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Hirzebruch / Skaru ppa

1. Sei f E C2 (U), U eine offene Teilmenge im R2
, a E U mit gradf(a) = O. Es sei

~ = fx,x(a)fy,y(a) - fx,y(a? Zeigen Sie:

(i) Der Punkt a ist ein lokales Maximum (1/Iinimum) von f genau dann, wenn
6 > 0 und fx,x(a) < 0 (> 0) gilt.

(ii) Der Punkt a ist ein Sattelpunkt von f genau dann, wenn ~ < 0 ist.

2. Bestimmen Sie die kritischen Punkte der Funktion f( x, y) = cos x +sin y und das Ver
halten von f in den kritischen Punkten. Skizzieren Sie den Verlauf der Niveaukurven
der Funktion auf dem R2

•

3. Finden Sie die kritischen Punkte der Funktion f(x, y) = y(3x2 - y2) - (x 2 + y2)2,.
entscheiden Sie, welche davon Maxima oder i\tIinima sind, und skizzieren Sie den
Verlauf der Niveaukurven der Funktion auf dem ganzen R2.

4. Sei U eine offene, den Nullpunkt enthaltene Teilmenge des Rn, und sei f E COO(U).
Es gebe homogene Polynome PII(xl,' .• , Xn ) vom Grad v und ein k, sodaß .

ist, wobei lxI die euklidische Norm von x = (XI, . .. , x n ) bezeichnet. Zeigen Sie:

für 0 ~ v ~ k.
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IDEMPOTENTS IN THE ~SS ~GEBRA"

t'

by ,"lerner Meyer and, Wolfram", Neufseh"~'

Abstract,

.I ' • I. ' , I .' ,_.1..... . :'.. • ~ :. _ I· . ~ ': I.

" ,In an earl'iei"' publication, we have' ~ho.wn.. 'that· 'ln ·o~der.'}'to _··ln.vesti~te' ,tp.e
•• I , ,', •

s t ructure .cf assoe i at i ve subalgebras·. of the. Gr i es~ ,~i g'~bra. ,<"wh()~e -'automor-

phism group i8 the Monster 'sporadicgroup)' 1t 1s importarit to hav~'detailed
, .

information on the distribution of the idempotent elements..
4, • r ..{J- ~

We show that the variety of idempotents consists of" >severnl-' algebraic com-:-
,.' • _,I • '.

ponents of var,ious ,diIJ:lensions, r~ing fr~~ 0 t~ ~t, ~~~:t ,1~ . .'~~, th~ ~~he~

hand; among the connected components of· the set cf j,dempotents'are' .some

which are ,invariant under the, action of. the MOnster: :;We fe'el that these
: ' .. +,.. . 4-

censtructions are cf' ,great geometrie _interest ~d ,InaY ,1ead·,:tC>. a,.. better ·un:-.

derstandtng of the properties cf the 'sporadi'c grou~s'.. ,~,

Furthermore we consider the Jordan elements' ih' the 'G~less .alg~bra (iiltro-

duced, by ConwaYl.
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Introduction

In this paper we contlnue the conslderations' of t'he' ·,;~t.~~ctUre o:f the Griess

algebra ~ begun in Meyer and Neutsch [1990]. We shai~':, freely ~uSe the 'no~a

tlon ,of this pubt1cat1on.- In pa;rticular" the algebra .Pf:9duc't, 1ri' (!j 18 chosen
• .'>"; • • •

in the same way ~ in Con~ [1984] wh1le 0w;' .scal~.:p~c?'d.u.ct/<. -,. > '19 twlce

as large as Coriway' s.

While the emphasis in the above-mentionf:!d investlg8.tlo~' '1-8 'on ;the algebra- .

ic structure, we shal1 here discuss the :set ~f the':i~~D!~tent'eiements in: III

which, playaprominent rOle in both previous .paPers ...-.' ..
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Definitions' and Notation
, .
,t , ~ ~~... 4

.-' , .'J',".,
We shall need some ,further notation_ ·The .set of. al'l' ide~oteilts-·'.1n (3 18 .-

- . • ~t • ~:~ . _.... ' ~.. ,

,( 1')
...
• f ~ •

whllethe square roots of the unlt element' (shortlY,'calJed ~oot~) are con-.
, ..

talned"1n
\ ... :" l· "'J

lK = {x e~I 2 '.
x' c 1 } (2)

Moreover, the Jordan elements

.> .. '
. ..D = (X

'2)'2',= ' 3
X·,X. }.:,-"

, .
1. ~ , •

'~, ',~ •• r ," ,'.

