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Introduction,

Let k be areal abelian field with dass group CI(k) and dass number h(k).
If k is of the type k = Q(C( + eil), i.e. ~-: is the maxinlal real subfield of the
cydotonlic fielel Q(cl), where Cl is a prinlitive i-tb root of unity, then already
I(U111Iner proved that h(k) is equal to the index of the subgroup of circular
units C(k) in the full group of units U(k).

This result was generalizeel by a nUInber of authors to various other types
of real abelian fields and various types of circular units (see references in
[13}). The nlost outstanding results in this subject are those of Sinnott. In
[12] he proved that if k is the Illaxinlal real subfield of SOl1le cyclotomic field
Q(c:m ), i.e. k = Q(cm +e;;/), then the equality

(0.1 ) [U(k) : C(k)] = 2bh(k)

holds true. Here C(k) is the grollp of circular units in the sense of Sinnott
(we reproduce his definition below in this section) and b is a nonnegative
integer depending only on the l1tlInber 9 of different prill1e divisors of m. To
be precise,

(0.2) b = 0 if 9 = '1 and b = 29 -
2

- 9 + 1 if 9 > 1.

Sinnott also gave the fonnula

(0.3) [U(k) C(k)] = cth(k)
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whieh holels for any real abelian field [13]. In this ease the group of eireular
units C(k) anel the adelitional faetor ct are definecl in alllore cOInplieated
fashion. Sinnott provecl his fOflnuloc (0.1), (0.3) by exploiting the analytic
dass nUlnber fOflnula. So his proofs ean tell us nothing about tbe eonnection
between two abelian groups U(k)jC(k) anel CI(k) even in the case when
these groups have the salne oreler. The only thing that is weIl known is that
these groups Inay be not isomorphic in general. For example, if k is areal
quadratic fielel, then U(k)jC(k) is always cydic, while CI(k) is not cyclie in
general. Nevertbeless, G.Gras [1] conjectureel that for any real abelian k and
a priIne nUlnber f such that f is rela.tively priIlle to the elegree [k : Q] the f
cOlnponents of CI(k) anel U(k)jC(k) have iHolllorphic .1ordan-Hölder series.
This eonjecture was first proved in [14]. It should he noted that reeently
Kolyvagin [11] gave a relati vely sinlple proof of this conjeeture for the case

k = Q(cl +ci l
).

Our goal in this paper is to get a bettel' understanding of the connection
between Cl(k) anel U(k)JC(k) for any real abelian field k. In partieular,
we obtailled a refinellleIlt of Sinnott 's fonnulae (0.1), (0.3). To explain our
lllain reslllts, first note that we Illay treat "f-parts" of (0.1) and (0.3) for an
arbitrary hut fixed prilne e. For eXeullple, (0.1) is equivalent to the assertion
that fol' any prillle e the f-cOInponents (U(k)JC(k)), anel CI(k), have the
Sal11e order (wi th additional factor 2° for e= 2). Our lllethods are of purely
l-adic nature. So in what follows we shall o.':iSUllle that all fields are subfields
of a fixecI algebraie dosure Q, of the rational f-adic nUll1bers Q, and a11
eharacters take their values in Q" Let G = G(kJQ) and G = G, X Go, where
C, is the l-Sylow subgroup of Ci and the oreler of Go is relatively prilne to
l. Let 'P be any Q,-irreducible character of Go. Then for any ZL[G]-lnodule
A we have the decoillposition A = E9 Alp, where 'P runs through the set <I>

lpE~

of a11 Q,-irreducible cbaract.ers of Go and Alp equals t.o elpA, where elp is
the ideillpotent eorresponcling t.o 'P. By 'Po we clenote the trivial character
of Go. Für any finitely generated abelian group B we denote by B[l] the
pro-i-COlllpletion of B. Thell we prove the following.

Theorenl 1 Let k be the l1ulxi1nal real subfield of S01ne cycloto1nic field
Q(cm)' Thel1 f01' any printe f anti uny <p E <l> we haue

(0.4) [U(k)(l]lp: C(k)(e]lp] = AICl(k)l,lp]'
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whcre
1 if ei= 2
1 if e= 2 anti r.p =j:. r.po
2b if f = 2 und r.p = r.po

und b is given by (2).

Theorenl 2 Let I..~ be uny real abelian fielel. Then fOT any prime fand uny

r.p E ~ we have
(0.5) [U(k){e]lP : C(k){l]lP] = ct,lPICI(k)t,lPl

for S01T/,e 1'ational ct, lP' whcr'c the definition of ct, lP rloes not depenrl explicitly
on the tLr'ithlnetic of k.

It will be shown later that the constant ct,lP is, in a natural sense, the r.p-part
of Sinnott's constant ct. So we can consider (0.4) and (0.5) a.s a refinel11ent of
(0.1) and (0.3). Note that the Gras conjecture is equivalent to the assertion
that for G = Go we have an equality

So we cau consicler Theorenl 1 anel Theorenl 2 as a generalization of the Gras
conject.ure.

It turns out that IW(l~awa theory gives a succe8ful approach to these
theorerns and SOlllC relat.ed reslllt.s. T'his theOl'Y deals witl! the cyclotonlic

00

Zrextension koo = Ukn1 [ku: k] = {'l, of a given field k = ko, where f. is a
n=O

fixed prinle nUl11ber. For any such extension we have the Tate lllodule (the
Iwasawa l11oelule) Tt(l..~oo) that. can be defineel as pnlCI(kn)s,t. Here Cl(kn)
is the dass group of kn, CI(kn)s' is the quotien of Cl(l..~n) by the subgroup
generated by all the prinle divisors v E S', where S' is the set of a11 the
places over f, a subscript eineans passillg to l-C0l11pOnent anel the limit is
taken with respect to the non)) lnaps. Global class fielel theory enables HS

to interpret Tt(koo ) as a Galois group of the lllaxilllal abelian llnranlifieel l
extension M oo of koo such that all the places over e deconlpose completely
in Moo/koo . The Galois group Tt(koo ) = G'(Moo/koo ) is an abelian pro-f.
group anel a r-nlodule for r = G(koo / k) ~ Zt. Let us consieler the group
Tt{koo)(o) = T,(I..--:oo )/Cy-l), where I is a fixed topological generator of r. The
group Tt(koo)(o) can be interpreted a.s the Galois grotlp G(M~/koo), where
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M~ 18 the Inaxilnal subfield of Mco abelian over k. It i8 weIl known that the
Leopoldt eonjeeture holds true for any real abelian fielel. So Tt ( kco )(0) is a
finite abelian i-group.

Dur first principal re~Hllt is an index fornlula that gives the order of
Tt (koo ) (0) alld Tt (kco )(0), tp for any <p E <I>.

Theorem 3 For uny real abelian kund uny <p E <I> we have

(0.6)

(0.7)

ITt ( kco)(o) I = [Ds(k) : Cs(k)],

lT,(kco )(O),<.p I = [Ds( k)(,O : Cs (k )tp),

Here Us(k) l:S SOl1~e 1nodified g1'011p 0/ unils und Cs(k) S01ne modified group
0/ circula.T units defincd be/mv.

Note that there are no additional factors at all in Theorelll 3. We shall prove
Theorenl 3 via Iwasawa theory and then deduce Theorem 1 anel Theorem 2
froIll TheoreIll 3.

Now we give the definitions of Ds(k) and Cs(k) and then we deseribe our
Inethod and the content of the paper in sonle more detail pointing out the
Inost inlportant result.s.

For any field k let k- be the multiplicative group of k, jL(k) the group
of all roots of unity in k and ILt{ k) the f-colnponent of jL( k). If k is an
algebraic nUlnber field anel kll llleans a v-eolnpletion of k with respeet to a
place v If, then we put ß(k ll ) := (h~· /I,,(k))[f) and ß(k) := TI ß(k ll ). If kco,v is

vif

the eyclotolllie Zl-extension of kv , then we define H(kv ) to be the subgroup
of a11 universal Bonns in B(kv) with respect to the extension kco,v/kv, i.e.

co

H(kv ) = nNkn,v/k.,ß(kn ,,,). Put H(k) := rr H(kv ). It follows frOlll the loeal
n=l v Il

dass fielel theory that H(kll ) (resp. fI(k)) is a free Z,-Inodule of rank [kv :

Qt] (resp. [k : Q]).
For an abeliall nUlllber field k let Us(k) be the group of S-units of k,

where S is a..-; above. Put. Us,(k) = Us(k)/Il,(k), U(k) = U(k)/Jl(k). As the
Leopoldt conjecture is valid in k, the nat.ural lllapping Us(k) [t] --+ ß(k) is
injective, so we Illay cOllsider Us(k)[e] ~ a subgroup of B(k). Put

Ds (k) := Us (k )[f] n J{ (k ).
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We Inay say that Ds(k) is thc subgroup of Us(k)1l] eonsisting of the loea.l
universal nonns frolll koo .

To dcfine the group es (k) of ei rcular S-units for abelian nUHlber field k 1

we note that k is a sllbfield of ·sOlne eyclotOIuic field !( = Q(Cm)' We may
assluue that J{ contains a prilliitive i-th root of llnity (K contains yCT if
l = 2). Then any intennediate subfield !{n of the cyclotomie Zrextension
!(oo/!( is cyclotolnic itself.

Let P(!\n) be Sinnott.'s group of cyciotOlnic ntunbers [12], i.e. P(Kn) is
the SUbgl'OllP of [(,: generated by all the Tlluubers of the fonn 1 - c, c E
ji,([{n), c =f:. 1. Then SinJlott defines the eircular units of [(n as C([\n) .
P([{n) n U(!{n), where U(!{1I) are the units of !(n' Pllt

anel
{j s (koo ) :=~ ({j s (kn ) [e] )

where all lilnits are takcll with respect to the nonn I1laps. We will consider
C(I{oo) as subgroups of the group H(J(oo) := plnB(!{n) = pnlH([(n). We

define the groups Us(koo ) anel H(koo ) in tbe same way. The natural inclusion
koo C /(00 ilnplies the inclusions H(koo ) C H(l{oo), Us(koo ) C Us(ICx»)' Put

We put

where '11 = ,ln 1 and

We have a natural projection

(0.8)

and it is evident that hll 7r C Ds(Ii:). We define the S-circular units of k by
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Note that all these groups a.re Galois 1l10dules, 1l10reover, the groups H([(oo),
Us ([(00)' C ([{00) etc. calTY the natural structure of Roo-modules, where
R'OO := JilnZt[G(J(n/Q)] is a cOlnplete group ring of thc Galois group C;oo :=

G(!(oo/Q). There exists the natural decOlnposition into the direct product
G([<oo/Q) = r x V, whcre r = G(Qoo/Q) anel V = C-/(E/Q)' E is the
111axi111 0.1 subfielel of J( with conductor not divisible by (2 (by [3 for f = 2).
We have Roo = A[V], where A = zt[[r]] ~ PIll [r/fn] anel f n is the unique
subgroup of f of index f'~. Fixing a topological generator / E f, we get an
iSOl11orphis11l A ~ Z,[[T]], / -r 1 + T, where Zt[[T]] is the ring of fannal
power series of one indeten11inate T over Z,.

In Section 1 we characterize C(!\oo) as a A-I110dule. Using results of
Kubert [4, 5] on the universal ordinary distribution, we prove that C(J(oo) is
a free A-n1odule (Theorel11 1.1).

In Section 2 we consider the characteristic series of a finitely generated
A-torsioll Roo-Illodule A. Ir A is free over Zl, we produce the formula ex
pressing the order IAn),lp I = IA~, (u) I in tcrn1S of characteristic series of A
(Prop. 2.3), where H is a Hubgroup of V. Then we describe the character
istic series of Roo 1110dule A(!\oo)/C(J(oo) where A(!\oo) := !i1nA(!\n) anel

A(!(n) := II U(!(n,v), U(/\n,lI) = U(!\n,v)/JL(!\n,v)' This description is based
vI'

on the theoreln of Iwasawa on the circular units [8], [9]. We show that the
characterist.ic series in questioll are nea.r to thc so called Iwasawa series.

In Section :3 we cOllt.inue our calculations on characteristic series. Let
T,(!\oo)+ be the lllaxilnal subgroup of T,(I\'oo) fixed by the automorphisIll of
cOInplex conjugation. Put U(]{oo) = pn1U(!\n)[f]. "vVe prove (Theorelll 3.1)

that Tt(!(oo)+ anel U(!\oo)/C(]\oo) have the sall1e characteristic series for any
even character of V. The proof is hased on thc so called "lnain conjecture"
of Iwasawa. theory [10], [14]. anel on SOllle fonll of Spiegelungsatz proeluced
by the author in [7]. Then we generalize this result for any abelian lltuuber
fielel k anel its cyclotitnic Z,-extension A:oo '

In Section 4 we prove Theorenl 3 of the int.roduction. Briefly speaking, if
k is areal abelian field, then we have an exact sequence

(0.9)

where P iH thc Inaxilllal finite sulHllodule of T,(koo ) and R is Zrfree. We
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deduce fro1l1 (0.9) that

(0.10)

for any <po On the other hand, denoting by Us(k) the ilnage n(Us(kcx·J) in
(0.8), we get aB inclllsions es ~ fJ.~(k) ~ Us(k). ThllS we have

(0.11 )

for any 'P E «P. Using tbc charact.eristic series, we prove that

(0.12)

for any 'P.
It was provecl in [6], PI'Op. 7.5 that there exists a natural isomorphisln

(0.13)

We give ill Section 4 a short and selfcontaincd proof of (0.13) (see Pl'Op.
4.3).Then Theorell1 3 follows in1Dlediately froll1 (0.10), (0.11), (0.12) anel
(0.13).

To dedllce Theoren1 '1 anel Theoren1 2 froll1 Theorern 3 we need a new
fOrln of Theorenl 3. Let IJ( be a C-aclic exponent in Qi nOflnalizeel by the
cOllditioll IJe( f) = 1. In Section 5 we prove

Theoren1 4 For u 1'cal abeliuH kund any <p E <l> we huve

(0.14) Vi (11e(h~oo)(u),~I) = Ve ([H(k)",: Ds(k)",t'f t
, TI ~Ll(l, X)),

x:;l!l

xl<p

whe1'e X rU11S ove1' all Honlrivial o1lc-ditnensio1lal Cha1'tlcters of G = G( k / Q)
such that xlGo c1ltc'rs <p, t~ is a constlL111 givcn cxplicitly in Thco1'cm 5.1 and
L,(8, X) is a.n (-(ulic L-function. nf [{ubota-Lcopoldt [9].

Note that we have

7



so the only difference fronl Theorenl 3 is the explicit fonnula for the index
[H(k)tp : Cs(k)tp]. We derive such a fonnula froln consideration of the char
acteristic sel'ies of H(koo)jCs(koo )' This series are closely connected with
Iwasawa series. So the interl'elation between Iwasawa series aud f-adic L
functions eliscovered by Iwa..'3awa [3] explains why (0.14) contains the values

Ll (1, X).
In Section 6 we give a result that is, in SOl1le sense, a refinelnent of the

conductor-eliscrilniuaut fonnllla of Hasse. For an abelian nUlnber fielel k we
considel' a Ga.lois algebra A k = k0 QQt.. Let R k be the lllaximal order of A k •

Tbe natura.l inclusion k~ <.....+ A k irnplies an inclusion a : Ok <.....+ R k , where Ok
is thc ring of intergen·; of k. Put Ok = O· a(Ok) C R k , where 0 is tbc ring
of intergers of Ql' Then we prove (Theorenl 6.1)

Theorem 5 F01' any 'P E <I> we have

1)( ((Rk , tp : ch, tp)) = 1)( (rr fIX) ,
X:;tl

xltp

whe1'e (A : B) nwans genendized index in the sense of Sinnott [1 Q}J and []x

is thc Gallss S1l1n C01Tcsponding io the charade1' X == X-I.

In Section 7 we calculate SOIllC unit indices. Let k be areal abelian field anel
G = G(kjQ). Ag in [12], for a Zt[G]-lllodule A fl'ee over Zl we put

Ao={xEAI SPG(x)=O},

where SPG is t.lIe trace lnap witli respect. to Gf. We provc (Theorenl 7.1) that
for any 'P E <l>

(0.15) f"\;' ITl(koo)(tl),tpj = IA(k)o,tp : !!(k)[f]tpl,
ICl(k:)l,lpl II(k)tp : Us(k)tpl

where stp = 0 if 'P =f 'Po and 8({JQ is sonle sinlple constant given explicitly in
Pro}). 7.4.

Let Log : U(k)[f.] Y A k be t.be conlpositum of the 111apping log :
U(k He] <.....+ k0QQl induced by the P.-adic logarithnl anel the natural indusion

k0 Q Q, <.....+ A k = k0 Q Q,. Put D(k) = (] . Log(U(k)[P.]). The following the

orenl (Theorenl 7.3) Inay be cOllsidered as an P.-adic analytic dass nUlllber
forllnda for a. 'P-COl1lpoIlcnt of the f-cla.ss group.
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Theorenl 6 FOl' a l'cal abelia7l l..~ (J,nrl uny r.p E <I> wc haue

wherc

a(x) = L x(a)log(l- E~),
n wod Ix
(u,lx)=l

Ix is the conductol' of X, Ex is (J. jn"irnitivc Ix-th 1'00l o/1Lnity and log 1neans

thc f-adie loga1'ithm.

Note that the index (Rk,o,..., : U(k)rp) 111ay be treated as a r.p-C0I11pOnent of
the f-adic regulator of k.

We deeluce TheOI"elll 6 fron1 Theoren1 4, Theoren1 5 anel (0.15). Then,
using the Incthocl of Sinnott, wc prove (Theorenl 7.4) "an abstract index
fOflnula"" Thi~ fOl"lnula expre~~e~ ICI(k)t,'P1 in tenl1~ of thc index [U(k)[f]..., :
Ck , rp], where the circular units Ck are defined axiol11tüically.

In Section 8, using argull1ents of Sinnott, we decluce Theorem 1 [rom
Theorell1 7.4 (see Theorell1 8.3).

In Section 9 we prove Theorenl 2 (see Theorelll 9.2). Then we prove a dass
nlunber fonnula of allother type (Theorenl 9.3). This fornlltla indudes some
I110clifiecl circular unib, allel sonle lllodifieel constallts ct,...,. In some particular
cases we are able to calculate these 1110dified constallts explicitly, and these
calculatioll~ yield llolltrivial divisibility conditions for the dass nUll1bers of
sonle real abelian fiehls (see Theorelll 9.4 anel Theorenl 9.5).

In Section 10 we give sonH~ cOllllllentary to our result.s anel fOrIllulate some
open problellls.

Acknowledgel11ellts. The author is in eieht to Prof. Or. H.Koch anel
his colleagues fr0111 Max-Planck-Arbeitsgruppe "Algebraische Geolnetrie und
Zahlentheorie" whose hospitality allowed hin1 to fulfil a considerable part of
this work.

The author thallks M.Zh.Slll11atikov who killelly tought hinl to use ft\TEX
anel N. V. Iglllllllova for help in preparing the lllanuscript.
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1 On the circular units in Ze-extensions

Let e be a. fixeel IHilne ntllnber allel d t=. 2 (lnoel 4) be a. natural number
prin1e to f. vVe suppose d to be fixeel throughout this section. Let Pd be
the group of all tl-th roots of unity in a fixccl algebraic closure Q of Q. We
put /(-1 := Q{ttd) allel /{T1 := Q(11d, (TI) for any n ~ 0, where (n E Q is a
fn+l_th prilllitive root of llIlity (0. fn+2-th priInitive root of unity if l = 2).
We choose the roots (n in such a way tha.t tlle equality (~+l = (n holels true
for any n. Then any cyclotonüc fidel is of the farIn [<n for SOl1le d and n, and
for a. fixed cl the fields [{,,,tl :2: 0, fOrIn a tower of all intern1ediate subfields

00

of the cyclotOInic Zrextem:iion [{co/ [\0, where we put [(co := U [{no We
n=1

denote by Il([\n) (resp. Il,([(n) ) tlle group of all roots of unity in l(n (resp.

the f-conlponent of Il(J(n))'
Let P( /(n) anel C ([{n) be thc groups of cyclotonüc nUlnbers and cyclo

tOlnic units l'espectively defineel in the introduction. Note that the elements
(1 - cr(:J, 0' E ILd, i = 0, ... , (,n+1+" -1 generate the full group P([(n). If
there is BO elanger of confusion, we denote this groups Silllply by Pn anel Cn
onlitting the sYlnbol Je 'A'e put Pco := JilnPn[f], Coo := pmCn[f] whel'e

Pn := Pn/J/.(/{n), C n := Cn /(II.(l\T1) n Cn) anel the SYlllbol [f] 111eanS l
cOInpletion. So P00 a.nd Coo are R oo -111odules anel A-ll1odules as it was pointecl
out in the illtroduction.

If 0' E Itd, thell we put cn(a) := l_c/-u-A(n, where 8 = °if l #- 2 and

o= 1 if f = 2. The elenlents Cu (0') for n ~ 0 rann a coherent sequence with
respect to the nonn lllaps, a.nel thus we have an elelnent

Proposition 1.1 The eleuwHts Eoo ( 0'), WhC1'C a Tuns DVCT Itd, gencrate P00

as (l HOC! -1nodulc.

Proof. Let Dn be the Galois SUbllloclule üf P n generated by all en(cr) für
a E Pd· As f\'f{nt..!i,.(c,.(a)) = cr(O') for n > l' 2: 0, we ha.ve Pn = Du' P- 1•

Hence POC! = li1n Pn[e] = pln Dn[f] a.s desireel.

o

To investiga.te the Galois 11lodule st.ructure of P00 and Cco , we need SOlne
results on thc uni versal distri bution [4], [5]. The uni versal distri bution on
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~ Z/Z for a uatura.l lI1.lI11bcl' N is by definition an abelian group U(N) gen
erated by the SYll1bols (a) for all (l E -h Z/Z, satisfying the relations

(1.1 )
1L (b) = (n) for any (l E N Z/Z, 171.1 N.

mb=a

By [4] U(N) is a free abelian group. The natural action of G(N) = (ZjNZ)*
on ~Z/Z incluces an actioll of G(lV) on U(N), and we have a G(N)-module
isoll1orpltislll [4], Theorenl 4.11,

(1.2) U(iV)0ZQ ~ Q[G(N)].

Ir N 1 lVI , then the natural inclusion "kZjZ Y ~1 Z/Z and the 111apping

~I Z/Z --+ ~Z/Z sending :1: E ~I ZjZ into lff-:l: E -hZjZ inchlce the map
pings i(lV,lVd : U(AT) --+ U(l\Td and N(N I , J\T) : U(Nd --+ U(N). It is
well known that i(N, Nd is always an injective Illap. FrOlTI (1.1) it follows
il11111ediately

Proposition 1.2 For any jJ1"itne f. let N == 0 (Illod f), muZ put NI = iN.
Let H( ATt, AT) !Je thc I.:crncl 01 thc tw.tund ]J'I'ojeetiol1 G( J\Td --+ C;( N). Then
the TlWP 'i(N, Nd 0 lV(N1 , N) : U(iVd --+ U(Nd coindrles with the nonn
UHLp with res]Jcct to I1 (NI, N).

