HIGHER ORDER TRACK CATEGORIES AND THE ALGEBRA
OF HIGHER ORDER COHOMOLOGY OPERATIONS

HANS-JOACHIM BAUES

ABSTRACT. We describe a conjecture on the algebra of higher cohomology
operations which leads to the computations of the differentials in the Adams
spectral sequence. For this we introduce the notion of an n-th order track cat-
egory which is suitable to study higher order Toda brackets and the differen-
tials in spectral sequences. We describe various examples of higher order track
categories which are topological, in particular the track category of higher co-
homology operations. Also differential algebras give rise to higher order track
categories.

1. DEFORMATION CATEGORIES

We first recall properties of cylinders of spaces. Let I = [0, 1] be the unit interval.
For a subspace A C B we define the relative cylinder I4B by the pushout diagram
in Top

IxB—~1,B

IxA A

P
where i : A C B is the inclusion and p is the projection of the product space I x A.
We have inclusions
it,i”: B — I4B
by it (z) =p(1,z), i~ (z) =p(0,x), x € B. We call the union
d(IaB) =B  UB" with B~ =i B, Bt =i'B
the boundary of I, B with B~ N Bt =iA. We also have a projection q : InB — B
with ¢p = p and
¢t =1land ¢gi” =1
A map H : 4B — C in Top is termed a homotopy H : f ~ g rel A where f = Hi~
and g = Hi™. The map
e(f)=fq:IaB—B—C

is the constant homotopy e(f) : f ~ f rel A. Moreover the map I — I which carries
t to 1 — ¢t induces for H : f ~ g rel A the opposite homotopy

HP:g~ frel A
By pasting homotopies H : f ~ grel A and G : g >~ h rel A one gets
GOH:f~hrel A
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Let Top be a convenient category of topological spaces and let Top™ be the
category of pointed spaces (X, *). For pointed spaces X,Y we have the smash
product X AY = X xY/X VY where X VY = X x*Ux x Y. If A is a non-pointed

space then AT = A U x is the disjoint union with a base point and we have
ATAX = Ax X/A x %
We call amap f: ATAX — Y in Top* an A-map X — Y. We can identify the

A-map f with a map f: A — (Y, %)X*) where (Y, *)X*) is the function space of
pointed maps X — Y.

Definition 1.1. Let C(A) be the category of A-maps. Objects are pointed spaces
X,Y and morphisms are A-maps. Composition gf of A-maps is determined by the
composition

Ax X 2 AxAaxx 2 axy Lz

where A is the diagonal of A. The identity of X in C(A) is given by the projection
Ax X — X.

A map i : A — B in Top induces a functor
i*: C(B) — C(4)

which is the identity on objects and carries a B-map f to the A-map i* f given by
the composite f(i x X): Ax X — B x X — Y. The category C(A) has a zero
object * (that is, an initial and final object) given by the basepoint .

We now consider the category of I4B-maps for a relative cylinder I4B.

Proposition 1.2. Let C; = C(I4B) and Cy = C(B). Then Cy, C; are categories
with a zero object together with functors
ot
Co = C; = Cy,
o
op:C; — Cy,
O: Cl X Cl — Cl
which are the identity on objects. Here Cy xg Cy is the category of pairs (G, H)
of maps X — Y in Cp satisfying 0T H = 0~ G. The functors satisfy the equations
(where id denotes the identity functor)
0te =0"¢=1d,
OTop=0", opoe=c¢,
opoop =id,
op(GO H) = H°® OGP

We call such a pair (Cy, C1) a deformation category.

Proof. With the structure maps of the relative cylinder we define ¢ = ¢* for ¢ :
IaB — B, 0t = (i")*, &~ = (i7)*. Moreover op and [J are given by the opposite
homotopy and by pasting respectively. O

In a deformation category (Cp, C1) we write H : f ~ g if H is a morphism in
C, with " H = f and 0T H = g.

Deformation categories form a category. Morphisms are pairs of functors Fy :
Co — Cf, Fy: C; — Cf which are the identity on objects and which are compat-
ible with €,0p, 9%, 0~ and 0.
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2. TRACK CATEGORIES

A track category by definition is a groupoid enriched category with a strict zero
object. In this section we compare track categories and deformation categories. We
consider examples of abelian track categories and triple Toda brackets.

Lemma 2.1. A track category is a deformation category.

Proof. Let C be a track category. Then we define the category Cy by the cate-
gory of 1-cells f in C. The category C; has the morphisms X — Y which are
triples (f,g,H) where H : f = g is a 2-cell (also termed track). Composition
(f,9, H)(f',q',H') is defined by (ff’,99', H x H') where H x H' is the horizontal
composition of tracks defined by

H+H = (¢ HO f.H =g H O(f)H
Here O is the composition of 2-cells (termed pasting of tracks). We define (f) =
(f, f,04) where Oy is the identity 2-cell of f. Moreover 0~ (f,g,H) = f, 0" (f, g9, H)

=g and op(f,g,H) = (g, f, H~') where H~! is the inverse of the 2-cell H in the
Hom-groupoid Hom(X,Y). O

Lemma 2.2. A deformation category is a track category if and only if the following
equations hold:

HOe(f)=H where f = 0™ H,
op(H) O H =&(f)
(HOG)OF=HO(GOF),
(%) HH' = He(¢') Oe(f)H' where g' = 0T H'.

Here the last equation is required by the horizontal composition of tracks. The
category of track categories is a full subcategory of the category of deformation
categories.

Lemma 2.3. A deformation category (Cop, C1) yields a natural equivalence relation
~ on the category Cy so that the homotopy category Co/~ is defined.

Proof. For morphisms f,g: X — Y in Cy we write f ~ g if and only if there exists
H:X —-YinC;witho"H=fand 0TH =g. O

Example 2.4. Let B be a point and let A be the empty set. Then [4B is the
interval I. The category Cy = C(point) coincides with Top* and the morphisms
in C; = C(I) are homotopies of pointed maps. The category Cy/~ coincided with
the homotopy category Top*/~. Homotopies between homotopies yield a natural
equivalence relation ~ on C; = C(I) such that (Cy, C;/~) is the track category
associated to Top™/~. This is a quotient of the deformation category (Cq, Cy).

A track category C = (Cq, Cq) is abelian if all automorphism groups in hom-
groupoids are abelian groups. We denote such automorphism groups by Autg(f)
where f is a morphism in Cy and H € Autg(f) is of the form H : f ~ f.

