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§6.0. Foreword.
Let
2] > 1, —37/2 < arg(2) < 7/2,log(z) = In(|2]) + i arg(2).
Then log(—2) = log(z) — i, if R(z) > 0 and log(z) = log(—z) — im, if

R(z) < 0.
Let

W i) = uen = e (1) (TR

v
k=0

where [ =0, 1, 2, v € [0,+00) N Z. Let

f[l(t —J)
(2) R(t,v) =7 :
ljo(t +7)

where v € [0, +00) N Z,



—+o00

(3) fia(zv) = fialz,v) = Z 2 H(R(t,v))*,

t=14v

where [ =0, 1, 2 and v € [0, +00) N Z, and since (R(t,v))*" for v € N has

in the points t =1, ..., v, the zeros of the order 2 + [, it follows that
“+oo

(4) fiazv) =) 2T H(R(tv))*,
t=1

for i =0, 1,2 and v € [0,400) N Z. Let

(5) fz\,/3(z> v) = fiz(z,v) = (log(2)) fiz(z, ) + fia(z,v),
where
+o0 o
_ —t (O po+i
) ) == Y = (50 o)
t=1+v
[ =0,1,2and v € [0,+00) NZ, and since (R(t,v))*" for v € N has in the
points t =1, ..., v, the zeros of the order 2 + [, it follows that
+o0 o
7 - _ -t 2 R2+l ¢
) e ==X (U ) 6.0
for i =0, 1,2 and v € [0,400) N Z. Let
(8) fis(z,v) = =i fis(z,v) + fis(z,v),
with [ =1, 2, v € [0,+00) N Z and
(9) fis(z,v) =

2_1(10g(z))2fl,2(z, v) + (log(2)) fia(z,v) + fie(z,v) =
= —2_1(10g(z))2fl,2(z, v) + (log(2)) fis(z,v) + fie(z,v),

where
_ o1 [ (9 2+
(10) fis(zy) =273 2 ((at) (R )) (t,v),
t=14v
and since (R(t,v))?*! for v € N has in the points t = 1, ... , v, the zeros of

the order 2 + [, and [ = 1, 2 now, it follows that

(11) Jrs(z,v) =27 Z zt ((%) (R2+l)) (t,v)

t=1+v

for i =1, 2 and v € [0,400) N Z. Let



(12) fz,v7(z> v) = fir(z,v) + (27°/3) fis(z,v).

with | =2, v € [0,4+00) N Z and
(13) fia(zv) =

—37Ylog(2))? fra(z,v) + 27 (log(2))? fis(z,v) + fis(z,v)+
(log(2))(fus(2,v) + 27" (log(2))* fia(2, v) — (log(2)) fia(z,v)) =
6 (log(2))% fia(z,v) — 27 (log(2))? fis(z, v) + (log(2)) fis(2,v) + fis(z,v) =
(1/6)(log(2))’ fia(z, v) + (1/2)(log(2))* fua(z, v)+
(log(2)) fi,6(2,v) + fis(z,v),

where
14 — -1 —t e 241
1) S =6 Y s ((at) (B ) (1.0),
t=v+1
and, since (R(t,v))?* for v € N have in the points t = 1, ..., v, the zeros

of the order 2 4 [, and [ = 2 now, it follows that

(15) fis(z,v) = —6~ 1§:z_t <<—)3 R2+l)) (t,v).

Let
Ro=11,2,3} R =1{1,2,3,5}, R = {1, 2, 3,5, T}.

Let A be a variable. We denote by T, , the diagonal n x n-matrix, i-th
diagonal element of which is equal to A1 for i = 1, ..., n. We denote by
0 the operator zd%. Let further I = 0, 1,2,k € &, |2|] > 1,v € N, and
let Y, x(2z;v) be the columnn with 4 + 2[ elements, i-th of which is equal to
(o) iz ) fori=1, ..., 44 2L

Theorem 1. The following equalities hold

(16) AT (5 0)Yik(zv) = Tipar 1 Yig(z0 = 1),

(17) Yir(z;v) = Tagpor, -1 A7 (25 —v) Tugor,— 14001 Yig(23 v — 1),

where | =0, 1,2, k€ R, |z] > 1, v e N,v>2

1+1
(18) AT (zv) = S5 42 ) v V)
i=0
with
1 -4 8 -—-12
- o 1 -4 8
(19) S0 = 0 O 1 -4
0 0 0 1



(20)

(21)

-1 6 —18 38 —66 10

2

0 -1 6 —18 38 —66
e o 0 16 s s
=10 0o 0 -1 6 -18 |’

0 0 0 0 -1 6

0 0 0 0 0 -1
1 -8 32 —88 102 —360 608 —952
0 1 -8 32 -8 102 —360 608
0 0 1 -8 32 -8 192 —360

e oo 0 1 s w8 19

=10 0 0o 0 1 -8 32 _s88
00 0 0 0 1 -8 32
o0 0 0 o0 o0 1 -8
o0 0 0 0 o0 0 1

A -5 —2 3
R B SV R T
192 1 ¢
3 6 3 0
24 20
oW =41 1 5 1 o|-
0 0 0 0
146 108 —180 268 66 —102
102 146 108 —180 —38 66
o | 66 —102 -2 108 18 38
VIO =1 35 6 12 -5 -6 18
18 38 12 12 2 -6
6 18 20 12 -6 2
210 —516 108 372 —204 0
160 348 -84 —236 132 0
|9 212 60 132 —76 0
VImTW =1 48 108 -36 —60 36 0
6 36 12 20 —12 0
0 -4 12 —12 4 0
102 —306 306 —102 0 0
66 198 —198 66 0 0
o 138 14 14 38 0 0
Vi@ =115 51 _s4 18 00|
6 —18 18 -6 0 0
2 6 -6 2 00




176 —249 —-364 545 280 —431 —-76 119
—-119 176 227 =364 —-169 280 45 76
7% —119 —-128 227 92 —-169 —24 45
—45 76 61 —128 —43 92 11 =24