(3J

will be important. Note that

322
X = X'x ='. x-x (4)

1s well-def1ned slnce m Is, comrnutatlve. The,Jordan·~.·iop.dl1io~~~tees. by,

Conway [1984] that 'x E ..D associates with its square,.,' " ' .. '

2 '2
(x-a)'x = x· (a"x, ).. (5)

~ are 'related by a simple.affine, transformation,

,far 'all a e (J. Another (trivial) observation will i>e: useful-'.'··. The sets 0' and'
r 1 -:", _:'~ • ~ ",".

,r • _ •• ~ ~ ...~

i B
1 (1 i)·E ~e (:) - +.
2

ort vice versa,

x E IK (:) (1 -~2 xl'.E .0.

,(6)

.~

.,

,'( .-
... "( ... ,.10
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'Obviously. all elements in 0 and" (( are JOrdan"·'.>~. . .., .
• .. • ..,1 ~\

The condi tions for ari. element of I to. be contalnec(·"in :e:1ther::,of 0, J, IK 'are
• • • .. • ~ • + •

. . ~ . ~ .
·systems of 196884 ,real algebraic equatlonseaGh (wlth' coefflcle~ts .ln .tl).

• '. ~. f ,. •• • , ' ~

This Implles t.hat. all three sets are affine varletles ovar. the, fIel?· R" ~ (or

tl),. In the sequel, we shall conslder·.some ·of the'pr'opertl~ß o:t~',~hese 'varle-
'. . ~ .~ ~. ~.:. ~ ....,. - . ~

tles and their em~eddlng in ~.
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The set o:f .idempotents· ..in (SJ, '.
. t'.,
.... : -

Choose an arbi trary central involution z e' 2B. 'The; :'cerit~iise~~"o:f z ,in the
~- .. . r: ' ~. ,: . . ~ ...

'Monster F· 1s (Griess [1982])
1 . _

: !oS. +- "I: ~"t-

'_: J' ~'.. •

, " ,,' . ,,",' :" '\r:,',." ,,', "" ~

and t he al gebra decoinposes i nt 0 .. C-invar i ant J ::'pairwise.orth6go~rsubsp~ces, '

C = C (z) , = 'N (z) ,e;
F, , F

21+24 :CO
. 1

(8)

-'.
(9)

., .
U spl'i ts inte twe i'rreducible C-invariant ',subspaces, 01,' dfmenslons 1 and 299

(the one generated by the uni t element 1: and 1ts ortl1ogonal complement),. '.

whlle V and W' are irreducible of dimensions :98280 and "98304; '.res-peetively.
- • I ~ ~

Für more information concerningthe action,of C on the~~" space~;-",see,G~less .
[1982] or Conway [1984]'.' . " '~," . ' ':' " " " ,

Multipli~ation of U with U,V,W,reproduces the other:factor,
~ - v

U·U = U "'

U·V = V·U· = V

U·W = W·U = W'

. .
~, '

~: '

, t:::.. ~ "-.

: ~ .

. 0"""
/' '

(10)

(11)

( 12),'

therefore the rules for products involvlng elements! ,or:'-U .are 'Partlcularly

simple. U itself is·a subalgebra which' can'be' represent~d'by the .set of,all

symmetrie real (24, 24)-matr1ces. - The prodttct tlien' 1'~, g'1yen ,Cup to a eonst-
, , ~

an~ factor) by the Jordan produet.

Unfortunately, "Conway normalise~ the 'produet In',U such<t~at,'th~ product of '

two elements u
i

and, u
2

" dev1ates from' the'· J?rci"an.pr~duct::,~y'a' I~p,t~'r. of 4,

u . u = 2 (u U' + u u ),
1 2 .1 2 . 2 1 " ..... ',-

' ......

