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Resume. A few examples of simply connected complex projective
threefolds with trivial canonical bundle (that is, Calabi-Yau
manifolds) are constructed, which are elliptic fibrations over
certain rational surfaces. They are obtained as embedded bundles of
cubic curves in P? or their degenerations admitting a resolution of
singularities with trivial canonical bundle. Two exampleé with the

Euler characteristic zero and hu=11 and 18 are obtained.



A few thousand examples of Calabi-Yau manifolds are known at
present. They are mostly obtained by simple projective
constructions, such as taking complete intersections in products of
weighted projective spaces, or ramified coverings of Fano
threefolds, and so on. There is also a series of examples which can
be represented as families of cubic curves given by the Weierstrass
normal equation YZZ = X3 + aX22 +‘bZ3 for a e HS, O( - 4KS)),
b € HO(S, o - 6KS)), where S is a rational surface, KS the
canonical divisor on S, and it is supposed that OS( - 4KS) and
OS( - 6KS) have sufficiently many sections to provide a non-singular
family (see, e.g., [ll, or [2] for K3 surfaces with elliptic
pencil)‘. By Miranda’s criterion of smoothness of the elliptic
fibration [3] and the Bertini theorem [4], it is sufficient that the
linear systems I—4KSI and |—6KS| have no common base points. So, one
can easily see that over any Dél Pezzo surface, and over the
Hirzebruch surface I]-'2 , there always exists a smooth elliptic
fibration in the Weierstrass normal form which is. a Calabi-Yau
vmanifold. The case of S = P® was stqdied in detail by A.Albano (s];
for the corresponding elliptic Calabi-Yau manifold we have the
following invariants: x(X) = - 540, h'' = 4, h21 = 274. The
computation of Hodge numbers is not as easy as for other
constructions mentioned above, because the elliptic threefold X is
not an ample divisor in the corresponding projective bundle (that is
why h'! = 2).

We are going to provide a few more examples of elliptic

Calabi-Yau manifolds over certain rarional surfaces wusing more



general families of elliptic curves as well as their degenerations
and crepant (= retaining the triviality of the canonical bundle)

resolutions of singularities.
1. Definitions and basic constructions

1.1. Definition. A Calabi—Yau manifold (CYM) is a simply
connected complex projective threefold X with KX=O.

1.2. Definition. An elliptic Calabi-Yau manifold (ECYM) is a
flat projective morphism f:v — S, such that: (i) S s ‘a
non-singular projective surface; (ii) V is a CYM.

By adjunction formula, a generic fiber of an ECYM is an
elliptic curve.

1.3. Weierstrass normal form (WNF). Let S be a projective
' . . 0 -4 0 -6
manifold, M any line bundle on S, a € H(S, # '), b e H(S, # 7).
Let P = P(&) be the projectivization of the split vector bundle & =
0@M2®M3 , and ¢ = 0[P /S(l) the tautological Grothendieck line
bundle. For any line bundle # on S and the bundle map ¥ <— & there

: *
is a natural homomorphism of sheaves nw ¥ — ¥, where t : P — P*
is the natural projection. The latter homomorphism defines a section

*
of mw AN 1@.58. Thus, for the natural inclusions of direct summands O,
2 3. . * 2, *.3
M, M” into & we obtain three sections of £, Yen M | e M ~, which
will be denoted by Z, X, Y respectively. In this notation, the

. 2 3 2 3 . . .
expression s =Y Z - X~ - aXZ~ - bZ" defines a section of the line

*
bundle .@3®1t M 6.

1.4. Definition. When we say that V is defined by the equation



2 3

Y2z = X3 + axz% + bz (1.1)
in the WNF, this means that V is the scheme of zeros in P of the

*
section s € HO(IP, £3®n M 6) ([6], 9.7.9.1):
V = Z[P(S) .

1.5.Proposition. Adopt the notation Of 1.3, 1.4. Then we have:
(i) The Grothendieck dualizing sheaf Wy is trivial if and only

if M = wg = OS(KS), the canonical sheaf of S.
(ii) V is a smooth manifold for generic a and b, if the base
loci of linear systems IM_4I and IM—6I have no common points. In

this case f = w|V is flat, and all the fibers of f are reduced

. . . . 2
irreducible cubic curves in P°. We have:

a cuspidal cubic, if a(P) = b(P) = 0
f(P) = a nodal cubic, if A(P) = 0, a(P) 20

a non-singular cubic, if A(P) #0

where A = 4a3 + 27b2 is the discriminant.