RO)=81 5y 45 20 6l 16 —43 —4 11 |’
1124 -1 -20 -5 16 1 -4
4 11 8 -1 4 -5 0 1
14 -7 8 -1 4 -1 0
455 —1020 —113 1552 —603 —628 357 0
300 682 44 —996 404 394 —228 O
185 —428 -3 592 —253 —228 135 O
ey | 104 26 <16 <316 144 118 -T2 0
2 51 —124 19 144 —71 —52 33 ol
20 50  —12 —52 28 18 —12 0
5  —12 1 16 -9 -4 3 0
0 -2 8 12 8 -2 0 0
100 —1243 972 542 —1028 357 0 0
250 808 —642 —332 653 —228 0 0
156 —489 396 186 —384 135 0 0
y 85 268 —222 —92 203 -T2 0 0
T2 =81 40 197 108 38 -92 33 0 0]
15 48 —42 —12 33 —12 0 0
A4 13 12 2 -8 3 00
14 =6 4 -1 0 00
119 —476 714 —476 119 0 0 0
76 304 —456 304 —T6 0 0 0
45 —180 270 —180 45 0 0 0
. 24 96 —144 96 —24 0 0 0
iT@) =8 66 a4 11 0 0 0
4 16 -24 16 -4 0 0 0
1 -4 6 -4 1 000

0 0 0 0 0 000
The above matices Ay (z;v), Sy and V,™*(i) have the following properties:

(22) A (2 —v)Tagor, 1 Ay (250) = Ty, -1,
(23) Sy Tysor—1 = (S Tugor—1)

(24) Sy Tayar, V() = —=(=1)"V,* (1) Tagan, 1 ST
(25) VI (1) Ty, 1 V™ (k) = 0Ty p9,—1,
where

1=0,1,2,i€[0,1+]NZ kel0,1+INZ

Proof. Full proof can be found in [2] — [6].
Acknowledgments. I express my deepest thanks to Professors
B.Z.Moroz, 1.I. Piatetski-Shapiro,
A.G.Aleksandrov, P.Bundshuh and S.G.Gindikin for help and support.



§6.1. Further relations.

In the Part 2, equality (12), we have delated the domain of definition of
the the functions f)(z,v), where [ =0, 1,2, k € &

from {v € Z: v > 0} to {v € Z: all v} so these functions are defined for
all the v € Z. We make the same sequentially for the functions

fra(z,v),

where [ =0, 1, 2

fl,S(Z> V), fl,G(Zu V);
where [ = 1, 2 and

fz,7(Z, v), fl,8(za v),

where [ = 2,
by means of the equality

(26) fra(z,v) = fi5(z,v) = (log(2)) fi5(2,v) =

le3(Zv V) - (log(z))fl,2(zv l/),

which follows from (5),
by means of the equality

(27) fi5(z,v) = fl,vs(% v) + mle:).(Za v) =

fis(z,v) +im fis(z,v),

which follows from the equality (8),
by means of the equality

(28) fie(z,v) = fis(z,v) = (log(2)) fils(z, v) —

(1/2)(log(2))* fia(2,v),
which follows from (9),
by means of the equality

(29) fia(zv) = fif(z,v) = 27%[3) fia(z,v),
which follows from (12), and by means the equality
(30) fis(z,v) =

—(67"(log(2))* fia(z, v) — 27" (log(2))* fia(z, v)—
(log(2)) fi6(2, ) + fiz(z,v),

which follows from (13). Let further & = [1,4+2]]NZ for [ = 01, 2, and
let X[%(z;v), where [ =0, 1, 2, k € &, |2| > 1,v € Z, be the columnn with
4 + 21 elements, i-th of which is equal to 67! f;; for i = 1, ..., 4 + 2.



Then, in view of (1), (3), (5),
(31) X&(Z; V) = Xl,k(ZS V)7

ifl=0,1,2, k=1, 2,3, |z| > 1,v € Z. Therefore, if k € K, then together
with (25), (26), (32), (33) in the part 2, we have

(32) X[p(z—v = 1) = X[} (% v),

(33) V3+2ZXZ/,\k(Z; v—1)=A](z V>Xlék(z§ v),
(34) (—V)3+21X1/,\k(25 v) = Aj (2 —V)Xl/,\k(ZS v—1),
where

(35) A (zv) = V32 T o AT (2 0) Ty o1,

1=0,1,2,k=1,2,3,|z] > 1,v € Z. In view of (8), (5),
(36) Xl/,\S(Z7 I/) = Z"]TXl’g(Z, l/) + Xl75(Z, I/),

for | = 1,2, |z2| > 1,v € Z. Therefore (35), (33) and (34) hold for [ =
1,2, k=52 > 1,v € Z. In view of (12), (5),

(37) Xl/’\7(z, v) = X7(z,v) — (20°/3) X1 3(2, v).

Therefore (35), (33) and (34) hold for [ =2, k =7|z| > 1,v € Z.
So, (35), (33) and (34) hold for [ =0, 1, 2, k € &, |2| > 1,v € Z.
In view of (5), (9), (13),

(38) (6 fia)(z,v) =

(6" fra)(z,v) + (((log(2))8" + k6" ) fi2) (2, v),
where [ =0, 1, 2, k € [0,00)NZ, |2z| > 1,v € Z,

(39) (0% fi5)(z,v) = (0" fie) (2, v) +
(((log(2))8" 4+ k6™ 1) f) (2, v)+
<<l(log(z))25k + k(log(2)(6* ! + M)(Sk_z) fv) (z,v) =
5 5 12 ] (%
(0% fr6)(z,v) + (((log(2))6" + k6" 1) %) (2, v)—

(G(mg(z))?a’f T k(log())s* " + FF 2 1)6’“‘2) lez) (2,v),

2
where [ =1, 2, k€ [0,00)NZ, |z| > 1,v € Z,

(40) (0% fio)(z,v) =

((é(log(z))?’ék + g(log(z))25’“‘1) fm) (z,v)+



((kz(k‘; 1) (log(2))6"2 + k(k — 1g(k: - 2)6k‘3) fl,2) (2, 0)—

((%(log(z))%k + k(log(2))6" ' + @5’“_2) fz,3> (z,v)+
(((log(2))0" + k6* 1) fi5)(z,v) + (6" fis)(z,v) =

((é(log(z))?’ék + g(log(z))z(Sk‘l) fw) (z,v)+

((k(k D (tog(zpyo 4 MEZDEZ2) 5 3) i 2)
acan )

((%(log(z))z(;k + k(log(2))0" " + I 4)

(((log(2))d* + kd"~) fi6) (=, V) (0" fi8) (2, v),
where [ =2, k € [0,00) N Z, |z| > 1,v € Z. Let

(41) Caga1,0 = Eyyo for 1 =0, 1, 2,
0000
1000
(42) 041_02007
0030
000000
100000
020000
(43) 061_003000’
000400
000050
00000GO0TO0O0
10000000
02000000
00300000
(44) CGi=10 0040000
00005000
00000G6UO0O
00000O0TO
000 0 00
000 0 00
100 0 00
(45) 062_030000’
006 0 00
0001000



000 0 0 0 00
000 0 0 0 00
100 0 0 0 00
0300 0 0 00

(46) Csa = 006 0 0 0 00}
00010 0 0 00
000 0 15 0 00
000 0 0 2100
00 0 0 0 000
00 0 0 0 000
00 0 0 0 000
10 0 0 0 000

(47) Cas = 04 0 0 0 000}
0010 0 0 00 0
00 0 20 0 00 0
00 0 0 35000
|

(48) Cl\,/m(z> = Z H(log(z))k04+2l7m_k,
k=0

(49) 0C(2) =) l(log(fz))k@wu,m—k =

o (log(2))*Caramm—1-1 = Cpp_1(2).

