Algebraic cycles and algebraic models

of smooth manifolds

W. Kucharz^∗

1 Introduction and main results

Throughout this paper the term real algebraic variety designates a locally ringed space isomorphic to an algebraic subset of R^n , for some n, endowed with the Zariski topology and the sheaf of R-valued regular functions. Every real algebraic variety carries also the Euclidean topology, which is determined by the usual metric topology on R. Unless explicitly stated otherwise, all topological notions related to real algebraic varieties will refer to the Euclidean topology.

Given a real algebraic variety X, we denote by H^{alg}_p (X, Z/2) the subgroup of the homology group H_p(X, Z/2) generated by the homology classes of compact p-dimensional Zariski closed subvarieties of X [3, 7, 8, 14, 15]. Assuming that X is compact and nonsingular (as in [3, 8], nonsingular means that the irreducible components of X are pairwise disjoint, nonsingular, and of the same dimension), we let H^q_{alg}(X, Z/2) denote the inverse image of H^{alg}_p (X, Z/2) under the Poincaré duality isomorphism H^q(X, Z/2) → H_p(X, Z/2), where p + q = dim X. The groups H^{alg}_p (X, Z/2) and H^q_{alg}(X, Z/2) have the expected functorial properties and are important invariants of compact nonsingular real algebraic varieties, cf. [14] for a short survey of their properties and applications. An interesting question arises at the borderline between real algebraic geometry and differential topology: to what extent are the groups H^{alg}_p (X, Z/2) and H^q_{alg}(X, Z/2) determined by the underlying topological or differentiable

∗The author was partially supported by NSF Grant DMS-9503138. The paper was completed at the Max-Planck-Institut für Mathematik in Bonn, whose support and hospitality is gratefully acknowledged.

structures of X? Of course, it is equivalent to work with either homology or cohomology groups. We choose the latter because this will slightly simplify exposition. Notation. Henceforth let M be a smooth (of class C^∞) compact m-dimensional manifold without boundary and let G be a subgroup of H^k(M, Z/2), where 1 ≤ k ≤ m − 1.

By Tognoli’s theorem [8, 31], M has an algebraic model, that is, there exists a nonsingular real algebraic variety X diffeomorphic to M. In fact, one can find an uncountable family of pairwise nonisomorphic algebraic models of M [12]. If there is a smooth diffeomorphism φ : M → X such that G = φ^∗(H^k_{alg}(X, Z/2)), where φ^∗ : H^k(X, Z/2) → H^k(M, Z/2) is the isomorphism induced by φ, then X is called an algebraic model of M of type G. Thus we have a convenient way for expressing how the groups H^k_{alg}(X, Z/2) vary as X runs through the class of algebraic models of M. Furthermore, we have the following.

Proposition 1.1 If there exist a nonsingular real algebraic variety Y and a homotopy equivalence ψ : M → Y such that G = ψ^∗(H^k_{alg}(Y, Z/2)), then M has an algebraic model of type G.

In view of this result the topological and differentiable aspects of the problem raised in the question above are equivalent and reduced to the problem of existence of algebraic models of type G.

Recall that if X is a compact nonsingular real algebraic variety, then every cup product w_{i1} (X)∪. . .∪w_{ir} (X) of the Stiefel-Whitney classes of X is in H^k_{alg}(X, Z/2), where i_1+· · ·+i_r = k [7, 14, 15]. Hence a necessary condition in order for M to have an algebraic model of type G is that every cup product w_{i1} (M) ∪ . . . ∪ w_{ir} (M), where i_1, . . . , i_r are nonnegative integers satisfying i_1 + · · · + i_r = k, be in G. This condition is not sufficient in general, even if k = 2 and G = H^2(M, Z/2) [4, 13, 29]. For k = 1 or 2, and under some mild assumptions on M, necessary and sufficient conditions are given in [11, 13]. These results are special cases of the present paper, which deals also with k ≥ 3. Previously for k ≥ 3 it has only been known how to construct, in some exceptional situations, algebraic models X of M with H^k_{alg}(X, Z/2) ≠ H^k(X, Z/2) [1, 3, 7, 8, 14, 22].

Before stating our results we need some preparation.

Definition 1.2. We say that M has property (G) if there exist a compact connected nonsingular real algebraic variety A and a smooth map a : M → A such that a^∗(H^ℓ(A, Z/2)) = 0 for 1 ≤ ℓ ≤ k − 1, a^∗(H^k(A, Z/2)) = G, and H^q_{alg}(A, Z/2) = H^q(A, Z/2) for q ≥ 0.

This technical and somewhat mysterious notion will play a crucial role in our main theorems. Therefore we shall first make a list of cases in which M has property (G). It is known that some manifolds M do not have property (G) with G = H^2(M, Z/2), cf. Remark 4.9.

A cohomology class v in H^ℓ(M, Z/2), ℓ ≥ 1, is said to be spherical if v = f^∗(c), where f : M → S^ℓ is a continuous (or equivalently smooth) map into the unit ℓ-sphere S^ℓ and c is the unique generator of the group H^ℓ(S^ℓ, Z/2) ≃ Z/2. Recall that v is spherical if and only if the homology class in H_{m−ℓ}(M, Z/2) Poincaré dual to v can be represented by a closed smooth submanifold of M with trivial normal vector bundle [30, Théorème II.2] (M orientable and cohomology with coefficients in Z are considered in [30], but the statement here is a straightforward modification). This easily yields many examples of manifolds M with H^ℓ(M, Z/2) generated by spherical cohomology classes. It is well-known that the set

S^ℓ(M) = {v ∈ H^ℓ(M, Z/2) | v is spherical}

need not be a subgroup of H^ℓ(M, Z/2).

Let us define

W^ℓ(M) = {v ∈ H^ℓ(M, Z/2) | v = w_ℓ(ξ) for some real vector bundle ξ on M with w_i(ξ) = 0 for 1 ≤ i ≤ ℓ − 1},

where w_j(ξ) is the jth Stiefel-Whitney class of ξ. Clearly, W^ℓ(M) is a subgroup of H^ℓ(M, Z/2). A classical result asserts that W^1(M) = H^1(M, Z/2) [21, p. 236,Theorem 3.4]. In general, W^2(M) ≠ H^2(M, Z/2) [4, 13, 29]. Furthermore, W^ℓ(M) = 0 if ℓ is not a power of 2 [24, p. 94, Problem 8-B].

In order to have a convenient reference, we record the following fact.

Proposition 1.3 (I) If 2ℓ − 1 ≥ m or if ℓ = 1, 3 or 7, then S^ℓ(M) is a subgroup of H^ℓ(M, Z/2). (II) If ℓ = 1, 2, 4 or 8, then S^ℓ(M) ⊆ W^ℓ(M).

The next statement provides a partial clarification of Definition 1.2. Proposition 1.4 The manifold M has property (G) in each of the following cases:

(i) G is generated by some elements of S^k(M) ∪ W^k(M), (ii) G = 0, (iii) k = 1, (iv) H^k(M, Z/2) is generated by spherical cohomology classes and either 2k − 1 ≥ m or k = 2, 3, 4, 7 or 8.

Our first main result is as follows.

Theorem 1.5 Assume that M has property (G), M is connected, and w_1(M) = 0, . . . , w_{k−1}(M) = 0. If 2k + 2 ≤ m or if 2k + 1 ≤ m with either k odd or k = 2, then the following conditions are equivalent:

(a) M has an algebraic model of type G, (b) w_k(M) is in G.

We now head toward our second main result. Let [M] denote the fundamental class of M in H_m(M, Z/2). As usual, < −, − > will stand for the scalar (Kronecker) product of cohomology and homology classes.

Theorem 1.6 Assume that M has property (G) and the subgroup Γ = {v ∈ H^{m−k}(M, Z/2) | < u ∪ v, [M] >= 0 for all u in G} of H^{m−k}(M, Z/2) is generated by spherical cohomology classes. Furthermore, assume that w_{j1} (M) ∪ . . . ∪ w_{js} (M) = 0 for all nonnegative integers j_1, . . . , j_s satisfying j_1 + · · · + j_s = m − ℓ(m − k) for some integer ℓ, 1 < ℓ < m/(m − k). If m is not divisible by m − k or if

dim_{Z/2} G ≥ dim_{Z/2} H^k(M, Z/2) + 1 − m/(m − k),

then the following conditions are equivalent:

(a) M has an algebraic model of type G,

(b) w_{i1} (M) ∪ . . . ∪ w_{ir} (M) is in G for all nonnegative integers i_1, . . . , i_r satisfying i_1 + · · · + i_r = k.

The hypothesis of Theorem 1.6 look complicated, however several of them are automatically satisfied if 2k + 1 ≤ m. In particular, we have the following.

Corollary 1.7 Assume that M has property (G) and the group H^{m−k}(M, Z/2) is generated by spherical cohomology classes. If 2k + 1 ≤ m, then the following conditions are equivalent:

(a) M has an algebraic model of type G,

(b) w_{i1} (M)∪. . . ∪w_{ir} (M) is in G for all nonnegative integers i_1, . . . , i_r satisfying i_1 +· · ·+ i_r = k.

Proof. Since 2k + 1 ≤ m, Proposition 1.3 (I) implies that every cohomology class in H^{m−k}(M, Z/2) is spherical. Hence the conclusion follows from Theorem 1.6. □ Proposition 1.4 demonstrates that Theorem 1.5 and Corollary 1.7 are applicable in numerous cases. Recall that if M is stably parallelizable (that is, the direct sum of the tangent bundle to M and some trivial vector bundle on M is a trivial vector bundle on M), then w_i(M) = 0 for i ≥ 1, and hence the hypothesis in Theorems 1.5, 1.6 and Corollary 1.7 concerning the Stiefel-Whitney classes of M are all satisfied. This allows for a great simplification of the statement of Theorem 1.6.