Example 2.5. Let X be a class of co-H-groups in C = Top™ or let X be a class of
H-groups in Top®. Let Top*[[X]] be the track subcategory of (C(point), C(I)/~)
consisting of objects in X. Then Top™[[X]] is an abelian track category.

The example has a generalization concerning “under” and “over” categories re-
spectively which play the role of “left” resp. “right” modules.

Definition 2.6. Let C be a category and let X be a class of objects in C yielding
the full subcategory C{X} of C. Let W be an object in C. Then the under
category C{W — X} consists of the objects in X and the object W. Morphisms
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are all morphisms in C{X} and all morphisms W — Y in C with Y € X. Also the
identity of W is a morphism of the under category. The over category C{X — W}
is defined in a dual way as a subcategory of C.

Example 2.7. Let X be a class of co-H-groups in Top™ and let Top*[[X — W]]
be the track category given by the over category Top*{X — W}. Then Top*[[X —
W1] is an abelian track category. Dually for a class X of H-groups the under track
category Top™*[[W — X]] is abelian. These are again full track subcategories of

(C(point), C(I)/=~).

Given a category K we define the category FK of factorizations in K. Objects
in FK are morphisms f in K and a morphism f — ¢ in FK is a pair (a,b) of
morphisms with bfa = g. We have morphisms (b,1) : f — bf and (1,a) : f — fa.
A functor D : FK — Ab is termed a natural system of abelian groups. We write
Dy = D(f) and (b,1), = by : Dy — Dpy and (1,a), = a* : Dy — Dy,. In [BW]
the cohomology H"(K, D) is defined.

Let (Cg, C1) be an abelian track category. Then there is an associated natural
system D on Cy/~ together with a natural isomorphism of abelian groups

o : Dyyy = Autg(f)

for f in Cy, see [BJ,Cl]. Here {f} denotes the homotopy class of f in Cy/~. We
call (Cy, Cy) a linear track extension of Co/~ by D. It is proved in [BD], [P] that
equivalence classes of such linear track extensions are in 1-1 correspondence with
elements in the cohomology H?(Cy/~, D), [BW].

We now describe the natural system associated to the abelian track category
in the above examples of 2.5 and 2.7. Here X is a class of co-H-groups or of H-
groups. For pointed spaces X,Y let X VY be the coproduct in Top™* with inclusions
11,12 and let X X Y be the product of spaces with projections pi,ps. For a map
f:X =Y in Top*/~ with X,Y € X we define in the co-H-case

Vf: X—-YVY in Top™/~,
Vf=—isf + fliz+1i1).
Since p2(V f) = 0 the partial suspension (n > 1)
E"Vf:E"X — (S"Y)VY
is defined, see [B,Ob]. In the H-case we get
Vf: X xX =Y in Top™/~,
Vf=—fp2+p2+p1)f
Since (Vf)i1 = 0 the partial loop operation (n > 1)
L'V (Q"X)x X =Y
is defined, see [B,Ob]. In [B,Ob] we describe rules to compute E"V f and L™V f
explicitly, see also [B,Al].

Definition 2.8. Let X be a class of co- H-groups. Then we define a natural system
D% on the over category K = Top™{X — W}/~. If X is a class of H-groups
we define a natural system D on the under category K = Top™{W — X}/~.
Consider maps

xsxLybty
in K. In the co-H-case we define

D(f) = "X, Y]
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and for o € D(f) let bi(a) = b and a*(a) = (a, f)(E™Va). Moreover in the
H-case we define

Dg(f) = [X,Q"Y]
and for 5 € DZ(f), let b.(B) = (L"Vb)(0, f) and a*(B) = Sa.

We point out that in general D% and D, are not given by the bifunctors [ X, Y]
and [X, Q"Y] respectively. In [BJ] we prove for the examples above:

Proposition 2.9. The natural systems associated to the abelian track categories
Top*[[X — W]] and Top*[[W — X]] are Dy and D}, respectively.

Next we describe triple Toda brackets in abelian track categories (Cg, Cy) with
natural system D on Cy/~. Let

wexLlylyg

be morphisms in Cy/~ with a8 =0 and y=0. Here 0 =0Y,W):Y -« - W
is the trivial map given by the zero object *. Then we can choose representatives
f,g9,h of a, B,y respectively and H : Y — W, G : Z — X in Cy with

OtH=0, 0 H=fg, 07G=0, -G = gh
Hence the element
¢(H,G) = (He(g)) O (e(f)G™) € Autg(0(Z, W)) = Do(z,w)
is defined. The collection of all such elements yields the Toda bracket in the quotient

group
{a, B,7) € Do(z,wy /7 Dov,w) + asDo(z,x)

3. THE INDEXING SET OF BALLS

We introduce the indexing set of balls which generalizes the set of cubes, but has
more properties concerning relative cylinders. The category B of such balls yields
the B-sets generalizing cubical sets. We consider B-categories.

A ball B of dimension n is a finite regular CW-complex together with a subcom-
plex OB such that (B, dB) is homeomorphic to the Euclidean ball (E™, S"~!) with
E" ={z e R",|z|| <1} and S"~! = {z € R", ||z|| = 1}. We say that the ball B
is elementary if the CW-complex B has exactly one open n-cell. If B is a ball then
the relative cylinder (as a quotient complex of I x B)

J(B) = Ip5B
is a ball of dimension dim(B) + 1. Moreover if B and B’ are balls then the product
CW-complex B x B’ is a ball of dimension dim(B) + dim(B’). A ball pair (B, A) is
a ball B together with a subcomplex A C 9B which is a ball such that there exists
a homeomorphism of pairs (J(A4), A™) = (B, A) extending the identity of A. If A,
is the closure of 0B — A then also (B, Aop) is a ball pair which we call the opposite
of (B, A). If (B, A) and (B’, A) are ball pairs then the gluing

BUB =BuUy B’

is again a ball of dimension dim(B) = dim(B’).

Definition 3.1. The indezing set B of balls is the smallest set of balls with the
following properties:

(1) point € B,

(2) If B € B then J(B) € B,

(3) If B, B’ € B then B x B’ € B,

(4) If (B, A) is a ball pair with B € B then A € B,
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(5) If (B,A) and (B’, A) are ball pairs with B, B’ € B then BUs B’ € B.
Conversely if BU4 B’ € B then also B, B’ € B.

We now describe some examples of balls in B. Since {point} € B also the interval
from 0 to 1 is a ball

I=10,1] = J(point) € B.

