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Introduction and results

The p-adic theory of transcendental numbers was initiated by

Mahler in 1930s. Mahler[19],[20] obtained in 1932 and 1935 the

p-adic analogues of both the Hermite-Lindemann and the Gelfond­

Schneider theorems; and during the course he founded the p-adic

theory of analytic functions.

In 1939, Gelfond" [15] proved a quantitative result on linear

forms in two p-adic logarithms; in 1967, Schinzel [26] improved

Gelfond's result and computed explicitly all the constants. In 1975,

Baker and Coates [8] established in the case rt;2 a p-adic analogue

of a sharpened inequality of Baker [5].

Since Baker published in 1960s his first series of papers [3],

[4] on linear forms in n ~2 logarithms of algebraic numbers, his

method has been employed to the investigation on linear forms in

n ~ 2 p-adic logarithms of algebraic numbers. In 1967, Brumer [11]

proved that if a 1 , ... ,an are multiplicatively independent p-adic

units then any nontrivial linear form in p-adic logarithms

does not vanish. ~ubsequently, Coates [12] proved a p-adic analogue

of Baker's result [4];sprind~uk [28],[29] proved p-adic analogues

of Baker's results [3],[4]; Kaufman [17] proved a p-adic analogue

of Feldman's result [14]. In 1977, van der Paarten [25] published

a paper, containing four theorems on linear forms in p-adic logarithms,

with much more generality than the previous work and essentially the

same degree of precision ,as Baker's result [6J. In order to state

van der Poorten's resutls, we introduce notations. Denote by

a 1 , ... ,an (n ~ 2) non-zero algebraic nurnbers in an algebraic number
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field K of degree D over m, and of heights respectively not

exceeding A1 ' · .. , An (with A. 2: e e 1 ~ j ~ n) . Write
]

,
,QI log A1 · · · log A l' ,Q = ,Q I log A . Denote by b 1 ' · · · ,bn (b * 0)n- n n

rational integers with absolute values not exceeding B. Denote by

p a prime id~al in the ring of algebraic integers 0K in K,

lying above the rational prime Pi write e p
for the ramification

index of p and

= p~p

for its residue class degree, so
1 g

gp = ["2 + e pi (p - 1 ) ], Gp = Np P. (Np - 1 ) •

For Cl E: K, Cl * 0 denote by ord a the order to which p divides
p

the fractional ideal (a) and put ordpO = 00. Then van der Poorten1s

[25] Theorem 1 (the main theorem) and Theorem 2 are as follows.

Theorem 1 vdP. The inequalities

have no solutions in rational integers b1, ... ,bni

with absolute values at most ~.

Theorem 2 VdP. The inequalities

b rj 0 (rnod p) ,
n

have no solutions in rational integers b1, ... ,b~ with absolute

values at most B.

Unfortunately, the proof in van der Paorten [25] invalves several

errors and inaccuracies, which we should like to rernark at the end of

§.3.4 and,in the Appendix, so that it seems to be necessary to
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restudy thoroughly the whole p-adic theory of linear forms in

logarithms of algebraic numbers. In the present paper we prove

two theorems, which imply the results we reported on in the

Proceedings of the Durham Symposium on Transcendental Number Theory,

July 1986. (See Yu [33]). Take now

above. Denote by K
P

(additive) valuation ordp' and the eompletion of ordp will be

denoted again by ordp .. Now let E be an algebraic elosure of m.p

Write ~ for the completion of L with respect to its valuation,p

which is the unique extension of the valuation

by ord the additive form of the valuation of ~ .
P P

Hasse [16], pp. 298-302, we.can ernbed Kp into ~p

a m-isomorphism a from K into L sueh that Kp

isomorphie to Wp(a(K)), whence we can identify' Kp

IDp(a(K):).ObviouSly ,

of W. Denote
p

According to

there exists

i8 value-

with

for all

Further, for an algebraic number a, write h(a) for its

logarithmic absolute height (see Chapter II). Let b 1 , ... ,bn

be rational integers and q

f+;
q f P (p ,.. - 1 ) •

a rational prime such that

( 0 • 1 )

Let v1 ' ... ,v ,v+ 1,BO,B ,B I ,B,w be real numbers satisfying then n- n
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following conditions.

(1~j:in),

max (1, V 1)n-

(0 .2)

BO a min Ib·1 B a: Ibn I, 11~j~n, b.*O ] n
]

j (0. 3 )
BI ~ rnax Ib. I , B ~ max { Ib 1 I , · . · , [bn I , 2 }

1;;;;j<n ]

fplog P ß BI flog
P }{log (1

3
(vn + \1) ) , log BO' P , if min ord b. > 0 ,max +-

D
1~j;ill P ]8n D 1 n

W (:

B f log
P } ,max{ log (1

3 fplog p n BI p if min ord b. = 0(V' + \7)) ,+-
0 D 1~j~n p ]8n 1 n

(It is easy to see, by (0.2), that (0.4) is implied by
(0 .4)

{loge1+4~B) flog P}max log BO' P if min ord b. > 0D , ,
1~j ~n

p ]
W ~

fl!l:g P}max {log( 1+4~B) if min ord b. = 0 .)
, ,

P J1:;iij ~n

Then we have

Theorem 1. Suppose that

(0.• 5)
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(0 .6)

ord b ~ ord b. (1~j~n-1) (0 • 7)
P n P J

and

b
1

b
n

* 1 (0 • 8)Ct
1

... a .n
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Then

5
n+- "f n

< Cl' (p ,n) a~n 2Q2n(Q_l)log2 (nq) (p P-l) (2+1/ (p-l) )
(f 1 )"n+2p og p

n+2 w + fplog;p
• ~ V1 ··· Vn · (6n + log (4D)) (log (4DVn _ 1 ) + 8n ) ,

where

8'3 e, n ~ 8

and Cl (p,n) is given by the following table with

Cl (p,n) == Cl (p,n) (2 + P~l) 2 for p '= 5.

n 2 3 4 5 6 '7 n,=8

Cl (2 ,n) 768523 476217 373024 318871 284931 261379 2770008

Cl (3,n) 167881 104028 81486 69657 62243 57098 116055

C1(p,n) 87055 53944 42255 36121 32276 24584 311077

Remark. By a little computation it is easy to verify that

Cl (2,n)a~ ~ 2770008 (~e)n for all n '= 2

and

Cl (p, n) a ~ ~ 31 1077 (2 + p2 1 ) 2 (~) n ~ 2770008 (~ ) n

for all p ~ 3 , n ~ 2 .

Thus
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C1 (p ,n) a~ ~ 2770~08 (~e) n for all p and n ~ 2.

Therefore Theorem 1 implies Theorem 1 in Yu [33].

In the following Theorem 2, we assume, instead of (0.4),

1

2 fplo g P Bn BI fplog p
max{log(1+Sn (V- + V"""")) ,log BO' } ,if min ord b. >0,

D D 1~j:iin P J
W 2;

1 n
(0 .9)

2 fplog P Bn BI flog p
max {log (1 +- (- + - .. )) , p } , if min ord b.=O.5n D V1 Vn D

1~j:;;n
P J

Theorem 2. Suppose that (0.5)-(0.8) .hold. Then

7
b 1 b n n n +2 2n 2 f (2 1 / ( 1 ) ) n

ord
n

(a
1

... a n -1) <C2 (p,n)a
2

n q (q-1)log (nq)ep(p P-1) + p-
r' (fplog p) n+2 ·

n+2 W 2
• D V 1 • • • V n ( 6 n + log (4D)) ,

where a 2 = a 2 (p,n) and C2 (p,n) are given as follows

83e, 2 ~ n :;i 17 ,

a 2 (2,n) ={ 5

2'e, n ~ 18

a 2 (p,n)

8
~, 2:iin:;i16,

=f
L~e, n ~ 17 ,

(p ~ 5)

n 2· 3 4 5 6 7 8~n~17 n~18 I

C2 (2,n) 338071 244589 202601 178202 161998 150321 141430 441432
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n I 2 3 4 5 6 7 n~8

C
2

(3,n,1 617 16 44650 36985 32531 29573 27442 24871

C2 (p,n) = Ci (p,n) (2 + P~1) 3, P ~ 5

n 2 3 4 5 6 7 8~n~16 n~17

Ci (p,n) ·14491 10484 86-85 7639 6944 6444 '6063 17401
I j

Remark. It is easy to verify, by a little computation, that

Theorem 2 implies Theorem 2 in Yu [33].

Corollary of Theorem 2. One may remove in Theorem 2 the

hypothesis (0.7), provided (0.9) is replaced by

4B flog PI max{log(1 + 5n ), log Ba, p } if min ord b. > 0,D
1~j;?;n

p J
W ~ (0.10)

I fplog p
ll~max {log (1 4B

+~) , }, if min ord b. = o•D
1~j~n

p J

Deduction cf the Ccrollary from Theorem 2. Choose jo with

1 c'" <
~ JO = n such that

ord b . ~ ord b . (1:;;; j ~ n) .
P Ja P J

such that

We reorder then

b. , ... ,b.
1.

1
1.

n

Ci. 1 ' • • • , an ' 0.. i ••• ,a. ,
1. 1 1.n

= b t

JO
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and

;:;; V.
1.n-1

Then o.1, ... ,o.~, b1, ... ,b~ (with o.~ = 0.. , b~ = b. ,1 ;:;;jSn)
] 1. j ] 1.

j
satisfy the eonditions (0.5)-(0.8) of Theorem 2. On noting that

and

B ~ Ib r In
B ;;; max

.1~j<n

fplog P
DV . ;:;; 1, (see (0.2))

1.
n

we see that (0.10) implies (0.9) ~or b1,···,b~, a1' ... 'o.~ ,

whence the Corollary follows from Theorem 2 at onee.

In a joint paper with G. Wüstholz, whieh is in preparation,

we shall remove" Kummer condition (0.6) and the appearanee of

+Vn- 1 in the bounds of Theorem 1. This is aehieved by the recent

work of Wüstholz eoneerning multiplicity estimates in connexion

with Baker's theory of linear forms in logarithms of algebraic

numbers. (See wüstholz [32].) Furthermore in that joint paper we

shall show how a cornbination of Kummer theory with multiplicity

estimates will yield very sharp effective bounds.

The research of this paper was done when I was enjoying the

hospitality of the Max-Planck-Institut für Mathematik, Bonn, with

the support of an Alexander von Hurnboldt-Fellowship. I am very
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grateful to Professor F. Hirzebruch, the director of the MPI, for

his constant care and encouragement. I wish to thank Professor

G. Wüstholz far suggesting the topic of the title and for helpful

advice and also to thank Professors A. Baker, D.W. Masser,

R. Tijdernan and M. Waldschmidt for their encouragement.
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Chapter I. p-Adic analysis

is a complete non-archimedean valued field of characteristic

ord z
p

p, and

such thata:
p

introduced in the Introduction.a:
p

is the additive valuation of

In this chapter we work in

( Z .e:- a: )
p

Thus a:p
zero with residue class field of characteristic

ordp P = 1.

Throughout this chapter, the variable Z takes'values from ~.
P

If ord z l?:: Q, we say that z is integral.
p

1. p-Adic exponential and logarithmic functions~in (L
p

We record the following facts, which can be found in Hasse

[16], pp. 262-274.

(a) The exponential series

co

exp(z) = l.
n=Q

nz
n!

1
has the region of convergence ordpz > p-1 ' where

and

ordp(exp(z) - 1) = ord z
p

(b) The logarithmic series
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00

log (1 + z) = L
n=1

has the region of convergence

1 og ( (1 + z 1) ("1 + z 2)) =

ord z > 0, where
p

log (1 + z 1) + log (1 + z 2) ..

In the subregion ord z > _1_
P p-1'

and

ord log (1 + z) = ord 2 ..
P P

(c) For ord 1 we havez >-- ,P p-1

log exp(z) = 2

exp (log (1 + 2)) = 1 + 2.

(d) For 1ord x > --1 and integral 2, we definep p-

(1 +}{) 2 = exp (z log (1 +}{)) .

(Note that, for 2 E Z, this definition coincides with the usual

powers.) Thus, by (c), we have

zlog(1 + x) = z log(1 + x).

Furthermore for integral

1
ord x' > --1' we havep p-

z, Z I and x,x' with
. . 1
ord x > --1p p-

(1
- 2+Z'

+ x)

(1 +x)zz'

Z z'
= (1+x) (1+x)

Z z'
= ((1+x)) ,
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Note that for ß1 ' · · . ,ß E a:; wi thm p

ord (ß. - 1) > 1
P J p-1

(1 ~ j ~ m)

\.

( 1 • 1 )

and integral Z 1 ' . · · , z E a:; , we havem p

Z1 z
= ordp ( ß1 •.. ßmm - 1). ( 1 • 2 )

This can be verified as follows. By (1.1), (d), (b), (a)

z.
ord (ß. ] - 1) = ord (exp (z. log ß.) - 1)

p ] P ] J

= ord (2. log ß~) ~ ord (log ß.)
P ] ] p ]

= ord (ß.-1) >_1_ (1~J·~m).
p ] p-1 '

By (1.3) and the identity

we get

z 1 zm 1
ordp ( ß1 ... ß1 - 1) > p_ ~ •

On the other hand, by (b), (1.3), (d), (1.1),

( 1 . 3 )

(1 ~ 4 )

z1 zm
log ß1 + ... +logßm

On combining this and (b), (1.4), we see that



-12-

This proves (1.2).

2. Normal series and functions

For the p-adic analytic parts of the proofs,of.our theorems,

instead of using Schnirelman integral [27] (see also Adams [1]), which

yields a p-adic analogue of .the Cauchy integral'formula, we introduce

a kind of Hermite interpolation formula (see the Appendix, Theorem A) ;

then we give, based on Mahler's [20] concept on normal functions,

and similarly to the work of Schinzel [26] and van der Poorten [24],

a lemma for the extrapolation procedure (see Section 4 of this

chapter) .

The following concepts of normal series and functions are due

to Mahler [20]. We reintroduce them here, because of their importance

for our work. A p-adic power series

co

f(z):= I:' fh(z-zO)h, fhECI:p ' (h = 0,1, ••• ),
h=O

where

if

and

is an integral element of

ordp f h i:= 0 (h = 0, 1 , ••• )

~ , is called anormal series,p

Clearly f(z) converges for every integral z, because of
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and ordpfh --? 00 (h ~ 00). Let z1 be an arbitrary integral

element in

have

~ . By the p-adie analogue of Taylor's theorem, we
p

where

co

f (z) = I
k=O

f(k) (z,)

k!
k

(z - z1)

f (k) (z ) = k!
, 1 (k=O,1, ••• )

denotes the derivative at of order k. Obviously

and

erd
p

f (k) (z )
1

k! '= 0 (k = 0 , 1 , ••• )

ord
p

f (k) (z )
1

----~oo
k!

(k ----+- 00) •

So the new power series

co

f(z) = I
k=O

f(k) (z )
1

k!

in z - z
1

is anormal series. Thus, if a p-adie funetien is

representable by anormal series in a neighborhood of an integral

point in [p' then so is it in a neighborhood of every integral point

in ~ . Therefore we may eall a p~adie funetion, whieh is definable
p

by anormalseries in a neighborhood of an integral point in ~p'

anormal funetion.

The following lemma is fundamental.

Lemma 1.1. (Mahler [20]) If anormal funetion f(z) has zeroes
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at the distinct integral points ß1 ' • • • , ßh
in ,cr:

p
of multiplicities

at least m1' ... '~' respectively, then

f(z)
h m.

= g(z) TI (z-ß.) J
j=1 J

where g(z) is anormal function.

Proof Since f(z) has zero at ß1 of multiplicity at

least m
1

, we have

(k = 0,1, ••• ,m
1

-1).

Thus

f(z)

where

L
k=m 1

k-m
(z-ß

1
) 1

So 91 (z) represents anormal function having zeros at ß2 , ... ,ßh

of multiplicities at least m2 , ... ,mh . On repeating this procedure,

the lemma follows imrnediately.

Remark.

series

If <S E a:
p

satisfies ord <S > --..l.-1' then the p-adicp p-

exp (<S z)

is anormal series, because of the well-known fact that

ord k! :;; ~
P p-1
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3. Supernormality

For e == ~, where e , d are pos i tive rational integers with

(e,d) == 1, we define

e e
p == p ,

where p is a fixed root of

eord p == e.
p

d
x - P == 0 in

If oE ([p satisfies

ord 0 > e + _1_
p p-1

then exp(oz) has supernormality in the sense that

00

exp(op-8 z ) == I
k==Q

is anormal funetion.

The following lemma shows that there exists an nonnegative

integer K bounded in terms of p and such that· for every

ß E ([p satisfying

1ordp (·S - 1) ;;;: e p

the p-adic function

pK Z K
(ß ) == exp(z log ßP )

has supernormality required for our p-adie analytie part of the

proofs of our theorems.
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Lemma 1.2. Let K be the rational integer satisfying

(1 .5)

8 =

1 , if K ~ 1 and

( 1 .6)
K

(2+.tllp.:-l) )e
p

,

If ßEa: satisfiesp

ordp (ß - 1 ) '=
1

e p

then

K
p;~

1ord (ß " - 1 ) > 8 +--
P p-1

otherwise .

Remark. By the remark at the end of the last section,
K -8 K

(ßP''') P Z = exp (p- 8 z log ßp) is anormal function.

Proof. This is Lemma 2 in Yu [33]. For completeness of our

exposition, we reintroduce the proof. It is easy to verify that

for y E ce and hEX, h > 0, the condition
p

ord (y - 1) '=!!....p e p

implies

ord (yP - 1) '= min (!!.... p, ~ + 1 ) •
p e p e p

Now we show that if K ~ 1, then for j = 0, 1 , ... , K-1

(1 • 7 )
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(1 .8)

We may assurne K;;;: 2, since (1.8) is obvious when K = 1. Now (1.8)

is valid for j =O. Assuming (1.8) holds for some j with

o :;;; j :;;; K - 2, we see by (1. 8), ( 1 • 7) and (1. 5 ) tha t

- 1) =
j+1

ord (ßP
P

j +1
'= rnin(I?.:.... ,

e p

j
ord (( ßP ) P

P

=~
e

p

- 1)

This prove s (1 .8) for K;;;: 1 and j = 0, 1 , ••• , K - 1 •

The lenuna is evidently true if K = O. If K ~ 1, by (1.8)

(wi th j = K - 1) and (1. 7), we obtain

K

ord (ßP - 1)
P

K-1
= ord (( ßP )P ~ 1)

P

K-1 1
~ +1) > e + p-1e p

where the last inequality follows frarn (1.5) and (1.6). This

cornpletes the proof ef the lemma.

Let

f
G = NK/WP - 1 == P P - 1 •

It is well-known (see Hasse [16], p. 220) that if rn is a positive

contains the rn-th reots

of unity if and only if

rational integer with (p,ro) = 1, then K
p

rnlG. In particular, centains the

G-th roots of unity. In the remaining part ef this paper, let ,

be a fixed G-th primitive reet ef unity in K
p

•
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For any integral elements

ct 8 ß (mod p),

a,S in we write

if ordp (a - ß) a 1. Obviously, this defines an equivalence relation

on 0p = {ct E Kp I ordpct l;: ü} .•

Lemma 1. 3. For any a E Kp

rEZ with O:Sr<G suchthat

with ordpCt = 0, there exists

r
= ord p (a s - 1) 2: 1 .

