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ABSTRACT. We study symmetries enjoyed by the polynomials enumerating
non-degenerate flags in finite vector spaces, equipped with a non-degenerate
alternating bilinear, hermitian or quadratic form. To this end we introduce
Igusa-type rational functions encoding these polynomials and prove that they
satisfy certain functional equations.

Some of our results are achieved by expressing the polynomials in question
in terms of what we call parabolic length functions on Coxeter groups of type A.
While our treatment of the orthogonal case exploits combinatorial properties
of integer compositions and their refinements, we formulate a precise conjec-
ture how in this situation, too, the polynomials may be described in terms of
parabolic length functions.

1. INTRODUCTION

We fix a natural number n € N and consider n-dimensional vector spaces V
over a finite field F', equipped with

e a non-degenerate alternating bilinear form B (the ‘symplectic case’),
e a hermitian form B (the ‘unitary case’) or
e a quadratic form f (the ‘orthogonal case’).

In the symplectic and unitary cases, we formally define f : V — F by f(z) :=
B(z,z). In the orthogonal case, we let B denote the bilinear form obtained by
polarising f: if char F' # 2, then B is non-degenerate symmetric, whereas, if
char F' = 2, then B is alternating and possibly degenerate. The triple V :=
(V, B, f) will be called a formed space. We also introduce a parameter v equal to
1 in the unitary case and equal to 1/2 otherwise; with this convention F' = IF 2,
for a prime power gq.

Recall that, by the classification of finite formed spaces (cf., e.g., [2, Sec-
tion 3.3]), V decomposes as an orthogonal direct sum of a certain number of
hyperbolic planes and an anisotropic space of dimension d € {0,1,2}. In the or-
thogonal case we attach a sign e € {—1,1} to V if n is even, according to whether
d equals 0 or 2. The six possibilities are given by the following table.
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geometric type n d| € ¥
symplectic 2m 0] — [1/2

unitary 2m 0] — 1

unitary 2m+1|1| - 1
orthogonal 2m (0| 1 |1/2
orthogonal |2m+1|1| — |1/2
orthogonal 2m |2 | -1]1/2

In the current paper we study rational functions incorporating the numbers
of F-rational points of the varieties of flags of non-degenerate subspaces in V.
More precisely, writing [n — 1] for {1,...,n — 1}, by a non-degenerate flag of type
J = {j1,...,Js}< C [n — 1] we mean a family Uy = (Uj) ey of non-degenerate
subspaces of V with U;, C --- C Uj, and dimU; = j for each j € J. Let

aiy(q) == [{U | U non-degenerate flag of type J}|.

Then a]‘ﬂ (¢) is a monic polynomial in ¢ (cf. the remarks at the end of this intro-
duction regarding the orthogonal case), and we set

— J
ap(a™) = aj)(q)/q By
We encode these numbers in rational functions as follows. Let X = (X;); be

a finite family of independent indeterminates. Fix a family of rational functions
F = (F;(X)) jcpn—1) in X with the inversion property that

(IP) forall TC[n—1]: F(X7 1) =(-D)IY" Fy(X).
JCI
A simple and naturally occurring example (cf. [9, Part II]) of a family with this

X

property is (H jeI To%; . By defining

)Jg[n—l]
Igy(q LX) i=Tgpr(g ", X) = > ol HFNX)
JCn—1]

we associate to V and F a rational function. Some explicit examples of these
Igusa-type functions may be found in the Appendix.
The first main result of this paper is

Theorem A. For each n-dimensional, non-degenerate formed space V the asso-
ciated Iqusa-type function satisfies the functional equation

Igy(q, X1 = (-1)%¢" Igy (¢, X),

where the integers a and b are given by the table below (with m := [%5]).

geometric type n € a b
symplectic 2m - m—1 m(m —1)
unitary n -1 () +n-1 (5)
orthogonal 2m 1 m+1 m?
orthogonal |2m+1| - m m(m +1)
orthogonal 2m -1 m m?
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The functions Ig,, may be regarded as complementary to the rational functions
built from the polynomials counting flags of totally isotropic subspaces in V. These
functions, which are thus related to the classical finite polar spaces associated
to the formed spaces V, are typical examples of the functions studied by Igusa
in his work [9, Part II] on p-adic zeta functions associated to algebraic groups.
After substitution of the variables X; by suitable g-powers ¢% %%, where a;,b;
are integers and s is a complex variable, such rational functions represent certain
p-adic integrals. One of the main results in [9, Part II] establishes functional
equations similar to the ones in Theorem A.

Igusa’s functions are closely related to p-adic integrals associated to zeta func-
tions of groups and algebras, where many instances of functional equations similar
to the ones described in Theorem A occur. The analytic properties of Euler prod-
ucts of p-adic integrals of this type are also objects of intense study. We refer
the reader to [3], [7], [4], [16] for more information on analytic properties of zeta
functions of groups and their functional equations.

We note that in order to derive the functional equations in Theorem A it is
essential to ‘normalise’ the polynomials ai(q) by dividing them by their leading
monomial. This is of course insubstantial in the setting of finite polar spaces, as the
polynomials there enumerate the F-rational points of smooth projective varieties.
Incidentally, one motivation for this normalisation comes from applications, where
the functions Igy, give rise to certain rational generating functions; see the remarks
following Conjecture C below. We also note that, by passing to the normalised
polynomials ai(q_l), the assumption that V is non-degenerate means no loss of
generality.

We now discuss the proof of Theorem A. In the symplectic and unitary case it
follows from Witt’s Extension Theorem that the respective isometry group acts
transitively on the non-degenerate flags of a given type. A simple stabiliser compu-
tation reveals that the polynomials a]‘ﬂ (¢~ 1) may be expressed in terms of Gauss-
ian polynomials (or g-binomial coefficients), which in turn admit a well-known
description in terms of the length function on a Coxeter group of type A.,_1.
The functional equation then follows with the same argument which Igusa has
given in [9, Part II]. It rests on the fact that, in a Coxeter group, the effect of
right-multiplication by the longest element on an element’s length and descent set
is well understood.

In the orthogonal case, however, things are more intricate. To begin with, the
a;ﬂ(q) flags of type J come in up to 217" isomorphism types and counting them
together seems to be crucial for the occurrence of a functional equation. But
of course the natural action of the respective orthogonal group on these flags
is not transitive. The proof we give for this case of Theorem A is based on a
combinatorial analysis of the polynomials a\‘ﬁ(q_l) in terms of integer compositions
and their refinements. Complementing this approach, we propose in Conjecture C
an explicit formula which expresses these polynomials, too, in terms of Coxeter
group data.

In the symplectic and unitary case, we prove a result which is slightly more gen-
eral than Theorem A. Rather than counting flags which are non-degenerate with
respect to a single non-degenerate sesquilinear form B, we study the numbers of
flags which are non-degenerate with respect to a ‘flag of forms’. Loosely speaking,
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a flag of sesquilinear forms B of type I C [n — 1] is a family of sesquilinear forms
such that

e all but the first form are degenerate,

e cach but the last form is defined on the radical of its successor,

e the last form is defined on the total space V and

e the non-zero radicals constitute a flag of type I in V.
‘Non-degeneracy’ is defined inductively; see Section 3 for details.

Now let B be a sesquilinear flag of forms of type I C [n — 1] on V. We denote
by a{w B) (¢) the number of flags of type J C [n — 1] which are non-degenerate
with respect to B. In the symplectic case, both the type I of B and all the
sets J C [n—1] for which a‘(]V’ B) (q) is non-zero necessarily consist of even numbers.
From the normalised polynomials

— deg, a’,
aZ]v,B)(q = a{V,B)(Q)/q Ba%v.B)

and a family of rational functions F = (F;(X))jc[n—1) with the inversion prop-
erty (IP) we define, similarly as above, a rational function

lgw,m (@ X) =lgupr@ . X) = Y afyp@)F(X).
JC[n—1]
The second main result of this paper is

Theorem B. For each n-dimensional vector space V, equipped with a flag of
alternating bilinear (respectively hermitian) forms B of type I = {i1,...,i,}< C
[n — 1], the associated Igusa-type function satisfies the functional equation

Igv,p)(0,X7") = (-1)%¢" Igy ) (a ', X),

where B is a flag of forms of type I = {n—i |1 € I} and the integers a and b are
given by the table below (with m := |§]).

geometric type a b
symplectic m—1 |m(m—1)4 ((ig —i1)i1 + -+ (n —ir)iy)/2
unitary n—1+b (g) + (ig —d1)i1 + -+ (n — iy )iy

Note that, for I = @, Theorem B specialises to Theorem A in the symplectic
and unitary case, respectively.

