Deforming the Lie superalgebras D(2,1; )

Elena Poletaeva

Abstract. We describe the non-trivial deformations of the standard embedding of the Lie super-
algebras D(2,1;x) into the derived contact superconformal algebra K’(4), and realize D(2,1;x) as

4 x 4 matrices over a Weyl algebra.

1. Introduction

The Lie superalgebras D(2,1;x) have recently been studied by mathematicians
and physicists from different points of view. In particular, they became important in
the context of the AdS/CFT correspondence [2, 6, 13]. Recall that D(2,1;z), where
x € C\{0,—1}, is a one-parameter family of classical simple Lie superalgebras of
dimension 17 [7]. The bosonic part of D(2,1; z) is sl(2) ®sl(2) ®sl(2), and the action of
D(2,1;x)5 on D(2,1;x); is the product of 2-dimensional representations. We will use
another notation for these superalgebras (see [20]): I'(oy, 02, 03), where o; are nonzero
complex numbers such that oy + 09 + 03 = 0. Note that I'(0y,09,03) = D(2,1;2),
where x = o1 /0.

The family D(2,1; z) is closely connected with the derived contact superconformal
algebra K'(4) [3]. Recall that K’(4) is spanned by 16 fields, one of which is a Virasoro
field, and it is also known to physicists as the centerless big N = 4 superconformal
algebra [8, 9]. It was shown in [21, 22] that the big N = 4 superconformal algebra
contains D(2, 1;x) as a subsuperalgebra.

In this work we consider the standard embedding of ', = I'(2, -1 — o, v — 1),
where o € C, into the Poisson superalgebra P(4) of pseudodifferential symbols on the
supercircle S*1? with two odd variables. T, is naturally embedded into K’(4) C P(4).
We describe the infinitesimal deformations of this embedding, which are classified by
HY(T,, K'(4)). We prove that this cohomology space is one-dimensional and that the
infinitesimal deformations are indeed the formal deformations of the embedding.

Integrability of infinitesimal deformations of embeddings of Lie algebras were stud-
ied by A. Nijenhuis and R. W. Richardson in [14, 19]. For the standard embeddings
of Vect(S') into the Poisson algebra on S! and into the Lie algebra of pseudodiffer-
ential symbols on S' they were studied in [15, 16]. Similar problems in the case of
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superalgebras K (1) and K (2) of contact vector fields on S'' and S'? were studied
in [4, 1]. In our work we use the similar approach.

Note that in [17, 18] we constructed a different embedding of I, into P(4), where
pseudodifferential symbols were essentially used. In this work we actually obtain an
embedding of T, into the Lie superalgebra of differential operators on S'12.

We also realize I', as a Lie subsuperalgebra of 4 x 4 matrices over the Weyl algebra
W =3, Clt,t!]d’, where d = 2. This realization is different from the one given in
17, 18).

This work was done during my staying in Bonn. I would like to thank the Max-
Planck-Institut fiir Mathematik for the hospitality and support and for the excellent
working conditions.

2. Superalgebras I'(01, 09, 03)

Recall the definition of I'(0q, 09, 03) [20]. Let g = g5 @ g1 be a Lie superalgebra,
where g5 = sp(11) @ sp(12) ® sp(v3) and g7 = V1 @ Vo® V3, where V; are 2-dimensional
vector spaces, and 1; is a non-degenerate skew-symmetric form on V;, ¢+ = 1,2,3. A
representation of gz on gy is the tensor product of the standard representations of
sp(v;) in V;. Consider sp(v);) - invariant bilinear mapping

?z‘/;XVz—NSP(wz)a Z.:172737
given by
Pi(zi, yi)zi = Vilys, zi)xi — iz, 20) i
for all x;,y;, z; € V;. Let P be a mapping
Prgi X 91 — 9o

given by

P21 @ T @ T3,Y1 @ Yo @ Y3) =

1222, y2)s(xs, y3)P1 (1, y1 )+

oo (x4, y1)Us(xs, y3)Pa(x2, Y2 )+

os1(z1, Y1) Y222, y2)Ps (23, ys3)

for all x;,y; € Vi;,1 = 1,2,3, where 01,09, 03 are some complex numbers. The super
Jacobi identity is satisfied if and only if o1 4+ 02 4+ 03 = 0. In this case g is denoted by
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['(01, 09, 03). Superalgebras I'(o1, 09, 03) and I'(o1, 04, 0%) are isomorphic if and only
if there exists a nonzero element k € C and a permutation 7 of the set {1,2,3} such
that

ol =k-on fori=1,23.