(13)

,:,. ,', " ~,4o' , ,',' .
where on the left-hand side the algebra multlpllcatlon;~~and ,-on, the othe"r

~ . . .
the matrix product are involved. Since we 'sh~ll ~vel tO,eopslder both,klnds

". i ........... . - : ~
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of prod.ucts at the same time, we 'shall prefer, to::'attach 'to each element
• r ..... , ~" :. .: ,

u e U the matrix "'. .

Then we get simply

""u = 4 u

u . u = 1 (U LI + II II )
1 2 212 2 1

(14)

(15)

square. öf .ll. '.
It is now easy to determlne ,the; Intersectl.ons .of

such that, in' part"icular, the' sqUare of 'u 18 rep~esented by the matrix
..... ' '.~~. _. '. _. '. - • ·L

~ ,. ~ , ~T' ~

and K with, U:'

,I"

, :

"

"

'Theorem' 1l..,

\The set· n " U consists of all symmetrl~ (24,24)-matrices u whlch' have only

eigenvalues 0 and 1" wh11e lK " U contains the symmetric . (24, 24) -matr1ces
~ " ,

\ '.

wlth elgenvalues -1 and 1.

All elements in U are Jordan.

Proof:

Tri vIa!.

'.

. ..

... r' ... r

We observe that only dlscrete values of the norm of·_ldempotent~ u
k' ,

cur, namely the numbers of the form -'; whete k ls th~' 'tr.~c'e of ·~u,.
8 .

multiplicity of'the elgenvalue 1. The latter can obvlouSly"at'tain
<", .,

ger values between Ö and 24. )\, .

This mot 1vates' to spll t 0 and·lK into 'Subvarl'et les 0k·';·ari~ ~k

in U oc-'

1. 5.' the

all Inte-

o
k = e D <l,·x> = ~ }., ,

·8
( 16)'

1\ c {X.E IK I· <1, x> = k~12 } (17)

Here, of course, non-integer values of.k are posslbie.. We take. the notation

7



. I, ,
;

~.' ~ .

, ~.... ~~ I" ••

inthis form because we sOOll malnly be concern~d wr~h' t.he struct:ure 6f ..t~e
.. ~... l... I~.-

..4 ':'l"· ... ,
sets 0 "U and 0:: "U.

k k
Another·trivlal fact 1s

1,.. ~t •

+. • ~ , I

~., j. ' "

Theorem g.=.,.
" . :' .:1' ',. ~' ~ ,'.•,: ~, " : ,.- ,.

The intersectlons of·O and OC with U are smooth lrred~cible affine, varie~'
k k

ties of dimension

dirn ('0' '" U) = dirn (OC '.n U)k ' k

.... , • ~ f. .I~~

(18)

Proof: ,f " '
, ~~liIL.

For .0 "U, th!s follows imrnedlately from t~~· ;well:~kri6wn' ~~r:~cture ,ör u,
.since k the matrlces uare the orthogo~l'proJecto~),nt~6, the 'k:"'dimenslonal

linear subspaces of 1R
24

. Therefore,,' 0 f"\ U Is', 'lsoriiorphi'c.. tc ,the: GraBmann
, , k "24" ',' :'..' '., .'~ .,.'.... •

manifold of all k-dlmensional sUbspa~es of IR and' c·?nse,~en:-'~.y has the d! ~

mension gi yen in the theorem. The resul t ror [K., " 'U' lstobtained ',simllarly,
. . k . _. ',,'- ,

er frem equation (6) or (7).

, ,

., ", .. " .[~,< '.:'~.> ,'}:-.: . '. '.
A more Interest ing and 1mportant quest10n ls:'· What:,do ::the· sets. D 'f\ 'Uand

) , " ..... , ' k

[K nU look 11ke ?
k

The fact that 0 f\ U spl1 ts Into components on .whlch t~~.,.norm .. 1's constant,

can be generalised:

, ~",:'" - ... "":

Theorem 1:...

, "

" '

"

The ·rJprm 15 constant on' each connected component ,o.r .0':
,1;

Proof:

..... /

t •~~. ••

~,' ,\.