Corollary 1.8 Assume that M has property (G), the subgroup Γ = {v ∈ H^{m−k}(M, Z/2) | < u ∪ v, [M] >= 0 for all u in G} of H^{m−k}(M, Z/2) is generated by spherical cohomology classes, and M is stably parallelizable. If m is not divisible by m − k or if

dim_{Z/2} G ≥ dim_{Z/2} H^k(M, Z/2) + 1 − m/(m − k),

then M has an algebraic model of type G.

Proof. It is a special case of Theorem 1.6 since w_i(M) = 0 for i ≥ 1. □ Propositions 1.3 (I) and 1.4 make Corollary 1.8 easily applicable also in cases where 2k + 1 ≥ m with, for instance, G = 0 or m − k = 1, 3 or 7. More about this point can be found in Section 2.

The author conjectures that if M has property (G), then conditions (a) and (b) in Theorem 1.6 are always equivalent, without any extra assumptions.

The paper is organized as follows. In Section 2, assuming that the results stated above are true, we derive several corollaries. First we concentrate on cases k = 1 or 2 to show that Theorem 1.5 contains most of previously known results on algebraic models of type G (Corollaries 2.1 and 2.2, cf. [11, 13, 14]). A new result for k = 2 is also included (Corollary 2.3, Example 2.5). The remaining part of Section 2 contains some consequences of Theorems 1.5 and 1.6 for k ≥ 3. Propositions 1.1, 1.3, and 1.4 are proved in Section 3. As might have been expected, Proposition 1.1 is completely independent of the rest of the paper. Although Proposition 1.3 is certainly well-known, we offer a short proof for sake of completeness. Section 4 contains proofs of Theorems 1.5 and 1.6. Let us mention that besides algebraic models of type G there is also algebraic approximation of type G [13]. It is explained in Remark 4.8 how these two notions are connected.

Early papers [2, 4, 5, 6, 7, 25, 26] have been stimulating in leading to the problem investigated here. The results devoted to the topic under consideration as well as related contributions are surveyed in article [14], which also contains a more complete list of references. Recent publications include [1, 23].

Convention. All smooth manifolds that appear in this paper are paracompact. They are without boundary unless explicitly stated to the contrary.

2 Special cases of the main results

The first three corollaries below will demonstrate that Theorems 1.5 and 1.6 take a particularly attractive form for k = 1 or 2. As a consequence of Theorem 1.5 we immediately obtain the following result of [11].

Corollary 2.1 If M is connected, k = 1, and m ≥ 3, then the following conditions are equivalent:

(a) M has an algebraic model of type G,

(b) w_1(M) is in G.

Proof. By Proposition 1.4 (iii), M has property (G). Hence Theorem 1.5 implies the conclusion. □

It follows from Grothendieck’s formula [18, Example 15.3.6] that H^2_{alg}(X, Z/2) ⊆ W^2(X) for every compact nonsingular real algebraic variety X, cf. also [10, Theorem 1.1]. Thus if k = 2 and M has an algebraic model of type G, then G ⊆ W^2(M). We can now easily derive the main result of [13].

Corollary 2.2 If M is connected and orientable, k = 2, and m ≥ 5, then the following conditions are equivalent:

(a) M has an algebraic model of type G,

(b) w_2(M) is in G and G ⊆ W^2(M).

Proof. We already know that (a) implies (b). Since M is orientable, we have w_1(M) = 0 [21, p. 246, Theorem 12.1]. If G ⊆ W^2(M), then M has property (G) in view of Proposition 1.4 (i), and hence applying Theorem 1.5 we see that (b) implies (a). □ A result complementing Corollary 2.2 can be obtained by specializing to k = 2 in Corollary 1.7.

Corollary 2.3 If k = 2, m ≥ 5, and the group H^{m−2}(M, Z/2) is generated by spherical cohomology classes, then the following conditions are equivalent:

(a) M has an algebraic model of type G,

(b) w_1(M) ∪ w_1(M) and w_2(M) are in G, and G ⊆ W^2(M).

Proof. We already know that (a) implies (b). If G ⊆ W^2(M), then M has property (G) by virtue of Proposition 1.4 (i). Hence (b) implies (a) in view of Corollary 1.7. □ Remark 2.4. Condition G ⊆ W^2(M) in Corollaries 2.2 and 2.3 is essential. Indeed, given an integer m ≥ 6, there exists a compact connected orientable smooth manifold M of dimension m such that for every algebraic model X of M one has H^2_{alg}(X, Z/2) ≠ H^2(X, Z/2); in particular, W^2(M) ≠ H^2(M, Z/2) [29]. Such phenomenon cannot occur if m ≤ 5 [14, Theorem 3.6].

We shall illustrate Corollary 2.3 with an example.

Example 2.5. Assume that M = N × S^{ℓ1} × · · · × S^{ℓp} , where N is a compact connected smooth surface, ℓ_i ≥ 2 for 1 ≤ i ≤ p, and ℓ_1 + · · · + ℓ_p ≥ 3. One easily sees that the group H^{m−2}(M, Z/2) is generated by spherical cohomology classes. In particular, Corollary 2.3 is applicable. Let us also note that W^2(M) = H^2(M, Z/2) since H^2(M, Z/2) is generated by spherical cohomology classes, W^2(M) is a subgroup of H^2(M, Z/2), and S^2(M) ⊆ W^2(M) in view of Proposition 1.3 (II). Furthermore, w_j (M) = 0 for j ≥ 1, provided that N is orientable. If N is nonorientable of even genus, then w_1(M) ≠ 0 and w_1(M) ∪ w_1(M) = w_2(M) = 0.

Assuming that N is nonorientable of odd genus we have w_1(M) ≠ 0, w_1(M) ∪ w_1(M) = w_2(M) ≠ 0. Clearly, Corollary 2.2 is not applicable if N is nonorientable.

We shall now consider algebraic models of real projective m-space P^m(R). Recall that P^m(R) is a real algebraic variety in the sense of this paper [8, Theorem 3.4.4] (in other words, using terminology of [8], P^m(R) is an affine real algebraic variety). Obviously, H^ℓ_{alg}(P^m(R), Z/2) = H^ℓ(P^m(R), Z/2) ⋍ Z/2 for 0 ≤ ℓ ≤ m. Furthermore, if m is even and X is any algebraic model of P^m(R), then H^ℓ_{alg}(X, Z/2) = H^ℓ(X, Z/2) for 0 ≤ ℓ ≤ m (this is obvious for ℓ = 0, while for ℓ ≥ 1 it follows from the fact that the ℓ-fold cup product w_1(X) ∪ . . . ∪ w_1(X) generates H^ℓ(X, Z/2)). The situation is nontrivial for m odd.

Corollary 2.6 Assume that the binomial coefficient (_{m+1} i ) is even for 1 ≤ i ≤ k. If 2k +2 ≤ m or if 2k + 1 ≤ m with either k odd or k = 2, then there exists an algebraic model X of P^m(R) with H^k_{alg}(X, Z/2) = 0.

Proof. The assumption implies w_i(P^m(R)) = 0 for 1 ≤ i ≤ k, cf. [24, p. 45,Theorem 4.5], and hence the conclusion follows from Theorem 1.5. □ Our next result has a similar flavor.

Corollary 2.7 If M is stably parallelizable, H^{m−k}(M, Z/2) is generated by spherical cohomology classes, and m is not divisible by m − k, then there exists an algebraic model X of M with H^k_{alg}(X, Z/2) = 0.

Proof. It suffices to apply Corollary 1.8 with G = 0. □ We shall conclude this section by giving two additional consequences of Theorem 1.6.

Corollary 2.8 Assume that M = N_1 ×· · ·×N_p, where each N_j is either a compact connected orientable smooth surface or a sphere of positive dimension for 1 ≤ j ≤ p. Then M has an algebraic model of type G in each of the following cases:

(i) 2k + 1 ≤ m and k = 1, 2, 3, 4, 7 or 8,

(ii) m is not divisible by m − k, 2k − 1 ≥ m and m − k = 3 or 7.

Proof. The group H^i(M, Z/2) is generated by spherical cohomology classes for all i ≥ 1. Suppose now that either (i) or (ii) holds. By Proposition 1.4 (iii), (iv), M has property (G) and by Proposition 1.3 (I), every cohomology class in H^{m−k}(M, Z/2) is spherical. Since M is stably parallelizable, the conclusion is a consequence of Corollary 1.8. □

Corollary 2.9 Assume that M = S^ℓ × · · · × S^ℓ is the p-fold product and k = pℓ − ℓ. If G is a nonzero subgroup of H^k(M, Z/2) and ℓ = 1, 3 or 7, then M has an algebraic model of type G.

Proof. As in Corollary 2.8, M has property (G), every cohomology class in H^{m−k}(M, Z/2) is spherical, and M is stably parallelizable. Furthermore, dim_{Z/2} G ≥ 1 and dim_{Z/2} H^k(M, Z/2) = p = m/(m − k). It suffices to apply Corollary 1.8. □

3 Proofs of the propositions

The groups H^{alg}_p (−, Z/2) and H^p_{alg}(−, Z/2) behave in a functorial fashion. If f : X → Y is a regular map (that is, a morphism) between compact nonsingular real algebraic varieties, then the induced homomorphisms f_∗ : H_∗(X, Z/2) → H_∗(Y, Z/2), f^∗ : H^∗(Y, Z/2) → H^∗(X, Z/2) satisfy f_∗(H^{alg}_p (X, Z/2)) ⊆ H^{alg}_p (Y, Z/2), f^∗(H^p_{alg}(Y, Z/2)) ⊆ H^p_{alg}(X, Z/2) for all p ≥ 0 [15, Section 5] or [7].