Superalgebras I'(oq, 09, 03) are simple if and only if 01, 09,03 are all different from
zero. Note that ['(oq, 09,03) = D(2,1;z) (see [7]) where = 01 /05.

3. Embeddings into the Poisson superalgebra on S

The Poisson algebra P of pseudodifferential symbols on the circle is formed by the

formal series
n

Alt,m) =) ai(t)r,

where a;(t) € C[t,t7!], and the even variable 7 corresponds to 9y, see [15]. The Poisson
bracket is defined as follows:

{A(t,7),B(t,7)} = 0;A(t,7)0:B(t,7) — 0, A(t,7)0.B(t, 7).

An associative algebra Py, where h € (0,1], is a deformation of P, see [16]. The
multiplication in P, is given as follows:

hn n n
A(t,m)on B(t,7) =) —ORA(t T)O} B(t, 7).
n>0
The Lie algebra structure on the vector space P, is given by
[A,B]h :A/4OhB—BOh147
so that )
hmh_,OE[A, B]h = {A, B}

Let A(2N) be the Grassmann algebra in 2N variables &, ..., &n, M1, ..., nny with the
parity p(&;) = p(n;) = 1. The Poisson superalgebra of pseudodifferential symbols on
SUNis P(2N) = P ® A(2N). The Poisson bracket is defined as follows:

N
{A, B} = 9,A0,B — 0,A0.B + (=11 "(9, A0, B + 0, A0, B).

i=1



Let W(2N) be the Lie superalgebra of all superderivations of the associative super-
algebra C[t,t7!] ® A(2N). By definition,

K(2N) ={D € W(2N) | DQY = fQ for some f € C[t,t"'] @ A(2N)},

where QQ = dt + Zfil &dn; + n;dé; is a differential 1-form, which is called a contact
form [10]. Note that there exists an embedding

K(2N) C P(2N), N >0.
Consider a Z-grading on the associative superalgebra P(2N), defined by
degt=degn, =degT=deg& =1fori=1,...,N.
With respect to the Poisson super bracket,
{P)(2N), Py (2N)} C Pivj2)(2N).

Thus P2)(2N) is a subsuperalgebra of P(2N), and one can easily check that it is
isomorphic to K(2N). Note that this embedding of K(2N) into P(2N) is different
from the embedding considered in [17, 18], which is based on another z-grading of
P(2N).

K(2N) is simple if N # 2, and if N = 2, then the derived Lie superalgebra
K'(4) = [K(4), K(4)] is a simple ideal in K (4) of codimension one, defined from the
exact sequence

0— K,(4) — K(4) - (Ct_lT_lflfgnlng — 0.

Proposition 3.1. For each v € C there exists an embedding
Po :T(2,—1—a,a—1) — K'(4) C P(4).
Ly = pa(l(2,—1 — o, — 1)) is spanned by the following elements:

E; =12 F; = 7% — 2at 2 Eamine, H; =t
E2=§&, F2=mm, H.==E&m+&mnp,

Ef'; = 112, FS = a1, Hi = &1m — §ane,

T =tn, T2=tn, T2=t&, Ti=t&,

Dy =76 +at™ & &m, D =18 —at” &,
D} =7+ at " &mne,  Da=71n — ot Emm.

(3.1)

Proof. Note that if & = 0, then I'(2,—1,—1) = spv(2]4), and p, is the standard
embedding of spv(2|4) into P(4).



Let
Vi = Span(ey,es), Vo= Span(fi, f2), V5= Span(hy,hs),

and

%(61762) —¢1(€2,€1) =1,
Ya(f1, f2) = —a(fo, f1) = 1,
Y3(hi, hy) = —3(ho, hy) = 1.
Explicitly an embedding p,, is given as follows:
pa(Piler 1)) = —Ey, pa(Pi(es,e2)) = —F,,  pa(Pi(er, e2)) = Hl
Pa(P2(f1, f1)) = _2F§7 Pa(Pa2(f2, f2)) = _2Ec2w Pa(Pa(f1, f2)) =
pa(P3(hi, 1)) = =2F3,  pa(®s(ha, ho)) = 2E2,  pa(®s(ha, ha)) = H3
pa(e ®fi® hl)
pa(e ® fo ® hl)
( )
Pal )

VRIT.,  paler ® fr @ hy) = V2iT2,
VT, paler ® fo ® hy) = V2UT?,

V2iD?,  palea® fL ® hy) = V2iD,
~V2iD?,  palea® fo ® hy) = V2iDL.