To prove Theorem B we show that the functions a‘(]V’ B)(q_l) are polynomials
which may be described in terms of a certain statistic on the Coxeter group W
of type Ay,_1. This statistic associates to an element w € W the sum of its
ordinary length [(w) with respect to the standard Coxeter generating set S =

{s1,...,8yn—1} and its ‘parabolic length’ lI(jI)c(w). The parabolic length lI(jI)c(w) is
the Coxeter length of the distinguished representative of shortest length in the left
coset wI/V(ﬁ)c of the standard parabolic subgroup W(WIN)C =(s; € S|yn—ig&n~I).

In fact, in Section 3 we show that Theorem B can be deduced from Theorem 1,
a general result on rational functions defined in terms of linear combinations of
parabolic length functions and characters on certain subgroups of finite Coxeter
groups. Indeed, Theorem 1 extends to a slightly more general setting Igusa’s key
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idea to deduce functional equations from features of the map induced by (right-)
multiplication by the longest element.

Our initial interest in the Igusa-type functions g, By arose from our study
of the zeta functions counting subgroups of higher Heisenberg groups. In [10]
we introduce an equivalence relation, coarser than homothety, on the set of com-
plete Z,-lattices in a non-degenerate symplectic p-adic vector space ng such that
equivalence classes of lattices are in one-to-one correspondence with the vertices
of the affine Bruhat-Tits building for the symplectic group Sps,,(Q,). For a flag
of forms B of type I = {2i}, i € [m], and suitable choices of F the Igusa func-
tions Ig(Fgm, B),F may be regarded as generating functions, enumerating lattices
in an equivalence class indexed by a special vertex of type i. We refer to [10] for
details.

In the last part of the paper we formulate a precise conjecture describing the
polynomials aé(q_l) in the orthogonal case. If it holds, the orthogonal case of
Theorem A also follows from Theorem 1. Moreover, a proof of Conjecture C would
constitute a first step towards extending Theorem B to the orthogonal case.

We introduce the subgroup C,, of ‘chessboard elements’ in the symmetric group
S, on n letters. A permutation is a chessboard element if the non-zero entries
of its associated permutation matrix all fit either on the black or on the white
squares of an n X n-chessboard. In Section 5 we define linear characters x. on C,
and a certain linear combination L of parabolic length functions on S,,. By Dy, (w)
we denote the left-descent set of the permutation w (cf. Section 2).

Conjecture C. For each n-dimensional, non-degenerate quadratic space V and
each J C [n — 1],

ablg )= D xelw)g M,
wECy
Dy (w)CJ
Remark (The orthogonal case in characteristic 2). As is well-known, quadratic
forms are intimately related to symmetric bilinear forms. In fact, over a field of
characteristic not equal to 2, the two notions lead to one and the same theory:
a quadratic space V = (V, B, f) over a field F' with char F' # 2 can equally well
be regarded as a symmetric bilinear space and vice versa. Such a space V is said
to be non-degenerate if the bilinear form B is non-degenerate, i.e. if the radical
Rad(B) :=={z € V | Yy € V : B(z,y) = 0} is the zero subspace. In particular,
enumerating non-degenerate flags in a quadratic space V is the same as counting
non-degenerate flags in the symmetric bilinear space V.

In characteristic 2, however, one has to distinguish more carefully between qua-
dratic and symmetric bilinear forms. It is noteworthy that the analogous state-
ment of Theorem A for symmetric bilinear spaces does not hold in characteristic
2: in the Appendix we display a 4-dimensional non-degenerate symmetric bilinear
space whose associated ‘Igusa-type’ function does not satisfy a functional equation.

Now consider quadratic spaces V = (V, B, f) over a field F' with char F' = 2.
In this context B is alternating and carries less information than f. There are
basically two notions of ‘non-degeneracy’, but unfortunately no standard ter-
minology; cf. [2], [6], [11, Appendix 1], [12]. In this paper, we call V non-
defective if the associated bilinear form B is non-degenerate, i.e. if the radical
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Rad(B) == {z € V | Vy € V : B(z,y) = 0} is the zero subspace. This can
be thought of as a strong version of ‘non-degeneracy’; in particular, every non-
defective quadratic space is even-dimensional. But enumerating non-defective flags
in a quadratic space over F' is the same as counting non-degenerate flags in the
induced alternating bilinear space, so we gain nothing new. We call a quadratic
space V non-degenerate if the restriction of f to the radical Rad(B) is anisotropic,
i.e. if for all z € Rad(B) either z = 0 or f(z) # 0. This concept of ‘non-degeneracy’
is more flexible; in particular, there are non-degenerate quadratic spaces of any
given dimension. Moreover, this turns out to be the right notion to formulate
Theorem A. In fact, the polynomials a;ﬂ(q) counting non-degenerate flags of type
J are the same in all characteristics; see Section 4.

The structure of the paper is as follows. In Section 2 we derive functional
equations for rational functions defined in terms of parabolic length functions on
Coxeter groups. Theorem 1, the main result of Section 2, is applied to prove
Theorem B in Section 3. In Section 4 we prove the orthogonal case of Theorem A.
In Section 5 we give a more precise statement of Conjecture C. Some explicit
examples of Igusa-type functions can be found in the Appendix.

We use the following notation.

N the set {1,2,...} of natural numbers
I the set TU{0} for I C N
[a, b] the interval {a,a + 1,...,b} for integers a,b
[a] the interval [1,a] for an integer a
{il,... ,ir}< the set {il,...,ir} C Ng with i1 < --- < i,
xl the set {zi | i € I} for I C N and a rational number x
Ic the set [n — 1]\ I for I C [n — 1],
where n is clear from the context
I the set {n —i| i€ I} for I C[n—1],
where n is clear from the context
I—-t the set {i; —t1,...,i, —t,} NN for I = {iy,...,i,}< CN
and t = (t1,...,t,) € N
I—3j theset {i —j|ieI}NNfor I CN, je Ny

) the ordinary binomial coefficient for a,b € Ny
) the polynomial Hf;é(l — X /(1 — Xb71),

where a,b € Ny with a > b
Note: The g-binomial coefficient (Z)q gives

the number of subspaces of dimension b in Fg.
(7 x the polynomial (Z)X (jsjjl)X . (;f)x,

where J = {j1,...,Js}< Cn—1]p forn e N
Note: (’})q gives the number of flags of type J in Fy.
| x| the greatest integer not exceeding the rational number x
P(S) the power set of a set S
Sn the symmetric group on n letters.
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Throughout this paper n € N and m = [n/2|. We shall write
I={i1,...,ir}<, J={j1,...,Jst<  for subsets of [n — 1] or [n], and
G={91,---y9k}<, H for subsets of [m].

2. RATIONAL FUNCTIONS FROM COXETER GROUPS

In this section we prove functional equations for a family of rational functions
associated to finite Coxeter systems. Theorem B will turn out to be a consequence
of Theorem 1, the main result of the current Section.

Let (W,S) be a finite Coxeter system of rank m — 1 with root system A.
To ease notation we will frequently identify the set of Coxeter generators S =
{s1,...,Sn—1} with the set of integers [n — 1]. For each I C S we denote by W
the corresponding standard parabolic subgroup of W generated by the elements
in I and by Ay the induced root system. We denote by [ the length function on
W with respect to S. The length of an element w may either be interpreted as the
length of a shortest word in the elements of S representing the group element or as
the number of positive roots that are sent to negative roots by w. The group W
has a unique longest element wy, whose length equals |A[/2. It is well-known
(cf. [8, Section 1.8]) that, for each w € W,

lwow) + l(w) = l(wwp) + l(w) = l(wp).
The rational functions studied in this section are defined in terms of more
general length functions. For each I C S set
Wl ={weW|Vsel: l(ws)>Il(w)}
Wi ={weW|Vsel: I(sw)>l(w)}
We will need the following lemma ([13, Proposition 2.1.7]).

Lemma 1. Let I C S. Then W{ (respectively W) is a left (respectively right)
transversal to Wy in W, i.e. for every w € W there are unique elements
ur, € WLIn v, € Wi and ugr € Wé, vRr € W7

such that

w = ULV, = VRUR-
In particular, uy, is the unique element of shortest length in the left coset wWy
and ug s the unique element of shortest length in the right coset Wiw. Moreover,

l(w) =1l(uy) + U(vr) = I(vr) + l(uR).

The elements ur, € wWr and ur € Wrw are also characterised by the fact that
they send positive roots of Aj to positive roots.

Definition 1 (Parabolic length). For each I C S and w € W we set
i (w) == 1l(uy),
Ik (w) := I(ugr).

We call I (respectively IL) the left (respectively right) parabolic length function
on W associated to I. We write 1, := (ZII,)IQS and 1g = (lﬁ);gg.

Note that for I = @ the corresponding parabolic length functions reduce to the
ordinary Coxeter length function: lf = lg = 1. Moreover, [¥ = ll% =0.
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Lemma 2. For each I C S and w € W we have
(1) I, (wow) + I (w) = I (wo), If (wwo) + 11, (w) = If (wo),
(2) I (wow) + Uiy (w) = I (wo), Uiz (wwo) + 1§ (w) = I (wp).
Proof. Let vy denote the longest element in W;. Then

If,(wo) = U(wo) — U(vo) = L(wo) — [Arl/2.