Then in view of (38), (39), (40),
(50) X[3(2v) = ((log(2))Cararo + Carar 1) X 5(2v) +
Xzé4(25 v) = Cl\,/O(Z)Xl/,\4(Z; v) + Clv,l(Z)lez(% V),
where [ =0, 1, 2, |2| > 1,v € Z,
(51) les(ZS v) = Xzée*(’v’? v) +
((log(2))Cayauo + C4+2z71)le3(Z§ v)—

1
(5008 Cuvara + (08(2)Cavars + Croana) Xfy(zi0) =

Cro(2) X [5(zv) + CY1(2) X[ 5(2v) — Cy(2) Xy (2 0) =
Xl€6(z§ v) + ((log(2)) Egsor + C4+2l,1)le4(z; v)+



1
(5008 Cuvara + (08(2)Cavars + Croara) Kiy(zi0) =
Clo(2)X[s(25v) + CF () Xy (25 v) + Cla(2) X o (25 v),
where [ =1, 2, |z| > 1,v € Z,

(52) Xin(zv) =

1 1
(§008(:))*Curaa + 5 108(2) o + (108(:) s + Crvara ) Kio(z.0)-

1
(§(log(z))204+2170 + (108;(2))04+2z,1 + C4+2z72) ng(Z, v)+

((log(2))Cataro + Cagarn) XZ%(Z, V) + leg(z, V) =

1

1
(5008 Cuvara + 500820 °Cas + (08(2)Cara + Crvara ) Xfa(eo0)

1
(5008020 Erea + (08(2)Clars + Caa ) X4

((log(2))Cayaro + C4+2l,1)X£6(Z, V) + Xl%(z, v) =
Cro() X525 v) + Ol (2) X525 v) + Cr2) ¥ (2) X4 (23 v) + O3 (2) X5 (25 v)

where [ =2, |z| > 1,v € Z.
In view of (50) - (52)

(53) 0Xi5(zv) = 0X [y (2 v) +

Cl\,/l(z)5Xl/,\2(Z§ v) + Cz\,/o(z)Xl/,\z(ZQ v),
1=0,1,2 |2| > 1,vez

(54) 0X[5(zv) = 0X[(zv) +

CY(2)0X [y (2v) + Cr2)0 X[y (2 v) + X[ 5(2v),
where [ =1, 2, |z| > 1,v € Z,

(55) 0Xy(zv) = 0X[5(2,v) + CY1(2)0 X[ (2 v) +

Clv,l(z>5Xl/,\6(Z; v) + C’Lg)”ee(z)éX&(z; v) + Cz(,?,z)élez(Z; V) + les(ZQ V),
where [ = 2, |z| > 1,v € Z. Let

XN (z,v XN (z,v
Xate) = (300 Xated = (30E0)),

_(Ch(2) Ch(2)
Cl,3,4(2)_ (0E4+2l Cl\,/o(z) 7

where [ =0, 1, 2, |2| > 1,v € Z. Then, in view of (50)

(56) Xz/,\3,2(z> v) = Cl,3,4(Z)Xz/,\4,2(Zv v),



where [ =0, 1, 2, |2|] > 1,v € Z. Let

X5(z,v Xo(z,v
Xl532(z v) = le3(z, V) aXl/,\6,4,2(Z7 v) = Xﬂ(z,u
Xy(zv) Xh(z,v

Clo(2)  Clh(z) Ch(2)
Ci56(2) = | 0Ess OIYO(Z) sz,1(2’) )
0Eu2 0C)p(2) Cro(2)

where [ =1, 2, |z| > 1,v € Z. Then, in view of (51)
(57) Xlé5,3,2(z7 V) = Cl,5,6(Z)X166,4,2(Z> V),

where [ =1, 2, |z| > 1,v € Z. Let

Xl/}?(z, V) Xz,s(Z>
X/ (z,v) X/(z,
Xl/,\7,5,3,2(z> v) = Xi/\z(z V) aXl/,\8,6,4,2(Z> v) = X?\i(z
X&(z, V) lez(%

Clv,o(z) Clv1(z> Clv,2(z> Clv,
0FEs191 C o(Z) sz,1(z) ¢
0E4 2 OClO( ) Cl\,/o(z Cl\,/
0E442 001,0( z) 0Cy(2) Ci

where [ =2, |z| > 1,v € Z. Then, in view of (52)

C'l,7,8 =

(58) Xl/,\7,5,3,2(zv v) = Cl,7,8Xl/,\8,6,4,2(Z> V),

Let
Al (zv) = Af(zv),

A7 (zv) = AT (2 v),
Tffm = Thiorn,

Ajp(es) = <o§7(<zz;;yu>> oﬁ((;;;)) |

Az v) = (Oﬁ:((zz;'yg) %{7((5;5 ))) |

T Tayorn  O0Tgyorn
L2) ™ 0Ty n  Tagoaun )’

Af(z;v) 0A7(z;v) 045 (zv)
Als(zv) = OA*(Z,V) Af(z;v)  0Af(zv) |,
047 (z;v) 0Af(zv) Af(zv)

AT (zv)  0Af(z;v) 0A7(z;v)
D(zv) Ar(zv) 0AT(zv) |
0A7 (z;v) 047 (z;v) Af(z V)
Tyran O0Tyio1n 0Tyq00

*
Tisn= | 0Tssun  Tayaun O0Tuyon |
0T4yo1n O0Tyqo1n  Tayorn



(
At (20) = 047 (z;v)  Af(zv) 0Af(zv) OA*(Z,V
L\s V)= 047 (z;v) 0Af(zv) Af(zv) 04F(zv)
0A7(z;v) 0Af(z;v) 0Af(zv) Af(zv)

