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LOOP EQUATIONS FOR GROMOV-WITTEN INVARIANTS OF P!
GAETAN BOROT AND PAUL NORBURY

ABSTRACT. We show that non-stationary Gromov-Witten invariants of P! can be extracted from open periods
of the Eynard-Orantin topological recursion correlators wg» whose Laurent series expansion at co compute the
stationary invariants. To do so, we overcome the technical difficulties to global loop equations for the spectral
x(z) = z+1/z and y(z) = Inz from the local loop equations satisfied by the wg,, and check these global loop
equations are equivalent to the Virasoro constraints that are known to govern the full Gromov-Witten theory of IP'.
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1. INTRODUCTION

The Gromov-Witten invariants of P! were expressed as expectation values of Plancherel measure by
Okounkov and Pandharipande in [14]. This viewpoint naturally led to the conjecture that the Gromov-Witten
invariants of P! satisfy topological recursion applied to the complex curve defined by a dual Landau-
Ginzburg model [13], proven in [5] using a completely different point of view. Topological recursion, defined
in Section 3, produces a collection of meromorphic multidifferentials wg,, on a complex curve via a recursive
relation between the expansion of wy,, at its poles and the expansion of w ,,» for 29 —2+n' <2¢—2+nat
their poles. This relation at the poles takes the form of Virasoro constraints which we will call local Virasoro
constraints. The Gromov-Witten invariants of IP! already satisfy Virasoro constraints, conjectured in [6]
and proven in [15], which we will call global Virasoro constraints. Until now the direct relation between the
local and the global Virasoro constraints has been missing. This paper fills this gap, showing that the global
Virasoro constraints satisfied by Gromov-Witten invariants of IP! are a consequence of the local Virasoro
constraints that constitute topological recursion.

The genus g connected Gromov-Witten invariants of P! with # insertions are defined as

n . d B n b s
(1) < H Tbi >g - /[Mgm (]Pl,d)]vir }:[ lpi evi (,)/Dti) ’

i=1 1
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where d is determined by )\ ; b; = 2¢ — 2 + 2d and hence sometimes omitted from the notation. The
cohomology classes 7; are chosen to be either the unit 79 = 1 € H’(P!) (non-stationary insertion) or the
dual of the class of a point 71 = w € H?(IP!) (stationary insertion). The 0-point invariants vanish except for
1= f[ﬂo,o(ll’l,l)}"ir 1 so we consider only n > 0. The generating series of stationary invariants

n n (b 4 1)!
@) Qg n(x1,...,x0) = Z <HTI},> H(xb_j_—ﬂ)

by,...by>0 " i=1 8i=1

is analytic in a neighbourhood of x; = o0 and for (g, 1) # (0, 1) it analytically continues to a meromorphic
function on 8", for S =2 P!, via the substitution x; = x(z;) = z; + 1/z;.

In order to prove the Virasoro constraints satisfied by the Gromov-Witten invariants of IP!, we represent
(I, TZ? i )g as periods, or contour integrals, of the rational functions defined in (2). The computation of these
invariants as periods is expected from mirror symmetry. The stationary invariants were already known to be
given by periods of rational functions, and what is new here is representing the non-stationary invariants
as contour integrals of the same rational functions. By construction, Qg (x1,...,x,) stores the stationary
invariants via

n n
3) (11 >g = Q T} [Qgndy - dy],
i=1 i=1

where the linear functional Z} is a contour integral defined on a meromorphic 1-form f by

1 b+
4 Zyf] = — Res ——— f.
We show how Qg ,(x1, ..., x) also stores the non-stationary invariants via contour integrals. The contours
involved are now non-compact, so we need to first develop the main technical tool introduced in this paper,
which is a collection of regularised contour integrals. Theorem 1 exhibits the non-stationary invariants
as regularised contour integrals of the analytic continuation of () ;. It is rather interesting that the non-
stationary invariants use the global structure of the analytic continuation.

To state the result, we distinguish S = P! with coordinate z, and & = P! with coordinate x. If fisal-form
on S without poles at oo, we introduce for b > 0

with the standard determination of the square root having a discontinuity on R . We then define R;[f](x) =
Ry[f](Z(x)) which is a 1-form on S \ [—2,2]. Notice that R;[f] behaves as O(x~(**1)dx) when x — 0 and
behaves as O(x~"dx) when x — co. This remark shows that the following definition is well-posed

ico yb —ico yb |
®) 717 = tim (22 me = [T Rl - [ Rl —ie) )

e—07t

When b = 0 we set Z!; = 0. In Section 5.1 it is proven that Z)[f] = — [, y ’Z;—l: f for a certain class of 1-forms f
on S, where 7y is a contour from z = 0 to z = oo (the two points above x = o). Rather generally, Z{ satisfies a
formula of integration by parts. Hence we consider the linear functional Ig to be a regularised integral. We
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actually extend the definition of Ig to 1-forms with poles or other singularities at co such that the integration
by parts is still satisfied.

For 2¢ —2+n > 0, define wg (21, ..., 2x) to be the analytic continuation of Qg , (x1,...,x,)dxy - - - dx,
to 8" where x; = z; +1/z;. Equivalently wg (z1,...,2z,) is rational with expansion around z; = co given
by Qg (x1,...,%,)dx; - - - dx,. The fact that Qg (xy, . . ., Xx,;) analytically continues to a rational function is
a consequence of topological recursion proven in [5] — see Remark 3.2 — or topological recursion relations
obtained by pulling back relations in H* (Mg, ,) to relations in H* (Mg, (IP?,d)) [12] which are satisfied quite
generally by Gromov-Witten invariants. We expect that it can also be derived from the semi-infinite wedge
formalism of Okounkov and Pandharipande [14].

Theorem 1. For2¢g—2+n >0,by,...,by > 0and ay,...,a, € {0,1}

©) <1‘[T§;> _ (@zg;)wg/n.
i=1 g i=1

In the case (g,n) = (0,2), replace wy» in (6) by

d21 de 1 led22
z21-2)?  2(1—z1z)?’

1
Wi (z1,22) = 31
and for (g,n) = (0,1) we have
dz
()0 —Ib+1[ } :

Remark 1.1. Integrals of differentials over compact and non-compact contours appearing in work of Dubrovin
[3] were used in [4] to produce correlators of cohomological field theories such as Gromov-Witten invariants.
That paper considered only primary invariants, corresponding to Z, where the contour integrals do not
require regularisation. Our technical contribution is a rigorous definition of the integrals over non-compact
contours.

Define the partition function which stores Gromov-Witten invariants by

Zw ) =exp (T
gn,by,....by>0
0q,...,0,€{0,1}

781

(1) 1T )

Define the Virasoro operators L, for n > —1 by

(n+7)! 0 (n+j)! o O
Ly = —(n+1)! + oy g, H O
at?z+1 ]gl ]_ 1)' ]atg—&—] ]; (] - 1)! e ! ]at'}l-ﬁ-] 1
(n+j+1)! 0
(7) +Z | ]atl
j=>0 n+j
2 1)'H, 0
—2(n+ ) n+1@
= . d -1 0\2 | #—1 0,1
+1 Y (DN —j— 1) g ——— + 1 8u0(tg)” + 1 6y, —1t0tg,
= 8t ot} i2

where Hy = E;-‘Zl % We give a new proof of the following theorem of [15].

Theorem 2. The partition function Zp: ({t{ }) satisfies the Virasoro constraints

Vi > -1, Lp-Zpi({£8}) =0.
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We derive the global constraints of Theorem 2 from the local constraints of topological recursion, by
moving the contours from poles z = +1 to z = co. The difficulty which we overcome is the handling of the
log singularities in the spectral curve, via an asymptotic expansion result for the Hilbert transform found in
[11]. The definition of the regularised integral (5) appears as a byproduct of our analysis. We expect that
our method generalises to more complicated spectral curves with logarithmic singularities, in particular to
certain types of Hurwitz numbers and Gromov-Witten invariants for some other targets.

The Virasoro constraints for Gromov-Witten invariants have been proven in some generality by Givental
and Teleman [8, 16]. The Virasoro operators can be obtained from conjugation of local Virasoro operators
by operators that reconstruct the partition function of the Gromov-Witten invariants from the partition
function of Gromov-Witten invariants of a point. However, it has not been shown that the global Virasoro
operators obtained in this way coincide with the Virasoro operators defined in (7). The work of [5] showed
that topological recursion is equivalent to this reconstruction of Givental and Teleman. Hence one would
expect that the global Virasoro constraints of Theorem 2 can be derived directly from the local Virasoro
constraints. Our result essentially exhibits this conjugation via moving contours.

