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ABSTRACT. We prove the Hodge-Riemann bilinear relations, the hard Lefschetz
theorem and the Lefschetz decomposition for compact Kéhler manifolds in the
mixed situation.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

Around the year 1979, Khovanskii (see [8, 9, 10]) and Teissier (see [12, 13, 14]) dis-
covered independently a beautiful intimate relationship between the theory of mixed
volumes and algebraic geometry. In order to describe this connection we recall some
facts from the theory of mixed volumes. Let K,..., K, be r n-dimensional convex

bodies in R™ and I = (iy,...,4,) € N" with |I| := ) is = n. Then the (Minkowski)
s=1

mixed volume K = [K S Kﬂ is determined by the folowing identity

WITAJSZ fﬁfkwwah M, A > 0.
— il i,

I=(i1,.ir): |I|=n

The Aleksandrov—Fenchel inequalities state that
2
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Now let X be a complex algebraic manifold of dimension n and D1, ..., D, very
ample divisors on X. Let D' = [D{'...Dir] denote the index of intersection of
D' N ... N D, where D’ stands for D, N --- N D, (r, times). Khovanskii and
Teissier found out a profound analog between Aleksandrov—Fenchel inequalities and
the Hodge-Riemann bilinear relations in algebraic geometry

2
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Their proofs use the usual Hodge-Riemann bilinear relations (see Theorem 1.1 be-
low) applied to Kéhler forms corresponding to the divisors and an induction argu-
ment. Khovanskii and Teissier also noted that many other interesting inequalities
from convex geometry (for example the Brunn—Minkowski inequality, Bonnesen-type
inequalities etc.) either could be deduced from the Hodge-Riemann bilinear rela-
tions, or find their analogs for algebraic varieties that generalize the Hodge—Riemann
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bilinear relations. Based on this point of view P. McMullen (see [11]) developed a
deep and important generalization of Aleksandrov—Fenchel inequalities for simple
convex polytopes. On the other hand, Khovanskii and Teissier’s discovery also sug-
gests a generalization of the mixed Hodge—Riemann bilinear relations in the context
of compact Kéhler manifolds. That is the main motivation of our work.

Let X be a compact Kéahler manifold of dimension n. Let 0 < p,q < n and
0 < r < 2n be integers. One denotes by EP4(X) (resp. L2 (X)) the space of
complex-valued differential forms of bidegree (p,q) on X with smooth coefficients
(resp. with L*-coefficients). For o € L2 (X), ||a||z2 denotes its L*-norm, i.e. the
sum of L?-norms of its coefficients on charts. In the sequel HP9(X) denote the space
of smooth d-closed (p, ¢)-forms modulo smooth d-exact (p, q)-forms. Moreover, for
any smooth d-closed form o € EP9(X), [a] denotes the class of a in H”?(X'). We can
identify HP?(X) to the subspace of HPT9(X) spanned by classes of smooth d-closed
(p, q)-forms. The classical Hodge decomposition theorem asserts that

H(X)= P HUX) and  HPUX) =Hor(X).
ptq=r
We refer the reader to [2, 6, 16, 17] for the basics of the Hodge theory and to
[1, 7, 10, 13, 15] for some of its advanced aspects.
Fix non-negative integers p, ¢ such that p+q < n. Let wy, ..., w,—p_q41 be Kahler
forms. Put 0 :=w; A -+ Awy,_p—y. Consider the mized primitive subspace

(1.1) PrU(X) = {la] € H*(X) : [o] AN [wnp-gi1] = 0}

Let us define the mized Hodge—Riemann bilinear form on HP9(X) @ HP(X) as
follows

(1.2) Q). []) = #-o(—1) =Rt /X aNTAQ.

Observe that Q(-,-) is a sesquilinear Hermitian symmetric form.
The classical Hodge-Riemann bilinear relations state that

Theorem 1.1. Ifw; = -+ = wy_p_gt1, then Q(-,-) is positive definite on the prim-
itive space PP1(X).

