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ABSTRACT: As we have shown in the previous work, using the formalism of matrix and
eigenvalue models, to a given classical algebraic curve one can associate an infinite family
of quantum curves, which are in one-to-one correspondence with singular vectors of a
certain (e.g. Virasoro or super-Virasoro) underlying algebra. In this paper we reformulate
this problem in the language of conformal field theory. Such a reformulation has several
advantages: it leads to the identification of quantum curves more efficiently, it proves in full
generality that they indeed have the structure of singular vectors, it enables identification
of corresponding eigenvalue models. Moreover, this approach can be easily generalized to
other underlying algebras. To illustrate these statements we apply the conformal field theory
formalism to the case of the Ramond version of the super-Virasoro algebra. We derive two
classes of corresponding Ramond super-eigenvalue models, construct Ramond super-quantum
curves that have the structure of relevant singular vectors, and identify underlying Ramond
super-spectral curves. We also analyze Ramond multi-Penner models and show that they
lead to supersymmetric generalizations of BPZ equations.
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1. Introduction

Quantum curves are intriguing objects, identified originally in various problems related to
string theory and supersymmetric gauge theories [1-5], and analyzed from various mathemat-
ical perspectives e.g. in [6-17]. In general, quantum curves take form of differential operators

~

A(Z,y) imposing Schroedinger-like equations on appropriately defined wave-functions ¥(x)

o~

A(Z,9)¥(z) = 0. (1.1)
The operators T and ¥ satisfy the commutation relation
[y, 7] = h, (1.2)

so that 7 can be identified as hd,.. In the limit & — 0 the operators Z and ¥y reduce to complex
commuting variables x and y, and the quantum curve equation (1.1) reduces to a “classical”
algebraic curve

A(z,y) = 0. (1.3)

Conjecturally, in all situations where quantum curves arise, their form can be determined
by means of the topological recursion [18], which can be regarded as a reformulation and gen-
eralization of loop equations in matrix models [19]. From this perspective the classical curve
(1.3) is identified as an algebraic curve that provides the initial condition for the topological
recursion. In case the corresponding matrix model is known, the curve (1.3) is identified as
its spectral curve, and the wave-function W (x) is identified as a determinant expectation value
(det(z — M)), where (-) denotes an expectation value computed by integrating over matrices
M from an appropriate ensemble. Therefore, using the topological recursion or matrix model
formalism, to a given algebraic curve one can associate the corresponding quantum curve.

In fact, it turns out that to a given algebraic curve one can assign not only one, but
the whole family of quantum curves, which have the structure of singular vectors of the
underlying symmetry algebra [20]. For curves related to hermitian matrix models, or the
original topological recursion formulation [19], this symmetry algebra is the Virasoro algebra,
and corresponding quantum curves have the structure of Virasoro singular vectors, as found
in [20]. In the present paper we also refer to these curves as Virasoro quantum curves. In
this case the determinant form of the wave-function is generalized so that it depends on an
additional parameter «; however consistent quantum curve equations arise only for certain
discrete values of this parameter, which coincide with Virasoro degenerate momenta. One
can also consider -deformed version of these results — this also leads to a discrete family
of quantum curves with the structure of Virasoro singular vectors, however in this case the
Virasoro algebra has an arbitrary central charge, parametrized by the parameter 5. The
matrix (or eigenvalue) model form of the wave-function, depending on both parameters «
and S, is referred to as «/[-deformed matriz integral in [20]. These results can be regarded
as a manifestation of general, intimate links between matrix models and the Virasoro algebra;
for example it has been known for a long time, that matrix model loop equations — and the
topological recursion itself — can be rewritten in the form of Virasoro constraints [21-23].



The above results have been generalized to a supersymmetric case in [24], by considering
(B-deformed) super-eigenvalue models for the Neveu-Schwarz sector [25-30]. These models
generalize eigenvalue representation of hermitian matrix models in such a way, that the un-
derlying algebra takes form of the Neveu-Schwarz version of the super-Virasoro algebra; in
particular corresponding loop equations can be rewritten as super-Virasoro constraints. Con-
sequently, to a super-eigenvalue model one can associate an infinite family of super-quantum
curves, which have the structure of Neveu-Schwarz singular vectors of the super-Virasoro al-
gebra. In the classical limit, such super-quantum curves reduce to supersymmetric algebraic
curves, which are interesting in their own right [31,32].

To sum up, to a given classical (possibly supersymmetric) curve one can associate an
infinite family of quantum curves, which have the structure of singular vectors of the under-
lying algebra. This result was found in [20,24] upon the analysis of eigenvalue models, which
provide a representation (or generalization) of matrix models; for a summary see also [33].

The aim of the present paper is twofold. First, we clarify the role of conformal field
theory in the description of quantum curves. In particular, we rederive (in Virasoro and
Neveu-Schwarz case) quantum curves using only conformal field theory techniques (instead
of eigenvalue models). The main feature of this approach is the fact, that the singular vector
structure of quantum curves follows automatically; being a consequence of the conformal
field theory construction, the singular vector structure of quantum curves postulated in [20,
24] is therefore proven. Moreover, this approach has certain calculational advantages, and
can be rather easily extended to more general algebras (possibly, although not necessarily,
corresponding to more general matrix models, for example multi-matrix models, or their
deformations e.g. see [34,35]). Second, using the conformal field theory approach — and to
illustrate its power — we find an infinite family of super-quantum curves corresponding to the
Ramond sector of the super-Virasoro algebra. From this analysis we also derive the super-
eigenvalue models representing the Ramond sector, whose form is not obvious to postulate a
priori.

More precisely, we find two types of super-eigenvalue models in the Ramond sector,
and corresponding two types of quantum curves, which have respectively the structure of
Neveu-Schwarz or Ramond singular vectors, and which we call respectively Ramond-NS and
Ramond-R super-quantum curves. Furthermore, we illustrate equivalence of conformal field
theory calculations and eigenvalue models by showing that the same super-quantum curves
arise in both approaches. We also find corresponding classical super-spectral curves that
encode eigenvalue distribution in the super-eigenvalue model. Finally, we consider the special
case of Penner-like potentials, and show that Ramond super-quantum curves in this case take
form of supersymmetric versions of BPZ equations [36]. The identification of the Ramond
super-quantum and super-spectral curves generalizes the analysis in [24], which was restricted
to the Neveu-Schwarz sector.

We stress, that various observations and properties of quantum curves discussed in [20,
24,33] also hold (or are expected to hold) for Ramond super-quantum curves found in this
paper. In particular, Ramond super-quantum curves are “quantum” in a double sense, and



reduce to “classical” objects in two different limits: the ’t Hooft limit corresponding to an
infinite number of eigenvalues IV, and the classical conformal field theory limit corresponding
to infinite value of the parameter 3. These two quantum structures have an analogous role,
which is manifest after replacing parameters 1/N and 3 by familiar parameters €; and eo,
encoding the Omega-background in gauge theory interpretation. Analogous two quantum
structures have been also discussed e.g. in [37] in the context of Langlands duality. Another
important feature of quantum curves at higher levels is that, in the classical 't Hooft limit,
they factorize into a product of several classical (spectral) curves.

Let us summarize the most important results and formulae of this work, by presenting
conformal field theory formulation of various eigenvalue models that we derive and analyze,
and corresponding wave-functions and quantum curve equations. We hope that this short
summary could be helpful for a reader; details of the notation are explained in the main text
of the manuscript.

First, in section 2 we recall that the usual S-deformed hermitian matrix model has the
eigenvalue representation, which can be realized as the following integrated expectation value
in the free boson theory, see (2.1)-(2.2)

N
Z—/sz (Ve | TT E VP (20)
a=1

where vertex operators E®(x) are defined in (2.36), and <VN\/B,t| is the coherent state (2.41).

VB S V(za)

0> = /sz A(z)¥e "= , (1.4)

Mz

The eigenvalue model in the right side of the equation involves the usual Vandermonde de-
terminant A(z) = [],.,
which involves an additional insertion of z- and a-dependent vertex operator E% (z)

N
o) :/dNZ (Viysapne |EF @) [T EYP(20)] 0) =

a=1

(za — 2p). The wave-function (2.45) is then defined as a correlator

(1.5)

=
M=

N
= eV (® /sz H(w — za)*mhﬁ A(z)Pe "
a=1

This wave-function, for special discrete values of «, satisfies quantum curve equations that

V(za)

Il
=

take form of Virasoro singular vectors, as shown in section 2.3.

In section 3 we construct the eigenvalue model and quantum curves in the Neveu-Schwarz
(NS) sector of the super-Virasoro algebra. The eigenvalue model has the following form and
conformal field theory representation, see (3.36)-(3.37)

VB
7= < VN\/B,tﬁ’ Qlj\l\fs O> - /dNZ dg Ans(z, 0),3 eiTZivzl V(za,aa)7 (1.6)

where the potential involves both commuting times ¢, and anti-commuting times &, /2

V(z,0) =Va(2) + Ve(2)0,  Valz) = D tmz™  Vi(2) = D &uuip™ (L7
m=0 m=0



The NS screening charge Qug and the coherent state <VN \/B’t;£’ are defined respectively in
(3.32) and (3.35), and the NS version of the Vandermonde determinant takes form (3.34)

Ans(z,0) = [ (20— 2 —fabs). (1.8)

1<a<b<N

The NS wave-function in this model (3.40)-(3.41) is defined as the expectation value with an
additional insertion of the vertex operator superfield ®7 (x, §) defined in (3.22)

0>:

N
=enV(@9 /sz d™o H(x — Zq — Hﬁa)*%ANs(z, 0) o % T V(z.00)
a=1

Ra(@.0) = ( Vrypasnee| 0 (@, 0)QY
(1.9)

and it satisfies equations which take form of super-Virasoro Neveu-Schwarz singular vectors,
derived in section 3.3.

In section 4 we start considering the Ramond sector of the super-Virasoro algebra. We
explain that there are two natural eigenvalue models and wave-functions that can be consid-
ered, having the schematic structure given in (4.1) and (4.2), which satisfy quantum curve
equations that take form of either Neveu-Schwarz or Ramond singular vectors. We call these
models Ramond-NS and Ramond-R respectively. The Ramond-NS eigenvalue model is intro-
duced in (4.27)

7 = <V+

N
N\/B7t7£ QR

o,+> - / ANz dN9 A (z,0)% o Lol Vielzaba), (1.10)

with the coherent state <VJC7L VBEE

and (4.28). The Ramond-NS version of the Vandermonde determinant takes form (4.22)

Za + 2b
An(z,0)= ] (za — 2y — eaeb) . (1.11)
1<a<b<N 2\/Za%

The Ramond-NS wave-function, of the schematic form (4.1), is introduced in (4.36) in the con-

} and the screening charge Qg defined respectively in (4.23)

formal field theory language as the expectation value involving the vertex operator superfield
&7 (2,0) defined in (4.12)

7 (2,0)QY

Xa(z,0) = <V]\J;\/B%’t’£ 0,+> (1.12)
and it is written down more explicitly, in the eigenvalue representation, in (6.41). Quantum
curves that annihilate such a wave-function are derived in section 4.3 and they take form of
Neveu-Schwarz singular vectors (however with a specific representation of NS algebra, relevant
for the Ramond sector that we are considering). In section 6 we rederive these quantum curves
using techniques of matrix and eigenvalue models; in addition, in section 6.3 we derive super-
spectral curves (i.e. spectral curves of the Ramond-NS eigenvalue model), and in section 6.7
we analyze the Ramond-NS eigenvalue model with the specific multi-Penner potential.



Furthermore, in section 5 we analyze the Ramond-R model, with the wave-function of
the schematic form (4.2). In this case we consider directly the wave-function for the model
with the Penner-like potential, which we find to take form (5.20)-(5.21)

o 7571
oz, €) = 23z — w)_h%e vw<z w) \Il+ x,z,0)+ £eI EV_(z, 2, 0)) dNz dNg,
(1.13)
where the 2-dependence arises from the insertion of the Ramond chiral primary fields R} (z)
defined in (5.12)

N
Uy (z,2,0) = (ay|RE (a:)(bz(w,n)al:[l@_\/ﬁ(zaaea) lo+) = (1.14)

= 04 (2) (1 — W) Apg(z,0)% e % Zama (VB (z) Vs (20)6a),

see (5.13) and (5.15). The functions O (z) are given in (5.19), and the Ramond-R version of
the Vandermonde determinant takes form (5.16)

Ana(z,0) = }:[b <za — 2 - (\/z:g:jg + \/zz({;: Z;) 9"291’) . (1)

Quantum curves for the Ramond-R model take form of Ramond singular vectors and we derive

them in section 5.3. Finally, in section 7 we reconsider the Ramond-R eigenvalue model from
the matrix model perspective, and using matrix (or eigenvalue) model techniques we rederive
Ramond-R super-quantum curves.

Once more, and more succinctly, the plan of this paper is as follows. In section 2 we
derive, from the viewpoint of conformal field theory, quantum curves corresponding to the
underlying Virasoro algebra. In section 3 we similarly derive quantum curves corresponding
to the Neveu-Schwarz sector of the super-Virasoro algebra. In section 4, starting from the
conformal field theory formalism we analyze the Ramond sector of super-Virasoro algebra,
and derive an eigenvalue model for the Ramond-NS sector, as well as Ramond-NS super-
quantum curves. In section 5 we derive eigenvalue model and super-quantum curves in the
Ramond-R sector using conformal field theory approach. In section 6 we rederive super-
quantum curves in the Ramond-NS sector using techniques of matrix or eigenvalue models;
among others, in this section we also find the Ramond super-spectral curve, and confirm that
it agrees with the classical limit of the Ramond super-quantum curve. Similarly, in section
7 we derive super-quantum curves of Ramond-R type using techniques of eigenvalue models.
In the appendix we collect various proofs and computations.

2. From conformal field theory to Virasoro quantum curves

We start our analysis from a discussion of the Virasoro algebra, which is the underlying



algebra of a (§-deformed) hermitian matrix (or eigenvalue) model

VB § V(za)
Z = /sz A(z)®Pe " P2 , (2.1)

where dVz = Hfl\;l dza, A(z) = [[4<p(2a — 2) is the Vandermonde determinant, and we
consider a generic potential V(z) = >">°
defined by the following expectation value, which is written completely in terms of conformal

tmz™. We recall first that such a model can be

field theory quantities

= /sz (Vi (ﬂ E~V7(20)|0), (2.2)

for an appropriately defined state (Vi .| and vertex operators E_\/B(za). Similarly wave-
functions, defined as determinant-like expectation values from matrix model viewpoint, can
be expressed in terms of conformal field theory quantities as follows'

N
o) :/dNZ (Viya-ame| EF @) T] EP(a0)] 0) =
= (2.3)

=
M=

V(Za)

e
Il
PN

N —
—en2V(@) /sz H(m — za)_Qar:/E A(z)Pe
a=1

These wave-functions are annihilated by quantum curve operators that we are after only for
special values of the parameter «, which correspond to the degenerate momenta.

We recall now a general form of quantum curves associated to the underlying Virasoro
algebra. As found in [20] by generalizing a discussion in [4], such curves can be determined
simply by writing expressions for Virasoro singular vectors (at arbitrary level) in terms of the
following representation of Virasoro generators

L, = 712(711—2)!@8?_2 (V@) + Lavie) + a2 hw), @4

for n > 2, where
1
Q =[R2 — /657 (25)

and ﬁ(x) is a partial differential operator defined by (2.62). Moreover, it is useful to take
advantage of universal expressions for singular vectors (up to a given level) that have been
found in [20]. These expressions depend on the parameter o and reduce to the expression for
a singular vector labeled by integers r, s upon specialization of « to

r—1 1 s—1 1

5 B2 5 ER r,s€Z, r,s>1. (2.6)

Qp s =

' The parameter o = (here in this section is related with the parameter & = aums in [20] by ams = 2athere (in
B =1 unit).