The paper is organised as follows. In Section 2 we recall the definition of descendant and ancestor Gromov-
Witten invariants which are needed in the proof of Theorem 1. In Section 3 we review the topological
recursion and its application to Gromov-Witten invariants of IP* proven in [5], and derive a preliminary form
of the global constraints from the local ones. Section 5 develops the regularised integral and its properties
which is the main technical tool of this paper. Section 6 contains the proof of Theorem 1. In Section 7, we use
the properties of the regularised integral and the aforementioned preliminary global constraints to produce a
new proof of Theorem 2.

Acknowledgements. This work was initiated during a visit of G.B. at the University of Melbourne supported
by P. Zinn-Justin, which he thanks for hospitality. G.B. also thanks Hiroshi Iritani for discussions on mirror
symmetry, and acknowledges the support of the Max-Planck-Gesellschaft. Part of this work was carried
out during a visit of PN. to Ludwig-Maximilians-Universitdt which he thanks for its hospitality. P.N. is
supported by the Australian Research Council grants DP170102028 and DP180103891.

2. GROMOV-WITTEN INVARIANTS

2.1. The moduli space of stable maps. Let X be a projective algebraic variety and consider (C,x1,...,x,) a
connected smooth curve of genus g with n distinct marked points. For d € Hy(X,Z) the moduli space of
maps M, (X, d) consists of morphisms

f:(Cuxy,.o,xn) > X

satisfying f.[C] = d quotiented by isomorphisms of the domain C that fix each x;. The moduli space has a
compactification Mg (X, d) given by the moduli space of stable maps: the domain C is a connected nodal
curve; the distinct points {xl, .., xn} avoid the nodes; any genus zero irreducible component of C with fewer
than three distinguished points (nodal or marked) must be collapsed to a point; any genus one irreducible
component of C with no marked point must be collapsed to a point. The moduli space of stable maps has
irreducible components of different dimensions but it has a virtual fundamental class, [Mg (X, d)]"’, the
existence and construction of which is highly nontrivial [1], of dimension

(8) dim[ My (X, )] = (c1(X),d) + (dim X —3)(1 — g) +n.
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2.1.1. Cohomology on Mg, (X,d). Let £; be the line bundle over Mg, (X, d) with fibre at each point the
cotangent bundle over the ith marked point of the domain curve C. Define ¢; = ¢1(£;) € H*(Mg,(X,d), Q)
to be the first Chern class of £;. Fori € {1,...,n} there exist evaluation maps

evi: Mgn(X,d) — X, evi(f) = f(xi),
so that classes v € H*(X, Z) pullback to classes in H* (Mg, (X, d),Q)
evi : H'(X,Z) — H*(Mgu(X,d),Q).

The forgetful map 7 : My ,(X,d) — Mg, sends the map to its domain curve with possible contractions of
unstable components.

The Gromov-Witten invariants are defined by integrating cohomology classes, often called descendant
classes, of the form
b:
T, (7) = i'evi(7)

against the virtual fundamental class. The descendant Gromov-Witten invariants are defined by:

“ a; ! L = b . x
Y <H E > - /[Mg,n (X,d) i E vievimm)-
Forany I C {1,...,n}, we use the convention Tgl =TLicr Tii. When X = {pt}, Mg.(X,d) = Mg, is the
moduli space of genus g stable curves with n labeled points, equipped with line bundles £; with fibre at each
point the cotangent bundle over the ith marked point of the domain curve C and ¢; = ¢1(L;) € H*(Mgu, Q).
For2g —2+n > 0,let §; = m*; € H*(Myn(X,d), Q). The ancestor Gromov-Witten invariants use the
classes ¢, in place of ¥;:

n d n
(10) <HTh,-(%')> = /7 [1%/evi(r).
i=1 [ 1

g Mg (X d)Vir i

They are defined only in the stable case, i.e. when2g —2 +#n > 0.

2.2. Specialising to IP!. We now only consider the target X = P!. Let 79 € H°(P!,Z) be the unit and
71 € H*(P', Z) be the Poincaré dual class of a point. For brevity we denote 7f := 1, (74). The degree d € N
of the Gromov-Witten invariants { [T}, T;]xl_ i>g is determined by Y | (b; + «;) = 2¢ — 2 + 2d + n coming
from (8). Insertions of 7; are called stationary Gromov-Witten invariants of IP! since the images of the
marked points are fixed, and insertions of -y are called non-stationary. The ancestor invariants of P! use
the analogous notation < I, ?gl’ >g. We introduce the descendant partition function in the variables ¢} for
a € {0,1} and k € N by
hgfl n

n
(11) Zpi (b, {t}) = exp ( Y ! <HT1‘7X11> Htgj) ’
8,n,b1,~--,b;120 ’ i=1 g i=1
0q,..,0,€{0,1}
2¢—2+n>0

and the ancestor partition function using the variables f:

. B hg—l no n —;
(12) Zp1 (1, {T}}) = exp ( y (TT=) t‘;) .
gnby by >0 T Vil i
ay,..,0,€{0,1}
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The descendant invariants uniquely determine the ancestor invariants. They are related by an endomorphism
valued series S(u) = Y y>0 Sk u¥ known as the S-matrix, by the linear change

Bo= L (Som)bte-

k>m
pe{o1}
Equivalently
(13) = L (Sen)iTh
m<k
ae{0,1}

when evaluated between (-), so for example the 1-point genus g invariants satisfy
(tf)s = L (Se-m)(Thls -
m,x
It is proven in [10] that
st 1% — 7 o
(14) ZX(h/ {tk}> - ZX(h/ {tk})hﬁ: gk(sm*k>gtgl 7
where Z§ (T, {t{}) is the stable part of the descendant invariants, i.e. it excludes the terms (g,7) = (0,1) and
(0,2) in (11).

3. TOPOLOGICAL RECURSION

3.1. Definition. Topological recursion [7] takes as input a spectral curve C = (S, x,y, B) consisting of a
Riemann surface S, two meromorphic functions x and y on S and a symmetric bidifferential B on S2. We
assume that each zero of dx is simple and does not coincide with a zero of dy. The output of topological
recursion is a collection of symmetric multidifferentials wg, € H(Kg(xD)X",8")®n for g > 0and n > 1
such that 2¢ — 2 +n > 0, which we call correlators. Here D is the divisor of zeroes of dx = 0. In other words
the multidifferentials are holomorphic outside of dx = 0 and can have poles of arbitrary order when each
variable approaches D.

The correlators are defined as follows. We first define the exceptional cases

wo1(p1) =y(p1)dx(p1) and  wo2(p1, p2) = B(p1, p2)-

The correlators wg , for 2g —2 +n > 0 are defined recursively via the following equation.

(15) wgn(pr,pr) = ). ResK(p1,p) |wg—1u41(p,0u(p) 1) + Yo Wiy (Popy) @iy (0a(p), ppr) |-
dx(w)=0"" heg
Juj'=I
Here, we use the notation I = {2,3,...,n} and p; = {pjl,pjz,...,p]-k} for ] = {j1,j2,---,jx} € I. The
holomorphic function p — 0, (p) is the non-trivial involution defined locally at the ramification point «
satisfying x(0x(p)) = x(p). The symbol o over the inner summation means that we exclude any term that
involves wy ;. Finally, the recursion kernel is given by

K(p1,p) = Jonp) @02(p1°)

1, =5 .

PP 2Ty ()~ y@ () lax(p)

The recursion only depends on the local behaviour of i near the zeros of dx up to functions that are even with

respect to the involution. Hence it only depends on dy. Below we write a spectral curve (17) in terms of dy.

For 2g — 2+ n > 0, the multidifferentials wy . (p1, ..., pn) are meromorphic on S" with poles at p; € D.
They can be expressed as polynomials in a basis of differentials with poles only at {p | dx(p) = 0} and
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divergent part odd under each local involution ¢,. We denote ¢} such a basis indexed by k > 0 and zeroes «
of dx. Once a choice of basis is made, we define the partition function of the spectral curve C = (S, x,y, B) by

hs—1
C I
(16) z (h,{f%})=exp< >OZEI>1 o Wen 5?—&”:)-
Sy 2400

3.2. Relation to Gromov-Witten theory of IP!. Dunin-Barkowski, Orantin, Shadrin and Spitz [5] proved that
for a particular choice of basis {&¥(p)}, the partition function Z€ (%, {#*}) coincides with the partition function
of a cohomological field theory. In particular, they showed how to realise in this way the cohomological field

theory encoding Gromov-Witten invariants of IP!, which corresponds to the spectral curve
1 dz dzp dzp
17 Cor = (P x= S dy=-—B= 1722
17 r ( YRR TS (21—22)2>
For 2¢ —2+4n > 0, the associated correlators wg , have poles at D = {—1,1} and the global involution
z — 1/z realises the local involutions ¢ 1. The aforementioned basis of 1-forms is defined by induction for

k>0anda € {0,1}

as) () = —d (%{f) ,

from the initial data {* ; (z) = z~* dz which are not part of the basis.