Write w = upvg, as in Lemma 1. We may then write

wy = u’v’viluil

1

with ' € W, v" € Wy such that v'v; - = vg. It follows that

I(u") = l(wg) — l(v'vglugl) = l(wo) — l(ur,vp)

= l(wo) — I(ur) — U(vo) = (l(wo) — I(vo)) — I(ur)

= i (wo) — lf,(w).
Clearly, wowW; = v/W;. But u’ sends positive roots of A to positive roots and is
thus the unique coset representative of shortest length. Hence I{ (wow) = l(uv/) =
i (wo) — i (w). This gives the first equation in (1).

For the second equation in (1), note that conjugation by wq yields I£ (wg) =

1" (wp) and thus

I, (wwo) = If” (wow) = I (wo) — I, * (w) = If (wo) — I, (w).

We omit the analogous proofs for the equations (2). O

Another important invariant of an element of a Coxeter group which we shall
need is its (left) descent set Dy, (w) :={s € S | l(sw) < l(w)}. Note that

(3) Dy, (wwg) = Dr,(w)¢ :={s € S |s & Dr(w)}.

Elements of Coxeter groups of type A can be regarded as permutation matrices.
It is noteworthy that both the descent sets and the values of the various parabolic
length functions are easily read off from the associated matrices.

Lemma 3. Let (F;(X))jcs be a family of rational functions with the inversion
property (IP). Then, for all I C S,

Yo EXTH) =P Y FX)

ICJCS [eCJCS
Proof. This is an easy calculation. See [15, Lemma 7]. O

We now fix a family of rational functions F = (F;(X))jcs with the inversion
property (IP) and an independent indeterminate Y. We choose a family b =
(br)rcs of integers and define the statistics b - 1, and b -1z on W by setting, for
weWw,

b-lp(w) = bif(w),  b-lg(w):=Y_ bilf(w).
ICS ICS
Similarly, we write b™° - 1, and b™° - 1g to denote the statistics associating to w
the elements > ;g b/l (w) and Y ;- g brlk ° (w), respectively. Let W/ C W be
a subgroup with wg € W', and x : W’ — C* a (linear) character of W',



IGUSA-TYPE FUNCTIONS AND FUNCTIONAL EQUATIONS 9

Definition 2. With the given data we define the following rational functions:

1G PXF (v, X) = 3 x(w)yPh@ N Fy(x),

weW’ Dy, (w)CJCS
/7 , ’F . w
IGg PPV X) = Y x(w)yPRe N Fy(x).
wew! Dy, (w)CJCS

The main result of the current section is
Theorem 1. The following functional equations hold:
(@) IG]POF (Yl XY = (1) (wg) Y TP 1 PTF (v X)),
(5)  IGR PXFY LX) = (1) (wg)y TP IGE P NF (v,X),
Proof. The equations
©) b0 - 1, (wwy) + b - I, (w) = b - 1t (wp),
b -1z (wwy) +b - Ig(w) =b - Iz (wo)
are immediate consequences of Lemma 2. Therefore, by (6), Lemma 3, and (3),

1G] PRy X = 3T x(w)y P Y (XY

wew! Dy, (w)CJCS
= (—1) STy () Y PIE0) $ ()P S pyx)
weWw’ Dy, (wwo)CJCS
— (_1)\S|X(w0)y—b-lL(wo) IGIVJVI’wa’X’F(Y? X).
The equation (5) is proved analogously. O

In this paper we shall see instances of both types of functional equations pre-
sented in Theorem 1. In Section 3 we demonstrate that Theorem B is a conse-

quence of (4). Note that in the special case F = HjeJ 1i{—)J<] J— replacing b
= n—

by b"° in (4) simply amounts to inverting the order of the variables X1,..., X, _1.
If Conjecture C holds, the orthogonal case of Theorem A follows from (5).

3. THE SYMPLECTIC AND UNITARY CASE

In this section we study the polynomials enumerating flags which are non-dege-
nerate with respect to a ‘flag of sesquilinear forms’. Our aim is to proof Theorem B.
Let V' be an n-dimensional vector space over a field F. Let I = {iq,...,i,}< C
[n — 1], and set ig := 0, iy41 := n.

Definition 3 (Flag of forms). We say that V is equipped with a flag of alternating
bilinear (respectively hermitian) forms B = (B;,,...,B;, ) of type I if there is
a filtration of subspaces
{0} =: Rio C Ri1 c - C Rir C Rir+1 =V

such that

(a) for all ¢ € I, dim R; = i;

(b) for all p € [r + 1], B;, is an alternating bilinear (respectively hermitian)

form Bip : Rip X Rip — F with
Rad(B;,) :={zx € R;, |Vy € R;,: B;,(z,y) =0} =R;,_,.
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We call the sequence R = (R;,, ..., R;,) the flag of radicals associated to the flag
of forms B.

Note that, given a flag of sesquilinear forms B of type I on V with flag of radi-
cals R and p € [r+1], we have a flag of forms (B;,,..., B;,) of type {i1,...,ip-1}
on R;, with flag of radicals (R;,, ..., R;,_,) and a flag of forms (B;,,,..., B;,,,) of
type {i, —i, | p < 0 <7} on V/R;, with flag of radicals (R;, ,/R;i,,..., R, /R;,).

Definition 4 (Non-degeneracy). Given a flag of sesquilinear forms B of type I
on V with flag of radicals R as above, we say that a subspace U C V is non-
degenerate with respect to B if for each p € [r 4 1],

(a) U N R;, is non-degenerate with respect to (Bj,, ..., B;,) and
(b) (U+ R;,)/R;, is non-degenerate with respect to (B, ,...,Bi ;)
A flag Uy = (Uj)ecg of subspaces of V' of type J C [n — 1], i.e. an ascending
chain of subspaces with dimU; = j for each j € J, is said to be non-degenerate
with respect to B if each of its constituents Uj is.

These definitions are illustrated by the following simple example.

Ezample. Suppose that n is even, r = 1 and i; € [n — 1] is even. Then a flag
of alternating bilinear forms B = (B, , B;,) consists of a (degenerate) alternating
bilinear form B, on V with 7;-dimensional radical R;,, which in turn supports
a non-degenerate form B; . A subspace U C V is non-degenerate with respect
to B = (B;,, By,) if UNR;, is non-degenerate with respect to B;, and (U+R;,)/R;,
is non-degenerate with respect to B,,.

We shall now assume that V' is an n-dimensional vector space over a finite field
F, equipped with a flag of sesquilinear forms B of type I. As in the introduction
we write 7 = 1/2 in the symplectic case and v = 1 in the unitary case so that
F =T, for some prime power q. Let J C [n — 1] and define a{V,B) (q) to be the
number of flags of type J which are non-degenerate with respect to B. We set

_ deg, a/,
aZ]v,B)(q = aZ]V,B)(Q)/q Ba(v.B)

and shall frequently write ail(q) for a‘(]V’B)(q) and ail(q_l) for a‘(]V’B)(q_l). Re-
call that, in the symplectic case, both the type I of a flag of forms and all the
sets J C [n—1] for which a‘(IV B) (q) is non-zero consist necessarily of even numbers.

Definition 5. Given a family F = (F;(X)) jc[n—1] of rational functions with the
inversion property (IP) we define

Ig(V’B)(q_l,X) = Ig(V,B)7F(q_17X) = Z aZ]V,B)(q_l)FJ(X)-
JC[n—1]

Theorem B states that these Igusa-type functions satisfy a functional equation.
In the remainder of the current section we show how this can be deduced from the
first assertion of Theorem 1. Fix a family of rational functions F = (F;(X)) s [n—1]
with the inversion property (IP), and define

7F = (F'y—lJ’(X))J’Q['yn—l]'

Let W' := W := S, be the full symmetric group on yn letters, let x be the trivial
character on W’ and set, for each J' C [yn — 1],

by = 6T = @) +8(T = {s; | i €I},
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where the Kronecker-delta §(E) € {1,0} reflects whether or not equation E holds.
In order to derive Theorem B from (4) it suffices to show that

- W’7b7 ) F -
Igwv.B)r(q LX) =1G) P ((—g) 717, X)
for the given data W', b, x and vF. Clearly, it is enough to prove
Proposition 1. Let J C [n — 1] such that vJ C [yn — 1]. Then

Y alsla™) = al o) /g = D= 30yt
WESyn
Dp(w)CvyJ

where Y := (—q) ™7 and A 1(w) := l(w) + l(Lﬁ)c(w) for allw e W.