Lemma 3.1 With the notation as above, if f_∗ : H_∗(X, Z/2) → H_∗(Y, Z/2) is an isomorphism, then f^∗(H^p_{alg}(Y, Z/2)) = H^p_{alg}(X, Z/2) for all p ≥ 0.

Proof. Let D_X : H^∗(X, Z/2) → H_∗(X, Z/2) and D_Y : H^∗(Y, Z/2) → H_∗(Y, Z/2) be the Poincaré duality isomorphisms. We assert that given u in H^p(X, Z/2), we get

f^∗(v) = u for v = (D^{−1}_Y ∘ f_∗ ∘ D_X )(u).

First note that dim X = dim Y and f_∗([X]) = [Y ] since f_∗ is an isomorphism. We now compute using standard properties of the cap product ∩, cf. [17]: f_∗(D_X (f^∗(v))) = f_∗(f^∗(v) ∩ [X]) = v ∩ f_∗([X]) = v ∩ [Y ] = D_Y (v) = D_Y ((D^{−1}_Y ∘ f_∗ ∘ D_X )(u)) = f_∗(D_X (u)).

Since f_∗ and D_X are isomorphisms, the assertion follows. We know that f_∗(H^{alg}_q (X, Z/2)) ⊆ H^{alg}_q (Y, Z/2) for q ≥ 0, and therefore the definition of v implies that v is in H^p_{alg}(Y, Z/2), provided that u is in H^p_{alg}(X, Z/2). By applying the assertion, we obtain the inclusion H^p_{alg}(X, Z/2) ⊆ f^∗(H^p_{alg}(Y, Z/2)). The reciprocal inclusion also holds, f being a regular map. Hence the proof is complete. □ Remark 3.2. Under the same hypothesis as in Lemma 3.1 one also gets f_∗(H^{alg}_p (X, Z/2)) = H^{alg}_p (Y, Z/2) for all p ≥ 0, but we will not need it.

Proof of Proposition 1.1. Let ψ : M → Y be as in the hypothesis. Without loss of generality we may assume that ψ is a smooth map. Note that (M, ψ) and (Y, id_Y ), where id_Y is the identity map of Y , are bordant in the unoriented sense [16, p. 20] (this is so since the Stiefel- Whitney classes of compact smooth manifolds are invariant under homotopy equivalence [24, p. 132, Theorem 11.14] and therefore the Stiefel-Whitney numbers of (M, ψ) and (Y, id_Y ) are identical, implying thereby the existence of a required bordism, cf. [16, (17.3)], which is recalled here as Theorem 4.1 in Section 4). By [6, Proposition 4.1] (the reader may just as well see Theorem 4.2 in Section 4 for a sharper version), there exist a nonsingular real algebraic variety X, a regular map g : X → Y , and a smooth diffeomorphism φ : M → X such that g ∘ φ is homotopic to ψ. In particular, g is a homotopy equivalence. Furthermore,

φ^∗ ∘ g^∗ = (g ∘ φ)^∗ = ψ^∗ : H^∗(Y, Z/2) → H^∗(M, Z/2),

and hence φ^∗(g^∗(H^k_{alg}(Y, Z/2))) = G in view of ψ^∗(H^k_{alg}(Y, Z/2)) = G. In order to prove that X is an algebraic model of M of type G it suffices to show g^∗(H^k_{alg}(Y, Z/2)) = H^k_{alg}(X, Z/2). The latter equality follows from Lemma 3.1 since the induced homomorphism g_∗ : H_∗(X, Z/2) → H_∗(Y, Z/2) is an isomorphism, g being a homotopy equivalence. □ Our next task is a simple and for most readers familiar exercise.

Proof of Proposition 1.3. Let us consider (I). We shall use the characterization, recalled in Section 1, of spherical cohomology classes in terms of the Poincaré dual homology classes. Thus for 2ℓ − 1 ≥ m the assertion in (I) follows by a trivial application of transversality (alternatively, one can use [20, p. 223, Proposition 11.1]). If ℓ = 1, 3 or 7, then S^ℓ is parallelizable (the tangent bundle to S^ℓ is trivial) and hence the normal bundle of the diagonal in S^ℓ × S^ℓ is trivial, which readily yields S^ℓ(S^ℓ × S^ℓ) = H^ℓ(S^ℓ × S^ℓ, Z/2), while this in turn implies that the subset S^ℓ(M) is closed under addition in H^ℓ(M, Z/2) and therefore a subgroup.

In each case considered in (II) we have W^ℓ(S^ℓ) = H^ℓ(S^ℓ, Z/2), which immediately implies the inclusion S^ℓ(M) ⊆ W^ℓ(M). □ Given two real vector bundles ξ_1 and ξ_2 on a topological space S, we will write ξ_1 ≃ ξ_2 to indicate that they are isomorphic. If f : S → T is a continuous map from S into a topological space T and η is a real vector bundle on T , then f^∗η will denote the pullback vector bundle on S. We let γ_{p,q} denote the universal vector bundle on the Grassmannian G_{p,q} of q-dimensional vector subspaces of R^p . Recall that G_{p,q} is endowed with a canonical structure sheaf which makes it into a real algebraic variety in the sense of this paper [8, Theorem 3.4.4] (G_{p,q} is an affine real algebraic variety according to terminology used in [8]). Furthermore, G_{p,q} is nonsingular and H^{alg}_i (G_{p,q} , Z/2) = H_i(G_{p,q} , Z/2) for all i ≥ 0 [8, Propositions 3.4.3, 11.3.3]. It follows that W = S^{k1} × · · · × S^{kr} × G_{p1 ,q1} × · · · × G_{ps ,qs} is a compact connected nonsingular real algebraic variety with H^{alg}_i (W, Z/2) = H_i(W, Z/2) for all i ≥ 0.

Proof of Proposition 1.4. Assume that (i) holds and G is generated by elements v_1, . . . , v_r of S^k(M) and elements w_1, . . . , w_s of W^k(M). Let f_i : M → S^k be a smooth map satisfying v_i = f^∗_i (c), where c is the unique generator of H^k(S^k, Z/2) ≃ Z/2, and let ξ_j be a real vector bundle on M such that w_j = w_k(ξ_j) and w_ℓ(ξ_j ) = 0 for 1 ≤ ℓ ≤ k − 1. Let g_j : M → G_{pj ,qj} be a smooth classifying map for ξ_j , that is, ξ_j ⋍ g^∗_j γ_{pj ,qj} . Since the cohomology ring H^∗(G_{pj ,qj} , Z/2) is generated (as a ring) by the Stiefel-Whitney classes of γ_{pj ,qj} [24] and since we have w_d(ξ_j) = w_d(g^∗_j γ_{pj ,qj} ) = g^∗_j (w_d(γ_{pj ,qj} )) for all integers d ≥ 0, it follows that g^∗_j (H^ℓ(G_{pj ,qj} , Z/2)) = 0 for 1 ≤ ℓ ≤ k − 1 and g^∗_j (H^k(G_{pj ,qj} , Z/2)) is the subgroup of H^k(M, Z/2) generated by w_k(ξ_j) = w_j . Let us consider the smooth map a = (f_1, . . . , f_r, g_1, . . . , g_s) : M → S^k × · · · × S^k × G_{p1 ,q1} × · · · × G_{ps ,qs} = A. By construction and Künneth’s theorem for cohomology [27], a^∗(H^ℓ(A, Z/2)) = 0 for 1 ≤ ℓ ≤ k −1 and a^∗(H^k(A, Z/2)) = G. Thus M has property (G) in view of the remark immediately preceding the proof.

Clearly, (ii) is a special case of (i), but also follows directly from Definition 1.2 with A consisting of one point. Similarly, (iii) is a special case of (i) since W^1(M) = H^1(M, Z/2).

Suppose that (iv) holds. If either 2k − 1 ≥ m or k = 3 or 7, then S^k(M) = H^k(M, Z/2) in view of Proposition 1.3 (I), whereas for k = 2, 4 or 8 we have W^k(M) = H^k(M, Z/2) by virtue of Proposition 1.3 (II) and the fact that W^k(M) is a subgroup of H^k(M, Z/2). Now (i) implies that M has property (G). □

4 Proofs of the theorems

We begin with some preliminaries, collected here for the convenience of the reader. Recall our convention from Section 1 that all smooth manifolds are without boundary unless explicitly stated otherwise. Smooth manifolds with boundary will play however some role behind the scenes. Given a smooth manifold P , let N_∗(P ) denote the unoriented bordism group of P [16]. The following fundamental result will be frequently used.

Theorem 4.1 Let f : N → P be a smooth map from a compact smooth manifold N into a smooth manifold P . Then (N, f) represents 0 in N_∗(P ) if and only if for every nonnegative integer ℓ and every cohomology class v in H^ℓ(P, Z/2) one has < f^∗(v) ∪ w_{i1} (N) ∪ . . . ∪ w_{ir} (N), [N] >= 0 for all nonnegative integers i_1, . . . , i_r satisfying i_1 + · · · + i_r = dim N − ℓ.

Reference for the proof: [16, (17.3)]. □ Observe that if P consists of one point, then the map f : N → P is irrelevant and Theorem 4.1 gives necessary and sufficient conditions for N to be the boundary of a compact smooth manifold with boundary.

Our basic tools also include an algebraic approximation theorem for smooth manifolds and smooth maps, whose formulation requires some preparation.

If W is a nonsingular real algebraic variety, then a bordism class in N_∗(W ) is said to be algebraic if it can be represented by a pair (Y, h), where Y is a compact nonsingular real algebraic variety and h : Y → W is a regular map [3, 6].