Remark 3.1. The }(z) for k > 0 are odd under the involution because they are unchanged if we replace
¢*,(z) with its odd part

a,0dd _(x 1-a %
(19 o) = (2) z

Theorem 3 ([13] for ¢ € {0,1}, [5]in general). For2g —2+n > 0, Qg (x(21),...,x(zy))dx(z1) ® - - - @ dx(zn)
initially defined as a formal series near z; = oo analytically continues to a symmetric multidifferential on S", which
coincides with the correlators of the topological recursion for the spectral curve (17). In particular,

n
(ITet) = 2o,
i=1 g
|

For 2¢ — 2 +n > 0, each correlator wg,, of Cp1 is a polynomial in i (z). Using the basis in (18), the
topological recursion partition function of the spectral curve Cp1 coincides with the ancestor partition
function (12) of the Gromov-Witten invariants of IP1.

Theorem 4 ([5]). Let wg , be the correlators of the topological recursion applied to the spectral curve C defined by (17).
Then

— —n g—1
2o Ad) _ ze (s, (1)) = exp X hf.“’g/” Gi=t
Zp1(1,0) §20,n21 1 c
2¢—2+n>0

Theorem 4 states that the coefficients of the differentials ¢, and ¢}, correspond to insertions of stationary
ancestor invariants ?21, respectively ?}n. To retrieve the descendant Gromov-Witten invariants from the
correlators wg , one must understand elements of the dual of the space of meromorphic differentials on the



8 GAETAN BOROT AND PAUL NORBURY

spectral curve which can be naturally realised as integration over contours on the spectral curve. The next
section is devoted to technical aspects of integration over non-compact contours which need regularisation.

Remark 3.2. The proof of Theorem 3 in [5] uses Theorem 4 together with the linear functionals I,} which
are shown to encode the S-matrix coefficients required to produce stationary descendant invariants. An
immediate consequence is that the Taylor expansion of wg,n(zl, ..., zy) around z; = co with respect to the
local coordinate 1/x(z) gives Qg ,(x1,...,X;)dx; - - - dx, when 2g —2 +n > 0. In particular this gives a
proof that there is an analytic continuation of Qg , (x1,...,%,)dxq - - - dx, to a rational curve.

3.3. From local to global constraints on multidifferentials. Let wy , be the multidifferentials of the topolog-
ical recursion for the spectral curve (17). We choose the determination of the logarithm to have a branchcut
oniR_, and such that In(1) = 0. With this choice, y(z) is holomorphic in the neighborhood of z = +1.

The topological recursion is such that for any ¢ > 0 and n > 1, wg,, satisfy the linear and quadratic loop
equations [2]. The linear loop equations is a symmetry property with respect to the involution z — 1/z

_ dx(zy)dx(z2)
(20) wWen(z,22, -, 2n) + wWgn(1/2,22,...,20) = 0¢,00n,2 (@) —x(@)?

The quadratic loop equations state that, for I = {2,...,n} and denoting dx(z;) = [T/L, dx(z;),

1
(21) Qg,n(z} Z]) = 7dx(z)2 <wg—1,n+1 (Z,l/Z, Z]) + . ; wh’1+|]|(2, z])wh/,1+|]/|(1/z, Z]/))
+h'=g
Juj'=I

is holomorphic in a neighborhood of z = +1. These two sets of equations are (by definition) equivalent
to the local Virasoro constraints mentioned in the introduction. We would like to derive from them global
constraints, which concern the Laurent expansion of g, , at x(z) = co. We use the following notation.

Definition 3.3. If f is a 1-form

f(z) Inz
22 A = Res 22
22) A = L RS xe
o) d VATV
(23) LIfl(z,2) = 20§ (z1,2) féi) —d; (xlflxl féz}) '
where 1
w§d(z1,20) = 5(”0,2(21122) —woa(1/21,72)) = w§(1/21,1/ ).

The following result gives a prelimiary form of global constraints, which will be exploited in Section 7.

Lemma 3.4. Assume2g—2+n>2. LetI:={2,...,n}and foranyi € I, set I; := I \ {i}. We have

We—1,n+1 (z1,21,21)
dx1

Alwgn (-, 21)] (x1) dxg = éﬁ [wen-1(-,21,)] (z1,2:) +

N i Wy 147 (21, 21) Wi 14| (21, 2p1)
h / dxl
+h'=g
Juy'=I
Here, °° means that the terms involving w1 and wy > are excluded from the sum. For (g,n) = (0, 3), we have
20§34 (21, z2) w§3 (21, 23)
dx1

dx; w§¥(zp,23) dx; w§¥(zp,23)
+d» . +ds : .
X1 — X2 dXQ X1 — X3 dX3

Alwos(- 2, 2)|(x)dy = —
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For (g,n) = (1,1), we have Alwy1](x1) dx1 = —wop(z1,1/27).
Proof. Since g, is holomorphic in a neighborhood of z = +1 we have

(24) 0= )  Res dx dx(z)

a:71,1 P x1 . X(Z) Qg,n (Z/ ZZ/ e /Zn) 7

for2¢ —2+n > 0 and x; # £2. To prove the lemma we are going to compute separately the contributions
of the various terms in the right hand side of (24).

Stable terms. We observe that
(25) we 1,141(2,1/2,21) = —wgn(2,2,21) = weu(1/2,1/2,21),

and wg_1,11(2,2,21) € O(dx(z)?/x(z)*) when z — oo. Therefore, after division by (x(z) — x1)dx(z) this
expression has no residues at z = 0 and co. We compute

A(g—l,n—l—l) — 2 Res dxq Wg—l,n-‘rl(zr 1/z, ZI)
&n ) L = X —x(2) dx(z)

dX1 wg—l,n+1 (Z/ 1/Z/ ZI)
= Z Res
z=a x(z) — xq dx(z)

a=z1,1/71
2wg 1n+1(21,1/21, 21)
dx1 !
noticing there are no contributions from 0 and co when moving the contour. In case (g, 1) # (1,1) this is also
equal to

le=1n+1) _ 2wg—1n41(21, 21, 21)
g dxq
Likewise if h + ' = gand JU ] = I such that2h —2+ (1 +J|) > Oand 2k’ — 2+ (14 |]'|) > 0, we
compute

ACDT) Res de; Wiz 2wy 14y (1/2,2y)
&m T = - dx(z)
g == ¥~ x(2)
2wp,14(y) (21, 2@y (21, 2p) 200045 (21, 21) W a4 (21, 2p7)
dx1 dx1 ’

The (0,2) x (g,n — 1) term. Assume that (g,n) # (0,3). Fixi € {2,...,n} and let [; = I\ {i}. We would
like to compute, following the previous steps,

Alen=1) . _ Y Res dy;  weu-1(z 21)wo2(1/22i) + wgu-1(1/z, 21, )wo2(2, 2i)
gn =

W = xp = x(z) dx(z) ’

but there are two notable differences. Firstly, there is a shift in the antisymmetry relation for wg»
dx(z)dx(z;)
(x(2) = x(z:))*

Secondly, the presence of wy » creates a pole at z = z; and 1/z;. We obtain

wo2(z,zi) + wop(1/z,2;) =

. dx(z)dx(z;)
AgD 3 Res 911 —2wgn1(2, 21)wo2(2,2i) + Wen-1(2,21) Gy

a=z;1/z0 /21 = " x(z) —x1 dx(z)

dx(z)dx(z;
— Y Res 23 ~200g-1(3,21)00(2,2) +0gn1(2 1) TR

a=z;,z; * ¢ x(z) - X dx(z)
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since the integrand is again invariant under z — 1/z. There is a double pole at z = z; and a simple pole at

z = z1. We obtain

(gn—-1) . wg,nfl(zl) dx wg,n71(21, in) B ‘ ﬂ
A(g/”) = 2d; < dxl-(xl — Xl‘) +2 dxq ZWO,Z(Zl/Zz) N (xl - xi)z
B ' wg,n,l(zl) dxq B N ) Yen—1 (er ZI,-)

= 2d; < dxi(xl — xi) 2((4}0/2 (lezl) wO,Z(Zlf 1/21)) dx;

. wg,nfl(zl) dx

= 2di<daq(3q—x,-)) +2wo2(1/21,zi)wgu-1(21, 21;) +2wo2(21, 2 )wgn—1(1/21, 21,)

(0,2) x (0,2) term for the (0,3) case. We have to consider

402,02 _ Res dx;  wo2(z,22)wo2(1/2,23) + wo2(1/2,22)wo (2, 23)
03 = e
, P PR e x(2) dx(z)
d , 1/z,
~ Y Res X1 woa(z,22)wop(1/2,23) (2 o 23)

L = x = x(2) dx(z)

+ (Zz <~ 23).