Proof. By Hasse [16], p. 153, 155, 220, we see that the set

2 G-1
{O,1,~,s , ••. ,r,. }

is a complete residue system of 0p mod p. Since ordpCt = 0, there

exists r I E Z with O:S r t < G such that

r'a !:; S (mod' p) .

Let r E :I; satisfy, r ~ -r I ·(mod G) and 0 ~ r < G. We get then

a sr == 1 (mod p),

and the lemma follows at once.

4. A lemma for extrapolation

Lemma 1.4. Suppose that e > 0 is a rational number, q > 0

is a rational prime with q *p, and M > 0, R > 0 are'- rational integers

with q]R. Suppose further that F(z) is a p-adic normal function and
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min (ord
1:;i;s:;i;R, (s,g)=1 p
t=O, ..• ,M-1

~ (1 - ~) RM e + Mord R! + (M - 1) log R
q P log P

Then for all ~ E: Z, we have

Remark. Here log Rand log p denote the usual logarithms

for positive real nurnbers.

Proof. By Theorem A of the "Appendix, the unique polynomial

(1 • 9)

Q (z) of degree at most satisfying

Q (t-1) (sp8) -_ F (t-1 ) (sp 8 ), 1 ~ ~ R ( ) 1 1 ~ ~.;lS.;l, s,q = , oOlt .. M

is given by the formula

Q (z)
R M F (t-1 ) (sp8) M t 8 t 1"{ R . 8 }

= \' L - (- 1) - ( z - sp ) -. TI" (z - ] p ) M
L.,J (t-1 ) ! I 8

s =1 t= 1 j =1 (s- j ) p
(s,q) =1 (j ,q) =1 , j*s

(1.10)

where the second line of (1.10) reads as 1 when t = M. Let
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s

R·
Tl
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(k,q) ;1,k:j:s
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ez-kp
e(s-k)p

Then (1.10) can be written as

R
Q(z) ; 1.

s;1
(s,q);1

M M t F(t-1) (spe) M tI (-1) - - A (z).l-
t; 1 (t- 1 ) ! s , t I

h;1

(1.11)

We first show that for every .I!. E Z ,

.I!. e F (t) (s e) 1 R
ord Q(-p ) ~ min (ord P + te) ,- Mord R! - (M - 1) og

p q 1 ;;;; s;;;; R, (s, q) ; 1 pt! P log p.
t; 0 , ~ •• , !t1-1

(1.12)

Note tha t for every s wi th 1 S s ;;;; R, (5, q) ; 1, we have, by

(q,p) ;1.

R
ord E (!p8) ; ord 11

p s q P k=1
(k,q) ;1,k:j:s

R
-erd Tl (s-k)

P k=l
k:j:s

~ -erd (R - 1 ) ! 2; -ord R!
P P

'J.lhus we get, by (q ,p) ; 1
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(t-1)8-M ord R!
p

(1.13)

for ~EZ, 1~s~R, (s,q) =1, 1:st::;;;M.

On noting that

8E (sp ) = 1
5

and for every Jl E Z wi th 1;;i Jl ~ (1 - ~) R - 1

we obtain.'

= L . 1 Jl8
1:ik1 ···<kjJ.::;;;R (s-k 1 )···(s-k)p
(k.,q)=1,k.*s J..L

] ]
(1~j~Jl)

Observing that

ord (5 - k .) ~ [lOg (R - 1 ) 1< log R
P ] log P _ log P

we get

f or 1 ~ Jl ~ (1 - ~) R - 1 , 1 ~ 5 SR, (5 , q ) = 1.

(1.14)

(1.15)

(1.16)



-22-

Note that (1.16) .is also true for ~ = 0 and
1 '.

~>(1-q)R-1,

because of (1.14) and the fact that E (z) is a polynomial in zs

of degree (1 _1) R - 1. Now for positive A E Z
q

On combining (1.16) and (1.17) I we get

ord _1 {(i!...)A (E ( ) )M} 8?; -A (8 + log R)
p·A! dn s n n=sp log p

f or A?; 1 I 1 ~ s ~ R I ( S I q) = 1.

(1.17)

(1.18)

Note that (1. 18) is also true for A = 0 I by (1. 14). Now we estimate

~ 8ord B , (-p ). By the definition of B ,(z) we obtain for A '= 1P S,A i q S,A

B ,( z)
S,A

So by (1.19) and (1.18) we get (1.19)

~ 8
~ min {8 - A(8 + log R - (A - 1) (8 + log R)}ord B A(-p ) p) IP S, q log log P

-(A-1)8- A log R (1.20)= log p

for A ?; 1 I 1 ~ S ~ R f (s I q) = 1 .

Note that (1.20) is also true for A = o. By (1. 20) we see that
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Mi
t

(_1)h-1 L "n
h=1 A1+ ••• +A

M
_ t =M-t i=1

A.=O (i < h)
~

Ai ~ 1 (i 2: h)

R, 8
B A (-::-p )
s, i q

~ _(M_t)log R
log p

(1.21)

f or 9, E: Z , 1 ~ s ~ R, ( s , q) = 1, 1:i t ~ M - 1 .

Note that (1.21) is also valid for t = M. On combining (1. 11 ) ,

(1.13) and (1.21), we conclude

R, e
ord Q(- p )p q

F (t-1 ) ( 8 ) 1 R
'= min {(t-1 ) I sp + (t - 1 ) e - Mord R! - (M - t) 09 p},
1~s~R,(s,q)=1. P log
t= 1 , ••• , M

which implies (1.12).

Now we proceed to prove that Q(z) is a p-adic normal function,

that 'is, to show that

ord
p

Q(m) (0)
m! 2:. 0 . (1 .22)

for 0 ~ m ~ (1 - .1.) RM - 1.
q

By (1. 13) with 9., = 0 and (1. 9), we see that (1. 22) i s true f or

m = O. So we may assurne rn 2: 1 in the sequel. We assert that

ord
p

2: -J.18 - ord R!
p

(1.23)

f or J.1 2: 0 and 1 ~ s ~ R, ( s , q ) = 1,

for by the definition of Es (z), (1.23) is true for J.1 = 0; it is

1 1
obvious for J.l. > (1 - q) R - 1 ; and for 1 ~ ~:;; (1 - q) R - 1 ,
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it follows from (1.15) at once. Further (1.23) and (1.17) imply

that

ord _1_ {(dd ) A (E (z)) M} 0:2:: - A8 - Mord R!
pA! z s Z= p

f or A:2:: 0 , 1 ~ s ~ R, ( s , q) = 1.

Now we show that

ord _1{(~ ) j..lA ( z) } ~ (t - 1 - IJ.) 8 - Mord R!
P IJ.! dz s,t z=O P

(1.24)

(1.25)

for IJ. :2::0, 1 ~ s~R, (s,q) = 1, 1 :i t ;S M.

By the definition of

(1.25) is true for

A t(z) and (1.24) withs,

j..l = O. As sume IJ. f: 1. Then

A = 0, we see that

~(dd )IJ. A t(z) =
IJ.. z s,

I {_1 (~)A(E (Z))M}(t-1) (Z_Sp8)t-1-(IJ.-A)
A=O Al dz s IJ.-A

A~~-t+1

This and (1.24) imply (1.25) at once. Now we prove that if

1 :S t :i M - 1 and Al' ..• ' AM- t are non-negative integers satisfying

then

1 d M-t 1
m-IJ. n (M _ t) og R

ordp (m-j..l)!{(dz) (i=l Bs,Ai(Z))}z=0~-(rn-IJ.)8- log p

for l:i s ;S R, (s , q) = 1, 0 ~ IJ. ~ In.

By (1.18) and (1.19), we have

(1.26)



-25-

. B "\ (z) = a "\ (z - sp e) + b ,
S,A S,A S,A

(1.27)

f or A '= 0 , 1 ~ s ~ R, ( S , q) = 1,

where a " b ,E<I:S,A 5,A P
(b = 0)5,0 satisfy

(1.28)

-A(e + log R)
log P ,ord a ,2:

P S,A

}
ord b ,~ - (A - 1 ) (e '+ log R) •

ps,A' log p

(1.26) is obvioU5 for ~ with rn - ~ > M - t, by (1.27). It is also

true for ~ = rn by (1.20) with R. = 0 and the fact that

A1+. • • + A
M

- t = M - t. So we rnay assurne 1::;;; rn - ~ :i M - t.

Now

1 . d m-~ M-t \ (~ a ) l~ B (z
(rn-~,L)! (dz) (r:T Bs,A i (z)) = 1~i1< ..:<i ::;;;N-tJ1'=1I S,A.; 1::;;;i:;;;~-t S,A i

rn-~ ~.

] i*i. (1:;;;j:;;;rn-~)
]

This together with (1.28), (1.20) with .e. = 0 and the fact that

A1+.·.+ AM- t = M - t

(1.26), we obtain for

yields (1.26). Observing (1.11), (1.25) and

m=O,1, ... ,(1-.l)RM - 1
q

ordp
Q(rn) (0)

rn! {
F(t-1)( e) 1 R}

~ min '(t_1),5P +(t-1-~)8-(m-~)e-.(M-t)log -MordR
1~s::iR, (s,q) =1· og P . P
t=1', •.. ,M
J..l.=O, ••• ,rn

, {F (t-1 ) (s e)} 1 R'= rn~n I p + (t-l-rn) 8 -MordR!-(M-1) og
1~ s :;;; R, (5, q) =1 ( t - 1 ) . P log P
t=1, .•. ,M

, {F (t) (sP8) }- 1 lrYl
i:: ITIln ---I--=--....---=-- + t8· - «1-)RM-l)8-Mord R! -(M-l).::.:::.2.-

1 ~ s:;;; R, (s, q) =1 t . q P log
t=O, ... ,M-l

~ e ,
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where the last inequality follows from (1.9). This proves (1.22),

i~e., Q(z) is anormal function.

The normal function

F.( z) - Q(z)

has zeroes at

sp e, 1 ~ s ~ R, (s , q) = 1

of multiplicities at least M. By Lemma~ 1.1, there exists anormal

function g(z) such that

R
F (z) = Q(z) + g (z) n (z - sp e) M

s=1
(s,q)=1

,Q. e
Note that ord g(- p ) ~ 0, because g(z) is normal and (q,p) = 1,P q

2 e
whence ordp (CiP );:: e >0. Thus for every 2 E Z, we have

This together with (1.12) and (1.9) implies

The proof of the lemma is thus cornplete.
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Chapter 11 Arithmetic tools and estimates

We first introduce briefly the concept of logarithmic absolute

height cf an algebraic number a. Let 0 be of degree d, a
O

> 0

be the leading coefficient of its minimal polynomial f over ~,

HO(a) be its usual height, i.e., ,the maximum of the absolute values

of the coefficients of f, 0 a be 't 't m1'···' d 1 S conJuga es over ~.

Write

M(cx)
d

:::::: a 0 n max ( 1 ,la, I) .
, 1 J.1::::::

Let E be a number field containing cx. Write

HE(a) = n max(1, \CX\v)
v

where v runs over all valuations of E norrnalized in the usual

(2 • 1 )

way to satisfy the product formula -r-vllalv:::::: for Ci, 4: 0 . Hore

precisely, for each ernbedding 0 of E into ~ there is an archimedean

valuation v defined by. \al v :::::: 10(0) I; and for each prime ideal

P of OE (the ring of algebraic integers in E) with absolute norm

NP :::::: NE/WP there is a non-archirnedean valuation def~ned by

,-ordpa
Ia I :::::: (NP) - ,

v

where is the exact powe,r of P in the fractional

principal ideal of E generated by a. The nurnbers

1

and

H(o.) :::::: (H (0.)) [E:W]
E
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h (cd = log H (0.)

are independent of E. We call H(o.) and h(a) the absolute height

and the logarithmic absolute height of 0., respectively. The relation

(see, for example, Bertrand [10], Lemma 11) shows that

h(o.) = ~ log M(ci) •

For any algebraic nurnbers 0., ß, 0. 1 ' ... ,an and any 0 * m E ~, we have

h(aß) ~ h(a) + h(ß),

h (a.
m

) = lmlh (a),

From the inequality

1

M(ct} :;;; (d + 1) 2HO (a)

~see Mahler [21]) it follows that

1
h (cd :i d(log HO (cd + log d) ,

. (2.2)

(2 • 3 )

(2.4)

since h (cd = log HO (a) for a E 0} and 2x + 1 ~ x for x ~ 2. By (2. 1 )

and the product formula, we have

for ßEE, ß*O. (2 • 5 )

Now we give a p-adic analogue of the Liouville inequality.
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For every prime ideal P of OE' let e p be i ts ramification index,

f p its residue class degree, p the unique rational prime contained

in P. Write

ord
p

=
1 ordp .

e p

Denote by \ Iv the non-archimedean valuation deterrnined by P. Then

for every ß E E, we have

If ß * 0, we can apply the above inequali ty to 1
ß

and obtain, by

(2.5) ,

whence

(2 .6)

For a polynornial P denote by. L{P} its length, i.e., the surn

of the absolute values of its coefficients.

Lemma 2. 1 . Suppose P {xl' • .• , xrn } E Z[ xl' . • • , x rn ] satisfies

If
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Proof. For.each valuation v of E we have

rn Nk
rnax (1 , IP ( ß1 ' · · · , ß ) I ) :;a c n (max ( 1 , Ißk I )) ,

m v v k=1 v
(2 .7)

where C
v

= L(P) if v is archimedean and Cv = 1 otherwise.

On multiplying (2.7) for all v and taking [E:W]-th root we obtain

m N
H(P(ß

1
, ... ,ßm)) ;;;;L(P) n (H(ß

k
)) k

k=1

whence

m
h (P (ß1 ' · · · , ß »:;a log L (P ) + I .Nkh ( Bk) •

m, k=1

This together with (2.6) proves the lemma.

We will deduce aversion of Siegel's lemma (Lemma 2.2 below)

from the following

Lemma (Anderson and Masser [2]) Let E be an algebraic number

field of degree D. For each valuation v of E let ~v be an

element of E and let M be a non-negative real nurnber such that
v

M = 1 except for f inite ly many
v 1

at most (2MD + 1)D elements ~

for all v.

v. Put

of E

M == n
v

such that

M . Then there are
v

Lemma 2.2. Let ß1 , ... ,ßr be algebraic numbers in an algebraic

number field E of degree D. Suppose that
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P.. EZ[x 1 , ... ,x ] (1 ~ i ~n, 1 ~ j ~~)
l,J r

(not all zero)

Write

deg P. ,~N. k (1 ~ i ~ n, 1 ~ j ~ m, 1 :;i; k ~ r) .
x k 1.,J J,

and

x =
n r

max {(L L(P .. ))exp( IN. kh(ß
k

))}
1:;i;j:;i;m i=1 1.,J k=1 J,

y .. = P .. (ß 1', ••• ,ß )1.,J 1.,J r
(1~i~n, 1;;ij~m).

If n > rnD, then there exist rational integers

rnD

o < rnax ]y. I ~ xn- rnD

1<'< 1.=1.can

with

such that

n

I
i=1

y y = 0i,j i
(1 ~ j ~ m).

Remark. This is a slight refinernent of Lemma 3 in Mignotte and

Waldschrn~dt [22].

Proof. Let

For each n
y = (y 1 ' • • • , yn) E Z wi th

o ;;iy. ~A (1 ~i~n)
1.

(2.8)
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y, , y, E E, (1 ~ j ~ rn) .
1.,J 1.

(2 .9)

Further for each j wi th 1 ~ j ~ rn and each· valuation v of E,

let

and

n

L
j.lv,j ={i=1

o

if v is archirnedean

otherwise,

where

M 'v, J

r N, k
= A ,n (rnax (1 , Ißk I )) J,

v,J k=l v

1 n. f2A L L (P , ,), if v is archirnedean
Av, j

=,' i=1 1.,J
l
1 otherwise

Note that

n 1 n r Nj,k}D (l AX)DM, = M = {"2A( I L(P, ,))n (H(ßk ) ) ;;)
'J v, j i=1 1.,J k=1 2v

(2.10)

Evidently ~ ,E E and for each
~"J

j , M ,= 1
v, J

except for finitely

rnany v. By ·(2.9), we have for archirnedean v

n 1 1 ~ n
= I L Yi J' (y i -"2A ) Iv S 2" A ,I I Yi J' 1v
i=1'· 1.=1'

1 n r Nj k
~ "2A( I L (P. . ) )n (rnax (1 , Ißk Iv) ) , = Mv, J'

i=1 1.,J k=1

and for non-archirndean v

(1 ::; j ~ rn) ,
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n
= \ L Y, , y. I ~ max Iy , ,I

i=1 ~,J 1 v 1~i~n l,J v

= M tv, J
(1:;;; j ~m).

Thus all the

the (A + 1 ) n

(A + 1)n i~ = (A
1

, ... , Am)' which correspond. by (2.9) to

ny = (y 1 ' · .. , y n) E:r; with 0 ~- Yi :;;; A (1::S i ~ n), satisfy

IA , - J.1 • I ~ M , for all v (1 ~ j ~ m) .
J v,J v v,J

On the other hand, by the Lemma of Anderson and Masser, and by (2.10),

there exist at most

m
n
j=1

1

(2M~ + 1 ) D ~ (AX + 1 ) roD
J

I E; j - J.1 v , j 1v S Mv, j for all v (1 ~ j ~ ro) ·

Now (2.8) and the fact that X ~ 1 imply

(AX + 1 )m D S {X (A + 1 ) ) roD < (A + 1) n •

Thus by the box-principle, there exist two distinct integral points

and Y ll = (yll yll)1 ' ••• , n with

such_that

o ~ y! ~ A, 0 ~ Y ~I ~ A (1 ~ i :s n)
1 1

n n
L y, ,y! = I y., , y I.'

i=l 1,J 1 i=1 1,J 1
(1 S j ~ rn) •

( ) ( I 11 I ") E v
n t' f'Hence Y = Y1 ' ... , yn = Y1 - Y1 ' • · · , Yn - Yn ~ sa lS les
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(1 -:;:; j ~ m)

o < max
1;;;;i;;;;n

mD

1y. I ~ A ~ Xn -mD
~

This completes the proof ,af the lemma.

For every positive integer k, let v{k) be the least common

multiple of 1,2 , ... , k. Define for z E a: .

L}{zik) == (z+1) ••• (z+k)/k! (k E Z , k 6; 1 ) and L} ( z i 0 ) == 1, (2 • 1 1 )

and.for ~,m non-negative integers

~ (z ; k , ~, , m) = 1
m!

dITl 9.-
{-rn (ll (Yi k )) }y==z
dy

(2.12)

Lemma 2.3. (Waldschmidt [31], Lemma 2.4)

For any z E CI: and any integers k;;;: 1, ~ G; 1, rn ~ 0, we have

1
" ( k n ) 1 .... (2 e ) k~ ( I Zkl + k) k~ •Ll Zi ,,II,,,m ,l;l (2.13)

Let ,q be a positive integer, and let x be ai rational number such

that qx is a positive integer. Then

2k~ m
q (v(k)) L}(xik,.Q."rn) E~,

and we have

(2.14)

Finally, for any positive integers k, Rand L with ,k ~ R,
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.Q.,
(.6 (z + r i k) ) (r = 0 , 1 , ... , R - 1 i .Q., = 1 , ... , L) are

linearly independent.