Thus sp(;) = Span(E’, H!, F) for i = 1,2, 3.

Pale2 ® f1 ® hy
€2®f2®h1

4. Deformations of embeddings

Let p : ¢ — b be an embedding of Lie superalgebras, then p is a g-module. A
map p + Bp1 : g — b, where p; € Z(g,b) is a Lie superalgebra homomorphism
up to quadratic terms in (. It is called an infinitesimal deformation. Infinitesimal
deformations are classified by H'(g, ), see [14, 19].

Describe obstructions to higher order prolongations of these infinitesimal defor-
mations, see [15, 16]. Let

pe=p+ Y Bor:a—n,
k=1
where pr : g — b are even linear maps, satisfy
ps([X,Y]) = [ps(X), ps(Y)].
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pp is called a formal deformation of p. Let ¢g = pg — p. Then

[os(X), p()] + [p(X), 05(V)] = 0([X, Y]) + > [pi(X), p;(V)]BH =0, (4.1)

,7>0

The first three terms are (dygg)(X,Y), where d stands for coboundary. For arbi-
trary linear maps ¢, ¢’ : g — b, define

e, @]l g®a— b,
e, @TNX,Y) = [p(X), o' (V)] + [¢'(X), o(Y)].

The relation (4.1) is equivalent to

(4.2)

1
dps + 5[[9% egl] = 0.

Expanding this relation in power series in (3, we have
1
dp + 5 > lpi,pill = 0.
i+j=k

The first nontrivial relation is

1
dps + 5[lp1 pil] = 0,

and it gives the first obstruction to integrability of an infinitesimal deformation. Note
that (4.2) defines a bilinear map, called the cup-product:

H'(g,h) @ H'(a,h) — H*(a,b).

The obstructions to integrability of infinitesimal deformations lie in H?(g,p). Thus
we have to compute H'(g, ) and the product classes in H?(g,b).

Consider the embedding (3.1).
Theorem 4.1. dimH'(T,, K'(4)) = 1. The cohomology is spanned by the class of
the 1-cocycle 6 given as follows:

0(T,) =7 &mnp, O(T3) = =7 '&mm,

0(T,) = 7~ &16ams, 0(T,) = -7 '&&am

0(D,) =t &16m,, 0(D2) = —t~'&&m, (4.3)
(D) =t~ Eamp, 0(D,) = —t~ &,

0(E,) = 21 *16ammns, 0(F,) = =202 616

The map po 3 = pa + 0 (5 € C) is a formal deformation of the embedding (3.1).
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Proof. Consider gl(2) = Span(&n; | 4,7 = 1,2) C I'y. The diagonal subalgebra of
gl(2) consists of h = hi&my + he&ona, where hy,hy € C. Let ¢(h) = hyi = 1,2,
Obviously, Span(&;,&s) is the standard gl(2)-module, Span(n;,n2) is its dual, & and
n; have weight ¢; and —e;. Note that H*(T',, K’(4)) is a trivial gi(2)-module, since a
Lie (super)algebra acts trivially on its cohomology [5]. Hence we have to compute
only the 1-cocycles of weight zero. Note also that

H'(Ta, K'(4)) = @,z H""(Ta, K'(4)),
where the Z-grading is given by the condition
degt=1, deg7=—1, degé& =degmn =0.

Let ¢ € C*(T,, K'(4)) be a 1-cochain of weight zero. Note that if ¢ # 0, then n is
even: n = 2m, and c¢ acts on the odd elements of I', as follows:

o(Ty) = g™ ™ + s e, o(Dy) = T 4 @M T T G,
o(T3) = got™ My + syt T e, o(D]) —rg t" m+152+qmtm TG,
o(T3) = ggt™ e mey + s T T G G, (D)) = 4 gt m§27717]2’
o(Ty) = gt e + st Sy, c(Dy ) = T gy g T T G,

(4.4)

where g, s7", ", ¢ € C. Let

— _gm_—m
T ;o a=t"T ",

co = t"T " Em, =" Somin.