Moreover inductively J", I" € B, n > 0, where J° = I° = point and J' = I' =1
and for n > 1

JnJrl —_ J(Jn)
"t =T xJn

Here I™ is the n-cube and J" is the n-globe with hemispheres i~ (J"~1), it (J"1).

J2

Let B™ be the set of n-dimensional balls in B. Then B° contains only the
point. Moreover B! is given by all long intervals [0,n] C R with O-cells given
by 0,1,...,n € R. Next B? consists of balls J2, 12, A? (where A? is the 2-simplex)
and the balls obtained by a regular sequence of gluings of these balls, for example

T2 =

is such a ball, see section 5 below.

Let B be the full subcategory of Top with objects in the indexing set of balls. Let
By be the subcategory of pair maps f : (B,0B) — (A,0A) with A, B € B and let
B/~ be the homotopy category relative the boundary with f ~ g < f|0B = g|0B
and f ~ g rel 0B.

Remark 3.2. Given a small category D a D-object X in a category U is a con-
travariant functor X : D — U. This is a D-set if U is the category of sets.
Moreover let O be a fixed class of objects with x € O and let cat(O) be the cate-
gory of categories for which the class of objects is O with zero object *. Morphisms
are functors which are the identity on O. Then a D-category is a D-object in
cat(0). For the category B of balls we shall considers B-sets and B-categories.
They generalize cubical sets and cubical categories respectively since the category
of cubes is a subcategory of B.

For B € B we have the category C(B) of B-maps defined in 1.1. Moreover
f: B — Ain B induces a functor f*: C(4) — C(B) in cat(O) where O is the
class of pointed spaces. Hence

C ={C(B),B € B}

is a B-category which we call the topological B-category. The morphism sets C(X,Y")
of B-maps X — Y for B € B form a B-set.
For any B-category C and a ball pair (B, A) let

94 = (ia)" : C(B) — C(A)
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be induced by the inclusion i4 : A C B. We also write d4f = f|A. For example
for (JB, B¥) we get

0% =95+ : C(JB) — C(B)
and for H in C(JB) we write H: f~gif 0" H = f and 9T H = g.

4. B-CATEGORIES WITH UNIONS
Since the union of balls is defined in B we can consider unions and gluings in a
B-category.
Let C be the B-category of B-maps defined in section 3. Given ball pairs (B, A)
and (B’, A) with B, B’ € B one obtains the gluing functor

U: C(B) Xc(A) C(B/) — C(B Ua B/).
Here the pullback category is given by pairs (F': X —Y) e C(B),(G: X =Y) €
C(B') with 94 F = 04G and F UG is defined by

(BUAB') x X = (B x X)axx(B x X) 2% v,

The gluing functor is natural with respect to pair maps f : (B, A) — (B1,41),9 :
(B',A) — (B}, A1) in B which coincide on A, f|A = g|A. Then

FFUg'G=(fUg)(FUG)

We now describe the gluing rule in the B-category C. -
Let B be a ball and let M be a set of balls B which are subcomplexes of B
and dim B = dim B. Moreover assume that for B, B’ € M with B # B’ we have
(B—90B)N(B'—9B’) = and
U B=B

BeM

Then we say that B is a union of balls in M. A regular sequence of balls in B is a
bijection {By,...,Br} ~ M (where k is the number of elements in M) such that

Bei=|JB;, 1<i<k,
Jj<i
is a ball and (B<;, A;), (Bit1, 4;) are ball pairs with A; = B<; N B;y1. If B-maps
fB:X — Y in C(B) are given for B € M then each regular sequence in B yields
the iterated gluing operation

(- (B, U fBa) U fBs) - U fBy)

which is a B-map X — Y. The gluing rule is 5 the fact that this B-map is indepen-
dent of the choice of the regular sequence in B.

Lemma 4.1. Let C be a B-category with unions. Then for B € B the pair
(C(B),C(JB)) is a deformation category with structure ,0p,0. This yields the
homotopy category C[B] = C(B)/~ and C[-] = {C[B],B € B} is a (Bg/~)-
category.

Proof. The maps ¢’ : JB — B,i*: B — JB,op’ : JB — JB,[J': JB — JBUJB
are maps in B. They induce ¢ = (¢/)*, op = (op’)*, 9% = (i*)*. Moreover [V
yields OJ by the union property, that is

(@) (FUG)=FOG.
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Since itiq =i i4 we have 40T = 9,0~ and therefore there is a commutative
diagram
q

C(B)

for each ball pair (B, A). Here ¢ is the quotient map.

The topological B-category C has the property termed quotient property that
there is also a well defined gluing functor U on homotopy categories C[B] = B/~,
that is, the following diagram commutes where ¢ is the quotient functor.

C[B]

C(B) x¢(a) C(B') —- C(BU4 B
qxq q
C[B] x¢(a) C[B'] —= C[B U4 B

Definition 4.2. A B-category with unions is a B-category C with a gluing functor,
which is natural and satisfies the union rule and the quotient property.

The topological B-category is an example of a B-category with unions.

Remark 4.3. The quotient property can not be deduced from the properties of an
abstract B-category since JJB Upg JJB is not a ball.

Lemma 4.4. Let C be a B-category with unions. Then for B € B the pair
(C(B),C[JB]) is a deformation category which is a quotient of the deformation
category (C(B),C(JB)). Moreover for objects X,Y the morphism sets

(C(B)(X,Y),C[JB|(X,Y))
form a groupoid.

For the proof below we use thin fillers obtained as follows. If s, : B — B’ are
maps in B with s|0B = t|0B then there exists T : JB — B’ with 07T =t, 0T =
s. We can find T since B’ is contractible. Hence T : C(B’) — C(JB) satisfies
O~T* = s*, 0TT* = t*. We call T*(z) : s*(x) =~ t*(x) a thin filler for the pair
(s7(x), t"(x))-

Proof. We have to show that the equations in Lemma 2.2 are satisfied, that is, there
exist elements £,0p, J in C(JJ(B)) which are homotopies
g:HOe(f)~H for 9"H = f in C(B)
op :op(H) O H ~e(f)
O0:(HOG)OF~HO(GOF)

We obtain these homotopies by use of thin fillers. We consider the diagram

JB

P

JBUJB

JB

i~e'ul
Here [0’ induces 0 and &’ : JB — B induces e. Using a thin filler for the induced
operators one gets €. In a similar way one gets op, . O
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5. B-CATEGORIES WITH ®-PRODUCTS

Let C be the topological B-category of B-maps in section 3. Since products of
balls are defined in B we can define ®-products in B-categories as follows.