For a natural Ilunlber NIet. Z* (N) be the set of all primitive elenlents in
-hZ/Z, i.e. the elelllents of an order exact.ly N. Let N = TI pn(p) be the

plN
prinle factorization of N. Then wc have the natural deconlpositions

~Z/Z = TI (_l_ZjZ) 1 Z*(N) = TI Z*(ptl(p)).N ]JfL(p)
plN plN

Theorelll A. ([4/. Tlu!.orern 1.8, Pro]J.l.9). Pu!'

Then !.hc eleul.f;nts (t) fo1' t E T( N) fonn a basis 01 the Iree abeliun gr01Lp
U{N).
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Let f he Ho prillle llurnbel', d prinle witlt f, d 1=- 2 (lllOd 4). Put

where the inveri:ie linlit is ta.ken with respect to the 1l1apS N(en+1d, end). We
have a natura.l action of Goo := }illlG'(fn(l) on U(f.ood). Let r be the kernel

of the natural projection Goo ---+ G(qd), where q = f if f. #- 2 anel q = 4 if
e= 2. Then the group [' ~ Zr acts OB U(fOOd), thus U(fOOd) has a natural
structure of a A-llloduie.

Proposition 1.3 Thc [/1'OUP U( food) i8 a jree A-nwd1l.le of 1nn.k r..p( qd)J where
r..p( x) is the Euler fundi01L

Proof. For N = fnd, d = TI pn(p), we present the set T(end) as a disjoint
rl d

union T(t'ld) = T(t'lfl)l U T(t'ldh, where

and

Accordiug to the decolllpositioll r'~dZjZ ~ l~' ZjZ ffi jZjZ, any a E l~dZjZ

can be presented uniquely in ('I, fann a = (a', (1,"), wllere a' E l~l ZjZ, a" E
~ZjZ. Ir liH 2:' (Zj fHZ)"' is tlle kernel of tbc natural projcction G(f'ld) ---+
G(d), then any two clClllcnts (l, b E e'~dZ/Z of thc forlll a = (a', a"), b =
(b', b") are conjugated with l'cspect to the action of H1L if and only if a" = b"
and a', b' have the S'l.llle order a~ eIelllents of l~ Z/Z. It lueans that the
Z,[C;(f'd)J-subnlodule U}(fHd) of U(t'ld)0ZZ, which is generated by all (t),
tE T(fH d)l, call be gencl'ated as a l/71-lllodule by the set of r..p(d) eleluents
(t), where t runs aver thc set

T(f"dh := U'} x I1 [Z·(I'Tl(P)) - {l',~r)} U{Ü}] .
pld

Passing to the inverse lilliit with respect to the 111apS N(f"+ld, end), we get
that the 1110d ule U1((COd) ;= Jilll U, (f:'ld) can be generated by r..p( <1) elements as

12



a Jloo-Illodule, where fI00 : = ~ iIll Hn ~ Z; . Hence, UI(eoo rl) cau be generated

by tp(q)tp(d) = tp(qd) elclnents as a A-Illodule. Let U2 (f7ld) be thc Zt[G(ind)]
sllblllodule of lJ(f:'~d)0zZt gellerated by all (t), where t runs over T(f'~dh.

Then l'ca.soning as in t.lle proof of Prop. 1.1 J we get

Thus there exists a sUl'jective Illap of A-Illodules a : 1\ lp{qd) ---7 U(i=d). To

prove that U ((00 rl) is A-free of rank <p(qd), note the natural projection ]Jn :

Ud(OOd) ---7 Ul(f:'~d) is surjective fol' any 11. The surjection]Jn 00': A'P((}d)---7

U1(fnd) indllces a sUl'jection (-in : A0~~~{-I) ---7 Ul(r~d)J where 6" = 0 if ( =f:. 2,
cl = 1 if e= 2, anel for allY Goo-lllodllle A the notion AU) 1neans factoring A
by the action of the subgroup r j ~ r of index f} (thus r n -8-1 is the kernel
of the natural I11ap C;OO ---7 c-:((nd)). Denoting by rk(A) the Zrrank of A,
we get rk(Ar~~d)_I)) = <p(fnd) anel rk(Udfnd)) 2:: rk(U([t~d)) - IT(tndhl =
<p( fnd) - tp(d). Thus rk(Kerßn) :S cp(d), therefore Ker 0' = Ihn Ker ßn = O.

o

Theoren1 B ([5}} The01'el1~ 2.16, Pl'Op. 3.3). Let {±id} C G(N)
be the subgroup generntetl by the elenWllts ±1. Tlten Jo'l' nny k we hnve
Hk(±id, U(lV)) ~ (Z/2Z)", wherc H k( , ) is the Tate cohom,ology g1'01LpSJ
7' = 2,~(N)-1 wul 1/( A') 1:8 I,he nUlnbcr oI disUnet p7'irnc divisors 0/ N. Let,
M IN J IJ( NI) = IJ( N) unr! M t= 2 (lllOd 4), tlten thc 7:nc/llsion i( M, N)
U(M) <-+ U(N) iruluccs un -tsO'1norphisrll

i*(f\1, lV) : lJk(±id, U(M)) ~ Hk(±id, U(lV)).

Corollary. Ir f = 2 then we have for any k

Indeeel, if e= 2, tohen by viltue of Theorenl B the nonn Inap with respect
to the gl'OUP H (f:'~d, (,,-I d) coincides with Illult.iplying by IH(end, f.n-t d) I = 2
for n 2:: 3, and thus alluihilates the group lik(±id, U(er~d)) for any k. Then
it follows fronl Prop. 1.2 and an iSOIllorphic character of i*(~-1 d, fnd) that

the Illap N(tnr!, lu-Ir!) allnihilates fJk(±id, U(f7l d)) for allY k and n ~ 3.
Therefore



o

Theoren1 1.1 Thc A-lILOdu/cs Pco ruul Cco (/.1·C A-f1'ee 1nodules of 1YL71k

~{I(u : Q).

Proof. Let 0' be a fixed generator of ILd. For any

c 1 Z/Z
fn+l+8d E fn+l+8d '

put

cE Z,

Then we get the lnapping

1/Jn: e ~ s 1Z/ Z --+ Pu / Pu n (Q' x IL( Ku )).,71+ + (

The nli't.ppings 'lj;n is an even distribution in the sense of [4], i.e. the relations

and
4/1(-(I.) = -t/J7I( (J.)

hold trlle. Thus 'lj;n defines a natural sllrjcction

The lnappings -:;j;H are cOlllpati ble with the action of tbe group G(en+ 1+8d) e::
G( [(n/Q) aud witll the nonn Inaps. Hence, passing to the inverse linlit with
respect to the Bonll ll1aps, WB get thc surjeetivc luap of R oo -lllodules

where U(eCOd)- nIeans the lllaxinlal sllbgroup of U(EOOd) on which -icl aets
as nlliitiplieation by -1.

As we ean eonsider Poo as a A-subIlloclule of the Roo-Illodule H(I{oo) ,
defined in the iutrocluctioll, we get that P00 has uo A-torsion. It follows fraIlI

14



Prop. 1.3 and the definition of U(PCO(l)- that U(f.ood)jU(fOOd)- has uo A
torsion illi weIl. Let U( f.oo d)+ be the lnaxilnal subgroup of U( f.00) fixed under
the action of -id. Then it can be checked easily that both lllodules U( (OOd)+
anel U(loo(l)- ltave A-rank t[!{u : Q].

By Prop. 1.1 we have for any n a natural surjeet.ion P00 -r Dn [t]. By
[12], Theor 4.1 Cn has finite index in the unit group U(!(n), henee we have
that. Z,-rank of Dn [C] satisfies for any n the condi tioll

i .e. rk Dn [e] ;::: t[!{71 : Q] - c, where c does not dcpend on n. Then by [6],
Prop. 1.2 we get that the A-rank of Poo equals ~[J(o : Q], hence 1/J00 is a.n
isolllorphisrll.

Ir e=j:. 2, then \ve have = [j ( (00d) = U(eoo d)+ ffi {j ((00 d) - , so 1/J00 illcltlces
an iSOI1101'phislll U(fOO d)+ ~ P00' Beuce P00 is a free A-Illodule in this case.

H e= 2, then we have an isoillorphislll

Poo ~ U(Fd)jU(Fd)- ~ f\'(U(Fd)),

where A'( ) llleans the ill1a.ge of the Bonn 111ap with respect to {±id}. By the
eorollal'Y frolll Theorcnl B we have [fO( {±id}, U(fOOd)) = 0, thus N(U(fOOd)) =
U(fOOd)+. To prove that U(fOOd)+ is A-free we note that U(fOOd))+ is a sub
Illoelule of a A-free 11l0clule U(f.ood); and U(COOd)jU(f.ood)+ has no torsion. So
our assertion follows frOln [6]., Pro}). 1.1.

Thus we have provecl that; Poo is A-frce in any ease. 'T'o prove that CCD is
A-free we note that. any :1: E PH [C] Illay belong to the illlage of the natural
projectioll P00 -r F n [ f.] only if x belongs t.o the f-eolnpletion of S-units,
where S eonsists of all prilne divisors of e. Let Cm be a prinlitive rn-th l'oot
of unity. It is wen knowll that the Iltunber 1 - Crn is a unit if and only if m
is a C0l11poseel lluillber. Ir -,11, = Tl for SOIlle prinle p, then 1 - cp r is a prime
eleillent of the loeal fielel Qp(Epr). Thus it follows easily that we have the
exact sequence of A-lllodules

where Zt is gellcratecl by Eoo ( 1). As P00 is 1\-f1'ee, we gel; fronI [ß], Prop. 1.1.
that Coo is i\-fl'ee as weIl.

o
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2 On same characteristic series

Let Roo := Zt[[Cioo ]] := li 111 Z,[G( ](lI/Q)] bc the ring defined in the introduc

tiou. We have the natura.l d irect prod llct decOlllposition GTOO : = G(](00 IQ) =
r x V, whel'e r ~ G(Qoo/Q) ~ (,'([(001 [(u) , V ~ G(/{u/Q) ~ G1(](00/Qoo)'
lf we fix a topological generator f Er, then we get the iHolllorphisln A :=

z,[[r]] ~ Z,[[T]], l = 1 +T, where Z,[[T]] is a ring of fOrInal power series.
We have R'CO = A[V]. All R'CO-IllOdulcs considered below are asslulled to be
finitely generated over Roo . If X is allY one-dilnensional character of V tak
ing its values in the algebraic closure Q, of Q" then the ring Ox generated
over Z, by 0.11 the values of X has C\.. natural structure of V-illodule, if we Pllt
er( (l.) = X( a)(I. for any er E V, a E 0X' For any Roo-lllodllle A we elefine the
X-colllponellt of A by

A x = A0Z ,[\f]Ox'

Thus we have Roo,x ~ 0x[[r]] ~ Ox[[T]]. We lnay treat Ax as 0. Roo,x-Illodule,
if we put T(a 0 b) = T(a) 0 b, T(a 0 b) = a 0 T(b) for a E A, b, T E 0X' Put
V = V, X YO, where Vf is the f.-Sylow subgroup of V anel (lVol, f) = 1. Let cI>

be the set of a11 Q,-irreelllcible characters of VQ. Then for any Roo -n10dule A
we have the deC0l11position into the direct product

whel'e A(p = eIPA anel eIP is tbe idcUlpotent corresponding to <po For a one
cliJnensional character X E V, \vherc Vis the group of 0.11 the chal'actel's of
V, the notion X l<p 111ea.ns tha.t the l'cstriction XIvo of X on Vo enters <p as its
ineducible c0111ponent over Q(. vVc have

(2.1 ) (A ). = { Ax ~ AlP if X I 'P
<p \ 0 otherwise

lf A is A-tol'sion, then there is defilled the characteristic series JA = JA (T) E
A of A (see {3], [9)). "'.,Te reca.1l SOllle properties of these series. At first, note
that fA is defined uuiquely 111' to lllllltiplication by any unit, u E A". Ir A, B
are qua.'.;i-isoI110rphic A-torsioll lllodules (i.e. there exists a h0l110111orphisln
J : A --+ B with finite kernel and cokernel, we shall write A '"'"' B in such

...

0. case), then JA = f B· Ir A = EB AI fi A for S0111e fi E A, fi #- 0, then
i=l

16



JA = ni'=:1 fi. It is known that any A-tol'sion A IS qllasi-isoInorphic to CL
r

module of the fonn EB AIJi A.
i=:1

Let a A-I11odule A be finitely generated over Z'- (t.his is the only case we
sha,ll deal wit.h in thiH paper). Thcn fA is of the fon11 /1 (T)u, where 'll E 1\$
and /1 (T) iH a distingllished polYllOlniaJ of the fornl T'\ + a,\-l T>'-l + ... +
ao, (/.,\-1,"" (J.u E €Ze. Note tlJaJ. wc 111ay treat fl (T) as a characterist.ic
polynOlnial of T = I - 1 actillg 011 tlle .\-dilnensional Q,-space A0Z ! Qt. If
R'OO-Illodllie A is A-torsioll, thclI for any X E V we have the characteristic
series /A (T, X) of G'x[[T]]-lnodule A x , definecl in thc saille lllanner. The next
statelllent is weil known.

Proposition 2.1 Let A !Je (/, Hoo -11!0dule such that A is finitely generated
over Z, and lhus A-torsion. Tlten wc luwe

(2.2) JA(T) = rr fA(T,X), fA<p(T) = rr fA(T,X)
XEV xl~

/01' any <.p E <I> , where we pul fA (T, X) = 1 ifAx is finite.
Lel

O---+A---+B---+C---+O

be an exacl scquence oJ R oo -11/.odules finitely gcneral,cd over Zt. Then we have

(2.a) Ja = JA . fe, fa (T 1 X) = fA (T, X) . fe (T, X) f 01' (l ny X E V.

By v,( ) we denote thc €-adic exponent in Ql such that 1),( f) = 1.

Proposition 2.2 Let A !Je (J. ;\-lorsion ·module. Then. tJu:. grou]) A(o) =
AI(, - l)A 1:8 finite ij und on.ly if jA (0) =f. O. /1 A is Z,-frec, then we have

(2.4)

Proof. The condition JA (0) =f. 0 11leanS that Ar is finite. The group
Ar is finite if and only if so is A(ll)' Ir A, Bare Zrfree and A is quasi
iSOl11orphic to B, then 1A(u)j=1 8(11)1. So it is enough to check (2.4) for A of

"
the fOl'lll A = EB /\lli/\, whcre fi a.re distinguished polyuOlnials. In this last

i=:1

case fOl'lllUIa. (2.4) is evident.
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The next proposition is Cl. far-reaching extension of Prop. 2.2. Let T : (;00 --t

G be a surjective lllappillg of G'oo outo a finite group G. Thcn Ker T = 11 x r,
whel'e H = V n Ker T emd thc group r ~ Z, is defined noncanonically. We
llleet such a situation in the c~e, wlten G = G(k/Q) for SOIlle algebraic nUl1l
bel' field k C J{00' In sll~h a case we have If = (;( [(CD/ koo ), r ~ G(koo / k).
Note that we can choose the topological generator "7 of r in the fonll

(2.5)

fol' SOBle a E V, anel the integer T 2: 0 is an invariant of the field k. If the
Roo-lllodule A is A-ton..;ion anel Z,-free, then so is ((Vllf) x "F)-module A lJ .

Proposition 2.3 IJ I,he !Jrou]J A(o) is finite} then so is I,he !J'roup (AH)(o) :=

A H / ("7 - 1), wHI its on/cl' et is giVCll by thc JO'I"lnula

(2.G)

where (x is defined hy t.he condit.ion

(~I' = x(a),

( nU18 ooer aU thc '/'00t8 of 7Ulity of deg1'ee er, und a, l' fl1'e !Jiven by (2.5).
Let <p l)(~ UlIY Q,-il'rcrhlcibJe charader 0/ Vu/Vu n lI J ruHI Jet pt,., be thc onler

0/ (A H)(O),(p = (( A H)(p )(0)' Then. we have

(2.7)

where (x und ( {f.7'C (LS u!Jove.

).

Proof. Note first that t.be value l/(efA(O)) in (2.4) equals to r/,(IT ad, where
i=l

al,' .. ,0',\ are aU tlJe roots of tlle distinguislted polynolnial fdT) 01', equiva-
lently, all the eigenva.lues of /- 1 Oll A0Z,Q,. Now let O'(X) I, ... , a(xh(x) be

18



(2.8)

(2.9)

thc roots of the elistinguished p<.?!rnolnial COITcsponding to thc characteristic

series fA (T, X) for HOIllC X E G/H. An elelnent a elefineel in (2.5) acts on
(A1I)x as 111ttltiplicatioll by X(a), thus the operator 1', acting on thc Qrspace
(AH)X 0 Z

f
Q" has tbe eigellvalues (1 +a(x) 1)1'"X( (J) 1 ••• , (1 +a(x ).\(x))l'" X( a).

Thcn by (2.2) anel Prop. 2.2 we have

(

·\(xl )
t = 1/( ll. n((1 +a(x)d"'x(a) - 1) .

xE~'//{ 1;:;1

As we have

(1 + a(x)df"x(a) - 1 = II ((1 + a(X)i)(x - () = II (x(l + a(X)i - C;I()
("';;:1 (1";;:1

anel
.\(x)

fl (T, X) = II (T - a(X)i),
i;;;;l

we gct

where 'Il = ± 1. This proves (2.6). The proof of (2.7) is quite analogous.

o

Corollary. In the situa.tion of Prop. 2.a pnt 1A(n) 1= ft(n), 1A(n),rp 1= [t(n)"" ,

where A(n) := A/{-'Yn - I), /11 = "n. Then

t(n) = Vf (11 11 !A(( - 1, X))
xEV ( ;:;1

t('I1.)rp = Uf (TI TI fA( - 1, X)) .
XEV(tll;;;l

xlrp

To prove it, it is enough to apply Prop. 2.3 to the surjective l11apping T :

G'oo = \I X r ---+ \I X r'/r'1ll where f n := (/n)'
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Now let I{oo be the cyclotolnic Zrextew;ion of a cyclotonlic field 1(0 =
Q(/ld, (u). RecaJI that we have defined in the introduction the R-oo-modules
A(/';oo) a.nd 11([(00) such that. we have the natural inclusions C(Koo ) c
A(I(oo) C H(I\.'oo). In whClt follows we work with SOlne fixeel [(00' so instead
of C([(oo), A(/(oo), etc. we sliall write COOl AC<!, etc. Let j E G'oo be the
autoillorphislll of cOlllplex conjllgation of [(00' For any H'C<)-lllodule A we put

A + = {a E A j j ((l) = (f} 1 A - = {a E A 1 j (a) = -(l} .

Proposition 2.4 Thc fl1Y)u]Js Aool Hoo an:. fl'ce A-'1twd1lIes of rank [1<0 : Q].
The fl'l'01lJJS At, H~ urc jn:.e A-lIwrlulcs 0/ "'fLnl.~ ~[I(u : Q].

Proof. By [6], Lenulla 7.2 alld Prop. 7.1 Hoo is A-free of rank [1(0 : Q].
There exists the nat.ural cxact sequence

where 'Doo is a fillitcly gellerated free Z,-nlodule generated by all the places
v 1 e of J(00' Then, reaSOll illg <l.':i in thc proof of Theorelll 1.1, we get that

Aoo is A-free <l~ weIl. As 1/00 / H~, Aoo / At are A-torsionfree, it follows froIn
[6], Prop. 1.1 that H~ allel At are frcc A-l1lOdlllcs. Using argulllents of [6],
Section 7 Olle can prove eo~ily t.hat }/~ anel At are of A-rank ~[1(o : Q].

o

Now we are going to COlllpllte thc characteristic l:lerie.s of the A -torsion Roo 

1110dule Aoo/Coo . '1'0 do this , we lleed SOllle further nota.tions and definitions.
We lllay consider a.ny charact.er X E V1 \I = G( [(o/Q) as a prilnitive Dirich
let. charact.er of conductor Ix Idq, where q = I! if f. =j:. 2; q = 4 if I! = 2. Any
such X is a chm:actcr of the first kind in the sense of Iwasawa [3]. For any
such X define the icleIllpot.ent

ex =1 \11- 1 I: x(a)a, where x(a) = x(a)-l.
xEV

Put
1 + j

1:.'+ --- - 2 '
_ 1 - j

e ---- 2 .
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As in [12], fornnlla (3.3), we define the "lllinus COlllpollen1;" of the Stick
elberger ele~l1ent .s( (1" en+ 1+5d), (I, t 0 (010d en +I+.5d) corresponding to the
field !(n of conduct.ol' f!~+t+5d by

e-s(a, f."+IH d) = L (- ((,,:::5d) +D0";' E Qt[G(J(,,/Q)],
i (wod (1I+I+d)

(i,fd):;::1

where (:1;) cIellote the unique rational x', 0 ~ :c l < 1, such that x =Xl

(Il1od Z), anel Gi is tlle elClnellt of G( J(n/Q) seneling c into ci for any e E
Jt( !(n)' The e1elllellts e- s( (1" 1:11+1+5d) are COIllpatiblc for different n with
respect to tlle natural projections Q,[G(!\U:l/Q)] -+ Q,[C"(!(711/Q)] for any
n2 > nl. ThllS, passillg to thc inverse lilnit, we get the elen1ent.

s(u, ~d) := Plll e-.~(a, fn+l+5d) E plllQdG(!(n/Q)].

It is weIl knowlI (see [12], Sect. ~~) that. (ai"- i)· 8(a,food) E Roo for any i
})l"illle with df. So we can consider .s(a., (00<1) a.s an eleillent of L[V], where L
is the quotien field of A. It follows jl1st frorn thc definition of the Iwasawa
series givcn in [3] thai; in the quotien field of tbc ring R'CQ,x = 0x[[T]] the
equality

(2.10) ~exs(l, r Ix> = f(T, x)

holels truc. Here X is an odel character (i.e. x( -1) = -1) of the first kind
witlt conductor Ix aud I(T, X) is the Iwasawa series corresponding to X. In
[3] f(T, X) is referred to a~ thc series cOl'responding t.o the even character
o = xw, where w is thc Teichtniiller cha.ract.er, w : V -+ Zi, w( (Ti) == i
(nlod q) for any (Ti E V. It wa.s provcd in [3J that. J(T, X) E 0x[[T]] if X =I W.

If X = w, t.hen

f(T,w) = (1 __fi_~.)-1 ''1('T, w),
I+T

where 1/('T, w) is an illverti hle elcillent of Z,d[T]] allel K. E L+ Z, is defined by
the fonnula ,((H) = (~ for any n ~ O. Put.