A topological real vector bundle on a real algebraic variety Y is said to admit an algebraic structure if it is topologically isomorphic to an algebraic subbundle of the trivial vector bundle with total space Y ×R^p for some p, cf. [9] for various characterizations of such vector bundles and for their basic properties.

Given smooth manifolds N and P , we endow the set C^∞(N, P ) of all smooth maps from N into P with the C^∞ topology [19] (in our applications N is always compact so it does not matter whether we take the weak C^∞ topology or the strong one). The tangent vector bundle to N will be denoted by τ(N). We wish to draw the reader’s attention to the following, henceforth frequently used, notational convention.

Notation. For any smooth embedding e : N → P we will write ē to denote the smooth diffeomorphism from N onto e(N) defined by ē(x) = e(x) for all x in N.

Theorem 4.2 Let N be a compact smooth submanifold of R^n and let W be a nonsingular real algebraic variety. Let f : N → W be a smooth map such that the bordism class of (N, f) in N_∗(W ) is algebraic. Suppose that N contains a (possibly empty) Zariski closed nonsingular subvariety L of R^n , the restriction f | L : L → W is a regular map, and the restriction τ(N) | L of the tangent bundle τ(N) admits an algebraic structure. If 2 dim N + 1 ≤ n, then there exist a smooth embedding e : N → R^n , a Zariski closed nonsingular subvariety X of R^n , and a regular map g : X → W such that L ⊆ X = e(N), e | L : L → R^n is the inclusion map, g | L = f | L, and g ∘ ē is homotopic to f. Furthermore, given a neighborhood U in C^∞(N, R^n ) of the inclusion map N → R^n and a neighborhood V of f in C^∞(N, W ), the objects e, X, and g can be chosen in such a way that e is in U and g ∘ ē is in V.

Reference for the proof: Almost identical, but slightly different, versions of this theorem are contained in [2, 3, 5, 6]. For sake of clarity we offer the following comments. If ν (resp. μ) is the normal vector bundle of L in N (resp. R^n ), then ν ⊕ τ(L) ≃ τ(N) | L and hence ν ⊕ τ(L) ⊕ μ ≃ (τ(N) | L) ⊕ μ. The vector bundle τ(L) ⊕ μ is trivial, whereas (τ(N) | L) ⊕ μ admits an algebraic structure (each direct summand has such property). In particular, ν is stably equivalent to a vector bundle admitting an algebraic structure and therefore ν also admits an algebraic structure [8, Proposition 12.3.5] (note that L is compact). In view of this conclusion and [6, Theorem 3.2], we may assume that N is a Zariski closed nonsingular subvariety of R^n . We can now apply [3, p. 65, Theorem 2.8.4]. Thus there exist a nonnegative integer ℓ, a smooth embedding ϵ : N → R^n × R^ℓ , a Zariski closed nonsingular subvariety Y of R^n × R^ℓ , and a regular map h : Y → W such that L × {0} ⊆ Y = ϵ(N), ϵ(y) = (y, 0) for all y in L, and h ∘ ϵ̄ is in a small neighborhood, that can be specified in advance, of f in C^∞(N, W ). Furthermore, we may assume that ϵ belongs to a specified in advance neighborhood in C^∞(N, R^n × R^ℓ ) of the map N → R^n × R^ℓ , x → (x, 0) (this is not explicitly stated in [3, p. 65, Theorem 2.8.4], but is actually contained in the proof; cf. also [2, Proposition 2.8]). Since 2 dim Y + 1 ≤ n, a standard result on general projections allows one to find a linear map π : R^n × R^ℓ → R^n such that π is arbitrarily close to the canonical projection R^n ×R^ℓ → R^n , π(x, 0) = x for all x in R^n , the image X = π(Y ) is a Zariski closed nonsingular subvariety of R^n , and the restriction ρ : Y → X of π is a biregular isomorphism. Define e : N → R^n and g : X → W by e(x) = ρ(ϵ̄(x)) for x in N and g = h ∘ ρ^{−1}. It follows from the construction that e, X, and g satisfy all the requirements. Note that g ∘ ē is always homotopic to f, provided that g ∘ ē is sufficiently close to f. □ Henceforth we shall abbreviate the last statement in Theorem 4.2 by saying that e is close to the inclusion map and g ∘ ē is close to f.

For applications of Theorem 4.2 the following fact will be important.

Proposition 4.3 Given a nonsingular real algebraic variety W , one has H^{alg}_i (W, Z/2) = H_i(W, Z/2) for all i ≥ 0 if and only if every homogeneous element in the graded group N_∗(W ) is an algebraic bordism class.

Reference for the proof: [3, Lemma 2.7.1] □ Let us note that the equivalent conditions of Proposition 4.3 are satisfied for W = S^{k1} × · · · × S^{kr} × G_{p1 ,q1} × · · · × G_{ps ,qs} , cf. Section 3.

We shall also need a result of a different nature. Let X be a compact nonsingular real algebraic variety. Define Alg^p(X) to be the subset of H^p(X, Z/2) that consists of all elements u for which there exist a compact irreducible nonsingular real algebraic variety T (depending on u), two points t_0 and t_1 in T , and a cohomology class z in H^p_{alg}(X × T, Z/2) such that

u = i^∗_{t1} (z) − i^∗_{t0} (z),

where given t in T , we let i_t : X → X ×T denote the map defined by i_t(x) = (x, t) for all x in X (this definition does not force u = 0, the parameter space T being possibly disconnected). Since i_t is a regular map, it follows that Alg^p(X) is contained in H^p_{alg}(X, Z/2). In fact, Alg^p(X) is a subgroup of H^p_{alg}(X, Z/2). If u is in Alg^p(X), v is in H^q_{alg}(X, Z/2) and w is in H^q_{alg}(Y, Z/2), where Y is a compact nonsingular real algebraic variety, then the cup product u ∪ v belongs to Alg^{p+q}(X) and the cross product u × w belongs to Alg^{p+q}(X × Y ). Furthermore, for every regular map f : X → Y , one has f^∗(Alg^p(Y )) ⊆ Alg^p(X). All these assertions can be either easily directly verified or deduced from the alternative description of Alg^p(−) given below.

Another way of looking at things is as follows. Let X be a reduced quasiprojective scheme over R. The set X (R) of R-rational points of X is contained in an affine open subset of X . Thus if X (R) is dense in X , we can and will regard X (R) as a real algebraic variety whose structure sheaf is the restriction of the structure sheaf of X ; up to isomorphism, each real algebraic variety is of this form.

If the irreducible components of X are of the same dimension, X is nonsingular, and X (R) is dense in X , then X (R) is nonsingular in the sense used in this paper. Assuming in addition that X (R) is compact in the Euclidean topology, we have the cycle homomorphism

cl_R : Z^p(X ) → H^p(X (R), Z/2)

defined on the group Z^p(X ) of algebraic cycles on X of codimension p : for any integral subscheme V of X of codimension p the cohomology class cl_R(V) is Poincaré dual to the homology class represented by the subvariety V(R) of X (R) if V(R) has codimension p in X (R) and otherwise cl_R(V) = 0. By definitions, cl_R(Z^p(X )) = H^p_{alg}(X (R), Z/2), whereas Alg^p(X (R)) is the image under cl_R of the subgroup of Z^p(X ) that consists of the cycles algebraically equivalent to 0. The assertions concerning Alg^p(−) made above follow from the standard properties of cycles algebraically equivalent to 0, which can be found in [18, Chapter 10].

The former description of Alg^p(−) is more natural in the context of this paper, whereas the latter one has been used in paper [22] to which we refer below.

Theorem 4.4 Let X be a compact nonsingular real algebraic variety of dimension m. If u is in Alg^p(X) and v is in H^{m−p}_{alg} (X, Z/2), then < u ∪ v, [X] >= 0.

Reference for the proof: [22, Theorem 2.1] □ The main point is that if Alg^p(X) ≠ 0, then certain specific cohomology classes in H^{m−p}(X, Z/2) cannot be in H^{m−p}_{alg} (X, Z/2).

If X is as in Theorem 4.4 and, in addition, irreducible, then Alg^m(X) contains every cohomology class Poincaré dual to the homology class in H_0(X, Z/2) represented by two distinct points (referring to the first definition of Alg^p(−), take T = X and consider the cohomology class in H^m_{alg}(X × X, Z/2) corresponding to the diagonal in X × X). This simple fact will be at the base of several forthcoming constructions. More specifically, the following example will be needed.

Example 4.5. Given a positive integer ℓ let B^ℓ be an irreducible nonsingular real algebraic variety with precisely two connected components B^ℓ_0 and B^ℓ_1, each diffeomorphic to S^ℓ (for example B^ℓ = {(x_0, . . . , x_ℓ) ∈ R^{ℓ+1} | x^4_0 −4x^2_0 +1+x^2_1 +· · ·+x^2_ℓ = 0}). Let p_j be a point in B^ℓ_j for j = 0, 1. Let κ_ℓ be the cohomology class in H^ℓ(B^ℓ, Z/2) Poincaré dual to the homology class in H_0(B^ℓ, Z/2) represented by {p_0, p_1}. We already know that κ_l belongs to Alg^ℓ(B^ℓ).

Let now B = B^ℓ × · · · × B^ℓ and B_0 = B^ℓ_0 × · · · × B^ℓ_0 be the d-fold products for some positive integer d, and let δ : B_0 → B be the inclusion map. We assert that H^q(B_0, Z/2) = δ^∗(Alg^q(B)) for all q ≥ 0.

If q is not a multiple of ℓ, then H^q(B_0, Z/2) = 0 and the assertion is obvious. It is also trivial for q = 0.