Remark 1. This is essentially Lemmas 3 and 4 of P.L. Cijsouw

and M. Waldschmidt, Linear forms and simultaneous approximations,

Compositia Math. 37 (1978), 21-50.

2. In Lemma 2.4 of Waldschmidt [31], the right-hand side of (2.13)

i s replaced by (2e ) k.Q, (W ~ k +1 ) k.Q., .

3. (2.14) implies that its left-hand side is a positive integer when

m ~ k~. Obviously, the left-hand side of (2. 14) is zero when m > k~.

Proof. To prove (2. 13), we mayas sume m:S k.Q.,. Then

where the summation is over all selections j1, ... ,jm of m

(2.15)

integers from the set 1, ... ,k r:epeated .Q., times. Hence

I
k2 .Q, k.Q., ~6 (z i k, .Q" m) I ~ ( ) (L1 ( I z I i k») ~ 2 (L1 ( 1z 1 i k) ) •
In

This together with the fact that

16(Zi k ) I ~ 6(lzlik)' ~ (izi +k)k
k!

implies (2.13) at anee.

(IZI+k)k k
~ \~ ~e (2.16)

Note that (2.14) is just Lemrna.T1 of Tijdeman [30]. For the

self-containess of our exposition, we reintroduee the proof here.

Obviously, we may assume m ~ k.Q.,. Wr i te 6 = D. (x i k,.Q."m). Then

is a positive rational number. Hence to prove (2.14)

it suffices to show that
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erd (q2k2(v(k))mß ) ~ 0 for all rational,primes p.
p

By (2.15) with y=x, we see that

(2.17)

p!q, thenIf ord qk ~ k;;: erd k!. Hencep p

ord (q2k2 6 ) ~ ord (qk2-m(k!)2ß ) ~ 0 for p with plq.
p p

(2.18)

For p with ptq, by.a well-known counting argument, we have

Ordp(qkk! ß(Xik))2 = Ord
p

((QX+Q1)2 ••• (QX+Qk)2)

+ ••• + [ k
t

] )
p

= 2 ord k!
p

where

t = [log k] = ord v(k).
log p P

(2.19)

(2.20)

Here we have counted at most t p-factors in each.individual factor

qx + q j. Hence by (2. 19) and (2. 20 ), we get

kt-m.Q. t -1
ordp{q (k!) (tdxik)) ((x+j1) ••• (x+jm)) }

= ord {(q k k!6(X i k))9..(qX+ Qj 1)-1 ••• (qx+qj )-1 }
P m

~ 9.. ord k! - mt
p

= 9.. ord k!
p

mord v(k).
p

(2.21 )

Recalling (2. 15) with Y = x, we obtain, by (2.21),

for all p with ptq. (2.22)
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Now (2.18) and (2.22) implies (2.17), whenee (2.14) follows

at onee.

To prove the final part of Lemma 2.3, we need the following

Lelruna (Baker [7], p. 26) If P (x) is a polynomial with degree n > 0

and if K is a field eontaining its coeffieients then, for any integer

rn with O:;;m~n, the polynor:lials· P(::::), P(x+1), ... ,P(x+rn) and

n-m-1
1,x, ... ,x are linearly independent over K.

How we prove the final part of Lenuna 2.3 by an induction on L.

The assertion is true for L = 1 by virtue of the lemma of Baker and

the fact that R ~ k Assume the as sertion is valid for L -·1 , that is.

(!J.(z+·ri-k))9.- , r=O,1, ... ,R-1, 9.-=1, ... ,L-1

are linearly independent. Observe that by the lemma of Baker, the

polynomials

(2.23)

L L L kL-R
(6(Zik)) , (6(z+1ik)) , ••• ,(6(z+R-1ik)) ,1,x, ... ,x

are linearly independent. But the polynomials in (2.23) are of degrees

at most k (L - 1) ~ kL - R. Henee the induetive hypothesis and the above

observation imply that the polynomials

9.-(lJ.'(z+rik)) , r=O,1, ... ,R-1, ~=1, ... ,L

are linearly-independent. This proves the final part of Lemma 2.3.

The proof of Lemma 2.3 is thus eomplete.

Let BI B be positive real numbers,, n (n , 2), T

be positive integers. Put L = max L..
1:;;j:;;n-1 ]
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Lemma 2 a4 "a S"uppos~ that b 1 ' . a . , b n ' A1 ' a a a" , An' T1 ' . a a , Tn-1 are

rational integers satis~ying

Ib. I ;S BI
]

(1;Sj ;:;an-1), Ib I;:;aBn n

o ;S A. :i L.
J ]

(1:ij:in),

Then

Tj~ 0 (1;Sj:in-1), T1+a .. +T
n

_ 1 :iTa

n-1

TI
j=1

(n-1) (B L+B1L )
Iß (b A. - b . A ; T . ) I :i e T (1 + n n ) T

n ] ] n ] T
(2.24)

Remarka This is essentially an estimate in Loxton, Mignotte,

van der Poorten and Waldschmidt [18], but we have modified the1r

estimate

n-1 B L+B'L +1 T
TI I!J. (b A. - b. A ; T .) I :i {2 e (1 + (n-1) n n) }
j=1 n ] ] n ] T

by (2 a 24) •

Proof. Without loss of generality, we may assurne T
1

> O,a .. ,Tn_
1

>O.

By (2.16), we have

T.
T. B L+B'L +T. J

1ß (b A. - b . A '; T . ) I ;S e ] ( n n -1)
n ] ] n ] T j

(2.25)

From the convexity of the function f(x) = x log x, we see that for

any a. > 0
1

and x. > 0
1

(i = 1,.a.,m)
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m a.
l. ~

i= 1 a 1+ ... +am

whence

m
I x.

i=l 1

:.a.
1

. 1og ­
X.

1

a 1+. · • +am
~ (x 1+···+x

m
)log

Xl +. · . +xm

Hence

n-l
I' 't. log

j =1 ]

(n-l),(B L+B'L)
n n. )

't 1+···+'t n- 1 '

;;;; T log (1 -+
(n-l) (B L+B'L )

n n )
T '

(2.26)

where the last inequality follows from the fact that ag(x) = x log (1+-)
x

(a > 0) increases for x > o. On multiplying (2.25) for j = 1, ... ,n - 1

and using (2.26), the lemma follows at once.

By an integral valued polynornial we rnean a polynomial

f (x) E: CC[x] such that

f (rn) E Z for every rn E ~.

Write 8f(x) for f(x) - f(x-1). Then

86(XiO) = 0,

66(Xik) = 6(Xik-1)

for if k ~ 2 then

(k ~ 1) , (2.27)

66(Xik) (x+1) ... (x+k)
k!

x ... (x+k-1)
k!

= (x+1) ... (x+k-1) (x+k-x) = 6 (xik-1) ,
k!
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and 8ö(x;O) ;;;; 0, 8fi(x;1) ;;;; ö(x;O) are obvious. Let ~={rnEZlrn~O} •

Lemma 2. 5 • Suppose rn E N, a E er, a:l: O. Then

det (fi (a j ; k» -0;:' k< * 0 •-J, _m

Proof. The case m = 0 is trivial. So we may assume rn ~ 1 .

Suppose that the determinant equals to zero, we proceed to deduce a

contradiction. Thus there exist complex numbers AO,A 1 , ... ,Am, not

all zero, such that

rn
I AkÖ(aj;k) = 0,

k==O

Hence the polynornial

m
I Akl:l(x;k)

k==O

j - Q,1, ... ,rn.

being the degree at most m, has rn + 1 zeroes at aj with
rn

j == 0,1, ... ,rn. So I AkÖ(x;k) is identically zero, a contradiction
k==Q

to the fact that fi(x;O) ,6(x;1), ... ,l:I(x;rn) are linearly independent

over ~. This prove the lemma.

Lemma 2.6. Every integral valued polynornial f(x) of degree

k > 0 can be expressed as

(2.28)

where aO, .•. ,ak are rational integers.
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By Lerruna 2.5 with a = 1, there exists unique

k+1(a O' · . · , ak ) E CI: such tha t (2 .28) holds. It remains

only to show that aO, ... ,ak are rational integers. B~ (2.27),

(2 • 28) we ge t

cSf(x) = ak.6(xik-1) ;.+ ak_ 1.6(x;k-2)+ ... +a 1 .

Write

k= ö(of(x)) , ••. ,0 f(x)

Then

f(-1) = a O' (cSf(x))x=_1 = a 1 ,···, (cSkf(X))X=_1~ ak •

Since f(x) is integral valued, so are 2 kcSf(x), cS f(x), ..• ,cS f(x).

Hence a O,a1 , .•. ,ak are rational integers. This completes the proof

of the lemma.

Lemma 2.7. For every positive integer n, we 'have

1
n+'2 -n

n! > /2TI n" e

Proof. Let

f (n) =

The lemma is equivalent to the inequality

f(n) > 1, n = 1,2, ....
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Since f(n) ~ 1 (n ~ co) by-the Stirling's formula, to prove

the lemma it suffices to show that

f(n) > f(n+1), n = 1,2, •.. ,

i.e.

g(n) = f(n)
f(n+1)

1
1 n+'2 1

= (1 + -) > 1, n =n e 1 ,2, . •• . (2.29)

Now g(n) ~ 1 (n ~ 00). So it suffices to prove

h(x) = (x+~) log (1 +~)

decreases strictly for x ~ 1, since this implies that so does

g(n) for n ~ 1, whence (2.29) follows at once. Note that

and

h' (x)

1
1 xt '2

= log (1 + x) - x(x+1)

h' (1) 3
= log 2 - "4 < 0, h'(x) ~O (x ~ co)

Thus

hll(x) =

h' (x) < 0

1
22(x(x+1))

(x ~ 1).

> 0 (x ~ 1).

This completes the proof of the lemma.
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Chapter III A proposition towards the proof of Theorem 1

In this chapter we prove a proposition towards the proof of

Theorem 1. The proof follows the main lines ,of Baker [6] and

Waldschmidt [31].

We use the notations introduced for.Theorem 1 and let K and

8 be defined in Lemma 1.2. Put

be the G-th primitive root of unity fixed in § 1.3.

(see (0.5)) and Lemma 1.3,(1;Sj~n)

and let ~ E Kp

By the fact that ord a. = 0p ]

there exists (r l' , ... ,r ~) E zn with O:ir~<G
]

(1:;ij:in) such that

rl.
e ord (0:. 1'; ] - 1) ;;;: 1
PP]

(1;:;;; j :i n).

Let be the rational integers such that

r. - p Kr ! (mod G), 0;S r. < G (1;:;;; j ;:;;; n) .
J J J

Then we see, by'Lemma 1.2, that

Kr.
ord (aI? r; J - 1) > 8 +_1_

P ] P - 1
(1:ij;:;;;n). (3 • 1 )

For later references, we give an expression (the following

formula (3.3)) for

1 K r.
exp(- log (aI? r; J)),

q ]

where the logarithmic and exponential functions are p-adic functions,

which are weIl defined by (3.1) and the fact that ordp q = 0 (see (0.1)).
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Sinee (q,G) = 1 by (0.1), we ean ehoose a,b E Z such that

aG + bq = 1.

Let l; E<I: be a fixed q-th primitive root pf.unity and put
q p

On noting K
(q, P ) = 1 and

by § 1.1, (d), it·is easy to see that there exists a q-th root

Kr.
a~P E; J

J

Ci. '. E a: of Ct. such that
J P J

1
K r, -

(al? l; J)q =
J

K
= al,P

]

ar, br.-
S ] 1'; -,J

q
(1 ~ j :;;; n) (3 .2)

By (q, p K
) = 1, for eaeh j with 1 ~ j ~ n there exists unique

k. E Z s lieh tha t
]

writing

we get,

pKk . ==
J

1

ae;t for
J

by (3.2),

ar. (mod q), 0:S k. < q.
J J

k.
a~r J which is a q-th root of
J~q , in ([

p

(1~j~n). (3 • 3 )

1. statement of the Proposition
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E
j

= E
j

(n,q;cO'C
2

) (j = 1,2) by the following 11 formulas, which

will be referred as (3.4):

h O = n log (2 11 nq)

5 2n+1
h

1
n n h O= 2 c 0 (2c 2q ) (q - 1) n!

5 n-1
2n-1

h 2
n= 2 c O(2c 2Q) (q-1) n!

1 + E1 = ( 1 __1_) ~n
h2

h -1
h 3

1·= -2-
n

-1
r + E2 =

h3e

h 1= h O+1
,

2SCO(1+E
1

) (1 + E
2

)
=

12TTn 1(1--)32n

2 6h
= 1

n

9 x 10- 15
6(n+1)log(2 hOh 1 )

= h
O

h
1

-+-
62 hOh 1

h
S

= c n (q - 1 ) (1 - _1_) (1 __1 ),
2 c

3
n h 1

( 3 • 4 )

where 11log (2 nq) and denote the usual logarithms.

(In the sequel, it is easy to distinguish from the context what

the symbol log (or exp) means: the usual or p-adic logarithmic

(or exponential) function.)
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In this chapter we. suppose cO,c1,c2,c3,c4 are real nurnbers

satisfying the following conditions (3.5), (3.6) and (3.7).

( )f 2 log h (
+ l1+--

h
1 l4+ 16 + 5 + 2\ 1+ 1 _\) + (1+__1__\)__1 }__1

\ 4 2 nq h O n, c O-l \ p-l qn c 4

(3 .5)

(3.6) _

( 3 .7)

{
1 log h O

+ 2+
ha

+ h
O

log q
q

2+__1__
'p-1

n
nq

The existence of such real nurnbers

Chapter V.

Put

will be proved in

*V·n-1
. (3.8)

Let U be areal nurnber satisfying

(3.9)

u '=
2n+1 2 .. : G(.2~r- - +2 * '*

(1+E
1

) (1+E2)COC1cn2C3C4n I q n(q_1) .p= 2> "D
n

V
1
···V W l<XJ.rV -1·

n. (f 1 P )!1+ " "n" n
8 p }I cg ".

(3.10)
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. 'Proposition 1. Suppose that (0.5)-(0.8) hold. Then

2.' Nota tions

< u .

The following 8 formulas will be referred as (3.11).

y =. epfplog p
U

qnD
,

*
S [C 3nDW J

= q f log P
p

[U fplog P
1 J r y e]T = . =

qnD l *c 1c 3W e c 1c 3W e p

* (3.11)L_ 1 = [W ]

L
O

= {,U_e.....a...p_f.....p_I_O_g_P..
qnD

L
J
. =' [_u_e----'--p_f.....p_IO_g_P_

qno

v* ]
n-1

· exp {pKS I L.V. + nD max v.}
j=1 J J 1~j~n J

For later' convenience we proceed to prove the following in-

e qua1 i tie s (3 • 12) - (3 . 27) •
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-'-

T (L 1+1) ~. (1 +-h1 )' (2+~1) _1- Y ,
- 0 p- c 1C 3

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

n D max V. ~ _1_ Y
1~j~n ] h 6

(
1)( 1 log h S ) 1

1+i1 2+ 11 + h -- Y '. (3. 19 )
4 2 nq 0 c 1c 4

(3.20)

1
log (D (L-1 + 1) · • • (Ln+ 1 )) :i h Y ,

7
(3.21)

2+_1_
p-1 1
- • --- U

qn c 1c 3
(3.22)

In (3.23)-(3.25), J, kare integers with

o ~ k :;i n-1 •

o :;;; J :;;; [lOg L ]
'. log qn ,

2 + _1_

(( 1_1)lq-JT+1)ord b ~ (1+-
h
1 ) p-1. _1_ U

q n p n 8 nqn c 1c 3
(3.23)

(3.24)
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1
L1 + ••• + Ln- 1 < 2 T ,

1+ _.
hO

'1 1, ~+--
lcx;r q);~ -p-1 ......-1..- u

q nqn c 1c 3 '
(3.25)

(3.26)

(3.27)'

Proof of (3.12). By the facts that pK ~ (2+p~1)ep (see (1.5»,

*DV. ~ flog p (1 :;;; j :;;; n) ( see (0 • 2) ), log V 1 ~ flog p ( see
J p n- p

(3.8», D ~ e p and (3.10), we -see that

U e flog P
P P (3.28)

whence

U e flog p
L.+1-G > P P - G

J . n K
q Dc 1c 2np SVj

U epfplog p ( 1)
n - - K 1-h

2
(1 ~ j ~ n) •

q Dc 1c 2np SVj

By (3.29), (3.11) and 1 + S1 = (1-~2)-n (see (3.4» we get

(3.29)

(3.30)

n+1
> (_u_e.,L.p_f.,L.p_l_O_g_P)

qnD

1

*Further, by (0.2) and by the facts that log Vn - 1 ~ h O (see (3.8)),
f

G = P P-1 . .G f plag p , D ~ e p , e ~ 1 ( see (1. 6 ) ), we obtain
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(3.31)

This and (3.11) yield

2 2 1n
~

n
h -1 = ,

T 1 h 3

-1

whence by 1 + =
h

3 (see (3.4) )E 2 e

(T~n) (1 ~r
Tn ( 2) Tn

~ + n! ~ exp nT . fiT

-1

~

h
3 Tn

( 1 Tn
e = + E 2)nrn!

Thus

By (3.11) we have

(3.32)

ST :s n
n-1

q e
(3.33)

In virtue of (3.30), (3.32), (3.33), to prove (3.12) it suffices

to show

(3.34)

On noting
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by (1.5) and (1.6), (3.34) follows from (3.10) at once. This

proves (3.12).

Proof of (3.13) . By (3.11) , (0.4) and (3.9), we have

* *
S >

(C 3nDW - 1) ;;;;
c 3nqDw (

- c:n)q'fplog
- 1 .

P fplog p

By (3.31) we get

U fplog p U fplog P
(1 - h\)T > n - * - 1 ~

n * \q DC 1c 3w e q DC 1c 3w 8

Now (3. 36) and (3. 37) imply (3. 1 3) 'irnmediately •

(3.14) is a direct consequence of the definition of

L. (1 :i j ~ n) (see (3. 11 ) ) .
]

(3.35)

(3.36)

(3.37)

*Proof of (3.15). By (3.9), W ~ h O • Hence we see, by (3.11)

and (3.35), that

Proof of (3.16). By (3.4), (3.5), we have h
1

> 32n , c
3

~ 32 •

Hence

By (1.6),

e eo n-1
--!:- < 01.:-..-.:. < 1 •

K ",. P
P
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So by (3.11) and (3.13) we see that

(n-1)qL. U epfplog p 1J ;;;; (n-1)qT qn o K
c

1
c

2
np 5TVj~

e e flog p
n-1:;;i -L . P .

c n (1 ____1 )(1 ___1)K DV.
P ] 2 c 3n h

1

1 fplog p
:;;i ---c

2
n DV.

]

(3.38)

Hence, on noting that 8
c 2 ~ 3 (see (3.5)), we get

~')) ~
n

*W :;;i W

This together with (3.35) implies (3.16):

In order to prove (3.17)-(3.19), we first establish

(L + ) L O+ 1) ~ (1++) 1 'I<

4 log Vn - 1

*By D~j ~ fplog p (see (0.2)), W ~ h O (see (3.9)) and

G ~ P P-1 ~ fplog p , we have

(3.39)
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whence

and (3.39) follows at once.