Proof. We will first prove (7) in the case I = @. The proof consists of a simple
index computation in the respective isometry group, i.e. in the symplectic group
Sp,,(Fy) or the unitary group Uy, (FF,2). The proof in the general case is then based
on a recursive expression for the numbers ai ().

So assume that I = @. Then B = (B) simply specifies a non-degenerate alter-
nating bilinear (respectively hermitian) form on V. The respective isometry group
Sp,,(Fy) or U, (F2) acts transitively on the non-degenerate flags of type J, so it suf-
fices to compute the stabiliser of any one of them. We construct a ‘standard’ non-
degenerate flag Uy := (Uj,,...,Uj,) of type J = {j1,...,js}< in the following way.

In the symplectic case, choose a symplectic basis E' = (e1, f1,. .., €n/2, fn/2) for V.
(1e B(ei,fj) = (57;]', B(ei,ej) = B(fl,f]) = 0) and set Uj = <61,f1, e ,6j/2,fj/2>
for j € J. In the unitary case, choose a unitary basis £ = (ey,...,ey,) for V (i.e.

B(e;,ej) = 6;j) and set Uj := (eq,...,e;) for j € J. It is not difficult to verify that
an element of the respective isometry group of (V, B) stabilises U s if and only if
its matrix M,, with respect to the basis F is of block diagonal form

M;
M. — M;,—j,
=
M, —;,
with Mj, _; _, in the respective smaller isometry group for all o € [s + 1], where
Jo :=0,js+1 :=n. Thus
o (q) = {|Spn(IE‘q)|/HUE[S+1] ISp;,—;,_,(Fg)| in the symplectic case,
n,<J - . .
[Un(Fg2)|/ Hoepst1) [Ujo—jo—r (Fg2)|  in the unitary case.
Employing the well-known formulae (cf. [1, p. 147], [6, Theorems 3.12 and 11.28])
n+1 9
|Spn(Fg) = g2 ] a-a),

1€[n/2)
n? —1\z
‘Un(Fq2)| =4 H(l_(_q 1) )
i€[n]
and using the notation Y = (—¢)~'/7 we obtain

e Y;)u —YY) (XDY'

J

an,@(q_l) = H

o€[s+1] HLE (Yo —Jo-1
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It is equally well-known (cf. [14, Example 2.2.5]) that Gaussian polynomials may
be expressed in terms of Coxeter length functions on symmetric groups:

n _ I(w)
= Y .
(’YJ> Y Z

’wES'yn
Dy, (w)CrJ

Equation (7) follows in the particular case I = &, as lI(jI)c = lf =0and A\, ;=1

We now treat the general case I = {i1,... i}« C [n—1]. To prove (7) we argue
by induction on n. The base step n = 0 is trivial, so suppose that n > 0. We may
further assume that J = {j1,...,Js}< # @ and we define j := j; = minJ. Our
first aim is to derive a recursive formula for a;{h ;(q), using the formula we obtained
in the special case I = @. For this purpose we determine what are the possible
first terms U; of the flags Uy we intend to count. Then we consider in how many
ways each such space U; can be completed to yield a full flag U ;.

Let T be the set of all r-tuples t = (¢1,...,¢,) € ([j]o)" such that

tl Sgtrv ’Y{tlv"wt?“}g [7.]]0 and
Vpe [T+1] : j_(n_ip)_tp—l Stp_tp—l Sip_ip—l,

(®)

where ig = tg = 0 and 4,41 := n,t,41 := j. These ‘admissible’ tuples encode the
possible dimensions of the intersections U; N R;, of a j-dimensional subspace U; of
V', non-degenerate with respect to B, with the members R;, of the flag of radicals
associated to B. Recalling that the underlying field F' has cardinality ¢?* and
applying (7) for I = &, we note that for each t € T there are precisely

Af’L I(Q) = H a{tp_tpil}g(q_l) qz’Y(tp—tp*l)(ipfl—tpfl)

(iP _ip—l),

pElr+1]
(9) = H q2"f(tp—tpfl)(ip—ipfl) H Z Yl(w)
pEr+1] PE[r+1]  WESy(iy—i, 1)

DL (w)Sy{tp—tp—1}

subspaces Uj, non-degenerate with respect to B, such that dim(U; N R;,) = ¢,
for all p € [r + 1]. Given such a subspace Uj, the number of non-degenerate flags
U, with first term U; can be described inductively, using the notation J — j =
{jo—1J,--yjs—jrand I —t ={iy —t1,...,3, — t,} NN; it equals

j e n—j
(10) ai:;,l—t(q) = q2’Yd b (Jij)q Z y An—gr-s(w)

WESy (n—j)
Dy, (w)Cy(J—j)
For t € T, apply equations (9) and (10) together with the identities

Z (tp - tp—l)(ip - tp) =jn—7j)— Z tp(ip+1 —lp— (tp—i-l - tp))
elr

pE[r+1] pE[r]

(5),70),G55), (), =00

and
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to obtain
_ 2~ d
o (g = al 1(g >/q et (3),

—2 de
= ! gq ZA Ay, jI t(q)

teT
(11) _ Z v 2(Z e vt (hlipr1—ip) =1 (tp11—1p)))
teT
( 3 YAnfj,Ift(w)>( 11 3 Yl(w))_
WESy(n—j) pElr+1]  wESy(ip—i, 1)
Dy, (w)Cy(J—4) Dy (w)Cy{tp—tp—1}

We are looking to prove that the right hand side of equation (11) may be written
as a sum over the elements in the symmetric group S, whose left descent set is
contained in vJ. In the following considerations we shall identify permutations
w € Sy, (acting on {1,...,yn} from the right) with the corresponding yn x
~yn-permutation matrices (acting on the set of standard row vectors by right-
multiplication). Observe that for any element w € S, with Dy (w) C vJ the
corresponding permutation matrix is ascending on the first [yj] rows. Define

t=t(w) = (t1,...,t)
by
ty =y o€ il e” >~(n—i,)} forallpelr],

and set to := 0, t,41 := j. Thent € T, as n — i, > j —t, for all p € [r + 1]
and thus t satisfies (8). Applying suitable elementary column operations to w
corresponding to left multiplication by elements of the parabolic subgroup W(v e

it is easily seen that there are unique elements u,v € S,,, such that

(a) w =wuv and l(w) = l(u) + l(v);
(b) for all p € [r+ 1]:

0V —t) + 1,7 —tp1)] <= 0" =0+v(n—1ip);

(c) ve W, p. ie forall pe [r+1]:

o€ [y(n—iy) +1,y(n—ip1)] &= 0" €y(n—1ip) +1,7(n —i,1)],
and Dy, (v) C {y(n —i,) +v(t, —tp-1) | p € [r + 1]}

This is best seen in terms of permutation matrices. We write id, for the s X s-unit
matrix. Then the permutation matrix « has the shape

idy(—t,)

(12) N ,
ld“/(tQ—tl)

ld'th

Up41 | --- (%) (5%
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where u, is an y(n — j) x v((i, — ip—1) — (t, — tp—1))-matrix for p € [r + 1]. The
permutation matrix v has the form

Ur41

V2

U1

where v, is an y(i, — i,—1) X (i, — i,—1)-permutation matrix with at most one
descent for p € [r 4+ 1]. We may thus identify v with

(’Ul, N 7U7“+1) € Sﬂ/il X Sy(ig—il) X o+ X 87(”—“)
and have, by slight abuse of notation, for each p € [r + 1],
(13) Dr(vp) € {v(tp = tp—1)} N [(ip —ip—1) — 1).

Remark. The above decomposition w = wv is not the one from Lemma 1. It is
important for our purpose that each v, has at most one descent.

Note that, by deleting the first vj rows and respective columns in (12), the
element u determines a unique y(n — j) X y(n — j)-permutation matrix

u'::(u,url See U ul)

with descent set Dy, (u') = Dy (w) — ~j.

As we indicated in Section 2, it is easy to determine the length of a permutation
given by a permutation matrix: it is simply the number of entries 0 in the matrix
which are not below or to the right of an entry 1. Thus

(u) = Z 'Ytp('Y(ip—i-l - ip) - V(tp+1 - tp)) + l(u/)7
pE|r]

)= > I(v,).
pE[r+1]

Moreover, the parabolic length of w with respect to (1) is determined by t and

—_~—

by the parabolic length of v/ with respect to (y(I —t))¢:

W) = 3 At (Wipar — i) = Atpsr — 1) + 177 W),
pElr]

This gives
Ao, 1(w) = (1) +1(v)) + 177" (w)
=2 Z VEp(V(ips1 = ip) = V(o1 — 1p))
(14) pE(r]
+ Aw(n—j),]—t(u,) + Z Z(US)'
pE[r+1]
Conversely, any t € T and any permutations v, ..., v,.11,u’ of the appropriate

degrees such that (13) holds give rise to a permutation w satisfying

Dy(w) € (Dp(u') +v5) U {77}
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Thus (14) shows that the right hand side of (11) is indeed equal to the right hand
side of (7). O

4. THE ORTHOGONAL CASE

Our aim in this section is to complete the proof of Theorem A. We consider non-
degenerate quadratic spaces V = (V, B, f), where V is an n-dimensional vector
space over the finite field /' = F,, equipped with a quadratic form f, and B
denotes the bilinear form obtained by polarising f. So for all z,y € V,

Bz y):{f($+y)+f(x)+f(y) if char F = 2,
WUt y) — f@) — fly) i char F £ 2.