The open question can be formulated as follows:

Does Theorem 1.1 still hold if wy,...,wn—p_q+1 are arbitrary Kdhler forms?

An attempt towards this generalization is made by Gromov. Namely, the following
theorem is stated in [7].

Theorem 1.2. (Gromouv’s Theorem) If p = q, then Q(-,-) is positive semi-definite
on PP4(X), that is, Q([a], [@]) > 0 for o € PP9(X).

However, Gromov only gave therein a complete proof for the special case where
p = ¢ = 1. On continuation of Gromov’s work and using Aleksandrov’s approach,
Timorin has proved a general mixed Hodge-Riemann bilinear relations, but only in
the linear situation [15] (see also [10, 13]). His result may be rephrased as follows
(see also Proposition 2.1 below).
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Theorem 1.3. (Timorin’s Theorem) If X is a complex torus of dimension n, then
Q(-,-) is positive definite on PP4(X).

The purpose of this article is to prove the above theorems in the general context.
Now we state the main results.

Theorem A. Let X be a compact Kdhler manifold of dimension n and p, q integers
such that 0 < p,q < p+q < n. Then, for arbitrary Kdhler forms wi, ..., wn—p_q+1,
the mized Hodge—Riemann bilinear form Q(-,-) is positive definite on the mized
primitive subspace PP4(X).

Note that when w; are cohomologous to very ample divisors of X, by Bertini
theorem, one can replace [w;] by divisors D; which intersects transversally. Then
one deduces from the classical Hodge-Riemann theorem on the submanifold D :=
Dyn---NDypy that Q([a], [a]) > 0 for all [a] satisfying [a] A [wy—p—g+1] = 0 on
HPHLAHL(D) (see also [8, 9, 13] and [16]). This is the original reason to believe that
the mixed Hodge-Riemann bilinear relations hold in the general situation.

The following results generalize the hard Lefschetz theorem and the Lefschetz
decomposition theorem.

Theorem B. Let X be a compact Kdhler manifold of dimension n and p, q integers
such that 0 < p,q < p+q < n. Then, for arbitrary Kdhler forms wy, ... ,wp_p—_q, the
linear map 7 : HPI(X) — H" 9" P(X) given by

T([o) == [ Ala], o] € HM(X),
where [Q] 1= [wi] A+ A [wn—p—q, is an isomorphism.

Theorem C. Let X be a compact Kdahler manifold of dimension n and p, q integers
such that 0 < p,q < p+q < n. Then, for arbitrary Kdhler forms wi,. .., wn—p—q+1,
the following canonical decomposition holds

H(X) = PP(X) @ [wnp—qri] A HPTHTHX),
with the convention that HP~1471(X) := 0 if either p =0 or g = 0.

We close the introduction with a brief outline of the paper to follow.

Our strategy is to reduce the general case to the linear case. In order to achieve
this reduction we apply the L2-technique to solve a dd°-equation. Recall here that
d=0+0,d°=(0—9) and dd°® = £99. Section 2 is then devoted to developing
the necessary technique. We begin this section by collecting some results of Timorin
and by establishing some estimates. This will enable us to construct a solution of
the above equation. We will, in the remaining part of Section 2, regularize this
solution. Based on the results of Section 2, the proofs of the main theorems are
presented in Section 3.

The mixed Hodge-Riemann theorem is not true in general if we replace [2] by the
class of a smooth strictly positive form as a simple example in [1] shows. However,
by continuity, it holds for every class [2] close enough to a product of Kéhler classes.
In Section 4 we describe the domain of validity of this theorem in the case where

p=q=1.



4 TIEN-CUONG DINH AND VIET-ANH NGUYEN

Acknowledgment. We would like to thank the referee for many interesting sug-
gestions and remarks. We are also grateful to Professor Nessim Sibony for very
stimulating discussions. The second author wishes to express his gratitude to the
Max-Planck Institut fiir Mathematik in Bonn (Germany) for its hospitality and its
support.