*Proof of (3.17). By log Vn - 1 ~ fplog p (see (3.8)) and

e p ;;i D I we have

y

*log Vn - 1

= U
n

q

On noting the above inequality and the fact that e ~ 1 (see (1.5) I

(1.6)) I (3.39) implies (3.17) irnmediately.

Proof of (3.18). Note that by (3.11) and (3.5)

1

11 '( * )-~ 2 nq D:S Vn -1 n I

where the last inequality follows from (3.8). This and (3.39)

imply (3.18).

Proof of (3. 19). By (3. 10) I (3. 11) and (3.36) I we see that

On noting the facts that c 4 ~ 28
I c 2 S 14 (see (3.5)) I
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n! ~ 12nn nne-n (Lemma 2.7) and V1 ~ ... ~ Vn - 1 ~ V~_1 (see (0.2»,

the above inequality gives

n- n+1 n
(

)
n-1 - - )n-1( 3 e n-1 n-1 + *

, 14 ,log 2 nq 0 Vn- 1 G log Vn- 1

It is easy to check that

n

14( 3e )n-1 ~ 14( 3e \2 < 211 .
log 2 log 2)

So by the definitions of

get

*Vn - 1 (see (3.8» and h 5 (see (3.4», we

Now we show that

(3.40)

1+c
n

Put

with c = 1
2 11 q

(3.41)

g(x) for x '= 2 .

By (3.8)

* n nVn - 1 '= (ng(n» > n

Note that

(3.42)
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n - log X)' > 0 for
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nx > n (3.43)

By (3.42) and (3.43) we see that, in order to prove (3.41), it

suffices to.show

1+c

((ng(n) )n)-n- ~ log(ng(n))n (n ~ 2)

or equivalently

n C (g(n)) 1+c ;;;: ~og ~ + log g(n) (n 6: 2) . (3.44)

we obtain

Now by g(x) and recalling c ;;;; 1

;rr;; (see (3.4 1 ) ) ,

c 1+C .C 1+c
n (g (n) ) - log 9 (n) ;;;: (n -1) (g (n) )

This proves (3.44), whence (3.41) follows. On combining (3.39),

*(3.40), (3.41) and noting log V
n

- 1 ;;: h
O

(see (3.8)), we obtain

(3.19) •

Proof of (3. 20). By (3.8) - ( 3 • 11 ), ( 3 . 5), ( 3 .4) and
f

G ;;;; p P-1 ~ fplog p , it is readily verified that

Y ;;: 2
6

h 1D rnax(hO' rnax Vj) .
1 Sj Sn

This irnplies (3.20).

(3.45)
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Proof of (3.21). Since n ~ 2 , q ~ 3 (see (0.1)), we have,

by (3. 4), ( 3 • 5) ,

~ 219 x 18.83
19.83 • '( 3 .46 )

*By (3.39), (3.46), (3.5) and log Vn - 1 ~ hO (see (3.8)), we get

By (3.36), (0.2), (3.5), .(3.9) we see that

(3.47)

n
D V1~ •• Vn

(fplog p)n

= (37961.28)n .

Now (3.28) yields

(3.48)

L.+1 :;:;
]

j ~ n) ,

whence on applying (3_~46) and (3.48), we get

(3.47) and (3.49) imply

D(L 1+1) . • . (L +1) ~ 5. 76 x 10-1 3yn +1D
- n

(3.49)
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This together with (3.45) implies

log (D (L -1 + 1 ) . · • (Ln + 1 )) ~ 1dc;i (5 . 76 x 10-1 3D ) + (n +1 ) log Y

Y Y Y

1
= h ·

7

Proof of (3.22). By the facts that

, 9 ) < 0 for x ~ 2

*and W '= h
O

(see (3. 9) ), and by (3. 11 ), ( 3 . 35), we see tha t

T 10g(L_
1

+1) f *
;:si

u J! . log(W +1 ) • 1. --log P ,h D8 * c 1c 3q W

;:si
U 1 lc:?g(h O+1) 1
n e p 8 h O c

1
c 3q

log (hO +1 ) 2+_1_
1

;:si . p-1 . Uh
O

n c
1

c
3

.
q

Proof of (3.-23). We may assurne ord b * 0 , since if
p n

ord b = 0 (3.23) is trivial. By (0.7), we have
p n

ord b
p n

log BO W *
;:si ~ ~ W

log plag P_ log p

By (0.2), (3.38) (using its second line) and the fact that

L-
8

> 1 , we see that
e p

(3.50)
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So by epf
p

S D , (3.35) and ,(3.50), we obtain

Proof of (3.24). By (1.5), (1.6) we have

_1_ < --.E....-e and
p-1 p-1

___1 + (1-1)e < (2+ 1 - 1)8 < (2+ 1 )8 .p-1 q p-1 q p-1

1
8 > ,whence

p

By (3.50), (3.11) and the fact that k ~ n-1 , we see that

( ( 1 ) 1 -J ) J +k (1 (1) )1-q n q T + 1 q S p-1 + 1-q e

< (1_1)2 q-JT(1+__1 )qJ+n-1 S(2+__1__)e
q n h S p-1

( 1)( 1)1 n-1< 1+
hS

2+p _ 1 n q ST8

* 11Proof of (3.25). By (3.9), w ~ n log(2 nqD) ~ h O • So by

(3.5) we get

(
C 3n QD) ( 2

S
\ 11 1 *

log fplog p ~ log \l~g .~' nqD) < log (2 nqD) :;;; n W

and
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log S

*W

Hence, by epf p ~ D and (3.35), we obtain

T log S
log P

1
f 1 U loS <' ( 1+

lo
g h O). 2 +P -1S 1._-.-_. ~ • -

D6 n c 1c 3 W n h O qn" q
(3.51)

Sirnilarly, by the fact that k ~ n-1 ,

(3.52)

log qk (n-1 ) T log q (n-1)T 1 * :> (1-~) n
U f

T ~ ~ - W . --E.
log p log P log p n D6

; q c 1c 3

(1-1)
2+_1_

1
S

p-1
U. -- .

\ n n c 1
c

3q

On noting that .

J
log q ~ 109...q for J &;; 0 ,

iJ qq

( 3 '. 53)lCX] q S _1 • lCX] q
q hO q

'"J U f
T log q ~ P

leg ;:) ." J n *
J; q q D:

1
C

3
W 6

we get (again by epfp ~ D , (3.35) and (3.9))

2~
p-1
nq

It'follows from (3.51)-(3.53) that

(
1\ _1 g-J

T
10g(qJ+kS)1-- - -q) n log p

k J
S l(T log S + T log q + T . log q )

n log p log plag p J
q

1 . h 2+__1_

(
og 0 + _1_ . log q\ p-1

~ 1+ h )o h O q nqn
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Proof of (3 .. 26). By (3.38), (0.2) and c 2 ;;: ~ (see (3.5»,

q;;: 3 (see (0.1'», we have

1
8n(n-1) (1 :;;; j :;;; n) ·

Hence

This proves (3.26).

Proof of (3.27). By (3.13) and the facts that 8:;;; 1 (see

(1.5), (1.6», c 3 ;;: 2
5 , h 1 > 2 (see (3.4), (3.5», we have

> ~ x (2-1) x (1-D

u
;:::

n-18q c
1

u

On the other hand, by (3.39) and the facts that h 4 ;;: 1 (see (3.46»,

* 5log Vn - 1 ;;: fplog p (see (3.8», c 4 ;;: 2 (see (3.5», q ;;: 3 (see

(0.1», we obtain

2 1
~ -- . ---:-*-

c 1c 4 1 V
og n-1

~ 1 U
16 g;. ., -n---=-1-

c
-

'-..- q 1

~ u
48 n-iq c

1
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Now (3.27) ~ollows from the above two inequalities.

So far we have established the inequalities (3.12)-(3.27).

Now we introduce two more notations. For

(J,A_ 1 , ... ,An , LO, ... ,Tn - 1 ) €:N
2n +3 set

-J n-1
= 6.(q Z+A_ 1 iL_1+1,AO+1,LO) TI 6(b A,-b.A iL.)

j=1 n J J n J
(3.54)

where 6(Zik) and 6.(zik,l,m) are defined by (2.11) and (2.12).

In the sequel of this chapter, we abbreviate (A 1, ••• ,A )
- n

as A,

(L O,···,Ln -1) as Land write ITI = TO + ... + Tn - 1 . Using a

remark from Mignotte and Waldschmidt [22], § 4.2, we can fix a

basis s1' ... '~D of K = W(01, ... ,on) over W of the shape

n
and L k, d ~ D-1 (1 ~ d ~ D)

j = 1 ]
(3.55)

3. Construction of the rational integers Pd(A)

We recall that r 1 , ••• ,rn are the rational integers intro­
f

duced in the beginning of this chapter, G = P P-1 , Xo is

defined in (3.11).

Lemma 3.1. For d = 1, ... ,D and

range

A = (A 1, ••• ,A )
- n

in the

o ~ Aj ~ L j (-1 ~ j ::;; n), r 1A1 + ... + r n An - 0 (mod G) ( 3 . 56 )

there exist rational integers Pd(A) with
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1
c ':-1

0, < max IPd (I..) I ~ Xo
0

d,A

such that

(3.57)

for all (s,LO' ... ,L
n

-
1

) E JNn+1 satisfying

1 S s ~ S , (s,q) = 1 , I~ I ~ T ,

where ~ ranges over (3.56).
A

Remark. In the rest of this chapter s always denotes a

nrational integer and l' a p~int (LO, •.. /Tn _ 1 ) E ~ . The

expression 11 for (s I l' 0 I ••• , T
n

-1) E :IN
n +1 11 will be omitted.

Proof. Write

x
n

KTa p A1S+k 1d
Pd , AiS, T (x 1 ' • • • , x n ) = (\J (L-1 +1 ) ) A0 ( S I T ) x 1

KP A s+k dn n

K'La n-1 n P A. ,s+k'd
=(\>(L_ 1+1» D.(s+A._1iL_1+1,AO+1/TO)ntdb A.-b.A iT.)·n x, ] ]

j=1 n J ] n ] j=1 ]

for d,A,S/T- with 1 ~ d ~ D , A in the range (3.56), 1 ~ 5 ~ S ,

(s,q) = 1 and 1'T1 ~ T . By Lemmas 2.3 and 2.4 we see that each

p
d/t..;S,T is a monomial in x1' ... '~n with rational integer

coefficient, who~e absolute value i5 at most
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Further

deg P
X. d,AiS,T

J

On noting that

KS P SL. + D (1 ;i j ;;a n) •
J

r
1

A
1

s+ ... +r A 5
r;" n n

for A
1

, •.. ,A
n

satisfying the congruence in (3.56), we see that

(3.57) is equivalent to

2 2 Pd '. «().1 ' • • • , Ci ) Pd ( A) =: aA d" ,/\,S,T n

1 ~ s :;;; S, (s , q) =: 1" IT I $ T •

( 1-ql )s(Tn+n)In (3.57) I there are equations and ~t least

n [~] n-1
D (L-1 +1) (La +1) n G · G 9 · c · d. (r 1 ' · · · , r n ' G)

j =: 1

1 n
'= G D(L_ 1+1) (La+1) n (L j +1-G)

j =: 1

unknowns Pd(A) . By (3.12), we can apply Lemma 2.2 to

(11, ... ,(1n ' the field K =: W(a 1 , ... ,an ) and the polynomials

Pd ' • Then the lemma follows at once.
,/\iS,T

4. The main inductive argument

(3.57) ,

For rational integers r(J), L~J) (-1 :i j S n)
J

and
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following "ma in inductive argument ll
, set

(3 .. 58)

is taken over the range of A = (7\ 1' ..... '7\ )- n

o ~ 7\ j :s L ~ J) (-1 ::i j ;;; n), r 1 7\ 1+ • • •+r n An 5 r (J) (mod G).. ( 3 .. 5 9 )

Note that, by (3.1), the p-adic functions

A.Z

(

K r,\ ]
ct~ l; J)

are normal ..

The main inductive argument .. Suppose that there are algebraic

nurnbers ct
1

, ...... ,an and rational integers b
1

, ••• ,bn satisfying

(0.5)-(0 .. 8), such that

(3 .. 60)

Then for every rational integer J with

+ 1 ,o ;;; J ;:;; [
lOg Ln]
log q

there exist rational integers
(J)

r with
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and rational integers

p~J) (A) for d=1, ... ,0 and ),. in the range (3.59),

1
c:=T

X 0 , sucho
that

for 1 :;;; s J
~ q S I (s,q) = 1 , IT I :;;; q-JT

The main inductive argument will be proved by an induction

on J On taking (0 )
= 0 L~O) = L (-1 ;;?; j S n). r , ,

] j

p~O) (A) = Pd (),.) , which are canstructed in Lemma 3 • 1 , we see,

by Lerruna 3 • 1 , that the case J = 0 is true. In the rest of

this section, we suppose the main inductive argument is valid for

J with 0 ~ J ;;;; [lOg Ln]
going to prove it forsame log q , we are

J + 1 . So we always keep the hypothesis 13.60) • \'Te first prove

the following Lemmas 3.2, 3.3, 3.4, then deduce from Lemma 3.4

the main inductive argument for J + 1 .

Let

b.
Yj = A. ~ ),. (1 ;;i j :;;; n-1 )

] bn n

and

p(J) (A)
D

p (J) (A) E;,= L .
d=1 d d

Set
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(J)D () n-1 ( K r.)yjZ
= L L p J (A)~ A (Z,l) ~ a~ ~ ]

A d=1 d d J j=1 ]

Note that, by (3.1) and (0.7), the p-adic functions

-8

(

Kr. YjP Z

a~ ~ J) =

are normal.

j $ n-1)

Lemma 3.2. For any l with III ~ T and any rational

number y > 0 with ord y ~ 0 , we have
p

Proof. We first show that

(3.61)

We use the concept of congruence mod p (introduced in § 1.3)

on 0p = {a E Kplordpa '= O} . Note that if a, ß, y, 8 in 0p

satisfy a 5! ß (mod p), y Ei 6 (mod p) , then aß ;: y6 (mod p) ;

and if ordpet = ordpß 0 ß (mod p) then -1 -1 (mod p)= , a g , a E ß .
Hence from the congruences

. r',
Ci c: j I 13 1 (mod p) (1 ~ j :;i n)

j

(see the beginning of this chapter) and

(see (0.5)) we get

ord a. = 0 (1 ~ j ~ n)
p ]
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b, b, r l
,

et ,J r;; ] ] - 1 (mod p) (1 :;;; j ~ n) ,
]

whence

-b ,r',
r;; ] ]

b,
_ Ci, ] ( mod p) , (1 ~ j ~ n) •

]

This together with (3.60) and the fact that U ~ 2 implies

-(b
1

r
1
1 + ••• + b r l

)

r;; n n

Since r;; E Kp is a primitive G-th root of unity, we obtain,

by Hasse [16], p. 153, 155, 220,

- 1) ~ U - ord bp n

On recalling r, = pKr~ (mod G) , (3.61) follows at once.
] J

Next we show that

b,
-~A Y

(
n ( Kr,) b n

ord r-T a~ r;; ] n
p j=1 J

By (0. 7), (3. 1 ), § 1. 1 (b), we see that

(3.62)

(
b. (K rr J,))ord --lA y log a~ ?

p bn n \ J (
Kr,)

~ ordp log a.~ r;; J

From this inequality and by § 1.1 (a), (b), (d), (3.61), (3.60)
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*and the fact that U ;;; 16 W ~ 16 , we obtain

b.

n -~A y n ( b. K /j))( Kr,) n ( o.Pn po. J n
= n exp _--2A y log0. . r;;

\ jJ. b n
j=1 j =1 n

(A n (af /j))= exp -bn y I b. log
n j=1 J

(A n (K b.

= exp --..E.y '. L log ctP sr j) J)
b n j = 1 j

(-~y
bn

(af /j) j)= exp log n
n j =1

( An ( b 1
pK

log a:n) )= exp --y \ct 1\ b n

= exp (_~ny pK log
( b 1 b n \\
\0. 1 an ))

n

On noting that if ord b > 0p n

*U - 2W 7 1
~ 8 U > p-1

and using (3.60), § 1.1 (b), we get

erd (_Any ( b 1 b
( b 1 b

K log an
n

)) ~ ord log . .. ann) - ord bp b n
p 0. 1 P 0;1 P n

b b
- 1) -= erdp (a 1

1 0. n ord b ~ U - ord bn p n p n

1
> p-1 ·

Therefore by § 1. 1-'; (a)
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b.

_-lA Y
K

b n

ord (n (aF: r,) n 1)l; J
P j=1 \ J

ordp(exp(-~~y
( b 1 b

- 1)pK ... ann))= log\a 1

ord_(-~ny K lOg(a~1 b n \\
= p ... an ))P n

2: U - ord b
p n

This proves (3.62).

We assert that

for the inequality

= 0 (1 ~ j ~ n) ,

1
> 8 + p-1

implies

K
A.y

log(af /j))ord ((al? r,) J
- 1 \ ordp(eXP(AjY -1 ), ] =p\\ ] )

ord (A'Y lOg(a~K ~rj)) > e + 1
= p-1

,
P J

whence
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On combini~g the·above assertion and (3.62) , and'noting, by

§ 1 . 1 (d) , that

n-1 ( K r. YjY n K r A.y

(a~ 0) Jn \o:J? r; J) -n l; J
j =1 J j =1 b.r-1 ( K

A,y -'JA yrj ) J } (n (pK rO) b n
1 \= n a~ ~ n \a. s J n

j =1 \ J j =1 J )

we obtain

Y Y n ( K r AJ.y
n 1 K ~rJ') j _ p j) }erd {n- (aP]. n \a, l; ~ U - ord b

P J'=1 ] P n
j = 1

(3.63)

Wr.i te k where h 0Y = h , > ,

integers. Then erd h = 0 , sincep

ordpq = 0 (see (0.1». Now by Lemma

k > 0 are coprirne rational
\

ord y ~ 0 . Note also that
p

2.3 we have

whence

(3.64)

Obviously for any d with 1 ~ d ~ D and A in the range (3.59),

we have, by (0.5),

(3.65)

Now on noting
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the lemma follows from (3.63)-(3.65) immediatel~.

Lemma 3.3. For k = O,1, ... ,n-1 , we have

(3.66)

for 1 ;;;;; S <" qJ+ks , (s,q) 1 I I' ~ (1 (1 1)k\ -JT~ = , T, ~ \ - -~ ~)q

Proof. We argue by a further induction on k . By the main

inductive hypothesis for J, (3.66) with k = ° is true. We

assurne (3.66) is valid for same k with 0 ~ k ~ n-2 , and we

prove it for k+1 . Thus, we see, by Lemma 3.2, that

- ord bp n
(3.67)

for

Note that, by (3.1) and (0.7), the p-adic function

-8
n-1 ( K r,)YjP Z
TI a~ z;: ]
j = 1 \ ]

is normal. Further by (2.15) and ord q = 0p we see that

is anormal function, whence so is
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Thus by the definition of fJ(z,T) ,

(3.68)

for -J
q T

are normal functions. We now apply Lemma 1.4 to each function

FJ(Z,T) in (3.68), taking

J+k
R = q S , M (3.69)

Note that by (3.68)

(~ :-1"
1 d m (-8 \ (L_ 1 +1) (L O+1) \ 8+--=T)-m8 1 d m

--I --- F \sp ,T)=P P --I --- fJ(s,T) .
rn. dzrn J ffi. dzrn

It is also easy to verify that

(3.70)

(3.71)

Further we note that for any t, rn E~ , ß(Xit)Xrn . is an integral

valued polynornial of degree t+rn, whence, by Lemma 2.6, there

(t,m)are a l E ~ (1 = 0,1, ... ,t+rn) , such that
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(3.72)

We abbreviate (llO' • • • ~ lln-1)
E l'Jn to II and write III I for

D b.