For example, singular vectors at level 2 can be obtained from the expression
L% —40’L_, (2.7)

upon specialization a = g1 or 2. Moreover, for a = a1 = 0 this expression reduces to
the singular vector L_1 at level 1 (up to an additional L_1). Substituting the representation
(2.4) in the formula (2.7), it follows that quantum curves at level 2 (and 1) arise from the
expression

a2

a=ol- ((V’(m))2 20RV" (z) + 4ﬁ(m)) (2.8)

(where the superscript of A? denotes level 2) upon the specialization oo = 0, WB op —_h_.

2 2\/[77
note that in expressions for quantum curves we combine values of a, , with an additional
factor of i when compared to (2.6) — this follows from a factor & in the vertex operator ER
in (2.3), which is natural to include from the matrix model perspective. Similarly, quantum

curves at level 3 (or lower levels) arise from the expression

202 (2a(2a + Qh) — h?)
h4

2
~ o -~ ~
A3 =93 — 4ﬁ8$L_2 + L_3 (2.9)

upon the specialization a = 0, %, —2\%, h/B, or —%, and with L_s and f,g given in
(2.4). Such quantum curves, at level n = rs, annihilate the wave-function (2.3), A" (z) =0,
for relevant specialization o = a;. 5.

While in [20] the representation of Virasoro generators (2.4) and the form of quantum
curves, such as (2.8) and (2.9), was derived using matrix model formalism, in this section
we rederive these results from purely conformal field theory viewpoint. We also explain,
from purely conformal field theory perspective, where expressions for singular vectors, such
as (2.7) and its higher level generalizations, come from. To this aim it is of advantage to
consider the background charge representation of the Virasoro algebra, which is therefore the
starting point of our analysis. The approach presented in this section will be generalized to
the supersymmetric case in the following sections, which ultimately will enable us to derive
super-eigenvalue models for the Ramond sector and corresponding Ramond super-quantum
curves.

2.1 Background charge representation of the Virasoro algebra

Consider the Heisenberg algebra

1
[am,an] = §m5m+n7g, m,n € 7, (2.10)

and its highest weight states | ) with @ € R defined by

am|a) =0, m>0, ala) = ala). (2.11)



In what follows, to avoid problems with the Dirac notation, we also use the notation p, = |« ).
Denote by H,, the free vector space spanned by vectors of the form

a_jla)=a_ja_j,---a_j|a), 0<jii<jip<...<j. (2.12)
These vectors form the canonical basis in H,. The space H, has a natural Z-grading
HQZ@HZ, ngspan{a_ﬂa |J| = Z]k—n} (2.13)
n>0

Fixing a real parameter (), one can define a hermitian pairing
(., ')%Q: 'HQ_OCX'HO‘%C,
by requiring

al, = —an, n#0, al=Q—a0, (Ho - ta)ag =1 (2.14)

The Heisenberg module H, g is the pair of representations (Hg—_q,Ha) endowed with the
pairing (., . )a,Q-
Furthermore, consider the Virasoro algebra with the central charge ¢

3

L, Ln] = (m —n)Llygn + — (m — M) 4,0, m,n € Z. (2.15)

12

The Verma module VA . with the highest weight A is defined as the representation of the
Virasoro algebra generated by the vectors of the form

L_[’A>EL_ilL_i2--'L_il‘A>, 0<iy << ... 1y, (2.16)

where the highest weight vector | A) satisfies

L. |A) =0, m > 0, Lo|A)=A|A). (2.17)
The vectors (2.16) form the canonical basis in VA .. The Verma module VA . has a natural
Z-grading
Vae=EPVR.  VA.=span{L_r|a):[I|=n}. (2.18)
n>0
The Virasoro Verma module Va . is endowed with the hermitian Schapovalov form (., . )a,

defined by the conditions
Ljn:L_m, m € 7, (Z/A,I/A) e =1, I/AE|A>.

Z-grading (2.18) is orthogonal with respect to this form. We say that { € Va . is a null vector
if it is orthogonal with respect to the Schapovalov form to all vectors in VA .. A null vector
§ € VA is called a singular vector if it satisfies the highest weight state condition

L.é=0, n>0.



Let
c=1-6Q% A=ala—Q)=A,. (2.19)

In the case under consideration @ is real, so ¢ < 1. The background charge representation
on H, of the Virasoro algebra with the central charge ¢ and the highest weight A, is defined
by the map o, between the universal enveloping algebras of the Virasoro algebra and the
Heisenberg algebra as

00,9 : End(Va.) Ly, — L(a)m € End(H,),

L(a)o=2) a pan+a(a—Q), (2.20)
n=1
L(a)m = Z am-nan + (2a — (m+1)Q) am, m # 0.
n#0,m

This map satisfies
00,0(LmLn) = 0a,0(Lm)oa,o(Ly). (2.21)

Using 04,9 we define the transition map
Sa,@ : VAn,e = Ha
by its action on the canonical basis in Va, .
Sa,ol—r|A) = L(a)—i, L(o)—i, - - L), | ) . (2.22)
The transition map S, has the following properties, easily inferred from its definition:
1. Sa,@ is a homomorphism of the Virasoro algebra representations.

2. S, g preserves the Z grading Sa,Q(VZa,c) C ‘H" hence

Sag = @ Sto, Sto VA .- HL

n>0

3. Sa,q is compatible with the hermitian form in VA, . and the hermitian pairing in H, g,
Le. for any &,& € Va, ¢

(€,6) A0 = (S9-a,08: Sa,0E )

4. The kernel of S, ¢ is the subspace of all null vectors in Va_ c.

Consider the matrix of S, g with respect to the canonical bases in Va, . and He

L(a)_rpa = Y_ [STolrra—spa. (2.23)
|J|=n

,10,



Matrices S, ) were studied (in different parameterization) in [38], where the formula for their

determinant was found

det S = const [ (o — aps)?" 7). (2.24)
1<rs<n
o<r,s

Here (3 is related to Q by Q = 6_% — B%, values of a5 agree with those in (2.6)

—1 —1
7“2 5_5752 ﬂ%, rsE€ZL, r,s>1, (2.25)

aT‘,S =

and p(n) is the number of partitions of n, which can be read off from the generating function

00 9] 1
> s =TT 1
n=0 m=1 1—z

As proven in [38], for generic values of () matrix elements of the matrix inverse to S, Q have
at most simple poles at o = «;. 5. Arguments from linear algebra then show that null vectors
1

manl € VA, . can be constructed as residues of (S')”~

eyt = lm (a—ars) Y [(So) '], Lorva,, (2.26)

= s ]
=n

where rs < n and c; are (in the generic case non-zero) numbers. Consequently, if we define

Al (a) = wa(e, Q) Y [(Sro) M, L)1, (2.27)

|[I|l=n

where

on(,Q) = (2" T (o~ @), (238)
rs<n
then for r,s > 0 and rs < n the operators (2.27) are (non-trivial) endomorphisms of H,
satisfying
lim A\?(a)ua =0.

a—rQrs

The simplest examples are

(2.29)

— 11 —



These are expressions of the form mentioned in (2.7). They were independently identified
in [20] by matrix model techniques.
We now extend the Heisenberg algebra (2.10) by the operator q satisfying

1
[amv q] = §5m,0) m € Z. (230)

Then by
[ao,e2aq] = qe?™a, [am,eQO‘q] =0, m#Q0,

and (2.11) we see that €?®9 can be regarded as a linear map
e Uy — Hosar e?®g_; ‘ o/> =a_g ‘ o+ o/> . (2.31)

It is useful to assemble operators a,, and g into a local bosonic field, defined by

B(x) = 6(2) +6<(@).  @x(a) =aologz— Y 2T gc(@)=q+ Y ™
m=1

m=1
(2.32)
We then introduce the energy-momentum tensor
L
—_ . . 2 o m
T(x) =:06(2)0(x): +Q0°¢(x) = Y —h5, (2.33)
meZ
which we also write as T'(z) = T_(x) + T’ (x) so that T (z)|0) = 0, where
—2 00
Ly, Ly,
m=—oo m=—1
The modes of the energy-momentum tensor L, = ¢, % 2™t T(x) are given explicitly by
o0
LO = 2Za—nan + ag (aO - Q)
n=1 (2.35)
L, = Z am-—nan + (239 — (m + 1)Q) an, m # 0,

n#0,m
and they define a natural extension of the background charge representation of the Virasoro
algebra (2.20) to the space
H= / Heo da,
®

VEEH YmeZ: L& = L(a)mé.

since

The pairing ( -, - )a,@ can be naturally extended to the hermitian form (-, - )g on H by
requiring that for any £ € Hy, ¢ € Ha -

for a+a #Q,

€0 = {(g,c)a,Q for a+a = Q.

- 12 —



In what follows we are interested in calculating products (£, ¢)g for £ € Hg—o and ¢ € Ha,
which can be written as £ = Og 1Q, ¢ = O¢ po for some operators

Og : Ha — Ho, OC : Ho — Ha.

It is then convenient to use the standard bra-ket notation and write (0| O¢O¢|0) to denote
(OL g, Oc o), = (11, OcO¢ o) -
E:u'Qa ¢ Mo Q HQ, Vel o Q

2.2 From CFT to «/f deformed eigenvalue integrals...

In the previous subsection we introduced ingredients necessary to construct eigenvalue inte-
grals and quantum curves. We conduct this construction in the rest of this section. First,
using ¢(z) we introduce the normal ordered exponential fields

EY(z) = e2¢<(@) g2a¢> (@) (2.36)

which can be viewed as linear maps from H, to Hyro- They are primary fields with respect
to the Virasoro algebra, i.e. they satisfy commutation relations of the form

[Lin, E%(z)] = 2™ ((m + 1) Aq + 20,) E(z), (2.37)

where A, = a(a — Q), see (2.19). It follows that

A 1 0
T E*(z)] = ; — | E¥(2). 2.
)] = (20 + 2 o B (2.38)
In the parametrization Q = 3~/2 — 8Y/2 we have A—\/B = Al/\/B = 1, and consequently
o (EVB(2) o [ EVVE(z)
-VB 2=\ 1/vB 2=\
T (y), EP(2)] = o ( =] W Ee| =g (S @)

Notice that for |z1| < |z2| we have

1 1= 1 mooq
95 (21),6<(22)] = G logzr — 5 > = (j) — og(z1 - ).
m=1

Therefore, in terms of the Vandermonde determinant A(z) = [],,-p<n(2a — 2), We get

N L2VF 3" pe (2a) 2V 3 d< (2a)
H E—\/B(Za) 10) = H e18l9> (2a),0<(2)] o a; = 10) =A(2)P e agl - |0).
a=1 1<a<b<N
(2.40)
In addition, we introduce the coherent “bra” state
<VN\/B¢ ‘ = (0| 2NV H efitmam (2.41)
m=0

,13,



This state satisfies the relation

2B S belza)  —YE S V(z) e
(Vigse|e B TTE S v v = Yt @y
m=0

Combining the above ingredients, it follows that the -deformed eigenvalue integral (2.1)
can be represented as an integrated CFT expectation value (2.2)

_VB
7

Z:/sz <VNﬁ,t‘ﬁ E_‘/B(za)‘0> :/sz A(z)¥e "4
a=1

From the conformal field theory perspective, the relation referred to as the loop equation in

M=z

Viza
V) (2.43)

matrix model formalism follows from (2.39) and the equality 7% (y)|0) =0

0) =
o fvm a1 AR
_/d z;&za <<VN\/B¢’H E~VP(2,)

N
(@) = [a% (Vs | o) [] £
a=1

0>> - (2.44)

Y= Za a=1
N VB X
0 1 —¥E 37 V(za)
= [d" A(z)? =1 = 0.
/ : ; 0za \ Y= 2a (z> ¢

It is also immediate to construct the wave-function (or the i/ deformed integral)
0) =

1

N N
Ra@) = [@% (Viysoame | EF@ [] £ ()
o=t (2.45)

A
Mz

oy N 20 /B V(za)
= eV /dNZ H(m —z)" 0 A(z)%e :
a=1

This wave-function is supposed to be annihilated by appropriately constructed quantum
curves, for appropriate values of .

2.3 ...and to quantum curves

Once we introduced the wave-function (2.45), we identify now the corresponding quantum
curves, and show that they have the structure of singular vectors and can be written in terms
of the representation of the Virasoro algebra in (2.4). In fact, the singular vector structure
of quantum curves follows automatically from the conformal field theory construction of the
wave-function — this is the main advantage of the conformal field theory approach presented in
this paper. The only non-trivial aspect is to derive the explicit representation of the Virasoro
generators (2.4), which is the main aim of this section. This representation can be obtained
from correlation functions of the form

(VieuBoat| T0) -+ T)ER () [T EP(20)|0), (2.46)

— 14 —



by defining

Loila) L @B 0) = o oy e Tan) - TwER (o)

xT

(2.47)
The fact that £,,(x) satisfy the Virasoro algebra can be easily checked by using the OPE

c/2 n T'(y2) +3T(y2)+

Tl To2) = (11 —v2)? (1 —w2)? 1 — e

and the standard contour manipulation.

Calculation of the multipoint correlation function (2.46), even if tedious and difficult to
present in a closed form for arbitrary [, is conceptually straightforward. First, using the
commutation relation for T (y) (defined in (2.34))

c 1 2 1 0
[T-‘r(yl)vT—(yQ)] - 5 (y1 — y2)4 + ((y1 — y2)2 + Y1 — 12 8y2) T—(y2)+

9 19
+ + — T ,
<(y2—y1)2 yz—ylt‘?yl) +w)

we ‘normal order” the product T'(y;)---T(y;) and reduce the calculation to the situation
where each T_(y;) appears to the left of all 7' (y;). From (2.38) and (2.39) it then follows

Asa 1 9 Yo /1
T 02) = (ot s e+ Y g (o lna)), a)
b=1

(y —x)

(2.48)

where we introduced a shorthand notation
|z,z) =E@ (2 H E-VA(z (2.50)

The integration contour in all the z, variables has to be chosen in such a way that integrals
of derivatives are zero. Consequently, the second term in (2.49) does not contribute to the
eigenvalue integral and will be omitted in what follows. We thus have

Tolgr) - Talg) |2,2) = (b4 L2 i S S TN
o B N P b T wi—22 y-z0z)'"
(2.51)

where ... at the end of this expression denotes terms which vanish upon the z, integration.