For B,B’ € B and for a B'map g : Y — Z and a B-map f : X — Y we have
the B’ x B-map ¢ ® f : X — Z induced by the composite

B xBx X2, pxy 4z

This yields the ®-product in C which has properties as described in the next Lem-
mas.
Lemma 5.1. The operation ® has the following properties:
(1) ® is associative.
(2) For B-maps f: X —Y,g:Y — Z the composite gf in C(B) satisfies
A'(ge f)=gf

where A* : C(B x B) — C(B) is induced by the diagonal B — B x B.
(3) Let 0%y be the trivial map X — % — Y in C(B). Then we have for
(9:Y = 2) e CB),(f: X —Y) € C(B),

g Og,y = Og,XZB/,

05,/2 ®f= Og,ng

The point is the final object in B and the unique map &f, : B — point induces
the functor

g : C(point) — C(B)
with f*¢g =¢go for all f: B — B’ in B.
Lemma 5.2. Forg:Y — Z in C(B') and f : X = Y in C(B) we have g® f :
X — Z in C(B' x B). If B’ is the point then f ® g = feo(g) in C(B) and if B is
the point then f ® g = eo(f)g in C(B’).

Moreover we have the following naturality of ®-products.

Lemma 5.3. For maps g1 : B{ — B’, fi : B — B in B one has

(gig)@ (fif)=(r xg)@g®f)

In particular, for all ball pairs (B, A) the product (B’ x B, B’ x A) is again a
ball pair and we have
g®0af =0pxalg® f)

Definition 5.4. An abstract B-category C with ®-products is defined by ®-pro-
ducts which satisfy the properties in the Lemmata above.

6. B-DEFORMATION CATEGORIES

Let C be the topological B-category. Then we have seen that C has unions and
®-products. Moreover the following formulas are satisfied.

Let g: Y - ZinCB)and f: X - Y in C(B). Theng® f: X — Z in
C(B x B') is defined. Now let B = B; U By or B’ = B{ U B} be unions of ball
pairs. Then for f = f; U fo one has the compatibility of ® and U

9@ (iU fe)=(g® f1)U(9® f2)
and for g = g1 U g2 one has

(1Ug)@f=(1®f)U(g2® f)
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Definition 6.1. An abstract B-deformation category C is a B-category C with
unions U and ®-products such that these formulas on the compatibility of ® and
U hold.

The next Lemma extends the corresponding Lemma 4.4.

Lemma 6.2. Let C be an abstract B-deformation category. Then for B € B
the deformation category (C(B),C[JB]) is a quotient of (C(B),C(JB)) and this
quotient is a track category.

Proof. We have to find R in C(JJB) such that
R:HE ~ (He(e')) O (e(f)E)

where H : f ~ f') E:e~¢'. Here HE is the composite in the category C(JB).
Now R is obtained by the diagram

JB

o] N

JBUJB——= JB x JB
H'UE

Here A is the diagonal and we define

E' = (i"¢,1): JB — JB x JB,

H' =(1,i*"): JB — JB x JB.
Then A*(H® E) = HE and (H'UE")O)*(HQ E) = (He(e')) O (e(f)E). Hence
a thin filler yields R. (]

Let C be an abstract B-deformation category and let (B, A) be a ball pair in B.
Then we can choose a map

O :B— BUy JA

which is the identity on the boundary. The union is the pushout of i4 and it. We
call 0y the action map which induces the action functor

Ua C[B] XC(A) C[JA] - C[B]
Ou(F,G)=FO, G = (0)(FUG)

Here 04 does not depend on the choice of ;. For B = JA the functor Oy = O
is given by the track category (C(A), C[JA]) above.

Lemma 6.3. Let C be an abstract B-deformation category. Then U4 satisfies the
equations

FOue(f)=F foroaF = f,
FO,(GOH)=(FOsG)O4 H,
Oa,,(F O G) = 0a,,F,

0A(F 04 G)=0"G.

Moreover given I € C[B] with OAF = f, 0a,, I = g, the group Autg(f) in the
track category (C(A), C[JA]) acts transitively and effectively on the set

{F' € C[B,04F' = f,04,, F' = g}
by F' O «a for a € Autg(f)

The Lemma describes the action property of Oy.
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7. ABELIAN B-DEFORMATION CATEGORIES

For all B € B one has the projection functor
9o : C(B) — C(point) /=~

which is induced by any map f : point — B and which by thin fillers is independent
of this choice.

Definition 7.1. An abstract B-deformation category C is pre-abelian if the track
categories
(C(B), C[/B])
are abelian for all B € B and if the associated natural systems Dp are composites
of the form
Dp : F(C(B)/~) 2 F(C(point)/~ 2 Ab
Here D™ with n = dim(B) depends only on n and not on B.

Now let C be pre-abelian with natural systems D", n > 1. Then we have for a
ball pair (B, A) and f: X — Y in C(A) the group Autg(f) in the track category
(C(A),ClJA]) and we have the isomorphism, n = dim(A) + 1, (see section 2)

oa=0:Dj ;= Autg(f)

which is natural in f. Hence the O 4-action of Autp(f) on the set {F € C[B],04F =
[} yields an action of a € Dj, ; on this set by /' s a = F' 04 o(a). Here we have
Oof = 000aF = OpF.

Definition 7.2. Let or(B) be a manifold orientation of the topological manifold
B € B. there are two such orientations, or(B) and or(B). Now or(B) yields a
manifold orientation or(0B) on the boundary 0B. If (B, A) is a ball pair or(0B)
yields by restriction a manifold orientation or(A). Now the product I x A, where
I is the oriented interval from 0 to 1, yields a manifold orientation or(JA). If
or(B) Uor(JA) define a manifold orientation of B U4 JA we write (B, A) = +1
and €(B, A) = —1 otherwise.