= Z ReS dxl wo,z (Z, Zz)wO,z(l /Z/ Z3)
a=z1,1/21,22,1/23 z=a x(z) — X1 dx(z)

In the first term, we have a simple pole at z = z1,1/z; and double poles at z = z; and z = 1/z3. Using
wo2(1/z,23) = wop(z,1/23), we get

A((]03’2)’(0’2) _ woa(z1,22)woa(1/21,23) + woa(1/21, 22)woa (21, 23)
dx1

+d2<dxl wo,z(Zz,1/23)> ds (dx1 wop(z2,1/23)

<~ .
dx, Xy — X1 dxs X3 — X1 ) (22 23)

This can be written in terms of the odd part of wq»

a0202) _ 208 ER)er Guz) |l o E2E)Y |l @5y (E22)
03 dx; 2\dvs x -1 S\dxs  x1—x3
dx1 de dX3 _d ( dx1 dX3 ) _d ( dx1 de )
20x1 —x2)2(x1 —x3)2 2\2(x1 — x2) (32 — x3)? *\2(x1 — x3) (22 — x3)2

+(Zz — 23)

4w8%d(z1,22)w8021d(21,23) dx; a)g‘%d(zz,zﬁ dx, wggd(zz,z?,)
= —— . +2dy [ -— ———— ) +2d3| —— ——— ).
dxq dx, x1—2x

dxs x1—x3

The (0, 1) terms. The last term is

A0 (gm) Y Res dy;  wen(z, 21)wo1(1/2) + wen(1/z, 21)wo 1 (2)
gn TS = v —x(2) dx(z) ’

Using the involution z — 1/z and recalling that w1 (z) = Inzdx(z), we rewrite it for2¢ —2+n > 0 as

©O1),(gn) _ dx;  wgn(z zn)won(z) .
(26) Ag,n = -2 a:;,l 1}293 X — X(Z) dX(Z) = 2./4 [wg,n( , Z[)] (xl)

This exhausts the study of the terms contributing to (24). Summing them up concludes the proof of the

Lemma. O
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—ioco

FIGURE 1. The integration contour in S (the z-plane).

4. PROPERTIES OF A AND L

The contribution of unstable ws in the global constraints of Lemma 3.4 is more complicated than the others
and need special care. This technical section establishes their properties, that will be used in Section 7.

4.1. Laurent expansion of A[f]. We are going to compute the Laurent series expansion of A[f](x1), defined
in (22), when x; — oo, where f is a meromorphic 1-form on S with poles away from z = 0, co and such that
f(2) + f(1/2) = 0.

Let us assume Re x; > 0 and move the contour (see Figure 1). It will surround the poles at z = z; and
1/z1 — which give equal contributions and which we handle as in the previous paragraphs — as well as the
cut of the logarithm for z on the nonpositive imaginary axis, together with a half-circle arbitrarily close to
0 and an arbitrarily large circle. When z goes to co in C \ iR_ we have f(z) € O(dx(z)/x(z)?) since f has
no pole at co. Therefore the integrand in (26) behaves as O(|dz| |z| 2 In |z|) and the large circle pushed to co
gives a zero contribution. By symmetry z — 1/z of the integrand the same is true for the contribution of the
half-circle pushed to 0. The discontinuity of In z on its branchcut, from right to left is then —2isr. Therefore

i) = 2 i (a4 L) gy [T SO

dxq dxy x1 — x(z)
__2f(z) L =) R R WAC))
- _?11 In (x(z1)/21) + dn, Inx; — (/0 + /. )xl—x(z)

We use z — 1/z convert the first integral from 0 to —i into a integral from +ico to i in the z-plane. This also
multiplies f(z) by a minus sign according to (20). The resulting integral in the z-plane is then equivalent
to the integral over the positive imaginary axis in the x-plane. The second integral from —i to —ico in the
z-plane is equivalent to an integral over the negative imaginary axis in the x-plane. We therefore obtain

Afe0) = =22 i (et 20) + 2 = ([T ) L2

The integrals are closely related to the Hilbert transform, defined for a function F : R>9 — R and with
® F(u)du
v+u

H[F](v) ;:/O
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Namely, we have with F(x) = f(Z(x))/dx

@A) =~ i (x@)/m) + 22 4 WG] ) + 2R ) i)

To obtain the asymptotic expansion of the last terms we can rely on the following result

Lemma 4.1. [11] Let F : Rso — C such that, for any integer b > 0

b+1

R = 1 S, s a0 <6

for some ny € (0,1) and Cy > 0. Then for u — oo away from the real axis we have

H[F](u) = (bf (—1)ﬂfa> +b\5 )" — Hafo + JalF)) +O(ju|~+10))

! ya+1 a+1
a=

where In is the logarithm with its standard choice of branchcut on the negative real axis, and

Jp[F] := lim (—fb lng+/€+°°(u _e)brb(u)du> ‘

e—0t+

Corollary 4.2. Let f be a meromorphic 1-form on S with poles away from z = 0, 00 and such that f(z) + f(1/z) = 0.
We have the Laurent series expansion when x1 — oo

¥ Res L2 L opayin ez /m) + & R ra i) + 20

=21 z=a X1 — X(Z) b>0 1

where Ig was introduced in the introduction, equation (5).

Proof. Let us denote momentarily
fo= @+ DIL[f], Poaa () = Rpalfl(u),
with the convention f_; = 0. When we apply Lemma 4.1 with F(u) = F(iu) for which
fo= (D" o, ma(u) =Fea(in),  g=1/2,

we find

HIF(i)](ix1) + O(|x |~ 0+5/2)

= (lﬁ—l)“(—i)z(“*l ) oo ) nfix)

a=0 1

b —1)4(—i 2(a+1) 5 . - too .
wy O gt dim (e [ - e d)}

a=0 1
i f~ a : b 1 3 ; ﬂoo a+1
() el o (e [ naon)
(28)
In principle, the two sums should start from a = —1, but as f_; = 0 the first one effectively starts at a = 0. In
the second one, the 2 = —1 summand only contains the regularised integral. When we apply Lemma 4.1 for

F(u) = F(—iu), for which
fo=1"" for Tp41 (1) = Py (i),
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we find

HIE(—1)] (—ix1) + O(|Jx |~ 0F5/2)
1

b
_ (i( 1)a2a+l f{;_&)h‘l(—ixﬂ

a=0 1

b (_1)a;2(a+1)
1)% ~ . o
L e gy (e [ i)
a=0 1
= —(Z o >ln(—ix1)— i L {—H 1fa+ lim <—falne+ 7ioo(x+ie)”+lr 1(x )dx)}.
a=0 xbll+2 a=—1 xal1+2 o e—0+ —ie +

(29)

We multiply (28) and (29) by 2 and sum them, in view of obtaining the asymptotic expansion of (27). We
observe that the logarithm term in (28)-(29) contributes to

_2< i xf+2> Inxy,

a=0 *1

and therefore cancels the second term in (27). The final result is

z b .
Al = = (atar) /) + O 52 4 - o,

a=0 *1
—ioco

+ lim <2falne—2/ raﬂ(x—i—le)dx—/

e—0+ 0

X (x — de) dx) }

2f(z a+1)!
= Y ez + Y D o2+ 20,1
dx1 =0 _x1
in terms of the functional Z° introduced in (5). O

4.2. Decomposition of L[f]. Recall the basis ¢4, defined in (18). The following lemma gives a decomposition
of L£(%)(z1,22), defined in (23). which in particular implies its polar behaviour in z;. It will be applied in
Section 7.

