tion (]E) and the symmetry of cross-effects. Indeed, since V gotw,y =

Va: A+ A — Awhere tw, denotes the twisting isomorphism <ZZ§ >: A+A— A+ A,
we have

koc®A = CA’AO(/CHA) = CA’AotW/O(/{ZHA)
= pio(14]0)otw'o(k|14) = pro(14|0)o(1a[k)otw” = 0,
where the tw’ and tw” are the obviously induced twistings of the cross-
effect.

Statement (ii) follows from the precrossed module condition ([P)),
which implies dopo(k|lg) = c¥o(d|1g)o(k|1g) = 0, so that ue(k|lg)
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factors uniquely over the kernel k& of ¢. The resulting morphism &
is an action by Proposition [3.8]

Statement (iii) again follows from Proposition [2.16]since the square ([P))
commutes. (In general homological categories we only know that Im(0)
is an ideal, as essentially explained in Example ) O

6. EXTENSIONS WITH ABELIAN KERNEL VS. ABELIAN EXTENSIONS

There is a subtle difference between the concept of extension with
abelian kernel—any short exact sequence

0 Artsx 2o @ 0 (U)

where the kernel A is abelian—and the notion of abelian exten-
sion, a regular epimorphism p: X — G which is an abelian object
in the slice category A/G. Since “abelian object” here means that
p admits an internal Mal’tsev operation, this amounts to the condi-
tion [R[p],R[p]] = Ax (see, for instance, the analysis made in [21]).
We write AbExt(A) the full subcategory of Ext(A) determined by the
abelian extensions in A.

As, for some purposes in homological algebra, one needs extensions
with abelian kernel to be abelian extensions—see for instance Sec-
tion [8}—it is worth exploring this instance of the Smith is Huq property
in more detail. Certainly, any abelian extension has abelian kernel,
while unlike what happens for groups, in an arbitrary semi-abelian
category an extension with abelian kernel need not be an abelian ex-
tension (see [7, [16]; in fact also Example gives a counterexample,
as follows easily from Theorem . In the present section we investig-
ate the problem from the point of view of internal actions and ternary
commutators.

Lemma 6.1. Suppose that A is semi-abelian. Let ¢: (A|X) — A be
an action in A and p: X — G a reqular epimorphism such that there
exists a (necessarily unique) factorisation

(A|X) > A

(1AP)J7 H

(AlG) —= A
%2
of Y. Then ¢ is an action of G on A.

Proof. This can most conveniently be proved using the extension of
to an algebra structure £: AdX — A, cf. [36] and [20, 41], and using the
fact that p induces a regular epimorphism 1,dp: AdX — AdJG. This
allows to check the algebra conditions for the factorisation (: AJG — A
of £ by precomposing with 144 and using the obvious commutative
diagrams. U
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Example 6.2 (Central extensions). The conjugation cAX of a given

short exact sequence U|) induces the trivial action 1, : (AlG) - A
if and only if ¢4 itself is trivial, which by Example|3.7] ﬁ means that (U] .
is a central extension: the kernel A of p: X — G is central in X.
(Since the denormalisation of A is the kernel pair R[p] of p, by Ex-
ample [3.6| this also means that R[p] is a product of A and X, cf. [1§].)

Note that [A, X] being trivial immediately implies that also [A, A, X]
is zero by Proposition [2.18]

In the semi-abelian case this gives another classical “extreme” in-
stance of a crossed module (cf. Examples and [5.11)), the situation
where the arrow ¢ is a regular epimorphism. Indeed, when p is a
central extension, the quadruple (G, X, i, p) where p: (X|G) - X is
the factorisation of ¢** over the morphism (1x|p): (X|X) — (X|G)
satisfies the three crossed module conditions. First note that such a
factorisation exists by Corollary [2.32] since

Im(cX’XoSféXo(1X|a|1X)) Im(cyo(1xlallx)) =[X, 4, X] < [A,X] =0
as A = Ker(p) is central. Moreover, ;1 is an action by Lemma
and satisfies the Peiffer condition by its very definition. The pre-
crossed module condition now follows by naturality of conjugation ac-
tions (Proposition since (1x|p) is a regular epimorphism. Finally,
the square corresponding to commutes by Lemma m

fi20(1x|p|1e)o(1x|1x[p) = peSis’o(1x|plp) = pe(lx|p)eSis™ = X ¥oSry"