110 + ... + lln-1 , and recall p(J) (A) :: L p(J) (A)E;. y. :: A
j

- -lA
d=1 d d J b n

n
Now·by (3.71), (3.72) we obtain

1 d
rn

-, - f
J

(z,1')
m. dzm

· f J (z, l'0+1-10 ' 0 1' • • • ,on-1 ) . (3.73)

By (3. 1) and § 1. 1 (b),

K r llj

ord ~ (lOg(aj ~ jll ~n~1 { 11. (8+ 1 ) _ ~ } ~
I I ~--~~,~~~ ~ L ~ 1 1 ~ 8(1-11+···+ lJ n_1)2:0.

p j:::: 1 lJ j . j :: 1 . J p- p-
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whence by (3.67),

for all fJ(z,lO+~0,a1,•.• ,an_1) appearing in (3.73) and

1 ~ s ~ .qJ+ks , (s,q) = 1 . On combining the above observations,

(3.73) yields

( 1 d
rn

"ord --, --rn fJ(s,l)j
P rn. dz

for O::;i rn ::;j M-1 , 1 :;i S ~ qJ+ks = R." (s,q) = 1 ,

ITI ~ (1_(1_~)k~1) q-JT .

This together with (3.70), (3.22), (3.23) irnplies

.min {ordp(t\ ddz: FJ(SpS,T)) + tS}
1;Ss:;;;R, (s,q)=1

0:st::;iM-1

where

(3.74)
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1 -J 1n q T J + 1 , ( se:e (3 .69) ) •

On the other hand, by ~3.24), (3.25), we see that

( 1 \1 J 1 (J+kS)+ 1 - - -q - T _o_g~q__-,-
,q)n log p

1 h 2+__1__

(
1)( 1) 1 ( og 0 1. log q) p-1. 1 U.:> 1+

ha
, 2+p _ 1 c:;U + \ 1+ h

O
+ h

O
q - .nqn c

1
c

3
• (3.75)

Now we see from (3. 74), (3. 75), (3. 7) that each F J (z, T) in (3 .68)

satisfies the condition (1.9) with R,M given by (3.69). Thus

by Lemma 1.4 and (3.68) we obtain

> (1_1)2 1 qk ST 8 - (L +1\(L +1\(8+ 1 \
, q n ,-1 ), 0 ), p-1)

By Lemma 3.2 and again by (3.74), (3.75), (3.7) we get for s ~ 1

ord b
p n

> (1_1)2 1 qk ST e - (L +1 \(L +1 \(8+__1__)
" q n ,-1 ), 0 ) p-l .
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Hence

for s ~
-J

q T (3.76)

where the last inequality follows from (3.13) and (3.17).

On the .other hand, by (3.59), we see that for

1 ~ s ~ q J +k+1S, (s , q) = 1 , ITI:> (1 -(1-~) k~1).q -JT ,

which is a polynomial (with rational integer coefficients) in

a 1 , ... ,an ' of degree at most

KL(J) J+k+1 s + D ~ K k+1 SL + DP j q P q j

in C1. ( 1 S j :s n) . Note that by the main inductive hypothesis
J

for J and Lenunas 2.3, 2.4, for 1 ;;;; d :;;; D , A satisfying (3.59) ,

1 ~ s S qJ+k+l s , (s, q) = 1 , I T 1 ~ (1-(1-~) k~1)q-JT , we have
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where L(J) = max
1~j<n

L~J)
]

-r(J)s 2J(L_ 1+1) (Lo+1)r \T O
So s q ,V(L_ 1+1)) ~J(S,T) for

1 ::; s ;;; qJ+k+1S, (s, q) =1 , 11: I ::; (1-( 1-~) k~1) q-JT, as a

polynomial in a 1 , ... ,on' has its length at most

_1_ qk+1 (L +1) (L +1)

(
n ). c O-1 2(L_1+1) (LO+1~( ( S)) -1 0 (L_1+1)T.

D J:TIL j +1l Xo Ln .\2e\2 I
L_

1
+1 3

(
~n-1) (BnL

1
+B".'~Ln) )T

• 1+ T - ·

Now assume there exist S,T with
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such that

and we proceed to deduce a contradiction. By Lemma 2.1 and the

definition of Xo (see (3.11)), and by (3.14)-(3.16), (3.18)-(3.21),

the assumption ~J(S,T) * 0 implies that

K k+1 n }
+ p q s I L. V. + nD max - v'.

j =1 ] ] 1 ~ j;:;;n ]

k+1-n:;;; q

1 Ln}.+ Ci • 2 (L-1 + 1) (LO+ 1 ) log
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+ (1+(1+--1)lOg 3')(1 + ~1)(2+_1_\ 1
\ \ hO . \q Co \, p-1) c 3

1( 1)( :1+ - ,1+h 4+ 10
q 4 2 nq

This together with (3.6) implies

(3.77)

On noting that

(3.77) yields

2

ordpG (gk {(1-j) (1- jn)( -h1)-gJ+1(1+u )( :4} ,
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contradicting (3.76). This contradiction proves

for q J+k+1 S I1 :S s:S I (s/q)=1 I TI (1
(1 1\ k+1\ "";J

:S -, -q) :n-) q T

Thus the proof of the lemma is cornplete.

Lemma 3.4.

In (2 T) = 0
'+'J,q'

Proof. By Lemma 3.2 and Lemma 3.3 with k = n-1 I we have

T .log(L_ 1+1)
ordpfJ(s/T) ~ U - - ord blog p p n

for q J+n-1 S I I1 :S s So , (s/q)=1 I T :S (1
(1 1 \ n -1 ) -J-, -q):n- q T

Now we apply Lemma 1.4 to each function

taking
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Then it is readily verified that the argu~ents from (3.6'7) to

(3.75) in the proof of Lemma 3.3 work also for k = n-1 . Hence

we see that each p-adic normal function FJ(Z,T) with

ITI ~ q-(J+1)T satisfies the condition (1.9) of Lemma 1.4 with

above specified Rand M. So Lemma 1.4 implies

(1
1 \2 ! qn-1 ST 8 - (L_

1
+1) (L

O
+1) (,8' + p_1.

1
)\

> -- n \q)

for -(J+1)
s € Z , ITI ~ q T •

By Lemma 3.2, (3.74), (3.75) (with k = n-1 ) and (3.7) we obtain

for s '= 1

T 10g(L_
1

+1)
~ u - - ord b

log p p n

1 )+ --p-1

Hence
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ordp~J(~") ~ min (OrdpfJ(~")' Ordp(~J(~") - fJ(~")))

> (1_~)2 ~ qn-1 ST 6- (L_ 1+1) (LO+1) (6+ P~1)

~ ~ {!r 1-!J)2(1- 1 )'(1 1 )_(1+__1 )(\1+~\)__1 . __1}
c 1 \ q c 3n h 1 h 4 P 1 qn c 4

for
-(J+1)

s ~ 1, ITI S q T , (3.78)

where the last inequality follows frorn (3.13) and (3.17).

On the other hand, on noting that, by § 1.1 (d) and (3.3),

we have für

(3.79)

bs(r1A1+ ••• +r A )
~ n n

1- A.Sn (( K r,)q) JTI aI? ~ J
j=1 ~

1 K

{~ (a~)P AjS}
j = 1 \ J

r 1A1 + ••• + r
n

An :::i r (J) (mod G)

A,§

~ (a~K ~rj) Jq =
j = 1 J

n {( l\p
K

br.}AjS=~ Nq r ] -j = i ~j) ~ -

1 K
(J) n (-)P A.S

bsr TI a~ J
= S j=1 \ ]

we see that for 1 ~ s ~ qJ+1 S , ( ) 1u.. 5,q ;::; ,
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is a polynpmial (with rational integer coefficients) in
1 1

cif, ... ,a~ of degree at most

1

in a~ (1 ~ j :s n) . By the main inductive hypothesis for J ,
J

Lemmas 2 .3, 2.4 we have for 1 :;;; s :;;; qJ+1 s (s,q) =1

IT I < -(J+1)T 1 :;; d :;;; D A in the range (3.59) ,= q , ,

2(J+1) (L:... 1+1) (LO+1) 2(L_ 1+1) (LO+1)
q :;;; (q Ln)

( V(L_
1
+1))T O n ß"(b A.-b.A iT.)

'-1 n J.J n J
J- -(J+1)

L + 0 -T-> (n_ 1
) (B LfJ J T

~ 3 e ,1+ q-(J+1)T )

1
lT(L_ 1+1)( (n-1)q(B L1+B

'
IJ )",)qT

:;;; 3q 1+ T n n •

Hence we see that
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1 1
q q

a
1

, ••• ,an ' has length not exceeding

No we assurne that there exist· S,T satisfying

such that

and we proceed to deduce a contradiction. In Lemma 2.1, let

E= K(ai, ... ,a~) , jl be a prime ideal of OE lying above p.

Thus

[E:WJ = [E:K][K:W]

(see (0.6» and

n= q' D

1

Note that h(a~) 1
::;: -h (a. )

q J

cf Xo (see (3.11», and by

we see that

Then by Lemma 2.1 and the definition

(3.14)-(3.16), (3.18)-(3.21), (3".6),
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(
5 ) qJ+ 1S I I - (J + 1)lPJ qI t * 0 with 1 ~ 5 S I (5 I q) = 1 I t ;i q T

implie5

qnD {l ( nn (L.+1))+C 1_1 K nI~ - og D log XO+p S L.V.+nD max V.
epfplog p ] J J ]j = .. 1 0 j =1 1~ j :;;;n

.~

(
(n-1) q (B L +B~'L' )-\

+ ( log 3) 1T (L 1+ 1) + 1 T log 1+ n 1 ,n-)
q - q T

:;;; U {(h16 +h\)(1+Co1_1 )C1 +(1+_1_) _1-c 1 c O-1 c 2

+(1 +(1+h1J1Og 3)(! +_1__)(2+___1 ) __1
q c O-1 p-1 c 3

+(1+EL)(4+ 1~ +
2 log h 5 1 (1+ 1 )) 1}+hO n \ Co -1 c 44 2 nq

~
U {(1_!)2(1 ____1 )(1 ___1) _ (1+__1)(1+~) _1 • __1}

c 1 q c 3n h 1 h4 P 1 qn c 4

a contradiction to (3.78). Thi5 contradiction prove5

The proof of the lemma i5 thU5 complete.

Lemma 3.5. The main inductive argument i5 tru'e for J+1 .
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Proof .. Similarly to (3.79) we have for

the equality

(3.80)

Writing

lJ.. = A~ + qA. , o :;i A~ < q ( 1 :;i j ~ n) ,
J J J J

we see that

1 K K 1 K 0

(a~t Il
j
S p A.S( -t Ls

= a . J ct~ J ( 1 S j :;i n) .
J J

(3.81)

By Lemma 3.4, (3.80), (3.81), we obtain

(J) (J)
1 K 0 L L

q-1 . q-1 n (Ci\p A.S -1 0 D (J) . 0 0)
o~ ••• OL n l ctJ.) J 1 ~ I ~ Pd (A_1,AO,A1+qA1,·· .,An+qAn ~d ·

Al =0 An=0 j=1 \ A-1 -0 AO-0 A1,···, An d-1

( -(J+1) nn-1 ( 0 0 ). nn p. K AJ.S· ßlq S+A l;L 1+1,AO+l,lO) ßlq(b A.-b.A )+(b A.-b.A )iT. ~.
\ - - j=l \ n J J n n J J n J j=1 J

= 0 (3.82)

where 1 ranges over the rational integers A"" ... ,An
Al' · · . , An

satisfying
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and

(3.83)

n 0L r. (A. + qA.) -
j==1 J J ]

r (J) (mod G) • (3.84)

We emphasize that, by (0.1)

(q,G) == 1 ,

hence (3.84) is equivalent to

(3.84) I

where (J+1) (,0 -,0)
r 1\ 1 ' • • • , I\n is the unique solution of the congruence

qx (mod G)

in the range o.~ x < G . Now by the mian inductive hypothesis

o 0for J, there exists a n-tuple A1 , ... ,An with

o ~ A~ < q (1 ~ j ~ n) , such that the rational integers

for 1 ~ d ~ D ,OS A. ~ L~J) (j==-1,O) , A1 , ••• ,A satisfying
] ] n

(3.83), (3.84)', are not all zero. Fix this n-tuple

take

o 0A ,..., A ,
1 n
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which is obviously divisible by g.c.d. (r 1 , ... ,rn,G) , and set

L~J+1)::::L~J)::::L.(j::::_1,0), L~J+1)=L~J+1) (A0
1

, ... ,AO) (1:;; j ~ n)
J J J J J n

for

1 :;;; d ~ D, . 0 ~ Aj ~ L~ J +1) (-1 :;;; j ~ n), r 1A1+... +r n An i:i r (J+1) (rood G) •

(3.85)

By the condition (0.6) and the fact that

K
(p s,q) :::: 1 ,

we obtain from (3.82) that

K
n-1 ( 0 0 ) n p A.Snß q (b A. -b . A ) + (b A. -b . A ); T • • n Ct. J :::: 0
j=1 n J J n n J ] n J j::::1 J

(3.86)

for 1 ~ s ~ qJ+1 s , (s,q)::::1, 11'1 .:ii q-(J+1)T I where l:(J+1)
A

denotes the summation over the AlS in (3.85). By Lemma 2.6

fqr each j with 1 ~ j ~ n-1

o 0ß(q(b A.-b.A ) + (b A.-b.A );k)
nJ Jn nJ]n

the k+1 numbers

and O:i k :;;; T.
J

is a linear combination of
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6. (b A. -b. A i t) , t = 0,1, ••• , k ,
n J J n

with coefficients independent of A1 , ... ,An , where the coefficient

of 6.(b A.-b.A ik) is non-zero. Hence for each j with
n J J n

1 ~ j ~ n-1 , 6.(b A.-b.A iT.) is a linear cornbination of the
. n J J n J

l.+1 nurnbers
J

6.(Q(b A.-b.A )+(b A~-b.AO) ik) , k =n J J n n J J n O,1, ... ,lj ,

with coefficients independent of A
1

, ... ,A
n

. By this observation

and by (3.80), we see that (3.86) irnplies

b
(J+1)

- sr
1';; f.PJ + 1 (s,l) = 0

for q
J+1

S1 ~ s ~ , (s,q)

This completes the proof of the lemma.

Thus we have established the main inductive argument for

[
log L ]

J = 0,1' ••• '"1 n + 1 •. og q

We should like to make some remarks on van der Poorten [25].

Recall

g
NR P • (Np-1)

and let 1';;' be a Gp-th primitive root of .unity in ~p . It is

asserted in [25], p. 35 that for a E K with ordpa = 0 there

is an integer r, 0 ~ r < Gp such that
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g + 1 •
P

(3.87)

Note that this is false. A simple counter-example is the

following. Take K = Q2, P = 3 ?l, then e p = ~p = 1 Gp = 6

Let Si be ä 6-th primitive root of unity. Take 2 thenCl = 5 ,

ord Ci. = 0 and it is readily verified that
p

1 < g'''' ~+ 1
'p for r = 0,1, ... ,Gp -1 .

We should also point out that the assertion (3.87), does hold for

the special case where g =0 , by virtue of our Lemma 1.3; hut. p

even in this special case, there are still some inaccuracies

in [25]. For instance, in the proof of Lemma 7 in [25], p. 46,

p. 47, which corresponds to our Lemma 3.5, the author of [25]

does not put an additional restrietion on q that

(3.88)

which seems to be essential to make his proof work. On the other

hand, if one does assume (3.88); then by Hasse [16], p. 220, Kp ,

whence K, does not contain the q-th primitive roots of unity,

and we can not understand the arguments related to Kummer theory

in Section 5 of [25], pp. 49-51. The same remark extends to the

proofs of Theorems 2,3,4 of [25].

5. The completion of the proof of proposition 1

~e suppose that Proposition 1 is false, that is, there exist

algebraic numbers Cl 1 , ..• ,an and rational integers b
1

, ... ,bn
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satisfying (0.5)-(0.6) such that

then we proceed to deduce a contradiction. By the main inductive

argument for

J = = [lOg Ln] + 1Ja log q ,

we have

<.P
J

(S,T) = 0
o

for 1 :S s (s,q)=1 , ITI
-J

~ q °T . (3.89)

Since
(JO) -J

o ~ L < q °L , we see thatn - n

then we see, by (3.26), that

+ ••• +

By these observations, (3.89) implies (writing again
(JO) 0 (JO)

p (A) = I Pd (A)~d)
d=1
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for

(
n-2 ' \ n-l( K A.S· n td b A,; T • ) ).n\ClI? l;~ j) ] } D" (b Al; 1" 1) = 0
j=1 n J J j=l J n n- n-

J O 1 -J (JO)
1 ~ S ~ q S, (s I q) =1 I 0 ~ 1" 0 ~ 2 q °T I 0 ~ 1" j :;i Lj (1 ~ j ~ n-1) I

where we have set

for A 11···,A 1 satisfying- n-

(Ja)
o ~ A. :;i L, (-1 ~ j ~ n-1)

J ]

By Lemma 2.5 we have

and

3 2
A,Sn- nIJ( Kr,) J }

(nD,,(bA';1"')) cl: l; J . D" (bnAn-2;1"n-2~ =0.
j=l n J J j=l J

(J ) .
:;;; L,' 0 '( 1 ;i j :;in- 2) .

J

, we obtain== L
j

(j==-1,O)

Ja 1 -Ja
for 1:;i s :;i q S, (s r q) =1 I 0 :;i Ta,;) 2q T, '0 ,~ T j

On repeating this argument n-l times and noting

(Ja)
L.

J
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fqr a :i A. :;i
(Ja)

( 1 ~ j ~ n-·1 ) andL.
J. J

Ja -J
1 0

1 ~ s :s q' S, (s, q) = 1 , 0 ~ 'T o :;;; -q T .
2

This irnplies that each polynornial

with 0 ~ A. ~
J

(3.91)

1( 1 _1 \ST > -4
1 ST2\ q)

zeros. But (3.27) yields

So

Q (x) = 0
A1 ' • • • t An - 1

for
(Ja)

o :;;; A. :;; L. (1 ~ j :;; n-1) •
J J

(3 .92)·

According to Lemma 2.3, the polynomials

are linearly independent. Thus (3.91) and (3.92) irnply

for

that iSt
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contradicting the construction in the main inductive argument.