Suppose then that q = rℓ for some positive integer r. Since κ_ℓ is in Alg^ℓ(B^ℓ), the cohomology classes

u_1 = κ_ℓ × 1 × 1 × · · · × 1, u_2 = 1 × κ_ℓ × 1 × · · · × 1, . . . , u_d = 1 × 1 × · · · × 1 × κ_ℓ of H^ℓ(B, Z/2) are all in Alg^ℓ(B) (here 1 stands for the multiplicative identity element in the cohomology ring H^∗(B^ℓ, Z/2)). By construction, δ^∗(u_1), . . . , δ^∗(u_d) generate H^ℓ(B_0, Z/2) and hence the elements δ^∗(u_{i1} ∪ . . . ∪ u_{ir} ), where i_1, . . . , i_r are in the set {1, . . . , d}, generate H^q(B_0, Z/2). The assertion holds since the u_{i1} ∪ . . . ∪ u_{ir} are in Alg^q(B).

The following technical result will be crucial in the proof of Theorem 1.5. Lemma 4.6 Let K be a compact smooth submanifold of R^n and let V be a connected nonsingular real algebraic variety. Let f : K → V and h : K → S^1 be smooth maps such that f^∗(H^p(V, Z/2)) = 0 for p ≥ 1 and (K, h) represents 0 in the unoriented bordism group N_∗(S^1). If 2 dim K + 1 ≤ n, then there exist a smooth embedding ϵ : K → R^n , a Zariski closed nonsingular subvariety Y of R^n , and a regular map g : Y → V such that ϵ(K) = Y , ϵ is close to the inclusion map K → R^n , g ∘ ϵ̄ is close to f, and σ^∗(h^∗(c)) is in Alg^1(Y ), where c is the unique generator of H^1(S^1, Z/2) ≃ Z/2 and σ = ϵ̄^{−1}.

Proof. We assert that (K, F ) represents 0 in N_∗(V × S^1), where F = (f, h) : K → V × S^1. By Theorem 4.1 and Künneth’s theorem for cohomology, it suffices to show that given v in H^p(V, Z/2) and w in H^q(S^1, Z/2), we have (∗) < F^∗(v × w) ∪ w_{i1} (K) ∪ . . . ∪ w_{ir} (K), [K] >= 0 for all nonnegative integers i_1, . . . , i_r satisfying i_1 + · · · + i_r = dim K − (p + q). Note that F^∗(v × w) = f^∗(v) ∪ h^∗(w). Since f^∗(v) = 0 for p ≥ 1 and w = 0 for q ≥ 2, we have to consider only two cases: (p, q) = (0, 0) and (p, q) = (0, 1).

Suppose that (p, q) = (0, 0). Since V × S^1 is connected, we have F^∗(v × w) = 0 or F^∗(v × w) = 1. If F^∗(v × w) = 0, then (∗) is obvious. If F^∗(v × w) = 1, then (∗) holds in view of Theorem 4.1 and the fact that K is the boundary of a compact smooth manifold with boundary (recall that (K, h) represents 0 in N_∗(S^1)).

Suppose that (p, q) = (0, 1). Then f^∗(v) = 0 or f^∗(v) = 1. In the former case (∗) is obvious, while in the latter case (∗) follows from Theorem 4.1 since (K, h) represents 0 in N_∗(S^1).

Hence the assertion is proved and we can continue. Let B^1 and κ_1 be as in Example 4.5 (with ℓ = 1). Let τ : S^1 → B^1 be a smooth map which transforms diffeomorphically S^1 onto B^1_0 . The assertion implies that (K, Φ) represents 0 in N_∗(V × B^1), where Φ = (f, τ ∘ h) : K → V × B^1. In particular, the hypothesis of Theorem 4.2 are satisfied for Φ : K → V × B^1 with L = ∅. Hence there exist a smooth embedding ϵ : K → R^n , a Zariski closed nonsingular subvariety Y of R^n , and a regular map Ψ = (g, b) : Y → V × B^1 such that ϵ(K) = Y , ϵ is close to the inclusion map K → R^n , Ψ ∘ ϵ̄ = (g ∘ ϵ̄, b ∘ ϵ̄) is close to Φ = (f, τ ∘ h), and Ψ = (g, b) is homotopic to Φ ∘ σ = (f ∘ σ, τ ∘ h ∘ σ), where σ = ϵ̄^{−1}. We shall now show that σ^∗(h^∗(c)) is in Alg^1(Y ), which will complete the proof.

Since c = τ^∗(κ_1) and b is homotopic to τ ∘ h ∘ σ, we have

σ^∗(h^∗(c)) = σ^∗(h^∗(τ^∗(κ_1))) = (τ ∘ h ∘ σ)^∗(κ_1) = b^∗(κ_1).

On the other hand, b : Y → B^1 is a regular map and κ_1 is in Alg^1(B^1), which implies that b^∗(κ_1) is in Alg^1(Y ). Hence σ^∗(h^∗(c)) is in Alg^1(Y ) as required. □ We need one more auxiliary fact.

Lemma 4.7 Let N be a compact connected smooth manifold and let k be a positive integer satisfying 2k ≤ dim N. Then each homology class in H_k(N, Z/2) can be represented by a compact connected smooth submanifold of N that is also the boundary of some compact smooth manifold with boundary.

Proof. It is well-known that given a homology class in H_k(N, Z/2), one can find a compact smooth submanifold Q of N representing it [30, Théorème II.26]. Since N is connected, we may assume that Q is also connected. Let U be an open subset of N\Q diffeomorphic to R^n , where n = dim N. Whitney’s embedding theorem implies that there exists a compact smooth submanifold Q^′ of N which is contained in U and diffeomorphic to Q. Let P be a compact smooth submanifold of N obtained by joining Q and Q^′ with a k-dimensional tube. Thus P is connected and represents the same homology class in H_k(N, Z/2) as Q does. Furthermore, P is the boundary of a compact smooth manifold with boundary since the union Q ∪ Q^′ has this property. □ We now have all machinery necessary for the proofs of Theorems 1.5 and 1.6 ready at hand. The proofs will be preceded by a general remark, which has been already alluded to in Section 1.

Remark 4.8. Suppose that M is a smooth submanifold of R^n . Then M is said to admit an algebraic approximation of type G if for any neighborhood U in C^∞(M, R^n ) of the inclusion map M → R^n , there exist a smooth embedding e : M → R^n and a Zariski closed nonsingular subvariety X of R^n such that e is in U, e(M) = X, and G = ē^∗(H^k_{alg}(X, Z/2)). Clearly, M has an algebraic model of type G, provided that it admits an algebraic approximation of type G. The converse is true if 2m + 1 ≤ n [13, Proposition 1.2] and remains undecided for 2m + 1 > n.

In the proofs of Theorems 1.5 and 1.6 given below we assume, which can be done without any loss of generality, that M is a smooth submanifold of R^n , where 2m + 1 ≤ n, and show that condition (b) implies that M admits an algebraic approximation of type G. As noted, this is precisely equivalent to showing that (b) implies (a), however, the approximation comes out naturally with no extra effort and makes the structure of the proofs more transparent. Proof of Theorem 1.5. We already know that (a) implies (b). Suppose then that (b) holds. Assuming that M is a smooth submanifold of R^n , where 2m + 1 ≤ n, we prove below that M admits an algebraic approximation of type G. Given a subset S of M, we let ϵ_S denote the inclusion map S → M.

Let us set Γ = {v ∈ H^{m−k}(M, Z/2) | u ∪ v = 0 for all u in G}, Γ = {v_1, . . . , v_s}. Let P_i be a compact smooth submanifold of M, whose homology class in H_k(M, Z/2) is Poincaré dual to v_i. In view of Lemma 4.7, we may assume that P_i is connected and is the boundary of a compact smooth manifold with boundary. Furthermore, P_1, . . . , P_s may be assumed to be pairwise disjoint since 2k + 1 ≤ m. Note that G = {u ∈ H^k(M, Z/2) | ϵ^∗_{Pi} (u) = 0 for i = 1, . . . , s}. (1) Indeed, since the bilinear map H^k(M, Z/2) × H^{m−k}(M, Z/2) → H^m(M, Z/2) ≃ Z/2, (u, v) → u ∪ v is a dual pairing [17, p. 300, Proposition 8.13], we get G = {u ∈ H^k(M, Z/2) | u ∪ v_i = 0 for i = 1, . . . , s}.

Standard properties of ∪ and ∩ products, and the definition of the Poincaré duality yield ϵ_{Pi∗}(ϵ^∗_{Pi} (u) ∩ [P_i]) = u ∩ ϵ_{Pi∗}([P_i]) = u ∩ (v_i ∩ [M]) = (u ∪ v_i) ∩ [M] for any u in H^k(M, Z/2). The homomorphism ϵ_{Pi∗} : H_0(P_i, Z/2) → H_0(M, Z/2) is injective, P_i being connected, and therefore ϵ^∗_{Pi} (u) = 0 is equivalent to u ∪ v_i = 0. Thus (1) holds.

Let T_i be an open tubular neighborhood of P_i in M for i = 1, . . . , s. These tubular neighborhoods can be chosen small enough so that they are pairwise disjoint. Since the inclusion map P_i → T_i is a homotopy equivalence and dim P_i = k, we have ϵ^∗_{Ti} (H^p(M, Z/2)) = 0 for p ≥ k + 1 and i = 1, . . . , s. (2) Furthermore, applying (1), we obtain G = {u ∈ H^k(M, Z/2) | ϵ^∗_{Ti} (u) = 0 for i = 1, . . . , s}. (3) For the subsequent constructions we first have to investigate the normal vector bundle ν_i of P_i in M. We assert that ν_i splits off a trivial vector bundle of rank 2 for i = 1, . . . , s. (4) Since dim P_i = k, rank ν_i = m − k, and in all cases 2k + 1 ≤ m, it follows that ν_i can be represented as the direct sum of a vector bundle μ_i of rank k and a trivial vector bundle of rank m − 2k. Thus (4) holds if 2k + 2 ≤ m. If merely 2k + 1 ≤ m an additional argument, involving the Stiefel-Whitney class w_k(ν_i), is required.