}7(!{11) := ITJtt{/(u,v),
vIf

where !{lI,V is a. cOinpietioll of !(n with respect to v, a.nd put Yoo := pn1 Y(J(n),
where the inverse lilllit is taken with respect to the nonn lllaps. Note that
as a Z,-Inodule Y~ is iSOl110rphic to Doo [roln the proof of Prop. 2.4.
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(2.11)

(2.12)

Theorenl 2.1 Lct h(T, 0) (resp. y(T, 0)) he t.hc chnradcTisiic scrics of ihe
l\-trJ1·sion. Roo-uu)([ule Ato/Coo (1"(~s]J. Yoo ) cOlTeSpondi7l.!J (,{) fl,n even Chtl1YLcte1'

ofthefirst I.:hul O. TlteH ]J'lLttin!J O(a) = O(a)-I, wc Itave

h(T, 6) = f C: l' - 1, Ow) y(T,6)-1 if 6 # I,

h(T, 6) = 'I C: T - 1, w) y(T, It l =

(
t~ )(-T)f ---l,w y(T,l)-t iffJ=L

l+T

Proof. 'vVe shall eleduce (2.11) anel (2.12) frolll [8], Theorel1l 4.1. To
fOl'lllulate this last statelllcnt wc neeel SOl1le dcfinitions. Let S:x. be the Roo
l1lodule gencrated in L[\I] hy the eleIllcllt.s .s(u , f.ood) for all a E Z\ {O}. It can
be checked easily that S~ is generat.ed as a Roo-lllodule by the set s(u, eoo cl)
for 0.11 u E Z \ {O}, (J. = 1, ... 1 dq. So s:x. is a finitely gcnerated R-oo-llloduie.
We define tlle Stickelberger ideal in R'CQ as 5'00 := 8'00 n Hoo • In [8] we have
defined for tbe Held 1(<XJ Cl. free Roo-nlodule 011 one gellerator V (K00) such
that A(f\<XJ) E \1(1(00) a,lId (noncallollically)

(sec (8], (1.10)). Let h', : C'co --+ Z; bc the cyclOtoIllic cllClrCl.cter defined by
(~ = (f~((T) for H = 1, 2, ... 'Ne define the autOIllorphisnr w : Rco --+ R'CD by
w(a) = h",(a)a- t for any er E C-:co '
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Theorenl C ([B), ThcOTen~ 4.1). F01' !liven [(00 we have

Coo = w( 800 ) \I(J(00)

Poo = w(S~)V([(oo).

The i\-t01'sion 'lnodules \I(J(oo)+ /Goo und Rto/w(800 ) are iso1norphic us R oo 
'Ir'Lod71.Ics.

As is weIl kllown (allel lllay be easily deeluced frOlll Lenl11la 2.1 of [12]),
the characteristic series of t.lle i\-t.OI'SiOB Roo-lllodule R.~/Soo are the Iwa
sawa series for odd x, X =1= w, anel 'IleT, w) for X = w. By the theorem of
Ferrero-vVashillgt.on R.~/800 is finitely gcncl'ated over Ze. Therefore R~/500

has trivial Iwasawa series for eVCll charactel's X. Thus, V( [(00)+ /Coo has
trivial characteristic series for odd characters x. As w(,) = 1),,-1, we have
w(T) = l~T -1. The autolllorpilisill 'W lllaps (R~/S'oo)xonto (Rto/w(Soo)hzw'
Hence by Theorelll C the characterist.ic series af V ([(00)+ / Coo carresponding
ta the eveu character 0 coincides with f( I~T - 1, Ow) if 0 =1= 1 (resp. with
1]( l~T - 1, w) if 0 = 1). Taking into account (2.13) and (2.a), we get (2.11).
Ta get (2.12) it is enauglJ to note that tlle O-coillponent Y~, 8 is finite for
0=1.

o

3 The calculation of some characteristic se-.
rIes

Let [(00 be a.." in Sectioll 2. Let Ni 00 be the llut,xilllal ullnl.1nified abelian
i-extension of }(oo a.nd tv/oo be tlle luaxilnal subextension of M00/ [(00 such
that e is cOlllpletely decolliposed in 1\100 //(00' Put T,([(oo) := G1(A100/ [(00),

Tt{!(oo) = G1(Aloo / [(00)' Let. R,(!{oo) be the kernel of the natural surjection
T,(!(oo) --+ T,(!(oo)' So tbc group R,([(oo) = G(Moo/Moo ) coincicles with the
subgroup of T,(!(oo) generated by the decolnposition subgroups of all the
places over f. Note that T,(!(oo), T,([(oo) a.nel R,(J(oo) a.re Roo-nlodules in a
natural way.
The next theOretll, known as the "~1ajn Conjecture of Iwasawa theory," gives
the chet.racteristic series of T,( J(00) corresponding to the add character X of
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(a.l)

the first kind 01', equiva.lently, the cbaracteristic series of T,( /(00)- for all X
of the first kind.

Theorenl D Fot' uny odd chaTucier 0/ the fil'si kind X =J. w the corre
spol1ding clw.l'aetel'istic scries 0/ T d [(00) coincides wilh I.he huasawfL se'ries
f(T, X)· Tlw chanlctcl'ist,ic sC1"ies ofT,(1(00) f01' X = w coincides with 1}(T, w)
(and lhus is itwc7'lible).

This theorelll was prüved In [10] (for odd f.) alld in [14] (for f. = 2).
00

Anüthcr prüof for I{oo = UQ((n), ba...,cd Oll Euler systCIlIS of Kolyvagin
11::;:1

was givell by Rubill [9] (sec also [11]). Put Z,(l) = Jinl/l'(!(71)' For any

Ro:>-nlodulc A finitely gellerated over Zl we turn HOlllZt(A, Z,(l)) into a.
Roo-l110dnie putti ng (a X)( (/.) = /'l",( a) X(a- 1

( a)) for any a E Goo ,

X E HOlllZt(A, Z,(l)), a E A.

Proposition 3.1 Thc Hoo -1rtotlules A~/Coo und HOinZ
t

(Tt(1(00)-' Zt(1))
have I.he Sallte cluf.1nctc1'istic sel'ies f01' aHy chanu:.ter.

Proof. For a.ny odd character of the first kind X ),Hlt 0 = Xw. Then Roo
1110dules HOl11Z, ((Tl([(oo)-)x, Zt{l)) and (Honlz t ~T,(l(oo)-, Zl(l)))o a.re

quasi-isol11orphic alld therefore have the sa.lne characteristic series. By Theo
renl 0 the Illodule (T ,( /\'oo)-)x = T,( I(oo)x has the ollly llolltri vial character
istic series f(T, X) corresponding to X (,](T, w) if X = w). Ir 0'1, ... ,ar are
all thc zeroes of t.his series tllen 1+0'1, ... , 1+0',. are all thc eigenvalues of ,
acting Oll T,(f{00) x00xL;J, where Lx is the quotien field of 0x' Then" con-

sidel'ing as an operator on the Lx-space (HOlllZt(T,(/(oo)-, Zl(1))o0
ox

Lx ,

ha..-; thc cigcllva.lues (li = h',( 1+01) -1, ... ,ß" = h:( 1 + 0'" )-1. The direct check
ing shows that ßI - 1, ... ,(ir - 1 are all the zeroes of the series

g(1',O) = f C~ T - 1, 7Jw), if 0 ;6 1,

(3.2) g(1', (1) = '7 C~ l' - 1, 7Jw) if 11 = w.

satisfyillg t.he cOlldit.ioll 1/,({ii -1) > 0 for 'i = 1, ... ,1'. Thcl'cfore ßI -1, ... , ßr
1 are all the roots of thc distinguished polynonlial associated with g(T,O).
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Hence g(T, 0) is the clia.ract.eristic sel'ies of HOlllZ{(T,( [(00)-' Zt.(l)) for any
even character of the first. kinel O. Now consieler the natural sequence

The sequcllce (3.3) is exact up to finit.e groups. Let Doo be the Roo-moelule
fro111 the proof of Prop. 2.4. Thcll 'Doo ~ Z,[C;oo/G'oo,v] as a Roo-nlodule,
where Goo,v is the decOlllposition subgroup of any v Ie in G'oo. We have the
natural surjective I1Iap .r : 'Doo -+ Rt{ [(00) that senels any place v I i into
the FrobclIillS autoillorphislll of its decornpositioll sllbgroup in Tt(Koo ). The
111appillg f illcltlces the 1l1apping .r- :D~ -r R,( /(oo)- which is knowll to
be a qUo}ii-isOlllorphisnl (even a.n isolllorphisll1 if f "# 2). It follows fro111 the
explicit [01"111 of 'Doo alld }/~ tliat

HOlllZ,('Doo , Z,(l)) == }/~ (llOllca,lIonically).

Thus, we have a quasi-isolllorphislIl

(3.4)

COlubillillg Theorenl 2.1 with (3.1), (:t2), (~ta), (:lA) anel noting that (Yoo)o
is finit.e for 0 = 1, we gct our proposition.

o

For any [(tl allel i t.s grollP of II 11 i ts (j (ROn ) we put U ([{n) := [J ([(n) /, 1,( [(71)
allel Uoo = !ilu([J(]{71)[fD, where the inverse lilllit is taken with respect to

the 1101"ln luaps. vVe have the nat.ural inclusioll Coo ~ Uoo ~ A~, a.nd thus,
the exact sequence

(3.5)

Let US(J(n) be the grollI' of S-ullits of [{n, wherc S is the set of all the places
over e in [(u' Puf: Us( 1{1I) := Us'( l{n) / I/.( [{11) atld U5,00 := Jiln Us( [(n)[e],
where thc inverse lilllit is taken witil respect to the nOrI11 lllaps. Note that
we ltave t.be natural illcillSioll f/,,·,oo ~ f[([{oo)+'

Ir k is allY real abeliall field anel /;,:00 is t.he cyclotolnic Z,-extellsioll of k tben
we can define the abeliall pro-f.-grollps H(koo ), A(kco ), U(koo ) and Us(kco )
in the salllC 11lanner. Ir /;;00 ~ [{co for SOllle CyclOtOlllic field !( = Ku, then
we can consider all these groups (\$ Roo-n10dules.
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o-t 1'1100 ----+ X 00 -r 'T,(!(00) ----+ 0,

o-r 11100 --7 X oo -t T,(!(oo) -r 0,

Proposition 3.2 Thc Uoo -lIwdulcs At/ (Joo and H~/U8 ,oo an; 'l7tasi-iso1norphic.
I/ k is nny real ahelinn Jicld, k:oo is thc cyclotontic Zl-extension 0/ kund
koo ~ 1(00 fOT soute cyclotorn'ic I.... then thc Roo-rHor!ules A( A:oo ) / U(koo ) anrl
/1(koo ) / (Js (koo ) ([l'e 'l1U1Si-iso'11unph ic.

Proof. As we hnve Uoo = US,oo n At, thc nnturnl 111npping

'i : A~/{joo -t H~/[Js,oo

is nB illjection. Thus it is enough to check that i has n finite cokernel. To
do this, we shall give dass field theoretic interpretntion of the groups in
question. Let Noo be thc lua.xilna.l f-raillified abelian i-extension of !<Cx:n
anel put )(CXJ := G(IVCX)/ [....00). Thcll we have the natura.l exact sequences of

Ro::;-nlodules
(3.6)

(3.7)

where 1'1100 (resp. I,V00 ) is the sllbgroup of ~':(oo generntecl by the decolnposi
tion subgroups (resp. by the ine1'tia subgroups) of all the places v If of /(00'

Let f : Yoo ---+ ~>(oo be the natUl'allIlap defilIed by thc dass fidd theory. Then

lt11 f C HI00 ~ 1'1/00 , a.llel it follows [1'0111 da.ss field theory that

Thus

Therefore Cokeri C R,(!{oo)+' Note that thc grou}) Rl([(oo)+ is finitely gen
el'ated. On thc other hand, by Leopolelt cOlljecture thcl'e is HO Iloncyclotornic
ZrexteIlsioIl ove1' l(~ for a.ny n. Thus R l ( [(00)+ is torsion, hence finite. Thus
eokel' 'L is fini te, hence i is a quasi-isOIllorphisIl1.
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A quasi-isOlIlOrphisln between A(A:oo)/U(J.:oo) a.nd l!(koo)/Us(koo ) can be
established in t.he sanle way.

o

Theorenl 3.1 The Roo -1I1.odules T,( 1\.'00)+ and lJoo / Coo halJe /.he S(l1f~e cluLr

actcri.':dit: s(~ri(;s (Jo.,. (l1!y CVCll dw..,.adcl' oJ /.lte !z.rs/. kind 0 ).

Proof. We shall cleduce our Theorenl fronl sonlC dua.Iity results of [7]. Put.

X oo := X oo / f(Yoo ) anel A,(l() = ~'Koo/ l!~, where Xo:;n Yco are as in the
proof of Pro}>. 3.2. Thcll wc have

Theorenl E. Thc Roo -luodules 2A,(!() und HOlllZ,(2Al (!(), Z,(l)) are
lJ1L asi-l:S0" 11,0" 'jJh ic.
Indeed, if f. =j:. 2 thcn by the Ferrero- \Vashington theorcill A,( !() is finitely
genera.t.ed Qver Z,. Thell by [7], Corollary of Theorenl 4.1, we ha,ve A,(!<) ~
HOlllZ t (A,(l(), Z,(l)). Although the case f = 2 was not considered explicitly
in [7], it wa.,", noted that all the l'esults of that paper are correct for f = 2 up
to subgroups anel quotiens of exponent 2. If e= 2 then 2A,( /() is finitely
generated ovel' Z" a,nd l'epeating the proof of Theorenl 4.1 of [7], we get the
statelncnt of Thcorelll E.

o

It fo11oW8 frolll Tlieoreni E that we have a quasi-isOl110rpltisl11

(:3.8)

The definitioll of A,(!() anel (3.ß) show that

(3.9)

Therefore 2A,( !()+ enters the cxact sequellcc

with finite eokel' (1.
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It. follow!'; froll1 Prop. ~tl allel fonnulae (3.8), (3.9) that 2At ([()+ and
Ato/C(XI have tolle Ha.llte characteristic series. Then it follows froll1 Prop. 3.2
that

211(XI/ (2H (XI n (H~ . US,(XI)) ""J H~/US,(XI ""J A~/U(XI'

Then we get frOll1 (:-L5), (:l.lO) a.nd Prop. 2.1 that Uco/C(XI and Tt([«(XI)+
have the sanlC cltal'n.cteristic series.

o

Now let A: be auy l'ccd abelian field, k(XI be the Cyclotolllic Z,-extension of k
allel k(XI C 1\'00 for a suitahle cltoice of the CyclOtOIllic field [( = [(0.

Theorenl 3.2 Let. /;,;00 (/Jul [«(XI be us be/oTe. Put H = C-:(!(oo/k(XI), Then the
R(XI-711odulc8 T,(koo ) a1/.d lJ~/C~ hfWC the SfL1ne chU1'aete'1'1:stic sC7'ies.

Proof. We IIave qllasi-isOIIlorplIisIl1S li(k(XI) ""J Tt.(!(oo)H, U~/C~ r-..I (Uoo/C(XI)JJ,
so our t.heorelll rollow!'; illllllcdiately fr0111 Theoren1 3.1.

o

4 The proof of Theorem 3

Let k, /;';00' [(00' Roo allel [[ = G([{oo//;:oo) be as in Seetion 3. Note that we
have Roo-Illodules H(koo ), Us(k:oo ), a.nel these I110dules a.re fixed undel' the
action of H. Pllt. H(koo ) := (lJoo)H, Us(koo ) := (US,oo)H, C(kco ) := (Coo)H.
then by [6}, Prop. 1.1 thc ROJ-Illodules H(kOJ ), Üs(koo ), C'(koo ) are A-free.
Let IJ(/;:l(resp. H (k~)) be the illlage of the natural proje~tion H(k(XI) -+ ß(k)
(resp. If(k(XI) ---+ B(/;:)0Z,Q,). Let Us(k) (resp. Us(k)) be the in1age

of the nat.u ra.l projcctioll {}s( J..~OJ) -+ H( k) (resp. Üs( kOJ ) ---+ 1/(k)). put
Ds(k) := {}s(k)[f.] n H(k). ThllS, Ds(k) is the subgroup of all the eleInents of
Us( k)[e] t.ha.t. are local universal Banns frOll1 koo • Put

Cs(k:oo) := {:I: E H(koo ) I (,n -1):1: E C(koo ) for SOll1e n},

C''=''(/;:oo) := Cs(koo ) n U8 (koo )'
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It follows fron1 the definit.ion a.lld fron1 Pro». 3.2 thai; t.he tnodules

H(koo)/Cs(l..:oo ) a.nel (At/Cool! are qUClsi-isotnorphic.
Let Cs(~:) (resp. Cs(k) ) be the itnage oft.he na.tura.l projection Cs(koo ) -t

H(k) (resp. Cs(koo ) -t H(k)). vVe shall calt the group Cs(J..-:) the group
of circl1lal' S'-l1nits. Thc following proposit.ioll tllakes clear the connection
betweell all these groups.

Proposition 4.1 Thc'l'c c:r,ist 71rdu'1"a/ iHclusioHs

such thaf. aU thc indices that appeal' in (4.1) (l1'e finite.

11 f. f- 2,!:!wn H(k) = Htkoo) , Us(koo ) = UslA:oo ), Cs(koo ) = Cs(koo ),
H(k) = 11(/;:), Us(k) = Us(k) anti Cs(k) = Cs(k).

11 f. = 2 a1/.d J=T E /;:00,11 Jor sow.c v I e (hence Jnr (luy v I e ), then
H (koo ) = H(1..:00 ), H (k) = H(k ).

[f e= 2 nutl J=T rt koo,1I for 11 If., thcH

H(J..:oo )/ H(koo ) =11/I.,(koo ,lI) =(Z/2Z)'",
111'

whel'e .,. is lh c num.ber ()1 jJ taces 11 Iein koo •

11 e= 2, lhen in aHU case 1IJC luwe

(4.2) [Us(A-:oo ) : Us(koo )] = [Cs(koo ) : CS(/;:oo)] = [Ds(J.~) : Us(k)] =

[['5(/;:) : Cs(k)] = 2,
- -

(4.3) Us(k)/Cs(k) = (};'.(k)/Cs(J.~).

Proof. lf r = G(A-:oo/k), tben for ClUY sufficicntly large n tbc natural projec

tion GTOO -t G'(J..~oo/Q) lllaps rn outo 1"1-..,' whel'e ..'> 2:: 0 eloes not depenel on n.
The natural inclusion 11(koo )/Ds (koo ) ~ H~/Us,oo ineluces for all sufficiently
la.rge n the iuclusiotl

By [G], Leullua 7.2 allrl TlIcorc1l1 7.2 t.be i\-lllodules Noo alld US,oo are

frce. Hellce IJ~ is A-rrce ltlld H~/ lJs,oo does lIot contaill auy tlontrivial

finit.e subtlloelule. Oll tbc oHler !l;:l.lld, t;he module (H;j;,/Us,oo)r" eloes Hot
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(4.4)

contaill allY A-sublllodule that is A-isoll10rphic to Z( because of the Leopoldt

r (~- )rn

conjecture. Thus (H~/Us,oo) n = 0 and H(koo)/Us(koo ) = 0 for an

sufficiently large n. It follows fr0111 thc definition of Cs(koo ) anel the last
equality tha.t Cs( Ji~oo) ~ Ds( hoo ). Therefore Cs'( hoo ) ~ tJs(koo ), a.nd Cs(k) ~
Us(k), Cs(k) ~ Us(k). The other inclusions of (4.1) are obvious.

By TheOl'enl 1.1 JJ:;jCoo is A-torsioll, hellce H(koo)/Cs(koo ) is r-torsion,

anel it follows fron1 the definition of Cs(koo ) that (H(koo)/Cs(koo )) r
n

= 0 for

any n. As H(koo ) anel Cs(koo ) are r-free, we get the natural exact sequence
(see [Ci], (1.2))

o= (11(Ji:oo)/Cs(koo )) r -+ Cs(koo)(o) --t

H(hoo)(o) -+ (H(koo)/Cs(koo )) (0) -+ 0,

where A(o) = A/C::r - l)A for any r-n1oelule A.

It follows fr0111 tlle Ioeal cla...... s field theory that H (koo) (0) ~ H (k). Hence

(4.4) shows t.hat Cs(koo)(lJ) ~ Cs(k) alld

(4.5)

As H(Ji~oo) and Cs(Ji~oo) are ['-free lllodules of the salne rank, the groups
Cs(koo)(u) and H(koo)(u) are free Z,-nlodules of the sanle rank. Then (4.4)
shows that the groups in (4.5) are finite. Fronl this and fronl the equalities
Cs(k) = Cs(k) if e =I- 2, [Cs(k) : Cs(k)] = 2 if f = 2, that will be provecl
below, we get the finitness of all the indices in (4.1).

If e=I 2, then by [6], Lenll11a 7.2 we have that. Hoo is f-free and H(koo )
is ['-free. Consider the inclusions H(koo ) ~ H(koo ) ~ NH(Hoo ), where
H = G( !{oo)/ /;:00)' It f01l0ws froll1 the 10ca.I dass field theory that the Tate
COh0111010gy group HU(H, Hoo ) is finite and therefore l!!(koo ) : H(koo )] < 00.

As both 1110dules in questioll are I'-free, we get that H(koo ) = H(koo )'
The eqllality ÜS(/;;oo) = Us(/;~oo) can be proved by the sarne reasoning.

It follows froll1 [6], Theore111 7.2 that (Js,oo is f-fl'ee anel Us(koo ) is f-free.
The orders of the Tate grotlps HO(H, US(!(n)) cau be lnajol'ated in tenns of
the rnunber of gelleraton.; of the e-class grollps Cl(Kn ). So the finiteness of
HO(H, Us,oo) follows fronl the tl'iviality of the Iwasawa Il-invariant of [(00'
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Then we get (;8("-:00) = Cs(koo ), IJ(k) = H(k), U'S(k) = U,;(k). This proves
the proposition if f "# 2.

If e= 2 and A E koo,v for any v If, then applying [6], LenlIna 7.2, we

get again that ll(koo ) is r-free and H(~:oo) = IJ(koo )'

If f = 2 and A t/. kOO111 for any vif, then Lenllna. 7.2 of [6] neecls sOlne
eorreetiotl. The eorrect: statelneut (whieh ean be proved easily tlsing loeal
eIass fie1el theory) n5serts t.hat in this case H (koo ) is a r-nlodule without
t.orsion alld there exists an inclusioll 1I (k:oo ) Y F, whel'c F is f-free and
F / lJ( koo ) ~ TI ".,( k:oo ,lI) a5 a Galois 1l10d nIe (note t.ha.1: 1/"( k:oo,l1 ) = {±1} for

vif

any vif).
If f = 2 and A t/. ~:oo (tlJis is the ca~e if k is real abelian) thCll Theorem

7.2 of [6] also needs a correction. IIl t.his ease the correct statelnent asserts
that. Us(k:oo ) is isolllorphic t.o Cl sllblllodllie of index 2 of S01l1e f'-free Illodule.
Indeed, Theorelll 7.2 anel it.s proof givell in [G] are va.lid for the field k~ =
J...,,:oo( A). Thus Us(k~) is ['-free. It. follows fr0111 the KUllllner theory that
[Us(k~) : (}s(~:oo)] -:; 2. Oll t.he other hand, Us(koo ) is not F-free. This last
assertion f0110W8 fron1 [C-;], Prop. 1.2, allel the observation that -1 is in the
inlage of tlte natural project.ioll Us(J...:oo ) -+ Us(k:n)[f] (it is sufficient to check
it. for k = Q. Hehce we ha.ve [Us(k:~) : Us(k:oo )] = 2 as desired. Moreover,
we lw.ve f)s (koo ) = U.s' (k:~).