Ay (zv)  0AY (zv) 047 (zv) 0AY (zv
0A7 (z;v)  AY(zv) 0AY(zv) OAN(Z, v
0AY (z;v) 0A7(zv) Af(zv) 0A7(zv
0AY (z;v) 0A7(zv) 0AY(z;v) AN(z, V)

Any(zv) =

Y

Af(z;v)  0Af(zv) 045 (z; l/ 0A; (z; v )
)
)
)

Thron O0Tavorn 0Ty 0Tqon
Tr,, = 0T sro1n  Tagun OTyqrorn O0Typonn
0Tyv21n 0Ty n  Taraun  O0Tayorn
0Tayorn O0Tyrorn O0Turorn  Tayorn

In view of (35)
(59) Ali(zv) = V3+2lﬂ,i,VAZi(z; )T} 1
for i = 1,2, 3,4. In view of (33), (34),

(60) 3+21Xz/\3 oz —1) = A?,Q(Z; V)Xl/,\3,2(z§ v),

(61) (— )3+21Xz/\3 o(z3v) = A?,Q(Z; —V)Xz/,\:a,z(zi v—1),
where [ =0, 1, 2, |2| > 1,v € Z,

(62) 3+2le/\5 3, o(ziv—1)= Aig(ZS V)Xz/,\5,3,2(25 v),

(63) (— )3+2le/\532(Z? v) = A?,?,(ZS _V)Xz/,\5,3,2(2’§ v—1),
where [ =1, 2, |2| > 1,v € Z,

(64) 3+21Xz/\75 3, oz —1) = A?A(ZS V)Xl/,\7,5,3,2(2’§ v),

(65) (— )3+21Xz/\75 3, o(z;v) = A?A(ZS _V)Xz/,\7,5,3,2(25 v—1),

where [ = 2, |z| > 1,v € Z. In view of (56), (60), (61),

(66) 3+21X1/\4 oz —1) = A?E(ZS V)Xl/,\4,2(z§ v),
(67) (— )3+21X1/\4 o(z30) = A?E(ZS —V)Xz/,\4,2(zi v—1),
where

A75(zv) = (Ciaal2)) T Aly(21)Craa(2),

1=0,1,2 |2| >1,v€Z
In view of (57), (62), (63),

(68) V3+2leé6,4,2(Z§ v—1)= A;E(ZQ V>Xlé6,4,2(z§ V),



(69) (_V)3+2le/,\6,4,2(Z? v) = A?E(ZS _V)Xz/,\ﬁ,4,2(z§ v—1),

where
Al5(zv) = (Cus6(2)) T Als(23 1) Cisol2),
l=1,2, |z| > 1,v €Z. In view of (58), (64), (65),

(70) V3+2ZX1/,\8,6,4,2(Z? v—1)= A?,Z(ZS V)Xl/,\&(s,4,2(z? v),
(71) (_V)3+2le/,\8,6,4,2(ZS v) = ATE(@ —V)Xl/,\6,4,2(25 v—1),
where

Ai(zv) = (Cias(2)) ALz ) Crrs(2),
l=1,2,|z]| >1,v e Z. Since

Vie(z,v) = (Tagpon) (2, 0) Xip(2,v),
where [ =0, 1,2, k€ R, |z| > 1,v e NJv > 2, let
YZ)@(Z? V) = (T4+2Z,V)_1(Z7 V)Xl/,\k(zv V)?

where [ =0, 1,2, k € R}, |2] > l,v e Njv > 2,

Y/5(z,v) Y/ (z,v)
A _ 1,3\~ A — 1,4\
Yl,3,2(z> v) = (Ylf\z(% V)) ’Yl,4,2(z> V) (}/17/\2(27 v))

where [ =0, 1, 2, |2| > 1,v € Z, let

Y/A(z 1) Yy (2 v)
Yl,A5,3,2(Z= v) = Yl%(za V) aYI,AﬁA,z(Za v) = )/lﬁl(za V)
Yjy(zv) Yy (zv)

where [ =1, 2, |z| > 1,v € Z, let

— — — —

Yii(zv) Yis(zv
Y/i(z,v) Yii(z,v
Y/ Z,V) = L5A Y/ z2,V) = L6
l,7,5,3,2( ) )/lg(z’ V) l,8,6,4,2( ) }/Z,/EL(Z? v

Yis(z,v) Yi5(z,v

where [ =2, |z| > 1,v € Z. Then

(72) Yig,z(% v) = (E,27V*)_1Xl/,\3,2(z7 v),

(73) }/lﬁlﬂ(Z? V) - (Y}T2,V)_1Xl/,\4,2(za V)J

for i =0,1,2, |z| > 1,v € Z,

(74) Yl,A5,3,2(Z> V) = (ET3,V)_1XZ/,\5,3,2(Z7 V>,

(75) Yl,A674,2(Z> V) = (ET37V)_1XZ/,\6,4,2(Z7 V>,



foril=1,2,|2| > 1,v e Z,

(76) Yl,A7,5,3,2(Z> V) = (Y}T4,V)_1Xl/,\7,5,3,2(27 V);

(77) Yl,/;;,fs,4,2(z> v) = (ET4,V)_1XI/,\8,6,4,2 (z,v),

for i =2, |z] > 1,v € Z. In view of (59) — (65), (72) — (77),

(78) Yia(zv = 1) = (Taacaym)) AR5 )Y, (25 0),
(79) Yl,A3,2(Z§ v) = T2,—1A1N,2(Z§ V>Y1,A3,2(Z§ V= 1>T2,—l+l/nu7
(80) Yisa(zv —1) = (Toa-1/ma) Als(251) Y5 50(25v),
(81) }/Z,AS,&Q(Z; v) = T3,—1A1N,3(Z§ V>Yl,A5,3,2(Z§ V= 1)T3,—1+1/nu,

(82) Yl,A7,5,3,2(Z§ v—1)= <<T4,1—1/nu)>_1AZ4(Z§ V)YZ,A7,5,3,2(Z§ v),

(83) Viiss2(2v) = Tyt ATy (2 0)Y 5 5 50(2v = DT 141 /ne

(84) Yiia(zv = 1) = (Toa-1/ma)) T Al (2 0) Y0 (210),
(85) }/Z,A4,2(Z; v) = T2,—1A1N,2N(Z§ V)Yz,A4,2(Z§ v—1)Ts _141/nu;
(86) Yiao(ziv = 1) = (Toa-1/m)) A5 (2:0) Y5 (2 0),
(87) YE,N6,4,2(ZS v) = TS,—lAlN,:aN(Z? V)Yl,%,472(25 v—1T3 141/nu;