Proof. (i) is proved by standard adjunction technique and in
using the Euler exact sequence for projectivized vector bundles.
See, e.g. [5]. (ii) easily follows from Proposition (2.1} of [3] and
the Bertini theorem [4].

1.6. Corollary. The equation (1.1) with generic a,b and M % w

S
defines an ECYM over every surface S from the following list: [P2;
[Pllel; Hirzebruch surfaces F, for d = 1, 2; Del Pezzo surfaces

d
Sd(d = 1,...,7) obtained from le by blowing up k = 9 - d points

satisfying certain conditions of generic position. The Euler number

of these ECYM’s is given in Table 1.



Table 1

2 1 1
S I[P ‘[leF’llFl|1F2|SI|SZIS3|S4|SS|S6|S7
x(V)|—540|—480 |—480I—480|—60 -120(-180 —240|—300|—360|—420
Proof. For generic a,b the discriminant curve C = {A=0} in S

has ordinary cusps at points of intersection of the curves C1 =
{a=0} and C2={b=0}, and no other singularities. So, we have the

picture plétted on Fig. 1. Hence, by additivity of px,

x(V) = x(S\C)¥(E) + x(C\{ClnCZ))x(nodal cubic) +

2

#{clhcz}- x(cuspidal cubic) = - 60K .

1.7. Generalization of the WNF construction. Let & = 0O 2@
P

0 2(—rn')@(? 2(—n) (0O=m=n), P=P(&)}, and £, m be as above. Choose fiber
P P

homogeneous coordinates X, Y, Z on [P as canonical sections of Z,

* * : :
Lot O 2(m), Lot O 2(n) corresponding to the embeddings of line
P P

summands of & into itself. Then we define:

s= ¥ a.XVZ"eH®P £260 (mm+3), V=2z(s)
A ijk™ - 2 P
i+j+k=3 P
i,j,k=0
0 *
where ai_jk e HMP, ©t 0 2((i—l)n+(j—1)(n—rr1)+3)).

P

1.8. Proposition. The scheme V of zeros of the section s is a

smooth ECYM for generic coefficients a. if and only if the pair

ijk
(m,n) occurs in the following list:
(0,0), (o,n, (0,3), (LD, (12), 13), (@14), (2,2),
(2,3), (2,5), (3,3), (3,6), (4,7), (5,8), (6,9).
In this case (V) = —162—6(m2-mn+n2).

Proof. By the Bertini theorem, singularities may occur only in



»*
the base locus of the linear system M = |.‘£3®n 0 2(m+n+3)|. Since the

divisors of the non-zero coe’ff icienT.s aijk move in their linear
systems without base points, the base locus of M projects to the
whole of IP2 via m. So, it must be the union of some "coordinate
axes" X=0, Y=0, 2=0, or their intersections (which are
cross-sections of m over IPZ).

Denote dijk = (i-D)n+(j-1)(n-m)+3, where (ijk) is the exponent
of a monomial XiY‘jZk

XYZ, XYZ independently of the values of m,n. So, these monomials

. We have d, 20 for the monomials X3, X%y, X%z,

always occur in a generic s with a non-zero coefficient. They all
are divisible by X, and thence, for the generic fiber of m to be

irreducible, we should impose the condition that dijkzo for at least

d d d the

one monomial non-divisible by X. As d 012=%03’

= =
030 021

'weakesf condition of such kind 1s d03020.

If this condition is satisfied, then the monomials X3 and Y3

have non-zero coefficients, and for the generic fiber to be

non-singular, at least one of the monomials 23, XZZ, YZ2 must have a

non-zero coefficient.
If Z3 does, then M is base point free, and hence the generic V

is non-singular. This happens when d =-2n+m+3z0 (as d d he

= t
003 030”003’

inequality d =0 is automatically satisfied), that is when the pair

030

(m,n) is an element of the set

Hl = { (m,n) € Zz | O=m=n, -2n+m+3=0} .

If X22 has a non-zero coefficient, then we have d_ .. =m-n+3=0,

102

and d030=n—2m+320 (the latter inequality guarantees the existence of

a monomial non-divisible by X with a non-zero coefficient). Under

these conditions, the generic fiber of w is non-singular, but the



non-singularity of V at the points of the base locus {X=Y=0} is to
be verified.
The equations defining the singular locus of V are

9% _o(i=o012), 95-238s_08s_, (1.2)

aui : aX ay V4

where (u., u u2) are homogeneous coordinates on the [F’2 which is

o

the image of w. Taking into account that singular points may occur

only in the cross-section X=Y=0, we see, that (1.2) is equivalent to

X=Y=0, aloz(u) = aOlZ(U) =0.