This contradiction proves Proposition 1.
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Chapter IV A proposition towards the proof of Theorem 2

In this chapter we prove a proposition towards the proof

of Theorem 2. The proof goes along the same line as in Chapter

III. Since we do not introduce the polynomials ~(x;k/l/m) in

our auxiliary functions, we have some 5lmpl~fication. We use

the notations introduced for Theorem 2 and those introduced at

the beginning of Chapter II1.

"1'. Statement of the proposition

We define h
j

= h
j

(n,qico ,c 2) (0 :;;; j :;;; 5) ,

h 6 = h6 (n, q; cO' c 2 ' c 3) , € j = €j (n, q; cO' c 2) (j = 1,2) by the

following 9 forrnulas, which will be referred as (4.1):

hO
11= n log (2 nq) ,

2n+2
h 1 16 c O(2 n n hO= c 2Q) (q-1) n!

,

n-1 2n
(1-h

1J-n
h 2 16 c O(2 n 1= c 2Q) (Q-1) , + €1 =n! ,

h -1 -1

h 3
1 1

h 3 (4 . 1)= + €2 = e2 I

(n-1 )

25h
h 4 = 1

n

1.02x10-1O 5
-1 n log(2 hOh 1)

h 5 = h Oh1
+ 52 hOh 1

h6 = c n(q- 1l(1----1)(1 ___1)2 c 3n h 1
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In this chapter we suppose cO' c 1 , c 2 , c 3 are real

nurnbers satisfying the following conditions (4.2), (4.3), (4.4):

< 7 > 5 24 <- 2' c 2 - 2' - c 3

(h~4 + _1)(, +_1_):-"C
h S c O-" 1

(4 .2)

+ (1 + 1 )(1+__' )(2+ 1 ) _1 ;
q c O-' h O p-1 c 3

1 h 2+_1_
~ (1+-'-)(2+-'-\+{2+-'-+ og O+_'_.log 9}. p-1._'_

c 1 h 6 p-1 ) h 6 h O h O q n9n c 3

The exis tence' of such real- nurnbers cO' c l' c 2' c 3 ' will be

proved in Chapter V. Let

w* = max(W,n log(2 11 nqD)) ,

(4 .3)

(4 .4)

(4 .5)

where W is areal nurnber satisfying (0.9), and let U be areal

nurnber satisfying

Proposition 2. Suppose that (0.5)-(0.8) hold. Then

1 \) < U •

2. Notations

The fo~lowing 6 formulas will be referred as (4.7).
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[U flog p
1 <; 1 r Y 1T = P =

qnD lc c w*e e
,

c 1c
3
W e

1 3 P

rU epfplog p
• 1 K 1 r Y 1L. = = (1 :;;

J l qnD l Kc 1c 2np SVj c 1c 2np SVj

(4 .7)

j ~ n) ,

L = max L. = L1 (see (0 • 2» ,
1 :;;;j <n J

n ( (n-1) (B L +B'L ..) T ( n
Xo = (D~(L.+1»)eT 1+ Tn 1 n) exp pK S L L.V.+nD max Vj)

j =1 J j =1 J J 1 :;;;j :;;;n

The following 11 inequalities (4.8)-(4.18), which can be

established in almest the same way as in § 3.2, will be required

later. We give only the proefs of (4.11) and (4.14), and omit

the proof of the rest.

(4 .8)

(4 .9)

n D max V. ~ KL y ,
1:;;;j~n J 4

(4.10)

(4.11)

(4.12)

(4 • 1-3)
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2+_1_

((
1_!)lq-JT+ 1)Ord b ~ (1+__1) p-1 • 1_ U ,

q n p n h 6 nqn c 1c 3

«' )0~T+ }J+ks(; + (1-Je) $>tl
(
1-!\~-JT lCXJ (qJ+kS) ~ (1 r1cq hO + _1 . leg q) 2~ • _1_ U ,

qjill l<:x;J P ha ha q nqn c 1c 3

(4.14)

(4.15)

(4.16)

(4.17)

(In (4.15)-(4-17), J,k are integers with

o ~ k ;:;;; n-1 .)

log Ln
o S J S log q ,

L
1

+ ••• + L· 1 :;;; T •n- (4.18)

* 11Proof of (4.11). By (4.5), w ~ n 10g(2 nqD) ~ h O . Hence

the definition of T in (4.7) and (3.35) imply

Pr00f 0 f ( 4 • 14). BY (0. 1 ), (0. 2), ( 0 • 9), (4. 1 ), (4. 2) ,

( 4 • 5) - ( 4 • 7), we have

y
~ h Oh 2K

,
c,c 2np ~Vj

K *c 1c 2np SVj ~ c 1c 2n(c
3
n-1)qw ~ 17513.76 .
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Thus we see that

n n ( .. r ~y \n (L.+1) ~ n ,"'-. , + 1

J. =1 ] J' =1 \~ ~~ ~p~sV·. '. )
1 2- - -] .

-9 .n
~ 3~2603 x 10 Y •

So

This proves (4.14).

In the sequel. we abbreviate (A 1 ' •• • , An) E Jt-f' as A,

n-1
(T 1 , ••• ,Tn - 1 ) E~ as T, and write

+ T l'n-

n-1
= n ö(b A. - b.A ; T.)

j~1 n ] J n J

We also use the basis ~1' ... '~D of K = W(a 1 , ... ,an ) over W

to the shape (3.55).
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3. Construction of the rational integers ~d~A)

Lemma 4.1. For d = 1, ... ,D and A = (A 1 , ... ,An )

fying

o :i Aj :i L j (1 :i j :i n), r 1A1 + ••• + r n An 8 0 (mod G)

there exist rational integers Pd(A) with

1
c-=1

o < max 1Pd ( A) I :i Xo0
d,A

such that

•

satis-

(4.19)

= 0

for 1 ~ s ~ S, (s,q)=1, lTl ~ T , where L denotes the summation
A

over the range (4.19).

Proof. Similar to the proof of Lemma 3.1.

4. The main inductive argument

For rational integers

( J)
Pd ( A1 ' • • • , An)

r(J), L~J) (1 ~ j ~ n) and
J

which will be constructed in the

following lI main inductive argumentII, we set

, (4 .20)

where L(J) denotes the summation over the range of A = (A 1 , ••. ,An ):
A
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J

(1 :;;;
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J' $; n) r' + +r' - r (J) ,( mod G) •- , 1/\ 1 ••• n /\n (4.21)

The main inductive argument. Suppose that there are algebraic

numbers a 1
, ... ,a

n
and rational integers b 1 , ..• ,b

n
, satisfying

(0.5)-(0.8)', such that

Then for every rational intege~ J with

[lOg L ]
0 :;;; J :;;; log qn. + 1

there exist rational integers
(J) L ~J) ( 1 ~ j :;;; n) withr ,

J

(4.22)

not all zero, with absolute values not exceeding

0, ~ L ~ J) ~ q -JL. (1 :;;; j :;;; n) ,
J J

and rational integers

pJJ) (A) for d = 1, ••• ,D and A satisfying (4.21),

1
c:-=T

X O. , sucho
that
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The proof of the mainductive argument is similar to that

in § 3.4 . So we only give a detailed sketch. We prove it by an

induction on J On taking
(0 )

0 L~O) .= L. ( 1 ~ j ~ n). r = , ,

pdO) (A)

J ." J
:::: Pd (A) ( 1 ~ d ~ D , A satisfying (4.21)), we see, by

Lemma 4 . 1 , that the case J :::: 0 is true. In the remaining part

of this section, we assume the main inductive argument is valid

for seme J with

[
log L ]

o ~ J ~ log: '

and we shall preve it for ., J + 1 • So we always keep the hypothesis

(4."22). We first show the fellowing Lemmas 4.2, 4.3, 4.4, then

deduce the main inductive argument for J + 1 •

Let

Y. = A.
J J

and put

We write

Lemma 4.2. For any T = (T 1 , ... ,Tn - 1 ) with ]T\ ~ T and

any y E W, Y > 0 , with ord y ~ 0 , we havep

U - erd bp n
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Proof. By the definitions of ~J(Z,T) and fJ(z,T) , we

have

ord A(t) ~ 0 (since A(T) E Z ) and
p

by (0.5). Similarly to the proof of (3.63), we

It is easy to see

ord p(J) (A) '= 0
p

can readily show that

Now the lemma follows from the above observations at once.

Lemma 4.3. For k = 0,1, ... ,n-1 , we have

(4.23)

tor 1::: s S qJ+ks , (s,q)=1, ITI ::: (1-(1-~)~)q-JT .

Proof. We argue by an induction on k. By the main inductive

hypothesis for J, (4.23) with k = 0 is true. Assurning (4.23)

is valid for some k with 0 ~ k ~ n-2 , we prove it for k + 1 .

Thus we see, by Lemma 4.2, that

(4.24)

tor 1 S s S qJ+ks , (s,q)=1, ITI ~ (1-(1-~)~) q-JT . By (0.7),

(3.1) and the remark below the proof of Lemma 1.1,

-8
n-1 K r Y'P zn (aP]. s j) ]
j=1
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is a p-adic normal function, whence so are

for 1 ( (

1)k+1) -J11" ~ 1 - 1 -Ci ---rl q T. (4.25)

We now apply Lemma 1.4 to each F
J

(z,1") in (4.25), taking

== f(1_1'\1 q-JTlL, q)n J
+ 1 • (4 • 26 )

Similarly to the proof of Lemma 3.3, we see, by (4.24), (4.25)

and (4.15), that

. {", (1 d
t

e \} (( 1~ -J fmJ.n 'ord ,-tl t FJ(sp ,t))+te ~ U -, 1- ~ T+1 rd b
1:is:iR, (s,q)==1 p. dz q P n

0:it:;;;M-1

1

~ U - (1 +_1_) 2+p=-;- 1 U
h 6 nqn · c 1c 3

(4.27)

for ITI ~ (1-(1-~) k~1) q-JT , where R, Mare given by (4.26).

On the other hand, by (4.16) and (4.17)

( --)RM 6 + Mord Ri + ( i~~ ~

1 h 2+__1_
( 1 \( 1 \ -1' - ( og 0 + _1_ • log q \ p-1. __1 _ U

~ ,1 +h 6) 2+P-1 )~+ 1+ h
O

h
O

CI -) n qn c 1c 3 • (4. 28 )

By (4.27), (4.28), (4.4), we see that each F
J

(z,1") in (4.25)

8atisfies the condition (1.9) of Lemma 1.4 with R, M given by

(4.26). So Lemma 1.4 and (4.25) imply

ord f (8 1") ~ (,1-1)RM e > (1_1)2 1 qkST e
p J ' q q n
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for s E Z , ITI ~ (1-(1-~) k~1) q-JT . By Lemma 4.2 and again

by (4 . 27), (4 • 28), we ge t f or s ~ 1

Hence

u
> ­c 1

(4.29)

for s ~ 1 , ITI ~ (1-(1-~) k~1) q-JT , where the last inequality

follows frorn (4.9).

Now assuming there exist s, T with

such that

we proceed to deduce a contradiction. On applying Lemma 2.1 to
-r(J)s

s ~J(S,T), which is a polynomial in a 1 , ... ,un with rational
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integer coefficients, we see, by (4.10)-(4.14),
1 "_, - ,------ -'. .cn=r

IPJJ:).(,;\)"I ~~ X
o

O (from the main inductive argument for J)

and the definition of Xo in (4.7), that

(
-r(J)s \

ordp~J(s,T) = ordp ~ ~J(S,T) )

n }K k+.1
+ p q S L L.V. + nD max V.

j=1 J J 1~j~n ]

(
1\ n

+ 1+q (C
O
-1)) pK S L L.V.

j =1 J J

( ) ( ( (n - 1) (Bn L 1+
B

' Ln) \)) }
+ ~,1+C01_1 T + T log,1+--~T=-----

+(1 + 1 )(1+__1 )(2+ 1 ) __1 }
q c O-1 h O p-1 c 3

(where the last inequality follows from (4.3)), contrary to (4.29).

This contradiction proves

for J+k+1 S1 :;;; s ;:;;; q ,

thereby"establishes the lemma.
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Lemma 4.4.

tn (~ T) = 0
'+'J\.q'

Proof. By Lemma 4.2 and Lemma 4.3 with k = n-1 , we have

for (s,q) =1, -Jq T. On

applying Lemma 1.4 to each of the functions

taking

we can, sirnilarly to the proof of Lemma 3.4, obtain

2
ordp~J(q~'T\) ~ ~ (\.1-!)\ (1---.1--)(1_--1)c 1 q c 3n h~

for s ~ 1, IT I ~ q - (J+ 1 ) T •

Assuming that there exist'" s, T wi th

(4.30)

J+1 S1 ~ s ~ q ,
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such that

we proceed to deduce a contradiction. On applying Lemma 2.1 to

-bsr(J) (s )S ~J q,T (recalling that b, is introduced in the

beginning of Chapter 111 and appears in (3.3)), which is a
1

p,?+ynornial in aj (1 ~ j ~ n ).-- of degree··-- ~ t most

with rational integer coefficients, and on utilizing (4.10)-(4.14),
1

c:=T
IpAJ) (A) I ~ xo

o (from tpe main inductive argument for J)

and the definition of Xo in (4.7), we obtain

~ qnn {( 1+~1)(lOg (D (L 1+ 1 ) ... (L +1 ) ) +nD rrax V.)
eR~plog p Co . n 1~j~ ]

(
1. 1)( . ( (n-1)q(BnL1+B'~)))}+ -+~ T+T.log 1+ .q C ... -I T

.~ 0

~
U {(h14+ _1)(1+ 1 ) c + (1 + 1 )_1

c 1 h S c o-1 1 c o-1 c 2

C 1)(""1)( 1, 1
+ Ci + Co -1 1+h

O
2+p-1) -c 3

~
U (1-~:nJ(1-:1)(1-~)2-

c 1
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(where the last inequality follows from (4.3», contrary to

(4.30). This contradiction proves

thereby establishes the lemma.

Lemma 4.5. The main inductive argument is true for J + 1 .

Proof. Similar to the "proof of Lemma 3.5.
J.~ ... ~

!

"Thus we have established the ma"in"" inductive argument for
-

[
log L ]

J = 0, 1 , ••• , log qn + 1 .

5. The completion of the proof of Proposition 2

We assume that Proposition 2 is false, that is, there exist

algebraic numbers a
1

, •.. ,On and rational integers b 1 , ••• ,bn

satisfying (0.5)-(0.8)~ such that

b
na

n

and we proceed the deduce a contradiction. By the rnain inductive

argument for

J = J = [lOg Ln] + 1o log q ,

we have

lP
J

(S,T)=Q
o

for 1 ~ s
-J

(s,q)=1, \TI :;;; q °T (4.31)
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(Jo)
L = 0 . Further if

n

l' = (1'1, ••• ,1'n-1) satisfies

then by (4.18)

[1' I
-J

= l' 1 + ••• + 1'n-1 :s q 0 (L 1

-J
+ ••• + Ln - 1) :s q °T

D
Thus (4.31) implies (writing p(J)(t..) = I p(J)(t..)~

d=1 d d
(Ja) (J

o
) (J

o
)

L 1 L 1 L 2 2 1 A.5n- n- J n-Ii(n Kr. Jt {2. ... L p() (A 1,···,A _1,0)n~{b A.;1'.)· rl? s J) }~(b A _1;'( _1)=0
A =0 A =0 A =0 n. =1 n J J . =1 J n n n
n-1 1 n-2 J ]

(4.32)

for 1 :s S
J O (s,q) =1 ° S :;;;

(Jo)
:s j ~ n-1 ) wheres q S , , 1'. L . (1 ,

] ]

we have set

(Ja)
0p (A 1 ,···,An - 1 ,O) =

for )..1,···,An - 1 satisfying 0 :s A. :;;;
(Ja)

~ j ::;; n-1 ) and
J

L
j

(1

r 1)..1+·· .+rn - 1An "': 1 +
(Ja)

G) By Lenuna 2.5 we haver (mod .

det(~(b A 1;T 1»n n- n-
O ~:\ 1,T 1:;;;n- n-

(J ) * 0 •
L 0

n-1
(Ja)

so. (4.32) implies that for each :\n-1 with 0:;;; )..n-1 ~ Ln - 1
(Jo) (Ja) (J

o
)

:L . {L L :\.5n-2 1 n-3 (Ja) n-3 Jj-2 Kr.) J } "
L- ~ ••• I P (1..1 , •.. ,:\" ~1,O)n6(b )...;T.)· ~ ~ J ~{bnA -2;'(n-2)=0

:\ - =0 A "=0 :\ =0 n '=1 n ] J j=1 ] n
n-2 1 n-3 ]
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J (J ).
for 1 :;;; s :;;; q OS, (s,q)=1, 0 ;:;; T

j
$ L

j
° (1 S j ~ n-2) .

Repeating this argument n-1 times, we obtain

for
(Ja)

a ~ A. ;;i L. (1 S j ;;a n-1): ,
] ]

contrary to the construction in the main inductive argument. This

contradiction proves Proposition 2.
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Chapter V Completion of the proofs of Theorems 1 and 2

1. Solving the system· of inequalities (3.5)-(3.7)

We solve the system of inequalities (3.5)-(3.7) in the

following cases respectively:

( 1 • a) p = 2 , 2 :i n :,;;; 7

(1~b) P = 2 , n ~ a

(2. a) p = 3 , 2 ~ n ~ 7

(2.b) P = 3 , n ~ a

(3.a) p ~ 5 , 2 S n ~ 6

(3.b) P 2:; 5 , n = 7

(3.c) . P ~ 5 , n ;;; a .

We abhreviate h i (n,Qico'C2)- as h i (0 ;;;; i :i 7) , ha (n,Qico'c2,c3)

as h a ' Ei (n,q;cO'c 2 ) as Ei(i = 1,2) ·

We first deal with the cases (1.a), (2.a), (3.a), (3.b). In

these cases
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and we fix

56= TI'.

Then we have the following inequalities:

1 -2
~ 18.832756 , h

O
~ 5.3099 x 10 , h O(2,3) ~ 18.832758

log h O :;;;
hO

1.5587732 x 10- 1 log (hO + 1 )
~ 0.1586245 ,hO

h 1 ;;: h 1 (2, 3; 8 , ~~) ;;: 7. 7 4 10 3 x 10 7 ., h\ ~ 1. 2 9 18 18 x 10 -
8

,

h (2 38 56 ) 7 x 2 15 , ( (2 3 8 56))-1 ~ 2.17983 x 10-5 ,2 ,;,.,.-g- ~ 5 h 2 ,; '1"5

56 -1 4 ~ 5.167273 x 10-8 ,
(h 3 (2,3;8,TS)) ~ 7.74103x10'-1

-5(1 + E:
1

)(1 + E:
2

) S 1 + 4.366 x 10 ,

1 56 -1 8 7
h

4
~ (h 4 (2,3;8,TS)) ~ 1.291818 x 10- x 19.832758 ~ 2.5620315 x 10- ,

log h 5 ~ log 56
~ 6.3749002h S (2,3;8,TS) ,

1 56
-1

10- 10
h 6

:;;; (hG (2,3;8'15)) :;;; 4.03694 x ,

1 56
-1

10~10
h 7

~ (h 7 (2,3;8'15)) ~ 8.1217"x .
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The above inequalities will be repeatedly used in the cases (1.a),

(2.a), (3.a), (3.b).