If m # 0, then the elements of weight zero in C%?™(T',,, K'(4)) span the subspace
Span(cy, ¢1, ¢z, ¢3). If m = 0, then the elements of weight zero in C*%(T,, K'(4)) span
the subspace Span(cy, ¢, ¢2). Note that the coefficients g/ in (4.4) are as follows:

if ¢ = dcy, then g" =g5"' = 935" = g4 =m — 1,
if c =dcy, then ¢i" = —g3"' =1,95" = g," =0,
it c = dcy, then ¢i" = g5 =0,95" = —g)" = 1.
Let X,Y €I',. Note that
de(X,Y) = {X,c(Y)} +{Y.e(X)} —c({X,Y}), if p(X) =p(Y)=1,
de(X,Y) = {X,e(Y)} = {¥,e(X)} — e({X,Y}),  if p(X) =0,
de(X,Y) ={X,c(Y)} = {Y,c(X)} — c({X,Y}), if p(X)=p(Y)=0.



Let ¢ € Z"*™(T,, K'(4)) be of weight zero. From the condition de(X,Y) = 0, we
have that

(T2 T} + (T2, e(T)} — e(B2) = 0, .
(T3, (T} +{T2. e(T3)} — e(E,) = 0 '
It follows that
95 + 91" = 95" + 9" (4.6)

Case m # 1. One can change ¢ by adding (or removing) coboundaries dc; for ¢ =
0,1,2, and thus assume that g/" = 0 for ¢ = 1,2,3. Then from (4.6) g;* = 0. Note
that

{75, (T} +{T2, e(T,)} = 0, (4.7)
hence sy’ = —s".

{To, (T} +{T5, e(T,)} = 0, (4.8)
hence s)' = —s7".

{2, e(T)} + {15, o(I3)} = 0, (4.9)
hence s§' = —s5' = s".

Note that if ¢ = des, then in (4.4) g" =0fori=1,...,4 and s7" = sJ' = —s' =
—sy* = 1. Changing 1-cocycle c using the coboundary dcs, we can assume in addition
that s* = 0. Then s]" = 0 for i = 2, 3,4. We have that

{E2,c(To)} —A{Ta, c(Eo)} + o(T,) =0, (4.10)
hence ¢(F2) = 0.
{Ea, e(T)} = {Ta, e(EQ)} — o(T2) = 0, (4.11)
hence ¢(E3) = 0. Also
{Fa e(T)} —{T3, e(F)} +e(T2) = 0, (4.12)
hence c¢(F?) = 0.
{F2, (T} — AT, c(F)} — o(T3) = 0, (4.13)
hence ¢(F?) = 0. Then
{Da, e(Ty)} +{Ty, e(Dg)} = 0, (4.14)
{T2, e(Do)} +{Da, e(T2)} = 0. (4.15)

From (4.14) (1 — m)r* + ¢i* = 0, and from (4.15) (1 — m)r* — ¢* = 0. Hence,
ri* =q" = 0.

{T,, e(D2)} +{D2, e(To)} = 0, (4.16)



{D3, (T} + 4T3, c(D3)} = 0. (4.17)

From (4.16) (1 — m)ry* 4+ ¢5* = 0, and from (4.17) (1 — m)ry* — ¢5* = 0. Hence,
ryt =gy =0.
{Ta27 C(Di)} + {Dzv C<Ta2)} = 0. (4.18)
{75, (D)} +{Dg, e(T3)} = 0, (4.19)
From (4.18) (1 — m)ry® + ¢§* = 0 and from (4.19) (m — 1)r§* + ¢§* = 0. Hence,
r3t=q3 =0
{T3,¢(Dg)} +{ Dy, c(T3)} = 0. (4.20)
{To,c(D3)} +{Dg. e(T,)} =0, (4.21)

from (4.20) (m — 1)r]* — ¢f* = 0 and from (4.21) (m — 1)r}* + ¢ = 0. Hence,
ryt = q;* = 0. Hence the cocycle c is zero on the odd elements.