Furthermore, from (2.40) and the commutation relations of ¢ (x) and ¢<(z,) fields we get

N
aoz) = [[ (e —2) "% A(2)2 F0<@) [ e 2VFo<() 0>, (2.52)
a=1
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so that our final task in calculating the correlation function (2.46) is to compute correlators

0).

of the form

N
2a T — Za
(VieuBagna | T-(0n) -+ T () e F0<@ T e 2Bo<z0

a=1
Since for m,n <0
[Lmv q] = am, [Lma aTL] = —Nam4n,
we have
T-(y),d<(@)] = D> ) apmpa"y™? = ¢<(y2 — x¢<(x), (2.53)
n=0m=2
and
[T_(y),e2a¢<(x)] _ 2a6¢<(y) — O¢< (l’) 62a¢<(x). (2'54)
y—x
Using
T (y)|0) = ((06<(y))* + QP*¢<(y)) |0), (2.55)
we finally get
N
s ) _ ((2009<() ~ 09 ()
1;[ 0) = ( : e (2.56)
N
_ 2\[2 8¢< af<(zb) (a¢<(y))2 + Q62¢< (y)>62€¢<(55) H e_2\/B¢<(Za) 0> X
a=1

It should be clear how to express — using equations (2.53)-(2.55) — states of the form

)

entirely in terms of (commuting with each other) exponents and derivatives of fields ¢ (x)

N
T_(y1) - T—(yp,) o o< (@) H o—2VB0< (2a)

a=1

and ¢ (z,). Our computation of the correlation function (2.46) is now completed by noticing
that

N
Lo (x — z g x) —MESN z
<VN\/B—a/h,t ‘ o<t [Te2VPo<te) — eid V@ e Taza Vise) (v, | (2.57)
a=1
and
" V()
(Vou | "6< (@) = =2 (Vou |, >0, (2.58)
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In the simplest case of [ = 1, the expectation value (2.46) takes form

(Vivi-asme | TWER HEf )|0) =

a "(y) = V' (z Y Vi) - V(2
(24 L 0, aV=Vie) VB V)= Viz)

_ _ VP 9.
(y—2x)> y—xzdx h? y— h — Y — 24 + (2.59)
V)2, QV'() 0 (Ya(r,2)
Vo l(z, — )
+( 2h) + 2h ) (xz)+;82a< y—za>
where U, (z, z) is a shorthand notation for
N 2a/B « VB N
Uo(z,2) = [[(z—2a) 77 Az)? ertV® e Zama Vi), (2.60)

Noticing that
V/
el BUAD DL
n=0 m=n+2
and using the formula

m SV(z) _ hjat %V(m)

(and, similarly, for z — z, and o — —Hhy/3) we get the identity

(aV’@)—V’( WZM

h? y—x T — Zg

) a(z,2) = %ﬁ(y) Vo), (261)

where
= h22y Z Mt s, . (2.62)
n=0 m=n-+2

Our final representation of the Virasoro algebra generators in a form of differential operators
acting on the wave-function Y, (z), defined as

a _ > Emfa x
[ (Vo T@E @ [T £ 0) = S (y_x)(mﬁ (2.63)
takes form advertised in (2.4)
Loy=Ag, Loi=0,
- 1 Lo ron w2, Qi . (2.64)
_ - = >
I, hQ(n—Q)!<48’” (V'(@)* + =50mV (@) + 92 i), forn 2.
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Furthermore, it follows that quantum curves have the structure of singular vectors given
in (2.29), with the above representation of Virasoro generators L_,,. For example, the form
of A2(a) in (2.29) yields

2

o 2 -~ ~
(02— 22 (V'(@)* + 200" (@) + 4fi(a) ) )Ral@) = 0, (2.65)
for a = 0, %, or —ﬁ (recall that in expressions for quantum curves we include an

additional factor of h in the degenerate momenta), while the form of ﬁg’ (a) leads to the
equation

202 (2a(2c + Qh) — h?)
A

5,00, > > \a
(02 - 4%50.0 > + L) Ral@) =0, (2.66)

with E,g,f,g given explicitly in (2.64) and a = 0, h\f, —2\%, h/j, or —%. These
are examples of quantum curves that we already mentioned in (2.8) and (2.9), and it is
straightforward to construct quantum curves at higher levels. In the following section we

generalize the construction presented above to the supersymmetric case.

3. Super-quantum curves in the Neveu-Schwarz sector

In this section we derive super-quantum curves in the Neveu-Schwarz sector from the con-
formal field theory perspective, analogously to the derivation of Virasoro quantum curves in
the previous section. While the form of these super-quantum curves have been postulated
n [24], the conformal field theory approach proves that they indeed have the structure of
Neveu-Schwarz singular vectors.

3.1 Background charge representation in the Neveu-Schwarz sector

Similarly as in the Virasoro case, we start our consideration from the analysis of the back-
ground charge representation, this time of the Neveu-Schwarz algebra. First, we extend the
Heisenberg algebra (2.10) by fermionic oscillators and define a superalgebra?

1
[amaan] = m5m+n,07 {wlwwl} = 5k+l,07 m,n € Z, k,l € Z+ 5 (3.1)

We denote HY® = H, @ Fys, where H,, is defined as in (2.13), and Fys is a free vector
space generated by negative modes 1_j out of the fermionic Fock vacuum g, defined by
the condition ¥y dxg = 0 for £ > 0. The hermitian pairing

(-, ')a,Q: /HES,QX’HES—HC

is defined by conditions (2.14) supplemented with 1&}2 =_p.

“Note a change of the normalization in the bosonic commutator as compared to the Virasoro case (2.10).
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Consider now the Neveu-Schwarz (NS for short) algebra

C
[Lm, Ln] = (m - TL)Lm+n + ﬁm (m2 — 1) 5m+n70,
m — 2k

[Lins Ge] = =G (3.2)
c 1
{Gk, G} = 2Lg 40 + 3 <k‘2 - 4> Ok41,05

where m,n € Z and k,l € Z + % The Verma module VX?C of the Neveu-Schwarz algebra is a
free vector space generated by L_,,,m > 0 and G_;, k > 0 out of the NS highest weight state
v\° defined by

Lin/X° = GrA° =0, m, k > 0, Lovpx® = AvR®. (3.3)
Definitions of Schapovalov hermitian form, as well as singular and null vectors in ngc, are
obvious modifications of the corresponding notions for the Virasoro Verma module.

We now fix? 3 1
c=3 - 3Q2, A= 5@(04 - Q) = A, (3.4)

Analogously as in the Virasoro case (2.20), the background charge representation of the NS
algebra is defined by the map

US?Q : End (VX?C) S5 Llm, Gy = L()m,G(a)r € End (HY?),

where

L()o= 3" a mam+ 3 kst + (0~ Q).

m=1 k:%
L(a)n - % Z An—mam + % Z kwn—k’wk’ + % (20& - (TL + 1)@) an, n 7& Oa (35)
m#0,n keZ+3
Gla)y = Z amWk—m + (0 — (k+ 1) Q) ¢y.
m##0

Define a matrix S of the transition map between canonical bases in VX% and H3® by the
formula

La)1Glo) k= Y [shq
[J]+|L|=p

BN TN = |I|+|K .
|y 2t p=I+IEL (36)

where

b=y, 0<h <. <ln, |L|=) L
=1

3Note a change in the definition of A, as compared to the Virasoro case (2.19).
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-1

and similarly for the multiindices K in G(a)_g. As shown in [38], the matrix (S? Q) has
(simple for generic values of «) poles at
1 1
—1)B73 — (s —1)83
o= = (r=1)f72 — (s —1)5= r,s € Z~o, rs <p, r+sec2Z. (3.7)

2 ’ 2

As in the Virasoro case we can construct null vectors of the NS algebra as residues of this

matrix

-1
cIL §Nsnuu = all)gl s(oz —Qys) IHZ:K' [(Sé’Q) ] . L ;G g uﬁi, (3.8)
=p

and the endomorphisms of H® vanishing at a = o, 5 as

Wy =@ ¥ |(s20) | LGk (5:9)
1] +| K |=p JLIK
where
wgs(oz,@) = H (a—ayg). (3.10)

The simplest examples are

AY3(e) = Gla)_s,

A2(0) = 0*G(a) 3 — Gla)_yL(0)

YD 5(0) = (a+ Q)G(@)_y L(@)-1 — aGla) s,

243(a) = (@ + Q)G(a) 1 A5 (a) + whfy(@, Q)G(a) _sG(a) 1, 40

243 1(0) = (204 Q)G(a)_1 417 5(0) + Gla) _1 A7)5(0) = (a(a + Q) = G(a)_3G(a) 1,
24351 2(0) = (ala + Q) = 1)G(a)_3G(a) 1 — G(a)_1 A7) (a)

and an example at the level p = g

2Agg( ) = G(a)fé (ouzl\il(a) + (a2 + Qa — 2) A\%(a) -« (a2 + Qa — 2) 23/271/2(04))
— 2awy®(a, Q)G(a)_%L(a)_l. (3.12)

As in the Virasoro case, we also add to the algebra (3.1) the operator q satisfying
[am, ] = m,0; (3.13)

. /
and consider e* 9 as a map

HYS = HYS e NS = S (3.14)
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Finally we consider the bosonic field ¢(z) defined by the formula (2.32), together with the

local fermion field

U(z) = ¥s(z) + < (z), s (z) = Z (o x_k_%, Ve(z) = Z (2 xk_%,
k=1 =1

and construct the energy-momentum tensor 7'(x) and its partner spin 3/2 field S(x)

T(r) = 5 :09(@)6(r): +3 00 (x): +20°0(a),
S(x) = ¢(x)0¢(x) + QO ().
Analogously to the bosonic case we denote
o0 Lm o0 B
Tow)= 3 =2 T(@)=T@-Ti@)=3 L™,
m=—1 m=2
— G = 5
Se(@) = 30 Sy S-(0) = S() = Si(@) = 30 G,

so that 7'y [0) =S4+ |0) =0, where |0) = py°. The modes of these fields

_[dr _fdr g1
0 0

have the explicit form

Lo=) a mam+ Y kb gty + %ao (a0 —Q),

m=1 k:%
L—EZa a —&—lz:kw w—lQ(rH-l)a n#0
n — 2 n—mdm 2 n—k%Vk 2 n 3
meZ kezZ+3
Ge =Y amtr-m—Q (k+3) ¢r.
meZ

For every £ € HY® these modes satisfy

Ln& = L(a)né, Gr§ = G(a)i,

and they provide natural extensions of the operators L(a),, and G(«); to the space

HY = /’Hgs da.
®
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3.2 a/f deformed eigenvalue integrals in the Neveu-Schwarz sector...

With the ingredients introduced in the previous section, we can now construct an expectation
value representing a super-eigenvalue model in the Neveu-Schwarz sector. Again it is useful
to define the normal ordered exponential

EY(z) = e*?<(®) g2¢>(2) (3.20)

which in the present case is defined without the factor 2 in the exponent due to different (as
compared to the Virasoro case) normalization of the Heisenberg algebra (3.1). We have

(L E@)] = 2™ (a0, + (m+ DAE* (@), Ao = ala— Q)

(3.21)
(G E* (2)] = a3 ) (a)E* (w),
We also define a superfield
D¥(z,0) = e 9G-12E¥(z) e’ -172 = (1 + anp(x)0) E(2) = V@V EX(x), (3.22)
and in what follows sometimes use the notation
D% (z,0) = e2(@<()Hv<(2)0), (3.23)
Using the Neveu-Schwarz algebra (3.2) as well as the Jacobi identity
{Gr, (G, E* ()]} + {G1, |Gk, E¥(2)]} = [{Gy, Gi} , E%(2))]
we get
(G (2)E% ()} = éazk_% (00 + 2Aq (k + 1)) E%(a), (3.24)
while the Jacobi identity
(Lo, (G, E* (@)]] = [[Lm, Gi], E*(2)] + [Gr, [Lim, E* ()]
gives
(L, ¥(2)E*(2)] = 2™ (205 + (m+ 1) (A + %)) P(x)EY(x). (3.25)

(Note that the formulae (3.24) and (3.25) can be also obtained directly using (3.19) and the
commutation relations (3.1) and (3.13).) It follows that

(L, @*(2,0)] = 2™ (20, + (m + 1) (Aq + 500y)) (2, 6),

[Gr, ®(2,0)] = 2¥ 2 (9 (205 + 280 (k+3)) — xa,,) % (z, 6), (3.26)
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and in the particular case of @ = —/3, so that A_ /5 = $VB(Q + VB) = 3, we get
[Lm, o~VB(z, 9)} = (B,z — L(m + 1)0y0) (xmcb—ﬂ(x, 9)) ,
[Gk,cp*\//?(x,a)} - (eax - ag> (a:’“%qrﬂ(x,e)) .

From (3.26) it also follows that

Ag+ 3005 _, 1 N
(T (y), 8 (0, 0)] = =0 257 0%(@,0) + - — 0,2%(2,6),
20,0 1 N
[S+(y)7 q)a(x79)] = <y . x)gq) (671.) + H (9816 - 89) @ (0,1‘),

and in particular

{TJF(y),@—\/B(x’Q)} _ ((% B }89 0 ) > VP(x,0)

9

2 y—x Yy—x
> Vh(z,0
(54 (), 07VP(@,0)| = (00, — ) y_(i)
Since »
09 (2), 09 (2")] = 60 (9> (2), Y (&)} = ————,
we get,

% (z,0)0% (2, 0') = e [¢>@)0<(@)] gaa[0v=(2).0V<(2] . §2 (1 0) D (a,0'):
Y (1 _ad'0y

,> D% (z,0)0% (2, 0'):
= (z — ' — 00 :0%(x,0)0% («/,0): .

r—x

Consequently, if we define the NS screening charge operator as
Qus = /dz do VP(z, ),

then, using the notation (3.23), we get

N
QY. [0) = / @2 40 Avs(2,0)" T ©2"7 (20,64)[0),

a=1

where dNz dNg =[], dz, df, and

Ans(2,0) = [] (20— 2 —0abs).
1<a<b<N

We also introduce a general coherent “bra” state in the NS sector

o0
(Virgaa| = (0169 T ehmontsncnabinsss),
m=0
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where

ks &} = {8ks 0a} = {&ks i} = 0.

Combining the above ingredients we find that the Neveu-Schwarz ([-deformed super-
eigenvalue integral is represented by the following expectation value

_VB N
Z= < Vi ﬂvt,g‘ QY 0> - / dVz AN Ang(z,0)P e~ 0 Zama V(zaba), (3.36)

where
V(Z, 0) = VB(Z) + VF(Z)H, VB(Z) = Z tmzm, VF(Z) = Z £m+1/22m. (337)
m=0 m=0

The loop equations for this model from CFT perspective follow from the relations T (z) |0) =
S+ (x)]0) = 0; using (3.29) they take a familiar form

(T4 (@) = { Viyaee| T (2)Q%

0> - (3.38)

N
1 1
= / dVzd"o <aZa =50 ba > < Ans(z,0)% e Tt V(Zbﬂb)) —0,
a=1

“r— 2z T — Zg

(51@)) = (Vivymee| S+ (2)Q%] 0) = (3.39)

N
- / dVzdo Y (aga feaa%) ( L Ans(z,0)% e i V<Zbﬁb>> = 0.
a=1

— *a

Furthermore, the Neveu-Schwarz wave-function — also referred to as the a/f eigenvalue
integral — is defined as the following expectation value

Salz,0) = < Vy ﬁ,a/m‘ o7 (,0)Q, o>. (3.40)

An explicit form of this expression defines a super-eigenvalue model considered in [24]

N
Xol(z,0) = enzV (@9 /sz d™g H(x — 24 — GHQ)_Q;L/EANS(z, 0)° o= Toka V) (3.41)
a=1

3.3 ...and Neveu-Schwarz super-quantum curves

In order to derive super-quantum curves, i.e. differential equations satisfied by the wave-

0>.

Since this calculation, even if in principle straightforward, is rather lengthy and a closed

function (3.40), we need to compute correlation functions of the form

(Vi Boagne Tn) -+ Tlum)Sun) -+ S(u,)0F (2,6)Q1

formula for arbitrary m and n is not known, we restrict ourselves to the simplest cases of
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m=1,n=0and m = 0,n = 1. First, we need to identify the following representation of the
Neveu-Schwarz algebra
L_ypXa(z,0) = j{ %W < VN\/Bfa/h,t,g’ T(y)®n (z,0)Qys 0> )
’ ay . (3.42)
G_ix ,0) = —7<V S(y)®7 (z,0 N0>.
kXa(T,0) i (y— m)ki% Ny/B—a/ht,& (y)®* (x,0)Qys

xT

To evaluate these expressions, first note that

N

T_(y)]0) = 5 (09 ()00« (y) + Ob< (Y« (y) + QD*d<(y)) 10),
S_()10) = (V< (y)9d<(y) + Q0v<(y))|0).