X, X X, X X,G
:CX’XOSM = po(1x|p)eS 21 = M°S2,1 o(1x[1x|p)
= pzao(1x[1x][p),
while (1x|1x|p) is a regular epimorphism by Proposition [2.23]
In fact, as shown in [I8], central extensions in a semi-abelian cat-
egory are precisely normalisations of internal connected groupoids,
i.e., groupoids (O] where {d,c): R — G x G is regular epic.
Lemma 6.3. Consider a short exact sequence (U)).
(i) If p is split by s the conjugation action c*X of X on A admits
a factorisation

(A]X) <25 4
(1Ap)l H
(AlG) - > A

if and only if A is abelian and 021 o(1allals) =

(ii) Suppose that p is arbitrary but A is semi- abelmn. Then the
conjugation action cX factors through (14|p) if and only if A
15 abelian and c;’lx = 0. Moreover, when this happens, 1, is
an action of G on A.
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Proof. We only treat (ii), the proof of which may easily be adapted to
(i) using Proposition instead of Corollary [2.32] The latter tells us
that for semi-abelian A the action ¢** factors through the morphism
(14|p) if and only if

NSt o(1alallx)  and M ¥o(14la)

are trivial. But ¢*¥o(14]a) = aoc™* by naturality of the conjugation
action, and cf’QXo(lA|a|1X) = 0‘247’1X by Lemma m Lemma now
says that (A,,) is an action. O

The next result is an immediate consequence of Theorem [.4] and

Lemma [6.3]

Theorem 6.4. For an extension with abelian kernel the following
are equivalent:

(i) p is an abelian extension;

(i) [R[p], Rlp]] = Ax;
(iv) ei* = 0.

When A is semi-abelian, these properties are equivalent to:

(v) the conjugation action ¢~ of X on A factors through a (ne-
cessarily unique) action 1, of G on A;

(vi) X = p*(2h,) for some morphism ,: (A|G) — A. O
Corollary 6.5. If A is semi-abelian the inclusion AbExt(A) — Ext(A)
has a left adjoint

ab: Ext(.A) — AbExt(.A)
which takes an extension p: X — G and maps it to its induced quotient

X
dO) A ax ¢

Proof. This follows from Lemma which says that [A, A]v[A, A, X]
is normal in X. t

7. BECK MODULES

Where abelian extensions are abelian objects in a slice category A/G,
Beck modules [0}, 2] are abelian groups in A/G or, equivalently, abelian
objects in the category of points Ptg(A). We here provide several
equivalent characterisations of Beck modules in finitely cocomplete ho-
mological categories, again in terms of internal actions and (higher-
order) cross-effects.



THE TERNARY COMMUTATOR OBSTRUCTION FOR INTERNAL CROSSED MODULHS

7.1. Beck modules. Given an object G of a finitely cocomplete ho-
mological category A, a G-module or Beck module over G is an
abelian group in the slice category A/G. Thus a G-module (p,m, s)
consists of a morphism p: X — G in A, equipped with a multiplica-
tion m and a unit s as in the commutative triangles

X xog X % X G—sX

Nz \/’

satisfying the usual axioms. (Here we write X X X for the kernel pair
R|p] of p, and we put px = pom = pom; = poms.) In particular we
obtain a split short exact sequence

0—s A x Lo (V)

where A is an abelian object in A and p is split by s. Furthermore,
since as an abelian extension it carries an internal Mal’tsev operation,
the morphism p satisfies [R[p], R[p]]® = Ax. Conversely, given the
splitting s of p, this latter condition makes it possible to recover the
multiplication m. Hence, for split epimorphisms in A, “being a Beck
module” is a property; the entire module structure is contained in the
splitting. Using the equivalence between split epimorphisms and in-
ternal actions, we can replace X with a semi-direct product A x, G.
By the above, modules are “abelian actions”. We write Modg(.A) for
the category Ab(A/G) = Mal(Pts(A)) of G-modules in A.

Examples 7.2. [0] In the category Gp, a Beck module over G is the
same thing as a classical module over the group-ring ZG. In the cat-
egory Algy of associative (non-unitary) algebras over a commutative
ring K, a Beck module over GG is a G-G-bimodule. On the other hand,
when A is an additive category, the kernel functor determines an equiv-

alence Modg(A) ~ A.

Theorem 7.3. Let A be an abelian object in A endowed with an in-
ternal G-action : (A|G) — A. Then the following are equivalent:
(i) (A, ) is a G-module;
(i) (G, A,1,0) is a crossed module;
(iii) 191 (A|A|G) — A is trivial.