If char F' # 2, then B is non-degenerate symmetric and, as f(x) = B(x, z) for all
x € V, the quadratic form f can easily be recovered from B. If char F' = 2, then
B is alternating, possibly degenerate and carries less information than f.

Non-degenerate quadratic spaces over finite fields have been classified and can
be described up to isomorphism as follows; cf. [1, p. 144], [2, Section 3.3]. If
char F' # 2, then for any given dimension n there are two possible isomorphism
types of non-degenerate quadratic spaces V = (V, B, f), namely

for n odd: V=HyL -+ LHyL A,
V=HiL - LH,yL A1,
for n even: V=Hi1 Ll - - LHpn1LHn,

V=Hi L - LHp Ll A,

where m = | %], the H; denote hyperbolic planes, A;1 (respectively A; 1) stands
for an anisotropic line (x) with f(z) € (F*)? (respectively f(z) € F*\ (F*)?)
and Ay is an anisotropic plane. For the purpose of counting non-degenerate flags
in quadratic spaces V of given odd dimension, there is no significant difference
between the two possible isomorphism types.

We now discuss the case char F' = 2. Then the above list still provides all isomor-
phism types of non-degenerate quadratic spaces, but becomes one term shorter:
as every element of I is a square, in any given odd dimension there is (up to iso-
morphism) just one non-degenerate quadratic space. In any given even dimension
there are still two isomorphism types. Note also that non-degenerate quadratic
spaces of odd dimension are defective with 1-dimensional radical, whereas non-
degenerate quadratic spaces of even dimension are non-defective.

Returning to the task of proving Theorem A, we recall from the introduction
that, in the even-dimensional case, we attach a signe = 1 or e = —1 to V according
to whether the anisotropic kernel of V is 0- or 2-dimensional. More suggestively,
we write af,,,1(q) == a};(¢) if n = 2m + 1 is odd and, similarly, @élm,a(q) = a3y(q)
if n = 2m is even and V of type €. We are interested in the polynomials

- J
041 (67) = g1 (9) /g% s,

_ J
agm,a(q 1) = agm,a (q)/qdegq Tam.e,
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Definition 6. Given a family F = (F;(X)) ;c},_y) of rational functions with the
inversion property (IP) we define respectively

Igom1(q " X) == Iggpple ', X Z a1 () Fr(X),
JC[n—1]
Ing,a (q_17 X) = Igy,, € F X Z a2m e FJ (X)
JCIn—1]

To streamline notation, we will sometimes add in the odd-dimensional case a

superfluous ¢ to expressions like a;l(q), ;l(¢™1) or Ig, (¢~ 1, X), thus writing e.g.

aj (q), a (¢71) or Ig, (¢!, X), irrespective of the parity of n.
We now fix a family of rational functions F = (F;(X)) sc[,—1) With the inversion
property (IP). The assertion of Theorem A in the orthogonal case then takes the

following form.

Theorem 2. The Igusa-type functions satisfy functional equations
Igom1(a. X1 = (=1)"¢" " gy (g1 X),
T2,0 (0, X 1) = —e(=1)"q"™ Tgg (a7, X).

We first give an outline of the proof of Theorem 2, deferring precise definitions
for a moment. In Proposition 3 we derive explicit formulae for the polynomials
aig(q_l) from the well-known formulae for the orders of the orthogonal groups.
A key observation is that the map J +— aig(q_l) factors over a ‘bisecting’ map

¢ : P([n]) — P(m]). We are thus led to define, for G C [m], I € p~1(G),

ahi(q) =ag (a7
and
Foe(X):= Y F(X
Iep=1(G)
so that
Ign,a(q_lﬂx) = Z lzci(q )F@_l(G)(X)‘
GClm]
As we shall see, any subset G C [m] induces in a natural way a composition
C(GQ) = C(G,m) of a non-negative integer N(G) < m. For G,H C [m], we
denote by ||G|| the number of parts of C(G) and by ¢g g the number of ways the
composition C(H) refines a truncation of the composition C(G). We then prove
the following ‘inversion equations’.

Proposition 2. (i) For each H C [m],
Fooa (X7 = (1) NN e g By 6y (X).
GClm]
(ii) For each G C [m],
A (9) = (17" Y7 () Wlegmay (a7,

HC[m]

aer (@) =e(=1)"q™ ST (~)leg g all (q7Y).
HC[m)]
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Theorem 2 is an immediate consequence of Proposition 2: in the odd-dimensional
case,

Ig2m+1 7, X Z a2m+1 -1(@G) (X_l)
GC[m]

= (-1)mgm N () Wleg gl (6T F e o) (XTY)
G,HC[m]

= (—1)mgm > ad (@ E e (X)
HClm)

2 _
= (—=1)"g™ T Igyn 41 (¢! X).

The functional equation for Ig2m75(q_l, X) follows in a similar way. In the remain-
der of this section we give precise definitions of the above concepts, and we supply
a proof of Proposition 2.

Definition 7 (Integer compositions). By a composition C of a non-negative inte-
ger N into p parts we mean a tuple (z1,...,7,) € N’ such that N =z +---+x,.
Given I = {i1,...,i}< C [n], we define

N(I,n):=max([n]op\I) and p:=max{p€ [r+1]p|i,—1 <N(I,n)},

where i_1 := —1, 49 := 0. Then I induces a composition C(I,n) of N(I,n) into
Il 1| := p parts, namely

C’(I,n) = (il,ig - il, ce ,ip_l - ip_g,N(I,n) — ip—l)-

Note that, if I C [n — 1], then N(I,n) =n and p=r+ 1. The map I — C(I,n)
induces a bijection from P([n — 1]) onto the set of all compositions of n.
We define the bisecting map

¢ P([n]) — P(m])

as follows: for I C [n] with C(I,n) = (x1,...,x,) set

E3RE7 As WZJ

H%J*{ J {%J\@e }\{0cut()}

cut(7) :

QO()(I) :

and
o(I) :=po(I) U [cut(I) + 1,m].

Note that N(¢(I),m) = cut(I) and ||o(I)|lm < || I||n. Moreover, ¢ maps P([n—1])
surjectively onto P([m]). For subsets G C [m] we agree to write N(G) := N (G, m)
and |G| := [|G]lm.-

We now give explicit formulae for the polynomials a;{,g(q -h.

Proposition 3. Let J C [n— 1], H := ¢(J) C [m], and put Y := q~2.
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(i) Forn=2m+1 odd,
- N(H)
tma1(a™h) = <

@ m
2+1 900(‘])>Y i=N(H)+1

(0 vy, 07

m

(1-Y)

(ii) For n = 2m even,

ay, (g1 = < J72>y = (Z)Y if J C 2N,
ol (¢ = <N(H)> [T Ny (1= Y)
e wo(J) /)y 1+eq™
_ m (1—y)m-~Nu) e
= <H U {N(H)}) . 1 T gq_m otherwise.

Proof. First we are going to prove the assertions in odd characteristic, where the
discriminant helps to distinguish isomorphism types of quadratic spaces and where
we can freely apply Witt’s Extension and Cancellation Theorem. Afterwards we
explain why the formulae also remain true in characteristic 2.

So first suppose that the underlying field /' = IF, has odd characteristic. Recall
the formulae for the orders of the respective orthogonal groups

m?2 7
|O2m+1(Fg)| = 2¢ H (¢* — 1) =t pam+1(q) =1 P21,
1€[m]
2

|O§m(Fq)| = qu —m(qm - 6) H (q2i - 1) = p2m,€(Q) =:P2m,e
i€[m—1]

(cf. [1, p. 147], [6, Theorem 9.11]), and put

P2 if n =2m 4+ 1 odd,
Pl =1 (q) = { e

(@™ 4 €)pam,e if n = 2m even.

Let J = {j1,...,Js}< € [n — 1], and put jo := 0, jst+1 := n. Counting non-
degenerate flags U; = (Uj) e of type J in V is equivalent to counting (ordered)
orthogonal decompositions

(15) V=W L LW

with dim W, = k, := jo — jo—1 for all ¢ € [s + 1]. The isomorphism type of
such an orthogonal decomposition is determined by the discriminants disc W, &
F/(F%)? = {1, -1} of the non-degenerate spaces Wy, o € [s + 1].

