ON SOME SYSTEMS OF DIFFERENCE EQUATIONS. Part 6.

L.A.Gutnik

To 100th birthday of Professor A.O.Gelfond.

Table of contents

§6.0. Foreword.

§6.1. Further relations.

§6.2. Further properties of my auxiliary fuctions. §6.3 Return fron ν to (τ, μ) in the case l = 0. §6.4. Short derive of Apéry eqution.

§6.5. Corrections in the previous parts of this paper.

§6.0. Foreword. Let |z| ≥ 1, −3π/2 < arg(z) ≤ π/2, log(z) = ln(|z|) + i arg(z).

Then log(−z) = log(z) − iπ, if ℜ(z) > 0 and log(z) = log(−z) − iπ, if ℜ(z) < 0. Let f^∨_{l,1}(z, ν) = f_{l,1}(z, ν) = ν∑ k=0 (−1)^{(ν+k)l}(z)^k ( ν k )_{2+l}(

ν + k ν )_{2+l} , (1) where l = 0, 1, 2, ν ∈ [0, +∞) ∩ Z. Let

R(t, ν) = ν∏ j=1 (t − j) ν∏ j=0 (t + j) , (2)

where ν ∈ [0, +∞) ∩ Z, 1 f^∨_{l,2}(z, ν) = f_{l,2}(z, ν) = +∞∑ t=1+ν

z^{−t}(R(t, ν))^{2+l}, (3)

where l = 0, 1, 2 and ν ∈ [0, +∞) ∩ Z, and since (R(t, ν))^{2+l} for ν ∈ N has in the points t = 1, . . . , ν, the zeros of the order 2 + l, it follows that

f_{l,2}(z, ν) = +∞∑ t=1 z^{−t}(R(t, ν))^{2+l}, (4) for l = 0, 1, 2 and ν ∈ [0, +∞) ∩ Z. Let

f^∨_{l,3}(z, ν) = f_{l,3}(z, ν) = (log(z))f_{l,2}(z, ν) + f_{l,4}(z, ν), (5) where

f_{l,4}(z, ν) = − +∞∑ t=1+ν

z^{−t} ( ∂ ∂t (R^{2+l}) ) (t, ν), (6)

l = 0, 1, 2 and ν ∈ [0, +∞) ∩ Z, and since (R(t, ν))^{2+l} for ν ∈ N has in the points t = 1, . . . , ν, the zeros of the order 2 + l, it follows that

f_{l,4}(z, ν) = − +∞∑ t=1 z^{−t} ( ∂ ∂t (R^{2+l}) ) (t, ν) (7) for l = 0, 1, 2 and ν ∈ [0, +∞) ∩ Z. Let

f^∨_{l,5}(z, ν) = −iπf_{l,3}(z, ν) + f_{l,5}(z, ν), (8) with l = 1, 2, ν ∈ [0, +∞) ∩ Z and

f_{l,5}(z, ν) = (9) 2^{−1}(log(z))^2f_{l,2}(z, ν) + (log(z))f_{l,4}(z, ν) + f_{l,6}(z, ν) = = −2^{−1}(log(z))^2f_{l,2}(z, ν) + (log(z))f_{l,3}(z, ν) + f_{l,6}(z, ν), where

f_{l,6}(z, ν) = 2^{−1} ∞∑ t=1+ν

z^{−t} (( ∂ ∂t )_2

(R^{2+l}) ) (t, ν),

(10)

and since (R(t, ν))^{2+l} for ν ∈ N has in the points t = 1, . . . , ν, the zeros of the order 2 + l, and l = 1, 2 now, it follows that

f_{l,6}(z, ν) = 2^{−1} ∞∑ t=1+ν

z^{−t} (( ∂ ∂t )_2

(R^{2+l}) ) (t, ν)

(11)

for l = 1, 2 and ν ∈ [0, +∞) ∩ Z. Let f^∨_{l,7}(z, ν) = f_{l,7}(z, ν) + (2π^2/3)f_{l,3}(z, ν).

(12) with l = 2, ν ∈ [0, +∞) ∩ Z and f_{l,7}(z, ν) =

(13)

−3^{−1}(log(z))^3f_{l,2}(z, ν) + 2^{−1}(log(z))^2f_{l,3}(z, ν) + f_{l,8}(z, ν)+ (log(z))(f_{l,5}(z, ν) + 2^{−1}(log(z))^2f_{l,2}(z, ν) − (log(z))f_{l,3}(z, ν)) = 6^{−1}(log(z))^3f_{l,2}(z, ν) − 2^{−1}(log(z))^2f_{l,3}(z, ν) + (log(z))f_{l,5}(z, ν) + f_{l,8}(z, ν) = (1/6)(log(z))^3f_{l,2}(z, ν) + (1/2)(log(z))^2f_{l,4}(z, ν)+ (log(z))f_{l,6}(z, ν) + f_{l,8}(z, ν), where

f_{l,8}(z, ν) = −6^{−1} ∞∑ t=ν+1

z^{−t} (( ∂ ∂t )_3

(R^{2+l}) ) (t, ν),

(14)

and, since (R(t, ν))^{2+l} for ν ∈ N have in the points t = 1, . . . , ν, the zeros of the order 2 + l, and l = 2 now, it follows that

f_{l,8}(z, ν) = −6^{−1} ∞∑ t=1 z^{−t} (( ∂ ∂t )_3

(R^{2+l}) ) (t, ν).

(15) Let K_0 = {1, 2, 3}, K_1 = {1, 2, 3, 5}, K_2 = {1, 2, 3, 5, 7}.

Let λ be a variable. We denote by T_{n,λ} the diagonal n × n-matrix, i-th diagonal element of which is equal to λ^{i−1} for i = 1, ..., n. We denote by δ the operator z^d_{dz} . Let further l = 0, 1, 2, k ∈ K_l, |z| > 1, ν ∈ N, and let Y_{l,k}(z; ν) be the columnn with 4 + 2l elements, i-th of which is equal to (ν^{−1}δ)^{i−1}f^∨_{l,k}(z, ν) for i = 1, ..., 4 + 2l.

Theorem 1. The following equalities hold A^∼_l (z; ν)Y_{l,k}(z; ν) = T_{4+2l,1−ν}−1 Y_{l,k}(z; ν − 1),

(16)

Y_{l,k}(z; ν) = T_{4+2l,−1}A^∼_l (z; −ν)T_{4+2l,−1+ν}−1 Y_{l,k}(z; ν − 1),

(17) where l = 0, 1, 2, k ∈ K_l, |z| > 1, ν ∈ N, ν ≥ 2,

A^∼_l (z; ν) = S^∼_l + z

1+l∑ i=0 ν^{−i}V^{∼∗}_l (i)

(18)

with

S^∼_0 =

1 −4 8 −12 0 1 −4 8 0 0 1 −4 0 0 0 1

(19)

S^∼_1 =

−1 6 −18 38 −66 102 0 −1 6 −18 38 −66 0 0 −1 6 −18 38 0 0 0 −1 6 −18 0 0 0 0 −1 6 0 0 0 0 0 −1 , (20)

S^∼_2 =

1 −8 32 −88 192 −360 608 −952 0 1 −8 32 −88 192 −360 608 0 0 1 −8 32 −88 192 −360 0 0 0 1 −8 32 −88 192 0 0 0 0 1 −8 32 −88 0 0 0 0 0 1 −8 32 0 0 0 0 0 0 1 −8 0 0 0 0 0 0 0 1

, (21)

V^{∼∗}_0 (0) = 4

4 −5 −2 3 −3 4 1 −2 2 −3 0 1 −1 2 −1 0 ,

V^{∼∗}_0 (1) = 4

3 −6 3 0 −2 4 −2 0 1 −2 1 0 0 0 0 0 ,

V^{∼∗}_1 (0) =

146 −198 −180 268 66 −102 −102 146 108 −180 −38 66 66 −102 −52 108 18 −38 −38 66 12 −52 −6 18 18 −38 12 12 2 −6 −6 18 −20 12 −6 2 ,

V^{∼∗}_1 (1) =

240 −516 108 372 −204 0 −160 348 −84 −236 132 0 96 −212 60 132 −76 0 −48 108 −36 −60 36 0 16 −36 12 20 −12 0 0 −4 12 −12 4 0 ,

V^{∼∗}_1 (2) =

102 −306 306 −102 0 0 −66 198 −198 66 0 0 38 −114 114 −38 0 0 −18 54 −54 18 0 0 6 −18 18 −6 0 0 −2 6 −6 2 0 0 ,

V^{∼∗}_2 (0) = 8

176 −249 −364 545 280 −431 −76 119 −119 176 227 −364 −169 280 45 −76 76 −119 −128 227 92 −169 −24 45 −45 76 61 −128 −43 92 11 −24 24 −45 −20 61 16 −43 −4 11 −11 24 −1 −20 −5 16 1 −4 4 −11 8 −1 4 −5 0 1 −1 4 −7 8 −7 4 −1 0

,

V^{∼∗}_2 (1) = 8

455 −1020 −113 1552 −603 −628 357 0 −300 682 44 −996 404 394 −228 0 185 −428 −3 592 −253 −228 135 0 −104 246 −16 −316 144 118 −72 0 51 −124 19 144 −71 −52 33 0 −20 50 −12 −52 28 18 −12 0 5 −12 1 16 −9 −4 3 0 0 −2 8 −12 8 −2 0 0

,

V^{∼∗}_2 (2) = 8

400 −1243 972 542 −1028 357 0 0 −259 808 −642 −332 653 −228 0 0 156 −489 396 186 −384 135 0 0 −85 268 −222 −92 203 −72 0 0 40 −127 108 38 −92 33 0 0 −15 48 −42 −12 33 −12 0 0 4 −13 12 2 −8 3 0 0 −1 4 −6 4 −1 0 0 0

,

V^{∼∗}_2 (3) = 8

119 −476 714 −476 119 0 0 0 −76 304 −456 304 −76 0 0 0 45 −180 270 −180 45 0 0 0 −24 96 −144 96 −24 0 0 0 11 −44 66 −44 11 0 0 0 −4 16 −24 16 −4 0 0 0 1 −4 6 −4 1 0 0 0 0 0 0 0 0 0 0 0

.