Using definitions (3.19), (3.23) and the commutation relations (3.1) and (3.13), we find

a o (y) — 99 (z) . =

(3.43)

—

W _
T (). @2 (2.6)] = - i) (3.44)
o (O (y) —O0<(z) | P<(y) —¥<(@) — (y — 2)0¢< () 0
+2h< y—x * (y — x)2 0L (x,0),
& o Pe (y) —<(x) 99 (y) — 0 () %
[s- .0l )] = § (PIZtelt) 2020 g, (3.45)
and similarly for the commutators [T, (y), @;‘/ﬁ(za, Ha)] and [S_ (y), @;ﬂ(za, QQ)} .
Since )
Vi(y
<VN\/Bfa/h,t,§‘a¢<(y) = <VN\/Bfa/h,t,§ Big )7 (3.46)
Ve(y) '
<VN\/B—a/h,t,§‘¢<(y) = <VN\/B—oz/h,t,£ Fh )
we have
o (Val) Vi) | 1 (Vi) W) | Vely) ~ Valo) — (y — 0VA) g\ arvies
h? y—x 2 y—x (y —x)?
1o ey
= = (y) ei? V(o) (3.47)
where
f(y) = h2 Zy Z <mtmatm—n—2 + (m - 2> €m+1/2857nn3/2> : (3'48)
n=0 m=n-+2
Similarly
a (Ve(y) = Vi(z) | VEQ@W) = V(@) )\ avee _ 17, avee
72 ( = = ) en = h2h(y) eh ) (3.49)
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where
N o o0
) =12y Y (gmﬂ P R N /2) : (3.50)
n=0 m=n+1
Combining the above ingredients, and using (3.28) and (3.29) which in particular contributes
as surface terms, we get

T(y)®7 (z,0)Qf

Ao + 160
0>:< R 27, ixax) Xa(z,0)+

< VNVB—a/ht. (y — x)2 y

(3.51)
+ o1 (W) + ViVel) + @RV ) +2F(0)) Sl 6),
and
% . N _ QQA% 1 B S (2
<VN\/B—a/h,t,§ S(y) @ (,0)Qus 0> = <(y T (00, ae)> Xalz, 0)+ )

+ o (Ve@)Vil) + @) + 5)) Ral,0)

Expanding (3.51) and (3.52) in powers of y, we find that the representation of the Neveu-
Schwarz algebra on the wave-function X, (z,6) takes form

N 1 N
Lo=Ae + 5939, L_1 = 0x,
’ (3.53)

- 1 . e " n—27
and
é% =20/, é_% = 00, — 0,
~ 1 k—3 k—1 k—3~ (354)
Gy = ﬁ?(k—?’)‘@x ? (Ve(@)Vi(@)) + QN ?Vilw) + 05 *h(z)).
3)1

From the above construction it automatically follows that super-quantum curves in the
Neveu-Schwarz sector take form of singular Neveu-Schwarz vectors, such as those in examples
(3.11) and (3.12), expressed in terms of the above generators of the Neveu-Schwarz algebra
(3.53) and (3.54). In this way we reproduce — and prove in general — the results found in [24]
(using the matrix model formalism).

4. Ramond sector and Ramond-NS super-quantum curves

In previous sections, using conformal field theory techniques, we proved that quantum curves
associated to Virasoro and Neveu-Schwarz algebras, found in [20,24], indeed have structure
of singular vectors for these algebras. In this section we generalize such an approach to the
Ramond sector of the super-Virasoro algebra. In this case taking the viewpoint of conformal
field theory has two important advantages. First of all, it enables to define the corresponding
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eigenvalue model, whose form is not obvious to identify a priori. Second, similarly as in the
previous sections, it proves in general that Ramond quantum curves take form of singular
vectors of the Ramond algebra.

When considering the Ramond sector, certain subtleties must be taken into account.
Similarly as in earlier sections, the wave-function Y, (z) is identified as an expectation value
of a certain z-dependent operator, evaluated in between two reference states. Such an ex-
pectation value can be defined in two general ways. First, in order to have a well-defined
wave-function, we can choose the two reference states (represented, schematically, by the bra
(R| and the ket |R)) from the Ramond sector, and the z-dependent operator N.S(x) to be of
the Neveu-Schwarz type, schematically

Xa(z) ~ (R| NS(z) |R). (4.1)

As the z-dependent part in this expression is encoded in the operator in the Neveu-Schwarz
sector, it follows that quantum curves — i.e. differential equations satisfied by X (x) — have
the structure of the Neveu-Schwarz singular vectors, such as those given in (3.11) and (3.12).
Nonetheless, the form of super-Virasoro generators En and én+1 /2 in terms of which these
quantum curves are expressed is now different than in section 3, and it encodes properties of
the underlying Ramond algebra. We call such quantum curves as Ramond-NS super-quantum
curves.

There is also the second possibility — we can choose the z-dependent operator to be of
the Ramond type, and then one of the reference states to be from the NS sector, and the
other state from the Ramond sector, schematically

Xa(z) ~ (NS| R(z) |R). (4.2)

In this case the corresponding quantum curves indeed have the structure of Ramond singular
vectors, and we call such curves as Ramond-R super-quantum curves.

The construction of the above two types of Ramond quantum curves is a generalization of
considerations in sections 2 and 3 — however details of such constructions are not completely
obvious. In what follows, in sections 4.1 and 4.3 we present the construction of Ramond-NS
quantum curves, and in section 6.7 we discuss the case of multi-Penner potential, which gives
rise to one particular example of Ramond-N§S super-quantum curves. Subsequently, in section
5, we present a construction of Ramond-R quantum curves. For brevity, in the Ramond-R
case we essentially restrict the analysis to the Penner-like potential, and demonstrate that
in this case quantum curves take form of a supersymmetric generalization of BPZ equations,
which provides an independent check of our approach. Moreover, independently of conformal
field theory analysis, in section 6 we derive Ramond-NS quantum curves from the super-
eigenvalue model perspective and using matrix model techniques. Similarly, in section 7 we
rederive Ramond-R quantum curves using eigenvalue model techniques. This proves that
CFT and matrix model methods lead to the same results, and enables to compare advantages
of each of those approaches.
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4.1 Background charge representation and singular vectors

The oscillator algebra in the Ramond sector takes the same form as in the Neveu-Schwarz
sector (3.1), however now with all indices integer

[ama an] = m5m+n,0u {1/1m7 1/%} = 5n+n,07 m,n < 7. (43)

There are two vacuum states in the Ramond sector, which we denote by |0, £ ), and which
are defined by equations

am |0,£) =0, m >0, Ym |0,£) =0, m >0, Yo |0,£) = |0,F). (4.4)

1
V2
The super-Virasoro algebra, which now we refer to as the Ramond algebra, takes the same
form as in (3.2), however now with all indices integer. We consider the following free field
realization of this Ramond algebra

1

LO—Za—mam'i_me mwm+ aO(aO_Q)—Fﬁv

Z An—mam + 3 Z My + (230 - (n + 1)Q) an, n 7é 0, (4'5)

m;ﬁO n mGZ
Gn = Z an-mPm — Q@ (n + %) (o
meZ

One can check that the following relations hold
L,|0,£)=G,|0,£)=0, m>0, (4.6)

and

Lol0.£) = [0.5),  Golo,£)=—Zuol0.+)=—-Lj0.5). (@)

2v2
Due to the presence of the term %@Lﬂ/fo in L_q, there is no state annihilated by L_; in the
Ramond sector.

By considering a transition map between the oscillator algebra and the Ramond version
of the super-Virasoro algebra one can derive general expressions for singular vectors in the
Ramond sector, analogously to considerations in previous sections. At the level zero the
operator which gives a null vector for « = @/2 (while acting on the Ramond highest weight
vector | Aq,+) with Aq = fa(a — Q) + 1) or the null field (while acting on the Ramond
primary field R (z)) is given by

10
Ajo) = Go-

— 928 —



At the level 1 the operators which give null vectors/fields for a = Q/2, %\/B, or —ﬁ may

be presented in the form

A\(l‘l) = 40[(205 - Q)G_l - 8L_1G(),

Aljg) =42a+ Q)L 1Gy — (2a — Q)G 1,
Aljg) =8aG_1Gy — 220 — Q)L 1,

Al =220 - Q)20+ Q)L_1 — 4G 1 Gy.
As our last example consider operators

AZ gy = Loa ((a+ 3Q) Ay + 340 1)) - G (3

For o = Q/2, % 0, —ﬁ, %\/E, or —% they give rise to the null vectors at level 2.

4.2 Ramond-NS eigenvalue model

We introduce now various fields and operators relevant in the Ramond sector. First, we
consider the bosonic field (2.32) and define a fermionic one

U(z) = s (@) +0c(@),  Us(@) =Y Ume ™I Po(@)= Y oma™E, (49)
m=0 m=1

as well as the corresponding energy-momentum tensor and its superpartner

Q

_1 .1 Y
T(a) = 5 :06(2)00(@): + :00(w)0(w): +$0°0(), o)
S(x) = P(x)0¢(z) + QoY(z).
These fields have mode decompositions
T(z) = To(2) + T-(z),  S(x) =S4 (x) + S (),
oo B oo Lm
T (x) = Z Lopmz™ 2, Ty(x) = Z 2 (4.11)
m=1 m=0
S.@) = Y Gona™E, Sula) = 30
m=1 m=0 xm+§
with modes L., = ¢, dr pmH1T(z) and Gy = 0 Iz xk+%5(:p) given in (4.5). Note that

Ty(2)]0,£) = 152 10, £), S4(x) 0, £) = —235%/21&0 |0, £ ), and contrary to the definition in
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the Neveu-Schwarz sector (3.17), now 7_(x) and S_(x) contain singular terms at x = 0 (for
modes labeled by m = 1). Furthermore, we introduce the exponential (super)fields

EO‘@,’) _ ea¢<(x) ef3é<l>>($)7

4.12
8°(2,0) = (1+ a(@)0)E(2) = e IE(z) 2
In what follows we also use the notation
(bz (27 0) — ea(¢< (2)+9< (Z)@)7 (13% (x’ 0) _ e—a%%@% (x’ 0) (413)
Note that the following commutation relations hold
[Lin, ®*(2,0)] = 2™ (20, + (m + 1) (Aa + 5 — $990)) ©*(x, 0),
, 1 (4.14)
(Gons @ (2,0)] = 23 (0 (20; + 280 (m + 3)) = 20 )2°(2,0),  Aa = 5a(a - Q),
which in the special case o = —/f3, so that A_ 5 = 1VB(Q + V/B) = 3, take form
[Lm, <I>_‘F6(a:, 9)] = (8, — 3(m + 1)0p0) (meI)—\/B(:C’ 0)) ,
(4.15)
[Gm,é—ﬂ(x,e)] - (ear - ae) (xm+%q>—¢5(x,9)).
From (4.14) we also find
Ay — 31— 1940
(T4 (y), °(2,0)) = D ——— (2, 0) + = —2_2Z20°(z,0),
yly —x) (y— )
) (A 1)( 1) (4.16)
x a—35)y+z
S ,P%(x,0)] = (00, — 9 — DY (x,0) + 2 DY (x,6),
50, 9% 0)) = (00, 04) [0 (0,0 + St 0 0)
and in particular
T8 w.0)] = (0t L Yo wo),
S0 @.0)] = 00— 00) | [5——0~(w.0).
yy—x
Since
o> (@)0 (< (x)8" _ (1= {¢h=(z), < (2')}00) V< (@8 > (2)0 _
(12902 e g (4.18)
Var' v — ’

we get the identity

N 3 N , N
O VP(24,0,) [0, %) = o= 2 — 0a0yy |2 VIO TT 927 (20, 00) 0, £
[To Gata 0= TT (m=a-tu/2) TLe5 [0 0.4)

1<a<b< a=1 a=1
(4.19)
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which is relevant for the eigenvalue model of the Ramond-NS type. To simplify this relation,
note that we have

Hef«a =H<1+f

a=1

@)= (Vg genon (-1 5 ).

1<a<b<N

so that we get

B
Zb B 0abh 3 2y Oabhp B 0abh
S il 2 = (20 — 1-8,/2 1—
<Za 2p — 0abh Za) eXp( D) Tazb> (Za zb) < B 0 Za_2b>< 2 ezt )

B 0.0y 2o+ 2p Zq + 2p B
= (2q — 1-= =|zq—2p — 0.6 . 4.2
(= Zb) < 2 \/Za2Zb Za — 2 fa T2 2./Zq2p b (4.20)

Then it follows that

w VB Z
Hcp VB(20,02)]0,£) =¢ WAR ﬁH@ VB (24,00)]0,£), (4.21)
a=1
where we introduced a (Ramond-NS) version of the Vandermonde determinant
Ag(z,0) = H (za — 2y — ;aﬁ 0a0b> . (4.22)
1<a<b<N V ZaZb

In order to define the Ramond-NS model it is natural to define the following coherent
“bra” states

<Vi = (0,=£| eN VB i éovo H et (tmam+Em1vm+1) (4.23)

m=0

Since (0,+|0,—) = 0 (in our choice of normalization), we get

N 6y N ¢.0 VB <N &l
(0, + | efovoe ¥oVPiat V25 |0, 4y = 1 21/13\;? > b _ TNV (4.04)

and then
(Vi H O VP(20,00)|0,+) = An(2,0)7 e F Zaa ¥l ), (4.25)
where
Va(z,0) = Va(z) + VF(Z)\27 Ve(z) = i)tmzm, Ve(z) = i)fmzm. (4.26)

The partition function of the Ramond-NS type is now represented as the integrated expecta-
tion value (4.25)

7 — <V+ﬁ

>: / ANz dN9 A (z,0)% o= F Lol Vielzaba), (4.27)
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where we defined the Ramond screening charge operator by
Qu = / dzdo VP (=, 0). (4.98)
This partition function (4.27) is regarded as the definition of the super-eigenvalue model for

the Ramond-N$ sector.?
In what follows, for an operator O, we also use the notation

(©) = (Vi e,

> . (4.29)

In particular the partition function (4.27) can be written as Z = (1). Using (4.17) with the
relations (4.6) and (4.7) we find

2
(S0 + s (80— 50 ) 2 = (4.50)

- / a2 dNy Z(eaaza—aea>< L An(z.0) eéﬁﬂv—lw%ﬁb)) =0,
T T — Zg
a=1

1
1622

N
Y e Oa Za 8o E S Vo) ) =
/d zd™0 ;(8% Zaoaza(x—za)> (x(x—za)AR(z’o) e h 2b=1 0.

These equations are interpreted as loop equations in the matrix model language in section

(T4 (2)) - (4.31)

6.2. We now introduce a representation of the Ramond algebra in terms of operators acting
on the partition function as

gn 4 = <<Gn>>7 by Z = <<Ln>> (4'32)

Then from the loop equations (4.31) and (4.30) we find super-Virasoro constraints

Q h? 1
- _ R, > .
g2 = —50n0(S0— F00) 2, nZ=0nZ,  n=0, (4.33)

4 : w« 9 +
Note that, since we defined two “bra” states (VN VAbE

|0, £), one could in principle consider three additional correlators analogous to (4.25). However, since
0. )
VZa /!’