2. PREPARATORY RESULTS

In the first two propositions we place ourselves in the linear context. For 0 < p,q <
n, let AP9(C™) denote the space of (p, ¢)-forms with complex-constant coefficients.

AP4(C") is equipped with the Euclidean norm || - ||. We first recall Timorin’s result
[15].

Proposition 2.1. Let p,q be integers such that 0 < p,q < p+q < n and
Wiy - vy Wnp_qr1 Strictly positive forms of AV1(C™). Define the sesquilinear Hermit-
ian symmetric form

Q(O&, 6) = ip_q(_l

where x is the Hodge star operator, and ) := wi A -+ ANwp_p_q. Define the mized
primitive subspace

PPUCT) :={a e APIC"): a ANQAwy_p_q+1 =0}.

(n—p—q)(n—p—q—1)
) 2

. <a ABA Q) a, B € API(C™),

Then

(a) The operator of multiplication by ) induces an isomorphism between AP4(C™)
and A"~¢"P(C").

(b) Q(-,-) is positive definite on PP1(C").

(¢) The space AP4(C™) splits into the Q-orthogonal direct sum

APS(T) = PPI(C™) © wnygin A APH11(C),
with the convention that AP~1971(C™) := 0 if either p=0 or ¢ =0.
Proof. See Proposition 1, the Main Theorem and Corollary 2 in [15]. O
The following estimate will be crucial later on.
Proposition 2.2. There are finite positive constants Cy and Cy such that
Cr A AQ Awnpguill? +Ca- R0, @) 2 [l
for all forms o € AP9(C™).
Proof. By Proposition 2.1(a) we may find a positive finite constant C' so that

Y —1,q— n
ey Blcpnane <o pl yenie,

By Proposition 2.1(c) we may write

a=LF4+whpqgr1 N7, B € PPYC™), v € AP~bei(C™).
Then we have
(2.2) Qla, ) = Q(B, B) + Q(wWn—p—g+1 N Vs Wnp—qt1 A7)
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On the other hand, since g € PP4(C™), one gets that

Lol
C Y

where the estimate follows from the left-side estimate in (2.1). Therefore, we obtain,
for C’" > 0 large enough,

24)  lal* < CUBI* + I1%) < CNIBI + C"CP*la A QA wnpgaa|*

On the other hand, by Proposition 2.1(b) we may find a positive finite constant C"
so that

1817 < C"-Q(B.8) = C"- (Qe,0) = Qonmpgir AV wnpg1 A7)

- Cy/'<§ﬂg(a7a>__gﬂg(wn—p—q+l/\77“%—p—q+1/\7)>
C" - RQ(aa) + C'C* |
C" - RQ(a,a) + C"C* - la AQA W pgi1l?

where the first identity follows from (2.2), the second estimate from the right-side
estimate in (2.1), and the last one from (2.3). This, combined with (2.4), implies
the desired estimate for Cy := C’'C" and C, := C'C"C* + C'C?. O

n

(2.3) la AR A @it = Iy A QA gl >

ANVAN

Proposition 2.3. We keep the hypothesis and the notation in the statement of
Theorem A. Assume that p > 1 and q > 1. Then, for every d-closed form f €
EP(X) such that [f] € PP9(X), there is a form u € L? (X) such that

p—1,q—1
ddu ANQAwp—p—gy1 = FAQANWp_p_gi1.
Proof. Consider the subspace H of L7, ., ,.1(X) defined by
H:={dd°aANQAwy_p_gs1: a € &P X)}.