The above matices A^∼_l (z; ν), S^∼_l and V^{∼∗}_l (i) have the following properties:

A^∼_l (z; −ν)T_{4+2l,−1}A^∼_l (z; ν) = T_{4+2l,−1},

(22)

S^∼_l T_{4+2l,−1} = (S^∼_l T_{4+2l,−1})^{−1}

(23)

S^∼_l T_{4+2l,−1}V^{∼∗}_l (i) = −(−1)^iV^{∼∗}_l (i)T_{4+2l,−1}S^∼_l ,

(24)

V^{∼∗}_l (i)T_{4+2l,−1}V^{∼∗}_l (k) = 0T_{4+2l,−1},

(25)

where l = 0, 1, 2, i ∈ [0, 1 + l] ∩ Z, k ∈ [0, 1 + l] ∩ Z.

Proof. Full proof can be found in [2] – [6].

Acknowledgments. I express my deepest thanks to Professors B.Z.Moroz, I.I. Piatetski-Shapiro, A.G.Aleksandrov, P.Bundshuh and S.G.Gindikin for help and support.

§6.1. Further relations.

In the Part 2, equality (12), we have delated the domain of definition of the the functions f^∨_{l,k}(z, ν), where l = 0, 1, 2, k ∈ K_l

from {ν ∈ Z: ν ≥ 0} to {ν ∈ Z: all ν} so these functions are defined for all the ν ∈ Z. We make the same sequentially for the functions f_{l,4}(z, ν), where l = 0, 1, 2 f_{l,5}(z, ν), f_{l,6}(z, ν), where l = 1, 2 and f_{l,7}(z, ν), f_{l,8}(z, ν), where l = 2,

by means of the equality f_{l,4}(z, ν) = f^∨_{l,3}(z, ν) − (log(z))f^∨_{l,2}(z, ν) =

(26) f^∨_{l,3}(z, ν) − (log(z))f_{l,2}(z, ν), which follows from (5),

by means of the equality f_{l,5}(z, ν) = f^∨_{l,5}(z, ν) + iπf^∨_{l,3}(z, ν) =

(27) f^∨_{l,5}(z, ν) + iπf_{l,3}(z, ν), which follows from the equality (8),

by means of the equality f_{l,6}(z, ν) = f_{l,5}(z, ν) − (log(z))f^∨_{l,4}(z, ν) −

(28) (1/2)(log(z))^2f^∨_{l,2}(z, ν), which follows from (9),

by means of the equality f_{l,7}(z, ν) = f^∨_{l,7}(z, ν) − (2π^2/3)f_{l,3}(z, ν),

(29) which follows from (12), and by means the equality f_{l,8}(z, ν) =

(30) −(6^{−1}(log(z))^3f_{l,2}(z, ν) − 2^{−1}(log(z))^2f_{l,4}(z, ν)− (log(z))f_{l,6}(z, ν)) + f_{l,7}(z, ν), which follows from (13). Let further K^∧_l = [1, 4 + 2l] ∩ Z for l = 0 1, 2, and let X^∧_{l,k}(z; ν), where l = 0, 1, 2, k ∈ K^∧_l , |z| > 1, ν ∈ Z, be the columnn with 4 + 2l elements, i-th of which is equal to δ^{i−1}f_{l,k} for i = 1, ..., 4 + 2l.

Then, in view of (1), (3), (5),

X^∧_{l,k}(z; ν) = X_{l,k}(z; ν),

(31)

if l = 0, 1, 2, k = 1, 2, 3, |z| > 1, ν ∈ Z. Therefore, if k ∈ K_l, then together with (25), (26), (32), (33) in the part 2, we have

X^∧_{l,k}(z; −ν − 1) = X^∧_{l,k}(z; ν),

(32)

ν^{3+2l}X^∧_{l,k}(z; ν − 1) = A^∗_l (z; ν)X^∧_{l,k}(z; ν),

(33)

(−ν)^{3+2l}X^∧_{l,k}(z; ν) = A^∗_l (z; −ν)X^∧_{l,k}(z; ν − 1),

(34)

where

A^∗_l (z; ν) = ν^{3+2l}T_{4+2l,ν} A^∼_l (z; ν)T_{4+2l,ν}−1 ,

(35)

l = 0, 1, 2, k = 1, 2, 3, |z| > 1, ν ∈ Z. In view of (8), (5),

X^∧_{l,5}(z, ν) = iπX_{l,3}(z, ν) + X_{l,5}(z, ν),

(36)

for l = 1, 2, |z| > 1, ν ∈ Z. Therefore (35), (33) and (34) hold for l = 1, 2, k = 5 |z| > 1, ν ∈ Z. In view of (12), (5),

X^∧_{l,7}(z, ν) = X_{l,7}(z, ν) − (2π^2/3)X_{l,3}(z, ν).

(37)

Therefore (35), (33) and (34) hold for l = 2, k = 7 |z| > 1, ν ∈ Z.

So, (35), (33) and (34) hold for l = 0, 1, 2, k ∈ K_l, |z| > 1, ν ∈ Z. In view of (5), (9), (13),

(δ^kf_{l,3})(z, ν) =

(38)

(δ^kf_{l,4})(z, ν) + (((log(z))δ^k + kδ^{k−1})f_{l,2})(z, ν), where l = 0, 1, 2, k ∈ [0, ∞) ∩ Z, |z| > 1, ν ∈ Z,

(δ^kf_{l,5})(z, ν) = (δ^kf_{l,6})(z, ν) +

(39)

(((log(z))δ^k + kδ^{k−1})f^∨_{l,4})(z, ν)+ (( 1 2 (log(z))^2δ^k + k(log(z)(δ^{k−1} + k(k − 1) 2 )δ^{k−2} ) f^∨_{l,2} ) (z, ν) =

(δ^kf_{l,6})(z, ν) + (((log(z))δ^k + kδ^{k−1})f^∨_{l,3})(z, ν)− (( 1 2 (log(z))^2δ^k + k(log(z))δ^{k−1} + k(k − 1) 2 δ^{k−2} ) f^∨_{l,2} ) (z, ν),

where l = 1, 2, k ∈ [0, ∞) ∩ Z, |z| > 1, ν ∈ Z,

(δ^kf_{l,7})(z, ν) =

(40) (( 1 6 (log(z))^3δ^k + k 2 (log(z))^2δ^{k−1} ) f_{l,2} ) (z, ν)+

(( k(k − 1) 2 (log(z))δ^{k−2} + k(k − 1)(k − 2) 6 δ^{k−3} ) f_{l,2} ) (z, ν)− (( 1 2 (log(z))^2δ^k + k(log(z))δ^{k−1} + k(k − 1) 2 δ^{k−2} ) f_{l,3} ) (z, ν)+

(((log(z))δ^k + kδ^{k−1})f_{l,5})(z, ν) + (δ^kf_{l,8})(z, ν) = (( 1 6 (log(z))^3δ^k + k 2 (log(z))^2δ^{k−1} ) f_{l,2} ) (z, ν)+ (( k(k − 1) 2 (log(z))δ^{k−2} + k(k − 1)(k − 2) 6 δ^{k−3} ) f_{l,2} ) (z, ν)+ (( 1 2 (log(z))^2δ^k + k(log(z))δ^{k−1} + k(k − 1) 2 δ^{k−2} ) f_{l,4} ) (z, ν)+

(((log(z))δ^k + kδ^{k−1})f_{l,6})(z, ν) + (δ^kf_{l,8})(z, ν), where l = 2, k ∈ [0, ∞) ∩ Z, |z| > 1, ν ∈ Z. Let

C_{4+2l,0} = E_{4+2l} for l = 0, 1, 2,

(41)

C_{4,1} =

0 0 0 0 1 0 0 0 0 2 0 0 0 0 3 0 , (42)

C_{6,1} =

0 0 0 0 0 0 1 0 0 0 0 0 0 2 0 0 0 0 0 0 3 0 0 0 0 0 0 4 0 0 0 0 0 0 5 0 , (43)

C_{8,1} =

0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 2 0 0 0 0 0 0 0 0 3 0 0 0 0 0 0 0 0 4 0 0 0 0 0 0 0 0 5 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0 0 0 7 0

, (44)

C_{6,2} =

0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 3 0 0 0 0 0 0 6 0 0 0 0 0 0 10 0 0 , (45)

C_{8,2} =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 3 0 0 0 0 0 0 0 0 6 0 0 0 0 0 0 0 0 10 0 0 0 0 0 0 0 0 15 0 0 0 0 0 0 0 0 21 0 0

, (46)

C_{8,3} =

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 4 0 0 0 0 0 0 0 0 10 0 0 0 0 0 0 0 0 20 0 0 0 0 0 0 0 0 35 0 0 0

, (47)

C^∨_{l,m}(z) = m∑ k=0 1 k! (log(z))^kC_{4+2l,m−k},

(48)

where l = 0, 1, 2, m ∈ [0, l + 1] ∩ Z. Clearly, C^∨_{l,0}(z) = E_{4+2l},

δC^∨_{l,m}(z) = m∑ k=0 1 k! (log(z))^kC_{4+2ll,m−k} =

(49) m∑ k=1 k k! (log(z))^{k−1}C_{4+2ll,m−k} =

m−1∑ k=0 1 k! (log(z))^kC_{4+2ll,m−1−k} = C^∨_{l,m−1}(z).