We claim that w_k(ν_i) = 0. Indeed, for every j ≥ 1 we have w_j(τ(M) | P_i) = ϵ^∗_{Pi} (w_j(τ(M))) = ϵ^∗_{Pi} (w_j(M)) = 0, where the last equality follows since w_ℓ(M) = 0 for 1 ≤ ℓ ≤ k − 1, w_k(M) belongs to G and (1) holds, and dim P_i = k. Observe that τ(P_i)⊕ν_i ≃ τ(M) | P_i, and hence w_j(τ(P_i)⊕ν_i) = 0 for all j ≥ 1. This, together with Whitney’s product formula, implies that w_k(ν_i) is a linear combination of the cohomology classes w_{i1} (τ(P_i)) ∪ . . . ∪ w_{ir} (τ(P_i)) = w_{i1} (P_i) ∪ . . . ∪ w_{ir} (P_i), where i_1, . . . , i_r are nonnegative integers satisfying i_1 + · · · + i_r = k. Since P_i is connected and is the boundary of a compact smooth manifold with boundary, by virtue of Theorem 4.1, we have w_{i1} (P_i) ∪ . . . ∪ w_{ir} (P_i) = 0. Hence w_k(ν_i) = 0 as claimed. Note that the claim implies w_k(μ_i) = 0.

If k is odd, then interpreting w_k(μ_i) as an obstruction, we conclude that μ_i splits off a trivial line bundle [24, p. 140, Theorem 12.1], [28, Theorem 38.11], which implies (4).

Suppose finally that k = 2. Let ξ_i be a real line bundle on P_i with w_1(ξ_i) = w_1(ν_i). Since w_2(ν_i) = 0, it follows that ν_i and ξ_i are stably equivalent, cf. for example [10, Remark 1.4]. This implies that ν_i is isomorphic to the direct sum of ξ_i and a trivial vector bundle of rank m − 3 [21, p. 100, Theorem 1.5] (if dim P_i = k = 2, we have rank ν_i = m − 2 ≥ 3). Hence (4) holds also in this last case.

Let us indentify T_i with the total space of the bundle ν_i. It follows from (4) that there exists a smooth embedding of P_i × R^2 into T_i which maps (x, 0) to x for all x in P_i. Thus choosing a point t_0 in S^1 one can find a compact smooth submanifold K_i of M and a smooth diffeomorphism τ_i : P_i × S^1 → K_i such that P_i ⊆ K_i ⊆ T_i and τ_i(x, t_0) = x for all x in P_i. By applying (2), we get

ϵ^∗_{Ki} (H^p(M, Z/2)) = 0 for p ≥ k + 1 and i = 1, . . . , s, (5)

while (1) and (3) imply G = {u ∈ H^k(M, Z/2) | ϵ^∗_{Ki} (u) = 0 for i = 1, . . . , s}. (6) Let π_i : P_i × S^1 → S^1 be the canonical projection. We assert that if ϵ^∗_{Pi} (w) ≠ 0 for some w in H^k(M, Z/2) and some i, then

τ^∗_i (ϵ^∗_{Ki} (w)) ∪ π^∗_i (c) ≠ 0, (7)

where c is the unique generator of H^1(S^1, Z/2) ≃ Z/2. First note that

π^∗_i (c) = 1 × c.

It follows from Künneth’s theorem for cohomology that τ^∗_i (ϵ^∗_{Ki} (w)) = w^′ × 1 + w^{′′} × c for some w^′ in H^k(P_i, Z/2) and w^{′′} in H^{k−1}(P_i, Z/2). We now have τ^∗_i (ϵ^∗_{Ki} (w)) ∪ π^∗_i (c) = (w^′ × 1 + w^{′′} × c) ∪ (1 × c) = w^′ × (1 ∪ c) + w^{′′} × (c ∪ c) = w^′ × c Thus in order to justify (7) we have to show w^′ ≠ 0. We proceed as follows. Define δ_i : P_i → P_i × S^1 by δ_i(x) = (x, t_0) for x in P_i. Then τ_i ∘ δ_i : P_i → K_i is the inclusion map, ϵ_{Ki} ∘ τ_i ∘ δ_i = ϵ_{Pi} , and therefore δ^∗_i (τ^∗_i (ϵ^∗_{Ki} (w))) = (ϵ_{Ki} ∘ τ_i ∘ δ_i)^∗(w) = ϵ^∗_{Pi} (w).

On the other hand, δ^∗_i (τ^∗_i (ϵ^∗_{Ki} (w))) = δ^∗_i (w^′ × 1 + w^{′′} × c) = w^′ ∪ 1 + w^{′′} ∪ 0 = w^′.

Since ϵ^∗_{Pi} (w) ≠ 0, we get w ≠ 0, which proves (7).

Define h_i : K_i → S^1 by h_i = π_i ∘ τ^{−1}_i . If ϵ^∗_{Pi} (w) ≠ 0 for some w in H^k(M, Z/2) and some i, then (7) implies ϵ^∗_{Ki} (w) ∪ h^∗_i (c) ≠ 0 and, using connectedness of K_i, we obtain < ϵ^∗_{Ki} (w) ∪ h^∗_i (c), [K_i] >≠ 0. (8) Directly from the definition of h_i and the fact that P_i is the boundary of a compact smooth manifold with boundary we deduce (K_i, h_i) represents 0 in N_∗(S^1) for i = 1, . . . , s. (9) Since M has property (G), there exist a compact connected (connectedness will play no role in this proof) nonsingular real algebraic variety A and a smooth map a : M → A such that a^∗(H^ℓ(A, Z/2)) = 0 for 1 ≤ ℓ ≤ k − 1, a^∗(H^k(A, Z/2)) = G, and H^q_{alg}(A, Z/2) = H^q(A, Z/2) for q ≥ 0. Clearly, a | K_i = a ∘ ϵ_{Ki} , and hence (5) and (6) imply (a | K_i)^∗(H^p(A, Z/2)) = 0 for p ≥ 1 and i = 1, . . . , s. (10)

Let b : M → G_{d,m} be a smooth classifying map for the tangent vector bundle τ(M) to M, that is, τ(M) ≃ b^∗γ_{d,m}. Then b^∗(H^∗(G_{d,m} , Z/2)) is generated as a ring by the Stiefel- Whitney classes w_j(M) of M (keep in mind w_j(M) = b^∗(w_j(γ_{d,m})) and that H^∗(G_{d,m} , Z/2) is generated as a ring by the Stiefel-Whitney classes w_j(γ_{d,m}) of γ_{d,m} [24]). Since b | K_i = b ∘ ϵ_{Ki} , w_j (M) = 0 for 1 ≤ j ≤ k − 1, and w_k(M) is in G, by applying (5) and (6), we get

(b | K_i)^∗(H^p(G_{d,m} , Z/2)) = 0 for p ≥ 1 and i = 1, . . . , s. (11)

Setting V = A×G_{d,m} and f = (a, b) : M → V , we deduce from (10), (11), and Künneth’s theorem for cohomology that the restrictions f | K_i : K_i → V satisfy

(f | K_i)^∗(H^p(V, Z/2)) = 0 for p ≥ 1 and i = 1, . . . , s. (12)

In view of (9) and (12), Lemma 4.6 can be applied to f | K_i : K_i → V and h_i : K_i → S^1. Thus there exist a smooth embedding ϵ_i : K_i → R^n , a Zariski closed nonsingular subvariety Y_i of R^n , and a regular map g_i : Y_i → V such that Y_i = ϵ_i(K_i), ϵ_i is close to the inclusion map K_i → R^n , g_i ∘ ϵ̄_i is close to f | K_i, and σ^∗_i (h^∗_i (c)) belongs to Alg^1(Y_i), where σ_i = ϵ̄^{−1}_i . It follows that one can find a smooth embedding ϵ : M → R^n and a smooth map H : M → V such that ϵ is close to the inclusion map M → R^n , H is close to f, and ϵ | K_i = ϵ_i, H | K_i = g_i ∘ ϵ̄_i for i = 1, . . . , s. Set N = ϵ̄(M) and σ = ϵ̄^{−1}. Define F = (α, β) : N → V to be the composite map F = H ∘ σ. By construction, Y_i ⊆ N and g_i = F | Y_i for i = 1, . . . , s. Furthermore, we may assume that the maps F = (α, β) and f ∘σ = (a∘σ, b∘σ) are homotopic (this is always satisfied if H is sufficiently close to f). Thus α is homotopic to α ∘ σ, and β is homotopic to b ∘ σ.

The last fact established above and b^∗γ_{d,m} ≃ τ(M) imply β^∗γ_{d,m} ≃ (b ∘ σ)^∗γ_{d,m} ≃ σ^∗(b^∗γ_{d,m}) ≃ σ^∗τ(M) ≃ τ(N). This yields (β | Y_i)^∗γ_{d,m} ≃ τ(N) | Y_i, which implies that the vector bundle τ(N) | Y_i on Y_i admits an algebraic structure (the restriction β | Y_i : Y_i → G_{d,m} is a regular map since g_i = F | Y_i = (α | Y_i, β | Y_i) is a regular map).