Lemma 4.3. Foranym > 0and « € {0,1}, we have

(30) ECEI R DRMACHIACY
=0,1
‘BZZO
where 65(22) is defined in (18) and czﬁ(xl) = (x2-4N Pz’/zN(xl)dxl for some N € N and Pf’;i N(x1)isa
polynomial of degree at most 2N — 2.

Proof. The differentials cf;’i,(xl) and Q’S (z2) form bases of the space of meromorphic differentials satisfying
the following properties.

(1) L(&n)(z1,1/22) = —L(E3)(21,22).

(if) L(&5)(1/z1,22) = L(&5,)(21,22).

(iii) L£(%)(z1,22) is meromorphic in z; with poles only at z; = +1.
(iv) L(&%,)(z1,22) is meromorphic in z, with poles only at z; = £1.
(v) foranya € {—1,1}, Resz,—; L(&%,)(21,22) = 0.

Hence it is enough to prove that £(&5,) (21, z2) satisfies these properties.
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(i) follows from ¢5,(1/z) = —¢%(z2), the symmetry x, = x(z2) = x(1/z2), and the oddness of
wggd(zl,zz) under zp — 1/z. Property (ii) follows in a similar way once we use wy2(z1,1/22) =

wp2(1/21,27) and the oddness of ¢4, (z1) to get a symmetric bidifferential.

For (iii), clearly £(%,)(z1,22) is meromorphic in z; with poles at z; = 1, —1,25,1/z, so we need to show
that the poles at z; = zp and z; = 1/z; are removable. In fact, we only need show that the pole at z; = z is
removable and (i) will imply the same at zy = 1/z5. The pole on the diagonal z; = z; has order 2, so consider

i B2 g o z) = tim B2 o S E), A

1=z dzydzo 71>z, dzydzp dx; dxy (%1 —x2)?
_(z)  Gh(z) A
de de dZ% x’(22)2

where the first equality removed those terms of £(%;)(z1,2z2) with a simple pole (and possibly holomorphic)
at z; = zp. Hence the pole at z; = z; is at most simple and we shall compute its residue. The residue of
L(&%)(z1,22) at zp = z; gives the same residue and is simpler to calculate. In fact it is immediately 0 because
Res ,—z, wo2(21,22) = 0and wp(z1,1/22) has no pole at z; = z1, and the final term in £(&},) (21, z2) is exact
in z; so all residues vanish. Hence the pole is removable at z; = z,. This discussion also implies (iv).

Finally, property (v) follows from property (i) and the fact that z; = +1 are the fixed points of the
involution zq — 1/z;. O

The main application of Lemma 4.3 is to show that the operators IZZ  commute on (54) as explained
in the proof of Theorem 2 below. Lemma 4.3 also shows us that evaluation of ®;_; Iffi " on (54) depends
only on the values of the regularised integral I]Q applied to the differentials {7, which are determined by
I]Q(é‘%) = I]Qf 7 (&5) and the table of Proposition 5.4. This is because the right hand side of (54) is a linear
combination of the differentials g7, (z;) (with coefficients given by differentials in the other variables), i.e. it
has poles only at z; = &1 for j € {2,...,n} - the other poles are removable - and is odd under z; > 1/z;.

5. PROPERTIES OF REGULARISED CONTOUR INTEGRALS

If f is a meromorphic 1-form on S without poles at z = 0 and oo, we can define

b—1 fu .
(31) Rolfl:=f=) 5  fo=—Resx"f,
a=0

and Ry [f](x) = Rp[f](Z(x)). Then, if f has no pole for z € iR, we can define for b > 0

ico b —ico 4b
G Zlfl:= lim (zzglm ne— [ SR +iedx— [ L RIf(x—ie) dx).

5.1. Basic properties and extended definition. We justify that the regularised integral is actually an integral
when applied to 1-forms that are odd with respect to the involution and that do not need regularisation.

Lemma 5.1. If f is a meromorphic 1-form on S with no poles at z = =i, without residues, such that f(z) + f(1/z) =0
and T} [f] = 0 foralla € {0,...,b — 1}, then

b
B =~ [ 5/

where vy is the contour from z = 0 to z = ico.
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Proof. The conditions on f imply that the integral in the right-hand side is well-defined, and does not depend
on the choice of contour from 0 to ico. It also shows that

ico b —ico b
B =- [ pe - [T g,

where the contour from i to ico is avoiding the (finitely many) poles of f, and the result does not depend on

such a choice of contour. We transform the second integral using the change of variable z — 1/z and the
oddness of f with respect to this involution

ico b i b rico b
Bl = [ HL ) - [ ey = [TH ).

O
Notice that if f is a meromorphic 1-form on S, then integration by parts yields
(33) Tld(f/dx)] = =Ty, [f].
We now prove a similar property for the regularised integral.
Lemma 5.2. If f is a meromorphic 1-form on P! with poles away from z = +i,0, co, then
w1, Td(f/dx)] = T [f].
Proof. Let f = d(f/dx). We observe that for any b > 1
Llfl = ~Tyalfl,  Relfl(x) = 0x Ry [f]().
Therefore
or 7 1 ico 4D . —ico 4 b
“T0[f] = lim (22} ,[f]lne + / X9y 1 [f](x + i€) dx + / X 9y Ry 1 [f](x —ie)dx ).
€0t o b o b
An integration by parts yields
or 7 ) 1 rjoo xb—l . ) —ijoco xb—l . )
21 = Jim (22 e [T G Rl iods— [T G Rl - e
xh v . ico xh « . —ico
5 Rl 0]+ (5 Reale—ie] ).

The first line is by definition Z) , [f]. Since Ry_1[f](x) € O(|x|~(*1) |dx|) when |x| — oo, the boundary
terms =£ico in the last line do not contribute. And the boundary terms at 0 vanish because of the power of x
in prefactor and the fact that € > 0 before we take the limit. O

Remark 5.3. In (32) we gave a definition of the linear operator Z for 1-forms in S having no poles above
x = oo. We shall extend this definition, whenever neecessary if f has poles at oo or other singularities, such
that the integration by parts (Lemma 5.2) and linearity continue to hold.

5.2. Evaluation on the odd basis. We now evaluate 7' on the basis {¢}(z) | k € N, a € {0,1}}, defined
in (18), of meromorphic 1-forms on IP! with poles at z = 4-1 and that are odd under z + 1/z. By (33) and
Lemma 5.2 we have

THEl] = T8, [eh),

so it is enough to evaluate the operators on §g for p=0,1.
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Proposition 5.4. The operators I} evaluate on the basis as follows:

0 0 1 1
IZm IZm—i—l IZm IZm+1
0 1-2mHy 1
é0 m!2 0 0 m!(m+1)!
1 2H, 1
S0 0 | =52 | me 0

Proof. The evaluation of Z! is determined by the Laurent series expansion of gg . We have

[< . 2 Y (2m+2)! 1

dx (x2—4)3/2 = m!(m + 1)1 x2m+3 7
& X N 21 2m+2)! 1
dx (x2—4)3/2 =2 ml(m+1)! x2m+2’

which yield the entries of the last two columns. The evaluation of Z° can be computed via Lemma 4.2. Let us
introduce the formal series
1

2 m
L(t) := (1_4t)3/21n(1+m) =Y Lpt".

m>0

We will compute the L,, more explicitly in Lemma 5.5 at the end of the proof. For f = &) we compute

R &(z)Inz X1 22m+2
es = ~ .
T - x(z) x4 S A

Note that the choice of determination of the logarithm (provided it is holomorphic in a neighborhood of 1
and —1) does not affect the result. We also have

4L(x72 4L,,
2f(z1)In(x(z1)/z1) = 4(3631 L ). 243
1 m>0

Using the values of Z1[¢]] already found, we deduce from Lemma 4.2

22" 4 4Ly 2Hp

01 _ 01 _
(34) IZm-‘rl[gO] =0, IZM [60] - 2ml (m _ 1)!711! :
For f = ¢} we compute
1 1 2m+1
ReS gO(Z) nz = 22 ~ 422111-'!‘2 7
e a—x(z) -4 S
and 5
2L(x; 2L
2f(z1)In(x(z1)/z1) = ¥ ~ Y iz
xl m>0 X

Using the known values of Z! on ¢} we get

2(2%" + L)  2Hpmi1
(2m+1)! mi2 7

(35) Tom11[80) = Tom[g) = 0.

Now let us evaluate the constants L,,.