Then in view of (38), (39), (40),

X^∧_{l,3}(z; ν) = ((log(z))C_{4+2l,0} + C_{4+2l,1})X^∧_{l,2}(z; ν) +

(50)

X^∧_{l,4}(z; ν) = C^∨_{l,0}(z)X^∧_{l,4}(z; ν) + C^∨_{l,1}(z)X^∧_{l,2}(z; ν),

where l = 0, 1, 2, |z| > 1, ν ∈ Z,

X^∧_{l,5}(z; ν) = X^∧_{l,6}(z; ν) +

(51)

((log(z))C_{4+2l,0} + C_{4+2l,1})X^∧_{l,3}(z; ν)− ( 1 2 (log(z))^2C_{4+2l,0} + (log(z))C_{4+2l,1} + C_{4+2l,2} ) X^∧_{l,2}(z; ν) =

C^∨_{l,0}(z)X^∧_{l,6}(z; ν) + C^∨_{l,1}(z)X^∧_{l,3}(z; ν) − C^∨_{l,2}(z)X^∧_{l,2}(z; ν) =

X^∧_{l,6}(z; ν) + ((log(z))E_{4+2l} + C_{4+2l,1})X^∧_{l,4}(z; ν)+

( 1 2 (log(z))^2C_{4+2l,0} + (log(z))C_{4+2l,1} + C_{4+2l,2} ) X^∧_{l,2}(z; ν) =

C^∨_{l,0}(z)X^∧_{l,6}(z; ν) + C^∨_{l,1}(z)X^∧_{l,4}(z; ν) + C^∨_{l,2}(z)X^∧_{l,2}(z; ν), where l = 1, 2, |z| > 1, ν ∈ Z,

X^∧_{l,7}(z; ν) =

(52) ( 1 6 (log(z))^3C_{4+2l,0} + 1 2 (log(z))^2C_{8,1} + (log(z))C_{4+2l,2} + C_{4+2l,3} ) X^∧_{l,2}(z, ν)− ( 1 2 (log(z))^2C_{4+2l,0} + (log(z))C_{4+2l,1} + C_{4+2l,2} ) X^∧_{l,3}(z, ν)+

((log(z))C_{4+2l,0} + C_{4+2l,1}) X^∧_{l,5}(z, ν) + X^∧_{l,8}(z, ν) = ( 1 6 (log(z))^3C_{4+2l,0} + 1 2 (log(z))^2C_{8,1} + (log(z))C_{4+2l,2} + C_{4+2l,3} ) X^∧_{l,2}(z, ν)+ ( 1 2 (log(z))^2E_{4+2l} + (log(z))C_{4+2l,1} + C_{4,2} ) X^∧_{l,4}(z, ν)+

((log(z))C_{4+2l,0} + C_{4+2l,1})X^∧_{l,6}(z, ν) + X^∧_{l,8}(z, ν) = C^∨_{l,0}(z)X^∧_{l,8}(z; ν) + C^∨_{l,1}(z)X^∧_{l,6}(z; ν) + C_{l,2})^∨(z)X^∧_{l,4}(z; ν) + C^∨_{l,3}(z)X^∧_{l,2}(z; ν) where l = 2, |z| > 1, ν ∈ Z.

In view of (50) - (52)

δX^∧_{l,3}(z; ν) = δX^∧_{l,4}(z; ν) +

(53)

C^∨_{l,1}(z)δX^∧_{l,2}(z; ν) + C^∨_{l,0}(z)X^∧_{l,2}(z; ν), l = 0, 1, 2, |z| > 1, ν ∈ Z,

δX^∧_{l,5}(z; ν) = δX^∧_{l,6}(z; ν) +

(54)

C^∨_{l,1}(z)δX^∧_{l,4}(z; ν) + C_{l,2})δX^∧_{l,2}(z; ν) + X^∧_{l,3}(z; ν), where l = 1, 2, |z| > 1, ν ∈ Z,

δX^∧_{l,7}(z; ν) = δX^∧_{l,8}(z, ν) + C^∨_{l,1}(z)δX^∧_{l,6}(z; ν) +

(55)

C^∨_{l,1}(z)δX^∧_{l,6}(z; ν) + C_{l,2})^vee(z)δX^∧_{l,4}(z; ν) + C^(_{l,3}z)δX^∧_{l,2}(z; ν) + X^∧_{l,5}(z; ν), where l = 2, |z| > 1, ν ∈ Z. Let

X^∧_{l,3,2}(z, ν) = ( X^∧_{l,3}(z, ν) X^∧_{l,2}(z, ν) ) , X^∧_{l,4,2}(z, ν) = ( X^∧_{l,4}(z, ν) X^∧_{l,2}(z, ν) ) ,

C_{l,3,4}(z) = ( C^∨_{l,0}(z) C^∨_{l,1}(z) 0E_{4+2l} C^∨_{l,0}(z) ) , where l = 0, 1, 2, |z| > 1, ν ∈ Z. Then, in view of (50)

X^∧_{l,3,2}(z, ν) = C_{l,3,4}(z)X^∧_{l,4,2}(z, ν),

(56) where l = 0, 1, 2, |z| > 1, ν ∈ Z. Let

X^∧_{l,5,3,2}(z, ν) =

X^∧_{l,5}(z, ν) X^∧_{l,3}(z, ν) X^∧_{l,2}(z, ν)

, X^∧_{l,6,4,2}(z, ν) =

X^∧_{l,6}(z, ν) X^∧_{l,4}(z, ν) X^∧_{l,2}(z, ν) ,

C_{l,5,6}(z) =

C^∨_{l,0}(z) C^∨_{l,1}(z) C^∨_{l,2}(z) 0E_{4+2l} C^∨_{l,0}(z) C^∨_{l,1}(z) 0E_{4+2l} 0C^∨_{l,0}(z) C^∨_{l,0}(z) , where l = 1, 2, |z| > 1, ν ∈ Z. Then, in view of (51)

X^∧_{l,5,3,2}(z, ν) = C_{l,5,6}(z)X^∧_{l,6,4,2}(z, ν),

(57)

where l = 1, 2, |z| > 1, ν ∈ Z. Let

X^∧_{l,7,5,3,2}(z, ν) =

X^∧_{l,7}(z, ν) X^∧_{l,5}(z, ν) X^∧_{l,3}(z, ν) X^∧_{l,2}(z, ν)

, X^{∧l,8,6,4,2}(z, ν) =

X^∧_{l,8}(z, ν) X^∧_{l,6}(z, ν) X^∧_{l,4}(z, ν) X^∧_{l,2}(z, ν) ,

C_{l,7,8} =

C^∨_{l,0}(z) C^∨_{l,1}(z) C^∨_{l,2}(z) C^∨_{l,3}(z) 0E_{4+2l} C^∨_{l,0}(z) C^∨_{l,1}(z) C^∨_{l,2}(z) 0E_{4+2l} 0C^∨_{l,0}(z) C^∨_{l,0}(z) C^∨_{l,1}(z) 0E_{4+2l} 0C^∨_{l,0}(z) 0C^∨_{l,0}(z) C^∨_{l,0}(z) , where l = 2, |z| > 1, ν ∈ Z. Then, in view of (52)

X^∧_{l,7,5,3,2}(z, ν) = C_{l,7,8}X^∧_{l,8,6,4,2}(z, ν),

(58) Let A^∗_{l,1}(z; ν) = A^∗_l (z; ν),

A^∼_{l,1}(z; ν) = A^∼_l (z; ν),

T^∗_{l,1,λ} = T_{4+2l,λ},

A^∗_{l,2}(z; ν) = ( A^∗_l (z; ν) 0A^∗_l (z; ν) 0A^∗_l (z; ν) A^∗_l (z; ν) ) , A^∼_{l,2}(z; ν) = ( A^∼_l (z; ν) 0A^∗_l (z; ν) 0A^∼_l (z; ν) A^∼_l (z; ν) ) , T^∗_{l,2,λ} = ( T_{4+2l,λ} 0T_{4+2l,λ} 0T_{4+2l,λ} T_{4+2l,λ} ) ,

A^∗_{l,3}(z; ν) =

A^∗_l (z; ν) 0A^∗_l (z; ν) 0A^∗_l (z; ν) 0A^∗_l (z; ν) A^∗_l (z; ν) 0A^∗_l (z; ν) 0A^∗_l (z; ν) 0A^∗_l (z; ν) A^∗_l (z; ν) ,

A^∼_{l,3}(z; ν) =

A^∼_l (z; ν) 0A^∗_l (z; ν) 0A^∼_l (z; ν) 0A^∼_l (z; ν) A^∼_l (z; ν) 0A^∼_l (z; ν) 0A^∼_l (z; ν) 0A^∼_l (z; ν) A^∼_l (z; ν) ,