(88) }/Z,N8,674,2(Z; v—1)= <<T4,1—1/nu))_1AzN,4N(Z§ V)Yz,As,674,2(Z§ v),

(89) Visean(zv) = T 1 A7y (% V)Yl,As,fs,4,2(Z§ v— 1Ty 111/nu-

§6.2. Further properties of my auxiliary fuctions.
In view of (2), (6), (12), (17) and (18) in the Part 1,
(90)
v 2+ 2+
v +k
o) = i) = S0 (1) (VTR

k=0 v
where [ =0, 1, 2, v € [0, +00) N Z,
(1)
g!

(91) fl,2+2j(27 7/) = X



> ((%) <R2+l>> (1),

where [ = 0,1,2,5 € [0,l+1]NZ,v € [0,+00) NZ,|z| > 1. Expanding
function (R(¢;v))* into partial fractions, we obtain

(92) (R(t;v))*" Z(Xy:ankut-i-k )

=1

where [ =0, 1, 2, v € [0,+00) N Z,

1. (oY
(93) QU 241—j ke = il )_) 5 <6t) (R(t;v)(t + k))*,

where 7 =0, ...24+ 1 — 1. Let

(94) Sik(v) = — ( Z 1/Hi> - (2_: 1/Hi> —1—21/#’,

rk=k+1 k=1

where v € ZN [0, +00), i € Nk € ZN [0, +v). In view of (93), (94),

(95) ity = (=1 (v 4+ k) (K2 (v = k)))*H =
24+ 2+
k) [V v+k
(-1) (k) ( e
(96) Qi1 = otk (2 4+ 1)S1 (V)

fori=0,1,2, v e|0,+00)NZ,

(97) 200 241-2,60 = Q21w (2 + 1) (S1k(V)” = (24 1) S2k(v))
fori=1,2,ve0,+00)NZ,

(98) 60 211-3k0 = Q241K X

(24D (S1k())” = 32+ D*(Sua () (S2r (V) +2(2 + 1) S3.(v))
for | =2, v € [0,+00) NZ. In view of (91), (92)

(99) fl,2+2j(Z> v) =

M
/’__5\\
iNagh
g
=
<
&

z\z
@t—

_I_

S
\\,__,/
~—
I

ol
Il <
o
2
.
<
N
B
YUY
I[]e
N
I
&
_|_
=z
N——
N——
I



(Z a2 V>Li+j(1/z>> —Bi(zv) =

<i o (= u>Li+j<1/z>> ~ Giy(zv) =
where o
(100) o (= v) = 0,
it (i—2—0)(i—1)>0,

(101) aj(zv) = Z ik 2

k=0

fori=0,1,2,i€[1,l+2|NZ, j€[0,l+1]NZ,ve+o0)NZ, |z]| >1,

(102) Bri(zv) =

2-+1 v k
=1 k=0 t=1

fori=0,1,2,i€[1,l+2|NZ, j€[0,l+1]NZ,ve,+o0)NZ, |z]| >1,

(103) L,(1/z) = fz‘tt_",
where n € Z, |z| > 1.
Clearly,

(104) (=0)*(Ln(1/2)) = Lu-x(1/2),
where k € [0, +00)NZ, n € Z, |z| > 1,
(105) Li(1/z)) = —log(1 —1/z),
(106) —0(L1(1/2)) = Lo(1/2) =1+ 1/(2 — 1),
(107) §*(Li(1/2)) = L1(1/2) = 1/(z — 1) + 1/(2 — 1)?,
(108) = (L1 (1/2) = La(1/2) =

1/(z—1)+3/(z—1)>+2/(z — 1),
(109) (1) = Los(1/2) = = +

7 12 6

oD eoDf oDt



. B 1 15
(110) —ON{/2) = La12) = g+ e t
50 60 2
(z—1)3  (z—14% (2—-1)%

(111)

89(Ly(1/2)) = L_s(1/2) = — 31 180 390

g o R o R (S B

360 n 120
G-1F  (z—1°

(112)
. B 1 63 602
—0"(L1(1/2)) = L¢(1/2) = po + CENE + o1y +
2100 n 2360 n 2520 n 720
(z=1* (z=-1P° (:=1° (z—-17
(113) 6"(L1(1/2)) = (=1)"L1-n(1/2) =
(=1)" ) a(n, k)1/(z = 1)F,
where
(114)

a(1,0) =a(1,1) =1, a(n+ 1,k) = ka(n, k) + (k — 1)a(n, k — 1)

for k € [0,n]NZ,a(n,—1) =a(n,n+1) =0, and n € N.
According to (99), (104) and Leibnitz formula,

(115) (0)™ fi2+2i(z,v) =

> (7,’;‘) ( S (M Hai = u))Ljﬂ«_k(l/@) -

k=0
"B (zv) =

k=1-m \ k=max(0,1—k)

1=—00

0" Bry(zv) =

< D Ol V)Lj+,£(1/z)) _

k=1—-m
0" B (= v),

where

(116) oy, (zv) =

m,l,k



min(m,24+l—k)

> (’Z) (—1)46"*a] (5 0),

k=max(0,1—k)
where m e N1 =0,1,2, i€ [1,1+2]NZ,j €[0,l+1]NZ,v e [0,+00) N
Z, |z| > 1. In view of (91),
(—1)
g!