Let a and b be two poInts on the same component :t 'of: "~p. TIien' there :18 a
.• 1

curve

with

[0,1] ~,[

8

~ • cO: ".,:,'
·c.
J.... ~ \

. ~.

,...' .... .~....

'. (19)



"'r " -. ',. ,

• ~ ..10, • ~ • ~.-.' •

. ~ . ~.

• r ~,... ~ ... 4 '_.: •

, , .

and

7(0) = a ~:, .~ '. J

~ . ...... ~.
'1'" • _ •. ' :~..\ ,

" ,~: ~.,:, <L ,t .~I '

• L ~ J ,"'..... ~
- \:."' ~

(20). •

c b·

.. '.

,. ~

~.. ' ... ~

~: .
J "

(21)'

. ,

because each connected component of, 1s also path-conn~cted~ .'

Furthermore, we may, assume r to be p1~cewis~ 'diffe'r~ntfa:1?ie·.'.;Cons~d~~ ,the '
'. 'function For, \o,lh~re " ,'- ....,,;,,:.:

../=. . :.~. .~·,.I .
: ..., '. ... ~,,:';o _.~ .~ f

,.
"

F(x)' =
2' 2,

<x ,X.>

" " 2
!<X;X> .

. ~~' -

t ',.

.' • - ,I ':. ~~ _ jl

l • ...

(22)

has been defined in Meyer and Ne'utsch [19~0l'. There:'(~emma:'2f l't was show

that 'tl1e gradleI1:t o.f F at x e'~ is zero if and only, <1.fthe' t.hlrd power of x.
~, .,.." ~ ... ~.. ~ ,.6 • -

depends l-lnearly on x.

This holds for all Idempotents. Thus.

:<
,,,-. .!~ ., ~ l~

~ '111, r

..~-

, "

,....

d
-'. For(t)
dt

=
. ,Ci

VF(r(t))-. r(t). =
Cit

, - + • :...... ~ ~
, ~

(23) .

and F ls.constant on~. This shows'that

The assertion is immediate.

F(a). =

Theorem'!=- .

-1·
<al a> . - FOi)

l •• ~ • ~ ~

..., ."

I','," ,

. ,

(24)

co~ponents;

(a) Each of t he setsO, JI , an~ 0:: cons ists of ~. f hi1 ~.e,\~~r- 'of. connected .
i·

........ '1....

~.'.. ' .. ~; -
(b) The norm attains only finltely many val~es on the .1~e.mpotents ·.in m.

'/'" ' .
" 9

- .'-..... ~

..- .-
'.
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. f ' ,,~.-' ,
,I I, - .~ ~.' 'I

V f. ~

~ ." . .,.- .
"t"l

We now aim at 1nvest 1gating the structure of 0' i n greate~ :,d.etall.
• _ .,aI • ~•• ,L , •

By Meyer and Neutsc,h [1990], each transJlt?s.lt1on, idem~~en~~ot:"ms'.aO-dlmen-

"

sional 'comPonent 0l1: '1 ts own.
" .

, ." \

each i e O. 1-1 Is also contained in B.

More interesting are the alge~ra1c compon~nts of 0,' wh1-.'ch,· ~nt:erse~t U (or

one of lts conjugates): :.;:::'.'>- ..
• '~"" 010 '

..... -

Theorem,fu..

Far all k, * 8, 16, the set, 0 n U i s 'an irredu~i b~'e' com~nent cf, 0'. ,
k 'il' , ',: . ,

" - ....

, ,

"

Proof:
, . ,

.. By asserti6~ (b) of Theorem 4 (ar, ,simpler, by,~the',boUnctedness 'of F), the

zero element is an' isolated idempotent, and, the'~i;UIl~: h~i'ck',";o~',1, s'lnce :f~r
... ....

. ,; '. ',c",,:l

Thl s proves t he 'theorem 1n the sPeC 1al cillies k e' {O, 24}'>, .We, :may :, thUs assume
. . " , ' ",' ,', \ , .. " . , ,

',' .' '~,

from" new on that 8 .l k. Furthermore •.we ,shal1 prove ,thej,equ+va1ent' fact for
. . , ~ ~ ~

the set· D:: of roots 1nstead of 0, slnc'e' this 1s ~11g~t1Yl~~#lple~..
.. ,l,~, .. ' ' .