So, for V to be non-singular, one of the two coefficients 3092 OF

a must be nowhere vanishing, that is a constant section of the

012

trivial line bundle over [P2. Denote

)| {(m,n) e Zz | 0=m=n, n-2m+320, n-m+3=0}

2

and

X ‘
((m,n) eZ | O=m=n, d012=-n+3=0} .

=
1

We have shown, that the non-singularity of the generic V holds only
when (m,n) € ITIUTIZUIT3. This is exactly the set listed in the

statement of the Proposition.

The formula for x is proved via Gauss - Bonnet Theorem x(V) =

deg c3(Tv).

1.9. Remark. For ECYM’s of Proposition 1.8, we have
-540=<y=-162, where -540 is attained by the WNF, and -162 by the

‘hypersurface of bidegree (3,3) in [P2><[P‘2‘ (m=n=0).



2. Crepant resolution of singularities

2.1. Definition. Let Y be a complex projective variety with
only Gorenstein singularities, and f : V — Y a birational
morphism such that V is non-singular. The variety V (or the morphism
f) will be called a crepant resolution of singularities of _V, if the

following isomorphism holds:
fow, 2w

where wy » Wy, are canonical sheaves of V, Y respectively. The
resolution f is called .small if the codimension of its exceptional
locus in V is greater than one. It is small over a poont P € Sing Y,
i this holds locally near £ (P).

It is obvious, that a small resolution of a Gorenstein
singularity is crepant.

2.2 Definition. A Du Val (or an ADE-singularity) is a surface

singularity which is anélytically isomorphic to the germ at the

‘origin of one of the following hypersurf aces in 033: ‘

x%+y%+Z" s o (A, nz1)
X2+Y22+Zn_1=.0 (D_ , n=4)
x%+y>4z%= 0 (E6)
X2+Y3+YZ3= 0 (E7)
x%+y>+2°= 0 (Eg)

2.3. Proposition ([7]). A singular surface Y admits a crepant

resolution if and only if it has only Du Val singularities.



2.4. Definition. A compound Du Val (cDV) singularity is a germ
of a singular three-dimensional complex space analytically
isomorphic to the germ at the origin of the hypersurface in (134

defined by an equation of the form

f(X, Y, 2) + Tg(X, Y, Z, T) = 0O,

where f is one of the above ADE-polynomials, and g is an_ arbitrary
polynomial.

In other words, a cDV singularity is analytically equivalent to
a hypersurface singularity, such that its generic hyperplane section
through the origin is a Du Val singulér‘ity. If the generic
hyperplane section has the singularity of type An , Dn , resp. En ,
then the three-dimensional singularity is said to be of type cAn ,
ch , resp. cl-Zn .

2.5. Proposition. Let Y be a three-dimensional projective
var'iety' admitting a crepant resolution f : V —» Y . Then the -
following assertions hold:

(i) Y is normal, and at a generic point of each one-dimensional
component of Sing Y the singularity is analytically isomorphic to
lAlx{Du Val singuiarity}.

(ii) If - P € Sing Y is an isolated cDV siﬁgular point, then f
is small over P, and f-l(P)re d is a chain of smooth rational curves
with possible triple points of embedding codimension 2. Furthermore,
in this case algebraic and analytic divisor class groups of the germ
(Y,P) are non-trivial and isomorphic.

For proofs, see [8, 9, 10].

2.6. Basic example. Any isolated cA singularity is

1
: . . . . 2 2 2
analytically equivalent to the smgulamty of the form X+ Y + Z7+

10



Tk= 0 (k=2). The latter admits a small resolution if and only if k

is even, and in this case the divisor class group is Z and generated
by the class of a smooth surface H = {X+V-1Y = Z+/ T 2= 0}. The
surface H is a Weil divisor in the hypersurface Q = (X + Y + Z + Tk-
0}. The small resolution is obtained by blowing up H. Such blow up
is an isomorphism over Q\{O}, that is in all the points in which H
is 1ocally Cartier, and f _1(0) = IPl. Thus, f is indeed small.

A projective threefold with the cA1 singularity admits a small
resolution if and only if the property of the existence of a smooth
surface H passing through the singular point P € Y holds not only

‘local-analytically, but also in the algebraic category.