Proof. Let be the split short exact sequence induced by . Then
(A, %) is a G-module if and only if the reflexive graph

G

X <
I3

is an internal category. Since poker(p) = 0, this proves that (i) and (ii)
are equivalent.
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Since A is abelian, already [A, A] = 0. So Theorem [5.7| tells us that
Condition (ii) holds precisely when 191 = 1)1 20(14|0|1¢) = 0, i.e., when
(iii) holds. O
Remark 7.4. Condition (iii) is equivalent with requiring that v, , = 0
for all p > 2 since these morphisms ), , clearly factor through s ;.

Corollary 7.5. Suppose that A satisfies (SH). Then any abelian object
in A endowed with an action of an object G is a G-module. U

Example 7.6. The situation considered in Example is actually
a loop action of the cyclic group of order two Z, on the Klein four-
group V' = A which is not a module structure. Indeed, the short exact
sequence

is split by the inclusion of Z, = {1,@} in X. (But the subloop {1,1i}
is not normal in X, as (ij)j = kj = —i ¢ {1,i} although (1j)j = 1.)
Hence X = V i, Z, for some action ¢: (V|Z3) — V in the category of
loops. Now (V%) cannot be a Z,-module, as we know that [R4, Ra]®
Ax; 80 191 must be non-trivial—and indeed, ¢ [, 7,i] = —1.

Corollary 7.7. Suppose that A is semi-abelian. Then for any object
G in A the forgetful functor

Modg (.A) — Actg (A)

has a left adjoint abg: Actg(A) — Modg(A), determined by the natural
exact sequence

cA,A> o
(AJ4) + (AJA|G) 2225 4

>abg(A, ) ——0
where nS is a cokernel of the left-hand morphism. Moreover, the natural
transformation n¢ defined in this way is the unit of the adjunction.

Proof. We must show that abg (A, ¢) carries a G-module structure such
that n“ is G-equivariant. We first check that the morphism k¢o< i;;f>
represents a normal subobject of X = A x, G: in fact,

kyothan = kyothoSa” = kyoc™Xo(14]sy)eS51" = ¥ o(ky|sy)oSs
= oS0 o (kyplky|sy) = i o(ky|kysy),
whence Im(kyotpa1) = [A, A, X]. Thus Im(kyo <w21> = [AA] v

[A, A, X] which is normal in X by Lemma [£.11] Now consider the
commutative diagram

Fy Py

0 A X

T

0 — Coker({ 2;2?> D? Coker (ko ;2 ) - G—>0
’ ¥
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with 7/ = coker(kyo{ f;;: ). Both rows are exact; for the bottom
row this follows from the Noether isomorphism theorem. Furthermore,
Sy = n'esy is a section of py. It follows that (py,sy) is a point in A,
giving rise to an action ¢ of G' on abg(A4,1)); moreover, 0/ (py, y) —
(P, 3y) is a morphism of points, so that n§: (G, 4,9) — (G, A,¥) is
G-equivariant. It remains to show that v is a G-module structure; by
Theorem it suffices to show that EQJ = (. But this easily follows
from naturality of the morphisms S5 ; and the fact that (n5[n5|1¢) is
a (regular) epimorphism by Proposition m

Example 7.8. In a semi-abelian variety of algebras ), consider an
abelian object A and an internal G-action ¢: (A|G) — A. Then the
coherence condition 1,7 = 0 which must hold for ¢ to be a module
structure may be expressed as follows (cf. Example [2.5]):

t(al,...,ak,akﬂ,...,akﬂ,o,...,O)=O in A+ A

t(ar, ... a5, 0,...,0,01,...,9m) =0 in A+G
t(0,...,0,ak11, -, st G1y- -y 9m) =0 in A+ G
=
W(t(ar, ..., akyt, Gy -3 gm)) =0,
for any term t of arity k+[+m in the theory of Vand all ay, ..., ag; € A
and g1, ..., gm € G. We believe this is a basic condition; certainly it is

of the same level of complexity as for instance the characterisation of
ideals due to Ursini [63], valid in semi-abelian varieties [43].

Theorem 7.9 (cf. Theorem [6.4). Let A be an abelian object in A
endowed with an internal G-action : (A|G) — A. Then (A,) is a
G-module if and only if the conjugation action of A x, G on A factors
through the G-action on A wvia the projection py: A xy G — G. In
other words,

AE = aho(1alpy) = Pl (¥).