Lemma 5.5. For any m > 1, we have

2m +1)!
Ly = —2"" + (m%(HZerl — Hyp1).
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Proof. With the change of variable ¢ = ﬁ, we compute

Res df In 2
t=0 tmtl (1 —4¢)3/2 1++/1—4t
o do (1+0)2"2 In(1 + )
0 Z]m+1(1 — U)Z
do (1 4 v)2m+2+e
R
v=0 o"tl(1—0)2 0

2 (a+1)T(2m+3+e)
(Z (m—a)!l"(m+3+e+a)!>

Ly =

=
d
de
d
de

a=0 e=0

Using that (InT)’(k+ 1) = —y + Hy for any positive integer k where <y is the Euler-Mascheroni constant,
we deduce

oo (a+1)(2m+2)!

(36) Lmztg(m—u)!(m—i—Z—i-a

)| (H2m+2 - Hm+2+a) = K (H2m+2 - Hm+l) + A,

where
oo (a+1) (2m+2)! % (@1 (m+42)! ™ME

= L a2 e a7 D = ain 2+ a)

These two sums can be computed in an elementary way. Let us introduce the auxiliary sum for ¢ €
{0,1,...,m}

j=m+2 /

S (m+1-0b)(2m+2)!

Izm,c - Z

= b(2m+2-Db)!
An easy induction on ¢ shows that
g — 1 (2m+2)!
T2l 2m 41— o)l

The change of index a = m — b shows that K, = Km,m, hence

(37) 1 mt2r _ emt1)

T2mi(m+ ) m?
It remains to evaluate
A, — 2’"“1 i (a+1) (2m+2)!
=2 ] asjms2) (m—a)l(m+2+a)!
242 22T (4] — ) (2m + 2)!
T s, B bem+2-b)
2m+2 1 .
= = Knom+2-j -
j=m+2
Therefore
A, — 1 2*"2“ (Zm—on)% 1 2'g2 (2m+2).! .
2 o Cm+2-)IG-1! 2 2 (2m +2 —j)i!
_ 12 (2m+2)!
4 5 amt+2-j)y!
(38) = 322"”2 = 2%,

Inserting (37) and (38) in (36) establishes our formula for L. O
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Inserting this result into (34) and (35) yields the two first columns and concludes the proof of Proposi-
tion 5.4. O

Proposition 5.6. For j,k,m € Nand a,p € {0,1}

k .
x +k+ +k
9) 7! (kgm) — (D) 2t 2ma (T ) - ) Th )
Proof. This is straightforward when § = 1, coming from W = (j +I]<€+1) m The main content of the

lemma is the case § = 0 which we prove by induction on k.

When k = 0, the second term vanishes and (39) is true in this case. The inductive argument requires the
identity
(40) xCy =280 "+ (m A+ 2)8 1y, m 20
which is proven by induction on m by applying —d(-/dx) to both sides of (40). The initial case m = 0 of (40)

is an explicit calculation for « = 0 and a = 1 involving ¢* , (z) defined in (18).

Given k > 0, assume (39) is true for k — 1. Then

k k—1 k 1

7 (3 ) -2 (e ) - (S e v )
o mta k=

5 ((k—l)!}” >+ k IJQ<(k—1)! ml)

j+k—1 4 (j+k—-1
( > H( “)+k(]k—1 )(Hj+k1_H])Ij+k 280

m+w (j+k-1 2(m+a) (j+k—1 .
k (]k 1 ) j+k— 1(€m l) (k)(]k—l )(Hj+k1_Hj)I]'1+k2(§m1)

where the second equality uses (40) and the final equality uses the inductive hypothesis. We manipulate this

_ 270
K
_2
k

expression for I]Q (%6%1) to consist of only evaluations involving ¢%, as follows. We use integration by parts

T% (&% ) = I%(¢%) and for those evaluations involving &}, ~* substitute

Iy g (@) = 3+ k—m =)l (&) +dp0T] g1 (Eh)

which can be checked using the table of values in Proposition 5.4. Collecting the coefficients of 7' j + (&) and
71

11 (85) we get
() e 2t
= S e (G (5 =+ 7) B
. (j ; k> { 0,3, (25) + 2(Hysk — H)) T4 (E5) }

Hence (39) for k — 1 implies (39) for k, and by induction (39) is true for k > 0.
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5.3. Evaluation of one operator on wggd. In the statement of Theorem 1 for (0,2), we need to consider
It ® Iﬁ [wg‘%d] We can certainly pose
i (z0) == T¢[w§S (- 20)]

but it is not obvious that we can then apply If . Indeed, we now show that 7 (z) has singularities, but they
are such that after sufficiently many integration by parts it will become a meromorphic 1-form without
singularities at oo.

Lemma 5.7. For k > 0 we have

1 L1, —(c+1)
Lizg) = ( 0 0 )
1k (20) bgo bk +1=b)! 5
2b+c=k
X(Z k _ H, B
7719(20) = dy ( ?) %(lnzo —ln(zol)) — Z %(ZB—H —z (C+1)) ‘
K b=y blk—D)!
2b+c=k—1
Proof. For &« = 1 we have
1 x(z)F1 dzdz
: = P~ —
1 (1 + z2)k+1 )
Z(EH 1y d0— (20— 1/2)
1 6+1 2 —(c+1)
- (bgowkﬂ—b) 2 )
2b+c=k

For « = 0, we apply Lemma 4.2

¢ (20)
xK(z) dzdz x(2)k (2In(1 4+ z72) dzdz Inzdzdzy dx(z)
= 2{2H’<5_eo% Rz R Th ( z—2)2 RS Tz x(z)—x(z))
—(Zo—>1/20)}
_ dz 2Hj c.c 2\k 20 5 c.c 2\k+e
_ 2{ 20 i ](C;J(cﬂ)zoz () 4 gl Dl r vz av )|

k
+;dzo( Res x(z)* Inzgdx(z)

z=c0 k! x(z)— x(zo)) — (20 = 1/20)

k
= d (M bz - - L gt 5.

b,c>0
2b+c=k—1

6. PROOF OF THEOREM 1

6.1. The S-matrix. This subsection relies on Proposition 5.4 and does not need the computations with the
operators beyond Section 5.2.

Proposition 6.1. Foranya,b > 0and a, B € {0,1}, we have Z§ [65} = (Sa_b)f.
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Together with Proposition 5.4, we find the table of non-zero entries of Sy is

(sk)ﬁ =0 a=1
=0 % (even) m (odd)
p=1 —i{jm (odd) ﬁ (even)

where “even”, respectively “odd”, means that k = 2m, respectively k = 2m + 1.

Proof. By integration by parts (33) and Lemma 5.2, it suffices to prove the result for ¢ = 0. Kontsevich and
Manin [10] show that for k > 0

(41) (Sk)f = <T(}_ﬁ”f1‘<x—1>o-

The divisor equation and genus 0 topological recursion relations satisfied quite generally by Gromov-Witten
invariants [9] can be used to calculate the right hand side of (41). We have

1— 1
< 1 B B 1 ﬁ>

1— —
0T @ Th1) = (T aT ) (T ﬁToTo ;

= (Tt_2Tp)

where the first equality is the genus 0 topological recursion relation and <Tg P 7 T& —F )=1forp=0o0rl
gives the second equality. The divisor equation allows one to remove an insertion 7} and in this case gives

(@7 Pry) = din P +doln Fig)
where d = %(k + a — B) is the degree. Putting these together and using (41), one gets for k > 0
(42) Lkt a—B) (Sk = (Sic)h P =60 (Skc1)h
4

which uniquely determines Sy from (50)5 = 6,5 and (S1)§ = 0. Then, one can check that the values of Z¢ [Z{
given in Proposition 5.4 satisfy the same recursion with the same initial conditions. O

We can express the S-matrix with respect to the odd part of the (0, 2)-correlator

1
(43) WS,%d (z1,22) = 3 (wop(z1,22) — wop(z1,1/22)) .

This quantity is invariant under exchange of z; and z; since wg2(z1,1/22) = wpp(1/21,22).

Corollary 6.2. Forany b > 0, and a, p € {0,1}, we have
(S0)f =Ty @ Ty "[w§].