N
we see that (V]\j]:f " €| [T ® V?(2a,04)|0, ) (with opposite Ramond vacua chosen on both sides of the corre-
a=1

lator) is no longer of the desired form, as in the right hand side of (4.25). In what follows we therefore consider
only the correlator (4.25), with both | 0,4 ) Ramond vacua in both in and out states (the case of both |0, —)
vacua is equivalent and does not need to be considered separately).

| in (4.23), and there are two “ket” Ramond vacua

N

2 — N Oa 1 /2
<07+|eh§owoe PovB Y -1 \/a|077>: ﬂ(ﬁgoJr\/EE
a=1

— 32 —



where

00 00 h2 n
gn =Y mtyd, ., + Z EmOtmsn + 5 Den Ot + WY 0,01, +

Q K
an(o 3)oe. - Sona(c0- o).
and
) h2 n
by, = Z mtmathrn + Z (m + >§m3§m+n ? Z 8tn7matm+
i e m=0 (4.35)
h h? — Qh 1
+ 0% %, + o mzzlmaém_nagm = 5 (n+1)3, + S£0np-

4.3 Wave-function and Ramond-NS super-quantum curves

We define the wave-function in the Ramond-NS sector, representing the expression (4.1), as
the expectation value

Salz,0) = <<<1>%(x,9)>> - <v .

We write down this expression more explicitly (after the replacement § — ny/z) in (6.41),

¢ (x,0)Qy

0, +> : (4.36)

where we analyze the eigenvalue model viewpoint.

One our goal is to find a representation of the Ramond algebra acting on X (z,0), as
well as on components Xpo(x) and Xp(x). To this end we compute expectation values of
operators defined in (4.11). We find

<<\/§S(y)<l>%(x,9)>> - <y\£§ (00, — Og) + %)X&(Q? 0)+ (4.37)

+ o () + (Vi) - g;) (Velw) — 5%, ) + QhV () )Rz, ),
where . .
=0y > (EmOry s + MmO, ), (4.38)
n=0 m=n+1

and similarly

N - (Aa + 3600p) R
<<yT(y)‘I’h(’”’9)>> - (y —0e (y — x)? =+ 1éy)x (& 60+ (4.39)
2
o (F) + 5 (v (%) + @) + Vi) (Velw) — 506, ) ) ) Rala, 0),
where
y) = h? Zy” Z (mtmatm,n,l + (m nE 1>fm8£m e 1) (4.40)

n=0 m=n-+1
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Computations leading to the above results are straightforward albeit technically involved,
therefore we present them separately in appendices A.1 and A.2. However, at this point we
stress an important subtlety concerning the character of the expansion of the field S(y) in
powers of y. The crucial information about this expansion is encoded in the first term on the
right hand side of (4.37), for which we have

1 \/E A%H(y—Fx) B QA%Q 1 _i B A%Q
ﬂ(y—w(eax_aeHﬁ(y—x)Q)_(y—w)2+<y—-’r 233)(9636 T
(4.41)

with the dots denoting terms vanishing for y — z. On one hand, there is a square root

singularity in y for y — 0 or y — oo, which is a manifestation of the fact that at these points
we inserted Ramond vacua. On the other hand, for y — = the above expression has (as follows
from its right hand side) the second order pole, which means that the operator inserted at
x is identified as a Neveu-Schwarz operator. Furthermore, from the presence of this second
order pole, and since in general the expansion of the supercurrent is of the form S(y) =
S Gr(2)(y — 2)7F=3/2, we deduce that the summation variable k must take half-integer
values, and therefore the modes Gy, are relevant for the Neveu-Schwarz sector. Expanding
then (4.37) around y = x and taking advantage of (4.41) we identify the representation of the
Ramond algebra acting on the wave-function

(=3

7

G1Xalz,0) = <<G% P (:1:,9)>> = 2020 Ra(,6),

G 1 %alz,0) = <<G7% : <I>%(x,c9)>> — (00, — 3p) Ralz,0), (4.42)
G 3Xal(2,0) = <<G 5 OF (a, 9)>> (iff - % (00, — ag))fm(:z,epr
1’_1/2 (vt ) (Vo) — 5706, ) + QVi(w) + () Ralr, ).

Similarly, expanding (4.39) around y = x we get in particular

Loz, 0) = <<L0 : <1>%(g;,9)>> - (A% + %eag)ya(x,e),

L 1%a(z,0) = <<L_1 : (b%(q:,ﬂ)» = 9y %a(z, 0), (4.43)
Esfale,0) = (L2 @3 (2,0)) = (15 — ~00)Rale,0)+
b {27+ 3 (@) + om0 + 2 (ke - 500 ) ) e

It then follows that super-quantum curves will take form of Neveu-Schwarz singular
vectors (3.11), expressed in terms of the representation of super-Virasoro generators given
above. We present an explicit example of a super-quantum curve at level 3/2 in section 6.6,
and yet more specific example of the multi-Penner model in section 6.7.
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5. Ramond-R super-quantum curves

In this section we introduce wave-functions and derive super-quantum curves of the Ramond-
R type, which have the structure of Ramond singular vectors, such as those in (4.8). To
define such curves we need to consider wave-functions defined in terms of expectation values
of z-dependent operators R(x) of Ramond type, presented schematically in (4.2)

Xa(z) ~ (NS| R(z) |R). (5.1)

It is most natural to define such Ramond fields R(z) by taking advantage of “chiral spin
fields” (or “twist fields”) o (x) discussed in [39,40]. Therefore we first discuss properties of
such fields, and subsequently define the whole correlator (5.1).

In fact, a definition of wave-functions and quantum curves of the Ramond-R type is much
more involved than in previous examples. For this reason we do not discuss models with
generic potentials in the Ramond-R sector, but focus our considerations on the Penner-like
potentials. In principle, an arbitrary potential could be presented as a combination of various
Penner-like potentials, so in this sense our results provide a basic building block of super-
quantum curves corresponding to more general potentials. Furthermore, we show that the
Ramond-R super-quantum curve with the Penner-like potential reduces to a supersymmetric
version of the BPZ equation in conformal field theory, which is a nice confirmation of our
formalism. We rederive these results in section 7 using solely techniques of eigenvalue models,
which proves that both approaches are equivalent.

5.1 Chiral spin fields

As indicated above, to start with we summarize properties of chiral spin fields. These fields
have scaling dimension %6 and can be defined by the OPE with the chiral fermion (z)

B(@os(w) ~ 5 ;’;F(% (5.2)

and the braiding property
Vw —zor(w)(z) = tivze —wi(z)os(w). (5.3)

It follows from (5.2) that if we define the states | o4 ) via an action of the chiral spin fields
on the Neveu-Schwarz vacuum |0)

= 1‘
|01 ) = lim oy (w)|0),

then
oFE et

¢0\0’i>zw|0’$>, (o1 [0 = \/5<0¥|-
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These relations enable to identify the Ramond vacua as [0, ) = |0,+) and |0 ) = e |0,—) =
V2e'T 10| 0,4 ). The reason for introducing this phase shift is that the one-point correlation
functions of the o fields are equal and thus can be both normalized to be unity

(0lo+(1)]ox ) =1. (5.4)

In order to determine the z-dependence of the correlators <0‘ai ‘ o4 > we use the fact

that with respect to the Virasoro algebra o4 (z) are primary fields of scaling dimension 116

[Lim, o0+ (2)] = <x8 + 116 (m+ 1)) ox(x). (5.5)

Therefore, since (0| L; =0 and L; | o+ ) = 0, we get from (5.5):
1
0= <0‘L10‘i ‘Ui> = <0‘ Ll,di }O‘i> <x81+8> <O‘O‘i ‘O‘i>

which, in view of (5.4), yields
(Olos(z)]|ox ) =a -1/, (5.6)

To calculate the one-point correlation functions of the fermion field ¢(x) in the presence
of the spin fields let us consider the functions

s+(2) = Vz(z = 2)(0]ox(2)(2)| 02 ) = Fiv/z(z — 2){0|¢(2)ox(2)| o4 ). (5.7)

By (5.2), s+(z) is a holomorphic function of z with the only possible singularities (poles) at
0,  and infinity. Since

oFT VE(O|og(z)|ox)  for z—0,
sy(z) ~ :eri?r f<0|ai |ai> for z — =z,

$i<0‘wéa¢(:r)‘ai> for z — oo,

this function is actually a (z-dependent) constant

—eI4\/><0‘a:F >ya¢>:eﬁ\f<o\oi Jou).

In view of (5.6) we obtain the one-point functions of the fermion field

B T r 1 1y
<O’0:F(x)¢(z)}ai> = \/ﬁ \/:mx 1 8’
<O‘¢(z)a¢(x)

los) = Vivis
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Similar technique allows to calculate higher point correlation functions of the fermion fields.
For example, for the two-point functions we get

Z\r —w w\r —z .Til/8
(O]ow(e)p (=) 0x) = 5 (\/w(@ —+ \/((:U - w;) -
i z2(w—2x w(z —z)\ z~1/8
(Op ()o@ (z)]ox) = ) <\/w((:z: - zg - \/z((w - x;) w— 2z’ (5.9)

zZ(w —x w(z —x /8
<Nwwwwﬁﬂﬁﬁ%>:;<¢J¢—x?+¢4;—$>w—f

The result for the higher point correlation functions can be summarized by the following
5

version of the Wick theorem

O‘Ui He Za)0
O‘Ui He Za)0

o) oY exp (=D (o @iz (0) by ).

a<b

)Y (za)| o5 ) x (5.10)

xexp (= 30 (o @)z (1) 0,

a<b

where

za(x—2p) zp(T—2a)
<0 ‘U+ Y (2 W(zb)‘ U+> _ \/Zb(x—zS) - \/zz(r—%) ‘
(0ot (z)] o4 ) 2(zq — 2p)

Modifications appearing in the case when some of the fermions are to the left and some to

(o1 (@)¥(2a)th(0)) = (5.11)

the right of the spin field o4 (x) are straightforward.

5.2 Ramond-R wave-function

The key in the current construction is the field denoted schematically R(x) in (5.1). More
precisely, we introduce a pair of such fields, which are Ramond chiral primary fields with
conformal dimension La(a — Q) + % =Aq+ %, and which we define as

2
RY(z) = E*(z)ox(x), (5.12)

with E*(x) given in (4.12). Furthermore, we introduce a correlator, whose integrated form
represents the Ramond-R eigenvalue model

-NVB=Q-

(5.13)

N
Uy (w,2,0) = (g |RL(2)®7 (w,n) [] 2V (24.00) |0+ ),
a=1

®The chiral fermion () and the fermionic variable § anticommute {¢(z),0} = 0. We assign the commu-
tation relation [0 (z), 0] = 0 between o4 (z) and 6, and then, from the definition (5.2) of the chiral spin fields,
it follows that o_(x) and 6 anticommute {o_(z),0} = 0.
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Let us clarify the structure of this correlator. First, the insertion of Ri (x) is analogous to a
determinant-like insertion in a Virasoro (non-supersymmetric) matrix model, and introduces
a dependence of the wave-function on z. Second, @%(w,n) gives rise to the Penner-like
potential (and it plays a role analogous to more general references states, such as (2.41) or
(3.35) in other models that we considered, which gave rise to more general potentials). Third,
a series of fields Q_\/B(za, 0.) introduces, as usual, the structure of the eigenvalue model and
gives rise to the Vandermonde-like determinant. To simplify calculations, we assume the
presence of a chiral field at infinity and define

(ag]| = (0]e 9= Zlg%oz—%(if?—Q) (0] @7 (2,0). (5.14)

Generalization of the above model to the multi-Penner case can be achieved by replacing in
the correlator (5.13) ®7 (w,n) with sz\i1 é%(wi, n;) with M > 1, and more general potentials
can be introduced by considering yet more general insertions.

Let us now evaluate the correlator (5.13). Using (5.10) and the normal ordering formula
for the bosonic fields E we get its explicit form, which can be presented as

V(2 2,8) = O () (1 — w) ¥ A y(z,0)7 T Tam (VBala)tVraa)ta), (5.15)
where

AR,.’E(Za 0) - H(Za - Zb) e_<a+(‘7’,)¢('z@)d)(zb)> Gaﬁb —

a<b

= H o o— o — \/Za(l’ — Zb) " \/Zb(x _ Za) 0,0, (516)
a<b a™ ~b 2p(T — 24) Za(T — 23) 9

can be viewed as a Ramond version of the Vandermonde determinant, and the analog of the

Penner potential takes form
VB,GC(ZCL) + VF,:C(Za)em (517)

where

Voe(2) = alog(x — 2) + ylog(z — w),
w\r — =z Z\r —w 5.18
Vis(2) = =1 {osle)blw)i(e)n = 5= <\/ . \/ : )) oo

z(x —w) w(z — z)

Furthermore, we also denoted

O (x) = (O]oy(x)|oy ) =25,

N
6 () = T 0]o_(2)o(w)| oy ) - VB > u{0]o-(@p0a)| o) =

(5.19)

e ; (77;7\/957_ \[Z - ) U8
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where the explicit forms of O, (z) and ©_(z) are derived in (5.6) and (5.8), respectively.
Introducing yet another fermionic variable & we can combine V4 (z, z,0) into a single super-

\IJ(.’L‘,f,Z,B) :\IjJr(l"Zve)—l_\feiIg\I[(xvz?a)' (520)

function

This allows to express the Ramond-R wave-function for the one-Penner potential x%(z,£)
which we discuss in section 7 in the form

ay _€n VT
X, 8) = 28z —w)"ie M VoW /sz dNo W(z,¢,2,0). (5.21)

5.3 Ramond-R super-quantum curves

Analogously as in other cases, super-quantum curves of the Ramond-R type are differential
equations satisfied by integrated form of ¥4 (z, 2, 0). In general they can be obtained by con-
structing null vectors in the Ramond Verma module. As an example, we consider correlation
functions of the field (cf. the first equation in (4.8))

(2‘ (2;;‘ - Q) Gy — 2L1G0) R (2). (5.22)

%, a = %, and o = —%. The second and the

third case leads to a pair of the first order differential equations derived below.
We first denote

Such a correlator should vanish for a =

N

si(y) = ViV — 2 (a0 | SR (@)®7 (w,n) [T 2P (20,00) | 04 ) =
a:1N (5.23)
= Fiyiva — g (ao|RE(@)S)@7 (w,n) [] 8P (20 00) 04 ).
a=1

Since, as it follows from the mode expansion of the current S(y) around the fields and
states present in the correlation functions s4(y) as well as the commutation formulae (4.16)
and (4.17),

— ~VB
S(y)q)_ (Za’ea) ~ ((y —QaZa)Q + ea(?ja_ Za6)0a> q)_\/B(Zaa ea) = (eaaza - 89(1) qm’
VIS |04 ) ~ ~Goloy) = 25 o)
22y ’
(5.24)
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we see that si(y) are meromorphic functions, vanishing for y — oo and having first order
poles with locations and residues which can be read off from the equations above. si(y) can
be thus written as a sum of the pole terms and, taking into account the equalities

N
(a0 RE ()07 (w, ) [[ (20, 00) | 0= ) = Vs (2, 2,0),

a=1

N
(a0 |RE (2)@7 (w,n) [] 2V (20.00) | 0- ) = —i¥_(z,2,0),

a=1
which follow from (5.10), we get
. N
= J
(a0 | SWRL(2)®% (w,n) [[ 7P (20, 60) | o) =
a=1
1/ 2« T T in
= [ (= — o
2 (( RNV T 2y3(y—9«“)> o Wale, 5 60
Jw(z —w) [ 2837 1 1 1
- - — A w v (e
i o0 —2) ((y—w)2+y—w p— 27 + 10w — Oy +(x,2,0)+
N
. Za(.’L' - Za) \Il:t(xv Z, 9)
— iy (0a0s, — 0, . 5.25
;( 9)< yly—=) Y-z (5:25)
Using (5.25) and the definition
o 1 (63
S(y)RE(z) = Z 7m+gGm‘ E(2), (5.26)
meZ (y - 1:) 2
we get in particular
& al N 5 Q/2 in
(ag|Go-RE(x)®% (w,n) H @7\[(2@, 0,) 04 ) = hTeif Ur(z,2,0), (5.27)
a=1
and
- ) §-Q2FQ L
(0] G- RE@8H ) [ &7 Pans o) [00) = =2 ™ 2004
Axnzx
: w i
- ) w T \II ) )0
i P pr— (w(m—w)Jrna (")77> (x,2,0)+
N
‘ 2a(T — 24) Vi (2, 2,0)
— 0., — . 2
zazl(e 0., aga)( - p—— (5.28)
Defining finally
(o] N
Xt al@) = /szdN9 (ao| RE(2)@7 (w,m) [T @77 (20,0) | 0+) . (5.29)
a=1
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and
G o) = / 2 a9 (o] G - RE(2)0% (0, ) [[ V(20 0) |04 ),  (5.30)

and using (5.22), (5.27) and (5.28), we arrive at differential equations for the wave-functions

1 - 2 Axnw
( 4 + > )?ia(x) = —¢1 a w ( h + 10y — 377) )?‘E,a(x), (5.31)

dr ' 8z A\ z(x —w) \ w(z —w)
o 1 Qa\ _ in 2w A%nx ~R
(856 i hx> XD ofw) =e h\ z(z —w) <w(:v —w) 10 = O | X al),

which are valid for a = g 5 or —%.