T^∗_{l,3,λ} =

T_{4+2l,λ} 0T_{4+2l,λ} 0T_{4+2l,λ} 0T_{4+2l,λ} T_{4+2l,λ} 0T_{4+2l,λ} 0T_{4+2l,λ} 0T_{4+2l,λ} T_{4+2l,λ} ,

A^∗_{l,4}(z; ν) =

A^∗_l (z; ν) 0A^∗_l (z; ν) 0A^∗_l (z; ν) 0A^∗_l (z; ν) 0A^∗_l (z; ν) A^∗_l (z; ν) 0A^∗_l (z; ν) 0A^∗_l (z; ν) 0A^∗_l (z; ν) 0A^∗_l (z; ν) A^∗_l (z; ν) 0A^∗_l (z; ν) 0A^∗_l (z; ν) 0A^∗_l (z; ν) 0A^∗_l (z; ν) A^∗_l (z; ν) ,

A^∼_{l,4}(z; ν) =

A^∼_l (z; ν) 0A^∼_l (z; ν) 0A^∼_l (z; ν) 0A^∼_l (z; ν) 0A^∼_l (z; ν) A^∼_l (z; ν) 0A^∼_l (z; ν) 0A^∼_l (z; ν) 0A^∼_l (z; ν) 0A^∼_l (z; ν) A^∼_l (z; ν) 0A^∼_l (z; ν) 0A^∼_l (z; ν) 0A^∼_l (z; ν) 0A^∼_l (z; ν) A^∼_l (z; ν) ,

T^∗_{l,4,λ} =

T_{4+2l,λ} 0T_{4+2l,λ} 0T_{4+2l,λ} 0T_{4+2l,λ} 0T_{4+2l,λ} T_{4+2l,λ} 0T_{4+2l,λ} 0T_{4+2l,λ} 0T_{4+2l,λ} 0T_{4+2l,λ} T_{4+2l,λ} 0T_{4+2l,λ} 0T_{4+2l,λ} 0T_{4+2l,λ} 0T_{4+2l,λ} T_{4+2l,λ} . In view of (35) A^∗_{l,i}(z; ν) = ν^{3+2l}T_{l,i,ν} A^∼_{l,i}(z; ν)T_{l,i,ν}−1

(59) for i = 1, 2, 3, 4. In view of (33), (34), ν^{3+2l}X^∧_{l,3,2}(z; ν − 1) = A^∗_{l,2}(z; ν)X^∧_{l,3,2}(z; ν),

(60)

(−ν)^{3+2l}X^∧_{l,3,2}(z; ν) = A^∗_{l,2}(z; −ν)X^∧_{l,3,2}(z; ν − 1),

(61) where l = 0, 1, 2, |z| > 1, ν ∈ Z, ν^{3+2l}X^∧_{l,5,3,2}(z; ν − 1) = A^∗_{l,3}(z; ν)X^∧_{l,5,3,2}(z; ν),

(62)

(−ν)^{3+2l}X^∧_{l,5,3,2}(z; ν) = A^∗_{l,3}(z; −ν)X^∧_{l,5,3,2}(z; ν − 1),

(63) where l = 1, 2, |z| > 1, ν ∈ Z, ν^{3+2l}X^∧_{l,7,5,3,2}(z; ν − 1) = A^∗_{l,4}(z; ν)X^∧_{l,7,5,3,2}(z; ν),

(64)

(−ν)^{3+2l}X^∧_{l,7,5,3,2}(z; ν) = A^∗_{l,4}(z; −ν)X^∧_{l,7,5,3,2}(z; ν − 1),

(65) where l = 2, |z| > 1, ν ∈ Z. In view of (56), (60), (61), ν^{3+2l}X^∧_{l,4,2}(z; ν − 1) = A^{∗∗}_{l,2}(z; ν)X^∧_{l,4,2}(z; ν),

(66)

(−ν)^{3+2l}X^∧_{l,4,2}(z; ν) = A^{∗∗}_{l,2}(z; −ν)X^∧_{l,4,2}(z; ν − 1),

(67) where A^{∗∗}_{l,2}(z; ν) = (C_{l,3,4}(z))^{−1}A^∗_{l,2}(z; ν)C_{l,3,4}(z), l = 0, 1, 2, |z| > 1, ν ∈ Z.

In view of (57), (62), (63), ν^{3+2l}X^∧_{l,6,4,2}(z; ν − 1) = A^{∗∗}_{l,3}(z; ν)X^∧_{l,6,4,2}(z; ν),

(68)

(−ν)^{3+2l}X^∧_{l,6,4,2}(z; ν) = A^{∗∗}_{l,3}(z; −ν)X^∧_{l,6,4,2}(z; ν − 1),

(69)

where A^{∗∗}_{l,3}(z; ν) = (C_{l,5,6}(z))^{−1}A^∗_{l,3}(z; ν)C_{l,5,6}(z), l = 1, 2, |z| > 1, ν ∈ Z. In view of (58), (64), (65),

ν^{3+2l}X^∧_{l,8,6,4,2}(z; ν − 1) = A^{∗∗}_{l,4}(z; ν)X^∧_{l,8,6,4,2}(z; ν),

(70)

(−ν)^{3+2l}X^∧_{l,8,6,4,2}(z; ν) = A^{∗∗}_{l,3}(z; −ν)X^∧_{l,6,4,2}(z; ν − 1),

(71)

where A^{∗∗}_{l,4}(z; ν) = (C_{l,7,8}(z))^{−1}A^∗_{l,4}(z; ν)C_{l,7,8}(z), l = 1, 2, |z| > 1, ν ∈ Z. Since

Y_{l,k}(z, ν) = (T_{4+2l,ν} )^{−1}(z, ν)X_{l,k}(z, ν),

where l = 0, 1, 2, k ∈ K_l, |z| > 1, ν ∈ N, ν ≥ 2, let

Y^∧_{l,k}(z, ν) = (T_{4+2l,ν} )^{−1}(z, ν)X^∧_{l,k}(z, ν),

where l = 0, 1, 2, k ∈ K^∧_l , |z| > 1, ν ∈ N, ν ≥ 2,

Y^∧_{l,3,2}(z, ν) = ( Y^∧_{l,3}(z, ν) Y^∧_{l,2}(z, ν) ) , Y^∧_{l,4,2}(z, ν) = ( Y^∧_{l,4}(z, ν) Y^∧_{l,2}(z, ν) ) , where l = 0, 1, 2, |z| > 1, ν ∈ Z, let

Y^∧_{l,5,3,2}(z, ν) =

Y^∧_{l,5}(z, ν) Y^∧_{l,3}(z, ν) Y^∧_{l,2}(z, ν)

, Y^∧_{l,6,4,2}(z, ν) =

Y^∧_{l,6}(z, ν) Y^∧_{l,4}(z, ν) Y^∧_{l,2}(z, ν) ,

where l = 1, 2, |z| > 1, ν ∈ Z, let

Y^∧_{l,7,5,3,2}(z, ν) =

Y^∧_{l,7}(z, ν) Y^∧_{l,5}(z, ν) Y^∧_{l,3}(z, ν) Y^∧_{l,2}(z, ν)

, Y^{∧l,8,6,4,2}(z, ν) =

Y^∧_{l,8}(z, ν) Y^∧_{l,6}(z, ν) Y^∧_{l,4}(z, ν) Y^∧_{l,2}(z, ν) ,

where l = 2, |z| > 1, ν ∈ Z. Then

Y^∧_{l,3,2}(z, ν) = (T_{l,2,ν}∗)^{−1}X^∧_{l,3,2}(z, ν),

(72)

Y^∧_{l,4,2}(z, ν) = (T^∗_{l,2,ν} )^{−1}X^∧_{l,4,2}(z, ν),

(73)

for l = 0, 1, 2, |z| > 1, ν ∈ Z,

Y^∧_{l,5,3,2}(z, ν) = (T^∗_{l,3,ν} )^{−1}X^∧_{l,5,3,2}(z, ν),

(74)

Y^∧_{l,6,4,2}(z, ν) = (T^∗_{l,3,ν} )^{−1}X^∧_{l,6,4,2}(z, ν),

(75) for l = 1, 2, |z| > 1, ν ∈ Z,

Y^∧_{l,7,5,3,2}(z, ν) = (T^∗_{l,4,ν} )^{−1}X^∧_{l,7,5,3,2}(z, ν),

(76)

Y^∧_{l,8,6,4,2}(z, ν) = (T^∗_{l,4,ν} )^{−1}X^∧_{l,8,6,4,2}(z, ν),

(77)

for l = 2, |z| > 1, ν ∈ Z. In view of (59) – (65), (72) – (77),

Y^∧_{l,3,2}(z; ν − 1) = ((T_{2,1−1/nu}))^{−1}A^∼_{l,2}(z; ν)Y^∧_{l,3,2}(z; ν),

(78)

Y^∧_{l,3,2}(z; ν) = T_{2,−1}A^∼_{l,2}(z; ν)Y^∧_{l,3,2}(z; ν − 1)T_{2,−1+1/nu},

(79)

Y^∧_{l,5,3,2}(z; ν − 1) = ((T_{2,1−1/nu}))^{−1}A^∼_{l,3}(z; ν)Y^∧_{l,5,3,2}(z; ν),

(80)

Y^∧_{l,5,3,2}(z; ν) = T_{3,−1}A^∼_{l,3}(z; ν)Y^∧_{l,5,3,2}(z; ν − 1)T_{3,−1+1/nu},

(81)

Y^∧_{l,7,5,3,2}(z; ν − 1) = ((T_{4,1−1/nu}))^{−1}A^∼_{l,4}(z; ν)Y^∧_{l,7,5,3,2}(z; ν),

(82)

Y^∧_{l,7,5,3,2}(z; ν) = T_{4,−1}A^∼_{l,4}(z; ν)Y^∧_{l,7,5,3,2}(z; ν − 1)T_{4,−1+1/nu}.