Proof. We pass via Condition (iii) in Theorem|7.3| Recall that X = A x,, G.
Applying Lemma to the split extension (Il) shows that the action

A (A]X) - A

factors through (14|py) if and only if c;’lxo(lA|1A|5¢) = 0. However,

i o(Lallalsy) = cM¥oS51 o(1alLalsy)
= M ¥o(Lalsy)oS51
= oSy = Y.
Now suppose that ¢*X does factor as a composite morphism

(1alpy)
) ——(

(A|X AlG) —— A;
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then ¢ = Co(1alpy)o(lalsy) = ¢*¥o(la|sy) = v, which proves our
claim. 0

Remark 7.10. This directly leads to the (known) result that in an
action representable category [9, [10], any action on an abelian object is
a module structure. Indeed, it was shown in [22] that any semi-abelian
category A for which the functors

Act(—, A): A — Set,

are representable satisfies (SH). Hence Corollary [7.5| yields the claimed
result. Let us now prove this in a different way, passing via The-
orem

Recall that the functor Act(—, A) assigns to G € Ob(A) the pointed
set of actions of G on A. We shall only assume that for any abelian
object A, the functor Act(—,A): A — Set, is representable. This
means that there exists an object [A] in A together with a natural
equivalence

a: Act(—, A) = A(—, [A]).

Since the functor A(—, [A]) preserves split short exact sequences, any
internal action 9: (A|G) — G induces a short exact sequence

Act(py,A) Act(ky,A)
0 —Act(G, A) ——= Act(A 1, G, A) ——— Act(4, A) ——— 0
ACt(Sw,A)

of pointed sets. (Recall that the category Set,? is semi-abelian [17].)
Now consider the action ¢4 e Act(A x,, G, A). We have

Act(ky, A) (¢ 4706) = Ao ky) = kyoc™ =0

by naturality of conjugation actions (Proposition and by Remark
as A is abelian. Hence ¢4+ is in the image of Act(py, A) = Py (=),
so that already ¢A4*w¢ = py, () for some action ¢ of G on A. Now

p = sy (9) = sy(ctPE) =
by Example [3.12] and v is a G-module by Theorem [7.9]

7.11. The biproduct of two modules. We now work towards The-
orem which characterises modules in even more elementary terms.
To do so, we shall express the biproduct in the additive category Mod¢(.A)
as a product of actions.

Lemma 7.12. The biproduct (A,1) ® (B, ) in Modg(A) has as un-
derlying G-action the product (A, ) x (B, ) in Actg(A), which is the
object A x B in A equipped with the diagonal action

{(malle)(mBl1a))

v @p: (A x B|G) (A|G) x (B|G) — 2%~ Ax B.
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Proof. Let

0—> A" X =G —>0
be the split short exact sequence corresponding to (A, ) and

0—>BrlsyY=—tG—>0
t

the one corresponding to (B, ); then the biproduct (A, ) @ (B, ¢)
corresponds to the split short exact sequence

0—>Ax B2 X xg Y =2 G —>0
(s,t)
in A. By naturality of the conjugation action, the squares

A><BX><GY A><BX><GY

(AxB|X xgY)“——>AxB (Ax B|X xgY)“—">AxB

(ﬂAﬂX)l/ l“ (WBlﬂx)l l”B

(A[X) A (BlY) B

cAX BY

commute, so that the conjugation action of X x5 Y on A x B decom-
poses as

{(malmx)(TBlTYy)) A X yoBY
- >

(A x B|X xgY) (AIX) x (B|Y) =227 4 » B

The asserted decomposition of the diagonal action, which by Example(3.12
is equal to (s, ty*(cA*BXxeY) = AXBXxcY (1 4, 5|(s, 1)), now follows,
as the diagram

{malle)(mBIlG))

(A x B|G) (A|G) x (B|G) —2* —~ Ax B
(1AxB|<s,t>>l <1A|s>x<1B|t>l

(A x B|X xgY) (A|IX)x (BlY) —————> AxB

cAX o BY

{malmx)(TBlmy))

comimutes. O

It is clear that any G-module (p, m, s) corresponds to a morphism of
split short exact sequences