3. Constructions of ECYM’s involving a crepant resolution of

singularities

3.1. Resolving singularities of ‘generic V’s in the base locus
X=Y=0. We adopt here the notation of 1.7 and 1.8. It may turn out,
that for some pairs (m,n) the generic V is not smooth, but acquires
certain cDV singularities.

The first possible case is when d102 d012>0, and d003<0.

Then there are k=d102d 012 ordinary double points defined by

,aloz(u).=a012(u)=0, X=Y=0. The surface H = {X=Y=0} is a .smooth Weil

divisor passing through all the singular points. So, according to
2.6, the blow up of H is a small, and hence crepant resolution of
singularities. There is the only one such case: m=0, n=2. Then
d102=1, d012=1, so there is one singular point.

The second possible case is when le d012<0, but d030_0

2

11



Then we have a singular cAl—curve X=Y=0, aloz(u)=0.

Putting together the above cases, we come to the following
statement:

3.2. Proposition. In the notation of Proposition 1.8, the
following pairs of integers (m,n) give rise to singular generic
'varieties V = ZIP(S) admitting a crepant resolution, which is an
ECYM:

(0,2), (2,4), (3,4), (3,5), (4,5), (4,6), (5,7).

Proof. For (0,2), see the above discussion. All the remaining

pairs form exactly the set singled out by the enequalities d03020,

d012<0, d, .. >0. Under these conditions, the equation of V has the

102
form
3 2 2 2 2
a300X + a210X Y + a201x Z + alZOXY + a111XYZ + alOZXZ +
3 2
aO3OY + aOZlY Z =0 : (3.1)

As we are interested in the singularities occuring in the
neighbourhood of the cross-section X=Y=0, we pass to the
inhomogeneous coordinates by setting Z=1, and rewrite the equation

(3.1) in the following form:

2
Xy + a, X )+

2
X(ajn, + Ay +apgy t ayx +a,, 300

2
y (a021 + a030y) =0 (3.2)

So, we have a cDV singularity along the curve x=y=a102=0. There are

the following two possibilities:

and then a is

3.2.1. 021=0, 021

a021£0 (d02120). Then either d

a constant section of the trivial line bundle, so that (3.2) defines

a locally trivial family of A,  singularities, or dO >0, and then

1 21

the local triviality fails at the d021d102 dissident points

12



(M.Reid’s term) in which 3., vanishes.

In the first case, it follows from Proposition 2.3 that the
blow up of the smooth curve C = {x=y=a102=0) gives a crepant
resolution of singularities, say f : V¥V — V. In the second case
this holds generically. We have to check, what happens near
dissident points.

Let P be one of them. As a102 and 3451 are generic polynomials
on lF’2 of corresponding degrees, we can use them as a part of local
coordinate system near P (upon passing to inhomogeneous coordinates

in IPZ). So, the following functions form a local coordinate system

near P:

2
X

u=a xy+§

1% 300

102 2 T %207 2200 t 2210

v=a._ @ ) x=x7=ya. )"
021 030 ’ ’ 030

the bar over a indicating that the corresponding polynomials are
taken in inhomogenéous coordinates obtained by setting one of the u,
equal to 1. In these coordinates, the local equation of V has the.

form:

§u+v§2+'§3=0.

It is easily checked that the blow up of C resolves this cA2

'singularity, so in this case V' is also non-singular. Since f : V —
V is crepant over the generic point of C, it is crepant everywhere,

and we are done.

3.2.2. a 1EO (d021<0). Then either d =0, and (3.2) defines a

02 030

singularities, or d >0, and there are

locally trivial family of A 030

2

030d102 dissident points in which a030=0 and the local triviality

fails. Similar to 3.2.1, we can choose local coordinates near a

d

13



dissident point P in such a way, that the local equation of V

will have the form

Xu + vy3= 0.
Let us blow up the curve C = {x=y=0}. In the coordinate patch U =

{ u,= % , U= Y, uy= % } we get the ordinary double singularity

u1u3+ vu2= 0.

This singularity is resolved by blowing up the smooth Weil divisor

u,=u,=0, which is globally defined as the intersection of the proper

1 72

transform of the "coordinate axis" x=0 and the exceptional divisor.

So, the composition of the crepant blow up f 1 V1 —> V of C and

the small resolution f, : v — V, of the dj..d . singular points
of v, 'via blow ups of smooth surfaces passing through these points
gives a crepant resolution f = fzofl : V. — V of singularities of
V.

This finishes the proof of Propbsition 3.2.