Now cOllsider the circlllal' Illnllber 600 (1) = Jilll (1 - (rJ E Us( k:~). A8 was

showtl by Sillnott (sec [12], SectiOll 1), for allY '/L we have

(4.6)

lt. Il1Ca,llS tlta.t 6 00 (1) t/. Us(koo ). A8 it. follows [1'0111 t.he definition of C(koo )

that. coo(l) E Cs(J...:oo ) , we gel; the first t.wo indices of (4.2) eqllal to 2. Let
{lU be the maxilIlal index such t.lJat (HO E k( A). Then the natural pro
ject.ioll Cs(k:oo ) -+ Cs(k:) seuels coo(1) into (1 - ( 710)' Then (4.6) ilnplies

Us(l.:) =I- Us(k:), C's(k) =I- Cs(k). 1\s [Üs(koo ) : Us(koo )] 2: [U5(1.:) : lJ'S(k)]
and [Cs(koo ) : G\(koo )] 2: [G'8(~:) : Cs(J...~)], we get thai; t.he last two indices of
(4.2) equal to 2 as weil. This provcs (4.2) cOI11pletely.

To provc (4.a) it is sllfficicnt to Hote tlJat. Us(k) = Us(k~) x < (1- (no) >
ancl es(k:) = Cs (k:) x < (1 - (110) > .

o
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Proposition 4.2 Then: r..:r:isl ,w,lu'1'1I.1 iMJ1IW17Jhisnts of the finite abelian grotlps

(H (koo )/ {;s (h: )h()) ~ 11 (k)/ {;s (k) ,

(iJs(koo)/Cs(koo))(o) ~ Us(k)/Cs(k).

Proof. The first. fonnulo, is C'l.lready proved (see (4.5)). The last Olle can
be proved in the salllC way l1sing t.be fact that [;s(koo ) is A-free a.nel hence

f-free.

o

Proposition 4.3 ([6j, P'1'Op. 7.5). Thc1'c csists (J. Hal1Lnd iS07n017Jhis7H

'l,(h:oo )F ~ iJs (k )/ US(k ).

Fol' the convinience of tbe rea.der we give here a. short and :;c1fcontained proof
of tltis stateluent..

Proof. Let X be tlle Galoi:; group of tlle luaxilual abeliall f.-extension of
h~oo alld lV be the Sll bgrou p of ).; gcncrated by the inertia su bgroups for v I e
anel the elecOluposition subgroups for vif. Then we have the exact sequence

(4.7)

It is well known that );f = 0, heHee (4.7) incltlees the exact sequenee

00

Put H(J..: v ) = n l\rkll.,,/k,,(J..:~,lI[f]) alld
n=l

E(J..:) = (TI U(J..:lI)[fJ) X (rr H(kv)) .
1/YI vi'

Note tha.t. for real v we have U(/..;v)(f) = {±1}.
Put. Us(k) = Us(k){C] n E(k). Then we have the exact sequenee

1~ Jf.,(h:) --r Us(J..:) -t Us(k) -t 1.



We clefine E(kll ) allel U,,,:>'(h: n ) in the sall1C way. Using the dass field theory

we get tlwt
(4.8) Itn{i = Kern ~ E(k)/Us(k).

By tlle StUlle l'eason we ha.ve

As E(kll ) is a COhOll1ologically trivial (,f( kn / h-: )-ll1odule, we get frOIl1 (4.9)
that

(4.1 0) Hf( tl) ~ E (h: )/ U,~ (k) ,

where U~~.(h:) is the illlage of the natund projectioll plnUs(h-:n)[f.] --4 Us(J.-:).
Note that (i is incluced by the identical Inap id : E(k) ---+ E(k). By (4.8)
and (4.9) we have

o

For real a.belian k with thc Galois group G = C--,'(k/Q) put Gf = Gi X Go,
where Gr is thc C-Sylow subgrollp of G a.llel (\Gul, f) = 1. Let <I> be the set of

all Qrirreducible chal'öcters of Go.

Theorenl 4.1 (Thco'l'{;III:] of the -iuh·()(lucf.ion.) For nny real abelifLn k 'lVe
Iw.ve

F07' (t1ly <p E q> wc haue

Proof. Let P be thc 111axilnal finite subll10dule of T,(koo ) and R "-
Tt ( koo ) / P. Then for flUY <p E <I> thcl'e exists the exact sequcnce

(4.11)

with Zrfl'ce R. As the Leopoldt conjecblre holds true in k, we have Hf = O.
Hence (4.11) illdllces the exact sequcllcc of finite abelian groups

(4.12)



It follow~ frOll1 Theorenl ;1.2 that Zrfl'ce Roo-1l10dules Rand Ü(koo)jC(koo )
have the sallH:: chal'acteristic series. Then by Prop. 2.3 we have for any 'P E cI>

Fron1 Prop. 4.1 alld 4.2 we get

ThllS
(4.13)

(4.14)

COlnbining (4.12), (4.1~~), (4.14), we get the la.';,;t assertion of the theorenl.
The first one Il1ay be proved just in the sanlC way.

o

5 The proof of Theorem 4

Let k be a.ny real abelian field and G = G(kjQ). As in Section 4, put
G = Cf, X Go, where Gt is the f.-Sylow subgroup of G and (IGol, f.) = 1. If X
is an)' Q;-vCt.lued one-dilnensional charCtctcl' of GI anel <ll is the set of the all
Qrirreducible characters of Go, then thc notion xl<p for <P E <ll 111eans that
xlGo is an il'l'cducible C0111pOnent of 'P. By 'Pu we denote the trivial character
of (;0, i.e. <p()(a) = 1 for auy a E Go. Pul; Y(h:) = I111'I(kv).

vif

Theorenl 5.1 (ThcoJ'(>1l1 4 of fhe i7/.ll'odudiou.) For any real abeliaH k and

any <p E <P 1I7e IW.1JC

(5.1) v, (IT,(koo)cu)l) =

llt ([JI(k) :Us(kWIIY(kw'et.!1 ~LI(l, X)) 1

X,el
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(5.2)

whcre the c:r:poncl1ts t und tl..p are dcfi1tcd by

t _ {1" . iff. # 2
- 'I' + 1 ift. = 2

_{t i f<p = <Po
t I..p - 0 i f<p =I- <po

WHl.,. L~ given by (2.5).

Proof. By Prop. ~t2 we have A(koo)/C(koo ) ~ H(koo)/Cs(J.".oo). This last
lllodllie is Z,-free. So wc I11ay calclliate the order

(5.:3)

via. (2.7), where A(u) = AI ("1 - 1).4 for any f-nlodllie A. As A( /..::00) IC(koo ) ~

(At./ CCD )J1, we have

(5.4 )

(5.5)

where h(T, 0) are thc characteristic serie:; of A~/Coo given by TheoreIll 2.1,
H = G(!{oo/koo ), V = (,'(!(o/Q), (0 is defilled by cf = O(a), and 1', (7 are
as in (2.5).

GOlli bill i lIg (2.11), (2. 12) allel ([1.4), we get

..;;, = { 1/f..(fJ.I..pb;;'l) ~f'P =I- <.pu
'.p 1/f ( c"'o b;;,~ ) 1f<.p = <Po

wllcre
(5.6) u..,:= TI TI !(h·.(O(-1 - 1, Ow),

fJEV/H (ll-:::::1

01..,
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(5.7) blp = TI TI Y((i 1
- 1, 0),

(JEV/ii (/'- = I

01 lp

(5.8) C!po= TI TI !(h"(O(-I_l, Ow) x TI '17(-1, w),
6EV/JI (/"=1 (Ir=1

01 !Po, 0#1

and b4'O is defilled by (5.7) for <p = <pu.

Let X be au)' character of (;00 which is eVCll as a Dirichlet character. Then
X IlUty be prcscnted in a fOrIn X = Otr, where () anel 1T are thc characters of
tbe first anel of t.be second kind ill t.he sense of Iwasawa. respective1y. By
tbe f;:unous Iwö:-ia.wa relation bctwccl1 C-adic L-fullctions anel Iwasa,wa series

givell in [3], wc have

(5.9)

where L,(s, X) is the C-adic L-fullction of Kubota.-Leopoldt corresponding to
X anel e= X(-~()-I = 1T( i )-1.

Note thai; X is a cltaractcl' of G = G(k/Q) if allel on1y if 0IH = 1, i.e. 0
is Cl. charact.er of \1/ fl, anel XC;y) = 1, i.e. X(i"U) = 1T(i)rO(a) = 1. Thus all
the charact.ers X of G witlt gi ven 0 a.re of thc fonn 01T, where rr(l')-1 = (0(-1

anel ( runs over all C"-th roots of unity.
So we gct. frOl11 (5.6) anrl (5.9)

(5.10)
1

fl.lp = I12 L{(l, X)·
xEG
xl4'

To C0l11put.e c4'O we note that" rea.<.;oning as before, we get

(5.11 )
1TI TI f(h~(O(-) - 1, Ow) = TI 2"L!(l, X),

fJEV!JI (/"=1 xEG,x.Ul'l"

o14'0, 0# I B1lpo, 0# 1

where X nlns over all the charactcrs of G of thc ronn X = Orr with 0 I<Po anel

0=11.
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Ta C0l11pute the l(l~t product of (5.8), we note that by (2.12) we have

(5.12) rr 1/(h·.( - 1, w) = '1/(H, - 1, w) x TI [(1 - () . f(K,( - 1, w)] =
(Ir;;;; 1 (;l'=1

(;eI

TI

(5.1:.l)

xEG
x;;;;Orr ,0;;;;1

So in the last product. X nlIl~ over all thc characters of Gthat are characters
of thc sccond kind.

COlllbining (5.11) alld ([1.12) a.nel ta.king into account that 1](T, w) is
invertible, we gel;

xEG
X I .."o,x;e I

for SOll1e invert.iblc E.

To cotllpute 1J((b.."L we note that by (2.7) we have

l/f(brp) = l/((I(Y:)(oLrpl).

Pu t Y (kn ) : = TI Jlt (h:n ,11) alld yr (koo ) : = Ji 111 Y (A:n ), wlJere t he inverse lin1i t
vif

is taken wit.h respect. to thc uonn rnaps. Then Y: 2:: Y(koo }, so (Y:;)(O) ~
Y(h~oo)(u). Ir e =f. 2 aud (u rt kv , thcn (0 rt kn,v for any '11, and we have
Y(h:oo)((J) = Y"(k) = O. Ir f. =f. 2 anti (0 E kll then y'(k,,) is a. cohoillologically
trivial Gf(kll /k)-lllodu1e, hellce Y(koo)(o) ~ Y'(k).

lf e= 2 allel A rt h:oo , v, then Y(A:oo ) = O. lf f = 2 and A E kv , then,

agaill, thc grou ps Y (h:1I ) are COholllologically trivial, allel we have Y( koo hOl ~
Y·(A:).

Fillally, if f = 2, A rt kv a.lld A E koo,lI' then we have again
Y(koo)(o) ~ Y(h:). Iudeed, if allY place vif of k da not dccolnpose in A-'oo/k,
then '1 a.cts on Y(koo ) as nntltiplica.tioJl by SOlllC ,,\ E Zz. It can be chccked

ea.sily that ,,\ "t 1 (Inod 4), thus Y (koo )(0) ~ Y (koo )/2Y (koo ) ~ Y (k). The
genern.I ca.'-ie ecUl be redllced to tlle considcred olle. l'hereforc we get that up
to thc nntltiplicat.ion hy a 111lit

(5.14 ) {
I if e= 2 anel A rt koo ,lI for vif.

b.." = Iy' (k)(,I' I othenvise
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Note t.lJrtt if e=F 2, t.llen "'+'o = 1 becCl.lIse Y(k),+,o = 1 in t.his case. Therefore
it follow~ [1'0111 (.5.3), (S.[», (5.10), (5.1:]) aud (5.14) that.

[H(A:),+, : C(A:),+,] = I(IJ(koo)/C(koo))(o),,+,1 = es<p,

where for f =F 2 $<p i~ givell by

1/, ((~~L,(1, X)) W(I.:),,1- 1
) ifl" # I"u

1/( (I:'" II tL,CI, X)) if'P = 'Po
xEG

X I<Po ,x#1

Ir f. = 2 thell $<p is givclI by

$lp =

1/, (It1L,CI, X)) if 'P =F 'Po, R rf. koo,tl for v le
xEG
xl<p

1/, (f: !1 ~ L,(1, X)) if 'P = 'Po, R rf. koo,tJ for v [f.

xl<Po,x#!

1/, ( (~~ L,(1, X)) 1Y(1.:),,1- 1
) if I" # 1"0, R E I.:oo,v for vif.

v, (f!! ( !1 ~ L,(l, X)) IY(k ),+,01- 1
) if 'P = 'Po, R E koo,tJ for vif

x I<po,x#l
(5.1G)

By Theorern 4.1 we have

jT,(!.:oo)(O)I = [11(k): C~,,·(!.:)][ll(k); Us(A:)]-1

11,(A:oo)(o),<p1 = [II(k)lp : Cs(k)<p][/J(k)lp ; Ds(k)lp]-1

for auy <p.



lf f. =I 2, then ll(koo ) = H(koo ) anel C(koo ) = C(koo )' So (H(koo)/C(koo))(o) =
(11 (koo ) j C( koo ) )(u) ~ H(k) / C(k). Thus for f =I 2 the a~sertion of the theorenl
follows froII1 (5.3) anel (5.15).

If f. = 2 and A ~ koo,ll for vif., then ll(k)/ H(k) S:' 2Y(k) = Y(k), where
2Y(k) = {y E )/(k) I 2y = O} anel Cs(k)/Cs(k) ~ Z/2Z. If A E kOO ,11 for

vIf, then ll(k) = II(I>:) alld C's(k)/C,'J.(k) ~ Zj2Z. Therefore

[IJ(k) . C~(k)] = { 2I Y (k)I-IIH(k) : 65 (,,:)] if A ~ kOO ,11 for vif
, . .. 2[11(":) : Os(k)] ifA E kOO ,11 for vii

If <p =/:- <pu, then

if A tt koo ,1I for vii
if A E k(X),v for vii

Ir <p = CPu, then

Now tlle a...",sertioll of tbe t.lIeorenl for f. = 2 follows frOlll (5.3) a,nd (5.16).

o

6 A refinement ofthe conductor-discriminant
formula of Hasse

Let k be an algebl'aic Iltllllber field of degl'ee t, Galois over Q allel having the
Galois grou}) G' = G'(kjQ). We consider k as a subfield of a fixed algebl'aic
closure Q, of Ql. Put,

A k = {(:1: (T 1 , ••• , :1: (11) I :/; (T; E Qr. , G = {a I = 1, a2 1 ••• 1 at} }.

So A k is the set of a.lIt-vectol's wit.h coordinates in Ql having G' as the set
of indices. \-\Te dehne a.ddition anel Illldtiplicatioll in A k cOlllponelltwise. For
A E Qr. anri a E (,' we put A(:I;(TI" .. , :r:(Tt) = (A:1;(T11"" A:l:at ),



So thc act.ion of G COlnnll.ltes witll nltdtiplication by ,\ E Q" and we 11lay
consider Ak as a Q,{G]-algebra.

Put fi = {O, ... , 0,1,0 ... ,O} E A k , where thc only nonzero coordinate
has thc index (Jj. Thcn the set {!I, ... , !t} fOrIns a basis of A k over Qt anel any
of !i genera.tes Ak as a Q,[G]-nl0dule. So A k ~ Q,[G] as a Q,[G]-nlodule.
Nalnely, we have a(fi) = Ij, where aj = (J"i a .

\Ve defille the inject.ioll 0' : /;: Y Ak by 0'(:1;) = (:l:0"!, ..• , :c 17 ,) , where
X(Ti = 0";-1(:1:), 'j = 1

"
.. , t. Thus we have a(a(:t:)) = a(a(:t:)) for any 0' E k

anel a E GI.
Ir el,".' et E h: fonn a basis of A: aver Q, t.hen O'(e.), ... , a(ed forol a

basis of A k aver Q,. Hence a illc!tlces an isoIllorphisll1

If 0 is thc ring of integers of Q" thell the set

R k = {(:t:O"!, .•. , :1;O"t) E A k I :r:rrj E 0 for all ai E GI}

is the 1l1axilllal order of A k . Note that Rk is a free O[G]-Illodule of rank 1
generated hy Ct.llY of 11, . .. ,ft.

Ir eh is tlJc ring of illt.egers of k cuiel {ei,"" et} fOrIll a Z-basis of Ok,
then {O'( cd, ... , a( en )} fonn a. O-basis of eh := 00Z0k.

Let V be Cl Q,-snbspace of A k and L, A1 C V be fnIl O-lattices in
V. It. Illcans that ho tl! L, l\!f are finitely generated OVCI' 0 anel each of theIn
spans V as a Q,-space. Then there exists CI, nonsinglliar linear transfonnation
A : V -4' \I, such thaI; A(L) = Ivl. Then, as in [12], we dcfinc

(L : 1\1) = det(A),

det(A) denotillg thc detenninant of A. So (L : A1) E Ci; anel (L : M) is
defilled ulliquely up to l11ultiplication by a llnit of 0. Thel'cfore
I/,((L : M)) eloes not. depenel Oll t.lle choice of A. Ir L ~ A1, we have
1/t{(L : lvI)) = 0 if anel only if L = M.

'vVe define a Qrbilinea.r forIll 7/) : A k X A k -t Q, by 'I/J(:l:, y) = L XO"i Ynj

(TiEG

for :1: = (:l:rrl"'" :r:O"j)' !I = (VO"I"'" !Irrt) E A k .
Theu we have for C1.IlY a, b E k:

-c,b(n(a), n(b)) = SPk/Q(au),
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(G.2)

where SPk/Q iH the trace lllap fr0111 k to Q.

Let A be the lllatrix of the Q,-lillear transfonnation, such that A/i
a(ei), i = 1, ... , t, where {lI,"" Id anel {a(ed, ... , a(et)} are as above.

The fonn 4) has the l11atrices E = 1 wi th respect to {li, ... , It} and
C = (SPk/Q(ejc;)) with respect to {eI, ... , et}. So (det(A))2 = det(C), and

therefore (RI.' : C\)2 = (h, where (1,1.. is thc absolute discrinlinant of k.
Frolll now Oll we a.SSllllle 1.: to be a.n abelia.n fielel. By the coneluctor

discrirnillallt fOl'lllula of Ha~..,se we have

dk = TI Ix = TI Ix,
xEG xe G

X;CI

where G is thc dual group of (-,' allel Ix is thc conductor of x, when we
cOllsieler X as Cl. prilllitive Dirichlet cherCtcter. We consider all the characters

of G having their values in Q,. For given X E () let ( be any prilllitive ix-th
root of ullity in Q,. Thell we cau fonn the Gauss :-:iUnl

gx = L x(a)(a E Q,.
" (r"u,1 'xl
(a,lx );;;;1

It is weIl knowll that l/'(9x) does 1Iot depend Oll tlle particulal' choice of (. It
is weil known a.Iso that 9x9x = Ix a.llel 9x = X(-1 )9X, where X = X-I anel

Tix = L X(a)(-a.
11 (wod 'xI
(aJ,J;;;;1

Then the f-pal't of the cOllductol'-discrilnillrt.llt fOl'll1ula of Hasse can be re
stctteel in the [01'111

l/f((Rk : Ök)) = v, (~9X) .
x;tl

Let <P be (t•.., befol'c. Thc next resl1lt is a refiucnlent of (6.2).

Theorelll 6.1 FOl" auy r..p E <l> the iHde.r. (Rk , tp : Ok, tp) is defined (Lnd

(G.3)
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Proof. Let h: have cOllductor N = emd, (d, f) = 1. We shall prove OUf

theorenl by induction Oll 'In.

1. If N = d (thllS 'I7/. = 0), then eh is prilne with fand R k = Ok. Then

Rk,lp = Ök,lp and l/l((Rk,tp : Ök,lp)) = 0 for any 'P E <1>. On the other hand,
the relation YxfJX = x( -1 )fx' fxl d for algebraic integers f]x' fJX shows that
l/t(YX) = 0 for any X. This proves (6.3) for fU = O.

2. Let f be odel. We c1ainl that to prove (6.:3) for k it is sufficient to
prove (6.:~) for k l = I.:((u), wherc (0 is a priJnitive i-tb root of unity. Put
GI = C;(kl/Q)' H I = (,'(h:l/h:). Tlten H I is Cl cyclic group of prime with e
order. For<p E <1> andx E {; we dCllotc by <PI (resp.xd the ilnage of inflation
of <P (resp·x) frOlll (,' to GI' Then <PI is a Qrirreducible character of G'l
trivial Oll H I and Oll the f-Sylow subgroup of GI. So allY X' E Cf;. , such that

X' I'PI, is the inflation of SOllle X E C, X I<po As X allel Xl have the saille
coneluctor , we have !Ix = 9xl. Therefore

TI fJX=
xEG

Xllp,x:;tl

II
Xl EGI

xll4'I,Xl=1=1

On t.he othel' hand, thc trace lliap SPkl/k iIlc!tlces isoillorph iSlllS Rkl ,4'1 f"V

Rk,lp' Ok l1 4'1 ~ (h,tp. Tltus our assertion holds true.
3. Now let P. be odd aud TI/. = 1, i.e. k has only t.allle raIllification. By step

2 we lllay suppose that h: = E( (0), where E is unraIlli fied over f.. Then h-: =
E·Q((o) allel G' = G(k/Q) ~ Fx!:J., where F = G(E/Q), L\ = Gf(Q((U)/Q).
'I'hus any Qrirreouci ble character <p of G is of tlte fOrln <p = <Pt 0 wi

1 where
'PI is a Q,-irreducible charactel' of F anrl w i is SOIlle power of the Teichnliiller

Chal'iLcter w : L\ ---+ Z, 1 i = 0, ... ,f. - 2. Ir X E Ganel X I<P, then X = Xl @ w i ,

where Xl E F anel Xl Itp,. Cert.ailllYl we lllay aSSllllle that 'I =1= 0 (if i = 0,

t.hell we are in tohe posit.ion of Step 1). As X1 allel w i have l'elatively prillle

conductors, we have Yx = SJx
l
9wi 1 tlluS

(GA) II fix = II Yx l • 9"d'
x II.P XI 14'1

Lenllua 6.1 Let 9wi E Qf UC I,he Gau8s SUl1! C01Tf:s]Jonding to w i
. Tlten

f.-l-'l
V'(9w'-) = f. JO'l" i = 1, .. "i - 2.