> ((5) )

where [ =0, 1,2, {m,v} C [0,00)NZ, j €[0,l4+1]NZ, |z| > 1. Therefore,
in view of (2), if

(117) 5mfl72+2j(z, I/) =

X

m<I1l+7,

(_;)] ResSi—o ((—t)m (%) (R2+l)> (t,v) =0,

and, consequently, in view of (116),

then

(118) amll i(zv) =

Xm: ( ) (0" o) (Lv) =0,

k=j
m—

(7 )evmemai =0

(119) limagyy - (z0)/(2 = 1) = (0a3,;1)(1;v)

J

=0

moreover, there exists
(120) lim 6™ f1,2495(2; V)
z—

in this case. If m =1+ j + 1, then in view of (117),

I+5+1 _ (_1)j
(121) 5 ey ) = L
POENCA ((%) <R2+’>) (t,0) = O(~log(1 ~1/|2)

for fixed v € [0,00)NZ and |z| — 1+ 0, where [ =0, 1,2, j € [0,]l + 1] N Z;
on the other hand, in view of (115)

(122) 5l+1+jfl72+j(2, V) =

( Z O‘?—l\-/j+1,l,n(z; V)Ln(l/z>> -

Kk=—Il—j



5l+j+lﬁl>t0(z; I/);

in view of (113), (114),

lim Ly ,(1/2)(z—=1)" #0,

|z|>1, z—1,

where n € N. Multiplying sequentially (121) by (z—1)" forn =I+j+1, ...
and turning z € (1,4+00) to 1, we obtain equalities

Ofﬁjﬂ,z,n(l; v)=0

fore=—l—7, ...,0;if -l —j <K< —j, thenm=I1+7+1<2+[]—k and,
in view of (116),

(123) 0= Oé74\-/1+j,l,n(z; v) =

1+i+j m
Z <k)(_1)k5m_ko‘7,k+n(15y)

k=1—k
for Kk = =1 — j, ..., —7; in particular, (123) holds for j = 0; if j > 1 and
1—7<k<0,thenm=I01+j4+1>2+1[—k and
(124) 0= Oé74\-/1+j,l,n(z; v) =

24+1—kK m

Z <k‘) (_1)k5m_ko‘7,k+n(1§ v)

k=1—k

fork=1-—j, ..., 0.
Lemma 2.1. Let

S € N, k= 1, ..., s, Qo € C, Qo € Z,

(12) =3 o £0
k=1
f(z) = ﬁ(z — ag )0k, 0 = zg.
P ’ ’ 0z

Then fori =1, ..., 2s there exist a;,; € C, ay,; € Z such that

fi(2) = (6£)(2) = o [ J(t — ars)™

Proof. Clearly,




and, in view of (125),

s

f(z) = o ]](z = aow)®* (2 — ar),

k=1

for some a1, € C, where £ = 1, ..., s. So, we can take a1 = 1,01 511 =
aor —1,al,s+k=agpy for k=1, ..., s. Clearly,

Z’L = ]_280é1,2' = Zk = 180607k = 0.
|

Corollary 1. If condition of the Lemma 2.1 are fulflled, and n € N, then
fori=1, ..., 2"s there exist a,; € C, o, ; € Z such that

(126) fn(2) = (6" f)(2) = (0)" H(Z = i)™,

and

(127) lim 277(6" f)(z) = (o)"

zZ—00

Proof. The equality (126) can be obtained by sequential applying of the
Lemma 2.1. The equality (127) directly follows from (126). B

Corollary 2. If condition of the Lemma 2.1 are fulfiled and 0 = —1,
then

Res.—o(((=0)"f)(2)) = —1

for any n € [0, +00 N Z. Proof. The assertion easy follows from Corollary
1.
Corollary 3. If condition of the Lemma 2.1 are fulfiled, and n € N, then

tim (2 ((aﬁ)f) ) = (1), = E(a F1-4)

for any n € [0, +00) N Z.
Proof. For n =0 and n = 1 the assertion follows from the Corollary 2.
Let m, be operator, which transforms a function g(z) into zg(z). Then

sty () = nm (2) e ()7

() (%) = -nm) ()

Therefore



where
P(z) = H(Z —1+14) = (=1)"(=2)n = Y _ e,

and (—z), is the Pochhammer symbol. Therefore, in view of (127),

(G () 1) @) -
;: e lim 277(8%f)(2) =

Y ot = (o) =]Jle+1-1)=(-1)"(—0)n

k=1 i=1
[
Corollary 4. If 0 = —1, then

s (o ((2) 1) ) =

for any n € [0, +00) N Z.
Proof. The assertion direct follows from Corollary 3. M
The above Corollary 2 easy follows from the followoing obvious
Lemma 2.2. Let R > 0. Let further a function f(z) is reqular in the
domain {z € C: R < |z|}. Then

(128) Res.—o(((=0)"f)(2)) = Res.—oo(f(2))

for anymn € [0,+o00cNZ. A
Lemma 2.3. If condition of the Lemma 2.1 are fulfilled, 0 = 0, and

(129) o1 =) apoy,
k=1

then

(130) Res:—oo(((=0)"f)(2)) = o1

for any n € [0, +infty N Z.
Proof. Clearly,

s

f(2) =] —agw/2)™

k=1
in this case. Therefore all the conditions of the Lemma 2.2 are fulfilled. W
Let again m = [ + j + 1; clearly, if j = 0, then

Rest:m(—t)1+lR2+l(t, V) = (—l)l,



and therefore, in view of (116),

(131) > (") ety -

k=0
a?—?-/l,l,l(l; v) = (=1)"
Ifm=1+j+s,s>2, then in view of (117),
(=1)
J!
=t it O\ hon 1
>0 ((5) ) @ =0a/a - 1)
t=1
for fixed v € [0,00)NZ and |z| — 140, where [ =0, 1, 2, j € [0,l+ 1] N Z.

In particular, if j =0, m =1+s,s > 2,1 =0,1,2, then, in view of (117) and
(132),

(132) S fra40i(2,v) = X

(133) 0" fia(z,v) = O(1/(|2] = 1)*7Y), (2] — 1+ 0);
on the other hand, in view of (115),

(134) (SH_Sfl,g(Z, I/) =

< Z aﬁ-/l,l,nL/i(l/z)>_

k=—I+1—s
8" Bro (2 v);
in view of (113), (114),

lim L1 2(1/2)(z = 1)" £ 0,

|z|>1, z—1

where n € N. Multiplying sequentially (133) by (z — 1)" forn =1+s, ..., s
and turning z € (1,4+00) to 1, we obtain equalities

*V _
al+s7l7n =0

fore=1—1—s,...,1—s;inthiscase 2+1l—rK>2+1—(1—s5)>1+s=
m, 1 — k > 0; therefore, in view of (116),

I+s

(135) :Z (HS) st kar, . (1v) =0

fork=1—-1—s,...,1—s.

§6.3 Return from v to (7, 1) in the case [ = 0.