The equation (5.31) can be further simplified by using the scaling covariance (the unbro-
ken subgroup of the global SL(2,C) covariance) of the correlation functions (5.13). Indeed,
since 1

Lofos) = qglox),  (aoLo=As {aol,

then using commutation relations
[Lo, Ri(x)] = (x@x + (Aa + %)) R% (x),
[Lo, @7 (w,n)] (w@w + (A7 + %77877)) o7 (z,n),
[LOa (I)_\/B(Zayaa)} = (az,lza - %aﬁaea) (I)_\/B(Zav Ha)a

we get
N
(x@x + wdy + 500, + > (9270 — 500,04) )\Ili(x, 2,0) = (A%o ~Aa— Ay - %) U, (,2,0),
a=1
and consequently
(20y + Wy + 1ndy) () = (A%o ~As — Ay~ g) L alx). (5.32)

Using (5.32) and defining

~ 1 1,

Xia(@) =278 (ffa(2) Fngkal2)), 9% 0(1) = F 25 OpXL o (%), (5.33)
we can reduce partial differential equations (5.31) to two pairs of coupled ordinary differential
equations

OfE o) in QU 2w -
. =e1 — 5.34
S = ot iy ) (5.34)
in 2 AfLo — Ag — Ia A1
2_@ ﬁa(x):efjg w ( n h x B )fia(x)v
Oxr hx ’ h\ z(z —w) w x—w/"T
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and

0 QoY i  in« 2w
<8x B h:v) mal@) =ty x(z — w)g+’a(aj)’ (555
R _ Aoy — Ao — 20, Ay
L Ry T e R . DY)
Ox R\ z(z —w) w x—w/"

It is straightforward to derive from (5.34) and (5.34) a second order, ordinary differential
equations satisfied by the functions fI  (z) and g% ,(x) (we discuss these equations in Sec-
tion 7). These are Ramond-R super-quantum curve equations we have been after. In the
context of superconformal field theory these equations can be regarded as supersymmetric
versions of BPZ equations, and they were discussed and solved in [39,41]. The fact that we
reproduce supersymmetric BPZ equations ensures that we have chosen a proper definition of
the Ramond-R wave-functions (and the corresponding eigenvalue model), and it is a nice test

of our formalism.

6. Ramond-NS super-eigenvalue model and super-quantum curves

In this section we rederive super-quantum curves in the Ramond-NS sector, however in the
formalism of matrix models (or rather eigenvalue models), analogously as in [20,24]. This
enables us to compare both approaches (i.e. conformal field theory and matrix models) and
confirm that they lead to the same results. However, as an additional result, in this section we
also derive classical curves, which from the matrix model viewpoint would be interpreted as
spectral curves, and which describe equilibrium distribution of eigenvalues. The interpretation
of such classical curves is more natural from matrix model perspective rather than conformal
field theory.

Our starting point is the expression for the partition function (4.27), which we proposed
based on conformal field theory considerations, and which we interpret now as a super-
eigenvalue model with N bosonic and fermionic variables z, and 6,

Z - / AV N9 An(z, 0)Pe T Tili Vilza o), (6.1)

with dVz dNg = T[Y_ | dz, df,, the Vandermonde-like determinant given in (4.22)

1 0,0, \5
8 _ aYb
Auz0)= TI (20— 2—5(a+2) ZaZb) (6.2)
1<a<b<N
and the potential is given by (4.26)
0 o0 o0
Via(z,0) = Vi (z) + VF(:,;)%, Vo(z) =) taa”,  Vi(z) =) &a", (6.3)
n=0 n=0
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with bosonic times and fermionic times t,, and &,, such that {6,,&,} = 0. In this section we
also use an equivalent notation, with redefined anticommuting variable®

0 =nyz. (6.4)
In terms of variables 1, = 0,//Zq defined in (6.4), by d0 = Hivzl 22 d™p the partition

function (6.1) takes form

Z:/ﬁ ™) Av(z,m)Pe T Tam Vilzata) (6.5)

where Vi(z,n) = Vi(x) + Vie(x)n, and

N

A(z,m)’ = H 212 H (za —zp— %(za + zb)nanb)ﬁ. (6.6)

a=1 1<a<b<N
We also decompose the partition function as

7z = Zo-l—é;;)zl,

_ VBN p (+) >
Z(] = Z‘f -0 /d d A ( ) e h Zazl(‘/B( a)+VF ( a)"7a>’

N
_ VBN - ),
7=, 7 =~/ [a¥eay Az (Zna)e P larm),

(6.7)

where
(+) Z fnx

The partition functions Zy and Z; represent a two-dimensional Ramond vacuum. In this

section the unnormalized expectation value of an operator O is denoted by
(0) = / 0Nz Ay OA (2, m)Pe R St Vilzamo) (6.8)

6.1 Free field realization

In terms of times in the potential (6.3) the oscillator algebra (4.3) in the Ramond sector with
(3.13) is realized as

1 1
q = ﬁt()) d_np = ﬁtna ap = hat(p dp = hatna

R 1 (6.9)
Vo= 7o+ 500 Yon=gl Yn=hd,, m2l

5This is the same trick used in [42] to remove the half-integer powers of the variables z, in the construction
of Ramond singular vectors.
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Here note that the derivatives of the partition function with respect to times can be repre-
sented as the following expectation values

N N
O, 7 = —\f<<;zg>> e, Z = —\;?<<;zgna>>. (6.10)

Therefore we can introduce bosonic and fermionic quantum fields, whose negative modes —
normally represented by derivatives with respect of times — can be written as

thnaj —leoga:—F\fZZf —VB fZloga:—za

n=1a=1
N D W) SR 3) SETRAES LB R e s
n=1a=1 ¢
(6.11)

where we have defined

R A N R o0 R h
VF(x) = VF(J}) - \/23 Zna = *EO + Z§n$n, {0 = fo — L Zna. (6.12)
a=1 n=1

a=1
These fields satisfy standard relations

P(a1)p(w2) = log(er — 22) +-...  Pla))(es) = —

1 — 22

+ ..

The Ramond supercurrent S(z) and the energy-momentum tensor 7'(x) are constructed as

=" gur "2 = 9(2)0ud(@) + QAx(x), (6.13)
neL

T(z) = anm_”_Q = % 1 0:0(x)00(x) - +% s 0p(x)Y(x) - +%Q8§¢(:ﬁ), (6.14)
ne”L

where Q = 71/2 — /2 corresponds to the background charge in N = 1 super-Liouville field
theory. We also write

S(x)=Si(@) +5-(x),  Sp(w)= gnr "2,
n=0

= (6.15)
T(z) =T (z)+T-(x), Ti(x)=) lpz ">
n=0
The OPEs of these fields are given by
S(e0)S () = gy + T T(aa) +
T(21)S(w2) = Msm) = L GO (6.16)
T T(w2) = 5oy + oy o) + =T an)
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where the central charge reads

= % —3Q% (6.17)

The OPEs (6.16) imply that the modes g,, and ¢,, defined by the expansions (6.13) and (6.14)
satisfy the super-Virasoro algebra (3.2). After some manipulations we also find

(x — zq) x—zb) — (T — 24

N
\/~S+ gz $+Za77a IQZ £U+Za77a IQZUG+
wb=t (6.18)

2aVi(za)Na + Vi (24
_750_72 n v (2a)

T — 24

Y

= ﬁVé(iﬁ) w(z) + %Vp/(x) T ohx (Ve(2) — &) +

-4 i Ve(@) = Velz) _ VB Z (Vi(x) = Vi(24)) Zana (6.19)

ot (x — zq)(x — 2p) — (x - 2q)? oo @ 2q)?
4 B iv: ZaZbMab B iv: Zq (Vé(za) + VF,(Za)na) n (6.20)
2 = (x—z)(x—2) h — T — zg '

2h = (z — za)? 162’
PR S p Qx " zVi(x) — 24V (2a)
2T (2) = o Vo(@) + g Vi@Ve(@) + -V (@ Z T

o (6.21)

VB (V@) = Vi(za))2ama VB Z 2aVe (%, Za)Na

2h T — 24 (x —24)%

where we denote

VF(Q) (7,20) = Vi(2) — Vi(2a) — (2 — 2a) Vi (24)- (6.22)

6.2 Loop equations and super-Virasoro constraints

We can now determine loop equations for the super-eigenvalue model (6.5). As usual, these
equations follow from the invariance of the partition function under changes of integration

variables. The partition function (6.5) is invariant under

ZaNa0

VZ(z = z0)

Za — Zq + Na — Mg+ (6.23)

0
V(T — za)

,45,



with a fermionic constant 6. We see that this invariance leads to the loop equation (4.30):

N
1 6
dVzd™n Y (120,20 — A SN V(zama) | —
/ z 17 p ("7 6 aZ a'r]a,) |:x — (z TI) 1 07

a

which can be written as

S = 762 —h2 Oy | Z 6.24
(5+(0)) =~ (80— 0, ) 2. (6:24)
where the supercurrent Sy (x) is given by (6.18). The partition function (6.5) is also invariant
under
Zq€ ZaMa€
Y S— — 2
Fa 7 Zah x(r— zq)’ o = Mot 2x(x — 24)2’ (6.25)

with an infinitesimal parameter e. We see that this leads to another loop equation (4.31):

/ Z( Fa 77“2 xn_a za)) Lc iazaA (z,m) e TV o) | 0,

which can be written as

(T (@) = oy

where the energy-momentum tensor T (z) is given by (6.20). Therefore by the mode expan-

(6.26)

sion and the realizations (6.10), these loop equations give super-Virasoro constraints (4.33):

7--95 (g " )Z 07 = 5,07, >0 (6.27)
gnsd = 2% n,0 | SO 2 &o ) n 16 n,0 n-=u. .
Note that from the constraints (4.33), by the decomposition (6.7) of the partition function
we obtain
/g\nZO - %/g\nzl = gnZ = (61221 - QfOZO> 571,0’
. ¢ (6.28)
0 Zy + 05 Zy =07 = 6 (Zo + };)Z1> 0n,0,

where g, and Zn are abstract operators acting on Zy and Z;. In particular, the constraints

_ N RN
QZL 90212%20, EoZo:EZg, b7y = —Zl, (6.29)

G0 —
go4o 4 16

are consistent with the relation g3 = o — ¢/24 in the super-Virasoro algebra.

Also note, that while right hand sides of equations (6.24) and (6.26) are non-zero (and
so might seem non-standard), this is only a consequence of our conventions. If the modes Ly
and G would not be included in the definition of respectively T’ (z) and Sy (x), then (6.24)
and (6.26) would have zero on the right hand side.

— 46 —



6.3 Super-spectral curve

In the analysis of matrix or eigenvalue models, a spectral curve is an algebraic curve that

encodes equilibrium distribution of eigenvalues. In case of super-eigenvalue models one finds a

supersymmetric spectral curve, defined in terms of supersymmetric algebraic equations. Such

super-spectral curves in the Neveu-Schwarz sector have been derived in [24]. In this section

we derive an analogous super-spectral curve in the Ramond sector, for the super-eigenvalue
model defined by (6.1). To this end we analyze the loop equations (6.24) and (6.26) in the

large N limit
N — oo, h — 0, with p= ﬂ%hN = const.

We also use the notation

By defining

Vil ) = Volw) = Jim Z(0:6()), Vi) = Yelw) = Jim 2~ ((2)),
T fixed T fixed

the loop equations (6.24) and (6.26) yield

VY, (@)Ye (2) — Vi) Vo) + (Vi(a) — o7

and
oYy (2)? + 2Y(2)Ye(z) — 2Vi(2)? — Vi(z)Ve(z) —I—ﬁx(VB’/(x) —Yy(z)) — 21O (z) =

respectively. Here

N
%mzﬁmmzwu>ihmf?<zm>=mw—;mg2
hfixed

and

VBRI (Vi) = Vel(za) | (2VE(@) — 2aVE(2a)) 10
:_/]\\};oo A <<Z< T — Zg + T — Zq >>>7

T — zg 2(x — 24)

zaVF(Q) (T, 24)Na
+ 2(x — z4)? ) ’
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Vi) = VaYi()) - hO(z) =0,

N ! ! "(x) — 24VL(2
v@h<§:<f%@ﬂ—aﬂﬂ%)+(ﬂé@) Vi),

(6.30)

(6.31)

(6.32)

(6.33)

0, (6.34)

(6.35)

(6.36)

(6.37)



where VF(2)(£E,Za) is defined in (6.22). For polynomial potentials, h(?)(z) and f(©(z) are
polynomials of z. For i = 0, or in particular for g = 1, denoting

ys(x) = Yi(x;0), yr(x) = Ye(z;0), (6.38)

the loop equations (6.33) and (6.34) in the large N limit yield a super-spectral curve

{ Aw(z, yslyr) = ys(z)ye(z) + G(z) =0 (6.39)
Ag(2,yslyr) = ys(2)* + yp(2)ye () + 2L(z) = 0,
where
G(z) = —z V2V (2)Ve(z) — 27200 (2, 0),
1

L(x) = =5 Va(@)? = 527 Vi) Ve(w;0) — 2~ fO(;0).

The equation (6.39) is a supersymmetric algebraic equation, which defines a supersymmetric
algebraic curve. In matrix model interpretation this curve encodes equilibrium distribution
of eigenvalues. We refer to this curve as the super-spectral curve.