Definition 7.3. Let C be pre-abelian and consider for a ball pair (B, A) and
F € C[B], 04F = f the element
F Dor(A) a=F[U4u (E(B,A)Oz) S C[B]

where a € Dy . We call C an abelian B-deformation category if this element does
not depend on the ball pair (B, A) but only on F,or(B) and «. For the opposite
orientation or(B) we have the formula

F DH(B) a=F Dor(B) (—a)

Moreover the abelian union property is satisfied, that is, for a union B = B1U...UB;

of balls and or(B;) induced by or(B), i = 1,...,k, we have for F; € C[B,] the

formula
F1U...U(ﬂ Dor(Bi) a)U...UFk:(Flu...UFk)Dor(E)a
where 80(FZ) = 80(F1 U...u Fk)

Let C be the topological B-category and let X be a class of objects in Top™ and
let W be a space in Top*. For each B € B we obtain the over category
C(B){x—-W} cCC(B)

and dually the under category C(B){W — X}. Then the collection of over cate-
gories
C{x - W} ={C(B){x —- W},BeB}
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is again a B-deformation category. The same holds for the under category C{W —

x}.

Proposition 7.4. Let X be a class of co-H-groups. Then C{X — W} is an
abelian B-deformation category with natural systems D™ = D3, n > 1. Dually, if X
is a class of H-groups then C{W — X} is an abelian B-deformation category with
natural system D™ = Dg,n > 1.

Compare section 2 where D3, and Dg are defined.

8. HIGHER ORDER TRACK CATEGORIES

Let C be a B-deformation category. Then we define for n > 1 the collection of
categories C", termed the n-truncation of C, by

n _JC(B)/~=C[B] if dim(B)=n,
CH(B) = {C(B) if dim(B) <n

with B € B. Hence only in dimension n we take the homotopy category.

The following definition of an “n-th order track category” is motivated by those
properties of a B-deformation category which remain visible in the truncation C™.
Moreover these properties should be minimal to allow the definition of higher order
Toda brackets and certain spectral sequences below (see section 10), and they should
be fulfilled by algebraic examples given by chain complexes (see section 12).

Let B(n),n > 0 be the subcategory of B consisting of balls B with dim(B) <n
and which is generated by the maps:

e ball pair inclusions i4 : A C B,

e projections ¢ : JA — A,

e trivial maps ¢, : B — point.

Let Bs(n),n > 0, be the subcategory of B consisting of balls B with dim(B) < n
and which is generated by the following maps:

e The opposite map op’ : JA — JA,

e For a ball pair (B, A) we have the ball BU4 JA by pushout of i4,i%. The
boundary satisfies 9(B Ug JA) = Aqp UA™ = Ayp UA = 0B. Then there
is a map

D%: B—BUsJA in Ba(n)
which is the identity on the boundary. We call Oy an action map. Also
l1Ue: BUy JA — B is a map in By(n).

e There is a map hy : A — Ay, which extends the identity on A, = 0A.
This map is called a comparison map.

All the maps of Bs(n) are isomorphisms in the homotopy category Bg(n)/~ C
Ba/ﬁ.
As above we use only functors in cat*(Q) which are the identity on objects.

Definition 8.1. An n-th order track category K is a B(n)-category given by cat-
egories K(B) with zero object and functors f* : K(B) — K(A) for f: A — B in
B(n) such that the following properties hold:

(1) The relation ~ on K(B), defined by
fego f=g if dim(B) =n,
TIT\3F eK(UB) withdF = f, 9*F =g if dim(B) <n,
is a natural equivalence relation. Here the functor 0F = (i%)* is induced
by the ball pair inclusion i* : B C JB.
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Let K[B] = K(B)/~ be the homotopy category with quotient functor
q : K(B) — K[B]. Then 04 = % induces 04 : K[B] — K(A4) with
0aq = 04 since 940~ = 0407
The categories K[B] have the structure of a By(n)-category given by func-
tors f* : K[B] — K[A] for f : A — B in Bs(n). Moreover f,g: A — B
in By(n) with f|0A = g|0A and f ~ g rel A satisfy f* = g* so that K[_]
is actually a (Bs(n)/~)-category. The induced functors f* are compatible
with the restriction functors 94 (as in a B-deformation category).
For ball pairs (B, A), (B’, A) in B(n) a gluing functor U is given for which
the following diagram commutes

K(B) xk(a) K(B') —=K(BUa B)

K[B] xk(a) K[B] ——= K[B U, B/|

The gluing functor is natural with respect to maps in B(n), resp. By(n),
and the gluing rule is satisfied, see section 4
For a ball pair (B, A) we have the action functor

Oa K[B] XK(A) K[JA] — K[B}
defined by O4(G, F) = ({0,)*(G U F). For B = JA the tuple
(K(A),K[JA],e = ¢*(¢')*,0p = (op’)*, 0 = 04, 0%)

is a track category with associated homotopy category K[A]. The action
functor has the action property in section 6.
Given a ball pair (B, A) and f in K(A). Then f ~ 0 if and only if there
exists F' in K(B) with 04F = f and 04,,F = 0. This is the extension
property of K.
For B x BinB(n)and g: Y — Zin K(B’) and f: X — Y in K(B) the
®-product

g f: X =Y in K(B' x B)
is given. We also write ¢(g ® f) = ¢ ® f in K[B x B’]. The tensor product
is agsociative and natural and ¢®0 = 0, 0® f = 0. Moreover for g9 = (¢(,)*
we have f ® g = feo(g) if B’ = point and f ® g = eo(f)g if B = point.
Also gR0af = 0p'xa(gQ f), (0ag)Rf =04 xp(¢® f) and ® and U are
compatible.
Let dim(B x By) < n — 1 for balls B, By in B. We consider the boundary
of the product JB x JB; which is the following union of balls

O(JB x JBy) =U,, UU
U=B"xJBUJB x By
Usp =B~ x JB;UJB x By

and we use a comparison map hy : U — Uy, in Ba(n). Let G € K(JB), F €
K (JB;), then we have in K[U] the following boundary formula,

hy (07G)@ FUG® (07F)) = (07G) @ FP UG™ ® (91 F)

For dim(B x By) = 0 this corresponds to formula (x) in a track category,
compare the horizontal composition in section 2.

Lemma 8.2. Given a B-deformation category C one has for n > 1 an n-th order
track category C™ by truncation of C, see the definition of C™(B) above. Similarly
the truncation K"~ of an n-th order track category K is an (n — 1)-st order track
category.
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Definition 8.3. A map o : K — K’ between n-th order track categories is given by
functors a : K(B) — K'(B), a : K[B] — K'[B] with ga = ag. They are natural
with respect to B(n) and By(n) respectively. Moreover « is compatible with gluing
and ®-products. A map « is a weak equivalence if a : K[point] — K'[point] is an
isomorphism and « induces isomorphisms of groups

Autoy(f) = Autg(af)
for all f in K(B), dim(B) < n.
Remark 8.4. There is also a notion of pseudo functor and pseudo equivalence
between higher track categories, see [BM] for n = 1.