3.3 Crepant resolution of non-generic V’s’

3.3.1. An example of an ECYM over IP2with 9 points blown up and
x=0 , h11= 11. The first case (m,n)=(0,0) of Proposition 1.8 is thé

case of a generic hypersurface of bidegree (3,3) in lP2><[P2. If we

take a special bidegree (3,3) hypersurface V defined by the equation
gl(uo,ul,uz)fl(x,y,z) + gz(uo,ul,uz)fz(x,y,z) = 0,

where g fi are generic cubic polynomials, then the projection

m: V — [P2 onto the first factor is not a flat morphism, and V is

singular. It has 8l ordinary double singular points f 1=f2=g1=g2=0,

which all lie in 9 projective planes n_l(Pi) (i=1,...,9), where {Pl,

e P9} = {g1=g2=0} is the set of points in which the two cubic

14



curves g1=0 and g2=0 meet. All the singularities of V are resolved

by a small resolution, consisting in blowing up the ideal (gl, gz)

in V. The map m pulls back to the blow up HN% of the same ideal in

P? giving rise to a flat elliptic fibration % : V —ﬁ?;).
The base of 7 is itself a fibration of cubic curves over IPI.

Over any cubic of this fibration, the restriction of T is a trivial
~2

fibration. Indeed, if C)\,u = {glz g2=7\:p} is the fiber of o over
. 1 -1 ’ ~ ’ V7 ” —_
the point (A,u) € P, then = (Ch,p) = CA,pXC—u,A , where C;c,v =

{flzf2='c:v).

As the cubic polynomials g;» f‘i have been chosen to be generic,
one of the two curves, either CA_’“ , or CZu,A is always
non-singular, and hence x(n—l(Ci,“)) = 0. This proves that x(V)=0.

The Picard group of V is generated by those 2 Cartier divisors
which come from V (they are pull backs of the hyperplane sections
via projections to bot.h factors of leleZ ), plus 9 Weil divisors on
V which become Cartier on_v , hence, in total 11 generators. This
proves the assertion about hn. ‘

There is another way to see that x=0 in looking at.V as a
result of surgery applied to the smoothening Veof V. V8 is a
non-singular (3,3) hypersurface in [sz[P2 , and hence x(V€)=—162, as
follows from the formula of Proposition 1.8. The degeneration of V8
_to V  with |, subsequent smgll resolution can be represented
topologically as the replacement of 81 Milnor fibers S:3><D3 in Vs
near singular points of V by the neighbourhoods of the exceptional
[P1 of a small blow up of a non-degenerate quadratic singular point,
which is topologically Ssz4. As S3><D3 and Ssz4 have the same

boundary, namely SSXSZ, we can cut out the Milnor fibers and paste

15



in SZXD4 instead of them along the common boundary. This will
increase the Euler number by the quantity 81(x(SZ><D4)-x(SSxD3))=162,
which proves that x(V)=0.

3.3.2. The extension of 3.3.1 to WNF (x=0, h11=18). Consider

the hypersurface V in IF‘2><IP2 defined by a generic equation of the

form

fl(YZZ—X3—7X22—823) + fz(ocX22+BZ3) = o,

where fi=fi(u0,u1,u2) are cubic forms, «,B,¥,8 are complex numbers,

and denote by w the projection to the first factor [F’2 .

(u.,u,u,)

‘ o ‘ 012

Fibers of m are singular over the discriminant curve C={A=0}, where
3 2

A = 4(f1;r—f2¢x) + 27f1(f16—f213) , and over the curve Cl—{fl—O}. Over

C V is singular along the curve f 1=Z=X=O. Local calculations show

1 ’

6 singularity. It can be resolved by

that it is a locally trivial cA
‘three subsequent blow ups with centers in non-singular cur‘ves,. SO
that the fiber over each cA6 singuiar point will be the chain of six
smooth rational curves. Blowing up further 9 planes f 1=f 2=0 and the

corresponding 9 points in [P% , we will get the flat

uO,ul,uz)

elliptic f ibration T : V — 'ﬁ% with 'V a smooth ECYM.
Now, let us investigate the structure of the fibration m in

the whole. The equation of C can be written in the factorized form

(fl—xlfz)(fl-—:czfz)(fl—vc3f2) =0,
where {Ki} is a generic set of complex constants depending
algebraically on «,B,7,8. The proper transform of this curve in ﬁ%
~2

E., E 1nIP9,

is the union of three disjoint elliptic curves El’ 2 3

and over every point of these curves the fiber of T is a nodal cubic

curve. The proper transform of the elliptic curve C1 (which will be

16



‘denoted’ by the same letter) is disjoint from Ei’ and over each point
of Cl the fiber of m is Kodaira’s fiber III, . Thus the structure of
the fibration is described by Fig. 2.