Case (1. a) P = 2, 2 :;ii n ~ 7

It is easy to verify the following inequalities

(h
1

6
+ h\)(1+

C0
1
-1)C 1 :;; 1.215864 x 10-

9
x (1+7) x;:,> 4.863456 x 10-

9

(5 .2)

provided
7

c 1 :;;; 2 '

15
49' (5 .3)

:;; (1 + 1.053099 x log 3)(~ + 7) x 3 ~ 3.081354 , (5.4)

(1+~){4 +
1

2 log h5
+ ~(1 + ~) + (1 + ~) ~.}10 + hO.4 2 n 9: o q

~ (1 + 2.5620315 x 10-
7

)(4 +
1 + 6.7700168 x 10- 1 +

4
+ ~)

2 11 x3 7

:$ 5.4708156 .

On combining (5.1)-(5.5) we see that if c 1 :$ ~ , then the

inequality

(5 .5)



1 .291818 x 10 -8 \
)
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15 _ 4.863456 x 10-9
49

~ (3.081354 + ~ x (1 - 1.291818 x 10-
8
)) C~ + 5.4708156 C~ (5:6)

implies (3.6). Letting the two terms on the right-hand side of

(5.6) be equal, we see that

C 3 = 47.766502 , c 4 = 79.102681

satisfy (5.6).

Further, on substituting C 3 by 47.766502, we see that

~8 ~ (h8(2,3;8,~~,47.766502))-1 ~ 6.76727 x 10-2

and

{2
+ _1_"+

log h O
+:-fiL ·

log n lOg(hO+1)} 2+_1_
19 + p-1 . -h 8 hO q h O n c 30 nq

:;;; {2 + 6.76727 x 10-2 + 1.5587732 x 10- 1 + 5.3099 x 10-2 x log 3 +
3

+ 2 x 0.1586245} x:~ x 47.7~6502
- 2x3

~ 8.9332 x 10-3 .

Thus

C
1

= (1 + 6.76727 x 10-2 ) x 3 + 8.9332 x 10-3

C 3 = 47.766502

= 3.2119513 « Z)
2
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satisfy (3.7).

From the above discussion, we conclude that

Co = 8, c 1 = 3.2119513, c 2
56= 15' c 3 = 47.766502, c 4 = 79.102681

satisfy the system of inequalities (3.5)-(3.7).

Case (2.a): p = 3, 2 ~ n ~ 7

By (0.1), we have

q ~ 5 .

On noting p = 3, n ~ 2, q ~ 5 , it is easy to see that the

following inequalities hold.

(5 .7)

(
1) 1 15

1+cO -1 c
2

= 49 '

(5 .8)

(5.9)

( 1+~){4+ 1; +21; h +:(1+__1__) +(1+ 1 ) __1}
4 2 nq 0 n c O-1 p-1 qn

(5.10)
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:i 5.3085281 .

On combining (5.7)-(5.11), we see that the inequality

16 x (1 - 1.291818 x 10-8 ) - 15 - 4.863456 x 10-9
25 49

(5.11)

(5.12)

implies (3.6), provided 7c 1 ~ 2 · Evidently

satisfy (5.12).

Further, on substituting c
3

by 32, we get

1 (h (2 5a 56 32\)-1 3.40137 x 10-2
ha ~ \ a ,; '15' ) ~

and

{
1 log hO 1 10 n log (hO + 1 ) } 1

2 + h
8

+ h
O

+ h o · TI g + h
O

nqn

$ U034Q"}7 + 15 87732 x 10 +309 9 X 10 2 x 1 ? 5 + 2 x 0.1586245}

1 1
x 2x5 2 x 32

~ 0.0015777 .
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Thus

satisfy (3.7).

'From the above discussion we conclude that

;:;; 2.5889785, c
2

satisfy the system of inequalities (3.5)-(3.7).

Case (3.a): p ~ 5, 2 S n $ 6

On noting p 6 5, n ~ 2, q ~ 3 , it is readily verified that

the inequality

~ x (1 - 1.291818 x 10-
8

) - ~~ - 4.863456 x 10-9

(5.13)

implies (3.6), provided 7
c 1 $ 2 · Evidently

C
3

= 16.457689 (2+P~1) , c 4 = 77.89776

satisfy (5.13).
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Further on substituting c 3 by 16.457689(2+p~1)(; 32.915378).

we see that

and

{
1 log h O 1. log q +n log (hO+1) }.,_1_. 1

2 + h + h + h q h
O

I n c
38 - 0 0 "nq

x __1__ x 1 ~ 4~3219 x 10-3 •
2X32 16.457689x2

Thus

satisfy (3.7).

From the above discussion· we conclude that

satisfy the system of inequalities (3.5)-(3.7).

Case (3.b): p ~ 5, n ~ 7

On noting p ~ 5, q ~ 3 and n = 7 , we have
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( 1){ 1 2 log h5 1( 1) ( 1) 1}. 1+- 4 + + + - 1+-- + 1+-- -_.
h4 2 10nq hO n c O-1 .p-1 qn

:s 4.8408865 .

Therefore the' inequality

~ x (1 - 1.291818 x 10-
8

) - 1~ - 4.863456 x 10-9

(5.14)

irnplies (3.6), provided 7c 1 ~ 2 • It is easy to verify that

satisfy (5.14).

Further, on 5U sti uti 3 b Y (2+ )(> 32 , wee

that

and

1
h8

(
56 \ -1 2

~ h 8 (7,3;8'15,32)) S 1.92185 x 10-
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i l ••-' -, .. . - -- "

i' (2+l.~92i1tt5~~1,oIr:+-1 .5~5S·7·73iv.19]J};~'~_j9~~~~~\~x_11 3+_] x 0.1586245 ') x~ x 3
1
2

,... .,.--' _ ~_._/ ------- - 7x3
,-"

--, -6
~ 6.8 x 10 •

Thus

satisfy (3.7).

We conclude from the above discussion that

satisfy the system of inequalities (3.5)-(3.7).

Now we treat the cases (1.b), (2~b), (3.c). In these cases

n ~ 8 , q ~ 3

and we fix

8=
:3 ·

Then it is easy to establish the following inequalities:



-122-

1 -2
~ 86.42138, ~ ~ 1.157122 x 10 , h O(8,3) ~ 86.421384

o

" log h O 2 log (hO + 1) 2
~ 5.1598793 x 10- , ~ 5.1731917 x 10- ,hO hO

"_1 ~ 4. 711204 x 10-26 ,
h 1

~ 4.1689994 x 10-21 ,

8 21 -8 -20
1+E1~1+E1 (8,3;16'3) ~ (1-4.1689994x10- ) ;;;; 1+3.3352 x 10 ,

(h (8 3 16 8))-1 ~ 8
2

<_ 3.0151703 x 10-24 ,
3 ,;,~ ~ 25

-J 2.1226x10-1

_1 ~ (h (8,3i16,~))-1 ~ 87.421384 ~ 4.1185992 x 10-24 ,
h 4 4 3 2.1226x1025

8log h 5 ~ log h 5 (8, 3i 16 '3) ~ 6.3630211 ,

1 r1
S 5.889006 x 10-27;;;; ( h 6 (8, 3; 16 , ~)h 6

,

1
S

( 8 \-1
~ 5.13132 x 10-27

h 7
\h 7 (8,3;16'3) ) .

The above inequalities will be repeatedly used in the cases (1.b),

(2.b), (3.c).
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Case (1.b): p~ = 2, h 2 8

On noting p = 2, q , 3, n ~ 8 , we have

provided 7
C 1 ~ 2 '

(
1){ 1 2 log h 5 1 ( 1) ( 1) 1 }1+h 4+ 10 I h +- 1+--::-:r + 1+---=1'" _.. :;; 4. 280 9 348 .
4 2 nq 0 n Co P qn

So the inequality

~ x (1 - 4.711204 x 10-26
) - ~ - 4.2 x 10- 26

111
~ (2.5335894 + TB) c

3
+ 4.2809348 c

4
(5.15)

irnplies (3.6), provided 7
c 1 ~ 2 · It is easy to check that

c 3 = 116.51153 , c 4 = 192.64207

sat~sfy (5.15).

Further on substituting C 3 by 116.51153, we see that

1 ~ 2.34627 x 10-2
h a
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and

1

(
log h n log (hO +1 ) )2+

P
_ 1 1

2+_1_+ 0+_1_.log q+ h - .-- ~ 1.3 x 10-6 .
h 8 h O h O q 0 nqn c 3

So

C
1

= (1 + 2.34627 x 10-2 ) x 3 + 1.3 x 10-6 = 3.0703894

C 3 = 116.51153

satisfy (3.7).

We conclude from the above discussion that

satisfy the system of the inequalities (3.5)-(3.7).

'Case (2. b): p = 3, n ~ 8

By (0.1), we have q ~ 5 . On noting p = 3, q ~ 5, n ~ 8

we see that the inequality

.~~ x (1 - 4.711204 x 10-26 ) - ~ - 4.2 x 10-26

(
-1 2 2'\( 1) 1 1~ 5.6301992x10 +25xS) 2+p _ 1 c

3
+ 4.2806175 c

4
(5.16)

implies (3.6), provided 7
c 1 ~ 2 . Obviously
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c 3 = 32, c 4 = 35.671814

satisfy (5.16).

Further, on substituting c 3 by 32 and noting that

n ~ 8, q ~ 5 we see that

1 ;;;; 1. 17648 x 10 - 2
h a

and

So

C 1 = (1+1.17648x10-2+10-7)(2+p~1) = 1.0117649 x ~ = 2.52941225 ,

c = 323

satisfy (3.7).

From the above discussion we conclude that

satisfy the system of inequalities (3.5)-(3.7).

Case (3.c): p ~ 5 I n ~ 8

It i5 easy to verify that the inequality



-126-

4 x (1 _ 4.711204 x 10-26 ) _ 2 - 4.2 x 10-26
§ g

~ (0.8445298 + 1~ x !)(2+P~1) C~ + 4.2808204 C~

implies (3.6), provided c 1 ~ ~ ..Evidently

(5.17)

=.192.63692

satisfy (5.17).

Further, on substituting c 3 by 39.253842 (2+P~1)

(> 78.507684) we see that

-h1 ~ 2. 34 74'9 x. 10 -
2

8

and

So

C 3 = 39.253842 (2+P~1)

satisfy (3'.7).

From the above discussion we conclude that
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satisfy the.system of inequalities (3.5)-(3.7).

On surnming up all the cases (1.a)-(3.c) and applying

Proposition 1, we obtain the following

Proposition 3. Let

E = E(n)

-5= { 4.366 x 10 , 2 ~ n ~ 7

4 x 10 -20 , n f; 8

and be positive numbers given by the

following two tables.

Ga.~e Co c 1 c 2 c 3
c 4- ...:rf"-----

2:Sn:S7 8 3.2119513 56 47.766502 79.10268115p = 2
". -- - 8

n~8 16 -. 3.0703394 '3' 116.51153 192.64207

2~n~7 8 2.5889785 56 32 3215p = 3

n~3 16 - 2.52941225
8,.

32 35.671814
3'.~

Case Co /7 1 \ c 2 c /(2+--'!-)C 1 ,2+ p _1) 3 p-1 c 4

2~n:;;;6 8 1.0723192 56 16.457689 77.8977615

P ;;: 5 n=7 8 1 .0192253 56 16 69.99451315

n;;:8 16 1 .0234756 8 39.253842 192.636923

Let

Suppose that (0.5)-(0.8) hold. Then
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2. Solving the system of inegualities (4 ..2)-(4.4)

·We solve the system of inequalities (4.2)-(4.4) in the

following cases respectively

(1 . a) .p ;;;;: 2 2 ;S n :s; 7 ,

(1 . b) p ;;;;: 2 n '= 8

(2. a) p ;;;;: 3 2 :s; n :s; 7 ,

(2. b) P ;;;;: 3 n '= 8

(3. a) p '= 5 , 2 :;;: n :;; 7 ,

(3. b) P '= 5 , n ;;: 8 .

as

We abbreviate hi (n,q;c
O
'c 2 ) (0 ~ i ~ 5)

as h 6 ' E: i (n,q;c O'c 2 ) (i ;;;;: 1,2)

as

We first deal with the cases (1.a), (2.a),' (3.a). In these cases

and we fix

8
;;;;:

3 •

Then we have the following inequalities

1 -2 log hO 1
h0 ~ hO(2 , 3) ;;: 18. · 8 32756, h

O
;S 5. 3099 x 10 , h

O
;S 1. 558 7732 x 10- ,

h 1 ;:: h 1 (2 I 3 ; 16 I ~ ) ;:: 78990303 I h\ :0 1. 26598 .x 1 0-8
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( 8 r1 -16' 1 .52588 10-5,h2 (2,3;16'3) = 2 :;;; X ,

1+si ~
8

3.05192 10-5
1+s1 (2,3; 16'3) ~ 1·>+ x ,

( -1 10-8h 3 (2,3; 16 '~) ) :;; 1 .265·98 x ,

1+s 2
:;;; 8

1 .266 10-8
1+1:: 2 (2,3; 16'3) ~ 1 + X ,

1
S ( 8 r1

$ 7.91238 x 10-10
h 4

,h4 (2,3; 16'3) ,

1 r1

hS
:;;; (h5(2,3;16,~) :;;; 1 .03297 x 10-9

The above inequalities will be repeated used in the cases (1.a),

(2.a), (3.a).

Case (1.a): p = 2,2 $ n :;;; 7

It is readily verified that the inequality

~ x (1 - 1.26598 x 10-8 ) - ~ - 6.81038 x 10-9

~ (1.2637188
2

+ - x
9

(1 - 1.26598 x 10-8 )) 1
c 3

(5.18)

implies (4.3), provided 7
c 1 ~ 2 · Obviously

c 3 = 33.433683
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satisfies (5.18). On substituting c 3 by 33.433683, we obtain

_1_ ~ 9.51734 x 10-2
h 6

(

log h
2+_1_+ 0+_1_. log

h6 hO hO q

So

~ 1.13185 x 10-2 .

c 1 = ( 1<+ 9. 5 1734 x 10 - 2 ) x 3 + 1 . 13 185 x 10 - 2 = 3. 296 8 38 7

c 3 == 33.433683

satisfy (4.4).

Frorn the above discussion we conclude that

== 3.2968387, c
2

33.433683

satisfy the system of inequalities (4.2)-(4.4).

Case (2.a): p = 3, 2 $ n $ 7

By (0.1) we have

q ~ 5 .

It is easy to verify that the inequality
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;~ x (1 - 1.26598 x 10-8 ) - ~ - 6.81038 x 10-9

(5.19)

implies (4.3), provided 7
c 1 ~ 2 · Evidently

C = 163

satisfies (5.19). On substituting c 3 by 16, we obtain

1 ~ 0.048388
h 6

So

1
n

nq
1 ~ 2.7767 x 10-3 .

c
3

s a ti s f y. (4. 4) .

From the above discussion we conclude that

= 2.62791175, c 2
8= 3' c 3 = 16

satisfy the system of inequalities (4.2)-(4.4).
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Case (3.a): p ~ 5 , 2 ~ n ~ 7

It is easy to verify that the inequality

~ x (1 - 1.26598 x 10-8 ) - ~ - 6.81038 x 10-9

~ (0. 421 2396 + ~ x ( 1 - 1 . 26598 x 10 -8) x ~)( 2+p~1) C
1

3
(5.20)

irnplies (4.3), provided 7
c 1 ~ 2 · Evidently

C 3 = 11.977897 (2+P~1)

satisfies (4.3). On substituting c 3 by 11.977897 (2+P~1)

(> 23 • 95579 4 ) , we ge t

_1 ~ 0.0957485
h6

and

1
n

nq

So

c 1 =(1 + 0.0957485 + 5.267 x 10-3)(2+p~1) = 1.1010155(2+p~1) ,

satisfy (4.4).
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We conclude that

= 11. 977897( 2+P~1)

satisfy the system of inequali~ies (4.2)-(4.4).

Remark. Note that the inequalities for hO,···,hS ' h 6 '

E
1

, E
2

we used in the cases (1 .a), (2 .a), (3.a) depend on the

fact that n ~ 2 , but not on n ~ 7 . Hence the solutions Co '

c 1 ' c 2 ' c 3 of the system of inequalities (4.2)-(4.4), which we

obtained in the cases (1.a), (2.a), (3.a), are also the solutions

of the system (4.2)-(4.4) for the cases (1.b), (2.b), (3.b).

Now we treat the cases (1.b), (2.b), (3.b). In these cases

and we fix

5
= 2 ·

Then we have the following inequalities

1 -2 log h O 2
h

O
?:; h

O
(8 ,3) '= 86.421 38 , ;;; 1. 1571 22 x 10 , h ~ 5 . 1598793 x 10- ,

h O 0

1+E
1

~ 1+s
1
(8,3;16,~) ~ 1 + 1.31 x 10-20 ,
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1+ s"2""- ~ 1+ E 2 (8 , :3; 16 , ~ ) ~ 1 + 9. 68 x 10- 25

.~~,< (h (8 3 16 5»)-1 5 10-27
h"~- 4 ,;,~ ~ 4.93 x
. 4·

9.67112 x 10-25 ,

The above inequalities will be repeatedly used in the cases (1.b),

(2.b), (3.b).

Case (1.b): p = 2, n ~ 8

It is easy to verify that the .inequality

~ x (1 - 1.974 x 10-26 ) - ~~ - 3.275 x 10-26

(1 + 1. 157122 x 10- 2 ) + _1_) _1_
18 c 3

(5.21)

irnplies (4.3), provided 7
c 1 ~ 2 · Clearly

c 3 = 71.406058

satisfies (5.21). On substituting c 3 by 71.406058, we obtain

1 ~ 2.50439 x 10-2
h 6
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and

(

log h
2+_1_+ 0+_1_. log

h 6 h Ö h O q

So

2+_1_

);
nq

1 -6
~:1.7 x 10 •

c 3 .,.J

C
1

= (1 + 2.50439 x 10-2 ) x 3 + 1.7 x 10-6 = 3.0751334 ,

C
3

= 71.406058

satisfy (4.4).

We conclude that

satisfy the system of inequalities (4.2)-(4.4).

Case (2.b): p = 3, n ~ 8

By (0.1) we have

q ~ 5 .

It is easy to verify that the inequality

~~ x (1 - 1.974 x 10-26 ) - # - 3.275 x 10-26

~ (0.2697524 +~ x ~)(2+P~1) c~ (5.22)
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7
c 1 ~ 2 · Obviously

satisfies (5.22). On substituting c 3 by 16 we obtain

1 ~ 0.0125985
h 6

and

( 1 log h O 1 log q \ 1
\ 2 + h

6
+ .h

O
+ h

O
• q) nqn

So

c = 16
3

satisfy (4.4).

We conclude that

= 2.5314965 , c 2
5= 2 ' c 3 = 16

satisfy the system of inequalities (4.2)-(4.4).