Case m = 1. Changing 1-cocycle ¢ using coboundaries dc;, we can assume that
g1 = g3 = 0. Then from (4.6) g3 = gi. In addition, changing ¢ by a multiple of dcs,
we can assume that s{ = 0. Next

{72, «(T3)} + {15, e(T3)} = 0,
Hence s} = —sj. From (4.7) sy = —s} = 0. From (4.8) s} = g;. From (4.9)
st = —gs = —gl. Note that from (4.5) we have that
c(EY) = gy (=726 — P17 26y + 2771).
Since the coefficient of & in
{Eqr (Do)} = {Dg, e(Ey)} +2¢(T3) = 0

is —2g4, then g; = 0. Thus ¢(T%) = 0 for i = 1,2,3,4, and ¢(E) = 0. From (4.10)
c(FE2) = 0. From (4.11) ¢(E3) = 0. From (4.12) ¢(F?) = 0. From (4.13) ¢(F?) = 0.
From

{Dg, e(T)} +{T5, e(Dy)} — (1 + a)e(E3) = 0,

qi = 0. From
{To,e(D2)} +{Da, e(T3)} = (1 = a)e(Fy) =0,

q3 = 0. From
{5, (Do)} +{Dg c(13)} — ac(Fy) =0,

q3 = 0. From
{3, e(Da)} +{ Dy, (T3} = (o = D)e(Eg) =0,

qi = 0. From
{Dge(D2)} +{D3 e(D)} =0,
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(14 a)rk — (14 a)rl = 0. From

{Dy: c(Da)} +{Dj, c(D3)} = 0,
(14 a)rt — (1 +a)rl = 0. From

{Da: c(D)} +{Dj, c(Dy)} = 0,
(1—a)rl — (1—a)r! = 0. From

{D3. c(DR)} +{D5, c(D2)} = 0,

1—a)ri—(1—a)rd=0.

If a # +1, then r} = r} = ri =r}. Then c is a multiple of dcy.

Subcase o = 1. In this case r{ = r and r} = ri. One can change ¢ by a multiple of
dcy and assume that r{ = r) = 0. From

{Dg, (D)} +{Dg,e(Dy)} — e(Fy) = 0, (4.22)
c(FY) = ri(&m + &oma + t7). From
{F,, (T} —A{T,, c(F,)} — 2¢(Dy) = 0, (4.23)

2ritn; = 0, hence r3 = rj = 0. Hence the cocycle ¢ is zero on the odd elements.
Subcase o = —1. In this case r{ = r} and r3 = ri. One can change ¢ by a multiple
of dcy and assume that r{ = r} = 0. From (4.22) ¢(F}) = ri(&m — &me + t7). From
(4.23) 2ritn; = 0, hence ri = r) = 0. Hence the cocycle c is zero on the odd elements.
Finally, from (4.5) ¢(E}) = 0, from (4.23) ¢(F}) = 0. From

{Ea, c(F)} = {Fy, e(Ey)} + 4c(H,) =0

c(H}) = 0. From (4.10) ¢(E?) = 0, from (4.11) ¢(E?) = 0, from (4.12) ¢(F?) = 0,
and from (4.13) ¢(F2) = 0. Hence c¢(H?) = ¢(H?) = 0, and c is the zero cocycle. This
proves that if m # 0, then each 1-cocycle ¢ of weight zero has the zero cohomology
class, and the cohomology is spanned by the cocycle dcs where m = 0, because
c3 =t 716 &mne € K'(4). The coefficients in (4.4) for this cocycle are g; = r; = 0,
S1=83=—8=—8 =1,and ¢t = q3 = —q2 = —q4 = 1. Thus dcs = 0 as it is given
in (4.3).