6.4 Wave-function and deformed currents

The quantum curves that we are after are supposed to quantize the super-spectral curve
(6.39). They should take form of differential equations that annihilate the wave-function,
which in the operator formalism we introduced in (4.36). More explicitly, in the eigenvalue
representation this wave-function takes form

Sl ) = <<e%(¢(x)+\/5¢(w)n) >> (6.40)

where 7 is a fermionic variable with {1, 7.} = {n,&,} = 0, and « is a bosonic parameter that
we refer to as the momentum. Using expressions (6.11) we can further write

Nol@,Van) = enz B@TRVe@n gy ins (e ) = e VBTN (2 ), (6.41)

where we have defined x,(x,/zn) as the unnormalized expectation value of the operator

B N — _1 __Za
mS( \f’l’]) — e R Za:1a<10g($ Za)—5MMa x_‘;anna) _

N 1 T N
- <1 + \;?an; (277a + ;_2)) };[l(a: ~ ) e, (6.42)

The wave-function can be decomposed into bosonic and fermionic components as

X\a(xv \/-%77) = X\B,a(aj) + \/ESC\F,a(x)n' (6'43)

By analogy with a derivation of loop equations for the partition function, in this section
we derive loop equations for the wave-function x.(x,/zn). This analysis is equivalent to the
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operator formalism presented in section 4. To proceed we regard the wave-function as an
eigenvalue model with deformed potentials

Vi(y;2) = Vi(y) + alog(z — ),

~ a ay (6.44)
Ve(ysz,m) = Ve(y) — 777 - 337—773/’

which replace Vi(y) and Vi(y) in the supercurrent S(y) and the energy-momentum tensor
T(y). Note that the fermionic time & is also deformed as &y — &y = & — an/2. From (6.18)
and (6.19) we find the deformed super-current

S(y;z,n) = St (y;x,m) + S—(y; z,m),

where
. _ Oé\/B Y Zalla Q\/B al y + Za 77a 6 y+ Za)’f]a
VS (ysz,m) = h ; (x = 24)(y — Za) 2 Z — 202 agl — )y — )
LoV - omfﬁ >
h Zx—za)(y Za Z?/—za
Ve (W)na + Ve B
it 0 sy LEDTw e
and
2Aaxn 1 o, o
VIS- () = o [on (0 + Vi) = (00— 5% w) + Aan]+
[ (Hw + G+ *Zna) +QVE(y)+
- Cgj(vp( ) — &) + h(y)] (6.46)
Here
As = %(% - Q), (6.47)
and
Ve(y VF(Za) (?/Vé (y) — ZaVB,(Za»na
fﬁz ( 4 - ) (6.48)

As the operator acting on the partition function Z or the wave-function x(z, v/xn), h(y) is
equivalently represented by the partial differential operator

=123y > (Embu oy MmO, ) (6.49)

n=0 m=n+1
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which we found independently in (4.38). In the large N limit (6.30), the expectation value of
this operator reproduces k(%) (y) in (6.36)

1
1 _ = _— = (O)
A — (hy)) = e Zh( y)Z =h"(y). (6.50)
h fixed 7 fixed

By considering deformed potentials (6.44), instead of the loop equation (6.24) for the partition
function Z we now obtain a loop equation for x.(x,/zn)

ins Q h2
(S+(ys 2z, m)xa™(x, V) ) = e -5 — 5% ) xalz,Vn). (6.51)
Similarly, from (6.20) and (6.21) we find the deformed energy-momentum tensor

T(y;z,n) =Ty (y;z,n) + T—(y; z,m),

where
L aB % NI B y
e P B A [VEEA R Y s é RN
B s B Za2pMall an\f arzana
4a,zb::1 (y_za)Q * 2a,zb::1 (y_za)(y_zb) Z l’—Za (y_za)
CW?\/B al Za277a a"?\r Zala
+ 2h ;(x—za)(y—za Z Y — 2q)?
2yV +yV( ) Ta B VF y ZaTla f(y) 1
Z —— %Z o e T Tey (6.52)
and
YT i) = gz (200 + om0 — V)| + o= [#00 + Vi) - G Vi) +
1 1 h& 1
+ [%Vé(y)Q +5Viy) (VF(y) - % + \/23 ;7@ + 5@V (y) + f(y)]
(6.53)
Here
yV/ - ZaV (za) (yVF/(y) - ZGVF/(ZG))na VF(Q) (x7 Za)zana,
fhz < — Za N 2(y - za) * 2(3/ - Za)2 >’ (6‘54)

where VF(2) (z,24) is defined in (6.22). We can also represent f(y) as a partial differential
operator acting on the partition function Z or the wave-function x.(z,/zn)

= B2 iy” i (mtmatm_n_l + (m _nt 1)§m8§m . 1) (6.55)

n=0 m=n+1
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and in the large N limit (6.30) we reproduce f((y) in (6.37)

Jm ZUw) = Jim 277 = 10w (6.56)
h fixed h fixed

Using the deformed potentials, instead of the loop equation (6.26) for the partition function
Z we obtain now a loop equation for x.(x,\/zn)

(T (52, X (@, VD)) = —g X3, VEN). (6.57)

16y
6.5 Building blocks of super-quantum curves

We introduce now a representation of super-Virasoro operators GG, 1 and L, acting on the
2

wave-function x,(x,/zn) by

Gi1Xal@, Van) = ]{ %(y—w)”“S(y;x,n)xa(xm/En)=
y=x

- @w—WH$mmm—%%x@Jf—f%ﬂmmﬁm

274,
LnXa(z,VTn) = )" T (y; 2,m) Xa (2, VEn) =

— )T (g ) + 1612] o, V),

— 271'1

where we have used the loop equations (6.51) and (6.57). From (6.46) and (6.53) we obtain
for example

Gy =20+ Vi) =270y = 15V (@),
—3/2 2—3/2
4= s S (o )~
,1/2 h .
+ o [V (0w + 0= 506) + (@h )W)+
h h? ~
oV (a) = G (Veta) = §n = 506) + )|,
and
—1
Loy =0+ Vi) = Vi) = 52 (0, = 15 V(@)
-2 -1 h2
L o= %(&7 hQVF( )) — 70, + hQ[ Vi (x)? %Vé(ﬂﬁ)(VF(x)_?8§o>+ (6.59)
h " 3 / 3 " 1 1
+(%+a)v3 (z) + x4“”vF(x)—%vF (z) + = 1f(x)] T
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For the wave-function Xo(z,/zn) with the prefactor in (6.41) we define super-Virasoro
operators G, 1 and L, analogously
2

~ d h2 R
Gy 1 X, Van) = ]{ gyz.(y — )" [S—(y; z,n) — 2hQ3/2 (50 850)} Xo(@, vVn),
y=z

EuRalavan) = § 32y =)™ T (i) + 1] Rl ). (6.60)

For example, analogously to (6.58) and (6.59) we obtain

@i% = 2?00, — 27128, (= 00, — 9y)
~ x~3/2 212 r=3/2
Gfg = Aan — 5 N0y + 5 O+ (6.61)
R Qh 12 . -
+ 55 [(VB(Q;) -2 (Vel@) = 0%, ) + Qi () + h(x)],

and

)

~ _ 7% 11 h?

Lm0+ S04 L + oo (- So)+ e
@ " —1 7 1

where in the second equalities of G_1 and L1 we changed variables as in (6.4). Operators
found above agree with those identified in section 4.3 in the operator formalism.

Furthermore, we can transform (6.61) and (6.62) into operators én +1 and L, acting on
the bosonic and fermionic components of the wave-function (6.43),

~

Gn+%5(\B,a(x) - ﬁﬁan+%>?F a( ) = An+1Xa( \fﬁ)

~ _ ~ (6.63)
LnXB,a(x) + \/EnLnXF,cx( )=L nXa \/77)
We find
G_1%a(®) = Rral@),  G_1%ral®) = 0 ¥na(®)
—1
~ xTh SN
67%XB,(1($) = —TXF,Q(I') + GXB,a(x)a (664)
~ 2 21
G_%X\Ra(x) = TAﬁSC\B (@) B O Xp,a(2) + GXra(T)
and
/L\—ISC\B,a(-T) = 815(\}3 a(x) /L\—ISC\F,a(w) = 615(\F,a($)’

Cotnale) = (o710 + L) Xnala), (6.65)

LooRra(z) = (—x—lax n E) Teal(2),
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~ g l/2 , Qh K2 , ~
G=" |:(VB(x) 22 (Vel@) = 0, ) + Qi) + h(x)],
~ 171 5 T h? Qh qa 1
L= [3rer + S (v - Sa) + G +a o) + 10
6.6 Super-quantum curves at level 3/2
In order to identify super-quantum curves we consider the loop equation
(V@S (z;2,n) + conaTy (w;2,m) )Xo (x, Van) ) =
B aQr, an hj 2 (6.66)
- < 2hx (50 2 2 850> + 16x> Xa(@, Vn),
and analyze for which values of ¢; and ¢ it can be written as a differential equation. We find
that it happens only for ¢; = —a?/h? and c3 = 2a2/h?, and only for special values of the
momentum o
1 1
a=0, [B2h, or — [ 2h (6.67)
Indeed, for this choice of parameters, the loop equation (6.66) can be written as a differential
equation
020,y + VI ()0, — — Vi ()0 vy “Qa a O‘Zﬁ
2 Qo iy .
+ (02 + W@ S0 — V) (0 S 0k,) - Ff(ac)))xa(ac, Van) =0.

(6.68)

Furthermore, using the relations in appendix A.3, we find that this equation, for the momenta
(6.67), can be written in terms of operators (6.61) and (6.62) as follows

(—aw(\}fan) _ 2‘2@_3 ~Van (2 - ﬁL )) Rl /) = 0. (6.69)

This is the super-quantum curve at level 3/2. As expected, by definitions (6.32), (6.38),
(6.40), and relations (6.50) and (6.56), in the large N limit (6.30) with 8 = 1 this equation
reduces to the super-spectral curve Ap(z,ys|lyr) = V2nAs(z,ys|yr) in (6.39). On the other
hand, in terms of (6.64) and (6.65), this super-quantum curve can be rewritten in the form
of equations for the bosonic component Xp o(z) defined in (6.43)

= a2~

(Ci6y ~ 6oy aale) =0

~ 202 ~ PPN ~

(L2,1 - ?L—Q‘FﬁG_%G_%)XB,a(@’) =0.

These equations indeed take form of Neveu-Schwarz singular vectors at level 3/2, whose

(6.70)

universal form we derived in (3.11). Quantum curves at higher levels can be found analogously.
However, as follows from the operator formalism discussed in section 4, it is clear that higher
level quantum curves will also take form of Neveu-Schwarz singular vectors, expressed in
terms of super-Virasoro generators found above.
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6.7 Multi-Penner Ramond-NS super-quantum curves

To provide an explicit example, we specialize now our general considerations to the case of
a supersymmetric multi-Penner model. In the case of the Ramond-NS model it is natural to
consider the multi-Penner potential of the form

1
Vi(z,n) = Va(x) + Ve(x)n = Z a; log(z 5(96 + x3)nm;)+Eom, (6.71)
so that
M M
1 T+
= il — i), = 5 ini : 12
Za og(z —zi),  Vu(x) §o+22an$_$i (6.72)

The operators iAL(a:) and f(w) introduced in (4.38) and (4.40), in the eigenvalue model can
be represented via functions h(z) and f(z) given in (6.48) and (6.54). For the multi-Penner
potential (6.71) these functions take form

ﬁﬁzzaﬁﬁm

i=1 a=1 a wl)
2
azxz QL3120 )a QT 15 Ta
=h _ - 7 '
\f; ; < Wza — i) (x—2i) (20 —x:)?  2(x — )% (24 — xl)>

These functions can be represented by the action of operators expressed only in terms of
parameters of the potential (i.e. x;, n;, and &), by taking advantage of the following identi-
fications

f Z ( B alnzzana ) . Z Qila Za T T4 + T e — _@ Z
p— 2 —x;)%)’ 2 Za—xi %o h 4 Tla:

so that we find

M h2
h(z) = n’ Z . _1 (2iniOz; — On) + ?Vé(x)afov

= 2 (6.73)
Fo =123 (520, ) - v,

=1

These formulas can be equivalently expressed in terms of variables x and 6, through 0, —

Vzdy and 0y — L0 + 0,
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Using (6.73), we can now write the operators @,3/2 in (6.61) and L_5 in (6.62) as

~ AM? n 1 1 / Qh
e 4:z§/2 21’1/28 + 2x:3/2 O+ h2xl/2 [(VB(:E) B %)VF(Q:H—
< Qh
+ QhVFI(x> + 1 Z — (2iniOx, — 87%) A aﬁoj| )
= (6.74)
Loo=—2o,+ Lo+~ |tw Ly
= =20 50y | SVa(@) SR @) Vea)+
Qh 1 U Zi Tin; 1
Ty _ 72390' 5 i
* 2 B(x)+h2m§<x—xi Z+2(az—xi)2 m):|+161‘2
It is also convenient to introduce the following normalization factor
1
C = exp < 2712 Z a;o log(z; 2(:cZ + x5)nin;) h2 Z amzﬁ’o) (6.75)

i#]
and to define a modified wave-function Yo = C~'Xa, its bosonic and fermionic components
Xsa(z) = C s q(z) and xFa( )y =C ! )?Fa( ), as well as the corresponding modified
operators CNLT - -G »C and L,n —C 'L nC. For r = 3/2 and n = 2 these operators
take form

~ Aan 1 h 2
Gz = 490;/2 9 2/28 + o 3/28 - 4?3/2 (850 - ﬁ§0>+
M A“Z ni(w + 37@) 1

I/QZ< (x — x;) +x—x

- (2ini0; — am')>a (6.76)

7

~ 1 T Zi Lili
Lo=——0p+ =50+ —= ( L Op, + 57— 350 »),
2 2T o T e T ; (x — x;)? * x(r—a;) " i 2x(x — ;)2 "
where A, = 5(a— Q). Accordingly, for operators G and L in (6.64) and (6.65) we define
G = C71GC and L = C~'LC, which take form

M Aalnz ZL"".T@) 1 Q
1/22< 33—:1,‘ +513_«Ti (xzmax,—am)> +4 3/2 (650 hQ&)),
M

(6.77)

AO"L T TN 1
T — ( i 9. il 9 ) L
; (x — x;)? a:(ac —x) * 2x(x — ;)2 " T

Finally, by (6.70) we can write down Ramond-NS multi-Penner quantum curve equations at
level 3/2 (for o = Bzh or —B_%h) in terms of the components Xpq(z) = C7'Xp () and
Xr.a(®) = C71 X a(@),

- a? a? ~
a:vXF,oc + 579 XF,a — 7GXB,0¢ = 0
2h%x h? (6.78)
9~ 3a? | 202 ~ _ QA“ a?
03 XB,0 + %833)(&04 - WLXB,OC + 2h2 —575 XFa ‘|‘ GXFa =0.
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In the particular case of M = 1, when certain condition on the parameters a and ay
is satisfied, one can rewrite the operators (6.76) in the form which does not contain time
derivatives. To this aim equations (4.33) for n = 0 are used. Those equations can be modified
by taking account of the xz-deformation of the potential (6.44), the prefactor appearing in
(6.41) and C, as well as excluding the right hand side of the equations (4.33) for n = 0 (which
appears at both sides of those). In this manner we obtain following equations (for any value
of M):

Xa=0,  GoXa=0, (6.79)

where

_ M M
lo=—a0, = Y 0y — Aa —ZA% + Ace,
u i o ) (6.80)
Go =0y + > Oy, = ande = > aimida, — Dgn = > Dowmi = 25 (&= h/BY na ).
=1 a

i=1 i=1

and we used additional notation as, = /BAN + Qh — a — M a; and & = an + M| am.
Imposing the constraint aw = 0 and M = 1, the modification of operators (6.76), when
acting on the wave function Y, takes form:

_ 3z + 21 2xxq 3r — xq
312G 4 =—-"T" Aan4+ ——1 _Aa == 1 (9, — xnd
. —3/2 4(x — x1) 7'l (x — x1)? G + 2(x — a:l)( n = 2n0x)+
Q (h?
+2h(2a§°_£0>’ (6.81)
— 2 2 — 1)z TT1MN x ’
o7 :(xwmm ( 1 )ax ( B )AQ
* 2 2(x — x1)? T — T + 2 —11)2 z-—m al
TX11M1 1 T 1
L/ S Y I Aay 4 —.
2($—I1)28n+ 277877+ (x —x1)? F 16

We can expand the wave function with respect to the {y as Xo = Xa,+ + Xa,—&0- Then, these
operators, when acting on components Yo, + and X, —, give rise to the level 3/2 quantum curves
without time derivatives, constructed via (6.70) — one should only be careful to commute first
the operator 6_3 /2 to the right of @_1 /2, S0 that it only acts directly on the wave function.