0—>Ax ArZs X xGX—DG—>0

g |

0 Ap—ro X:EG%O

where +: A x A — A is the abelian group structure on A, the morph-
ismayisaxa: Ax A— X xg X and s« = (s, s). Hence via Lemma/|7.12]
the correspondence between actions and points gives us
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Theorem 7.13. Let A be an abelian object in A endowed with an
internal G-action : (A|G) — A. Then (A, ) is a G-module if and
only if the sum +: A x A— A is G-equivariant with respect to the
diagonal action of G on A x A, i.e., if and only if the diagram

{mle)s(m2]la)) pxyp
- " ¥

(A x A|G) (A|G) x (A|G) —2 > Ax A
(+1G)l l+ (W)
(4|G) ; A
commutes. ]

Example 7.14. Note the parallel with the equality g-(a+b) = g-a+g-b
which holds in the case of groups. As explained in Example this
latter condition is automatically fulfilled, as any action is already a
G-group. Theorem [7.13] expresses the precise internal sense in which
the same property should hold: the rectangle must commute on
all of (A x A|G)—which it always does in Gp, as a consequence of the
Smith is Huq property.

Example 7.15. Let us come now back to Example[7.6| with this view-

point in mind. We already know that the action (V) is not a Z,-

module. As a matter of fact, we can prove directly that the function
m: X xz, X > X: (x,y)—z-y

is not a loop homomorphism, by simply taking into account that

m((j;1) - (1,4)) = m(=k,i) = —ki = —j
even though
m(j,1) -m(i,i) = jl-ii = j.
Of course also the diagram corresponding to should fail to com-
mute, so let us confirm this with a concrete example. Note that the

expression
determines an element of the formal commutator (V' x V|Z3). Now
o(+|1z,) of it is jj - (ji - j)i = (—kj)i = ii = 1, while going around
the rectangle the other way gives

(- G)i) - (G- (ig)i) = j(=ki) - (- ki) = j(=j) - jj = —L.
7.16. The module in a crossed module. We add another state-

ment to Proposition [5.12] but to do so we first need a refinement of
Proposition with respect to module structures.

Lemma 7.17. Under the hypotheses and with the notation of Propo-
sition the following properties hold.

(1) If ¢ is a G-module structure then ¢ is a H-module structure.
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(ii) Suppose that m is an isomorphism and h is a reqular epimorph-
ism. If ¢ is a H-module structure then ¢ is a G-module struc-
ture.

Proof. This is an easy consequence of Theorem [7.3] using the commu-
tative diagram

M,H

(M|M|H) 22> (M|H) —> M

(mmh)l (mlh)l Im

(AlAG) > (AI6) — =>4

and the fact that in (ii) the morphism (m|m|h) is a regular epimorphism
by Proposition [2.23] U

Proposition 7.18. Let (G, A, u,0) be a crossed module in a semi-
abelian category and consider the induced exact sequence . The
action k of G on K constructed in Proposition induces a unique
action p of Q on K such that the square

(K|G) "> K
(1KP)J7 H
(KlQ) > K

commutes. Moreover, p is a (Q-module structure on K.

Proof. The first claim is an immediate consequence of Lemma [6.1| once
we can_prove that the factorisation exists. We obtain it via Corol-
lary |£2P we have to show that ro(1x|d) and /@oSfQ’Go(lK|6|1g) are
trivial. To prove this for ko(1|0), compose with the monomorphism &
and use the Peiffer condition. In fact,

korio(15]0) = 11o(k]0) = pro(La]@)o(k| 1) = e o(k|Ly) = koc™4,

which is zero since K is central in A by Proposition [5.12]i. To prove
that the morphism /@oSf 3%o(1x|0|1¢) is trivial consider the following
diagram where 7 is the symmetry isomorphism (12),, of the ternary



52 MANFRED HARTL AND TIM VAN DER LINDEN

cross-effect induced by the transposition (12), cf. Proposition [2.6]

K,G

(AIKIG) < (K1A16) 0 (K |aje) = (K|6) —*— K

(1alkllg) (kl1allg) (klclc)l (kllc)l kI

1K\a\1c

(A|A|G) «<—— (A|A|G) —— (A|G|G) ——— (A|G) ——— A
T (1aldl1a) 2 "
1 S31°
(A|G) ——— (4]G) A

I

The diagram commutes; for the lower rectangle this is condition ([SJ).
Thus

koroS1s o(1x|0|1a) = poSey o(Lalk|1g)er
= 110575 o(14]0|16)o(Lalk|1c)er
= p1oS15 o(14]0] 1)o7 = 0.