,- 1
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Proof. If Wi = w, i.e. i = ( - 2, t.ben, puttillg 7To = 1 - Co, where (u is a
prilllitive (-t1l root of ullity, we get

f.-2 '-2

Yw = L w(a)(l - 7Tut == L -w(a)O:7T lJ =7To (1110cl 7TG)·
0=1 a=1

Hellce I/t(Yw) = 1/( f. - -I).
IfOb E.6. scnels Co iuto (3, thell nb([lwi ) =wi(b)!lwi, Ob([lw) =

w(b)!]w. So (!lw" )'-1 E Qf, allel by tlle Kllllllner tlleOI'Y 9wi = (gw)C a for some
c = 1, ... , f - 2 an<! a E Q,. As Ob(Dwi) = wi(b)9wi = w(b)C(Yw)C, we get
that c = (f - 1) - i. The relation 9wi9wi = f ilnplics that l/t(gwi) :::; 1, heuce

1/,(a) = 0.. Thercfore 1/'(9wi) = tl~ ~i •

o

If OF (resp. Ok) is t.be ring of integcl's of F (l'esp. of k), then Ok =
OF + OF(O + ... + OF(~-2. Let ewi = 1.6.1- 1 E d(o)o be the idelnpotent

8E~

corresponeling to wi
. Theu_ ewi(~ ~ 1.6.1- 1wi (b)Yd· Hence Ch,'P = 9JiOF,'Pt·

Taking iuto accollut. t.hat Ok.'P = (] . Ok,'P' wc get that Vt((Rk,'P : eh,'P)) =
81/,([k;i), where $ is tlle Z,-rank of (]F, 'PI' i.e. thc elilnension of <PI. COlnpairing
tiIis with (G,4) e\.Bd Lellllna G.1 allel lloting that l/f(Yx

I
) = 0 for any Xl 1 'PI,

we gel; (G.a) for tbc casc of trulle rarnificatioll.
4. Let an a.belia.n ntunber field k with conductor JV be wildly ralnified

over e. By step 2 we Ina,)' aSSUIlle th;ü, (0 E Ji: for P. =j:. 2. \Ve have N = emd,
where rn .2:: 1 if f =j:. 2 and '111. .2:: 2 if P. = 2. Put [C. = Q(p'd, (n), where
'1L = r1l. - '1 if f =j:. 2; n = 1n - 2 if e= 2. Then k ~ [{n and k SS [(n-I, thus,
pllttillg k:u := k: n [{lI-I, we get tlte followillg diagranl of fields

(G.5)
k C !{n

1

ko C !(n-l

Put 11 = (-,'(/{H//{n-.) ~ G(k/ko) allel F = (,'([{n/k) ~ (,'([{n-t/ku). Note
that H ~ Z/ fZ.

Len1n1a 6.2 Let, k !uwe conrludo'l' N == 0 (illod (2) (N =0 (Illod 8) ij
f = 2) arul k:~J bc as in (6'.5). Lcf, Bk be thc kcr'rLCI 0/ the tnLce 1UfL]J SPk/ko :

Ok --+ qko' Th~'l Bk is a cyclic O[C;]-17lorlule is01n01'phic io RJR~ ar.:.d
SPk/ko(Od = fO(ko). 11 !{H wul k arc a.s in (6.5), /.hen SPJ(u/k : O/(" --+ Ok
huluccs a sU1'jtx/.io1l BI."" --+ Bk.



Proof. First. suppose t.hat h~ = J(71 (liellce ho = /<71-1)' ]f 0' : !<n Y AKn

is the rnapping elefined a.bove, then the elcillents of the fann a(c(~), .5 E Z,
gellerate ÖK" a.'i a 0-1110dllle. "vVe have

S . ( ( ('~)) {o if .5 t 0
PK,,/Kn _ 1 a c. n = eo{::(~) if s == 0

(lllOel f)
(lllOel f).

So the e1clllellts (}'(c(,~) with .s t 0 (nl0d f) gcnerate B Kn and therefore

(G.G)
- -
Of· - BI' ffi VI''i." - \'1 'CD \,.-1·

The fielel /(-1 = Q(lld) is IIllralllified over f, hence 8/(_1 is CL free V[C;(I<_l/Q]
llloelule on one generator, say ;1:. Then :1:·0'(11) generates B /(" a.s a G(/<,JQ)
111odule, i.c. BK.. is cyclic, t.lIerefare there cxists CL sUl'jection]J : RK,1 ---+ BJ(n'

Surely, we have R~ C Ker]1. As R K IR~ is V-torsionfree a.nel has the s;une
V-rank ClS BK", w~ get tha.t ]' indu~es cu'; iS0l110rphisl11 BK.. ~ RKn/R~t.
This proves thc lel11111a. if k = !<u.

Ir k is ('my abelian field, t.llen we have the COffiIlll.ltative diagranl with
exact rows

o ----1 B/(n ----1 OK ,1
SPl) V1"\,1-1

(G.7) t SPF t SPF t SPF

o ----1 Bk -t V k
SP1) V ko

where /{11' !(n-I anrl ho are as in (G.5).
Let suppose at first. tlJat !<nl J.~ is unranüfieel over f.. Then /<n-I 1ko is

ullralnifif~d over f, a.llel tlic lnappings SPF ÖK" ---+ Öl., SPF 0/(,,_1 ---+ Ök<J
are surjectiolls. Hellcc

So any :1: E 8k call be presentcd in 0, fOrIn ~'; = (:/; - (-1 SI;:JJ:1:) + i-I SpnX,
whcrc (:1: - (-I SPH:1;) E Bk) (-18p//:I; E O/.:n' therefore VI. = Bk EB 01.0'
The decOlnposition ((l.G) shows thaI, the IJlappiIlg SPF : BK" ---+ Bk is a
surjection. Hellce Bk is a cyclic O[G]-lllodule alld, rcasonillg as before, we
get thai; Bk 8=' RkIRI;. This proves t.lIe lenlll1a if [{,.jk is 1111ranüfied over f.

Note tltat this is thc case if f f= 2 01" e= 2 anel 12 = O. Illdeed, a.s we have
(0 E ko far e=j:. 2 (by Step 2), thc incrtia. subgrol1p W of f in G(I(nlko) is a
cyclic i-group, anel G(1(11I/\n-d C I,V. As C:([\nlk) n G([<nl [(n-I) = 1, we
have C;( !{H1k) n W = 1, tilus /\'711 k is 11lHiUnified over f.
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Now to finish the proof of the lenlIna, we have to consider the case when
f. = 2, n 2: 1, and Knlk is ranlified over 2. Let W be the inertia subgroup of
2 in G(/{n/Q). Then W ~ (Z/fmZ)*, so W = V X ~, where ~ ~ {±1} and
V ~ (1 + 4Z)/(1 + 27H Z) ~ Z/2nZ. As k ~ }(o-I, we have F n V = 1. Let a

be the only elelnent of order 2 in V anel T be the nonunit elenlent of ~, thus
a(n) = -(n, T(n) = (,~l. Then J! = {I, (J") and the condition F n W = 1
111eans that either F n W = {I, T} 01' F n W = {I, aT}. Let k1 be the fixed
field of F n W. Then /{n => k1 2 k, [/(n ; kd = 2, G(/\nlkt} = {I, T} 01'

{I, aT} anel klI k: is unralnified over f..
Now we are going to deternline the i-parts of the differents of all exten

sions in (6.5). IIl what follows the sYlnbol V will stand for the l-part af the
different. It is weIl known that VKn/Kn_i = (2).IfCi(/{nlkd = {I, T}, then

SPKn/k i (;J = (;t + (t~i. Put rr = 1 - (n-l. As SPKn/k i (n) = (0 +(;1 ==
(;I(l-(n_d (1110d 2),wegetSPK_n/k

i
(OK.J = rrOkl,saSPKn/ki(rr-lOKn) =

Oki . As SPKn/k
l
((1-(1I)rr-2

) fi CJkp we get that DKn /ki = (rr ). The extension
kl/k is unranlified ave!' f, hence DJ(,,/k = D Kn / ki = (rr) and f/l(DKnlk) =
2-n. If G(/\nIA~d = {I, ar}, then reasoning as before and putting rr =
(n - (;';1, we get again that f/fCDKn / k ) = 2- n

•

By the multiplicative property of differents we have

\;Ve have COlllputed DJ(n/ k ' It is weIl known that DKn/Kn_J = (2). Note
that the places over 2 ranlify in klko (because }(n = k . /\n-l ) hence they
ralnify in [(11-1 I ko. Thus if n 2:: 2, then, reasoning as before, we get that
l/l('DKn _i I ko) = 21

-
n

. If 11. = 1, then ko/Q is unranlified over 2, hence
VKo/kQ = (2) and Vl( rr) = ~. Thus in any case we have vl(Dk/ ko ) = vl(2rr).
Therefore SPk/ko(C\) = 2C\.

If x E Ök \ a( rr )Okl then we can present x in the fann x = Xl + X2,
where XI E Oro and X2 E 0'( rr )Oko Let rru E ko be a local parameter at

any place v Ieof ko. Then a(rr)c.?k = a(7r-l7fU)Ök, hence we have SPH(X2) C

SpH( a( rr- I rrO)Ok) C 0'(27rO)Ok' because vl('Dk/ko ) = vl(27f). On the other

hand, we ha.ve SPH(xt} = 2xI f/. a(27roOko)' Therefore Spu(x) i= 0, i.e. x rt
Bk, so we get Bk C o(rr)c.?k = SPK,,/k(Og,,). Ir a E Bk alld a = SPF(h), b E

OKn' then by (6.6) we have b = b1 + bz, where b1 E B Kn , bz E OKn_l • Then
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Hence SPF(b2 ) = 0 anel (J. = SPF(bd, i.e. the lllapping SPF : B Kn -+ Bk
in (6.7) is a surjection. Therefore Bk IS a cyclic O[G]-moelule and thus
Bk ~ Rk/R~. This proves the lelllll1a.

o

Lenl0la 6.3 Lct, k, ko fI.1ul Tl !Je as Üt (6.S). Pul N k := (1 - i-1SPH)Rk C
i- 1Rk. Then

Proof. Let M k be the kernel of the trace luap SPH : R k -+ R ko . Then for
30 given VJ E cI> we have the COllll11utative diagl'all1 with exact rows

(6.8)

where t.he vertical arrows are the natural inclusions.
It follows frOlll (6.8) t.hat

(6.9) (Rk,lp : C\,lp) = (Mk,lp : Bk,lp)(Rko,lp : eÖko,lp)'

As R k ~ 0[01 as an O[C;]-ll1odule, the l11apping SPH : R k -+ Rko induces
the iSOlllorphisnl Nk/M k ~ Rko/ffiko . Therefore (Nk,lp : Mk,lp) = (Rko,lp :
fRko,lp)' anel it follows fr0111 (6.9) that.

(Rk,lp : c5k,lp) = (Mk,lp : Bk,lp)(Rko,lp : eRkO,lp)(iRko,lp : ec5 ko ,lp)

= (Nk,lp : Bk,lp)(Rko,lp : °ko,lp)'

o

LemOla 6.4 Let L, M C A k be two tattices that span the same Qrspace
V ~ A k • Let L, M bc O[G]-7Horlules. For X E Gpul Lx = exL, Mx = exM,
whcre ex = 101- 1 L x(a)a is lhe idc7rLpolcnt corrcsponding to x· If L ~ M

(TEG
aB an O[0l -nwdule) thell

(L Al) = 11 (Lx Mx)
xEG
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mul Jor lJ,nu tp E ~

xEG

xl4'

whe1'e we pu/' (L4' : M4') = 1 if L<{! = M<{! = O.

Proof. Put L' = Ee Lx, M' = Ee A1x' Ir f : L ~ M is an O[G]-
xEG XEG

isoDlorphislll, then f inc!tlces iSOlllorphislllS L' ~ M' auel L' / L ~ M' / M.
Then

(L : A1) = (L : L')( L' : A1')( A1' : A1 ).

As (L L')-I = (M' : A1) a.nel (L' : M') = TI (Lx: Mx)' we get the first

xEG
assertion of tlle lenllun. The second olle lllay be proved in the Sctllle way.

o

Now we can finish the proof of t.he t.heoreIll. If k is unranlified over f, then
(6.3) was proveel in Step 3. By Step 2 we 11lay assllIlle that (0 E k if f =J. 2. So
let (0 E k anel k of coneluctor N = fn/(I, where m :2:: 2. Let ko be as in (6.5).
As ko has conductor {moll, where 'Ino = 'In - 1 (1no = Tn - 2 if i = 7n = 2), we
lnay assunle that (6.3) holels true for ko. Therefore by Lelnnla 6.3 we have
for a. given tp E ~

(6.10)

where by the asslllnptioll of indllction we have

(6.11)

For X E C-:(kJQ) let x' be X considcl'eel a.s a chal'actel' of G. Then X Itp if
anel only if X' Itp anel !.IX = f.!X!. So we have

(6.12) TI []x=

XEG(~Q)
XI4',X#l

TI
XEC, xl'l'

XIH=l, x;tl

[Ix.
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It follows fr0111 Lemllla 6.2 and the definition of N k that N k ~ Bk a.s O[G]
lllodules. Therefore by Lenlllla 6.4 we have

(6.1~~)

Note that SPH annihilates N k a.llel Bk. Henceifxlfl = 1, then Nk,x = B.l;,x =
O. So we lna.y resto.te (6.13) in thc fOrIll

(6.14)
XEG

X ll,O, xlH:;tl

To C0111pute tbe index (N k,x : Bk,x)' we shall COlllpllte at first the index
(NJ(u,x : BJ(n,X)' where we trcat. X a.s a character of G1(I<n/Q). If XIH =1= 1,
then exN J(n = exRKn = Oexfl, where 11 = (1, 0, ... ,0) E R Kn is the
generator of an O[G(I(n/Q)]-lllodule R Kn clefined at the beginning of the
section.

vVe know that BK.. is generatecl over 0 by all the elclnents of the forn1
O:(E(~), where c E Jld and i "t. 0 (1l1od f). Note that C(:I is a primitive emdo
th root of ullity for S0l11e du Id. ]f xlH =1= 1, then X lias coneIuctor Ix = f!nd l

for SOllle d1 Id. Let ~ be a prilllitive daRm-th root of unity for same (10 1(1.
Thell

where GIn = G(I(n/Q).
Let H(X) be the kernel of thc na.tural projection G(J(n/Q) = (Z/l"'dZ)* -r

(Z/lxZ)'" an<! fl(() be the kerllel of the natural projection G(I<n/Q) =
(Z/frndZ)'" -r (Z/fmdoZ)"', so lJ(X) ~ Ker((Z/<1Z)'" -r (Z/d1Z)*) allel

H(~) ~ Ker((Z/dZ)'" -r (Z/dnZ)"').
If If <1} J<1u, then, pllttillg C;n/I1(X) n II(e) = 5, IJ(~)/H(X) n H(~) =

T =1= 1, we get

L x(a)a(~) = IH(X) n H(()l L x(a)a(e) =
(TEG.. uES

IH(X) n II(e)1 L L x(ar)ar(e),
r:rES/T TET
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where 81T c 8 is a. systenl of representatives for C;I H. We have aT(~) = a(~)

for any T E T and L: x(aT) = x(a) L: X(T). Note that XIH(~) #- 1 hence
TET TET

XIT =f 1 anel L X(T) = O. Tltus if dl trlOl then L x(a)a(~) = O.
TET (TECn

Ir dIldo, then H(~) ~ H(X) anel, putting A = H(x)1 H(~), B = Onl H(~),
C = G,J H(X), we get

(6.15) L x(a)a(E) = IlJ(E)1 L x(a)a(E) = L X(a)a(SPA(E)).
(l"EC" (TEB (l"EC'

Let dul d l = q:l, ... ,q:r be the priine fa.ctorization of dul cl I . lt is weIl known
that, if JL is a prilnitivc 7/~-th root of unity for S0l11e priine P, then

Moreover, if {l 2: 1, then SPQ(Jt)/Q(/tp)(JI,) = O. Thus we have

if,si 2: 1 for HOIne·i = 1, ... , 'f"

if d l == 0 (l11od qi) for SOille i = 1, ... ,7'

i f 81 = ... = .'!." = 1 and (d1, duIdd = 1,

where <1 is an tUd1-th prinlitive root of unity.
So in a.ny case we have that.

(6.16) L x(a)a(E) = IH(E)1 17Yx'
rrEG"

where '11 is Cl root of unity 01' 71 = O. Therefore exB Kn ~ 0Yxex!I.
Let PI, ... , P,- be all the pril11e divisors of dl d l such that (pi, dd = 1 for

i = 1, ... ,'I'. vVe put du = dt]'t ... Pr and e= (cd! Epl .•. Epr , where we denote
by cn a priinitive n-th root of unity. Then eis a prilnitive emeln-th root of
unity, allel for our choice of do we have t.hat SPA (E) in (6.15) is given by

whel'e EI is a prinlitive t'~dI-th root of uni ty. Note that any pl'inle divisor
J1 of d divides du, hence ]' divides the order of H(~) only if pi d. Therefore
IH(E)I b priine with e. So the factor IH(E)!17 is Cl unit in O. This proves that

exBK " = O[JxeXfl a.nel (NJ(",x : Bl\..·.. ,x) = 9X.
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Now, if x E C, thCll we call consider x as a. charactcl' of GIn = G(/(n/Q) such
that. xlF = 1. As we have the surjecions

(6.17)

(by Lenuna G.2) and all t.hese Il10dules are of rank lover 0, the mappings
(6.17) are iS0l110rphislIlS. Thel'efore

(6.18)

where for X = 1 we j>11t. fIX = 1 by definit.ion. COlnbining (6.10), (6.11),
(G.12), (fi.14) anel (G.18) we geL (G.~{). This proves our tlieorenl cornpletely.

o

7 On some indices

Let k be areal abelian fidel and A,l,;, R k , 0,1,; be a.s in Section 6. As in
the introduction, we put A(k) = [l(U(kv)//L(kv)). For any vif we have an

1I1f.
injective 111apping logv : U(k1/) / It( kv ) -1 kv deRned by the l-adic logarithIll.
Taking the direct product of logl' over all vif, we get the injective Inapping

(7.1 ) log: A(J.:) '-+ TI k1/.

vii

The 111apping (7.1) is a hOlllOlnorphisIll of the ZtlG]-nlodules, where G =
G(k/Q) ,Lud the action of G on A(A~) a.nd II kv is defined via the identifica.tioll

1/11

TI kv ~ Qf.0Q
k. The natural inclusion Qt '-f Ql induces the inclusion

vlt

i : TI kll ~ Qt®Qk '-f Q t 0 Q k = A k •

vif

Putting Log = i . log, we get an injection of ZtlG]-nlodules

(7.2) Log: A(k) --* A k .

By ..4(1.,:) we denote the O[G]-subnlodule O·Log(A(k)) of Ak.
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Let. L, lvI be two Z,-Inttices in rr ku t.hat span the salne Qrspace V ~

IIl t

nullku. Then, as in [12], we define t.he index (L: Al) aB det(A), where A is
a Q,-lineal' transfonna.tion of V such that A(L) = M. The index (L : M) is
defined uniquely up t.o lllltltiplicatioll by an elelnent of Zi. If L 2 M and the
index (L : /\1) cxists, then the index [L : /\1] is finite and

lJ,((L: M)) = v,([L : M]).

If we put l = O·i(L), M = O· i(M), thel! t.he index (L: M) defined
in Section () exists if alld only if tlle index (L : !vI) exists, and, if this is the
case, then
(7.3) v,((L: lvI)) = v,((L: 1\1)).

Let Ok be as in SectiOll 6.

Proposition 7.1 Tlte index (A(k) : t\) cxisls, anti

(Ok : A(k)) = IP(h:)I'IY(k)l,

whe1'c P(k) = IIk", 7:" is f.he rcsitluc field of ku and Y(k) is as in Theorem
vI'

5.1.
FO'I" aHy tp E <I> we IW.lIe

Proof. Let 0" = O(kv ) be thc ring of integers of kv alld put 0, = II Ou'
v Il

Then by (7.3) we have

(Ok: A(A:)) = (0,: logA(k)) o,nd (Ok,lp: Ä(k)lp) = (Ol,lp: (logA(k))~).

Let 7ru be a Ioeal paralneter of A:", anel put

It is weH known that fol' 0.11 sufficiently large i thc f-adie logarithm logv
defines an isolllorphi:-nn logll : lJU)(kll ) ~ 7r:,Ov. Hence t.he 111apping (7.1)
in(!tlces for such i the exact. sequenee

(7.4) () II( (1)( )/ (i)( )) log{') II / i )o----+ Y k ----+ U k1J U ku --=--+ (k ll 7ruOv .
vI' 11 If
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As we have II(u(i)(h':v)/u(i+l)(k ll )) ~ P(k) für any i ~ 1 Cind
vif

II(7r;JOv/7r;J+10v) ~ P(k) for any ·i ~ 0, we get fr0111 (7.4) that
vIf

(0,: 10gA(JI~)) = IY(k:)I·IP(k)l·

This proves the first a..<.;sertion of the proposition. The seconcl one Inay be
provecl in the sal11e way.

o

A~ in [12L we put. for any G'-I11odule A

Au = {a E A I s(G)a = O},

where .s(Ci) = L rr. We have (Alp)o = (Ao)lp for auy <p E <D, and, if<p #- <po,
(TEe:

then (Alp)o = Alp' Thus we lllay wl'ite siUlply Alp,u.
Let k have conductor AT = f"l(J, (1, f) = 1, anel put [(n = Q(,td, (n)'

To fonuulate our further n::sllits we recall that it wa.,.<; shown in the proof of
LeITIlna. 6.2 that for f = 2 we have three possibilities:

(A) The extensioll /(n/k is ullraluified over fj
(B) c;( /(11/ k) n G( /(,J l\:-d = {l, T}j

(C) G(J(n/J.~) n G(/\n/I\·-d = {1, aT};
where a, T were defilled in the proof of Lelllllla 6.2. Note that in the cases
(B), (C) any place vif !las tolle raluification index 2 in J\n/k.

Proposition 7.2 Wc hrwc

(Ok,O: ..4(k)o) = f,uIP(J.:)I·jY(k)1,

(Ok,O,lpQ: ~(k)(J,'Po) = tLIP(k)lpol·IY(k)lpoL

whel'e (I. = -I Jo'l' f #- 2. Fol' f = 2 wc halJe a = -2 if 'In = O. [f '(11, > 0, then

{
-1

(l = -2
ij k 1:S of tILe f,ypes (A)J (C)
ij 1.: is of the type (8)
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Proof. Let L, Al be any O-la.ttices in A k (resp. Zrlat.tices in rr kv ) such
vI!

tha.t L, Al are G-lnodules, and the index (L : M) exists. Then both indices
(Lu: !l1o) allel (SPc;(L) : Spc;(M)) are defined, and

(7.5)

Indeed, the aualogouH stat.elnent wa..'; proved in [12], LClnnla G.l, for Z-lattices
in Q [Ci]. Tbe sanle argullieuts show that (7.5) holds true for O-lattices 01'
Zrlattices as weil. Beuce we have to calculate the index

Not.e that. by (7.3) we have

(7.6) (Spc:(Od : SPG(.A(k)) = (SPc;(CJ t ) : Spc:(logA(k))).