We construct a linear form h on H as follows
(2.5) h(dd®a A QAwy_p_gi1) = (—1)p+q/ alNfAQAW,_p_gi1-
X

We now check that h is a well-defined bounded linear form with respect to the
L?-norm restricted to H. To this end one first shows that there is a positive finite
constant C' such that

(2.6) Idd® ol ;. < €+ [[dd® a A QA W pgill o -

To prove (2.6) we first use a compactness argument to find finite disjoint open sets
(Uj)?’:l of X so that U; is contained in a local chart, and that OU; is piecewisely

N o__
smooth, and that X = |J U,. One next invokes the estimate in Proposition 2.2 for
j=1
every point in each U;, 7 = 1,...,N. Then one integrates this estimate over X.
We extend the bilinear form Q(-,-) given by formula (1.2) in a canonical way to

£P9(X) @ EPU(X) :

Q(a, B) 1= iP=a(—1) "= / aNBAQ, a8 € EPIX).
X
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Consequently, for suitable positive finite constants C' and C',

(2.7) [dd® a7, < C - [[dd°a A QAW gi1ll72 +C - RQAA° o, dd° ).
On the other hand, applying Stokes’ Theorem yields that

Q(dd® o, dd a) = #~9(—1)" e / dd°a Add°a@AQ =0,
X

This, combined with (2.7), implies (2.6).
By hypothesis the smooth form f A Q A w,_p_q+1 is d-exact. Consequently, it
follows from [2, p. 41] that there is a form g € £""%"7P(X) such that

dd“g = fFAQAwp_p_gi1.

Applying Stokes’ Theorem, we obtain that

/a/\ddcg
X

/ dd®a A g‘
X
lgllzz - [[dd® al] .2

Cllgllzz - [dd* @ AQA wp—p—girll 2,

/ alNfAQANW_p_gt1
X

<
<

where the latter estimate follows from (2.6). In particular, we have
/ aNfAQAW,_pgr1 =0 when dda AQAw,_p_g1 =0.
b

In summary, we have just shown that h given by (2.5) is a well-defined bounded
linear form with respect to the L?-norm restricted to H, and its norm is dominated
by Cllg||r2. Applying the Hahn—Banach Theorem, we may extend h to a bounded
linear form on L2, .1(X). Let u be a form in L7 | ,(X) that represents h.
Then, in virtue of (2.5), we have that

/u/\ddca/\Q/\wn_p_q+1 = (—1)P+q/ AN FAQA W pgt1
X X

for all test forms a € £771P71(X). This is the desired identity of the proposition. [J

We need to regularize the solution u given by the previous proposition. This is
the purpose of the following result.

Proposition 2.4. We keep the hypothesis and the conclusion in the statement of
Proposition 2.3. Then, there is a form v € EP~H17YHX) such that dd°v = dd° u.

Proof. First we like to equip the vector bundle £79(X) with a special Hermitian
metric. To this end suppose without loss of generality that p < ¢. For any o €
EP1(X), we apply Proposition 2.1(c) repeatedly in order to obtain the following
unique decomposition

P
(2.8) a= Z oy ANwh L,

J=0
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where a; € £797PH(X) such that a; A QA w2 #H =0 (see also (1.1)). Now we
can define a new form a € £79(X) as follows

p

(2.9) Q= Z(—l)p_jozj A wf;g,_qﬂ.

=0

Define an inner product (-, -) on EP9(X) by setting

(2.10) (.0) = Q. 5).  a,f€EM(X),
where Q(+,-) is given by the same integral as in (1.2). Using Proposition 2.1(c), one
may rewrite (2.10) as follows

p
(@, 8) =D (1P yur A, b A B)),
=0
where the (3;’s are determined by [ in virtue of (2.8). Applying Proposition 2.1(b)
and using (1.2) and (2.8)—(2.10), one can check that (-, ) defines a Hermitian metric

on EP4(X). Moreover, if we consider the norm ||| := /(«a, ), then there is a
positive finite constant C' such that

1 p p
= (X llagles) < llall < €3 Nyl
j=0 j=0

Consider the following form of bidegree (p, q)
(2.11) ho=ddu— f.

Then in virtue of Proposition 2.3 and of the hypothesis, A belongs to the Sobolev
space W=2(EP4(X)). In addition, the following identities hold

(2.12) Oh=0, Oh=0 and hAQAw, p41=0.