(83)

Y^∧_{l,4,2}(z; ν − 1) = ((T_{2,1−1/nu}))^{−1}A^{∼∼}_{l,2} (z; ν)Y^∧_{l,4,2}(z; ν),

(84)

Y^∧_{l,4,2}(z; ν) = T_{2,−1}A^{∼∼}_{l,2} (z; ν)Y^∧_{l,4,2}(z; ν − 1)T_{2,−1+1/nu},

(85)

Y^∧_{l,6,4,2}(z; ν − 1) = ((T_{2,1−1/nu}))^{−1}A^{∼∼}_{l,3} (z; ν)Y^∧_{l,6,4,2}(z; ν),

(86)

Y^∼_{l,6,4,2}(z; ν) = T_{3,−1}A^{∼∼}_{l,3} (z; ν)Y^∧_{l,6,4,2}(z; ν − 1)T_{3,−1+1/nu},

(87)

Y^∼_{l,8,6,4,2}(z; ν − 1) = ((T_{4,1−1/nu}))^{−1}A^{∼∼}_{l,4} (z; ν)Y^∧_{l,8,6,4,2}(z; ν),

(88)

Y^∼_{l,8,6,4,2}(z; ν) = T_{4,−1}A^∼_{l,4}(z; ν)Y^∧_{l,8,6,4,2}(z; ν − 1)T_{4,−1+1/nu}.

(89)

§6.2. Further properties of my auxiliary fuctions.

In view of (2), (6), (12), (17) and (18) in the Part 1,

f_{l,1}(z, ν) = f^∨_{l,1}(z, ν) = ν∑ k=0 (−1)^{(ν+k)l}(z)^k ( ν k )_{2+l}( ν + k ν )_{2+l} , (90)

where l = 0, 1, 2, ν ∈ [0, +∞) ∩ Z,

f_{l,2+2j}(z, ν) =

(−1)^j j! × (91)

∞∑ t=1 z^{−t} (( ∂ ∂t )_j

(R^{2+l}) ) (t, ν),

where l = 0, 1, 2, j ∈ [0, l + 1] ∩ Z, ν ∈ [0, +∞) ∩ Z, |z| > 1. Expanding function (R(t; ν))^{2+l} into partial fractions, we obtain

(R(t; ν))^{2+l} =

2+l∑ i=1 (_ν ∑ k=0 α_{l,i,k,ν}(t + k)^{−i} ) (92)

where l = 0, 1, 2, ν ∈ [0, +∞) ∩ Z,

α_{l,2+l−j,k,ν} = 1 j! lim_{t→−k} ( ∂ ∂t )_j

(R(t; ν)(t + k))^{2+l},

(93)

where j = 0, ... 2 + l − 1. Let

S_{i,k}(ν) = −

(_{ν+k} ∑ κ=k+1

1/κ^i ) − (_{ν−k} ∑ κ=1 1/κ^i ) + k∑ κ=1 1/κ^i,

(94)

where ν ∈ Z ∩ [0, +∞), i ∈ N, k ∈ Z ∩ [0, +ν). In view of (93), (94), α_{l,2+l,k,ν} = (−1)^{l(ν+k)}((ν + k)!/((k!)^2(ν − k)!))^{2+l} =

(95)

(−1)^{l(ν+k)} ( ν k )_{2+l}( ν + k ν )_{2+l} ,

α_{l,2+l−1,k,ν} = α_{l,2+l,k,ν}(2 + l)S_{1,k}(ν)

(96) for l = 0, 1, 2, ν ∈ [0, +∞) ∩ Z,

2α_{l,2+l−2,k,ν} = α_{l,2+l,k,ν}((2 + l)^2(S_{1,k}(ν))^2 − (2 + l)S_{2,k}(ν))

(97) for l = 1, 2, ν ∈ [0, +∞) ∩ Z, 6α_{l,2+l−3,k,ν} = α_{l,2+l,k,ν} ×

(98)

((2 + l)^3(S_{1,k}(ν))^3 − 3(2 + l)^2(S_{1,k}(ν))(S_{2,k}(ν)) + 2(2 + l)S_{3,k}(ν)) for l = 2, ν ∈ [0, +∞) ∩ Z. In view of (91), (92) f_{l,2+2j} (z, ν) =

(99)

2+l∑ i=1 (_∞ ∑ t=1 (_ν ∑ k=0 α_{l,i,k,ν}z^kz^{−t−k}(t + k)^{−i−j} )) = 2+l∑ i=1 (_ν ∑ k=0 α_{l,i,k,ν}z^k

(_∞ ∑ t=1 z^{−t−k}(t + k)^{−i−j} )) = 2+l∑ i=1 (_ν ∑ k=0 α_{l,i,k,ν}z^k ( L_{i+j} (1/z) − k∑ t=1 z^{−t}(t)^{−i−j} )) =

(_{2+l} ∑ i=1 α^∗_{l,i}(z; ν)L_{i+j} (1/z) ) − β^∗_{l,j}(z; ν) = (_∞ ∑ i=−∞

α^∗_{l,i}(z; ν)L_{i+j} (1/z) ) − β^∗_{l,j}(z; ν) =

where α^∗_{l,i}(z; ν) = 0,

(100) if (i − 2 − l)(i − 1) > 0,

α^∗_{l,i}(z; ν) = ν∑ k=0 α_{l,i,k,ν}z^k,

(101)

for l = 0, 1, 2, i ∈ [1, l + 2] ∩ Z, j ∈ [0, l + 1] ∩ Z, ν ∈ [0, +∞) ∩ Z, |z| > 1, β^∗_{l,j}(z; ν) =

(102) 2+l∑ i=1 (_ν ∑ k=0 α_{l,i,k,ν}

(_k ∑ t=1 z^{k−t}(t)^{−i−j} ))

for l = 0, 1, 2, i ∈ [1, l + 2] ∩ Z, j ∈ [0, l + 1] ∩ Z, ν ∈ [0, +∞) ∩ Z, |z| > 1,

L_n(1/z) = +∞∑ t=1 z^{−t}t^{−n},

(103)

where n ∈ Z, |z| > 1.

Clearly, (−δ)^k(L_n(1/z)) = L_{n−k}(1/z),

(104) where k ∈ [0, +∞) ∩ Z, n ∈ Z, |z| > 1, L_1(1/z)) = − log(1 − 1/z),

(105)

− δ(L_1(1/z)) = L_0(1/z) = 1 + 1/(z − 1),

(106)

δ^2(L_1(1/z)) = L_{−1}(1/z) = 1/(z − 1) + 1/(z − 1)^2,

(107)

− δ^3(L_1(1/z)) = L_{−2}(1/z) =

(108) 1/(z − 1) + 3/(z − 1)^2 + 2/(z − 1)^3,

δ^4(L_1(1/z)) = L_{−3}(1/z) = 1 z − 1 + (109) 7 (z − 1)^2 + 12 (z − 1)^3 + 6 (z − 1)^4 ,

− δ^5(L_1(1/z)) = L_{−4}(1/z) = 1 z − 1 + 15 (z − 1)^2 + (110) 50 (z − 1)^3 + 60 (z − 1)^4 + 24 (z − 1)^5 ,

δ^6(L_1(1/z)) = L_{−5}(1/z) = 1 z − 1 + 31 (z − 1)^2 + 180 (z − 1)^3 + 390 (z − 1)^4 + (111)

360 (z − 1)^5 + 120 (z − 1)^6 ,

− δ^7(L_1(1/z)) = L_{−6}(1/z) = 1 z − 1 + 63 (z − 1)^2 + 602 (z − 1)^3 + (112)

2100 (z − 1)^4 + 2360 (z − 1)^5 + 2520 (z − 1)^6 + 720 (z − 1)^7 ,

δ^n(L_1(1/z)) = (−1)^nL_{1−n}(1/z) =

(113)

(−1)^n n∑ k=1 a(n, k)1/(z − 1)^k,

where

a(1, 0) = a(1, 1) = 1, a(n + 1, k) = ka(n, k) + (k − 1)a(n, k − 1)

(114)

for k ∈ [0, n] ∩ Z, a(n, −1) = a(n, n + 1) = 0, and n ∈ N.