Composites of inclusions of ball pairs yield for B in B(n) maps {point} — B in
B(n) which induce a well defined functor

9o : K(B) — K(point)/~ = K|point].
Definition 8.5. An n-th order track category K is abelian if all track categories
(K(B),K[JB]), dim(B) < n—1, are abelian and the associated natural system D
is a composite of the form
F(K([B]) & F(K[point]) 25 Ab

where D* depends only on k = dim(B). Moreover the [J4-action yields a well
defined action U,y which satisfies the abelian union property, see section 7.

The truncation of the abelian B-deformation categories in section 7 yield exam-
ples of abelian n-th order track categories.

Example 8.6. A first order track category K is the same as a track category in
section 2. In fact, iterate composites of action maps yield a map h : I — [0,n] =
I(n) inducing the isomorphism

r*K[I(n)] =~ K(I(n)) = K(I) ~ K[I]

which does not depend on h. Now unions are defined by

K (I(n)) o K(I(m)) —— K(I) x5 K(1)
| °
K(I(n+m)) —————=K()

and ®-products are composites e(f)H, He(g) with H in K(I) and f, ¢ in K(point).
Of course K is abelian iff the associated track category (K(point), K[I]) is abelian.

Remark 8.7. Let K be an abelian n-th order track category. Then the truncation
K"~ ! is an abelian (n — 1)-st order track category. We consider K as a linear track
extension of K1, The set of equivalence classes of such extensions is denoted by
H"T2(K"~! D™). This leads to a cohomology which for n = 1 coincides with the
cohomology in section 2, [BW].

9. HIGHER ORDER TODA BRACKETS AND HIGHER ORDER CHAIN COMPLEXES

The properties of an abelian n-th order track category are chosen in such a way
that it is possible to define higher order Toda brackets generalizing the triple Toda
brackets in a track category of section 2.

Proposition 9.1. Let C be an abelian n-th order track category with natural system
D'i=1,...,n and let

Qp
Y=Xo & X, & Xg - 2 X, 0=X
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be a sequence of morphisms «; in C(point)/~. Then the higher Toda bracket is
defined as a subset

<041, ey Oén+2> C Dg(X,Y)
For n =1 this is the triple Toda bracket in the abelian track category (C(point),
C(I)/=~). The set {aq,...,ani2) is possibly empty. If C ~ K is a weak equivalence
then the brackets coincide, that is (a1, ..., 0ny2)c = (X1, .., Opg2) K-

Definition 9.2. Let C be an abelian n-th order track category. Let B be a ball
inBandlet F € C(B), F:X — Y, be trivial on the boundary (that is, for any
ball pair (B, A) we have 4F = 0 and d4,,F = 0) then there is a unique element
o € D, p, i = dim(B), with

0 Oor(p)y @ = {F'} in C[B]
Here o F = 0(X,Y) in C[point]. We call
ob(F) = o € Djjx v
the obstruction associated to F. If (E,B) is a ball pair the extension property
shows that ob(F) = 0 if and only if there is /' € C(£) with dp(F) = F and
IB,, (I') = 0.

We now consider the ball pair (I"*1,T™) where T™ is the union of all n-dimen-

sional faces of I"*! which contain the origin 0 = (0,...,0) € I"*!. Let (I, T7)
be the opposite ball pair. Hence 77}, is the union of all faces of I "+l which contain
the point (1,...,1) € I"*1. We shall construct F : X — Y in C(T") such that F

is trivial on the boundary and such that
ob(F) € {(a1,...,ant2)

In fact, all possible choices of F' yield this way the set {aq,...,an42). If F is not
constructable then this set is empty.
The element ob(F) is the zero element in the abelian group D,y if and only

if there exists F' in C(I"*!) with F|T" = F and F|Tg‘p =0(X,Y) € C(T3,).

Here we call F a cubical extension of F. We shall see that F is constructible if
and only if inductively certain cubical extensions exist.

We start the induction by choosing representatives f; of the homotopy class
aq, 1 =1,...,n+ 2. Then we choose

flec), fh:fifim~o.

Assume now fF € C(I*), 1 <k <n, i <n—k+ 2, are chosen. Then we define
fFh e C(IF+1) as follows, in fact, fF*! is a cubical extension of

FF e C(T")

where FF¥ is obtained by the following gluing. The faces of I**1 in T* are of the
form I* x 0, I*"' x 0 x I, I*"2 x0x I%,..., 0 x I*¥ and this is a regular sequence
of balls in T%. Then FF is given by the restrictions

Fflfk x 0= fikﬁo(fz'+k+1)
FFlox 1 = EO(fi)fikJrl
Flkl‘[TXOXIk:fzr(X) 2&7"4»17 7’+8=k,1§7‘<k.
One can check that by the inductive construction this gluing, defining Fl.k, is

well defined. Now let F' = F}' € C(T™). All possible choices of F' yield the set of
elements ob(F") defining (o, ..., apio).
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We now consider higher order chain compleres. Let C be an n-th order track
category and let

(X, ) = (---HXH&X“—W,@'GZ)

be a sequence of morphisms in the homotopy category Clpoint]. A C-chain complex
(X, f, F) associated to (X,«) is defined in the same way as a representation of a
higher Toda bracket. In fact, (X, f, F') consists of the following data. For ¢ € Z the
element f; in C(point) is a representative of «;. Then

flec), fh:fifiza~0

Assume now fF € C(I*), 1 < k < n, is given. Then f¥*1 € C(I**1) is a cubical
extension of FF € C(T*) where FF is obtained by gluing as above, that is, F¥ has
the restrictions

FIP < 0= fleo(fisns1)

FF0x I* = eo(fi) i

Fik|IT x 0 x Ik = fzr ® ikJrrJrlv
where r +s =k, 1 <r <k—1. Now fF and FF, 1 < k < n, describe (X, f, F).
This is a C-chain complex if the obstruction ob(F}*) = 0 vanishes for i € Z, see 9.2.

Remark 9.3. For n = 1 we have the track category C and in this case a C-
chain complex is the same as a secondary chain complex in [BJ,Se]. Secondary
chain complexes form a category but C-chain complexes in general do not though
morphisms between C-chain complexes can be defined.