Let n € {1, —1}, according to whether —1 is a square in F; or not. At this point
it is advantageous to assign, also to an odd-dimensional non-degenerate quadratic
space W a sign e(W) € {1, —1}, namely the discriminant of the (one-dimensional)
anisotropic kernel of W. We then have disc W = e(W)nldmW/2l for any non-
degenerate quadratic space W, irrespective of the parity of dim W.

Thus the isomorphism type of an orthogonal decomposition of the form (15)
can be encoded in a tuple € = (e1,...,6541) € {1,—1}*T! such that W, is of
type e, for all o € [s + 1]. Moreover, the tuples € which arise in this way are
precisely the elements of E := E(V) = {e | e1-- 541 = n™ N}, and
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Witt’s Extension and Cancellation Theorem implies that the number of ordered
orthogonal decompositions of isomorphism type € € E equals

OiE) e
JIEETS U RTINS THAT

cf. [1, p. 1471]. Setting
E(J):={o€[s+1]| ks, =0 mod 2}

we thus obtain

s+1 -1
ay (q) me(Hpkg,ag> :Hslﬁa ST @2 4 0.

ecE o= lpkg ecE oge&(J)
Note that
2 H (¢ +en) =20 J[ ¢ if £(J) # [s +1],
eCE el (J oe&(J)
Z H ka/2 _23(qn/2+€) it £(J) =[s+1].
ecEoe&(J

From this the claim follows for char F' # 2.

Before turning our attention to the case char F' = 2, we record a set of formulae
for later use. Let j € [n—1] and § € {1,—1}. If j = 2h+1 is odd, let ai,(¢q) denote
the number of non-degenerate j-dimensional subspaces in V. If j = 2h is even, let

al ’5( ) denote the number of non-degenerate j-dimensional subspaces of type ¢ in

V. According to whether V is odd- or even-dimensional, we also write a2?ntrll(q),

aggjal (¢) in the former and agh ‘il(q) ag?ni(q) in the latter case. Our calculations

above, based on Witt’s Extension and Cancellation Theorem, show in particular
that, if char F' # 2,

[O2mt1(Fg)| |O2m+1(Fg)|
|02h+1( )||02m Qh( )| |02h+l(Fq)||02_m_2h(Fq)|

24" " poamn

P2h+1 pﬁgm_gh
. |O§m(Fq)| _ 2p2m,5
|0241(Fg)||O2m—2n—1(Fg)|  Pan+t1 P2m—2n—1"

(16)  a3,h(0) =

Y

(7)) ashtie) =

(18) 2200 (q) = |O2m+1(Fg)| _ D2m—+1
famtl 103, (F)|[O2m—2n11(Fq)|  P2hs Pam—2hi1
05,,(Fy)|  Dome

h,o
19)  ax’(q) =

|Og (F )||02m on (Fg)l a Doh,6 P2m—2h.5c

Below we will show that, in fact, also in characteristic 2 one obtains the same
polynomials a3,(¢q) and a{,’é(q). Thus, by induction, the formulae for a3,(q) and
aé(q_l), which we initially derived only under the extra assumption char F' # 2,
also remain valid in characteristic 2.

So suppose that char F' =2, and let j € [n — 1], 6 € {1,—1}. Write j =2h + 1,
if j is odd, and j = 2h, if j is even. The orders of the respective orthogonal groups
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are now

Pom €
Ozmer (Fo)l = =555, 105 (Fa)| = pams

and Witt’s Extension and Cancellation Theorem still applies to non-defective sub-
spaces; cf. [6, Theorems 3.12 and 14.48] and [2, Theorem 3.15]. Therefore we
immediately obtain the counterparts of (18) and (19),

20 (g) = [O2m+1(Fy) _ Pam1

2 - - )
ot 103, (F)|O2m—2n+1(Fg)|  P2h6 P2m—2n+1
2h,6 _ |O§m(Fq)‘ o P2m,e
2m75( )

103, (F)II0%, 51, (Fq)l  P2ns Pom—h.se

Next we suppose that n = 2m+1 is odd and compute a%ﬁiﬁl (q). If h = 0, then we
are to count anisotropic lines in V. It is well-known that the polar space associated
to V has (¢*™ — 1)/(q — 1) points, each corresponding to an isotropic line; cf. [2,

Theorem 3.13]. So we deduce that

2m+1 m
1 q -1 gq 24" pam+1
a2m+1(Q): - = =

q—1 q—1 P10,

2m_1

In general, choosing a (2h + 1)-dimensional non-degenerate subspace U in V can
be split into two parts: first pick a 2h-dimensional non-degenerate (hence non-
defective) subspace Uy of type 1, then complement your choice by picking an
anisotropic line A in Ug- to obtain U = Uy + A. Applying Witt’s Extension and
Cancellation Theorem, we obtain the counterpart of (16),

2h,1
2h+1 ( ) _ a2m+1(q) a%m—2h+1(q)

Aom+1\4) = 2h,1
anp’1(a)

 (pamr1 24" " pam_oni1)/ (Pany Pam—2mi1 - 1 Ph o)

B (P2n+1)/ (P2n,1 P1)

_ 2 4" " pomi

P2h+1 pgm_% .

A similar computation yields the counterpart of (17). O
Definition 8 (Refinements of compositions). Let C; = (z1,...,x,) and Cy =
(y1,--.,yx) be compositions. A refinement of a truncation of C1 by Cs is a triple

(Cy,Co,&) such that &€ = (&1,...,&:) € [No" satisfies
&< <&=X and Vie[r]: yg, 41+ +ye <,
where & := 0. By slight abuse of terminology, we also call the k-tuple £ a
refinement of a truncation of C; by Cy. For G, H C [m], the number of refinements
of truncations of C(G) by C(H) is denoted by cq g = cgnl){
Let I,J C [n — 1] such that I C J, and put G := ¢(I), H := ¢(J). Clearly,
C(J,n) can be regarded as a refinement of C'(I,n). Applying the bisecting map,

we obtain a refinement of a truncation of C'(G) by C'(H) as follows.
The sets [n — 1] \ I and [n — 1] \ J decompose uniquely into disjoint unions

[n—l]\I:ILlU UII,||G||7 [n—l]\J:IJ,lL'J UIJ,||H||
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of intervals 77 ; (respectively 7. J,j) of natural numbers such that maxZ7; < minZy ;41
(respectively maxZ;; < minZy ;1) for all admissible values of i (respectively j).

The refinement of a truncation of G by H induced from I C J is the |G||-tuple
E(I, J) = (51, N 7£||G||) defined by £||G|| = ||H” and

Vi € [HGM : IJ@_PH U...U IJ,& - II,h

where £y := 0. We remark that, starting from G, H C [m], every refinement of a
truncation of C(G) by C'(H) is induced by suitable I, J C [n — 1] with I C J.

We illustrate these notions by an example.

Ezample. Set n = 11 so that m = 5. The subsets G = {1,3,4}, H = {2,4,5} C
[m] induce compositions C(G) = (1,2,1,1) of N(G) = 5 and C(H) = (2,1) of
N(H) = 3, respectively. Note that ||G|| = 4 and ||H|| = 2. Among the seven
‘truncations’ of (1,2,1,1) to ‘pre-compositions’ of 3,

(17270’ 0)’ (17 17170)7 (17 ]‘707 1)’ (1707 17 1)7 (07 17 17 1)7
(0,2,0,1), (0,2,1,0),
only the 2 = ¢¢, i last ones yield the composition C(H) = (2,1). They are encoded

in the tuples & = (0,1, 1,2) and & = (0, 1,2, 2), respectively.
Define subsets

I:={2,7,9}, Ji=1{1,2,7,8,9}, Jr:=1{1,2,3,7,9,10}

of [n — 1] = [10]. The set I induces the composition C(I,n) = (2,5,2,2) of
N(I,n) =11. Thus cut(/) = 1+2+1+1 =5 and ¢(/) = G. Similarly, cut(J;) =
cut(Ja) =2+ 1 =3 and p(J1) = ¢(J2) = H. We have &(1,J1) = (0,1,1,2) and
5(17 J2) = (07 1,2, 2)

We are now ready to prove Proposition 2.

Proof of Proposition 2 (i). Let H C [m]. From the definition of F -1 (X) and
the fact that F has the inversion property (IP) we obtain

FoampX = > () F(X).

Jep—1(H) IcJ

Thus it is enough to show that for I C [n — 1] with ¢(I) = G,

(S ) = o
Jep ' (H)
IcJ
This is certainly the case if cq g = 0, as then the sum on the left hand side is
empty. Now suppose that cg g # 0 and fix a refinement £ of a truncation of G
by H; put & := 0. It suffices to show that

(20) ) LU N S D /D

Jep ! (H)
ICJ, €(1,J)=¢
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Decompose [n — 1]\ I =Zr1 U ... UZ; g into a disjoint union of intervals
I;,; as in Definition 8, and write C(H) = (y1,...,y)m)). We claim that

1G] &—€&i—1 -
(21) 3 DI = H1 Z (IIHI 5 fglﬂéiyf 1) l<:+1>

Jep™(H)
ICJ, &(1,J)=¢

& —&i1 T -5, L (2y—1)—k
. —1 ’ =& —1+1 J .
(75 e !