According to (99), (104) and Leibnitz formula,

(δ)^mf_{l,2+2j}(z, ν) =

(115) m∑ k=0 ( m k ) (_{+∞}∑

i=−∞

((−1)^k(δ^{m−k}α^∗_{l,i}(z; ν))L_{j+i−k}(1/z) ) − δ^mβ^∗_{l,j}(z; ν) =

2+l∑

κ=1−m min(m,2+l−κ) ∑ k=max(0,1−κ) ( m k ) (−1)^kδ^{m−k}α^∗_{l,k+κ}(z; ν)

L_{j+κ}(1/z) − δ^mβ^∗_{l,j}(z; ν) = (_{2+l} ∑ κ=1−m

α^{∗∨}_{m,l,κ}(z; ν)L_{j+κ}(1/z) ) − δ^mβ^∗_{l,j}(z; ν), where

α^{∗∨}_{m,l,κ}(z; ν) =

(116)

min(m,2+l−κ) ∑ k=max(0,1−κ) ( m k ) (−1)^kδ^{m−k}α^∗_{l,k+κ}(z; ν),

where m ∈ N, l = 0, 1, 2, i ∈ [1, l + 2] ∩ Z, j ∈ [0, l + 1] ∩ Z, ν ∈ [0, +∞) ∩ Z, |z| > 1. In view of (91),

δ^mf_{l,2+2j}(z, ν) =

(−1)^j j! × (117) ∞∑ t=1 z^{−t}(−t)^m (( ∂ ∂t )_j ( R^{2+l} ) ) (t, ν),

where l = 0, 1, 2, {m, ν} ⊂ [0, ∞) ∩ Z, j ∈ [0, l + 1] ∩ Z, |z| > 1. Therefore, in view of (2), if m ≤ l + j, then (−1)^j j! Res_{t=∞} ( (−t)^m ( ∂ ∂t )_j

(R^{2+l}) ) (t, ν) = 0,

and, consequently, in view of (116),

α^{∗∨}_{m,l,1−j}(z, ν) =

(118) m∑ k=j ( m k ) (−1)^k(δ^{m−k}α^∗_{l,k+1−j})(1; ν) = 0,

m−j∑ i=0 ( m i + j ) (−1)^{i+j} (δ^{m−j−i}α^∗_{l,i+1})(1; ν) = 0,

lim_{z→1} α^{∗∨}_{m,l,1−j} (z; ν)/(z − 1) = (δα^{∗∨}_{m,l,1})(1; ν)

(119)

moreover, there exists

lim_{z→1} δ^mf_{l,2+2j}(z; ν)

(120)

in this case. If m = l + j + 1, then in view of (117),

δ^{l+j+1}f_{l,2+2j} (z, ν) =

(−1)^j j! × (121) +∞∑ t=1 z^{−t}(−t)^{l+j+1} (( ∂ ∂t )_j

(R^{2+l}) ) (t, ν) = O(−log(1 − 1/|z|)

for fixed ν ∈ [0, ∞) ∩ Z and |z| → 1 + 0, where l = 0, 1, 2, j ∈ [0, l + 1] ∩ Z; on the other hand, in view of (115)

δ^{l+1+j}f_{l,2+j}(z, ν) =

(122) (_{2+l} ∑ κ=−l−j

α^{∗∨}_{l+j+1,l,κ}(z; ν)L_κ(1/z) ) − δ^{l+j+1}β^∗_{l,0}(z; ν);

in view of (113), (114), lim |z|>1, z→1,

L_{1−n}(1/z)(z − 1)^n ≠ 0,

where n ∈ N. Multiplying sequentially (121) by (z −1)^n for n = l+j +1, ..., 1 and turning z ∈ (1, +∞) to 1, we obtain equalities α^{∗∨}_{l+j+1,l,κ}(1; ν) = 0 for κ = −l − j, ..., 0; if −l − j ≤ κ ≤ −j, then m = l + j + 1 < 2 + l − κ and, in view of (116), 0 = α^{∗∨}_{l+1+j,l,κ}(z; ν) =

(123)

1+l+j∑

k=1−κ ( m k ) (−1)^kδ^{m−k}α^∗_{l,k+κ}(1; ν)

for κ = −l − j, ..., −j; in particular, (123) holds for j = 0; if j ≥ 1 and 1 − j ≤ κ ≤ 0, then m = l + j + 1 ≥ 2 + l − κ and 0 = α^{∗∨}_{l+1+j,l,κ}(z; ν) =

(124)

2+l−κ∑

k=1−κ ( m k ) (−1)^kδ^{m−k}α^∗_{l,k+κ}(1; ν)

for κ = 1 − j, ..., 0.

Lemma 2.1. Let s ∈ N, k = 1, ..., s, a_{0,k} ∈ C, α_{0,k} ∈ Z,

σ = s∑ k=1 α_{0,k} ≠ 0

(125)

f(z) = s∏ k=1 (z − a_{0,k})^{α0,k} , δ = z ∂ ∂z . Then for i = 1, ..., 2s there exist a_{1,i} ∈ C, α_{1,i} ∈ Z such that 2s∑ i=1 α_{1,i} = σ,

f_1(z) = (δf)(z) = σ 2s∏ i=1 (t − a_{1,i})^{α1,i}

Proof. Clearly, f_1(z) = f(z)

(_s ∑ k=1 zα_{0,k} z − a_{0,k} ) and, in view of (125),

f(z) = σ s∏ k=1 (z − a_{0,k})^{α0,k −1}(z − a_{1,k}),

for some a_{1,k} ∈ C, where k = 1, ..., s. So, we can take α_{1,k} = 1, α_{1,s+k} = α_{0,k} − 1, a1, s + k = a_{0,k} for k = 1, ..., s. Clearly, ∑ i = 1^{2s}α_{1,i} = ∑ k = 1^sα_{0,k} = σ. ■ Corollary 1. If condition of the Lemma 2.1 are fulflled, and n ∈ N, then for i = 1, ..., 2^ns there exist a_{n,i} ∈ C, α_{n,i} ∈ Z such that

2^ns∑

i=1 α_{n,i} = σ,

f_n(z) = (δ^nf)(z) = (σ)^n

2^ns∏

i=1 (z − a_{n,i})^{αn,i} ,

(126) and lim_{z→∞} z^{−σ}(δ^nf)(z) = (σ)^n

(127)

Proof. The equality (126) can be obtained by sequential applying of the Lemma 2.1. The equality (127) directly follows from (126). ■ Corollary 2. If condition of the Lemma 2.1 are fulflled and σ = −1, then Res_{z=∞}(((−δ)^nf)(z)) = −1 for any n ∈ [0, +∞ ∩ Z. Proof. The assertion easy follows from Corollary 1. ■

Corollary 3. If condition of the Lemma 2.1 are fulflled, and n ∈ N, then

lim_{z=∞} ( (z)^{n−σ} (( ∂ ∂z )_n f ) (z) ) = (−1)^n(−σ)_n = n∏ i=1 (σ + 1 − i).

for any n ∈ [0, +∞) ∩ Z.

Proof. For n = 0 and n = 1 the assertion follows from the Corollary 2. Let m_z be operator, which transforms a function g(z) into zg(z). Then

δ(m_z)^n ( ∂ ∂z )_n

= n(m_z)^n ( ∂ ∂z )_n

+ (m_z)^{n+1} ( ∂ ∂t )_{n+1} ,

(m_z)^{n+1} ( ∂ ∂t )_{n+1} = (δ − n)(m_z )^n ( ∂ ∂z )_n . Therefore (m_z)^n ( ∂ ∂z )_n = n∏ i=1 (δ + 1 − i) = P_n(δ),

where P_n(z) = n∏ i=1 (z − 1 + i) = (−1)^n(−z)_n = n∑ k=1 c_kz^k,

and (−z)_n is the Pochhammer symbol. Therefore, in view of (127),

lim_{z=∞} ( (z)^{n−σ} (( ∂ ∂z )_n f ) (z) ) = n∑ k=1 c_k lim_{z=∞} z^{−σ}(δ^kf)(z) = n∑ k=1 c_kσ^k = (σ)_k = n∏ i=1 (σ + 1 − i) = (−1)^n(−σ)_n. ■ Corollary 4. If σ = −1, then

Res_{z=∞} ( (−z)^n (( ∂ ∂z )_n f ) (z) ) = −n!

for any n ∈ [0, +∞) ∩ Z.

Proof. The assertion direct follows from Corollary 3. ■ The above Corollary 2 easy follows from the followoing obvious Lemma 2.2. Let R > 0. Let further a function f(z) is regular in the domain {z ∈ C: R < |z|}. Then

Res_{z=∞}(((−δ)^nf)(z)) = Res_{z=∞}(f(z))

(128)

for any n ∈ [0, +∞ ∩ Z. ■

Lemma 2.3. If condition of the Lemma 2.1 are fulfilled, σ = 0, and

σ_1 = s∑ k=1 a_kα_k,

(129)

then

Res_{z=∞}(((−δ)^nf)(z)) = σ_1

(130)

for any n ∈ [0, +infty ∩ Z.

Proof. Clearly,

f(z) = s∏ k=1 (1 − a_{0,k}/z)^{α0,k}

in this case. Therefore all the conditions of the Lemma 2.2 are fulfilled. ■ Let again m = l + j + 1; clearly, if j = 0, then

Res_{t=∞}(−t)^{1+l}R^{2+l}(t, ν) = (−1)^l, and therefore, in view of (116), l+1∑ k=0 ( l + 1 k ) (−1)^k(δ^{l+1−k}α^∗_{l,1})(1; ν) =

(131)

α^{∗∨}_{l+1,l,1}(1; ν) = (−1)^{l+1}.