According to the Theorem 1,

(136)

with

(137)

(138)

(139)

1
A (zv) =855 + = Z vV (i)

1 4 8 _12
o1 4 s
=10 0 1 -4

00 0 1

4 -5 -2 3

» 3 4 1 -9
WrO=41 9 3 ¢ 1|

12 1 0

3 6 3 0

» 9 4 2 0

Wi =41 1 5 1

0 0 0 0

In view of (3) in Part 4,

(140)

Aj(zv) = V3T47,,)A6J(z; V) (T47,,))_]L

=0

v
0 V3 412 8v n
0 0 V3 412
0 0 0 V3
43 =52 —2v 3
4 =3t 48 v =2
loas gt 00 2 | T
VS b vt 0
32 —6v 3 0
4 —23 42 2 0 _
z vt =23 2 0|
0 0 0 O
1603 + 1202 —2002 — 24y —8v + 12
(Z B 1) —120* — 83 1613 + 1602 412 —8v
8u° + 4vt —120* — 813 412
—418 81° —4pt
1703 + 1202 —241% — 24v 12 0
—12v* — 83 1713 + 1612 —8v 0
8u° + 4vt —1204f =83 P +42 0
—415 8u° —4pt v



Clearly,

(141) v=-1/24+1 1 =p+1/2 -1,
(142) V= (u+1)(1—3/2)+1=-3u/2—-1/2+ (pn+1)7,
(143) v = 4 2u 4 1/2 — (2u 4 1)T,

(144) v = (u— v’ = =3u%/2 — /2 + (i + p)m —
(42 +1/2 = 2u+1)7) =
—5p%/2 = 5u/2 — 1/2 4 (p? + 3+ 1)7,
(145) Vo= (p— vt = 4+ 20+ )2 — (2 + )T -

(=522 = 5p/2 = 1/2 4 (p*> + 3p+ 1)7) =
3+ 9022+ 3+ 1/2 — Bu 4+ 4+ 1)7.

Therefore

(146) 160° +120% = =12 — 2+ (16 + 4)7

(147)
— 2002 — 24y = —20p — 4v = —20pu + 2 — 47, —8v + 12 = —87 + 16,

(148) —12v* — 8 = —12p% — 12 — 2+ (16p + 4)7,
(149) 16v° + 160% = 16pu(1 — 1/2) = —8u + 16uT,
(150) 4° —8v = 4u+6 — 127, —8v = —87 + 4,
(151) 8U° + vt = —16p% — 12p — 2 + (8p® + 16p + 4)7
(152) 4 =4pu+2 — 4t

In view of (143) and (143),

(153) — 48 = —4p® — 18 — 12 — 2+ (12p° + 16p + 4)7
(154) 81° = =20 — 20u — 4 + (8u* + 24p + 8)7,
(155) — 4t = —4p® — 8 — 2+ (Su+ 4)T,

(156) 1703 +120% = —27u/2 — 5/2 + (17 + 5)7,



(157) — 241* — 24y = —24p,

(158) —8v 412 =16 — 8,
(159) 170 +160% = —19u/2 — 1/2+ (17T + 1)1
(160) VA =5u/2 4+ 3/2 4 (u—3)T.

In view of (140) — (160)

(161) Aj(zv) =
1
— X
2
—27u—5 —48) 24 0
—24p?% — 24p — 4 —19u -1 8 0
—32u% —24p — 4 —24p® —24p — 4 Sp+3 0
—402p* + Bp+1)%) —8(u*+5u+1) —8u*—16p—4 —3u—1
T X
17Tu+5 0 0 0
160 + 4 17p+1 -8 0 i
8u? + 16 + 4 16p + 4 u—3 0
1202 + 16p+4 8> +24u+8 Su+4 pu+1
z—1
5 X
—24p — 4 —40p + 4 32 24
—24p?% — 244 — 4 —16p 8+ 12 8 N
—32u% —24p — 4 —24p® —24pu —4 S+ 4 8u +4
—42p* 4+ B +1)%) —8(Bu*+5u+1) —8u*—16p—4 0
(z — 1)1 x
160+ 4 —4 -8 0
164 + 4 164 -12 -8
8u? + 16y + 4 16p +4 —4 4
1202 + 160 +4 8u®+24pu+8 8u+4 0
Let
(162)
-5 0 24 0 —4 4 32 24
—4 -1 8 0 -4 0 12 8
VvV _ VvV _
—4 -8 —4 -1 —4 -4 —4 0
(163)
=27 —48 0 0 —24 —-40 0 O
-24 =19 0 0 -24 —16 8 0
vV _ vV
Ro"(1) = o4 —24 5 0 |V (1) -24 —-24 8 8|’
—24 —40 -16 -3 —24 —40 —16 0



(164)

0
—24
—32
—36

Ry*(2) =

(165)

(166)

RG™(0) =

(167)

Ry"(1) =

(168)  RpN2) =

= = = Ot

In view of (161) — (168),

(169)

Moreover,

for k=0, 1, 2, 3,

for k=0, 1, 2, where

0 0
0 0
—24 0
—40 -8
00
0 0
0 0
0 0
-8 0
—-12 -8
-4 -4
4 0
0 0
0 0
0 0
8 0
00
00
0 0
0 0

0 0 0 0
0 0 0 e | —24
o 0 o 0@ =] g
—40 -8 0 —36
0 000 0 0
0 00 0| o |0 0
0 000] O B=]g g
800 0 -8 0
0 0 0 4 —4
1 -8 0 |40
g =3 o 0 O=1,
8 4 1 4 8
17 0 0 0 16 0
16 17 0 0| a0y |16 16
16 161 0 W=116 16
16 24 8 1 16 24
0000 0 0
000 0 e 00
s 0000 @=]g g
12 8 0 0 12 8
Aj(zv) =

(Z pHREY + (2 = DY)

k=0

7— (
k=0

VV __ pV vV __ VvV
Rk _Rk’Vk _Vk’

AN A AN A
Rk’ - Rk7 Vk’ - Vk’ y

R/, V) fork =0, 1, 2, 3,

)

MWR#+wz—1W$M>.

o O OO



and
R]/g\, Vk/\7 fOl"/C — 0, ].7 2

are pointed in the Part 2 and in section 3.2 of Part 3.
According to (32) and (33) of the Part 2,

(170) V3X07k(z; v—1)=A(z;v)Xox(z;v),

(171) (=) Xox(z;v) = Aj(z; —v) Xop(z;v — 1),

where k=1, 2, 3, |z| > 1,v € Z,

(172) Aj(zv) = (1/2)U4 (2 1) + Uy (25 ),
1
(173) p=vlv+1),7=v+s,
(174) Uy (2 1) = Y puF(RY (k) + (= — DV (k)),
(175) Up(z, ) =Y pF(RY(R)) + (2 = DV (K)).