Indeed, specifying J € o1 (H) with I C J and &(I,.J) = £ is equivalent to the
following task: for each i € [||G]|] choose k; € [£; — &i—1]o and single out a disjoint
union Zyg¢, 11U ... ULy, C 5, of intervals Z;; such that

(a) maxZy; <minZy ;i for all admissible values of j,
(b) |Zj;| = 2y; for exactly k; values of j and |Z; ;| = 2y; — 1 for the remaining
values of j.

Moreover, the cardinality of the set J corresponding to such a choice of k; and
such a choice of intervals Z;; C Zy; is

& &
I+) (Tl = > Qu—-1D)—k
=1 j=&_1+1

Asn—1+|H| = I+ X1z, + 19 ¢ — &), equation (21) implies that
the left hand side of (20) is equal to

Gl &—&i—1
\Z1,i| — Z; Lo 41y — 1)+ 1 >(§z‘—£z’—1> ok
12 ( & — & po)OU

This does indeed equal 1, because for any positive integers M < N,

() (e =

(cf. [5, p. 169, (5.25)]) and hence each of the ||G|| factors already equals 1. O

Proof of Proposition 2 (ii) for n =2m +1 odd. For G C [m], we are looking to
prove

(22) b 1(q) = (~1)mgm ™ Z Dl g adlt (7).

First we deal with the case N(G) < m, i.e. m € G. Writing G’ := G \ {m} and
Y := ¢ 2, we see from Proposition 3 (i) that in this case

a _ m _

odmii(ah) = (U= Y™ag (a7,
If H C [m] with ¢g,g # 0, then N(H) < N(G) < m, hence m € H, hence
we obtain ||H|| = ||H'|l;m-1 and cg.g = cgr,l’;fl,) for H := H \ {m}. With these
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observations (22) follows by induction:

G ( ) _ (1 o Y_m)(—l)m_l (m—1)24(m—1)

Aom+1\4
H||pm— 1 H’ —
S (=l o2 (g7

H'Clm—1]
= (~1)mgmrm 3 ()l (1 -y ™yl (7
H'Clm—1]
= (~)mg™ 3T () MHleg ol (g7,
[m]

It remains to consider the case N(G) = m, i.e. G C [m—1]. Againset Y := ¢ 2,
and write C(G) = (x1,...,2ky1). Proposition 3 (i) shows that in this case

1G —1
O‘2m+1 ( >
Y

in particular, as degy (%), = ("5") — D kelk+1] ("5,

16 () =alC, (¢1) v I Zwemen (7%7),

Aom+1 = Q9114
We shall show below that
Tr+1
(23) a;nGwrl( -1 Y Enemn (M) — Z (_1)er||1‘1’||chH a;gﬂ(q_l).
HC[m]

From these equations (22) follows readily.
It remains to prove (23). For this we need the following formulae.

. ) i1 B . . i
(i) For all i € N: Y(il) =30 (i), (v =1y (%),

(if) For all i € No: Y(3) = 32,0 (741, (—1)i 1,
Part (i) is easily proved inductively (see the end of this proof), part (ii) is a
well-known fact about Gaussian polynomials. With the formulae (i), (ii) at our
disposal, the left hand side of (23) can be written as
(24)

Tr+1
a;gﬂ(q_l) yZweman (757)

:<Z>y H e

KE[k+1]
- m) 11 (3 < » > v -1y

(&), II %Ko<[xn—;ln—11>y(l‘y)j

k€lk+1] \J=
3 T =T\ (L \eatIKI+3(i2an)
1
. < K )Y( )
KClzx—37—1]
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where the Kronecker-delta 6(‘j # xz,;’) € {1,0} reflects whether or not the inequal-
ity j # x4 holds. On the other hand, setting

2= U {(H,&) | £ a refinement of a truncation of G by H},

HC[m]
the right hand side of (23) can be written as
m H — m H _
25) > () Wlegmabna @ = 0 (1™ lall, (7).
HC[m] (H§)€E

Now we explain why the last sum is indeed equal to the right hand side of (24).
Choosing an element (H,£) € E, so that & = (&1,...,&k4+1) is a refinement of
a truncation of C(G) = (z1,...,2k41) by C(H) = (y1,-..,yr), is the same as
fixing for each x € [k + 1] a truncation length j, € [z4]o and a subset K, C
[ —jx—1], corresponding to a composition (ye, 41, --,¥g,) of £x—jx. Moreover,
the summands attached to the data (H,&) in (25) and (jx, Ki)eeps1) in (24)
respectively agree:

(1) = (1) Zetrn @nt Eepsn (KxH0(i0)
and
O‘;Hﬂ(q_l) = (1-¥Y™Q - Ym_l)_" (1-Y)
" [Lep(@—Y¥)(I—Yo 1. (1-Y)
1-Y™)(1-ymhH...1-Y)
- | J ST Hfigmlﬂ(l —Y¥)(1-Y%-1)...(1-Y)
I-Y™)(1-Y™hH...(1-Y —y
::IIHew+j(1—-Y”lgﬁﬁ(l—-Ylnﬁﬁ—l)”?(l__yj II ( j)y
1-Y™)(1-Yy™1H...1-Y)
[Leppsn@ —Yo )1 —Yot)- o (1Y)

I (), 07 (),

KE[k+1]
T (T — Ik
1—y JK< ) |
([wn—jmmn - 1])}/( ) Ky Y

(o), I
G Y/iE
This finishes the proof of (23). For later use we record

[k+1]
26) el (q ) YR () = 37y Wl g ol (07,
HC[m]
N(H)=m

Indeed, summing only over those H C [m] such that N(H) = m is achieved
by setting persistently 7 = j, = 0 in the above formulae. Clearly, under the
restriction j = 0 the term in the third line of (24) reduces to the left hand side of
(26).

Finally, we supply the proof of the formulae (i) above. We argue by induction
on 7 € Ng. For i = 0 we have

y() 1= @)Y(y _ 1oy ®),

kE[k+1] "
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and for ¢ > 0 we obtain, by induction,

Z([z - JZ i 1]>Y(Y -

J=0

ST (H to 1]>Y(Y —1)iy (%)

jer N T
i 1 —1 1 (i3
043 (i) (1) o)
Jjel
—v() Y—1<,i > ( -1 > y — 1)1y (%)
+( ) 1—1 Yj%:[i] [i —j,1— 2] Y( )
v (Yi—l) N _vit(l) _ (T
_Y()+(Y_1)my()_y+()_y( ).
U
Proof of Proposition 2 (ii) for n = 2m even. For G C [m] we are looking to prove
(27) A (@) = (=)™ Y (~)Megpr aly (a7,
HC[m]

Again by an inductive argument, analogous to the case n = 2m + 1, we may
assume that in fact N(G) = m, i.e. G C [m —1]. Write Y := ¢~2 and C(G) =
(x1,...,2k41). Proposition 3 (ii) shows that in this case

a - G (- m
a;ma(q 1) a;m+1(q 1) = <G>Y’
in particular, as degy (g’)y = (n;) - Zne[kz—i—l] (x;)’
offs (@) = aff (a7 Y (DB (7).

We shall show below that

(28)  all (¢ YEsewen (F)gmm =0 S (1) leg g ol (g7
HC[m)]

From these equations (27) follows readily.
It remains to prove (28). An easy computation gives

q—2m +€q—m
1+eg™™
— 6# (YZRE[I@+1] (ZK2+1) + 6q—myzge[k+1] (Z2K))
14+eq™

Zn ol ZK ey
. <Y erern (M%) _ Y 2enelk+1] (5) Y e (z;)) .

YZne[k-',—l] (IQK)q—m =¢ Yz;«ue[k-‘—l] (IQN)

14eq—™
From Proposition 3 we see that for H C [m],

H _ )
O(TH (q_l) — Oé;m+1(q 1) if N(H) =m,
e O‘;Hn-ﬂ (Y /(1 4+eq™™) otherwise.
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In view of (23) and (26), we thus obtain

b (g Y Zsenn (F)gm
<Y2ne[k+1] (") vy Z ety ()

G _
= a1 (q7h)

- — + YZne[k+1] (z;))
+eq~

=€ Z (—1)m+”H”CG,H a;THn—&—l(q_l)/(l +€q—m)
HC ], N(H)#m

+e > (=il ol (g7
HC[m|,N(H)=m

= Y (0"l ol (g7,
HC[m)]

This proves (28). O

5. A CONJECTURE FOR THE ORTHOGONAL CASE

In this section we discuss in more detail Conjecture C. As in Section 4, let
V = (V, B, f) be an n-dimensional, non-degenerate quadratic space over the finite
field F = F,. Our aim is to give, for J C [n — 1], an expression for the poly-
nomial a\‘ﬁ(q_l) in terms of parabolic length functions on the Coxeter group W
of type A, _1. If Conjecture C holds, the orthogonal case of Theorem A follows
directly from Theorem 1.