It remains to show that p is a @-module structure. By Lemma [7.17}ii
it suffices to show that x is a G-module structure, i.e., that k37 = 0.
But

kokg = ko/ﬁoSfl’G = uo(k|1g)oS§1’G
= MoséiGO(Mkﬂc) = MosféG°(1A|5|1G)°(k‘|k7|10)
= eS(k{0] 1) = 0
as desired. |

8. AN APPLICATION TO COHOMOLOGY

The above Lemma[7.17|may also be used in the study of semi-abelian
cohomology. In the present article we shall limit ourselves to the lowest-
dimensional case, and extend the interpretation given in [34]—of the
second cohomology group H?(G, A) of an object G with coefficients in
a trivial module A in terms of central extensions—to arbitrary mod-
ules, and make the link with the torsor theories established in [21]
and [27] explicit. In fact, the article [2I] already contains some form
of Theorem [8.7, based on properties of points rather than a calculus
of internal actions. However, we believe the techniques developed here
clarify the connections between several approaches to the same prob-
lem, while they may also be used to extend the analysis of the higher
cohomology groups developed in [61] to arbitrary coefficients.

We work towards Theorem which gives an isomorphism

H?(G, (A, 7)) = Opext|G, (A, 1)]
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between the second cohomology group of G with coefficients in (A, 1))
and the group of equivalence classes of extensions of G by (A,v). Of
course, when the action 1 is trivial, those extensions are precisely the
central extensions of G' by A, and we regain Theorem 6.3 in [34].

According to Lemma any abelian extension ([U)) of an object G
by an object A gives rise to a unique module structure 1, of G on A
through which the conjugation action of X on A factors. This defines
a functor which is crucial in the directions approach to cohomology,
see [15] 23, K9, [60] 61].

Throughout this section we shall work in a semi-abelian category A.

Definition 8.1. Given an abelian extension , the induced G-module
structure on A is called the direction of p and denoted d(p): (A|G) — A.
This defines a functor

dg: AbExtg(A) — Modg(A): p— (Ker(p), ¥p)

called the direction functor.
The fibre d;' (A, 1) of dg over a given G-module (A, ) is the cat-
egory
Opext(G, (4,9))

of all extensions of G by (A4, ).

Remark 8.2. The direction functor ds is completely determined by a
pullback /pushout property as in [I5], where the concept was originally
introduced. Indeed, as essentially explained in Remark [3.10], an abelian
extension has direction (A, ¢) if and only if the downward-pointing
square in the induced morphism of points

1axp

R[p] —> A, G

p

is both a pullback and a pushout.

Let us make this somewhat more explicit. As recalled in Example[5.10]
via Remark the conjugation action ¢ of X on A corresponds to
the kernel pair projection p; : R[p] — X. Hence giving a pullback/pushout
square as above amounts to giving a morphism of actions

(1alp)

(A[X) — (A]G)

x| ¢

A——A.

This means that p has direction (A, ) if and only if p; is a pullback
of py along p.
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This allows us to interpret extensions of an object G by a G-module
(A, 1) as certain torsors in the sense of Duskin and Glenn [27], 28] 33].
Given an object G and a G-module (A, ) in a semi-abelian category
A, a one-torsor of G by (A,v) is a K((A, ), 1)-torsor in the slice
category A/G, i.e., a diagram

p1

R[p] TL X P ~@

p

Py
Axy G —=G——0aCq
Py
in A, where the squares on the left are pullbacks—see [27] or the ana-
lysis given in [61]. Morphisms of such torsors are defined as in the slice
category over the bottom line of this diagram, and thus the category
Tors' (G, (A, 1)) is obtained. From Remark we now easily obtain

the following:

Proposition 8.3. Let G be an object and (A, 1)) a G-module in a semi-

abelian category A. Then there is a category equivalence Tors' (G, (A, 1)) ~
Opext(G, (4,v)). O

It is explained in [27] that the set Tors'[G, (4, )] of connected com-
ponents of the category Tors' (G, (4,1))) comes with a suitable abelian
group structure which may be considered as the cohomology group
H%(G, (A,1)). Furthermore, when A is monadic over Set, this coho-
mology group is isomorphic to the second Barr-Beck comonadic coho-
mology group [2] of G with coefficients in (A,1) relative to the ca-
nonically induced comonad on A. We shall now prove that the con-
nected components Opext[G, (A, ¥)] = mo(dg' (A, 1)) of the category
Opext(G, (A, %)) form an abelian group isomorphic to Tors'[G, (A, )],
and thus to H?(G, (A, )).