So, (169) coincides with (172)

§6.4. Short derive of Apéry equation.

After replacing in (170) v by —v — 1 we obtain the equality

(176)
(—v — 1) Xop(z; —v —2) = Aj(2; —v — D) Xop(z; —v — 1),

where k =1,2,3, v € Z, |z| > 1. Since
Xox(z;—v —1) = Xox(z;v), Xox(z;—v —2) = Xop(z;v + 1)

for k =1,2,3, v € Z, |z| > 1, it follows that the equality (176) is equivalent
to the equallity

(177) —(v+ 1)3X07k,(z; v+1)=Ai(z;—v — 1) Xox(z;v),

for k =1,2,3, v € Z, |z| > 1. After substraction of the equality (177) from
(170) we obtain the equality

(178) v+ 1) Xop(z;v + 1) + 13X p(z5v — 1) =

(Ap(z3v) — Ag(z; —v — 1)) Xox(2; 1),



where k =1, 2, 3, |z] > 1,v € Z. In view of (172), the equality (178) take
the form

(179)
(v+ 1) Xon(z;v+ 1)+ P Xou(z0 — 1) = U (z; 1) (2v + 1) Xo (25 1),

where k =1, 2, 3, |z| > 1,v € Z. In view of (161) and (172),

(180) U (2 1) =
17+ 5 0 0 0
164 + 4 17+ 1 -8 0 N
8u? + 16p + 4 164 + 4 p—3 0
120 +16p+4 8u?>+24u+8 8u—+4 pu+1
(z—1)x
16p + 4 —4 -8 0
164 + 4 164 -12 -8
8u? + 164 + 4 16p + 4 —4  —4

1202 + 16p+4 8u*>+24u+8 8u+4 0

Therefore, in view (179), the first component of the column X x(z; v/) satisfies
to the following equality :

(181) v+ 1D for(z;v+ 1)+ 12 for(ziv — 1) =
(17 +5) (2w + 1) for (2 v)+
(z—=1)(16p+4)2v + 1) for(z;v)+
(z = D(=4)2v + 1)(dfor)(zv)+

(z = 1) (=8)(2v + 1)(6*for)(2;v),

where k =1, 2, 3, |z| > 1,v € Z. Now we turn z € (1,+00) to 1 for k =2, 3.
Since

lim(z = 1)(0 fo.2)(2;7) =0,
lim (z — 1)(0° fo)(z5v) = 1,
it follows that
(182) (v+ 12 foo(Lv+ 1)+ 12 foa(lv—1) =

(17u+5)2v + 1) fo2(1;v) — 8(2v + 1).
In view of (5) and (38),

fis(Lv) = fias(lv)forl =1,2,3, v € Z,
lim(z — 1)(5* fos) () = 0
for k =1, 2. Therefore
(183) v+ 1) foa(Lv+ 1)+ 17 fou(Liv—1) =

(17p+5)2v + 1) foa(1;v).



So y(v) = foa(1;v) satisfies the equation
v+ 1%Ly + 1)+ Pyr — 1) = (17u+ 5)(2v + Dy(v).
Clearly, this equation can be represented in the form

(184)
(v+ D% (Lv+ 1)+ Pyr — 1) = (170° + 5107 + 27 + 5)y(v) (34° + 8502).

Equation (184) is the famous Apéry equation.

86.5. Corrections in the previous parts of this paper.

Polynomial a5 5(2;v) in the Part 2 must have a form
0y 5 5(zv) = (1/2)(~=9 — 183u + 25864% + T113;°)+

(1/2)(z — 1)(=8 — 176 + 2600% + 71201%)

instead of
0¥ 542 v) = (1/2)(=9 — 1831 + 2856% + T1134:%)+

(1/2)(z — 1)(=8 — 176 + 26001% + 71201%).

Polynomial a , ,(2;v) in the Part 2 must have a form
ay 44(zv) = (1/2)(—1 — 1255, — 32147 4 21054%)+

(1/2)(z — 1)(—1248p — 320047 + 21124%),

instead of
ay 4 4(z;v) = (1/2)(=1 — 12250 — 32144° 4 2105%)+

(1/2)(z — 1)(—1248 — 32007 + 21127°).

Polynomial a}g ;(2;v) in the Part 2 must have a form
ahsr(z;v) = 8+ 48p + 80p” + 32p°+

(2 — 1) (8 + 481 + 80p* + 32u4°)

instead of
ahsq(z;v) = 8+ 481+ 80p” + 33p°+

(2 — 1)(8 + 48 + 80u? + 324°).

On the intersection of 5-th row and 7-th column of the matrix Ry (1) in the
Part 2 must stand the number 1056 instead of 1256. On the intersection of
4-th row and 4-th column of the matrix Ry (1) in the Part 2 must stand
the number —1255 instead of —1225. On the intersection of 2-th row and
2-th column of the matrix Ry (2) in the Part 2 must stand the number 1922
instead of 1992. On the intersection of 3-th row and 3-th column of the matrix
RJ(2) in the Part 2 must stand the number 2586 instead of 2856. On the
intersection of 3-th row and 4-th column of the matrix V,’(2) in the Part 2
must stand the number 3616 instead of 3613.



References.

[1] R.Apéry, Interpolation des fractions continues
et irrationalite de certaines constantes,
Bulletin de la section des sciences du C.T.H., 1981, No 3, 37 — 53;

[2] L.A.Gutnik, On some systems of difference equations. Part 1.
Max-Plank-Institut fiir Mathematik, Bonn,
Preprint Series, 2006, 23, 1 — 37.

8]~ On some systems of difference equations. Part 2.
Max-Plank-Institut fiir Mathematik, Bonn,
Preprint Series, 2006, 49, 1 — 31.

[4 —  Onsome systems of difference equations. Part 3.
Max-Plank-Institut fiir Mathematik, Bonn,
Preprint Series, 2006, 91, 1 — 52.

[5] — On some systems of difference equations. Part 4.
Max-Plank-Institut fiir Mathematik, Bonn,
Preprint Series, 2006, 101, 1 — 49.

[6) —, On some systems of difference equations. Part 5.
Max-Plank-Institut fiir Mathematik, Bonn,
Preprint Series, 2006, 115, 1 — 9.

E-mail: gutnik@Qgutnik.mccme.ru