The union Y = Y_1 ∪ . . . ∪ Y_s is a Zariski closed nonsingular subvariety of R^n , the sets Y_1, . . . , Y_s being pairwise disjoint. Furthermore, Y ⊆ N, the restriction τ(N) | Y admits an algebraic structure, and α : N → A is a smooth map whose restriction α | Y : Y → A is a regular map. By Proposition 4.3, every homogeneous element in the bordism group N_∗(A) is algebraic; in particular, the bordism class of (N, α) in N_∗(A) is algebraic. Hence we can apply Theorem 4.2 to α : N → A and Y ⊆ N. It follows that there exist a smooth embedding δ : N → R^n , a Zariski closed nonsingular subvariety X of R^n , and a regular map λ : X → A such that Y ⊆ X = δ(N), δ | Y : Y → R^n is the inclusion map, δ is close to the inclusion map N → R^n , and λ ∘ δ̄ is homotopic to α (according to Theorem 4.2, λ ∘ δ̄ is close to α and λ | Y = α | Y , but these properties will not be used).

By construction, the map e = δ∘ϵ̄ : M → R^n is a smooth embedding close to the inclusion map M → R^n and X = e(M). We shall now show the final property: G = ē^∗(H^k_{alg}(X, Z/2)), proving thereby that M admits an algebraic approximation of type G. It will be more convenient to set ψ = ē^{−1} and prove the equivalent condition: ψ^∗(G) = H^k_{alg}(X, Z/2).

Since λ ∘ δ̄ is homotopic to α, and α is homotopic to a ∘ σ (the latter fact has been established earlier in the proof), it follows that λ is homotopic to a ∘ σ ∘ δ̄^{−1} = a ∘ ψ. Hence the induced homomorphisms satisfy

ψ^∗ ∘ a^∗ = (a ∘ ψ)^∗ = λ^∗ : H^k(A, Z/2) → H^k(X, Z/2),

which in view of a^∗(H^k(A, Z/2)) = G implies ψ^∗(G) = λ^∗(H^k(A, Z/2)). The inclusion λ^∗(H^k_{alg}(A, Z/2)) ⊆ H^k_{alg}(X, Z/2) holds since λ is a regular map. Thus recalling H^k_{alg}(A, Z/2) = H^k(A, Z/2), we obtain λ^∗(H^k(A, Z/2)) ⊆ H^k_{alg}(X, Z/2). In conclusion,

ψ^∗(G) ⊆ H^k_{alg}(X, Z/2). (13)

We shall now complete the proof by analyzing the homomorphisms in cohomology induced by the inclusion maps e_i : Y_i → X for i = 1, . . . , s.

Let w be an element of H^k(M, Z/2)\G. By (1), ϵ^∗_{Pi} (w) ≠ 0 for some i satisfying 1 ≤ i ≤ s. Since σ_i : Y_i → K_i is a diffeomorphism, we have σ_{i∗}([Y_i]) = [K_i] and hence (8) yields

< σ^∗_i (ϵ^∗_{Ki} (w)) ∪ σ^∗_i (h^∗_i (c)), [Y_i] >≠ 0.

By applying the equality ψ ∘ e_i = ϵ_{Ki} ∘ σ_i, we get

< e^∗_i (ψ^∗(w)) ∪ σ^∗_i (h^∗_i (c)), [Y_i] >≠ 0.

As has been noted earlier in the proof, σ^∗_i (h^∗_i (c)) belongs to Alg^1(Y_i), which in view of Theorem 4.4 implies that e^∗_i (ψ^∗(w)) is not in H^k_{alg}(Y_i, Z/2). Since e_i : Y_i → X is a regular map, we have e^∗_i (H^k_{alg}(X, Z/2)) ⊆ H^k_{alg}(Y_i, Z/2). In summary, ψ^∗(w) is not in H^k_{alg}(X, Z/2).

We just proved ψ^∗(H^k(M, Z/2)\G) ⊆ H^k(X, Z/2)\H^k_{alg}(X, Z/2). By comparing this with (13), we get ψ^∗(G) = H^k_{alg}(X, Z/2). Thus M admits an algebraic approximation of type G. In particular, X is an algebraic model of M of type G and therefore (a) holds. □ Remark 4.9. Suppose that M has property (G). A short argument, like the one in the proof of formula (13) above, shows that there exist an algebraic model X of M and a smooth diffeomorphism ψ : X → M satisfying ψ^∗(G) ⊆ H^k_{alg}(X, Z/2). It follows that the manifold M in Remark 2.4 cannot have property (G) with G = H^2(M, Z/2).

Proof of Theorem 1.6. We already know that (a) implies (b). Suppose that (b) holds. Furthermore, assume that M is a smooth submanifold of R^n , where 2m + 1 ≤ n. We show below that M admits an algebraic approximation of type G.

Since M has property (G) there exist a compact connected nonsingular real algebraic variety A and a smooth map a : M → A such that a^∗(H^ℓ(A, Z/2)) = 0 for 1 ≤ ℓ ≤ k − 1, a^∗(H^k(A, Z/2)) = G, and H^q_{alg}(A, Z/2) = H^q(A, Z/2) for q ≥ 0. By Proposition 4.3, every homogeneous element in the bordism group N_∗(A) is algebraic; in particular, the bordism class of (M, a) in N_∗(A) is algebraic. In view of Theorem 4.2 (applied to a : M → A and L = ∅), one can find a nonsingular real algebraic variety Y , a regular map α : Y → A, and a smooth diffeomorphism σ : M → Y such that α ∘ σ is homotopic to a. In particular, α^∗(H^ℓ(A, Z/2)) = 0 for 1 ≤ ℓ ≤ k − 1 and (M, a) and (Y, α) represent the same bordism class in N_∗(A). (1) Let B^{m−k} be as in Example 4.5 (with ℓ = m − k). Let B = B^{m−k} × · · · × B^{m−k} and B_0 = B^{m−k}_0 × · · ·× B^{m−k}_0 be the d-fold products. Choosing d large enough and using the fact that Γ is generated by spherical cohomology classes we can find a smooth map b : M → B satisfying b(M) ⊆ B_0 and b^∗(H^{m−k}(B, Z/2)) = Γ. (2) Define β : Y → B to be a constant map sending Y to a point in B_0.

We shall compare the smooth map (a, b) : M → A × B and the regular map (α, β) : Y → A × B. More precisely, we assert that

(M, (a, b)) and (Y, (α, β)) represent the same bordism class in N_∗(A × B). (3) By Theorem 4.1 and Künneth’s theorem in cohomology, in order to prove (3) it suffices to show that given cohomology classes ξ in H^p(A, Z/2) and η in H^q(B, Z/2), we have < (a, b)^∗(ξ × η) ∪ w_{i1} (M) ∪ . . . ∪w_{ir} (M), [M] > = < (α, β)^∗(ξ × η) ∪ w_{i1} (Y ) ∪ . . . ∪ w_{ir} (Y ), [Y ] > for all nonnegative integers i_1, . . . , i_r satisfying i_1 +· · ·+i_r = m−(p+q). Since (a, b)^∗(ξ×η) = a^∗(ξ) ∪ b^∗(η) and (α, β)^∗(ξ × η) = α^∗(ξ) ∪ β^∗(η), the last displayed equality is equivalent to < a^∗(ξ) ∪ b^∗(η) ∪ w_{i1} (M) ∪ . . . ∪w_{ir} (M), [M] > = < α^∗(ξ) ∪ β^∗(η) ∪ w_{i1} (Y ) ∪ . . . ∪ w_{ir} (Y ), [Y ] > . (4)

We shall prove (4) in seven steps.

Step 1. Suppose that either 1 ≤ p ≤ k − 1 or q is not a multiple of m − k. In the former case a^∗(ξ) = 0 and α^∗(ξ) = 0, while in the latter case η = 0. Thus (4) holds.

Step 2. Suppose q = 0. By construction, b(M) ⊆ B_0 and β(M) ⊆ B_0. Hence either b^∗(η) = β^∗(η) = 0 or b^∗(η) = β^∗(η) = 1. In the former case (4) is obvious, whereas in the latter case (4) holds in view of (1) and Theorem 4.1.

Step 3. Suppose p ≥ k + 1 and q = ℓ(m − k), ℓ ≥ 1. Then p + q ≥ m + 1 and hence (4) is void.

Step 4. Suppose p = k and q = ℓ(m − k), ℓ ≥ 1. If ℓ ≥ 2, then p + q ≥ m + 1 and (4) is void. Suppose then ℓ = 1, that is, q = m − k. Since a^∗(ξ) is in G and, by (2), b^∗(η) is in Γ, we have < a^∗(ξ) ∪ b^∗(η), [M] > = 0. On the other hand, β is a constant map and m − k > 0, which implies β^∗(η) = 0. Thus (4) holds also for ℓ = 1.

Step 5. Suppose p = 0 and q = m − k. Since β is a constant map and m − k > 0, we have β^∗(η) = 0, and hence the right-hand-side of (4) is equal to 0. Since A is connected, we have either a^∗(ξ) = 0 or a^∗(ξ) = 1. In the former case, the left-hand-side of (4) is equal to 0, and hence (4) is satisfied. In the latter case, a^∗(ξ) ∪ b^∗(η) = b^∗(η) is in Γ (cf. (2)), which implies that the left-hand-side of (4) is equal to 0 since w_{i1} (M) ∪ . . . ∪ w_{ir} (M) belongs to G for all nonnegative integers i_1, . . . , i_r with i_1 + · · · + i_r = k. Thus (4) holds in all the cases considered in this step.

Step 6. Suppose p = 0 and q = ℓ(m − k), ℓ ≥ 2, ℓ ≠ m/(m − k). If ℓ < m/(m − k), then w_{i1} (M) ∪ . . . ∪ w_{ir} (M) = 0 (cf. the hypothesis of Theorem 1.6) and since Y is diffeomorphic to M, we also have w_{i1} (Y ) ∪ . . . ∪ w_{ir} (Y ) = 0 for i_1 + · · · + i_r = m − q. Thus in this case (4) holds. If ℓ > m/(m − k), then q ≥ m + 1 and (4) is void.