Proposition 8.4. For any object G, the direction functor dg preserves
finite products.

Proof. The terminal object of AbExts(A) is 1¢, of which the direction
is 0, considered as a G-module. Hence dg preserves terminal objects.

Now we show that dg preserves binary products. On one hand,
Lemma says that the biproduct (4,)® (B, ¢) in Modg(A) has
as underlying G-action the product (A, ) x (B, ¢) in Actg(A), which
is the object A x B in A equipped with the morphism

{malle),(rBllc)) Pxp

Y@ p: (Ax B|G) (A|G) x (B|G) —————— A x B.

On the other hand, given two abelian extensionsp: X —- Gandgq: Y — G
of G with respective kernels A and B, their product in AbExtg(.A) is the
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pullback p x q: X xgY — G, of which the kernel is A x B. It remains
to check that this kernel carries (A, 1) x (B, ¢) as G-module structure,
but this we may see by taking into account Remark [8.2] Indeed, if p;
is a pullback of p, and ¢; is a pullback of p,, then (p x ¢); is a pullback

of Pyee- 4

Proposition 8.5 (dg is a fibration). Given an abelian extension p and
a G-module morphism f as in the diagram

>G 0

p

0 A2 X

where A carries the direction of p as G-module structure, there exists
an abelian extension q which completes the diagram in such a way that
dc(q) is the given action of G on B.

Proof. We generalise the proof of Corollary 3.3 in [34]: we split the
problem in two separate cases (f is split monic, f is regular epic in .A)
by factoring the morphism f as

Lea,yp),0 (B.e)
—

f
(A, 1) (A, 4) @ (B, ) S, (B, ¢)

in Mod¢(.A). Here ¢ and ¢ denote the given G-module structures.
The first step involves the product in AbExt(.A) of p with p,: B %, G — G,
which gives us the diagram

0 A a4 X

Av
WATI(].A,O> TX
vV

0> A X B >X><G(B>4wG) »»»»»»»»»» Dé »»»»»»»»»»» >0

with short exact rows in A. Proposition says that the direction of
the lower extension is the biproduct G-module (A, ) @ (B, ¢).

For the second step, assume that f is a regular epimorphism, and
consider its kernel k£ as in the following diagram.

K:K

If we can prove that the monomorphism ack is normal, we can take ¢
to be its cokernel. Then the thus arising square (i) is a pullback and
a pushout by Lemma [1.5] which gives the rest of the diagram and also
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implies that b is a monomorphism, hence a kernel as a direct image of
a kernel. Now K is indeed normal in X by Proposition ii, because
cAXo(k|1x) factors through the kernel k of f, as

foct¥o(k1x) = fobo(1alp)e(k|lx) = wo(f|1x)e(Lalp)o(k|1x) = 0.

Also (flg): (A|X) — (B|Y) is a regular epimorphism and, by Proposi-
tion [3.4]

po(Lsla)o(flg) = wo(f1g)e(1alp) = foro(Lalp) = foc™ = c"¥o(flg).

Hence ¢?Y factors through ¢: (B|G) — B, which finishes the proof.
U

Corollary 8.6. For any G in A, the application
(4, ¢) — Opext|G, (A, 1))]

defines a finite product-preserving functor Opext|G, —|: Modg(A) — Set.

Proof. This may be proved as in [34, Proposition 6.1] using Proposi-
tion 8.5 O

Since Modg(A) = Ab(A/G) is a category of internal abelian groups,
this implies that the sets Opext|G, (A, 1)] carry a natural abelian group
structure.

Theorem 8.7. Let G be an object and (A, 1)) a G-module in a semi-
abelian category A.

(i) We have a group isomorphism
H2(G, (A, 9)) = Tors[G, (4, 4)] = Opext(G, (4, ¥)].

(i) If A is monadic over Set then these cohomology groups are
comonadic Barr—Beck cohomology with respect to the canonical
comonad on A.

(iii) If (SH) holds in A then every extension with abelian kernel
occurs 1n some cohomology class.

Proof. By Corollary [8.6] to obtain (i) we only have to prove that the
abelian groups Tors|G, (4, 1)] and Opext|G, (A, ¥)] have the same un-
derlying sets. This, however, follows immediately from Proposition 8.3
Statement (ii) follows from [27] and (iii) from Theorem [6.4] O
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