According to the Richardson-Nijenhuis theory, one has to determine the cup prod-
uct [[@,0]] [15, 16]. It is easy to see that this cup product is identically zero (and not
only in cohomology). Thus p, 3 = po + (30 is a formal deformation of the embedding

Pa-
O
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5. Matrices over a Weyl algebra

By definition, a Weyl algebra is

w=> Ad,

where A is an associative commutative algebra and d : A — A is a derivation of A,
with the relations
da =d(a) +ad, a€ A,
see [11, 12]. Set
0
S ot
Let End(W??2) be the Lie superalgebra of 4 x 4 matrices over W.
Theorem 5.1. For each a € C there exists an embedding

A=Cl[t,t7], d

Po:T(2,-1 —a,a — 1) — End(Ww??)

given as follows:

00|t 0O 0 t
0 0/0 0 0 0

= 1\ _ = 2y _

pa(Ta)_ O O 0 0 ) pa(Ta) O O )
0 t10 0 0 0
0 0l0 0 0 0
0 0/0 ¢ 0 0

_ 3 — 4

pa(Ta)_ t O 0 0 9 pa(Ta)_ O O 9
0 0/0 0 t 0
0 0]0 0 00 0 0

~ 0 010 d+ at™! B 0 0| —-d—at™t 0

1 2\

palDo) = | <50 0 )= o |
0 0|0 0 d 0 0 0
0 0|ld+at ™ 0 0 0|0 d+at!
00 0 0 0 00 0

— 3\ — 4N _

pePo) =550 0 |* PP)= T =a0 0 ’
0 d 0 0 0 00 0
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Pa (E;) = t214|4

_ 1\ (d2 + Oét_ld)lz‘g ‘ 0
_ 1+«
Pa(Hy) = (td + V144,
0 0l0 0 0 —1]0 0 -1 0/0 0
1 0[0 0 0 010 0 0 1|0 0
_ 2 — 2 = 2
pelBa) = 5o 0 | W)= | 5o oo | P = o 0T0 0
0 0/0 0 0 010 0 0 0[0 0
0 0l0 0 0 0 0 0l0 O
0 0/0 O 0 0 0 0[O0 O
— 3 — 3 o
pOz(Ea) 0 0 0 1 7pa(Fa) O O - 0 0 1 0 .
0 0/0 O 0 1 0 0/0 —1

Proof. For each h € (0,1] and each « € C there exists an embedding
Pap T2, —1—a,a—1) — Py(4).
Fon = pan(l(2,—1 — o, — 1)) is spanned by the following elements:

By =t
Fal,h =72 _ a(?t_2§1§2771772 + t_2(§1771 + 52772)]1 _ t_lTh),

a+1
2

E.,=&&, Flo=mn, H.,=&m+&n—h,
E) =&, Fl,=6&m, H),=&m— &,
Top=tm, T2, =rtn,

T2, =t&, T, =t&,

Dy, =718 + ot &&m, DL, =71&— ot G,
D}, =1+ ot 'mpés, Dy, =10 — at” imimeé,

Hy, =tr+

«

h,

so that

lim;HoFa’h = pa(Fa) C P(4)
Let V =C[t,t '] ® A(&1,&). We fix h = 1, and define a representation of I'(2,—1 —
a,a — 1) in V according to the embedding p, p—1. Namely, & is the operator of

multiplication in A(&, &), n; is identified with O, and 1 € P,—1(4) acts by the
identity operator. Consider the following basis in V:
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= ng+17 Ta2 1’3) = _U7ln+1a Tg(vgn) y

[e% m) @ m) ( m = Um—i—l’
TS(USn) = Uranrl? Ti’(vfn) = U§n+17 Té(“?n) = U72n+1’ Té(%ln) = _UfnJrlJ
D} (vy,) =muy,_y, Dy(v2)=(m+a),,_y, Di(v),)=vi_y, Di(v,)=—(m+a)),_,,
Di(vy) =muvl,_y, Di(v,)=(m+a)y, ,, Dy(vy)=—muy,_,, Dy(vl)=(m+a),)
E;z(US@) = U9n+27 Ei(“iz) = U§n+27 Ecly(vyln) = Urln+27 Eclz(vfn) = Urln+2v
Fy(up,) =m(m —1+a)vy, o, Fy(v;,) =m(m—1+a)u,, ,,
Fy(vy,) = (m+a)(m =1, o, F,(vh) = (m+a)(m—1)v,_,,

. 1. .

HAwh) = (m+ 2=y, i=0,1,23
Ei(vy) = vy, Fi(vy,) = -y, Hi(vy)=—vy, Hi(v,) =1,
E(02) = vy Fivy,) =0k, Hi(vy,) =v,, Hi)=—v,.

Thus we obtain the above-mentioned embedding p, of I'(2,—1 — a,a — 1) into
End(w??).

O
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