10. HIGHER ORDER COHOMOLOGY OPERATIONS AND THE ADAMS SPECTRAL
SEQUENCE

Let p be a prime and let F = Z/p be the field of p elements. Let Z™ = K(F,n)
be the Eilenberg-MacLane space which is an H-group.

Definition 10.1. The track theory of n-th order cohomology operations is the
abelian n-th order track category

c{z}
where C is the topological B-category and Z is the set of all products Z™ x...x Z"r
with nq,...,n, > 1 and r > 1. For a pointed space X let
C{X — Z}

be the under category in section 7 which is also an abelian n-th order track category.
Here C"{X — Z} is considered as a left module over C"{Z}.

Remark 10.2. The homotopy category C™{Z}[point| is the theory of Eilenberg-
MacLane spaces constructed in [B,Se, 1.1.5]. Models of this theory are connected
unstable algebras over the Steenrod algebra A. For example C{X — Z}[point] is
such a model which is equivalently given by the cohomology H*(X,F). Given a
sequence

x Lox0 ol xral oy
in Top*/~ with X’ € Z the associated Toda bracket {(a”,...,a% ) is termed a

higher matriz Massey product in the A-module H*(X). If X € Z this is a higher
Massey product in the Steenrod algebra.
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Remark 10.3. It is possible to describe the analogue of the topological B-deforma-
tion category C in Top™ in the stable homotopy category of spectra. For example
the stable track theory of Eilenberg-MacLane spaces in [B,Se, 2.2.6] uses Eilenberg-
MacLane spectra. The use of spectra, however, leads to technical complications
which we want to avoid in this paper. We therefore use the “stable range” in the
next definition.

Definition 10.4. For a “large” number N let Zx be the subset of Z above con-
sisting of all products Z"* x ... x Z" with N <n; <2N, ¢=1,...,r. Thisis a
stable range of Z. Accordingly we get the stable theories

C'{Zy}, C'INX — Zy)
where ¥V X is the N-fold suspension of a CW-complex X with dim(X) < N.

Let X and Y be finite CW-complexes. Then the Adams spectral sequence

(Ep,n > 2) with

Ey =ExtA(H* X, H'Y)
converges to the p-local part of the stable homotopy set {Y, X}. For the computa-
tion of £xt we choose a resolution of the left A-modules H* by finitely generated
free modules M;

H*X «— My — My « ---
Let B; be a basis of M; and let

Xi: X ZN-Hb|

Then a finite part H*X «— My < --- «— M, of the resolution corresponds to a
sequence

(X,a) = (ZNXL)XinL..._)Xm>

which for large N lies in the homotopy category K[point] with K = C™{W —
Zn}, W = ZNX v ENTSY. Moreover an element § € Ext’y(H*X, H*Y)* gets
represented by a cocycle ¢ € Hom(M,., X.7°*H*Y') which corresponds to a map (3 in

the following diagram which for N large lies in K[point].

aO a” a7‘+

ENX XO Xr "XT+”+1,r+n+1§m,

Tﬁ
ZN+SY

We use this diagram for the determination of the differential

. T, r4+n+1,s+n
dn+1 : En - En

Proposition 10.5. There is a K-chain complez (X, f,F') associated to (X, )
above. Moreover since (3 represents an element in E™* there is a K"~ 1-chain com-
plex (Y, g,G) associated to

(Y,8) = (Z7L+SY LA X" o X7'+n+1) ]

Here the restriction of (Y,g,G) to (X" — -+ — X" s given by (X, f, F)
and K"~ 1 is the truncation of K. Since (Y,3) is a K" '-chain map we can
choose a cubical extension defining Gy € K(T™). The obstruction ob(Gy) €
(S (SNFY), XY yields an element in Ext’t " T (H* X, H*Y)"** which rep-
resents dp1{3} € Eltn—tnts,

This result is proved for n =1 in [BJ].
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Corollary 10.6. Let K’ be an n-th order track category quasi isomorphic to K =
CYW — Zy}, W =SNXVvINTY. Then the differential d,, can be computed in
K'.

For n =1 this is proved in [BJ,Se, 5.1].

11. A-BALLS

The diagonal A of a CW-complex X is not a cellular map but is homotopic to
a cellular map A which is called a diagonal approzimation. Then A = Ax induces
a chain map

Ay CX - C(X xX) =0, X ®C,X

where C, X is the cellular chain complex with C,, X = H,, (X™, X"~1). We say that
(C.X,A.) is a coalgebra if A, is coassociative and the augmentation gq = (gf))« :
C.B — C,(point) = R satisfies (1 ® e9)A, = 1 = (g9 ® 1)A,. In general it is not
possible to find a diagonal approximation A such that (C,X,A,) is a coalgebra,
but we consider CW-complexes with the following nice properties.

Definition 11.1. A A-CW-complez X is a regular C'W-complex together with
a diagonal approximation A and a homotopy D : A ~ A in Top such that the
following properties are satisfied.

(a) Each subcomplex Y of X admits a commutative diagram

XA'XXX

|

Y

Y —=Y xY

and the homotopy D induces a homotopy Dy : Ay ~ Ay.
(b) The cellular chain complex (C.X,A,) is a coalgebra.
We have the following properties of A-CW-complexes.
(c) The interval I is a A-CW-complex using A in I x 0U1 x I.
(d) The product X x Y of A-CW-complexes is a A-CW-complex given by

A=(1xTx1)(Ax xAy), D'=(1xTx1)(D xD%), tel,

where T': X XY — Y x X is the interchange map.

(e) A subcomplex Y of a A-CW-complex X is a A-CW-complex.

(f) Let X, X’ be A-CW-complexes and let Y C X and Y C X’ be the inclu-
sions of A-CW-subcomplexes. Then the union XUy X’ is a A-CW-complex
with A = ZX @] ZX/.

(g) Let X, X')Y be A-CW-complexes and let Y C X be the inclusion of a
A-CW-subcomplex. Then the pushout P as in the diagram

XxX ——P

]

YXX’?‘X’

is a A-CW-complex. Here ¢ is the projection. For example a relative
cylinder is such a pushout.

Definition 11.2. A A-ball is a A-CW-complex for which the underlying CW-
complex is a ball, see section 3.

Proposition 11.3. Fach ball B in the indexing set B of balls in section 3 has the
canonical structure of a A-ball.
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This follows from the properties of A-C'W-complexes above, compare the defi-
nition of B in section 3.