If m = l + j + s, s ≥ 2, then in view of (117),

δ^{l+j+2}f_{l,2+2j} (z, ν) =

(−1)^j j! × (132) +∞∑ t=1 z^{−t}(−t)^{l+j+s} (( ∂ ∂t )_j

(R^{2+l}) ) (t, ν) = O(1/(|z| − 1)^{s−1})

for fixed ν ∈ [0, ∞) ∩ Z and |z| → 1 + 0, where l = 0, 1, 2, j ∈ [0, l + 1] ∩ Z. In particular, if j = 0, m = l + s, s ≥ 2, l = 0, 1, 2, then, in view of (117) and (132), δ^{l+s}f_{l,2}(z, ν) = O(1/(|z| − 1)^{s−1}), (|z| → 1 + 0);

(133) on the other hand, in view of (115), δ^{l+s}f_{l,2}(z, ν) =

(134) (_{2+l} ∑ κ=−l+1−s

α^{∗∨}_{l+1,l,κ}L_κ(1/z) ) − δ^{l+s}β^∗_{l,0}(z; ν);

in view of (113), (114), lim |z|>1, z→1,

L_{1−n}(1/z)(z − 1)^n ≠ 0,

where n ∈ N. Multiplying sequentially (133) by (z − 1)^n for n = l + s, ..., s and turning z ∈ (1, +∞) to 1, we obtain equalities α^{∗∨}_{l+s,l,κ} = 0 for κ = 1 − l − s, ..., 1 − s; in this case 2 + l − κ ≥ 2 + l − (1 − s) > l + s = m, 1 − κ > 0; therefore, in view of (116), l+s∑

k=1−κ ( l + s k ) (−1)^kδ^{l+s−k}α^∗_{l,k+κ}(1; ν) = 0

(135)

for κ = 1 − l − s, ..., 1 − s.

§6.3 Return from ν to (τ, μ) in the case l = 0.

According to the Theorem 1,

A^∼_0 (z; ν) = S^∼_0 + z 1∑ i=0 ν^{−i}V^{∼∗}_0 (i)

(136)

with

S^∼_0 =

1 −4 8 −12 0 1 −4 8 0 0 1 −4 0 0 0 1

(137)

V^{∼∗}_0 (0) = 4

4 −5 −2 3 −3 4 1 −2 2 −3 0 1 −1 2 −1 0 , (138)

V^{∼∗}_0 (1) = 4

3 −6 3 0 −2 4 −2 0 1 −2 1 0 0 0 0 0 . (139)

In view of (3) in Part 4,

A^∗_0(z; ν) = ν^3T_{4,ν)}A^∼_0 (z; ν)(T_{4,ν)})^{−1} =

(140)

ν^3 −4ν^2 8ν −12 0 ν^3 −4ν^2 8ν 0 0 ν^3 −4ν^2 0 0 0 ν^3 +

z4 4ν^3 −5ν^2 −2ν 3 −3ν^4 4ν^3 ν^2 −2ν 2ν^5 −3ν^4 0 ν^2 −ν^6 2ν^5 −ν^4 0 +

4z 3ν^2 −6ν 3 0 −2ν^3 4ν^2 −2ν 0 ν^4 −2ν^3 ν^2 0 0 0 0 0 =

(z − 1)

16ν^3 + 12ν^2 −20ν^2 − 24ν −8ν + 12 12 −12ν^4 − 8ν^3 16ν^3 + 16ν^2 4ν^2 − 8ν −8ν 8ν^5 + 4ν^4 −12ν^4 − 8ν^3 4ν^2 4ν^2 −4ν^6 8ν^5 −4ν^4 0 +

17ν^3 + 12ν^2 −24ν^2 − 24ν 12 0 −12ν^4 − 8ν^3 17ν^3 + 16ν^2 −8ν 0 8ν^5 + 4ν^4 −12ν^4 − 8ν^3 ν^3 + 4ν^2 0 −4ν^6 8ν^5 −4ν^4 ν^3 .

Clearly, ν = −1/2 + τ, ν^2 = μ + 1/2 − τ,

(141)

ν^3 = (μ + 1)(τ − 3/2) + 1 = −3μ/2 − 1/2 + (μ + 1)τ,

(142)

ν^4 = μ^2 + 2μ + 1/2 − (2μ + 1)τ,

(143)

ν^5 = (μ − ν)ν^3 = −3μ^2/2 − μ/2 + (μ^2 + μ)τ −

(144) (μ^2 + 2μ + 1/2 − (2μ + 1)τ) = −5μ^2/2 − 5μ/2 − 1/2 + (μ^2 + 3μ + 1)τ, ν^6 = (μ − ν)ν^4 = μ^3 + 2μ^2 + μ/2 − (2μ^2 + μ)τ −

(145) (−5μ^2/2 − 5μ/2 − 1/2 + (μ^2 + 3μ + 1)τ) = μ^3 + 9μ^2/2 + 3μ + 1/2 − (3μ^2 + 4μ + 1)τ.

Therefore 16ν^3 + 12ν^2 = −12μ − 2 + (16μ + 4)τ

(146)

− 20ν^2 − 24ν = −20μ − 4ν = −20μ + 2 − 4τ, −8ν + 12 = −8τ + 16,

(147)

− 12ν^4 − 8ν^3 = −12μ^2 − 12μ − 2 + (16μ + 4)τ,

(148)

16ν^3 + 16ν^2 = 16μ(τ − 1/2) = −8μ + 16μτ,

(149)

4ν^2 − 8ν = 4μ + 6 − 12τ, −8ν = −8τ + 4,

(150)

8ν^5 + 4ν^4 = −16μ^2 − 12μ − 2 + (8μ^2 + 16μ + 4)τ

(151)

4ν^2 = 4μ + 2 − 4τ.

(152) In view of (143) and (143), − 4ν^6 = −4μ^3 − 18μ^2 − 12μ − 2 + (12μ^2 + 16μ + 4)τ

(153)

8ν^5 = −20μ^2 − 20μ − 4 + (8μ^2 + 24μ + 8)τ,

(154)

− 4ν^4 = −4μ^2 − 8μ − 2 + (8μ + 4)τ,

(155)

17ν^3 + 12ν^2 = −27μ/2 − 5/2 + (17μ + 5)τ,

(156)

− 24ν^2 − 24ν = −24μ,

(157)

− 8ν + 12 = 16 − 8τ,

(158)

17ν^3 + 16ν^2 = −19μ/2 − 1/2 + (17μ + 1)τ

(159)

ν^3 + 4ν^2 = 5μ/2 + 3/2 + (μ − 3)τ.

(160)

In view of (140) – (160)

A^∗_0(z; ν) =

(161) 1 2 × −27μ − 5 −48μ 24 0 −24μ^2 − 24μ − 4 −19μ − 1 8 0 −32μ^2 − 24μ − 4 −24μ^2 − 24μ − 4 5μ + 3 0 −4(2μ^3 + (3μ + 1)^2) −8(5μ^2 + 5μ + 1) −8μ^2 − 16μ − 4 −3μ − 1 + τ × 17μ + 5 0 0 0 16μ + 4 17μ + 1 −8 0 8μ^2 + 16μ + 4 16μ + 4 μ − 3 0 12μ^2 + 16μ + 4 8μ^2 + 24μ + 8 8μ + 4 μ + 1 + z − 1 2 × −24μ − 4 −40μ + 4 32 24 −24μ^2 − 24μ − 4 −16μ 8μ + 12 8 −32μ^2 − 24μ − 4 −24μ^2 − 24μ − 4 8μ + 4 8μ + 4 −4(2μ^3 + (3μ + 1)^2) −8(5μ^2 + 5μ + 1) −8μ^2 − 16μ − 4 0 + (z − 1)τ × 16μ + 4 −4 −8 0 16μ + 4 16μ −12 −8 8μ^2 + 16μ + 4 16μ + 4 −4 −4 12μ^2 + 16μ + 4 8μ^2 + 24μ + 8 8μ + 4 0 . Let

R^{∨∨}_0 (0) =

−5 0 24 0 −4 −1 8 0 −4 −4 3 0 −4 −8 −4 −1

, V^{∨∨0} (0) =

−4 4 32 24 −4 0 12 8 −4 −4 4 4 −4 −4 −4 0 ,

(162)

R^{∨∨}_0 (1) =

−27 −48 0 0 −24 −19 0 0 −24 −24 5 0 −24 −40 −16 −3

, V^{∨∨0} (1) =

−24 −40 0 0 −24 −16 8 0 −24 −24 8 8 −24 −40 −16 0 ,

(163)

R^{∨∨}_0 (2) =

0 0 0 0 −24 0 0 0 −32 −24 0 0 −36 −40 −8 0

, V^{∨∨0} (2) =

0 0 0 0 −24 0 0 0 −32 −24 0 0 −36 −40 −8 0 ,

(164)

R^{∨∨}_0 (3) =

0 0 0 0 0 0 0 0 0 0 0 0 −8 0 0 0

, V^{∨∨0} (3) =

0 0 0 0 0 0 0 0 0 0 0 0 −8 0 0 0 ,

(165)

R^{∧∧}_0 (0) =

5 0 0 0 4 1 −8 0 4 4 −3 0 4 8 4 1

, V^{∧∧0} (0) =

4 −4 −8 0 4 0 −12 −8 4 4 −4 −4 4 8 4 0 ,

(166)

R^{∧∧}_0 (1) =

17 0 0 0 16 17 0 0 16 16 1 0 16 24 8 1

, V^{∧∧0} (1) =

16 0 0 0 16 16 0 0 16 16 0 0 16 24 8 0 ,

(167)

R^{∧∧}_0 (2) =

0 0 0 0 0 0 0 0 8 0 0 0 12 8 0 0

, V^{∧∧0} (2) =

0 0 0 0 0 0 0 0 8 0 0 0 12 8 0 0 . (168)

In view of (161) – (168),

A^∗_0(z; ν) =

(169) 1 2 (_3 ∑ k=0 μ^k(R^{∨∨}_k + (z − 1)V^{∨∨}_k ) ) +

τ (_2 ∑ k=0 μ^k(R^{∧∧}_k + (z − 1)V^{∧∧}_k ) ) . Moreover, R^{∨∨}_k = R^∨_k , V^{∨∨}_k = V^∨_k ,

for k = 0, 1, 2, 3, R^{∧∧}_k = R^∧_k , V^{∧∧}_k = V^∧_k ,

for k = 0, 1, 2, where

R^∨_k , V^∨_k , for k = 0, 1, 2, 3, and R^∧_k , V^∧_k , for k = 0, 1, 2 are pointed in the Part 2 and in section 3.2 of Part 3.