It su:ffices ta' find some x In D::
k

, ('\ U suc.q. that ~he, ,tange'p,t"·, ~on~,' TOC
x

' öf OC at '.
. • ~ J. ...... I

x fu1fil1s

_' J •. .

,.'

,To:: . S; TU ' = U
x x'

(25)

This ho1ds because under thls condi tion,. since. IK n"U" '~'s :,a' ·submani:fold of.
k \,

U. the tangent' spac~s in x at D:: " U 'and".lK coinclde.

Linearising the roet conditlon

2
X - ,1' :'1"/>' . :,- ' ...: '~ ~

(26)

we get easily that each vector c in ro:: 'obeys, x

X'c = 0'
i ...,~.

• • ~ : , •• './ ~ & ~.. /:~ •• ~t~' .~' l~~
In other words , we have to show'that an 'x e IK, . ,,',.U 'exfsts' ,with' ",'

k ">, ' .... ~':' " •
,'.

10

(27) .

"
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u· ..~;: . " '. ' '

'~ .' ~~ ~. ,',

,.. . ~~.

..'
:

,.'

- .. . ~

, ,

The general solut-1on of (27) can be"fo~d explicit~',Y.'.:TO achi.eve this,. we

split c into its parts in U, V;W, .respectivery~ 1ik:e.

c - u + V +'w .f,

. ~., h."" . :' ,
~~ & ... • •

(29)

. . ' ..,
By the invariance of U, V, Wunder mul t iplicat ion wl t~':'~~'lem~nts':of·: U. see'

'equat ions' ( 10), ( 11), ("12), we find that the re.quirE7,d 9o'n~1~tion 18' taritamount

to the three relations

~

't'J., :

0 ,.t
..

(30).x·u =
f' ~·1

,,
,

' .

0 '.
. ,

(31)x·v =

x·w c 9
" .

~ . r.'~ .... P,

.' ,
Let us begin with the last one. We may wr1te' w in the form I

"

(32)

4086 , . ,

L " A
' . ~ I:

. (33')w = q1
@ ·~~~I ,....

1 '41,--' "
~

1=1

where

{q. I 1 = f~""". 4096} . ·0···"." (34)

i~ ,a basis ·of' the 409B-dimensional 8pace occurr1i1g"/~,~,~~t~e,'-C-i~~18.rit de':'"

compest t.1on

'."

(35)

, ~~.

.' .
,. ,

(Conway' [ 1984]) and t he A are vectors in "~24.· By. t he f~rniul as' ,gi,ven 1n the
. 1

Just'cited reference, we deduce

"

; ..;., :

11

t • • ~



4088 4098
~ .

0 L L ..t :'. }= X'w = x {q s ~ } = ; q ,& -' A <rX +' 0'" A '.
1 . 1 1" 4 L; . _' ' 1

, .
1=1 1=1

'(36)

"

'if we 'put - ~ , :.
~. '~ .. ~

'.
1 .

0'" c 8 trace (x) =
1 ,. A - 1 k-12 .

32 trace (xt .= ". 16 '~>': - (37)

l:':'e' ,{ l~ ..':. ",409B}:' -
,.~ ~ .. -

, . ~ ~

, ~, ~ '.'~. 'J - \.1" L

T ..~ ~.... • : .•

(38)

Hut x 15 a root; hence

A
1

=

I ~ •• '~.' • ~. t- ~ ~ • '.. •
, ... ' ,~

.' .
I ~ ,•••". 4 .. .;. .~•• ~

... ::-; ~1 ~. t. l' ,

~ ,i

:~~ ).

" ... ,

(39)

(-40)

wh1ch 15 obviously poss1ble far nonzero A onlY,if
1 ~ 'L

,'± 1
4,

, • >

r ,""
\: ",r ~ • :_

~ t·. .
, "

"

I ,,-

Thls means that k must have one of the excluded val\ies 8 ',or'~ 16.-'

Under the assumptlon8 ~ k, equation .(32) 'thus has no'nont~ixlal.solutionst
.::. < - -.... ~ •

and

m ~ U e V
x

(42)

We'next consider relation (31). Let

v:= \ v, x.L r r

reA
2,

,L ...