Proof. For « = 0, we compute

T3 [w§3? (- z1)] = - Res >

(Z+1/Z)dZdZ1< 1 + 1 > _ (1+1/Z:1Z)dzl _ 0,0dd( )
(z—21)2  (1-2z12)2) 2 T A

by comparison with (19). For « = 1, we compute using Lemma 5.1

dzy [ 1 1 dz
07, odd /. __911 _ 921 _ zl0dd
Bt = - | (ot mom) = 2 = e,

Therefore, for any a € {0,1}, the second evaluation of Ibﬁ,l is well-defined and we have

— ,odd
I @ T w§d) = Zf 6.
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Using Remark 3.1 and the properties of integration by parts (33) and Lemma 5.2, we get
g prop g Y P g
7 o Iy [wid!] = Zflct),

which is equal to (S;)§ according to Proposition 6.1. O

6.2. The stable cases. The cases 2¢ —2 +n > 0 of Theorem 1 can be deduced purely by linear algebra
starting from Theorem 4 — due to [5] — and Proposition 6.1. Indeed,

Q7ilws) = @7 T ([T%) ®]
i=1 i=1 =1

k,...)kn>0 i=1
,Bl/---//gnE{O,l}
n
- Lk <Hﬁ>Hﬁ@’
k1,...kn>0 i=1
/Sne{o,l}
n ﬁ n ﬁ
_ Y <]_[fk;> TT(Sa—x)5
ky,...kn>0 i=1 8 i=1
,Bl /SnE{O,l}

where the first equality uses Theorem 4 and the final equality uses (13).

6.3. The (0,1) cases. We can prove the (0,1) case of Theorem 1 in the following way. We use the string
equation to represent <T£ Yo = (Tgrbﬁ ",1)0- This is equal to (Sh+2)%; according to (41), hence equal to b 2 ed]
owing to Corollary 6.2. Using the integration by parts (33) and Lemma 5.2 it is also If Ll E‘l’dd] b L 1[dz/z],

which is the formula we sought for. According to Proposition 5.4, the table of values is

(o | B=0 | p=1
— 1
2H,,
b=2m+1 _(m+1+)}2 0

6.4. The (0,2) case. Likewise, Corollary 6.2 gives the (0,2) case of Theorem 1 with one insertion of degree 0
since via (41) it can be restated as

(44 (578 =T, @ T§ g2,
The proof of Theorem 1 is completed through the following proposition.
Proposition 6.3.

(7 1f)o = I @ Zf [wid].
Proof. By direct evaluation, we have fora € {—1,1}

Res wo2(21,2)wo2(2,22) _a dz; dz,
z=a dx(z) 2 (21 — {1)2 (22 - 11)2
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and we sum these to get

wop(z1,2)wo2(2,22)

dx(z) = &0(21)80(z2) + &0(21)8p(22)

where @g (z), defined in (18), have order two poles at z = 1. Now

Y Res wo2(21,2)won(2,22) _ oo wo2(z1,2)woa(2,22) o Woa(21,2)woa(2,22)
o, = dx(z) z=171 dx(z) z=12) dx(z)
_ g, (@or(zuz2) 4 (woa(21,22)
YU dx(z) 2\ dx(z)

where the first equality uses the fact that the only poles of the integrand are 1, —1,z1,zy. Putting these
together gives

s) -y (22 ) g, (2R hedea) + 2ha) )
Take %(45) - %(45)| 2,+1/2, and since §§(z2) is odd under this involution, we get

odd odd
(46) - dy (‘W) - d (‘W) = 8)(z1)2(z2) + 2 (22 (22).

We apply 77" @ Ikﬁ to (46) to get

ded(Zl,Zz) ded(Zl,Zz)
I}X ®I£ —dy <0dzx(z1) —d O/dsz = I]['X ®I£ [68(21)5(1)(22) + g(l)(zl)‘:g(zz)}
hence
(47) 7 @ T wd] + I @ I [w§d?] = (W1 1)o (Wl 1)o + (BT )o(TTh 1 )o

where on the left-hand side we have used integration by parts, and on the right-hand side we have used
¥ [g‘g (z)] = <TS P T 1)0 from Proposition 6.1 and (41). Notice that (47) determines Ir® If [wf)’%d] inductively
from the case j = 0 and the two-points genus zero descendant Gromov-Witten invariants with one primary
insertion (degree 0) which appear on the right hand side of (47). The j = 0 case has already been shown in
(44) to give genus zero descendant Gromov-Witten invariants.

The genus zero descendant Gromov-Witten invariants satisfy

(T tf)o + (T Do = (i efho = (R )o@l Do+ (Tt Dol o

where the first equality is the string equation and the second equality is the genus zero topological recursion
relation together with the string equation. Hence the two-points genus zero descendant Gromov-Witten
invariants are also determined inductively from the two-points genus zero descendant Gromov-Witten
invariants with one primary insertion, via the relation analogous to (47). So we conclude
By — P odd
(F1f)o = T @ TPl

as required. O

7. NEW PROOF OF GLOBAL VIRASORO CONSTRAINTS FOR P!

The Virasoro constraints in Theorem 2 allow the removal of non-stationary insertions so that the stationary
invariants determine the non-stationary insertions.
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7.1. Decay rules. Okounkov and Pandharipande view the global Virasoro constraints as the decay of non-
stationary insertions which are considered to be unstable. The decay rules for Ly defined in (7) are as

follows:

k+¢
(43) T~ (g _ 1) Tore

k+7¢

(49) T - 2(€ _ 1) (Hire — Ho-1) T

k+¢+1

0 .1 1

(50) Tet1Te = ( ; )Tk+£
(51) Ty —2Hp 1

h k-2 k -1

0 1.1

(52) T~ T m;o (m N 1) T To o
This means that we sum over interactions of T,? .1 with all other insertions. For example, when k = —1, (48)

and (50) become Tg T) = 7;_, and (49), (51) and (52) produce zero — where we use the convention that a sum

vanishes if its upper terminal is negative. Summing over these contributions, we see that L_; produces the
string equation:
n

n .
(53) <T81—{T§-i>g — Y (z .-.T‘?f]_l . .T;nn>g.
1=

j=1

The application of the operators to wp; and wg» was computed in Section 6.3-6.4 and their values can be
checked to satisfy these decay rules. In fact, the local constraints (21) for (g,7) = (0,1) and (0,2) have an
empty content — one rather considers the local constraints for 2g — 2 4+ n > 0 for given (w1, wp2), which
determine uniquely the wyg ,, for 2¢ —2 +n > 0. We are now going to prove from the local constraints (21) for
2g — 2+ n > 0 that the global Virasoro constraints are satisfied.

7.2. Proof of Theorem 2. The cases (0,3) and (1, 1) are treated separately below, so we assume 2¢ —2+n > 2.
The proof is achieved by applying ®i.; IZ‘I_ " to both sides of the identity in Lemma 3.4. It can be rewritten

(54) Alwgn (-, z1)] (x1) dxq +2In(x(21) /21) wen (21, 21)
o L ] dx1 (Ug/n_l(z[)
- i_zzdl<x1—xi dx; )

We—1,n+1 (z1,21,21) > Wiy (z1, Zl)wh’,1+u’\ (z1,2p) 2@, (z1)wg,n(z1, 21)
+ + ) +
dxq dxq dxq

h+h'=g
Juj'=I

- éﬁ[wg,n—l(v@)](zl)

oo

wWe—1,n+1(21,21, 21) wp 47| (Z1 2w 147 (21, 2p) 2001 (21)wen (21, 21)
+ + ) +
dx1 dxl dX1

h+h =g
Juy'=1

We have added artifically the term containing @1 = In(x/z)dx on both sides so as to exploit Corollary 4.2.

Fix a1 = 1, by = k and allow a; and b; to be arbitrary for i > 1. We first apply ®, Z,’, and then Z} to
the first variable z;. We claim that the the evaluation of Q! ; IZ‘." on the right-hand sideZ of (54) is in fact
independent of the order in which we evaluate each IZ‘I_ I Itis n(;t obvious for the terms involving £, but
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the decomposition proved in Lemma 4.3 shows that the operators Z} .+ respectively IZ“", naturally act on the
variable z;, respectively the variable z;, in £(&%,)(z1,z;) and they commute l

Applying ®?:21-Zéi " on the left-hand side of (54) gives a 1-form in the variable x, to which we can apply Z}
using Corollary 4.2

(55) ®I ( [wen (- 21)] (x1) dxy +2wg,n(zl,z1)ln(x1/zl)) = <T]?+1HTb +2Hk+1 <T Tg">g
i=2

which reproduces the decay rule (51).