Fix the Coxeter system (W, S) where W = S,, and S = {s1,...,s,-1} denotes
the standard set of Coxeter generators s; = (i i+ 1), 4 € [n — 1]. A crucial role is
played by the following statistic on W.

Definition 9 (Length L). Recalling the notation from Section 2, for w € W set

(29) L(w):=b-Ig(w), whereb = (bI)IgS — ((_1)\I\QIS\—|I|—1)ICS‘

It is well-known that the ordinary Coxeter length of a permutation w € W is
equal to the number of inversion pairs associated to w, i.e. [(w) = |Z(w)| where

T(w) :={(i,§) |1 <i<j<n,i®>j*}.

The parabolic length function L also has a simple interpretation in terms of in-
version pairs.

Lemma 4. For each w € W,

L(w) = [{(i,j) € Z(w) | i #j mod 2}|.

Proof. Let w € W and note that for any I C [n — 1],

li(w) = [{(i,§) € T(w) | [i,j — 1] I} |-
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From this we derive

Lw) =5 3 ()25 (w)

IC[n—1]

:% STS (Ml sl i~ 1 ¢ 1)

(4,5)€T(w) IS[n—1]

1 _ _
=3 Z Z (_1)\1\2|S\ 17l _ Z (_1)|1|2\5| 1]
(4,5)€Z(w) \IC[n—1] li,j—1]CI
1 . i
=3 3 ((2 _ ISl (C1yitie - ylSI-U ))
(4,5)€Z(w)
== Y (1-(-17),
(4,5)€Z(w)
where the Kronecker-delta 0(‘[¢,j — 1] € I') € {1,0} reflects whether or not the
inclusion [i,j — 1] € I holds. O

Definition 10 (Chessboard elements). We say that w € W is a chessboard element
if i + 4% = j + j* modulo 2 for all 4,5 € [n]. Clearly, the set C,, of chessboard
elements forms a subgroup of W. Note that C,, contains a subgroup C,, o consisting
of elements w such that i = " modulo 2 for all i € [n]. If n =2m + 1 is odd, we
have C,, = Cp0 = Spg1 X Sy If n.= 2m is even, we have C,, = (wg) X Cp, 9, where
wo denotes the longest element of W, and C,, 0 = Sy, X Sy

We write 0 : W — {1, -1}, w — (=1)“®) for the sign character, and 7 : C,, —
{1, -1} for the linear character with ker(r) = C,, 0. Recall from the introduction
that, in the even-dimensional case, we attach a sign € € {1,—1} to V. Observing
that 7 is trivial for n odd, we define

o(w if n is odd, or if n is even and ¢ = 1,
Xe :Cn — {17_1}7X€(w) = { ( )

o(w)r(w) if nis odd, or if n is even and € = —1.
Conjecture C. For each J C [n —1],
(30) @) =anla )= D xelw)g ™.

'LUGCn
Dy (w)CJ

Note that, if Conjecture C holds, the orthogonal case of Theorem A follows
from Theorem 1, equation (5), with W' = C,,, b as defined in (29) and x = x..
Conjecture C has been confirmed for |J| <1 and verified for n < 13.

Ezample. For n = 3, we have

Jc2 [o][{1}[{2] {12} |
ajl@) |1]¢* | ¢ | d—q
af(¢H 1] 1 |1 |1—¢?

For w € W = (s1, s2) = S3, the statistic L(w) = 2l(w) — lg}(w) - lg} (w), the
character y.(w) = o(w) = (—1)"*) and the left descent set Dy,(w) take the values
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‘ w | id ‘ $1 ‘ S9 ‘ $189 ‘ $981 ‘ 518981 ‘
L(w) 0 1 1 1 1 2
Xe(w) [ 1] =1 -1 1 1 -1
Di(w) | o [ {1} [ {2} | {1} | {2} | {1.2}

If n is odd or if n is even and € = 1, the character x. naturally extends to the
sign character on the whole group W. Interestingly, in this case also a modified
version of equation (30) seems to hold, where x. is replaced by ¢ and one sums
over all elements w € W. In fact, we originally introduced chessboard elements in
an attempt to control cancellation in this larger sum. Evidently, the contributions
of any two elements w1, wy € W with wl_lwg € S and L(w;) = L(wsy) cancel each
other. Therefore we were led to sum over the set

M:={weW|VseS: Dy(w)# D(ws) or L(w) # L(ws)}.

The set M is easily seen to be closed under right-multiplication by the longest
element wy and might indeed coincide with C,,. Aided by computer evidence, we
distilled Conjecture C out of this circle of ideas.

APPENDIX A. EXPLICIT EXAMPLES

Here we collect a few examples of Igusa-type functions for the family

X;
F = (F;(X))cp-1 = (H 1— X-) '
') iCin-1

icJ

A.1. A flag of alternating bilinear forms. Let V be a vector space of dimen-
sion n = 6, equipped with a flag of alternating bilinear forms B of type I = {4}.
This kind of example was considered immediately after Definition 4. We have

Jc  Jel {8 | {9 ] {2,4} |
afig@ |1 @+ +d | @+ +1 | Pe® -1/ -1
W@ )| 1|1+ +¢ | 1+¢ %+ | (1-¢")/01-q?)

Thus, in view of Definition 5,

Ig (LX) = 1+ (¢ *+ ¢ X1+ (¢ 2+ ¢ ¥ Xy + q‘lOXng'
NEA 11— X1 - Xy)

Note that, in accordance with Theorem B,
Tgvm) (0, X1 X5 ") =" Iz gy (g X2, X1).

A.2. Quadratic spaces.
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A.2.1. Odd dimension. Let V be a vector space of odd dimension n = 3, equipped
with a non-degenerate quadratic form f. We have

| JC[2] |@‘{1}{2}‘{12}‘
afl) [1]| ¢ ¢ —q
af(¢H]1] 1 J1-g¢7?

In view of Definition 6,
_ 1—¢2X1 X,
Igs(¢™,X) =
B = X0 - x)
and this satisfies the functional equation predicted by Theorem A.

A.2.2. Even dimension. Let V be a vector space of dimension n = 4, equipped
with a non-degenerate quadratic form f. We have

[7cB  Jel{h] {28 [{n2}.{2.3},{1,3} ] {1,2,3} ]

af(q) 1| ¢—q | ¢+ ¢ — ¢ 7*(¢? — 1)
af (¢ | 1]|1-qg?|1+q? 1—q 2 (1-¢?%)?
af () |1] @+q | ¢+ ¢ + ¢ (" -1
a;f_ (q_l) 1 |14q¢2|14q2 14+¢2 1—q¢*

Note that, for both values of €, the number of distinct polynomials among the

aia(q_l) is comparatively small. This illustrates that the map J — aig(q_l)

factors over the bisecting map ; cf. Proposition 3. One readily computes

1+q2(—X1 X2+ X1 X3 — Xo X3 — X1 + Xo — X3) +¢ 4)(1)(2)(3
(I —=X1)(1 = X2)(1 - X3)

1+¢72 (X1 X2 — X1 X3 — Xo X5+ X1+ Xo + X3) — ¢ 1 X1 X0 X3
(1—X1)(1 = X2)(1 - X3) '

These Igusa-type functions satisfy the functional equations predicted by Theo-

rem A.

Ig4,1(q_17X) =

Ig47_1(q_1,X) =

A.3. A symmetric bilinear space in characteristic 2. Let V' = (e, e, €3, ¢e4)
be a 4-dimensional vector space over a finite field F' = IF, with char F' = 2. Let B
denote the non-degenerate symmetric bilinear form on V' such that B(e;, e;) = d;5,
and define f : V. — F by f(z) := B(x,x). We consider flags of non-degenerate
symmetric bilinear subspaces in the non-degenerate symmetric bilinear space V :=
(V,B, f). For J C {1,2,3} let a\‘ﬁ(q) denote the number of non-degenerate flags of
type J in V, and define the normalised polynomials a]‘ﬂ(q_l) and the ‘Igusa-type
function’ Igy,(¢~%, X) accordingly. Then we have

[/ |®\{1}{3}\ {2} \{12}{23}{13}\{123}\

ai(q) 1 ¢ |+ q *(* 1)
a;ﬂ(q_l) 1 1 1+q2 1 1—q2
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The associated ‘Igusa-type function’
_ 14 ¢2X(1 - X1 — X3
Igy(q 1’ X) _ ( )
(1= X1)(1 - X2)(1 - X3)
does not satisfy a functional equation; this illustrates our remarks at the end of
the Introduction.
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