Step 7. Suppose p = 0, m is divisible by m − k, and q = m = h(m − k). Since A is connected we have either ξ = 0 or ξ = 1. In the former case (4) trivially holds. Suppose then that ξ = 1, that is, a^∗(ξ) = 1 and α^∗(ξ) = 1. Since β is a constant map and m − k > 0, we have β^∗(η) = 0, and therefore in the case under consideration, (4) is equivalent to

< b^∗(η), [M] > = 0. (5)

Note that each connected component of B is diffeomorphic to the d-fold product S^{m−k} × · · · × S^{m−k}. It follows that H^{h(m−k)}(B, Z/2) is generated by cohomology classes of the form η_1 ∪ . . . ∪ η_h, where η_1, . . . , η_h are in H^{m−k}(B, Z/2). Thus it suffices to prove (5) for η = η_1 ∪ . . . ∪ η_h. We have b^∗(η) = b^∗(η_1) ∪ . . . ∪ b^∗(η_h), where b^∗(η_1), . . . , b^∗(η_h) are in Γ (cf. (2)). Thus the proof of (5) will be complete if we show that given v_1, . . . , v_h in Γ, we get v_1 ∪ . . . ∪ v_h = 0. This certainly holds if dim_{Z/2} Γ ≤ h − 1. We shall now prove the last inequality. Since H^k(M, Z/2) × H^{m−k}(M, Z/2) → Z/2, (u, v) →< u ∪ v, [M] > is a dual pairing [17, p. 300, Proposition 8.13] and Γ is dual to G with respect to this pairing, we obtain dim_{Z/2} Γ = dim_{Z/2} H^k(M, Z/2) − dim_{Z/2} G.

By assumption, dim_{Z/2} G ≥ dim_{Z/2} H^k(M, Z/2) − 1 + h.

Hence dim_{Z/2} Γ ≤ h − 1 as required and the proof of Step 7 is complete.

We have considered all cases and therefore (4) is proved. In other words, (3) holds and the bordism class of (M, (a, b)) in N_∗(A × B) is algebraic. By Theorem 4.2, there exist a smooth embedding e : M → R^n , a Zariski closed subvariety X of R^n , and a regular map (f, g) : X → A × B such that e(M) = X, e is close to the inclusion map M → R^n , and (f, g) ∘ ē = (f ∘ ē, g ∘ ē) is homotopic to (a, b) (Theorem 4.2 asserts also that (f, g) ∘ ē is close to (a, b), but this will not be used). In particular, the induced homomorphisms satisfy a^∗ = (f ∘ ē)^∗ = ē^∗ ∘ f^∗ : H^k(A, Z/2) → H^k(M), Z/2), b^∗ = (g ∘ ē)^∗ = ē^∗ ∘ g^∗ : H^{m−k}(B, Z/2) → H^{m−k}(M, Z/2). Keeping in mind a^∗(H^k(A, Z/2)) = G, we obtain G = ē^∗(f^∗(H^k(A, Z/2))). Since f is a regular map, we have f^∗(H^k_{alg}(A, Z/2)) ⊆ H^k_{alg}(X, Z/2). Hence using H^k_{alg}(A, Z/2) = H^k(A, Z/2), we get G ⊆ ē^∗(H^k_{alg}(X, Z/2)). (6)

In view of (2), Γ = b^∗(H^{m−k}(B, Z/2)) = ē^∗(g^∗(H^{m−k}(B, Z/2))). Furthermore, the first part of (2) implies g(X) ⊆ B_0, and hence Example 4.5 yields g^∗(H^{m−k}(B, Z/2)) = g^∗(Alg^{m−k}(B)). Since g is a regular map, we have g^∗(Alg^{m−k}(B)) ⊆ Alg^{m−k}(X). It follows that Γ ⊆ ē^∗(Alg^{m−k}(X)). (7) We can now easily complete the proof. Since ē : M → X is a diffeomorphism, Theorem 4.4 implies < ē^∗(w) ∪ ē^∗(z), [M] > = 0 for all w in H^k_{alg}(X, Z/2) and all z in Alg^{m−k}(X). Hence (6), (7), and the fact that Γ is dual to G yield G = ē^∗(H^k_{alg}(X, Z/2)) (and, incidentally, also Γ = ē^∗(Alg^{m−k}(X))). This means that M admits an algebraic approximation of type G; in particular, X is an algebraic model of M of type G, and hence (a) holds. □

References

[1] M. Abánades and W. Kucharz, Algebraic equivalence of real algebraic cycles, Ann. Inst.

Fourier (Grenoble), 49, 6(1999), 1797-1804.

[2] S. Akbulut and H. King, The topology of real algebraic sets with isolated singularities, Ann. of Math. 113 (1981), 425-446.

[3] S. Akbulut and H. King, Topology of Real Algebraic Sets, Math. Sci. Research Institute Publ. 25, Springer 1992.

[4] R. Benedetti and M. Dedò, Counterexamples to representing homology classes by real algebraic subvarities up to homeomorphism, Compositio Math. 53 (1984), 143-151.

[5] R. Benedetti and A. Tognoli, Théorèmes d’approximation en géométrie algébrique réelle.

Sémin. sur la géometrie algébrique réelle, Publ. Math. Univ. Paris VII, 9 (1980), 123- 145.

[6] R. Benedetti and A. Tognoli, On real algebraic vector bundles, Bull. Sci. Math. (2) 104 (1980), 89-112.

[7] R. Benedetti and A. Tognoli, Remarks and counterexamples in the theory of real vector bundles and cycles. Géométrie algébrique réelle et formes quadratiques. Lecture Notes in Math. 959, 198-211, Springer, 1982.

[8] J. Bochnak, M. Coste and M.-F. Roy, Real Algebraic Geometry, Ergebnisse der Math.

und ihrer Grenzgeb. Folge 3, Vol. 36, Berlin Heidelberg, New York, Springer, 1998. [9] J. Bochnak, M. Buchner and W. Kucharz, Vector bundles over real algebraic varieties, K-Theory 3 (1989), 271-298. Erratum, K-Theory 4 (1990), p.103.

[10] J. Bochnak and W. Kucharz, K-theory of real algebraic surfaces and threefolds, Math.

Proc. Cambridge Phil. Soc. 106 (1989), 471-480.

[11] J. Bochnak and W. Kucharz, Algebraic models of smooth manifolds, Invent. Math. 97 (1989), 585-611.

[12] J. Bochnak and W. Kucharz, Nonisomorphic algebraic models of a smooth manifold, Math. Ann. 290 (1991), 1-2.

[13] J. Bochnak and W. Kucharz, Algebraic cycles and approximation theorems in real algebraic geometry, Trans. Amer. Math. Soc. 337 (1993), 463-472.

[14] J. Bochnak and W. Kucharz, On homology classes represented by real algebraic varieties, Banach Center Publications Vol. 44, 21-35, Warsaw, 1998.

[15] A. Borel et A. Haefliger, La classe d’homologie fondamentale d’un espace analytique, Bull. Soc. Math. France 89 (1961), 461-513.

[16] P. E. Conner, Differentiable Periodic Maps, 2nd Edition, Lecture Notes in Math. 738, Springer, 1979.

[17] A. Dold, Lectures on Algebraic Topology, Grundlehren Math. Wiss. Vol. 200, Berlin Heidelberg New York, Springer, 1972.

[18] W. Fulton, Intersection Theory, Ergebnisse der Math. und ihrer Grenzgeb. Folge 3, Vol.

2, Berlin Heidelberg New York, Springer 1984.

[19] M. Hirsch, Differential Topology, Graduate Texts in Math. Vol. 33, New York Heidelberg Berlin, Springer, 1976.

[20] S. T. Hu, Homotopy Theory, New York, Academic Press 1959. [21] D. Husemoller, Fibre Bundles, Berlin New York Springer, 1975.

[22] W. Kucharz, Algebraic equivalence and homology classes of real algebraic cycles, Math.

Nachr. 180 (1996), 135-140.

[23] W. Kucharz, Algebraic morphisms into rational real algebraic surfaces, J. Algebraic Geometry 8 (1999), 569-579.

[24] J. Milnor and J. Stasheff, Characteristic Classes, Ann. of Math. Studies 76, Princeton Univ. Press, Princeton, New Jersey, 1974.

[25] M. Shiota, Equivalence of differentiable functions, rational functions and polynomials, Ann. Inst. Fourier (Grenoble) 32, 4 (1982), 167-204.

[26] R. Silhol, A bound on the order of H^{(a)}_{n−1}(X, Z/2) on a real algebraic variety. Lecture Notes in Math. 959, 443-450, Springer, 1982.

[27] E. Spanier, Algebraic Topology, New York, McGraw-Hill, 1966.

[28] N. Steenrod, The Topology of Fibre Bundles, Princeton Univ. Press, Princeton, New Jersey, 1951.

[29] P. Teichner, 6-dimensional manifolds without totally algebraic homology, Proc. Amer.

Math. Soc. 123 (1995), 2909-2914.

[30] R. Thom, Quelques propriétés globales de variétés différentiables, Comment. Math. Helvetici 28 (1954), 17-86.

[31] A. Tognoli, Su una congettura di Nash, Ann. Scuola Norm. Sup. Pisa Sci. Fis. Mat. (3) 27 (1973), 167-185.

Max-Planck-Institut für Mathematik Vivatsgasse 7 53111 Bonn Germany

Department of Mathematics and Statistics University of New Mexico Albuquerque, New Mexico 87131-1141 U.S.A.

e-mail: kucharz@math.unm.edu