For any form o € EP471(X), we have that

(Da, h) = Q (Do, h) = iP9(—1 o=t / o ADRAQ =0,
b
where the first identity follows from (2.8)—(2.10) and from the third identity in
(2.12), the second one from (1.2) and from an application of Stokes” Theorem, and
the last one from the second identity in (2.12). Let & be the adjoint of & with
respect to the inner product given in (2.10). Then we have shown that d°h=0.0n
the other hand, Oh = 0 by (2.12) and h € W—2(£P4(X)). Therefore, h is a harmonic
current with respect to the Laplacian operator 99" +0 0 (see Section 5 in [17, Chap.
IV]). Consequently, by elliptic regularity (see Theorem 4.9 in [17, Chap. IV]) h is
smooth. Hence, dd®u is smooth by (2.11). By the classical Hodge theory [2, p. 41]
there is a v € EP71971(X) such that dd®v = dd®u. Hence, the proof is finished. [

For the Sobolev spaces on compact manifolds, see Chapter TV in [17]
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3. PROOF OF THE MAIN RESULTS

Now we arrive at

Proof of Theorem A. Let f be a d-closed form in £7¢(X) such that [f] € PP?(X).
We like to prove that Q([f],[f]) > 0. Let v be the smooth (p — 1,¢ — 1)-form given
by Proposition 2.4. Then we have

(3.1) (f —dd°v) ANQAwp_p_g+1 = 0.

When either p = 0 or ¢ = 0 we replace dd®v by 0. In virtue of the identity (3.1),
we are able to apply Proposition 2.1(b) to every point of X. Consequently, after an
integration on X, we obtain that

(3.2) poa(q) G / (f — dd® o) A (F — dd°F) A Q > 0.
X
Applying Stokes” Theorem to the left-hand side of the last line yields that

/f/\f/\Q:/(f—ddcv)/\(f—dd%)/\ﬁ.
X X

This, combined with (3.2), implies that Q([f],[f]) > 0. The equality happens if

and only if f = dd®wv, in other words, [f] = 0. Hence, the proof of the theorem is

complete. 0

Proof of Theorem B. Let w,_, ,41 be an arbitrary Kahler form. Since
dim H?9(X) = dimH" ?"P(X), it is sufficient to show that 7 is injective. To
this end let « be a d-closed form in £79(X) such that

7([a]) = [a] A[Q] =0 in H" 9" 7P(X).
Then we have that [a] € PP(X) and Q([«], [a]) = 0. Applying Theorem A yields

that [a] = 0. Hence, 7 is injective. O
Proof of Theorem C. Let ¢ : H" 9" P(X) — H" ¢Ln=PH (X)) be given by
¢([a]) == [wnpgral Ala],  [af € H*H"P(X).

Theorem B implies that dim PP4(X) = dim Ker ¢. On the other hand, by the clas-
sical Hodge theory (see [2, 6, 16, 17]) we know that ¢ is surjective. Hence,

dimKer¢p = dimH" 9" P(X) — dim Hn—q+1,n—p+1(X)
= dimH?Y(X) — dim HP~ 17 1(X).
Consequently,
(3:3) dim PP9(X) + dim 1P~ (X) = dim HPI(X).

On the other hand, it follows from Theorem B that the multiplication by [wy,—p—g+1]
is injective on HP~1471(X) and

(3.4 PPI(X) 0 [ pgsa] AHPH1(X) = {0},
Hence, the desired decomposition follows from (3.3) and (3.4). O
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4. ANOTHER VERSION OF THE HODGE-RIEMANN THEOREM

In this section we describe the domain of validity of the mixed Hodge-Riemann
theorem in the case where p = ¢ = 1. This problem is motivated by the dynamical
study of holomorphic automorphisms on compact Kéahler manifolds. An application
of the mixed Hodge-Riemann theorem was given in the joint work of the first author
and Nessim Sibony [4] (see also [5]). In order to present the results we need to
introduce some notation.

Let X be as usual a compact Kahler manifold of dimension n. Define
HPP(X,R) := HPP(X) N H? (X, R).