The decay rule (52) means that one inserts T,l,lTIL m_p intoa (g — 1,1+ 2) correlator or into the product of
(g1,m1 +1) and (g2, 12 + 1) correlators for g1 + go = g and 1y + np = n. This is reproduced by applying first
7}, then ®?:2IZ"_ " to the second line of (54) as follows. Note that @ (z) = In(x/z) dx is analytic at z = oo,
and we use I} [@g1](z) = (t})o to get the (0,1) contribution (7)o arising from (52). The action of Z} uses
only the expansion at x; = co. Hence from the second line of (54) we can write the insertions as follows:

i+ 1)! (m 4+ 1)k —m —1)!
LT Z ‘ ]+2 =) ZTm k—m—2 v ’
1

i>0 X >0 Xy k>2 m=

thus we have

n

0o T ai\ 1 a; S a; & Wen— 1(z1)
<Tk+1 HTb,-> = _2Hk+1<'fk Tb,-> + QT - Zdj
=2 8 ' & o =

it (x1 — x;j) dx;

= k"' 1 1 a
] ) (m+l> [<TmTkm2Tgl>g_1+ Y (Tt (T 2Ty,
m=0 h+h'=g
Jup=I

We will now deal with the remaining unevaluated term which is the first term on the right hand side of
(54). For the ith summand, we first apply ®;1,7, b /, then I“l = Il and finally IZ‘I_ I. In the process we use the

fact that wg ,—1(27) is a linear combination of ¢}, (z ( ;) with coeff1c1ents given by differentials in (z;);.41,;, and
the following computation, which we are going to use for § = a; and j = b;

e P R I 1CO R G D . A+ 1) ) N B . A
(56) IjIk{ dl(-xl_xidxi>} I]'dl<(k—|—1)! dr, =T (k—i—l)é © (2;)

+k+ i+ k

- <] k—i—l‘B) ]+k(§m)+250ﬁ(1]c+l>(H]'+k ) jAk— 1(8m)
Lk o

= <] —£+"1_ ﬁ) (S]'+k7m)g + 250/5 (ljc_—l': 1) (Hj+k — Hj—l)(strkfm—l)’f
i+ k

- <]+k+tﬁ>{(sf+k m)p +200,8(Hjx — Hj )(5j+k—m_1)’i‘}-

The first equality transforms a differential with poles at z; = 1, —1,z1,1/z1 to a differential with poles
only at z, = 1, —1. This is achieved by evaluating Z; first, which crucially depends on Lemma 4.3 which
guarantees that the operators IZ‘I_ "and 7} commute when applied to (54). Note that they do not commute

when applied to individual terms like d; (%

linearity and apply Z} first to those special terms in (54). The third equality in (56) uses Proposition 5.6.
y PPy 4 p q y p

) and terms involving wg,. We can nevertheless use

We see in (56) that a single term appears on the right hand side when = 1 which we will see corresponds
to the decay rule (50), whereas two terms appear on the right hand side when = 0, which we will see
corresponds to the decay rules (48) and (49). Indeed, by [5], the coefficient of {7, (z;) (in wy,,—1(21) in the case
of concern here) gives the insertion of 7;. Hence (56) proves the decay rules (48), (49) and (50) which are
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given in terms of ancestor invariants via (13)
0 -0 jt+k 0 1
1T = <k+ 1) (Tj+k +2(Hjyx — Hj—l)TjJrkfl)

i+ k -
= % <]]< i 1) ((Sj+k—m)"6 +2(Hjx — ijl)(sj-&-k—l—m)li‘)Tzr

(1,1) case. For the (1,1) case, we apply Z; to the identity proven in Lemma 3.4:
Alwy1](x1)dx1 + woa(z1,1/21) = 0.
This case essentially uses the argument above, with a minor variation to deal with the wg(z1,1/21) term.
We use (55) to produce the decay rule (51). To get the decay rule (52), we have
by +1)! (b +1)! dxqdx,

( !
' bLbZz:ZO< h h2>0 xll;1+2 xgz+2 , (X1 B xz>2

= —wo2(z1,1/22).
Hence wg2(z1,1/21) ~ —Qp(x1,x1) and the action of I,} uses only the expansion at x; = oo, so as described

above this yields the decay rule (52).

(0,3) case. According to Lemma 3.4, we have

dv;  w§t(z2,23) dx;  w§¥(z2,23)
'y +d3 r

.A[CUO,g,(-,Zz, 23)] (x1)dx1 Idz (

X1 — Xp dx, X1 — X3 dxs
dd dd
2w§5" (21, 22) w5 (21, 23)
dX1 ’

Using similar methods to those above, we can identify each decay rule by applying 7 ® T, 22 @I, 33 to this
relation. We omit the details, since the computation of the (0,3) descendant invariants follow easily from the
genus 0 topological recursion relations [9]. O

APPENDIX A. EVALUATION ON INVARIANT DIFFERENTIALS

in the Appendix, we evaluate the action of Z{ on differentials invariant under the involution z — 1/z.
Although this is not used in the article, we include it to give a fuller understanding of the operator Z?.

The operators Z_ are regularised integrals along a contour between the two points above x = oo, given by
z = 0 and z = co. Consider such an integral applied to a meromorphic 1-form f on S invariant under the
involution, i.e. satisfying f(z) = f(1/z), hence obtained as a pullback of a meromorphic 1-form from the
x-plane S. It would be reasonable to expect that such an integral would vanish since the contour downstairs
seems to be closed. Here we will see that 7 applied to the pullback of a meromorphic 1-form from the
x-plane can in fact be non-zero.

The pullback of a meromorphic 1-form from the x-plane can always be obtained by integrating

dx dxg

B(x,xg) = =)

with respect to xo on a suitable current in S. Therefore, the evaluation of the operators on meromorphic
1-forms is determined by their evaluation on B(-, xo). The evaluation of Z! is straightforward. We describe
here the evaluation of Z°.

Proposition A.1. Let xg € C \ iR. We have

0 B('/XO) _E
IO[ dxg |
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and for b > 0
B(-, Xo) xb_l be_l
) =% — In(x 0 (1—bH).
b |: dxo :| (b _ 1)' n(xO) + b' ( b)
Proof. We let fy, = B(-,x9)/dxo. The case b = 0 does not need regularisation and is easy to compute. For

b > 0, we have

b—1 b—1 a
xg y 1 (a+1)x§
= - R x) = - .
1[fxo] ( — 1)! b[fxo]( ) (x — xO)z ago a+2
Therefore
(x —ie)” Ry[fx,](x)
57) b! dx
_ ( b i Z a+1) X6 (a+2)( )b—ch
(x—xo == cl(b—c)!
 (v—ie)t o1 N (xo — i€e)? 1 Z’il b—(f;ﬂ) (a+1)x¢(—ie)b—(ctat2)xa
(-1 x—xg b! (x—x0)* Z,_ Gy ctat2)i(b—c—a-2)
+ (al + a2 + ]‘)' (a3 + ﬂ4)' xgl (_ie)ﬂ2+a3 x[l4
aplay! azlay!
ay+ay+az+ag=b—2 1-42 3:44
Notice that
b—1 b—(a+2) —lat+2 b=2b—(a+2)  b4+1 b— —(c+2)
Y, L ZZ+Z Z ZZ+Z&1+Z Py
a=0c=—(a+2) a=0c¢= =2a=
where ¢ = —c. The sum of the ¢ = 1 terms is computed by a binomial formula. Since from the beginning the

left-hand side of (57) quantity should be O(1/x?) when x — co, we must have cancellations of the polynomial
part in x. After index relabelings we find
(x —ie)” Ry[fr,](x)
b! dx
(xg —i€e)b~1 1 1 (xg —i€)? 1 b b=¢ (a+c)(—ie)b—axdTel 1
- (50 S

b-1) \x—x x b! (x—x)? S5 al(b—a)! xetl”

We deduce when e — 0

2Re</ dx Rmbo]( ))
e ey gy

pxb—1 b—1 pyb—1 b _1\¢
- In(e) — o __ In(x3) — o _ 2( Y _(ED° bngl +o(1).

(b—1)! (b—1)! b! S (b—c)lcle
Also
boo(-1)° 1 T(1-xb-1

8) c:Z:1 (b—c)lcle B! ./0 x dx
_ 1. ! b, —1te 1
= b!ell)r&(/o(l—x)x dx—€>
= lim _ e 1
T S I'(e+b+1) ble

Hy,
b
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where we have used thatI'(e) = 1/€ — yg + 0(1) when € — 0. We arrive at

b—1 b—1 b—1
X 2x, 2x, " Hy
b—1 b—1
_ % 2y, 2% B
O
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