Ir C;" is t.he decOlnpositioll subgroup of Sülne vIf., then

Let. Tv =j:. 1 be the l'cunification subgl'oup of G". Then

{

n1- 1

vl ( 11~,I) = n1 - 1
rn - 2

if f i 2
f = 2 anel k is of the t.ype (A)
if e= 2 aud k is of the types (B), (C)

If Fv = k~", then FlI /QI is unnunified, and SPFv/Qt(OFlI ) = Zt.. Let Dkll/Qt

be t.be different of kv/Q,. 'riten, llsillg t.he calculation in tlle proof of Lenl111a

6.2, one can check easily t.hat in any case Dk.. /Qt ~ ITvIO(kv), hence

SPGJO(kll )) ~ T"Z,. On t.he other hancl, SPGv(O(FII )) = ITvIZI . Thus in any
case, includillg the case Tv = 1 we ha,ve SPGlI(O(k,,)) = I:-C,IZ,.

To C0l11pute SPGv(loglJ(kv )), we note that SPG,,(log U(kv )) =
log Nkll /Q,(IJ(kll )). By the IDeal dasH field t.heory wc have Z;/Nkv/QI(U(k,,)) ~
Tv . Ta.king iuto accollllt. that log(Zf) = [Z, if [ =I 2 (resp. e2z1 if f. = 2), we
get tha.t SPGlI (log U(kll )) = f.mz, for f =I 2. This proves the proposition for
e-=I 2. If e= 2 and rJ/. = 0, then SPG)log U(k,,)) = f'l-Z,.
Ir f. = 2, a.uf! nl. > 0, thell

{

I + [7HZ if k is of the type (A)
Nkv/Qt(U(kv)) = {±l} x (1 + emz,) if k is of thc type (8)

< -(1 +em
-

1
) > if k is of the type (C).
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Therefore

{

fIT1I]Z, if k is of the type (A)
SPc;Jlog U(I\:1')) = l2ITvIZ.,) if k is of the type (B)

fjTvlZ, if k is of the type (C).

o

Proposition 7.3 Lel k have condudor N = f:'/l d, (<I, l) = 1 und G
Ci(k/Q). Then

(7.7)

(7.8)

whcrc

1.I,((Rk,u: Ok,O)) = -c + I.I( (TlYx) 1

xeG
x;tl

c = 1~I' - 1
'111 - 1
nl.- 2

if '111 = 0
if '111 > 0 und f =j:. 2
i1 '111, > 0, f = 2 und k is 01 the type (A)
1f 'I11 > 0, f = 2 un.d k is 01 the type (B) Oi (C).

Proof. The l11apping SPG : Ak -+ AQ Illaps R k onto O. In the proof of
Prop. 7.2 we have shown that SPc;(Ot) = fCZ t , whel'e c is a.s above. Hence
sPG(C5d = fCO. COIllbinillg t.his with Theorenl 6.1 and m.;illg (7.5), we get
the proposition.

o
00

Let k be as in Prop. 7.3, a.nrI put [(00 = U Q(ltd, (n)' Let 'T : Goo
n;:1

G([(oo/Q) ~ Ci be t.be na.turrt! sUl'jection induccd by t.be illclusion k E }(oo.

Proposition 7.4 Lei, k Iw.ne corulucto'1' etT1 {I, as a!JovcJ und.,. !Je the eonstant
co.,,,,-csp01uli1/.!J to T dcfilled by (2.5). Lei. ks !Je the nut:r:ünal subfield of A:oo sueh
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that k;,/ k is 1l1lHL1nificd (rccal/ that (k;, : k] = p'/J). [f 171, = 0, then S = l' = 0.
[f 171. > 0, tJwn

{

',71, - 1 - l' 7j f i- 2

S = In - ~ - ,': 1! f : 2 and h~ ~.~ of lhe ty~)~S (A), (13)
1'/1. - ,3 -, ?j f - 2 and k I ... of lhe typf, (C)

00

Proof. Let Qoo be tbc CyclotOl11ic Z,-extensioll of Q, Qoo = UQi, where
i=l

[Qi : Q] = fi. Then (2.5) shows that. Q" ~ k, Q,,+l <1:. k, in other words,
h-:i = k . Q,+i for any ,,: ~ 1.

Ir 1'/1. = 0, then k ~ Q{tl·d). Thus all tlle places vif are fully raIllified in
koo Ik, heuce we have 'f" = .5 = °in this case as dcsil'ed.

Ir 1'n > °alld f i- 2, tlien [(ni /i.: has no wild ranüfication. Hence the field
kU-I' = /(n n k:oo has 110 wild ranüfication over k, so h...n- I , / h... is unran1ified.
As }{1l+1 = kn-,,+l [{n, we get that kn-''+l is ranlified over k. Therefore s =
11. - r = 'In - 1 - r in this case. If f = 2, '(/I, > 0, and k is of the types (A),
(B), tltcn, reasoning ClS before, we get. s = n - 'I' = 1'n. - 2 - 1'.

H f = 2, 171, > 0, alld k is of the type (C), then we have C;(Kn/k) n
c;( /(nl /{-l) = {I l O"T}. In this case the incl'tia sllbgroups of vif in G(koo/Q)
anel G'( !(oo/Q) are iSOll1orphic, hence we have kn-r = [(n n kool and [{ni kn-"
is llnrall1ified. As /(n/k is nunifieel auel has the rall1ification index 2 at any
vif, we get that h:n -,·/h:ll-,·_t is ranlified alld kn-"-l/k has 110 ranüfication.
So 8 = 11. - '" - 1 = 111. - :~ - .,. in this case.

o

The diagonal injectioll U(k) y TI U(h~v) fol' real abelian k: induces an

vi'
injective lnapping U(k)[f.] y A(k). So we Inay consider U(k)[P.] as a. subgroup
of A(k). As /Vk/Q(U(k)[f]) = 1, we have U(k)[l] ~ A(k)o. As U(k)[l] and
A(k)o have the salne Z,-I'Cl.nk, we get that U(k)[e] lIas a finite index in A(k)o.

Theorenl 7.1 Let k he (l n~fl.l abeliaH fidd. Lel T,(koo)(O)l Il(h~) aH,] Us(k)
be as iH Theo1'c'1U 5.1. By Cl(k)l we deHole lhe f-colnponc11l of lhe dass
!J1'OUp 01 k. Let .~ be tlu; consfJI.nt defined in Prap. 7.4.
Then

f./J IT,( koo )(0) I _ [A( k)o : U(k)[f]]
ICI(k),1 - (H(k): Us(k)]
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F01' flny <p E <I-, <p -=1= <po wc hrwe

IT,(koo)(o),~1 _ [A(k)<p : U(k)[f]<p]
]CI(I.-:)f,<p1 - [[I(I.-:)<p: Ds(k)<p]

Ij'P = 'Po, thelZ

f!J IT,(1.:(0 ) (u) ,<PO I
ICI(k),,4'O I

[A( k: )0,4'0 : U(k)[ f]<PQ]

[1/(k )4'0 : Ds (k: )4'0 ]

Proof. Puf; Cls(k) := Cl(k)/ Ps(k), where Ps(k) is the subgroup of Cl(k)
generated by a.U the prilllcsover f. Let Cls(k), be the f-coillponent ofCls(k).
Accordiug class field theory, we ha.ve the na.tural isorllorphisln Cl s (k)f ~
G(ks/I 1.-:), the Galois group of the Ina.xilnal abelian unran1ified i-extension
of k in which aU t.lle places vif. cOInpletely decolllpose. Then we have the
natura.l Inappings

(7.9)

where 0' is illduccd by inclusion ks,l C 11400 , Moo be defined in Sectioll 3,
auel {-J IneallS factoring by Ps(k). Thus ß is always a surjeetioll, whence
Coker 0' ~ G( k!JO 1k), 80 ~ 0 being the Ilwxilnal index such that all the
places vif. decolnpose cOlnpletely in 1.:!Jo/k.

Ta interpret the groups KerO' and Kerß, we put 8(1.-:11 ) = (k~III,(kv))[.e] for
any vif., allel B(k) = TI B(kv )' Let denote by r v the deco111position subgroup

+..
C;(1.-:00 ,1I1kll ). Thell by loea,} dass field theory WB have the natural surjection

..\V : B(It:1,) --+ r'v. On t.he ot.her hand, we have the surjection '1]" : B(k,,) --+ Dv,
where Dv ~ Zf, alld for :1: E k~, x = 7f~IU, U E U{h:v), 7ft! being a Ioeal

pararllet.er of 1..:111 we put '//t1(:I:) = n. Thus, putting R = TIrv , we get the
vif

natura.l Gf-hOlllolll0rphislllS

..\ = TI..\v :B(It:) --+ R, '11 = TI 1]v : B(k) -+ D, := TI Dv ,

vif vi' vI'

where G aets on Rand Df via. its actiug on the set S of aU thc places of k: over
e. Thus R ~ D, ~ Zr.[G/Gv ] ~ Galois 111odules. As r v is thc decOInposition
subgroup of v ill f = Gf( koo / k), we have tbe natural Inapping R --+ f, tbe
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kernel of whieh coineieles wit.h Ru. Then by t.he global dass field theory we
get.
(7.10) Ker 0' = R u/ A( U5(k;) [P.]).

On the othel' hand, we ha.ve

(7.11)

lt. follows fronl t.he Ioeal dass fielel t.heory that for :c E ß( k7l ,lJ) we have
00

Av(:l:) = 0 if anel only if :1: E nNk,,/kß(I.::'L,V)' Then we get Ker A = H(k). It
71=1

follows frOin the definition of 1J that Ker '17 = A(k). Therefore we have

Us(k)[f] n Ker A= 05 (1.:), Us(k)[f] n Kel"IJ = U(k)[f].

Put.
\I := Kcr An Ker'IJ = II(k) n A(/;;);

E:= Us(/;:)[e] n Ker.\ n Ker'IJ = O~;(k) n KCl"'7 = U(k)[f] n KCl'A.

Then we have a, pa.ir of exaet sequcllees (in additive notatiou)

() -t \1/ E -t A(I.:)u/U(I.:)[f] -t A(/;:)o/VU(k)[i] -t 0,

o-t \1/ E -t ll(k)/Us(k) -t H(k)/VUs(k) -t O.

Thus we gel;

(7.12)

(7.13)

[A( /;:)0 : U(/;; )[in _ [A( k)o : \/17(k)[f]]
[/1 (A:) : Os(k)] - [11 (k) : \/ Os(k)] ,

[A(k)o,lp : U(/;:)[f]lp] [A(k)o"p: (\lU(k)[f])lp]----:::;:---:.---:.........:. = ..:......--'---'--'---'-----=----

[II (/.; )lp : D5 ( k)lp ] [ JI (k )lp : (V Ds (k )) lp ]

for auy <p E 4>.
For vif let. r: be thc iUCltia subgroup of v in r. Then r:, ~ 1\, aDd for

any vif [1"'11 : r~,] = p'II, where 1/. = oS - so. By the loea,} dass field theory we
have ..\(A(k)) = TI r~ = fUR. Let ..\' : B(k) --+ R/fllR be the e0111position of

"I'
,\ anel t.lle lIaturallnapping 'R. --+ R/fu'R.. Then KerA ' = A(A:)·IJ(k). Note
that A lnaps A( k)o outo eURo. Therefore (7.10) inc!tlces the exael; sequence

(7.14) () -t A(k)u/\lU(k:)[f] -t Kern
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-r (Ru / r t Ru) / A' (Us(k )[ f]) --f O.

Now let 'I' : B(k~) -t De/fuD, be the COlllposition of '(I anel the natural
nlapping D, -* Dl /!,:t D,. As all the places vIf of k tJO stay inert in ks / ktJO anel
totally ranüfy in kc..J/k::J1 we get that :r: E H(k) inlplies q'(:c) = 0. On the
other hand, if :l: E ß(k:) and 1/'(:1:) = 0, then we can find !J E A(k) such that
xy E H (k~). Therefore we have

(i.15) Ker1]' = A(k)·H(k) = I~erA',

and (i.ll) indllces the exact sequence

(i.16) °--f H(k:)/V0s(k) --f Ker ß --f (D,/ tu Dd('/(Us(k )[f.]) -+ O.

As R ::: Dt , we have R/ fUR ~ Dl./ tu Dt . One can check ea..,ily that
(R/fU R)/(Ro/f llRu) ~ Z/f}'Z (with trivial action of C;). By (i.15) we have

A' (Us (k )[f.]) ~ Us (k) [f] / (us (k )[f] n A (k ) . H (k)) ~ '(/' (Us (k )(f.] ).

So we get fron1 (i.14) and (7.16)

(i.17)

(7.18)

[A(k:)o : V'-:(k:)[f]] = f- ll 1(I~er a )1,
[H(k) : VUs(k)] lh.erßI.

(A(k )u,~ : (V7!( k)(f])(p] = f-ll~ I(I~er a)~ j ,

[H (k )'p : (VUs (k ))(p ] I(1\er ß) (p I
where Ur..p = 0 1 if r.p =I 'Pu, Ur..p = 'll, if <p = <po.

COITlbining (i.12), (7.17), (7.9), we get the first fOl'lllUla of the theorem.
To prove the last two fOrInulae of the theoretn, we have to cOillbine (7.13),
(7.18) anel (7.9).

o

The next result is an analog of Theorenl 5.1.

Theoren1 7.2 For any re.al abe.linn kund any <p E <P we. huve.

1/,(!Cl(k),I) = Vi (r+tIY(k)I-1[A(k:)U: U(k)[f]J-l.Il ~Ll(l, Xl) ,
\EG
x#l
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vl(IC1(h),,~I) = IJI (f"+t'ly(k)"'I-l[A(~;)O'''': U(k)[f]",t 1 !1 ~Ll(l, X)) ,
xl~lx;i:l

WhC1"C t, t<.p an; rlefinerl in Thcore1H 5.1, S is as in P1'Op. 7.4 und Sr.p = 0 for

'P '# 'Po, 8 'Po = .s.

Proof. The theorelll follows illlll1cdiately frolll Theorelll 5.1 alld Theorel11
7.1.

o

Put Ü(h) = O·Log(U(k)[f}), where Log is the 111apping clefined by (7.2).
Then the index (A(k)o : 0(":)) exists anel

(.A(k)o: U(k)) = (A(k:)u : U(k)[f]) , (.A(k)u,lp: U(k:)lp) = (A(k)o,lp : U(k)[fL,).

Theorenl 7.3 For uny real abe!l:aH k anrl any 'P E cI> 'IlJC have

1I,(ICl(k:)t,'PI) = fJt ((Rk'U'''' :O(k)",t
1 !1 ~!l(X)) 1

xl'P,x;i:l

wherc for X '# I
(7.1~)) a(x)= L X(a.)log(1-c~),

" (,uou t.,l
(a,!x)=1

Ix 1:8 I,he conrlucl. 0'1 , of X wul Cx is u ]J1'hnitive fx-th roof of 7/.nity (notc that
v,( a(x)) rloes not depend Oll fhe choicc 0/ E,x)'

Proof. We lJrtve
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anel

for o,ny r.p E <P.
It follows frolll (7.3) thaI;

[A(k)o: U(A:)[fl] = (Ak,o : iJ(k)),

[A(k)(J,~ : U(h~)[e]~] = (Ak,O,~ : [;(k)~),

for any r.p E <P.
Then we get: frol11 Theorel11 7.2

(7.20)

1/( (f'+t!Y(kW1(Rk'O :U(k)t'(Rk,o : 8k,IJ)(c\0 : ..4k,O) Il ~LI(l, X») ,
xEG
XiI

(7.21) 1/t'(lCl(h:)t',~I) = 1/( (e$~+t"~IY(k)~I-l)+

1/( ((Rk'IJ'''' : U(k)",)-I(Rk,IJ,,,,: 8 k,0,,,,)(8k,0,,,, : ..4k,o,,,,) Il ~LI(l, Xl) .
xEG

xl~,xil

It follows frol1) Theoreln 5.1 anel Prop. 7.4 that

_ { -,//, - 2 if. f. = 2 alld k iH of the type (C)
,'; + t - . 11 1 I'fl/. - I 111 a t 1e ot leI' cases

anel
8~ + t~ = 0 if <p "# <po; 8<po + t<po = .5 + t.

Fronl Pro}). 7.1, 7.2, 7.:J anel Theorern 6.1 wc get that.

v,((Rk,o : Ok,O)(Ok,O : Ak,o)) = f/l (IP(k)I'IY(k)!. r- c Il!IX) ,
xEG
XiI
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vt{(Rk,u,lp : Ok,O,lp)(Ok,U,lp : Äk,O,I.,O)) = Vi (IP(k)I.,OI'IY(k)l.,Ol' pa.p-c.p 11 fIX) 1

xeG
xI1.,0 ,X:#: I

where a (resp. c) is defined in Prop. 7.2 (resp. Prop. 7.3); alp = Clp = 0 if
<p i= <pu; anti UlpO = a, CI.,OO = c.

If 'tl/. = 0, then

(L-C={ -) iff::/=2
-2 if f = 2.

Ir 'In> 0, thell

(L-C= { -171. +1 if f = 2 allel k is of thc type (C)
-Tn in all the other cases.

v,(]CI(k),I) =

1/( ((Rk'" :O(k))-' . e-11P(k)I.!J. ~9XL,(1, X)) ,
x#l

v,(ICI(k)t,lpl) =

(

- b TI 1 )1/( (Rk,o,lp: U(kL,)-l . e lP(k)lpl 2YxLd1 , X) 1

xeG
Xllp,x:;tl

(7.23)

Benee oS + t + a - G = -1 in any ease. Then it follows frOlll (7.20) anel (7.21)
tha.t
(7.22)

where b = -1 if<p = <po; b = 0 jf<p i= <po.

lt is weil kllown (see [9], for exe'l.lllple) that for X i= 1

( ) (
X(f)) 9xL, 1, X = - L - T Ix a(x)·

As 9x!JX = Ix .X( -1), we have

(7.24 ) (
X(f))

[/fL,(l, X) = ± 1 - -e- a(x).
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Not.e that

IJ( (1 _X(f)) = {O ~f X(C) = 0
- f -1 IfX(f)#O.

Let A~' be the lllaxilllal subfielel of A~ such that e is unrall1ifieel in k' /Q. Then

for X E GI we have x( C) = 0 if anel only if XIG{k/kl) = 1, in other words, X is
CL chara.cter of Ci(A:' /Q). Taking into account that P(A:) ~ Z/eZ[Ci(k' /Q)] as
CL Galois 11l0d111e, we get.

(7.25) IJr (g (1 - x~e))1= IJ,(I~ 1P( A:) I),

xi='

(7.26) I/i ( g (1 - x~e))1= IJd f-bIP(k)~I),
xltp,xi=l

wherc b = -1 if <.p = cpo; b = 0 if <p =j:. <.po. COtnbiuillg (7.22), (7.24) a.nel
(7.25), we get. the first fOl"luula of tbe thcoren1. To pl'ove the second fonnula,
we have 1;0 cOtllbille (7.23), (7.24) allel (7.2fi).

o

Rell1ark 1. It is weIl known that for allY X E C, X =j:. 1 we have a(x) =j:. O.
Reillark 2. Theorelll 7.:l 111ay be consiclcrecl as an C-adic analytic dass
lltllllber fOt"lllUla for the order of CI(A:)l,tp. The index (Rk,u,tp : rJ(k )tp) lllay be
consiclel'ccl as CL <p-COlllpOllcnt of the e-adic regulator of k.

For a rea.l abeliall field k with the Galois group G = G(k/Q) put 'Rk =
Zt[GI]. Let R k be H.B in T'heorelll 7.:3, Let be given a Rk-sublllocIule Uk C
Q,[G] such that. the index (Rk,o : Uk,U) is defined. Put V k = O· U k C A k .

Suppose givell a. 'Rk-subnloelule '~ of U(k)[f]0Z Q, such that the group
l -

U(A:)[e] n'~ lJa~ finite index both in U(k)[e] and in 0.. (Note that ~ = T,.,u).
Let Ck ~ U (A:) [C] n 0. be a :-luhgl'oll p :-luch that Ck has filli te index both i II
U(k)[C] allel T,.. Put T k = O· Log(7i) emd C k = CJ· LogCk, where Log is the
111apping (7.2).

Theorenl 7.4 Let R kl R k , Uk , Vk, Tk, T k (lut! Ck, Ck be as above. Let
V k,O and T k be isonunphic as Rk-motlules and CxT k = ta(X )exV k fOT' any
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X E er', x ~ 1. Thcn

ICl(h-:)t1 = (Rk.O : Uk ,0)-1[7"k : Ck]-l[U(k)[f] : G'k]

fltul

ICl(k )r,~1 = (R.k,o,~ : Uk,O,~)-l [7k,lp : Ck,lp]-l [U( k )[f}lP : Ck.,p]

JOT flny <.p E cf>.

Proof. By Lenl1ua 6.4 we have

anel

vr((Uk,o,lp : Tk,<p)) = 1//. ( 11 ~"(X))
xEG

xl\p,x;el

for any c.p E <1>. Then by Theorenl 7.3 we have

(Rk,o : U k.O)-l(U(k) : Rk,o)(Rk,o : Uk,O)(Uk,o : TJ.:)(Tk : Ck)(Tk : Ck)-l

= (Rk,o: Uk,o)-I(Tk : Ck)-I(Ü(h:) : C k ).

By (6.4) we have
(Rk .O : Uk,u) = (1(,.1.:.0 : Uk,u),

(Tk : Ck) = (71. : C'k) = [7'k : G'k],

(f) (/;:) : Cd = (U (k )[ f.] : C'k) = [U (k )[f] : Ck ].

This proves the first. fornnda of the theorelll. The last fon11ula l11ay be proved
by the salne argulnents.

o
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8 The proof of Theorem 1

In this section we define the lnodules Uk and ~ satisfying the conditions of
Theorenl 7.4 for k: = [{+ = Q( Ern + E;,I) 1 the InaxiIllal real subfielcl of the
cyclotonüc field !( = Q( Ern)' Our results are based on that of [12], so we
adopt here SOllle notations of [12}.

Let 9 ~ (Z/mZt be the Galois group of f(/Q. If Hl = II pi; is the prime
i

decomposition of '112, then Q is the internal direct procluct of the inertia
subgronps Tri ~ (Z/p:i zt :

Q = II Tp•

l' Im

For p IFa put t'1! = ITpl-1 L (J. A~ in [12], put ap= >..;1 epl where >"p E Q anel
rrETp

Ap moel Tp is the Frobenius autoillorphisl11 of [{Tp /Q corresponding to p. For
firn let Hf be the kernel of the natural surjection (Z/f12Zt -T (Z/ /zt. Put
R:= Z,(Q].

vVe clefine the R-rllodule U C Ql[9] to be the i-coillpietion of Z[Q]-module
U definecl in [12], Section 2, that is, U is a Zr.[9]-nl0dule generatecl in Ql[9]
by the elenIents"

.'
ClJ = s(Hf ) II(l- (71')'

plJ
1 S; f S; nt 1 f 11n 1

the product taken over the prirlles jJ dividing f. The next statenlent is an
inlmediate consequence of [12], Prop. 5.1.

Proposition 8.1 For printe p 1112 Let Up be the R-mod71le gene'rnled in Qe(Q]
by s(Tp ) = L a and 1 - 7fp :

(TET,!