Let I, be the cone of all classes of smooth strictly positive (p, p)-forms in H??(X, R).
This cone is open and satisfies —K,NK, = {0}, where K, is the closure of K,. Each
class in K, can be represented by a positive closed (p, p)-current. The cone K; is the
Kahler cone of X. Here, positivity of forms and currents of higher bidegree can be
understood in the weak or strong sense. We refer to [3] for the basics on the theory
of positive closed currents.

Fix a Kéhler form w. Define PP4(X) and Q(-,-) as in (1.1) and (1.2) but for an
arbitrary non-zero class [Q] in K,_,_, and for w, , 411 = w. The class [Q] A [w]
does not vanish since it can be represented by a non-zero positive closed current.
Let KC['®_ be the cone of all classes [Q] € K,,_,—, which satisfy the mixed Hodge-
Riemann Theorem (Theorem A), that is, Q(-,-) is positive definite on PP4(X).

From now on we consider the case where p = ¢ = 1. The Poincaré duality implies
that PY1(X) is a hyperplane of H'!(X) which depends continuously on [Q]. Tt
follows by continuity that KX% is an open cone in ‘H" 272(X R). Theorem A
implies that one of the connected components of K contains all the products of
(n — 2) Kahler classes. Observe that P1!(X) does not intersect Ky since [Q] is the
class of a positive closed current.

Let £, 5 be the set of all classes [ in H" %" 2(X,R) such that the wedge
product map [a] — [a] A [Q] does not induce an isomorphism between H'!(X) and
H*1n=1(X). Observe that £, » is an algebraic cone defined by a homogeneous
polynomial of degree dime H1(X).

Proposition 4.1. The cone K2 is a union of connected components of K2\ Lp_2.
In particular, it does not depend on the Kdhler form w. Moreover, if Q2] is a class in
Kf_ﬂ; then Q(-,+) is positive semi-definite on P1(X) and for ¢ € PY(X) we have
Q(c,c) =0 if and only if c N [Q] = 0.

Proof. Tt is clear that £, o NK2E = &. Let [Q] be a class in K,,_» which belongs to
the boundary of K%  We have to show that [Q] € £, ». By continuity, Q(-,-) is
positive semi-definite on P11 (X). Since [Q] & KHR | there exists ¢ € PH(X), ¢ #£ 0,
such that Q(c,c¢) = 0. The Cauchy-Schwarz inequality implies that Q(c,c’) = 0
for every ¢ in the hyperplane P!(X). We have seen that [w] does not belong to
PLL(X). On the other hand, Q(c,[w]) = 0 because ¢ € P (X). Consequently,
Q(c,-) = 0. Therefore, the Poincaré duality implies that ¢ A [2] = 0. Hence,
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Q2] € L,,—5. The first part of the proposition is proved. We obtain the second part
in the same way. 0J

Remarks 4.2. Observe that Q(-,-) is positive definite on H*%(X) & H*%(X) for
Q € K,_2. Then if [Q] € KZE  the multiplication by [©2] induces an isomorphism

n—2

between H?(X) and H"2(X).

Let l%n_g be the cone of the classes in H"~2"~2( X, R) of all positive closed currents
of bidegree (n — 2,n — 2). This cone is convex and closed. Moreover, it contains

K,—o and satisfies —K,,_o N K,_o = {0}. Let KHE denote the cone of all classes in

Kr—2 which satisty the mixed Hodge-Riemann theorem. Then Proposition 4.1 holds
for KKHR, . More precisely, KH% is a union of connected components of C,, 5\ £, 2.

The following type of results might be useful in the dynamical study of holomor-
phic automorphisms (see [4, 5])

Corollary 4.3. Letcy, ..., ¢y be classes of ICy and let c,,—1 be a Kdihler class. Then
a class ¢ in HYY(X) satisfies cAey A ANepy =0 andcAcAey A ANep_g =0 if
and only if cNcy AN+ AN cy_g =0.

Proof. Since each ¢; can be approximated by Kéahler forms, Theorem A implies that
(] := 1 A+ - - Acy—2 belongs to Kf_i. Therefore, it is sufficient to apply Proposition
4.1. O
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