As x(Ei)=x(C1)=x(E)=O, we obtain the Euler number x(V)=0. The
generators of the Picard group are the same as in 3.3.1, plus any 7
of 8 ruled surfaces over Cl; so, h11=11+7=18.

3.3.3. Degenerate WNF in non-trivial projective bundles.

Again, adopt the notation of 1.7, and take m=4, n=6. Consider a

generic equation of the form
ul(YZZ—X3—7X22—623) + uz(ocX22+BZ3) = o, (3.3)

where u, u, are coordinate linear forms in P and o,y €

rr 2 (uO,ul,uz)
0,.2 0,2 . .
H (P™, 0(8)), B,8 € H (P™, 0(12)). The left hand side of (3.3) is a
*
(non-generic) section of the line bundle 23®n ) 2(13) over P. The
P
2

(u are non-singular

fibers of the projection =« : V — P )
or2
over the .complement of the two curves Cl={ul=0} and C={A=0}, where A
= 4(u13r—u20c)3+ 27u1(u1<‘5—u'2{3)2 is the discriminant. Over Cl’ V has
singularities along the curve X=Z=u1=0 which are generically locally
trivial cA6 , but there are also 8 dissident CA7 points in which «
vanishes. The cA6 points are resolveq similar to the above, by
three subsequent blow ups, but the result of these blow ups has 8
isolated ordinary double points over dissidents, lying in one of the
two exceptional ruled surfaces ;)VhiCh were pasted in by the last blow
up. Blowing up this exceptional surface yields a small resolution of
the eight singular points.

Next thing to do is to blow up the proper transform of the

plane u1=u2=0, which is a smooth Weil divisor in V passing through

17



the 9 singular points .

2

{u = =Y Z—X3-7X22—623 = ocXZZﬂSZ3 =0}.

1%
This blow up is a small resolution of the 9 singular points, and the

resulting ECYM ¥V admits a flat projection T to the projective plane

f’? with one point (ul=u =0} blown up.

2

The following properties are easily verified:

(i) Define Sl= {PeC | Pisacusp of C, P ¢ Cl}, S2= CnCl, S=

SIUS2 . Then

a nodal cubic, if P € C\S

a cuspidal cubic, if P e S1

(ii) 82 consists of 8 points in which C osculates C

third order, defined by the equations u1=oc=0, and one triple point

| upP to the

of C in which three smooth branches meet, at u1=u2=0. The latter
point gives rise to three distinct points on the proper transform
Cc TI:"ZI , forming the set S, , and the former 8 are those, over which

dissidentsﬂsit, forming the set §2 .

(iii) The fiber of m over any non—dissideﬁt point of the propér‘/
transform El of C1 in @NPZI is Kodaira’s III, (it is shown on Fig. 2),
and over every dissident point, the stucture of the fiber is shown
on Fig. 3.

This type is not present in Kodaira’s list, because there is no
smooth surface in V containing this fiber. If we take a singular
one, and resolve the singularity, we will introduce one more
component, and the fiber will turn to Kodaira’s II,.

Putting all together, we can compute the Euler characteristic

of the ECYM V . We have:

18



(V) = x(PZ\(CUCI))x(E) + (C\S)y(nodal cubic) +
L 1]

8

#S, - x(cuspidal cubic) + #§2-x(nodal cubic) + #fz-x(ll;) +

x(él\ﬁz)x(m*) = -284

A similar investigation in the case when m=2, n=3 for the
equation

f l(YZZ—Xa—'arXZZ—<$Z3) + f 2((.7LX22+BZ3) =0,

where f1 and f’2 are quadratic forms of variables Uy U U, yields

l’
an ECYM V fibered over the blow up TI% of le in 4 points f l=f 2=0.

Its Euler number is x(V)=-104.
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Fig. 1. The structure of fibration f. The generic fiber E is a
smooth elliptic curve. Fibers over smooth points of the discriminant
curve C are nodal cubics, and those over cusps of C are cuspidal

ones.
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Fig. 2. The structure of fibration m. The generic fiber is E, a’
smooth elliptic curve. The numbers near components of the fiber III,
indicate their multiplicity in the scheme-theoretic inverse image

7).
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Fig.3. The dissident fiber II, . It is an incompleted Kodaira’s

fiber II, .