7. Ramond-R super-eigenvalue model and super-quantum curves

In this section we reconsider the Ramond-R sector and derive super-quantum curves using
the formalism of eigenvalue models. Similarly as in section 5, for brevity we consider a
particular case of supersymmetric Penner potential. As the starting point we consider the
super-eigenvalue model found in (5.15). We stress that the form of this eigenvalue model is
not obvious to postulate a priori — so the first advantage of the CFT approach is that this
model can be identified at all. In this section we find corresponding quantum curves using
eigenvalue model techniques. We confirm that they have the structure of Ramond singular
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vectors and show that they agree with relevant supersymmetric BPZ equations in the Ramond
sector.

The Ramond-R wave-function for the one-Penner potential identified in (5.21) can be
written in the form of eigenvalue integral as follows

Xa(x, &) = /sz dNo Ag . (z, B)Befg Zf:lv“v”f(z‘“ea), (7.1)
where
Ava(z,0)= [ (2a—2- \/za(x_zb) n \/Zb(x — Za) | abs (12
I<asbeN 2p(r — 24) za(T — 2p) 2
and

VR,x,f(zv 9) = VB,QJ(Z) + VF,x,é(z)gv
Vo,o(2) = alog(z — z) + ylog(z — w),

o w(z — z) 2(z —w) Vg
Vewns(2) = 50 (\/ )t ¢ wlo - z)) ar=n)

By reference to (5.25) we consider the following shift invariance with a fermionic constant §

(7.3)

of the wave-function (7.1) as

9(15 a  *a 6 a  *a
v gy POV E) oy WV ) (7.4
Y — Za Y— Za

and obtain a loop equation

N
0= / dNzd9 S (0,0., — d5,) <Za(x_%)AR7$(z,9)f8e¢hﬁ 25—1Vw,5<zdﬂa>> . (75)
a=1

Y — Za
Using the notation
(0) = / ANz A9 OAgo(z,0)Pe T Lals Ve (eabe) (7.6)

for an operator O, the loop equation (7.5) at y = x can be written as

(S1(@))e =0, (7.7)

_(1-8  ayB al x0, 7\/BN wl,
w0 - () St S :

,57,



Here we introduced

fla,z,0) =) _ b (7.9)

= V(T — Za)

and note that f(z,2,0)? = 0. The loop equation (7.7) is equivalent to

(St (@) emo = (S2,4(2)) g = 0, (7.10)
VB f: wl,

1-3
51,+(9C)—< >a:1\ﬁx_za 3/2Jr h = (W~ 2a)V/ Za(T — 24)
ﬂzxfa:zO) (a+)VB

T — 2z h

vfn(\/:z: s \/Ti — x_za)>, (7.11)

Mz

fz,z,0)+

and

1-8 « 204 f(z,2,0) ,BN wh, f(x, 2,0
f)z af( ’Y\fz( af( ) +

S2,+(x)—< 5 + 5 > (e — 2a) 3/2 5

a=1
([ e ey e )

(7.12)

— 2a)\V %a(T — 24)

We now find differential equations for the wave-functions

Xta(@) =xa(@,0), X% (2) = —hoexa(z,§), (7.13)

from the analysis of the loop equations (7.10). Consider first the following combinations of
these equations

(1824 (2) + 20814 (7)) eg = (€351,4(2) + canSz,+ (2)) g = 0. (7.14)

Here ¢; for ¢ = 1,...,4 are functions of x and w which are determined by comparing these
equations with differential equations

o X a(@) + A10pxE o (7) + AamOpx o (7) + Agniuwxt o (2) + Aanx™ 4 (z) =0,

(7.15)
awxli,a(x) + Blanxl}k,a('r) + 32778719&,@(9”) + B37781UX—R|—,0¢($) + B4X57a(x) = 07
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where A; and B; for ¢ = 1,...,4 are functions of x and w. In the computation we use the
following relations

5 xGaf T, 2, 0 Ca/Bs 1
a=1

\FSL'T) Z - \Fﬂfﬁf( ’ )
4h\/T VZa(x — za)3/2 dhn/w(z — w)3/2 5:0’

(7.16)
N
axxR,a<x>—<< “@j@ff;" \/BZ Vb | VB 20),

2 - 2e

7Bw3/ 2

Z fo 2,9)
4h /w 33‘— :L“—Z )3/2 6:07

W3 il 2/ w(x —w)b, [w [Jr-w . s
<< 2h (; (wza)\/za(xza)+< T —w w )f(7 70>>>>£:7

0

Onx2 o () <<7ﬂ > mul(z — w)ba/ (2, 2, 6) >> , (7.17)
£=0

— 2a)\/ Za(x — 24)

Oy 0 (@)

and
B VB f(z,2,0
NOuwXT o () = << &l Z — >> s mOwXE (1) = << 1 Z f — Dy
a £=0 a €0
(7.18)
Then we find that ¢; for i = 1,2, 3,4 are determined as
eV e oW
h’ h2\/w(z —w)’ i/ h? w(z —w)’
and only for
1 1
2h “2h
o= B; or — g 22 , (7.19)
the loop equations (7.14) are rewritten as the differential equations (7.15) with
e w ary « w
A= — Ay = Ag = ——
T 2 —w)’ T Rz —w)’ 3 r\ z(x —w)’
7.20
Y Ar o e
YTz —w) \wz—w) Ra—w) )’
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and

2« w ay 2c w
Bi=——,/—— By= —"— By="— /——
! h\ z(x—w) 2T R —w) TR\ 2z —w)’
(7.21)
2OZA1 afyw
By = b4

v h2x(z —w)’

where A, = 3(y — Q) and Q = §71/2 — §'/2

We can rewrite the above differential equations as differential equations for

? R a(x) - m ﬁ SR ( ))7 (7'22)

X+ olx
h w(x _ w) +,x
where s is a constant. Then we find differential equations

so 2w

3~R()_7 ) 6+ﬂ ~R()
zX+,a\T) = B w) N0w T X=,a\T);

x(x — (x —w)

aQ\ o« 2w A%xn ~R
(0= 5 ) Vet = ‘hm (”a” ot w(—w>> vl

which hold for special values of « in (7.19). These are one-Penner Ramond-R quantum curves

(7.23)

at level 1 we wished to find. As expected, by multiplying the factor 21/ by X% o(z), and
taking s = —eT asin (5.19), they reproduce differential equations (5.31) found using CFT
techniques, and in fact take form of Ramond versions of BPZ equations [41].

In (7.5) we considered the fermionic type loop equation which is generated by the super-
conformal current. We can also consider the bosonic type loop equation

N
0= / dVzd"o (aZa - %a% ba ) < ! Apa(z,0)%e % EaNlVR,w,Mﬂa)), (7.24)
a=1

Y — Zza Y — Za

which is obtained by an infinitesimal shift as

Za — Zg+ € , 0, — 0a+2 Oac (7.25)

Y — za (y_za)Q’

and this shift is generated by the energy-momentum tensor. The loop equation (7.24) can be
written as

(T()he =0, (7.26)
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1- 6 B al
Tily) = 2 Z —za2 EZ Yy — 2a)( —zb)+

—=(y
N 22
: ig; 2@ — 20)? ejil )
et (R 2
* hﬂail [(x - za)a(y —z) | (w- za;y(y — %) 4w(e - w)Z;f?ZH_“ )
2y ) ([ )

(l‘ - 2za)\/§£0a . \/E&@a

222/2(33 )2y —20) 2 7@ — 2y — Za)2] . (7.27)

By expanding the loop equation (7.26) around y = oo we get Virasoro constraints for the
wave-function (7.1). Especially, by taking the expansion coefficient of y~2 (subleading order)

we get

N N
0:<<(1—6)N+5N2_\/B(a+’y)N+\/Bax 1 _ﬁﬁz 0uf(z,2,0)

2 h h o=z 4 = VZa(T — 24)3/?
\fvﬂfn Z _féfz VZabla
471\/ w(r —w VZa(T — 24)3/? (z — 2 3/2

fBruys 1 ”w"z (¢l‘;<<”;‘_izi+¢f5<<§i£§§)+

a=1

\fw, Z \/ w(T ~za) \/ Za(2 — w) ' (7.28)
— 2 oz —w) w(r — za) ¢

We find that this equation can be written as a differential equation for the wave-function
(7.1):

S

1 a”y
(:car + wdy + 2n6n> (@6 = (Be —Ag — A3 — ) 3@, (7:29)

where o is given in (5.13):

&};:_O‘;’YJFN\/EJFB%_&. (7.30)
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We then obtain the following differential equation for the wave-function (7.22):

1 - -
G@+w%+2w0xiﬁmZ<A?—Ag—Aﬁxi$n (7.31)

8

By including the factor z~1/® we see that this equation agrees with the equation (5.32)

obtained by the scaling covariance.
As discussed in section 5.3, let us apply the constraint equation (7.31) to the equations
in (7.23). Then by defining

Xt o(@) = fL0(2) F gt o (@), 9% a() = FOpXL (), (7.32)
as in (5.33), we obtain two pairs of coupled ordinary differential equations (5.34) and (5.35):

so 2w

3zf4pf,a($) = h mgﬁ,a(x),

aQ\ e 2w AO‘TO - A% — 20, A% =

< x_hx) Qf,a(@ __sh\/a< ” +x—w) Jr,o{(a:),
Q) 7w _ > 27w~R

(a’E - m) f—,a(x) - _Shmg—ha(l‘)’

sa | 2w (A";—Ag—wx A7>~

02 (%) = —

h\ x(z—w) w T —hw fZal®),

for 8220 or —B7 20 Then we find that the wave-functions f3 , (z) obey the following h per-
2 2 +.a Yy g ny
geometric differential equations:

202 2002 A~y Aoy — Ay — Ao »
P (2 0@ ), 2o N i " N 0% -G
R2z  h(z —w) R\ (x —w)? x(z — w) ’
92+ 2#“2+7OJQ o 0Q 20 [ 84 +A%_A%_A% R @) =0
R2z  h(z —w) hx? B2\ (2 — w)? z(z — w) ’
(7.34)
Assuming that the WKB expansion of fj’;a(x) for & lé% or -5 712/% around h = 0 takes form
- 1 [*
Frale) ~C e (5 [ ataan’ +00)). (7.35)
where C' is an z-independent factor, we obtain a “spectral curve”
Y = {(z,y+) € C*| A(z,y+) = 0} (7.36)

for the one-Penner Ramond-R wave-function (7.1) at n = 0, where

2

a2 — ~2
Az, y) =y - ((x ; e x(; _b) : (7.37)

We see that this spectral curve is the same as the spectral curve for the hermitian eigenvalue
model (2.1) with the one-Penner potential V' (z) = vlog(z — w).
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A. Proofs and computations

A.1 Computations in the Ramond-NS sector: the supercurrent S(y)

In this appendix we compute, in the operator formalism, the expectation value (4.37) of the
supercurrent S(y) in the Ramond-NS sector. First, for the supercurrent Sy (y) defined in
(4.11), by (4.6), (4.16) and (4.17) we get

N
(Vs | VIS 02F @0 [ @7 (e0n00]0.+) -
a=1
_(E Ay +2) s TT o VB
——(yCL,(Hc%——E)k;)Jrﬁ(y__w)z)<v;ﬂ(g’t’g @ﬁ@;mll<b ﬁ@meg(x+>+
- VZa [+ a B
#32 (00e = 0) (2 (Vg 20 TL 0wt 4) )6
1 . A
+-y<v+ ot ¢n¢m9)££q>V?@m9@thx+>. (A.1)

In the next step we compute the expectation value of S_(y). Using the notation (4.13)
we introduce

N
2,0,2,0) =L (2,0) [ [ 227 (24.6a) |0, +) . (A.2)
a=1
Then it follows that

N
®% (2,0) [[ 2 VP (20:0a) [0, %) =

a=1
I (- -on/2) " T )
= T —2q —00,4/22) " Zg— 2 eevﬁ\xeze> (A.3)
a=1 r 1<a<b<N o ' “a
For m < 0 we have
{Gm7¢<($)}:2xn7%am_n7 [ ma¢< Zx ¢m 9 (A4)
n=1
and consequently
\/>{S Z I{G—m7w< }_ Z ym n+23 m—n— 2—\/58¢<(y;:2¢<(x)7
m=1 m,n=0
\[[ ( ) ¢< Z ymfvni/} m—n—1 — f¢< ;_;/Ew<(m)7
m,n=0
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so that

o o (VYU<(y) —Vr o (x) | 0p<(y) — Op(x) N
Vi[5 0k o) = § (VY + 20 20005 0 (0,0),
(A.5)
Further
VI{S- (), v} =D yMaim1 = 96<(y),
m=0
so that
Vi [S- (), ®% (2,0)] =
_ % {ﬁ¢<(y; : ;/51/1<(95) i <5¢<(y?i : i¢<($) + 8¢;(y)) 9\/5} QE(% 9) =
_ % <\/37111<(y; : fﬁk("f) n y8¢<(y£ : ia¢<(1’) jg) @é(x, 9). (A.6)
Finally
VIS-() 10,+) = (Y009« (y) + Vi< (y)9<(y) + Qvy0<(y)) |0,+), (A.7)
and
1G 0 S 0
& 0‘ 7+> - —@Qwo\ 7+>‘
Combining the above ingredients we get
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On the other hand, note that
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This implies that
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We also note that
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which defines the operator (4.38)

= Z y" Z (EmOtm s + MmO s)-

n=>0 m=n-+1
Similarly
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Ultimately we find
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Combined with (A.1) this finally gives the equation (4.37).

2,0, %, 9>+

A.2 Computations in the Ramond-NS sector: the energy-momentum tensor 7'(y)

In this appendix, in the operator formalism we compute the expectation value (4.39) of the
energy-momentum tensor in the Ramond-NS sector. To start with, for the energy-momentum
tensor T (y) defined in (4.11), by (4.6), (4.7), (4.16) and (4.17) we get
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Using the same calculational techniques as in appendix A.1 we get
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where we denoted V< (z) = Yo 4 Y« (x). Consequently
= VT
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Further
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This gives
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where f(y) was defined in (4.40)

n=0

= k=n-+1

Ultimately, combined with (A.9) we find the equation (4.39).

A.3 Computations in the Ramond-NS super-eigenvalue model

In this appendix we present results relevant for the computations in the eigenvalue model in
the Ramond-N§ sector. First, we find that commutation relations for operators h(x) in (6.49)

~

and f(x) in (6.55) take form

(i), 03V (a)] = nil#a;“vF(x),
(@), 00V (@)} = [T, 00Va(0)] = — 1200+ (aVi(a), (A11)
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Second, consider x\(x, \/zn) defined in (6.42)

o = (1 S5 (e 20 e

Its derivatives with respect to n and x take form
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