12. TRACK CATEGORIES ASSOCIATED TO TRUNCATED CHAIN ALGEBRAS

Let R be a commutative ring with unit. We use the category of R-modules with
tensor product ® = ®g.

A chain algebra @ is a non-negatively bigraded R-module @ = {Q%;r, s > 0}
with unit 1 € QY, associative multiplication

n:QLe QL — QU ne@y)=z-y,
and differential d : Q} — Q%_, satisfying d o d = 0 and
d(x - y) = (dz) -y + (—1)°z - (dy).
(If @ is concentrated in upper degree 0 then @ is a chain algebra in the usual

sense.) A Q-module is a non negatively bigraded R-module M = {M7;r,s > 0}
with a differential d : M] — M!_;, dod =0, and an action

peMI®QY — ML, plrey) =x-y,
satisfying the formula for d(z - y) above. (If M is concentrated in upper degree 0
then M is a chain complex in the usual sense.) A Q-morphism f: M — N between
Q-modules is a map f: M7 — NI with df = fd and f(z-y) = f(z) - y.

Below we shall consider Q-modules of the form

C®L®Q

where C' is a chain complex and L is a finitely generated free graded R-module.
Here C and L are concentrated in upper degree 0.

Definition 12.1. A chain algebra @) is n-truncated if Q7 = 0 for s > n. The n-th
truncation Q(n) of a chain algebra @ is given by

0 for s >n
Qn)g = n/dQ, fors=n
Q5 for s<n

Then Q(n) is an n-truncated chain algebra.

We now define for an n-truncated chain algebra Q) the n-th order track category
K@ associated to Q by the properties in (1), (2) and (3) below.
(1) The objects of K@ are the finitely generated free graded R-modules; they
form the set O of objects. The zero object 0 € O is the trivial module.
For B € B(n) let K?(B) be the category with objects in @ and morphisms
f:L— L' with L, L’ € O given by Q-morphisms

C.(B)®LoQLIreqQ
Composition of such morphisms gf : L — L' — L” is defined by the
composite
A, C.B®f ’ 9. rn
CiBRILRQ—CBRC,BRILR®Q ——C,BIL ®Q —-L"?Q

Since (C. B, A.) is a coalgebra this is a well defined category. The identity
1: L — L is given by C,(B) ® L — L induced by (gf)« : Ci«(B) —
C.(point) = R. Let j : A — B be a morphism in B(n) then j induces
a coalgebra morphism j, : C.A — C.B and the functor j* : K?(B) —
KQ(A) carries f to fo (j. ® L® Q).

Lemma 12.2. The relation of ~ defined by K® is a natural equivalence relation.



20 HANS-JOACHIM BAUES

Proof. For the ball JB we know that C.(JB), as a quotient of C,I ® C,B, is a
relative cylinder in the category of chain complexes. O

Hence the category K@[B] = K¥(B)/=~ is well defined.

Lemma 12.3. Ifdim(A) = n then ~ on K(B) is the trivial relation so that K(B) =
K[B].
This follows readily by the assumption that @ is n-truncated.

(2) Let j : A— B be amap in Bg(n). Then dj : 04 — 9B induces a coalgebra
map j° = C,(0j) in the commutative diagram

o

C,0A—~ (.08
N N
c.A—' - c.B

Here we can choose a chain map j extending 7 since B is contractible. We
now define

J* K[B] — K[A]
by j{f} ={f(i @ L®Q)}
Lemma 12.4. j* is a functor which does not depend on the choice of j.

Proof. j9 is a coalgebra map but j is only a chain map extending j°. This yields
the diagram

J

C.A C.B
A, A,
C.A®C A Y c.BoC.B

which commutes on the boundary C,0A. Since B is contractible there is a homo-
topy (j ® 7)A, ~ A,j rel CL,OA. This shows that j*(gf) = (5*9)(5* f). O

(3) We now consider the gluing functor in K?. Given ball pairs (B, A) and
(B, A") in B(n) we have

C*(B Ua B/) =C.\B Uc, A C*B/
where the right hand side is a pushout of chain complexes. Given F in
K%(B) and G in K9(B') with 04 F = §4G we get F UG by

C.(BUAB)®L®Q=C,BRL®QUc, 000 B Lo Q 2% /e Q
(4) Finally we obtain ®-products in K as follows. Let g : Y — Z € K¥(B’)
and f: X - Y € K?B). Theng® f : X — Z € K9(B' x B) is the
composite

SEeL o BeYyeQLl Z2eQ.
Theorem 12.5. The data in (1)...(4) above describe a well-defined n-th order
track category K@ with all the properties in section 8. Moreover for the (n — 1)-
truncation we get

C.(BBxB)@X®Q=CB ®C.BX®Q

(KQ)n—l _ KQ(n—l) )
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The homology Hy = H{(Q) is a graded algebra. Let mod(Hj) be the category
of finitely generated free right Hy-modules L ® Hy, L € Ab. Then we get the
bifunctor

D* : mod(Hy)°P x mod(H,) — Ab
D¥(L,L') = Hompy, (L ® Hy, L' ® Hy ®p, Hy)
where H, = H}(Q) is an Hy-bimodule.

Theorem 12.6. The n-th order track category K@ is abelian with homotopy cate-
gory

K9[point] = mod(H;Q)
and natural systems DF defined above 1 < k < n.

Remark 12.7. Higher order Toda brackets in the abelian n-th order track category
K@ coincide with higher order matriz Massey products in the differential algebra

Q.

Let MY be the set of finitely generated free graded R-modules concentrated in
degree < N. Then K@ defines the n-th order track category (K% (M®™))°P with
objects in MY which is formally dual to K@(M?™N).

Conjecture 12.8. There evists a bigraded differential algebra Q over R = Z/p?
such that for n > 0 the truncation Q(n) of Q yields an n-th order track category
(KQ(”) (MN))OP which is weakly equivalent to the stable track category C"{Zn}
of higher cohomology operations. We call QQ the “algebra of higher cohomology
operations”.

Theorem 12.9. The conjecture is true for n = 0 and n = 1. For n = 0 we
get the Steenrod algebra Q(0) = A. For n = 1 we get the pair algebra Q(1) = B
of secondary cohomology operations. The weak equivalence of track categories is
established for n =1 in [B,Se, 5.5.6].

If the algebra @ is computed one has by the conjecture and section 10 a direct
way to compute the differentials in the Adams spectral sequence which then allows
the computation of stable homotopy groups of spheres.
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