','
~ r~~':"" "t~ ~

- " .' ~

t- 1 4

be the canonical decompositionwlth coefft'cient's' v 'e'IRtöbey1ng'
:. r .. · ~~ :~ '... . .

, "- ,
- ... I •

- ) ,

12 ' ,



v = -.v
-r r

far. a:Il minimal vectors r e A s; R24 in ,the .·Leech,,,;:latfice;<A. Coriway'.S.
".2 tI 'I ••

choice of the normalisation is such that ,",f

"

','

(r,r) = 32

. After these preparat ions , the form~le;. in ques~tion.·lea~:'.to

(45) .

o = x'v

, reA
2

x'X . :::
r

• • • t ~

l."

(46).,

~h~~~fore, v vanishes except possibly if.
r'

,. t
r x r = 0

.~ • r

(47)

It i8 clear that we can find some x e D::
k

Ä:U suc;:h .t~t" ,"(47) ~is.:.not ftilfi'll.

ed for any of' the 196560 vectors r e A
2

. For:-:,,'all 'x· ~lth th~s :property~ we

get

TlK !:; U
x

Thi8 concludes the proof, of the theorem.

.Reniark:

(48)

We, have not' been able to calculate the tangent space' In'~ the .remalnlng· cases
. -

k = 8' and k = 16. It 18 canceivable that far these k, .'the dl':Q1ens1on of .the
. "

.1rreducible compone~t of 0:: (or 0 ) ·which: intersects UI, Jilay be. nlUch larger
. k k. ,. , , .,

than .the value preeÜcted by the above farmula. (18)", name~y k: (242ic) :::; 128~

If S~, all pornts tn 0 n U wauld be s1ngular" and .'t~e·~ C.onf1gmoa~ion·clear-
k " .

ly,of high interest.

On the other hand, the connect~d compon~~ts, of.O are much larger:
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Theorem §.:..

For all k e {O'" •.. , 24},' the, topological c.ompp~ent ,'«'k": 9f'. 0 '..; which; contaiIis

o n U is invariant ~der the ~ct ion cf' the' -MonSt.e~'.'_~'.- t, ' T' :

k 4 .+ I·... t 1 . . ~ ~ '-

Proof:
. .

The 'maximal F ~subgroup'e leaves U and 0 invariant,:", th,u~- the. ,sfab1liser ef1 - . - k - -

~ 1s ei ther C er Fitself, If the latter .case' ,lields,~' ~ . are done. Ifk 1 - .-

otherwise. each twe F -cenJugates ef 0 n U would be disjoint., .',
1 k' . ,'.'.;. '~~ '."

This 1s not true, .however, since the tfiality'. element·t·,ß~,~fch-cyclically,

. perrnutes the three IIlaDguages ll of Conway' s .co~tru,~tiqn· of'- '(j, ~ l~aves ,a:ll'
.. . r < • • •• ~ _ I .. ~ r • • ~ ~ ""~

e i'em~nt s u E, U invar i ai1t whose 'correspondl'ng '.- (24, 24) ':":~tri C:.es 'u; 8rfi 'dl'8.go~ . ,
• • • ~ • "11 l ..

.... 11· ~

nal. Since all 0 f\ U contain dfagonal matric.es; naJilely, :·tp,ose \t{i th exact Iy
k - , .' _. " . -

k l' s in the diagonal, ,all other en~r:i~s. bedng 0" the :,pr:6pos,i~1on...1mmeq1."7...

ately fol16ws.

. ~..... ;

, rol" ,.11

, ,1,,:-:

. ,
, '

..": t..
/ ~ .~. ' ~ .......

~, • I "ii ~. "
,.'

.. '
. -,

~ :.~:. ..~-
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, "'~.'

.. ','
...:. '. ,

1(-,

, ' '.'~, ~ _~ ~~ L • )

, J t. I. ~ .... ~

,;

"':\~ .'
,;

-. - ~.' .
• ' j. ij .-1"

,~ .,.. r.,:.~,.:.>,."
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