Then

(8.1 )

where the protluct is laken over the prilnes p lITt I WHl n 1neuns Inultiplication

in the group algebra Qt[9].
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o --+ UT" --+ U ~ Y ~ 0"r ,

o~ U~~ ~ Ur]J ~ y ~ 0

A~ in {12], put 111, = TI ]J, and fol' any T I'In put
1,1111

Ur = TI Up , 1~ = TI Tp•

rlr rlr

vVe have Z,(l = R, Tl = {I} by elefiuitioll, and Um = U,T"m = 9. Note that
allY Up is a full Z,-lattice in Qd9].

Ir r 1111., ]J 1'In anel (JJ, r) = 1, then we have a pair of cxact sequences of
R-nl0dulcs
(8.2)

(8.3)

(~ee [12], (5.3) and (5.4)). Here Y = (1 - ep)Ur = (1 - ep)Urp , anel the
surjectiollS in (8.2) allel (8.:3) are t.he tnaps induced by llnI1t.iplication by
1 - ep'

The Hext two lelllln~ are the exact analogs for Qt[9]-1l10dules of Lenl111as
5.1 alld 5.2 of [12], anel 11lay be proved by the sallle argulllents:

Lenlnla 8.1 Let ff be a 8ub[Jl'OUIJ of 9 such thaI. H n Tr! = {I}. Let A be
nHy IITp -sulnnorllllc oJ Q, [9] such thaI. A l:S Jree ove7' Z,[ IITp]. Then ATp and
(1 - ep)A are both J7'ce over Z,[lf].

Lenll11a 8.2 Let A Oe an R-S'U0711Of/71.le oJ Q,[9]. ThcH

I/enee iJ A is Jree over Tp , then

Frolll now we fix a cyclic subgroup EI c 9 such that H n Tr = {I} for any
7' I11"", 'I' =f. '111.. For the ainu. of this sect.ion it is enough t.o put H = J = {I, j},
where j is t,he autOInorphislll of cOInplex conjugation. In the next scction we
shall deal witlJ SOllle other types of [1.

Proposition 8.2 Let 'I' mulT' ue 1'elalivc/y }J'1"i'l1H:' divisors of 1n. Thell Ur is
a Jrec fITr '-'11wdulc. 1[, -in addil.ioH, .,..,.' =f n1" t.heu Ur i8 (J. Jree HTr ,-rnod1tle.
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To prove tliiH propo~ition, we have to repeat the proof of Prop. 5.2 of

[12] 1 replacillg Ur by Ur anel J by 11. Note that the only property of J that
is l1HCel in that. proof is: J n Tr = {I} for any r =I 7n.

o

As a conseql1CIlCe, we ha.vc that for (p, 7') = 1

(8.4 ) U71J = UTp
r rp'

Indceel, Ur iH T1,-free, hence U;P = ~<;(Tp)Url allel (8.4) follows frolll Leillilla
8.2.

Now we are going 1;0 calculate sOBle COhOlllOlogy grol1p~ arising from U
anel U,.. Let A be an R-lnoelule allel F be a sl1bgrol1p of Q. Then the Tate
COhOlllology groups Hfl( F, A) are 9/ F-nloclules anel hence Q-nloclules in the
natural way. Ir E 2 F li.l'C subgrOtlpH of 9, thell Res: Jf/(E, A) -7 Hfl(F, A)
anel Iuf : Hfl (E / F, AF) -7 Hfl (E, A) a.re Q-Illa.p~ for any q > O.

The next proposition i~ an exact a.nalog of Prop. 5.:3 of [12] anel lllay be
proveel by tlJe seune a.rgt1lnellts (with U,. replaced by Ur and J by H).

Proposition 8.3 Let r unr! '1'1 be 1'clutively printe, und 8'1lppOSe that neither
.,. HOl' T' l:S efJuul to 'm..

Then for all q > 0 we IlJwc

These are (} -moduleiso'l1wrphisJn,. kfo1'covcl', these groups al'e t1'ivial 7tnless
1 -7..,. = -'H.

As in [12], Seetion 5, for any q > 0 a.nel any ,,.1 'f1L we put .,.1 = 71'1./7' anel

Lemllla 8.3 jI'()1' uny q > 0 anrl1'1'/H 9 aets t7'ivially on A~.

This lelllIlHl.lllay be proveel by the sanle a,rglllllents (lS Lelllnla 5.3 of [12].

o

Lenllna 8.4 SUP1JOEiC fhul l' Ar. For uny intcgcr fJ > 0, the1'e 1S an exact
sCfj7l.cncc
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This lelllllla 111ay be proved by the saille argllIl1ents as Lenllna 5.4 of [12].

o

Renlarko It. follows fronl the proof given in [12] that the illjection A~ -+ A~p

of Lenuna 8.4 is indueed by the natura.l inclusion of H-nlodules:

Proposition 8.4 Let n be thc l1mnbcl' oJ printes dividing 1'. Ij 11,

huve, JO'1' UHy fJ,

Aq = { 0 ij fJ is orid
I Z,/IIIIZ, 7j fJ -t.5 evcn

0, we

Ij n > 0, 'Wc luwc

Jo.,. UHy q > O.

Proofo As H is eydic, it is enollgh to consider the case q > O. If n = 0,
then 1" = I, U1 = R an cl

[r0111 which thc first. st.atenlent of the proposition follows. As 11fl· A~ = 0 for
any (j, 1" alld A:~ arc f-groups, aJI A~ are (Z,/lfIIZ,)-nlodules. Using Lenlllla
8.4, we can prove by iuduction tha.t all A~ are (Z,/lfIIZ,}-free. Then the
seconel statenlcnt of the proposition follows frOlll Lenll11a 8.4.

o

Put (-,' = 9 / H, G = Gr x (-,'0, where Gf is the f-Sylow subgroup of G anel
(IGlu l, f) = 1. Let <1> be the set of all Q,-irreducible characters of Gl0 .

Theorenl 801 Let. ff be (J. cyclic S1lbg1'01ljl of G S11.ch t.hat H n T,. = {I} fOt
uny 1'1'117., 1" -=f. '111. LcI. 9 be thc 7Hunbc1' oJ riistinct. zn'üne divis01'S 01 n1. If
9 = 1, I,hen

J/,((U H
: R.lI )) = 0,

1/,((RJI
: SPHU )) = 1/((II[I)·

67



fl fJ 2: 2, thcn

Let, <I> be f/.8 f/.bove, The7l, 101' uny 'P E <P, wc have:

11 9 = 1, thctl

fl 9 2: 2, aten

Pro of. Let ]JI, ~ . ~ ,JJg ))e tlle l)rilllCs (li vicliIlg 111.~ Let. 'ri = 1)1 .. ~ ]Ji, t =

], ' .. ,g alld "'0 = 1. \"'le have U"o = R, U"g = Um = U, Beuee

!I

(U H
: RH) = rr (U:/ : U;;_I)

i=l

a.llel
!J

(U;: : R:) = II(Ur~,~ : U:{_1 ,~)
i=l

for any 'P E <I> ,

For ,; = 1,.'.,!J put 1'i-l = '1', ]}j = ]I, 1'j = 1']1. To e0l11pute the index
(li:l

: U:~), we note tlia.t the exaet sequenees (8.2), (8,~·n anel equality (8.4)
yield a pair of exaet seql1cllees of G-llloclules

o---+ U H11J ---+ Ull ~ yH --.2..tr ,.

(8.5) 11 I1

O ---+ U HTIJ ---+ Ull {'l yH ~
rp qJ ---+ ---+

i/ I (11, UrTp) ---+ H· I (H U ), r

11

fI1(If, U;;) ~ H1(H, Urp ),

Sinee .,. =f. '111., it follows froll1 Prop, 8,3 that H1(H, U,.) = 0, hence I is a
surjection. On thc otlier hand, ( is an injection ( see Retnark a.fter Leo101a
8.4). Therefore (j = () allel ß is a surjection, Thus we hcwc

(S.G) (U ll
. U H

) - (U HT
" . U I111')(I ß' I ) -"1" " - rp '" 111. 111 a -

68



(1111 {i : I1HO') = ICokerol·ICoker{i!-1 = leokeral = JHI(H, U;p)l.

If 9 = 1, t.hen l' = 1, U,!,IJ ~ Zr anel Hl(lI, U,!,p) = O. Beuce (UH : RH) = 1 in

this case. By Prop. 8.4 UH /SPllU ~ (Zl/IIIIZl), heuce 1/r((Rl/ : SPHU)) =
l/r(IHI)·

lf 9 > 1 alld "'/1 =j:. 1n in (8.5), then by Prop. 8.3 111(f1, U;p) = 0, heuce
by (8.G) we lIave (U,~ : U,!!) = 1. Ir 1')) = .,.n, then by (8.6) anel Prop. 8.4 we
havc

J/f((U/~ : U/1 )) = vr(IH1(II, U,:lJ )l) = 29 -
2

//r(IHI).

8y Prop. 8.4 1/t((UH : SPIIU)) = 29-IVt(IHl), hence 1/1((1(// : SPHU)) =
2y

-
2'/l( 111 1). This proves the first two l:itatelnellts of the theorenl.
Ir ep E <P 1 t.hen, takillg tolle ep-cOlllponents of all tlle groups cllterillg (8.5)

anel reasoning a.."> before, we get

By Lenlllla 8.:l 9 act.s trivially Oll Hl (If, U,!'p) , hence we ha.ve

This pl'oves the reIl1<ünillg part of the theorenl.

o

Note that for any R-nlodule A c Qd9] we havc (Au)H = (AH)o anel
(SPHA)U = SPH(Ao), heuce we IHay writel:iinlply A~I allel Spl/Ao.

Proposition 8.5 Untier the f/.SSUlnpt.inns nJ Theorem. 8.1 we Iw.ve

l)t((U(~l : R{/)) = 1/(( (U!:,tpo : R~~tpo)) = I/t( 19/ lf I . (U H
: RH)),

1)1((R~1 : SPHUll)) = I/r((R~tpo : SPf/Uo,tpo)) = vt{J91- 1
• (RH: SPHU)),

Proof. Put G = 9//1. Thcn by (7.5) we have

(Rt,1 : SPllUo) = (RH: SPHU)(Spc;{SPllU) : Spc:(RH
)).

Note that R is Q-free, heuce RH = SPHR, anel
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It. is obvioll~ t.ha.t. SPQR = .s(Q)Zl. On t.he other hand,

(8.7) U = Uo + .s(Q)Z,

(see [12], (4.11)). Therefore SpcU = IQls(Q)Z" This proves the last fornlula
of the proposition. 1'0 prove the fin.;t OIlC, we note that by (8.6)

u" = (Uu + S(Q)Zl)H = u(f + s(Q)Z,.

Henee Spr;(U H ) = lGls(Q)Z, and

(Ul~ : R~/) = (U H
: RH) . (.5(Q)Zr : [GI.s(Q)Z,) = IGI . (UJ/ : RH).

o

If [{+ is t.he 111a.xilllal real subfield of [( = Q((m), then we have H = J =
(.,'(/(/[(+) allel C; = G(l(+jQ).

Definition. For [(+ a~ above, we put U/.;+ = SpJ(U).
'T'he followillg i:..; au illlll1ediate conscqucIlec of Theorelll 8.1 and PI'Op.

8.5.

Proposition 8.6 Let Ul\'+ !Je as defined a!Jove. Tlten

wherc

{
I iJ 9 = 1

bJ = 29-2 if!J ~ 2.

For U1lY r..p E <P we Iw,vc

Now we will l'ecall SOl11e l'esult S 0 f [12] eoneern ing ci reu laI' U 11 j t.s and ci rcu

laI' llulnbers. Let P C [('" be the group of circular llulllbers as it was elefined

in [12], Section 4, i.c. P is t.lle subgroup of the Illllltiplicat.ive grou}) K* of the
fielel [( = Q(em ) gCllerated by the eleluents 1 - ( for ( E !(, (m = 1, ('# 1.
The group of cireular unit.s C of [( is definecl by C = P n E, where E is
t.lle llnits of [C Note t.hal; we have It([() C C (see [12], Seetion I), so we put
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P = P/Il,(/{), C = C/I/(l(). In [I2}, Section 4 it was defined a logaritlunic
111apping I of P such t.hal; I\er I = 11,( [(). Hence the Il10dule T = l( P) defined
in [12] is nablrally iSOIllorphic to P. We will reproduce here sOIne results on
T proved in [12].

Lenll11a 8.5 ([l!!), LC'III:1na 4.2). IVe lw,vc l(C) = Ta. in other words, C =
Po.

Lenllna 8.6 ([12j, Lc'//una 4.3). Let Cl = 191-18(9). Then '10 = T n (1 
Cl )T, Tu has finite indc:r. iJL (1 - Cl )T, und

[(1 - ed'T : '10] = 2-9 191.

In oihe.,. words, C = P n (1 - ed? und

"Ve give Cl. brief proof here since we need sOBle details of it in the next section.
Proof. Sillce Pu = P n (1 - edP, (I - edP + P = clP + P alld

- .....,y --,.;{I
Cl P n P = P , we have

-- . - -- - -- --;=:;{)
(8.8) ((1 - ed P) / P 0 ~ (( 1 - edP + P) / p ~ (e I P + P) / P ~ (e 1 P) / P .

Let D"J be thc subgroup of Q'" generated by t.he prinles l' divieling 7n. Then
t.he llonn 111cl.pping lVK/Q : P --7 Dm illduces a.n inject.ioll

If c E p( /(), a.nel t.lle order of c is HOt. a pl'inlC power, thCll

If the order of c is !Ju for S0111e prinle ]J allel sorne int.eger a > 0, then

lVK/Q(1 - e) = 1'r/J(m)/r/J(p
O

),

where ep(n) is the Euler function. Hence the group l\rK / Q (eI P) = NK/Q( P) is
gellera.tccI by tbe eleIl1Cllts IJrP(m)/r/Jül"), 1,1 'In, whel'e Ir is thc l1ulxilnal power

of I' dividiug nl,; of course, e depends Oll I'.
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It was proved by SillllOtt ([12], page 121) t.bat pe (01' TG' in bis notation)
(p-l)/2

is generateel by tlle eleillellts O'p, ]1 1 nL, whcrc 0'11 = rr (1 - E~) for ]} add,
a=l

0'2 = 1 - C4, cm is a prilnitive 1n-th root of lI11ity. The elell1ents O'p satisfy
the condition 1\'J(('(p) = p, hence j\'K/Q(O'p) = prP(m)/2 for any ]1. Therefore
~p _ Dr{>(m)/2. I- m {1I1(

el p r? ~ rr Zh/P(lJ")/'2Z.

l'lm

o

Taking into aCCOl.l11t tha.t. 9 aets t,rivially Oll (1 - et} P je, we lllay restate
LenlnHt S.G as fo11ow8:

Lemnu\ 8.7 Let C[e] mut P[e] be f,hc f-COUL]J/etions oJe fL7U! P, respectivc/y.
Then elf] has finite indc:r, in (1 - edP[e], und Jo'l' (luy r.p E <I> we have

[ -[]. 1[ ] ]) _ { 0 iJ r.p =I r.po
1/(( (1 - e I ) P f. 'P • C f 'P - .(') - 91 t! I) f _

//(... ~ I r.p - r.po.

Definition. Let J{+ = Q(Cm + c~.l) be the lnaxilllal real sl.lbfield of a
CyclOtOlllic field /.( = Q(t:m ). T'hell we put Ti.;+ := (1 - edP(f].

COlllbilling the diagollal injectioll

with tlle 111apping (7.2), we get tlle illjeetioll

(8.9)

Extendillg tlle Illa,ppiug (8.Q) by lillearity Oll 'TJ(+, we we get the lllapping

(8.10) Log : ~\.+ Y A/\"+ .

Using the iSOIllorphislll Al'(+ ~ Qf[G] of Seetion 6 allel tbe natural injection
Ql[G] Y Q,[G], we get cUl iujeetioll i ; UK + Y A 1.;+ .

Definition. 'rVe })l1t T K + = (J , Log(7j(+) anel U [(+ = 0 . i (U/(+ ).
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For a E Z, a;l= 0 (nloel TU), put

11(") := 1(1 - c:::J:= L -~ log(l - C:~:)17;1 E Qt[9] = A K.
tmou"l
t,m)=!

AH in r12], Sectiotl 2, let V be an O-subnloelllle of AI( gellcl'atcel by 'IJ( a), a E
Z, a;l= 0 (lIlOd 'In). 'I'lien \I is an O[Q]-ll1odule, and thc elell1ents ry(d), cl Im
generate V C1.H an RJ{-lllOdule.

For .,. = {fIrn, a E Z, {f 1= 0 (nloel ,(1/.), we put

1 -
"11.(1") = -2"log(1 - E~J E Q,.

If X E 9 is a prilllitive Dirichlet character with conductor f > 1, we put, as
in [12], SectiOil 2,

(8.11)

Put

u(x) = L x(a)u (~) .
ß (mou n f
(a,1)=1

.,'EO
x;tl

Proposition 8.7 Let \I be as abolJc) und pul U = 0 . U C Ar.:. Tlten

(l-e.)\I=w·U.

This proposition 11101)' bc proved by the sanle argulllents as Prop. 2.1 of [12].

o

Theorenl 8.2 Thc O{G]-'lnodules T 1\"+ und U 1(+ ,0 are iso'ln017Jhic, and fOT

Wl!J X E {j, X =I 1, '/f}(; !Hwr;

where a(x) is givc7I by (7.19).



Proof. Not.e t.hat (8.11) iU(!llces (UI isolliorphi~nl

and Sp) ., = id. On the other hand, u(x) = 0 for X odd, hence wU = we+U,
where e+ = !.p. By (8.7) we have wU = we+Uo. The llHtpping Sp) lnaps
isoll1orphicCl.lly 1((1 - cd\!) onto Tf(+ allel wU onto wUJ{+. Thereforc we

have in A/\·+ the cqualit.y
(8.12) T K + = wU f(+ .

If X #- 1 is au evcn clIa.racter of 9, t.lIen we llla.y cOllsider X as a. character
of G', a.uel it follow~ frolll (7.lD) alld (8.11) t.hat ~(J.(X) = jlu(X), where It is
a root of uuity dependiug Oll t.he choice of Cx in (7.19). The Corollary of
Theorenl 7.~~ shows tlHl.t u(:X) #- 0 for any CVCIl X E Q, X #- 1, hence (8.12)
defilles a.n iSOll1Orphislll of O[G]-nlodules

and for auy such X

o

Theorenl 8.3 (Theorem. J 0/ tJI-C iul;roducf.ion). Let l\.'+ bc the '11uL:r:il1UL! real

subfidd oJ a cyclolO1nic Jiclrl /( = Q( t:m ) wdh co 11 dn cf,(H' 111.. Let {) (1(+) be
the units 0/ j{+ (UHl C+ = C nU(R:+), 'Wherc C is thc grou}) 0/ cÜ'c1t!ar units
0/ /{ rlefincrl abolJc. Thcu

und /01' (tU!! <P E «P

iJ e#- 2

i/ f. = 2, <P #- <Po

if f. = 2, <P = <po,

whcl'e b is r1cfiucd as /nllo'Ws. Lcl!J be thc nU1nber 01 distind pTinws dividing
-,n. Tlte7/. b = 0 if 9 = 1, uHd b = 29 -

2 + 1 -!J, i/ 9 > 1.
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(8.14)

Proof. Theorenl 8.2 shows that a. pair of 1110dules Ug + , 0(+ defined above

sa.tisfies 0.11 tbc conditiolls of Theorenl 7.4. Then, applyillg this theorern, we

get

1CI(l\'+), 1= (Rl\"+,o : UK+,u)-l ['TK + : G'K+] -I [U(/(+)[f] : CK +] ,

ICl([{+)"rp 1= (R./-(+,o,rp : UK+,o,rp)-1 [0(+,rp : G'K+,rp] -1 [U([{+)[f]rp : GJ(+,rp] .

By definition we have Gg + = U([(+)[f.] n 7j(+ = C+[f] / {±1}, hence

U([(+)[e] / C/\'+ ~ U([(+)[f] / c+[e].
The index Q = [C[C] : (C+[f] / {±1})] is the so called "unit index", It is

weH knowll (see, for eXaInple, [12], Sectioll '1) that Q = '1 i f !J = 1, and Q = 2
if!J 2:: 2. COlIlbilling tlJis wit.h Lenuna 8.7, we get

, {Vl(2-91 91) ifg= 1
(8.13) I/I ( [0\'+ : C/(+]) = v,(21-919 I) jf 9 > 1

{
I if 'P :j:. 'Po

[7j(+,lf' : Cg +, rp] = [ .," . C',. ] .f
I J\ +. J\ + I 'P = 'Po·

'vVe have 'RK+,o = n~, so the indices (RK+,o : UK+,u) and (RJ(+,u,rp :
UJ(+ ,u, <,p) are givell by Prop, 8.ß. COlllbining Prop. S.G with (8.13) and
(8.14), we get the assert.ion of the t.lIcorell1.

o

The next result is an iIlllllcdiate consequcnce of Theorerll 8.3.

Theorenl 8.4 Let. [{, [{+ be as in ThcOTC'III, 8.3, Let C bc f/. fixed printe, und
let k be f/. subfidd 0/ J(+ such that [[(+ : k] is 1'elntivcly ]Jrinw with f. Let
U(k) ue the unils 0 j k, unr! ]Jul C+ (k:) = C+ n [J (k), Lel 'P E <I> be a Chfl1'fLrtel'

of Ci = G( [(+ / Q) such lIutl 'P restrictcd on G( [(+ / k) 'is trivial (thus 'P m,ay
be considcTcd as (J. charader of Ci(k/Q)). 'Then

ICl (h' ) I _ { [U (k )[C] : C+(k )[ f] ] ij P. "# 2
" - 2-0 [U(k:)[f] : C+(k)(f]] ij f = 2

1
[U(I.:)[f.]rp: C+(h:)[f]rp] if C :j:. 2

ICI(klt,,,, I= [U(k)[f.l", : C+(k)[f.l",1 ;j f. = 2, <p =f- <po

2-0 {U(h:)[e]lf'O : C+(k)[e]rpo] if P. = 2, 'P = 'Po,

where b l:S as iH The01'el1l 8.3.
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Proof. Ir 'P is as above, tllen CI(h~)f.,~ = CI(J(+)f.,~, U(h:)[f]lp = U(I(+)[lJ~

anel C+(h:)[f.] ~ = C+[f]~.

o

9 The proof of Theorem 2 and some related
results

Let h; be any real abelia.n fielel. Ir h lIas cünductür rn, then k is a subfield of

the CyclütOlllic field /{ = !(111 = Q(c lll ). tvloreover, k. is a subfield of the rnax
iInal real subfield J{+ = ](;;' of !(m' Put H = G1(](+ jl.~), G = C-:(k.jQ) and

Rk = Z,[G]. In this sectiOIl we define the Illochtles Uk anel ~ für arbitrary k.
\Ve have at least thrce ways to do it.

Definition 1. Put lAll) := 7rH(Ul\+), 0.(1) = NHTK +, anel C~l) =
NHCJ(+, where 7rH is the na.tural projection Q,(G(J(+ jQ)] --+ QI[G) anel Nu
is tbe llul.pping U( J(+)0ZQf. --+ U(k)0ZQf ineluced by the Honn Illapping
NH : U(/{+) --+ U(h;).