According to (32) and (33) of the Part 2, ν^3X_{0,k}(z; ν − 1) = A^∗_0(z; ν)X_{0,k}(z; ν),

(170)

(−ν)^3X_{0,k}(z; ν) = A^∗_0(z; −ν)X_{0,k}(z; ν − 1),

(171) where k = 1, 2, 3, |z| > 1, ν ∈ Z, A^∗_0(z; ν) = (1/2)U^∨_0 (z; μ) + U^∧_0 (z; μ)τ,

(172)

μ = ν(ν + 1), τ = ν + 1 2 , (173)

U^∨_0 (z, μ) = 3∑ k=0 μ^k(R^∨_0 (k)) + (z − 1)V^∨_0 (k)),

(174)

U^∧_0 (z, μ) = 2∑ k=0 μ^k(R^∧_0 (k)) + (z − 1)V^∧_0 (k)).

(175)

So, (169) coincides with (172)

§6.4. Short derive of Apéry equation.

After replacing in (170) ν by −ν − 1 we obtain the equality

(−ν − 1)^3X_{0,k}(z; −ν − 2) = A^∗_0(z; −ν − 1)X_{0,k}(z; −ν − 1),

(176)

where k = 1, 2, 3, ν ∈ Z, |z| > 1. Since

X_{0,k}(z; −ν − 1) = X_{0,k}(z; ν), X_{0,k}(z; −ν − 2) = X_{0,k}(z; ν + 1) for k = 1, 2, 3, ν ∈ Z, |z| > 1, it follows that the equality (176) is equivalent to the equallity − (ν + 1)^3X_{0,k}(z; ν + 1) = A^∗_0(z; −ν − 1)X_{0,k}(z; ν),

(177) for k = 1, 2, 3, ν ∈ Z, |z| > 1. After substraction of the equality (177) from (170) we obtain the equality (ν + 1)^3X_{0,k}(z; ν + 1) + ν^3X_{0,k}(z; ν − 1) =

(178) (A^∗_0(z; ν) − A^∗_0(z; −ν − 1))X_{0,k}(z; ν), where k = 1, 2, 3, |z| > 1, ν ∈ Z. In view of (172), the equality (178) take the form

(ν + 1)^3X_{0,k}(z; ν + 1) + ν^3X_{0,k}(z; ν − 1) = U^∧_0 (z; μ)(2ν + 1)X_{0,k}(z; ν),

(179)

where k = 1, 2, 3, |z| > 1, ν ∈ Z. In view of (161) and (172), U^∧_0 (z; μ) =

(180) 17μ + 5 0 0 0 16μ + 4 17μ + 1 −8 0 8μ^2 + 16μ + 4 16μ + 4 μ − 3 0 12μ^2 + 16μ + 4 8μ^2 + 24μ + 8 8μ + 4 μ + 1 + (z − 1) × 16μ + 4 −4 −8 0 16μ + 4 16μ −12 −8 8μ^2 + 16μ + 4 16μ + 4 −4 −4 12μ^2 + 16μ + 4 8μ^2 + 24μ + 8 8μ + 4 0 . Therefore, in view (179), the first component of the column X_{0,k}(z; ν) satisfies to the following equality :

(ν + 1)^3f_{0,k}(z; ν + 1) + ν^3f_{0,k}(z; ν − 1) =

(181) (17μ + 5)(2ν + 1)f_{0,k}(z; ν)+ (z − 1)(16μ + 4)(2ν + 1)f_{0,k}(z; ν)+ (z − 1)(−4)(2ν + 1)(δf_{0,k})(z; ν)+ (z − 1)(−8)(2ν + 1)(δ^2f_{0,k})(z; ν), where k = 1, 2, 3, |z| > 1, ν ∈ Z. Now we turn z ∈ (1, +∞) to 1 for k = 2, 3. Since lim_{z→1}(z − 1)(δf_{0,2})(z; ν) = 0, lim_{z→1}(z − 1)(δ^2f_{0,2})(z; ν) = 1, it follows that (ν + 1)^3f_{0,2}(1; ν + 1) + ν^3f_{0,2}(1; ν − 1) =

(182) (17μ + 5)(2ν + 1)f_{0,2}(1; ν) − 8(2ν + 1).

In view of (5) and (38), f_{l,3}(1, ν) = f_{l,4}(1, ν) for l = 1, 2, 3, ν ∈ Z, lim_{z→1}(z − 1)(δ^kf_{0,3})(z; ν) = 0 for k = 1, 2. Therefore (ν + 1)^3f_{0,4}(1; ν + 1) + ν^3f_{0,4}(1; ν − 1) =

(183) (17μ + 5)(2ν + 1)f_{0,4}(1; ν).

So y(ν) = f_{0,4}(1; ν) satisfies the equation

(ν + 1)^3y(1; ν + 1) + ν^3yν − 1) = (17μ + 5)(2ν + 1)y(ν). Clearly, this equation can be represented in the form

(ν + 1)^3y(1; ν + 1) + ν^3yν − 1) = (17ν^3 + 51ν^2 + 27ν + 5)y(ν)(34ν^3 + 85ν^2).

(184)

Equation (184) is the famous Apéry equation.

§6.5. Corrections in the previous parts of this paper.

Polynomial a^∨_{2,3,3}(z; ν) in the Part 2 must have a form a^∨_{2,3,3}(z; ν) = (1/2)(−9 − 183μ + 2586μ^2 + 7113μ^3)+ (1/2)(z − 1)(−8 − 176μ + 2600μ^2 + 7120μ^3) instead of a^∨_{2,3,3}(z; ν) = (1/2)(−9 − 183μ + 2856μ^2 + 7113μ^3)+ (1/2)(z − 1)(−8 − 176μ + 2600μ^2 + 7120μ^3).

Polynomial a^∨_{2,4,4}(z; ν) in the Part 2 must have a form

a^∨_{2,4,4}(z; ν) = (1/2)(−1 − 1255μ − 3214μ^2 + 2105μ^3)+ (1/2)(z − 1)(−1248μ − 3200μ^2 + 2112μ^3), instead of

a^∨_{2,4,4}(z; ν) = (1/2)(−1 − 1225μ − 3214μ^2 + 2105μ^3)+ (1/2)(z − 1)(−1248μ − 3200μ^2 + 2112μ^3).

Polynomial a^∧_{2,8,7}(z; ν) in the Part 2 must have a form a^∧_{2,8,7}(z; ν) = 8 + 48μ + 80μ^2 + 32μ^3+ (z − 1)(8 + 48μ + 80μ^2 + 32μ^3) instead of a^∧_{2,8,7}(z; ν) = 8 + 48μ + 80μ^2 + 33μ^3+ (z − 1)(8 + 48μ + 80μ^2 + 32μ^3).

On the intersection of 5-th row and 7-th column of the matrix R^∨_2 (1) in the Part 2 must stand the number 1056 instead of 1256. On the intersection of 4-th row and 4-th column of the matrix R^∨_2 (1) in the Part 2 must stand the number −1255 instead of −1225. On the intersection of 2-th row and 2-th column of the matrix R^∨_2 (2) in the Part 2 must stand the number 1922 instead of 1992. On the intersection of 3-th row and 3-th column of the matrix R^∨_2 (2) in the Part 2 must stand the number 2586 instead of 2856. On the intersection of 3-th row and 4-th column of the matrix V^∨_2 (2) in the Part 2 must stand the number 3616 instead of 3613.

References.

[1] R.Apéry, Interpolation des fractions continues et irrationalite de certaines constantes, Bulletin de la section des sciences du C.T.H., 1981, No 3, 37 – 53;

[2] L.A.Gutnik, On some systems of difference equations. Part 1. Max-Plank-Institut für Mathematik, Bonn, Preprint Series, 2006, 23, 1 – 37.

[3] , On some systems of difference equations. Part 2. Max-Plank-Institut für Mathematik, Bonn, Preprint Series, 2006, 49, 1 – 31.

[4] , On some systems of difference equations. Part 3. Max-Plank-Institut für Mathematik, Bonn, Preprint Series, 2006, 91, 1 – 52.

[5] , On some systems of difference equations. Part 4. Max-Plank-Institut für Mathematik, Bonn, Preprint Series, 2006, 101, 1 – 49.

[6] , On some systems of difference equations. Part 5. Max-Plank-Institut für Mathematik, Bonn, Preprint Series, 2006, 115, 1 – 9.

E-mail: gutnik@gutnik.mccme.ru