11'01' any natural n I'In we put, as in [la], h~n = [(n n k, where [(n =
Q(cn), the cyclotolnic field with coneluctor 11.. Note that any kn is a subfield
of the lllaxilnal real subfield J(; of [(no Let 7rn be the natural projectiün

Q,[G'(J{;; /Q)] --+ Q,[G(kn/Q)], and -in: Q,(Ci(k,JQ)] --+ Q,[G] be the
Inapping defilIed by ';11(0") = L aT, where a E C-:(h:n/Q) anel 7J is any

TEG'(k/k,,)
representfltive of er ill GI. Oll the other hand, we have for any n In/, thc Ilonn

rnapping lVl\"!; /k
u

: U( J(,; )0ZQf. --+ U(kn )0zQ, and the natural inc1usion

ju : U(h:n )0zQ, y U(k)0 ZQl. The Hext definition füllows to that given in

[l~l] .

Definition 2. Put u12
) be the Rk-subnlodule of Qt[G] generated

by the grüllps in 0 7r7l (l1/\"+) für all 'n I '1H. Put ~(2) be tbe Rk-subnlOdule üf
Jl

U(k )0ZQr gellcrated by tbe groups .in 0 f\'/\·t /k .. (TK;t ) für all n lrn. Let C?)
be the Rk-sublllOdulc of U(l.:)[f] generated by the grüups jn 0 NJ{n/knC(!(n),
where C( J{n) is the gl'OUP of circular units deRned in the introductioll.
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Renlark,

(9,1 )

Not.e t.lIat U?) 2 i 1 0 7r(U~I) = s( G')Z,. Hence

(2) (2) (G')ZUk = Uk u + $ T ,.,

D fi 't' 3 P U(3).- '-I(U ll ) Q [G'] .,(3)._ ·-I(T.H )e 111 Ion, ut k .- 1'111 Ktl C ", 'k .- Jm K;t C

U(k)0ZQ" anel Cr~) := CfI+ = U(h:) n G'K+'

In wha.t f01l0W8 we shall dcnote thc Inodule U C Ql[G(/(m/Q)] defined
in Section 8 by Um, if we wish to Inake explicit its dependence on ](m' For
i = 1, 2, :3 put U~i) = 0 . ui i

) C A k and T~i) = 0 . Log(1k(i»), where Log:
.,( i) A' I fi - - I . " (8 10), k Y k IS C e ne( (LS ll1 • •

Proposition 9.1 Ld w E Al\m !Je ([$ in Prop. 8.7. Then. Jo1' i = 1, 2, ~~ we
luwr;

T (i) - UU)
k - W k'

Proof. By (8.] 2) wc have T /(+ = wU1\+, where 1(+ = J(,~. lt fo11ows frolll

Definition 1 anel t.lle identity log ·NH = SPH . log that TP) = SPHTK + anel

U~l) = SPf/ U K+' Thus TP) = SPH(wU l\"+) = w· Spu(Ug+) = wUk(l). This
proves tbe proposition for 'l = 1.

As tlle lludtiplicatioll by w in (8.12) incltlces a.n iSOlllorphisIll T/{+ ~

UK+,o, we have

T (3) TU U II - U(:3)
k = K+ = W 1\+ - W k .

Tliis proves tlte proposition for i = :3.
For i = 2 allel 1l Ir1/. put

Wn = 2: u(x)ex E A Kn ·

xE(!(1\'" I Q)
X#l

Applying Prop. 8.7 to the field J(n, we get

Ir :I: E Ai~(K/K .. ) = A/\·u, theu for any clw,ritcter X E Cf such that X restricted
Oll C/( ]{/ J(7I) is not tri via.l, we have EX • :1: = O. Beuce we havc Wn . X = W • :c
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for any :1; E A K" anel thcrefol'e T K;t = wU K;t for any TL l1n. It follows froln

Defillition 2 that T~2) is gencrated in A,(: by SpKnlk.. (T f{;t) for aU n Im. and

ui2
) is gellcrat.ed in A k by Sp f{ Ik (U f(+) for all n I'f1L As w . Sp f{ Ik (:c) =

SPf{"lk
7l
(W' :1;) far an)' :1; E Af{","W~ get " " n

o

As au illlll1cdiate callseql1cnce of Theol'enl 7.4 anel Prop. 9.1 we have

Theorenl 9.1 Let k be {/. 1'ea/ abelian fiehl. Then /01" i = 1, 2, 3 und uny
<p E <I- wc h(we

(l.7"u1

Proposition 9.2 The iHde:r; (Rk,u : utb) is deJined by

whcn;

{
IJ(([ /( : Q]) 11 i = 1

C = IJf([/.-: : Q]) ?j 'i = 2, 3

Proof. Fot' 'i = 1, 3 tolle (lssertion follows inll11Cdiately fr0111 (7.5) and (8.7).
If i = 2, tbell the a~set't.ion follows frol11 (7.5) and (9.1).

o

Proposition 9.3 Fo.,. (/. real alle/in1/, J..~ /cl U c Q[G'] I)(~ tlw 'module dcfined
by Sillllott. in [13]. ThclI wc !uwe

ui2
) = U[f.].
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Proof. As in SectiOlI 8, put m = TI p. Let Tp (resp. TIJ ( k)) be the inertia
rl m

subgrülllJ of p in Q = C--,'(J(m/Q) (resp. in G = Ci(kJQ) ). As was shown in
the prüof of Prop. 5.1 of [12], the lllodule Um is generated as a Zt[Q]-lllodule
by t.he elClIlcnt.s

pm"" := TI ..:; (1~, ) TI (I - ap ), J::;'f'::; rn 1 r Irn.
fJlr 11 1m/,..

1701' lJ I 'In put. (JI, k)* = A;le~, whcre e;, = j1~J(k)I-1 L a and Ap is any
(l"ET,,(k)

elclnent of Ci sllch that Al' 1l10d T1J (h:) is tlie Frobenills autoillorphislll for ]1 in
G'/Tp (/;:). For .,. pu put '1~,(k) be t.he COlllpositUlll in G of the inertia groups
T1'(k) für each /J dividing 1'. As was shown in Prop. 2.3 of [l~l], the lnodule U
is generated Cl.~ a Z[C;]-nlOclule by the eleillents

(jr := 8 (T,.. (k )) TI (1 - (I', kr) 1

1!lm/r

where ,. runs over all posit.ive divisors of "I'I/..

Let .,.lrr I'I1/.. vVc will prove tha.I; in 0 1rn(l'n1 T) E U. Let Tr(kn) (resp.
T"'([\lI)) be t.he cOlnposihull in GI = GI(/;~1L/Q) (res}). in GI([<n/Q)) of the
inert.ia grollps TIJ ( k,J (resp. '1~,( [<n)) for each I' elividing 1'. As the llHlpping
rr n is Cl hOllloIllorphislll of rings anel rr Tl (a1J ) = (1', knt 1 wc have

PlIt 1"1 = 'I "/7/.jn , i.e. nl,lrl = nl1'. Let. rr(n) be the nat.ural Illapping Q[G] -+
Q[G(/;:n/Q)]. Then , reCl.~olling Cl~ before anel t.aking int.o account that
rr(n) (T"'l (k)) = T,,(h~lI), we get.

(9.2) ".,,('1,,) = :i(~~~I(T,(k,,)) I] (1 - (]l, k)*) =
, 11 J! In/,'

IT"'1 (h~) I
IT,,( [{n) l1rn (/JH

,,..).

Consider the cxact sequcllce
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We have

ICi(k/ k,,) n T" (k )1 = :~: (~~ ~ 11'

Let Sc G(kjk:lI ) be a set of representatives for G(kjkn)j(C/(kjkn)n Tri (k)).
Then

. (H) ( ) _ So, () _ ITr I (k )I '" ( )
171 0 rr (b'l -. Pklk" 'Irl - IT ('_ )1 L- a (Jrt .

r "'n (fES

Thus it follows frOlll UL2) tlIa.t

. (11)(, ) _ 11~.(I(n)I·. _ ( ) _·I~·(/(n)1 '" ( )
i lL 0 rr 1't1, ,. - 11~1 (k) I SPk/k n 'Irl - ITr(k

n
) I fes a (jrl .

Hence in 0 rrn (]Jn , ,.) E {} for any n Irn, l' In. Therefore ui2
) ~ U [f].

Now we will prove that (/2 E ui2
) for a.ny l' Irn. Fut 7n = ab, where

(b, '1') = 1 a.llel a. prillle p divides ([ if a.llel ollly if ]1 divides 'f (so we have
a = .,.). Note that we ltave T,.(k) = G(kjkb ). Consider

1'/•. 1 = TI (1 - (1p).
l'lm/r

vVe have

7rb(I'I.. d = TI (1 - (1', kur)·
]I Imir

As 'Ir E Q(G]Tdk), we have qr = ITr(k)I-1 . iu 0 7f(b)('I,')' Note that

7r(b)('Ir) = [Tr(k)l' TI (1 - (p,kb)*).
pl7iT/r

Thus 7fb(j'b,d = ITr(k)I-lrr(b)('Ir)' Therefore

'I,. = h 0 rrb(]1b, I)'

This provcs that u12
) 2 U[f].

o

Proposition 9.4 The groul' ('7;.(2))2, whC'I'C ~(2) is the groul' front Definition
2, coillcidc$ 'Wah (1 - cG)(Dj{±l}), where eG = 1(,11- 1 La wu1 D 1:05 the

(TEG

9'1'0111' 0/ circula.,. 7HJ.m.bcrs 0/ k dejillcd by S'1:nnoU in [13J! Seet. 4-
Thc !Jl'OUp C[2) of Definition 2 coincitles with CI {±1}, where C is the

gr011-l' 01 circula.,. units nf k defined in [13J, Sed. 4.
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Proof. The group J) is defined a.s folIows. Let n be any integer> 1 anel let
(J. be any integer not divisi ble by n; then the nUlllber l\'J...n/k.. (1 - t:~J lies in k.
Sinnot.t elefillcs the circula.r nlllllbers D of J.~ to be the group generated in k*
by -1 aud all such elelllcnts NKn/kn(1 - t:~). The circular units C are then
defined by C = U(J.:)n D. Note thrü any :r, E D is an el.lgebraic integer, so such
:/; is Cl. Illlit if allel onIy if lVk/Q(:r,) = ±1. Thel'efore C/{±l} = (D/{±l})o.

Lenllna 9.1 LeI. D. be I.he subgroup oJ D gC7/.cnItcd by -1 und alt the e/e
lnenfs lVJ..... / k .. (1 - t::tJ fo.,. n I.,-n, and lcl D'). be ll. subgroup oJ Q. genenLted
by all vriuu:s (J llll.. The7/. thr-;rr; I:S u r!cCO'1Uposl:tioH ütf,o {he (hnxl. ]J1'(J(!uet
D ~ DI X J)"j,.

Prüof. It WelS shown in pa] that D =:> Q., therefol'e D2 C D. It is obvious

that DI C D aud DI n D'}. = {l}. Fix SOIllC n = 711'112, where (171., n2) = 1
anel Cl. prinw nUlllber jJ divieles 'Hl if allel onIy if ]J 1111.. Thell J(n = [(nI' !(U').

anel [(n'). n J.: = Q.
If 1/,1 = 1, i.e. (11" 111.) = 1, then J.~1I = Q and, taking into account that

NK,./k" (:1:) is totally positive for (tuy x E [(n, we get tltat NK .. / kn (1-€~) E D2 .

If 1/.'). = 1, then, putting E = }(,. n }{m, we have lVK"/k,, = lVE / k.. 0 NKn/E.

The direct calc1l1atioll shows t.hal; NK ,,/ E (1-E':~) E P( E), tlllls NJ(,,/k (l-€~lJ E
D I .

lf '/1.( i=- 1, H2 i=- 1, thcn, reru~iOning a.~ beforc anel putting E = ](11 n !(m,
we have f\rK,,/k,,(1- E~) = A'E/ku 0 NKn/E(l- e::). As (1- €~J is a unit in this

case, wc see that. f\'KII/E(l - €~) E P(E), thus NKfI/k(l- €~) E DI .

o

It follows frOlll LCllllna D.1 t.ha.t (1 - eG)(D/{±l}) = (1- eG)(D I /{±l}).
It lllay be checked easily thaI; (1 - er;) D 1 is gellcra.ted by the groups (1- en ) Pn

for a.1I n 1 'lU, whel'e Pll is t.he group of circlllar I1ul11bcn; of [Cq P n = Pn / Il( [(TI)

and Cu = IG(!(u/Qj-1 '""" a. By definition '0(+ = (1 - en)Pw Noting
La-, "

(TEG(K,,/Q)

t.hat. we use the lnapping NKj /k" in t.he definition of ~(2) and the luapping

NJ(II/k in thc defini tion of D, we get tha.t. (~(2))'). = (1 - ee;)( D/ {±1} ).
In order to prove the la.~t assertion of the proposition, we note that the

inclusion C?) ~ C/{±l} = (D/{±l})u is obviollS. Suppose that:c E D
and :1: (nlod {±1}) E (D/{±l})o. Then :1: cau be presented in the form
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:1: = u· TI A,!, where u E C?) allel Ap is a."i folIows. Let p~ be the greatest
111m

power of p dividing rn. For.1 ~ j ~ e put I«(j) = J(pJ' anel k(j) = k,J.
e

Then A,! is of the fOrIn Ap = TI B j , where B j = Nf{(j)jk(j)(bj) for SOllle
j=l

bj E P(]{ (j)). As the elelnents Ap are relat.ivcly prinlc in k, we get that x is
a unit if emd only if A p is a. ullit for any ]J 1 1'n. Thc grollp G(kp,,/Q) is eyclie
(the grOll» G'~" /Q) is eyclie for p = 2 ), hellee, taking illto aCCoullt that ]/ is
t.lle eXilet po\ver of lJ dividillg tbe coneluctor of k, we gct. that (/(,';" : kpi] eloes
1I0t depclld Oll j for I ~.i :s e. Therefore fol' any a E !{/!t:- we have

The Horn1 N]{(e)/ !((j) lllaps P( I<p") ont.o P( 1(,,;'). I-Ience A,) is of the fonll

Ap = lVl\'(e)jk(c) (ep) for SOllle C,1 E P( J<pt:-). Obviotlsly, A'l is CL unit if allel only

if (;'1 is a Ulli t, i.e. if c" E C( I<,!,,), Therefore Ap E ci2
). This proves the

inclusioll ci2
) 2 C/ {±I}.

o

For rp E ~ put d == IGI == [k : Q], d"" == diIllQ,rp == dinlQ,Q,[G]"", where
G = C'(/;;/Q). Put d""o = du.

Proposition 9.5 Thc 9'1'()1l]J Ck2
) lw.8 finite üule:r: in Tj.('J.) 1 und J07' any 'P E <I>

we haue
[7k('J.) : ci2

)] = 2d- 1 TI [kp" : QJ,
rl m

the product tuken ouer a/l priutcs jJ dividin.!J t.hc G01uludoT 'mo of h:. Fo.,. euch

such I', ]t de1Wt.cs I.hr; !Jl'cal,;sl ]JOWC1' oJ]J (hvidi1/.!J 1n.

Proof. It \Va.... proved in [1:1], PI'Op. 4.1 tha.1; for SOHle grollp T ~ D/{±l}
elefilleel in [1:3] we ha.ve

[( I - ec:)T : Tu] = rr [/;~p" : Q].
111 m
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It follows froIll Prop. ~).4 that

[('r;?))~ : c~~~] = [(1 - ec;)T<p : Tu,<p],

whel'c T ~ D/{±1}. Now the assertion of the proposition follows fro1l1 the
fact thaI;

o

COlnbining Theorc1l1 9.], Prop. 9.2 aud Prop. 9.5, wc get the following
result tlJat is a refinClnellt of l'heorenl 4.1 of [Li].

Theoren1 9.2 (Thco'I'(;H! 2 of lhe inll'oducf.ion.) For uny 1'ca! abcliau k we
huve

For any r.p E <I> wc Iw,vc

iJ<p = 'Pu

For .j = 1, a the autllOr was unable to COlllpute the index [7k~i~ : ct)<p]
pricisely. Nevert.heless, we have t.he following trivial result for i = 3 (the case

i = 1 llHtY be treated in thc sa.lne way, but this la.st case does not yield any
intercsti ng conseqnell ces).

Proposition 9.6 Let. k. bc aren! nbdian fielt! wilh coruludoT rn, IJ 't = 3
und f. #- 2, lhell JO'1' any <p E <I> we hrwc

[7k(3) : cI3
)] = er ,

["T~(;~) : C(3)] = (1 iJ'P i- 'Pu
k, <p k, <p er iJ 'P = <pu,

wherc er' /8 lhe P01OC'I' of f. divir!ing lhc onlc1' of 9 = G( [(m/Q).
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Proof. Put J{l/I = }(. \Ve lia.ve '0f+/Cf\!+ ~ 'TK+/C1.;+. Note that for

f. =1= 2 we have CK + = C( J() [f.] allel Gf!+ = cy). TllUs t.hc proposition follows
inllneeliatcly [rOll) Lenltna 8.7.

o

Theorenl 9.3 Fo'/' auy 'real abdiau k mHl /01' f =1= 2 Wf~ !luve

whe1't~ C = I/,([k : Q]) UHr! e" dillides I,he dC!l1'fx [J{ : Q].
Fol' un!} 'P E cI> 'Wc Iw,oe

(9.a)

Proof. Follows inllnediat.e1y f1'0111 Theorenl 9.1, Pro}). 9.2 a.nd Prop. 9.6.

o

Theorenl ~LJ ilnplies t.he following intcresting conscquence:

Theorenl 9.4 Let f{ = J{l/I and k = ([{+)H, whc1'e J-J is u cyclic SUbgl'oUp
01 C;( }{+ /Q) such Ihal, lJ n T,. = { 1 } /01' uny r'lrn, 'I'. =1= 171, flnr! T,. being as

ill Th(~{Jrc'111, 8.1. Let 9 :2: 2 be I,he 1l1/.1nbcr 0/ distinct. p1'üne divis01'S 0/1lL

For e=1= 2 pul t = 1/,( IH I). Thell

Proof. 'vVe ha.ve Um = U,~ ffi U,:. By Lenltlla S.~1 U,~ is a COhOlllological1y

trivia.l 11-illodllie. Thell it follows froll1 Theorell1 8.1 that 1/,( (Uk3
) : R k )) =

l/f((Ui~~o : Rk,'PO)) = 1/f.((U,~)H: R;.;) = 2y
-

2t. We have that p'r-c dividcs 1111.
ThliS the theorell1 follows froll1 (9.:3) anel the fact that the index [U(k)[f]'P :
Ck~~] is an integer.

o
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Corollary. Let A:u be t.he lnaxilnal f-extension of Q cOlltaining in k, where
k. is a.~ in Theol'eJll 9.4. Then

Indeed, we have ICI (h:o)' 1 = CI( k )f,~o'

Proposition 9.7 Ld l 1)(: n positive integer. 5'7Jp])()Se thu/. J01' nny ]J1'iule
]J 1111. mc lwtJc r.p(jr) == 0 (lllOd pt), whcre f is nn odr! prhne and r..p(J,e) is

the Eu/cl' fUHetioll, ,:. c. p == 1 (Iuod f,t) iJ p f:. fund e 2:: t + 1 iJ]I = e.
Then therc c:r.isls a 8ubgnJ'fJp I1 C Ci( }(mJQ) such llw.t fl n Tr = {I} fOT'

unlj .,.1 rn, r =j:. In.

Proofo Choose for any p 1 n~ an elelnent O"Jl E Tl) of the exact order et anel
put fI =< (]' >, whel'e (]' = TI a p '

11 1m

o

Theoren1 905 Lr'/' !( = I\:m be u cyclOt.Ol1lic field such that for fL given t we
luwc r.p(pt:) == 0 (lllOd fi) for UHy ]J 1 '11/., whr...re ]/ 1:8 the g'l'catesi pOWel' OJ]J
flivirling nL Thcn. 1/1(; IW,lle

Proof. By PrO». ~J. 7 we cau filld a ~ubficld k C 1{7~ such that the group
EI = G(!(1~Jk) ha~ a.n order pt and satticfies thc conditions of Theore111 9.4,
If thc order of CI(k )~O is divisible by fU for S0111e (l, then therc exists an
abelian unraulified f-cxtcllsion /\1Jk of elegree divisi ble by fU such that M
is Ga.Iois over Q anel G'(/\lfJk) = G(JVIJh~)r,po' Thell the degree of MI(T~J/(T~

divides t l
-

f
• Bence .

o

Corollaryo Let f. he odel. If the JIl1Jllbcl' 9 of distinct. prinlc divisors of 'In is
2:: 4, tben tlle field 1(1~ lias Jlontrivial f.-class group. Let }{o be the ruaxiJllal

f-extellsioll of Q containillg in }{r~. Then /(0 has nontrivial i-class group.
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10 Concluding remarks

The groups Tt(A:co)(U) l11a.y be considered as ana.logs of f-ela.ss groups of func
tioll fielel. Thus we have

Prablenl 1. For giVCll rea,1 aheliall A~, is the grau» II1,(kco )(Q) finite , in
I

at.lIer ward~, are t.he groups T!(A~oo) trivial for all but finitely Inany e?

Note that the praaf of Theoreln 3.2 given is Sect.a is rather cOInplicated.
It. seelllS tllat one etUI silllplify t.his proof, USillg 11letlIods of Kolyvagin (see[9]).
011 t.lIe ot.lJer ha,nd, R.Greenberg cOlljectured in [2] that T,(koo ) is finite for
any t.otally real field A:. lf t.his cOlljecture is true, t.hell we can cleduce Theo
rein ~~ illllllediat.ely frOll1 Prop. 4.:3. tvlol'eover, we have

Theorenl 10.1 Supposc I,hal, G1'cenherg '8 conjeetu1'C 'wlrls tl'ue f01' koo / k.
Thcn fo'l' UHy illt.e'l''/Iwfhat.c 8ubfield krq koo J kn J k Wt !tave fOT (LU s1Lffi
ciently la:ryc n

Problell1 2. Does Theorelll 10.] hold for any real abelian k?

Prablenl 3. Gellera.1ize Theorerl1 G.] to the case of relatively abelian
ext.ensions.

Note tho.t stich Cl. gcneraliza.tion, if it exists, needs SOllle generalization of
Gauss SllI11S []x.

It ShOldd be lllentiolled that Theorenl 7.1 a.llel its proof stay valid for any
totally real k.

Prahlenl 4. Genera.lize Thcorelll 7.t to any algebro.ic lltllllber fiele!.

Not(~ tlJat we dedllced Theorem ~}.4 anc! Theorenl D.5 fro1l1 SOllle calcula
tions Oll cohOIl1ology grollps of U. 'vVe Inay ask whethcr there are any other
interestillg eXiLrnples of su bgroups II C G'( J(m /Q) tha.t yield other nontrivial
divisibility conditiollS for t.he dass group of cyclot0I11ic fjelds.
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Filla.lly, we note t.hat. the nlost interesting problelIl is to generalize the
results of this paper to other fields Itaviug a systelll of special units, such aB

a,belian extensions of ilnaginary quadratic neids.
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