Case (3.b): p ~ 5 , n ~ 8

It is to verify that the inequality
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~ x (1 - 1.974 x 10- 26 ) - ~~ - 3.275 x 10- 26

(5.23)

irnplies (4.3), provided
7·

c 1 ~ 2 · Obviously

C 3 = 24.322856 (2+P~1)

satisfies (4.3). On substituting c 3 by 24.322856 (2+P~1)

(> 48.645712) we obtain

_1 $ 0.0250645
h6

and

( .10g h )2+_1_+ 0+_1_. 109 9
\ h6 hO hO q

So

1
n

nq

c 3 = 24.322856 (2+P~1)

satisfy (4.4).

We conclude that
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satisfy the system of inequalities (4.2)-(4.4).

On surnrning up all the cases (1.a)-(3,b) and the remark at

the end of the discussion of the case (3.a), and applying

Proposition 2, we obtain the following

Proposition 4 .

(i) Let

.-
10-5

1
.-.

3.0532 2 S n ~ 7

{
+ x

E =. E (n) =

1 + 1 .4 x 10-20 , n ~ 8

and cO' c 1 ' c 2 ' c 3 be positive nurnbers given by the following

two tables.

Case Co c 1
c

2
c

3

2~n~7 16 3.2968387
8 33.4336833

P = 2 -,-.

n2:8 16 3.0751334 5 71.406058
2

2~n~7 16 2.62791175 8 16
P = 3 3

n2:8 16 2.5314965 5 162

Case Co Cl/(2+p~1-) c 2 C3/(2+p~1)

2~n~7 16 1 .1010155
8,.

11 .9778973
P = 5

n2:8 16 1 .0250654
5

24.322856
2
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Let

Suppose that (0.5)-(0.8) hold. Then

(5.25)

(ii) Suppose that (0.5)-(0.8) hold. If in (5.24), € , Co ' c 1 '

c 2 ,c
3

take the values (given in the above two tables) for the

cases p::: 2, 2 S n :s 7 j P == 3, 2 :i n ~ 7 j P ::: 5, 2 :il n :;;; 7

respectively, then (5.25) holds also for the cases p::: 2, n ~ 8

p == 3, n ~ 8 j P ~ 5, n ~ 8 , respectively.

* *3. Estimates for log V
n

- 1 and W

Lemma 5.1. Let

v
2

::: 5.2336533, v 3 = 3.81275, v 4 == 3.2814667, v 5 ::: 2.9909667 ,

v 6 == 2.8030858, v 7 = 2.66939, v n == 2.5681639 (n ~ 8)

w2 == 3.7909562, w3 = 3.2245056, w4 = 2.9347108, w5 ::: 2.7523294 ,

w
6

::: 2.6242173, w
7

::: 2.5278708, w
n

::: 2.4519668 (n ~ 8) .

Then for n ~ 2 we have
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flog p\
+ --,-p-=-__ I

8n )'
(5 _26·)

W { w(n n log'nq) 0(; ogteü) ( where

w(n)

and

11= log(2 x3n)
log4-log(3n)

(5 _27)'

*W (w )~ wnn log(nq) . \6n + log(4D) .

Proof_ Note that by q ~ 3 we have

(5_28)

n+1 n

( 9 n=T) (n=T + )log 2 nq + log 4D Vn - 1

9(n-1) 2

+ { 1(10g(2 n+1 n-n+1
~ 1 g(nq) log(4DV ) n+ --~--~--~--~~
.. 0 -, n-1 n-1 log 4 - log nq

+ 1 ) + n
log 4 n-1

_ 1 }
log(nq)

. 9(n-1)-2
~ 10 (n ) -la (4DV+ )log(2 n )+(n+1)10g(3n)+n log 4

g q g n-1 log 4 - (n-1)10g(3n)

- 9(n-1)
+ (n-1)log n+log(2 )+(n+1)10g 3+n log 4

== log(nq) -10g(4DVn _ 1 ) log 4 -(n-1)log(3n)

+
== log(nq) .log(4DV

n
_

1
)v(n) (say)_ (5.29)

It is easy to verify that v(n) decreases monotonely and by a

direct computation we see that
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v (n) ~ vn (n ~ 2) . (5.30)

*Now by the definition of Vn - 1 (see:(3.8)) and by (5.29), (5.30),

we have

n+1 n

log V:_ 1 ~ n log (211nqn-1Dn-1V~_1) + fplog p

:5l v n
n

This together with the fact that "v log(3n) ~ 8 (n ~ 2) , which
n

can be verified by a direct calculation, ~ie1ds (5 ..26) at once.

Further, we have

1 1log (2 nqD)
9

= log(nq) . log(4D) ." log 2 +log(nq)+log(4D)
log(nq) · log(4D)

9
~ log (nq) · log (4'0 ) { 109 2 + 1 4 + 1 }

log 4 · log (3n) log log ( 3n)

1 1= ( 10g(2 x3n)
log nq) · log(4D) log 4.log(3n)

= w(n)log(nq) · log(4D) . (5.31)

Obviously w(n) decreases monotonely and by a direct calculation

we see that

w(n) ~ w (n ~
n

2) • (5.32)

*Now,by the definition of W :(see (3.9) and (4.5)) and by (5.31),

we get
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w* ;;;; W+:n log(2 11 nqD) Sw(n)n log(nq)( W + log(4D)\
\nw(n)log(3n) )

This together with the fact that

w(n)log(3n)
11= log(2 x3n) > 6 (n ~ 2)

log 4

implies (5.27) immediately. Now (5.28) follows from (5.27) and

(5.32). The proof.of the lemma is thus complete.

4. Completion of the proofs of Theorems 1 and 2

Completion of the proof of Theorem 1. By Proposition 3,

Lemma 5.1 and Lemma 2.7, we see that, in order to prove Theorem 1,

it suffices to show

(5.33)

where are given in Proposition,. .3 and v
n

ware given in Lemma 5.1. We can easily prove (5.33) by a direct
n

calculation, thereby complete the proof of Theorem 1.

Completion of the proof of Theorem 2

Theorem 2 is a direct consequence of .Proposition 4, Lemma 5.1

and Lemma 2.7.

(1) P = 2 •

If 2 ~ n ~ 17 , it suffices to show that

(5~34)
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are given by proposition 4, (ii).

If n ~ 18 , on noting that wen) ~ w(18) , it suffices to

show that

C2 (2,n) , (5.35)

where are given by Proposition 4, (i)"

w ( 18 ) ~ 2. 100 1457 (see Lenuna 5. 1 ) .

(2) P = 3 . It suffices to show that

(5.36)

where are given by Proposition 4, (i).

(3) P ~ 5 •

If 2 ~ n ~ 16 , it suffices to show that

(5.37)

where are given by Proposition 4, (ii).

If n ~ 17 , on noting that wen) ~ w(17) , it suffices to

show that

where cO' c 1 ' c 3 ' € are given by Proposition 4, (i), and

w( 17 ) :;i 2. 120 1893 (see Lemma 5. 1 ) .

(5.38)

Now the inequalities (5.34)-(5.38) can be easily verified by

a direct calculation. This completes the proof of Theorem 2.
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Appendix. Hermite interpolation and

a combinatörial identity

Le~ E be an algebraically closed field of characteristic 0 .

Suppose that n ~ 2 , '[1 > O, ••• ,Tn > 0 are integers,

+ T
n

Let for 1 ~ i < j ~ n) and q. t{1 ~ i :s; n ,
1 ,

o :s; t < T.) be given elements in E.
1

Theorem A. The unique polynomial Q{z) € E[z] of degree at

most T-1 satisfying

(1 :;;; i ~ n , 1 ~ t ~ T.)
1

( 1 )

is given by the formula

T -t
h· L {_1)s-1 L
s=1 /\1+ ... +/\Th~t=Th-t

/\ .=0 (j<s),/\ .~1 (j~s)
J J

Q (z) =
n Ti T -t (z-ß

h
)t-1

L L qh t-1 (-1) h (t-1) !
h=1 t=1 '

where the second line of (2) reads as 1 when t = Th .

/\.-. ,. . (a) ]{ n Tk}
Remark~ Henceforth we write- \dß

h
(z-ßh)r:T<ßh-ßk ) for

k*h
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The uniqueness of .Q(z) is proved, for example, in Davis [13],

pp. 29-30. For the self-containess of our exposition, we reintroduce

it here. Obviously it suffices to prove that if Q(z) E E[z] of

degree at most T-1 satisfies

(1 ~ i s: n, 1 ~ t S T.) ,
1.

( 3)

then Q (z) = 0 The case T 1 = ... = T = 1 is trivial. So we may
n(T -1)

assume T ;;; 2 . From ( 3) (except for Q n (ß
n

) = 0 ) we see
n

that there exists A (z) E E[z] such that

Q (z)
Tn - 1 T -1

(z-ß ) (z-ß) n
n-1 n

by virtue of the hypothesis that the field E is algebraically

closed. Since O(z) has degree at most T-1 = T1 +' ••• + ~n-1 + Tn -1,

it follows that A(z) = A E E . Now by (3),

T

A(T -l)!(ß -ß) 1n n 1

(T -1)
= Q n (ß

n
) = 0 •

On noting that ß. * ß. (1 ~ i < j $ n) , we see that A = 0 , whence
1. ]

O(z) = 0 . This proves the uniqueness of O(z) . It remains to show

that Q(z) given by (2) satisfies (1).

Before doing so we introduce a result of van der Poorten [23]

with slightly modified nota~ions.

1 we set (~) ; 0 if 1 > k and

For non-negative integers

( 00 ) = 0 . Write

k and
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= ( (A-1) A-5)6 det \ (5-1)! 5-1 ßk '

which is a determinant of order T, whose rows are indexed by

A = 1, ... , T and columns indexed by T pairs (k, s) (k=1, ... ,n

S=1, ... ,T
k

)

cofactor of

lexicographically ordered. Denote by

6 of the element at A-th row and

6 thekS,A

(k,5)-th

column. Further let ßks (k=1, ... ,n, s=1, ... ,Tk ) be T

independent indeterminates and

D = det (ßA-1\
\ ks )

A and (k, s)indexed by

cofactor of D • Now '0

a5 in 6 • Denote by 0 the"
kS,A

15 simply the Vandermonde determinant

of ßks (k=1, ... ,n, s=1, ... ,Tk ) , so we can write

n Th (t-1 h-1 Tk
D = n (R. -R. ) = n n {n(R. -R. -)}n nUt -R. ) \ ,

(k,s)~(h,t)~ht ~ks h=1 t=1 1=1 ~ht Jhl k=1 s=1 ~ht ~ks )

t-1 h-1 Tk
where ~(ßht-ßhl) reads as 1 if t=1 and ~ ~(ßht-BkS)

1=1 k=1 s=1

reads a5 1 if h=1 . (In the sequel, the convention will be kept

without rnentioning). On noting that

{( a )S-1 ßA-1} (5-1) ! (SA:1
1

)ßkA-S ,
aßks ks ß =B =

ks k

we get

6 = 1im (fr A( a )5-1)
k=1 5=1 aßks

D , (5)
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here and later we assurne that the symbol 11m means the

substitution of ßk for ßks (k=1, ... ,n, s=1, ... ,'Tk ) , and
. 1: -

~ ~_(~)S-1 denotes the operation resulted from doing
k=1 5=1 ks

( a 5-1 _ _
\dß

kS
) (k-1, ... ,n, s-1' ... "k) lexicographically. Since

(_",_a_)t-1 nt - 1

\aß (ßht-ßhl) =
ht 1=1

we obtain by (4), (5)

(t-1)! ,

'T
n h ( h-1 'T )

= n n \(t-1)! n (ßh-ßk ) k
h=1 t=1 k=1

(6) i5 due to van der Poorten (see [23] p. 282 and p. 283).

Proof of Theorem A. Let

( 6 )

T 6. -' '_ -z \-1
= L ht,\ . ~-

\=1 f:.,. ~
(h=1, ... ,n, t=1, ... ,'T

h
) , ( 7 )

whose degree is at most T-1 . Then by Cramer's rule for

determinants, we see that

H(s-1) (ß ) =
ht k

where

{
1 if i = j

°ij =
0 if i * j
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is the Kronecker's symbol. Since the uniqueness of Q(z) has

already been verified.above, to prove the theorem it suffices,

by (7), to show

T -t (z-ß ) t-1
= (-1) h h

(t-1 ) !

A.=O(j<S) ,A.~1 (j;;:s)
] J

(9) .".-

(h=1, ... ,n, t=1, ... ,Th ) .

Evidently we need only to verify the case h=n . (9) with h=n ,

t=T is obvious (note that in this case the second line of (9)
n

reads"as 1). Furt~er, we assert that {9) with h=n, t=1 implies

(9) with h=n , 1 < t < T • For it is easy to verify, by the
n

uniqueness, that

(z-ß )t-1

Hn t (z) = (t~1)! Rn 1 (z) (10)

where Hn1 (z) E E[z] is the unique polynornial of degree at most

T-t satisfying

H(s-1) (ß ) =
n1 k 8nk 8 1s (1 :;;; k ~ n-1, 1 ~ s ~ Tk i k = n, 1 :;;; s ~ T -t+ 1) ,

n

and on applying (9). with h=n, t=1 for the points ß1 , ... ,ßn

and the rnultiplicities , T -t+1 , and substituting
n

the result for Hn1 (z) in (10), the above assertion follows at
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once. Thus the proof of the theorem is reduced to verifying (9)·

with h=n, t=1 • This is obvious if T =1 • Henceforth we assume
n

T > 1 . By (7), (4) and the Cramer's rule for determinants, we
n

see that

T

I
1,.=1

!J. -
n1,\

),.-1
z -

),.-1
z( r-T (----'d )S-1) I D

(k,s)*(n,1) 8ßks \=1 n1,\
= 1 im ---:.-...:..---:....----:..---:.........:....--~--------

6.

By (4) we get

T ' -- T T

{
n-1 k ((S-1 - ) k-1 h . \} {n-1 k z-ß }

= r-T r-T ,r-T(ßks-ßk1 ), ·r-T..D.(ßks-ßht ») • r-T r-T ß k~ , ..•
k =1 s =1 1 =1 h =1 ,t= 1 ' k =1 s =1 n 1- k s

( 12)

By (11), (12), (13), (6) and on ope.rating first

Ln ( a )S-1
then r-T as-- ' we obtain

5=2 ns

Note that the second line in the right-hand side of (12) equals to-

T T'- T T

(-1) T
n-1{n fnßn1-~tlHf( ft(ßns-ßnl)}{~(Z-ßnsln fnßns-~tl\)}. (13)

. h=1 t=1 fls =2 1=2 ~=~\ h=1 t=1

n-f-r (_d_\s-1
k=1 s=1 \aßks )
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( 14 )

If T =2 , then (9) with h=n, t=1 follows from (14) irnrnediately.
n

So we may assume further that T n >2 • Now to simplify._tDe

notations, we write

m = T -1 ;;: 2 ,
n

Ys = ßn ,S+1(S=1, ••• ,m) ,

f(y) = f(y;z,ß 11 ,···,ß -1 )n ,1" 1n-

n-1 T h
= (z-y)r-T r-T(y-Bht )

h=1 t=1

Then (14) implies that .

(m a )SX }n-1 z-ß T k \fr(ay V(y" ... 'Ym) f (Y,) ••• f (Ym)_ m{r-r( k) }. s=1 sHn 1 (z) - ( -1 ) I _! ß - ß 11m m n -1 T

k-J n k r-T(S!r-T(ßn-ß ) h)
s=1 h=1 h

where the symbol lim denotes the substitution

y = ß (1 ~ s ~ m) ,
5 n

(1.5)
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Note that V(Y1' ... 'Ym) is the Vandermonde determinant of

where M is the ·set of m-tuples p = (~1' ... '~m) such that

° ~ 11. ~ j (1 ~ j ~ m)
J

and the set

By an induction on m it is easy to see that the cardinal of M

Let

# M
m-1

= 2 • ( 1 7)

11(0) = ((0) (0) (0))
~ 11

1
,11 2 , ••• ,11m =

Write

(0,1, ... ,m-1) .

01 = (12),°2 = ( 23) , ••• , ° 1 = (m-1 m)m-
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for transpositions of the set {1,2, ... ,m} . Define for every

permutation 0 of {1,2, ... ,m}

Then for each product.

o. . .. 0. with 0:;; k ~ m-1 , 1 ~ i 1 < ••• < i
k

:;;; m-1 ,
~k ~1

where we assume for k=O the product reads as the identical

permutation of {1,2, ... ,m}, we have

(0)o ..•. 0. 1J E M •
1.k 1.

1

m-1Since all the 2 products o. . .. 0. (0 ;;; k ~ m-1 ,
l.k 1. 1

1 :;;; i 1 < ••• < i
k

;;; m-1) are distinct permutations of

{1,2, ... ,m} , we obtain

( 0) IM = {O'. • •• o. 11 0 ~ k :S m:":'1, 1 ;;; i 1
1.

k
1.

1
.. < ••• < i

k
:;; m-1} . · ( 18)

Suppose 1-1 = (1.1 1 ,···, ~m) i5 an element of M •

Then we have

k m
(-1) D(j-1)!

j =1

k m
= (-1) Dl-l.

j=1 J
( 19 )

and

~. = j if j E {i
1

, ••• ,ik } ,
" ]
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Further we rearrange the components of

(1-~1' •.. ' j-~., ... ,m-~ )J m

by putting the i 1-th, ... ,ik -th components (that is, all the

zero-components) in front of .the non~zero ones and keeping the

ordering among the non-zero ones, and then denote the result by

(A 1 ' • • • , Am) · Obviously

and

A1 + ••• + Am
m

= l: (j -~ J') =
j=1

m m-1
L j - L j = m

j=1 j=O

A, = 0 für 1 S j S k, A. ;;;: 1 for k+1 ~ j ;i m .
J ]

In this way, we have defined a map from M into the set A of

m(A 1 , ... ,Arn ) E ~ having the two properties:

i ) A1 + ••• + Am = m ,

~ 'ii) there exists k with 0 S k S rn-1 such that

A, :::: 0 (1 S j S k), A, ~ 1 (k+ 1 S j ~ m) •
] ]

It is readily verified that this rnap is injective. Furthermore,

the cardinal of A

# A rn-12 ,
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since for each k with 0 ~ k ~ m-1 , the equation

+ ••• + x = m
m

has (m~1) solutions in positive integers xk + 1 , ... ,xm . By (17),

we get # M = # A , whence this map is bijective. By (19) and the

definition of this map, we see that for every

P = a .... a. p(O) = (~1' ..• '~m) E M ,
J. k J. 1

~ l.l j-l.l.
m ( j ). (( a ) 1 (' a ) m ) m ( a) J .
~. --a-- ···\--a-- V(Y1'···'Ym) ~ ~ f(y.)

lim J=1 ~J Y1 Ym J=1 YJ J
. m (n-1 T )

~\j! ~(ß -ßh ) h
j=1 h=1 n

n-1 T

(j-l.l.)! ~(ß -6 ) h
J h=1 n h

(20)

Now on combining (15), (16), (18),' (20), noting the fact that the

map from M to defined above is bijective, recalling m = T -1 ,
n

we obtain (9) with h=n, t=1 immediately. This completes the proof

of the theorem.

Rernark. van der Poorten [24] gives a similar formula, but it

is falsei a simple counterexample can be obtained in the case n=2
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T(1) = T(2) = 2 . Consequently, the interpolation formula in

Lemma 1·of van der Paarten [25] is also false. The sum

A-1I :J _~h_t_,:.-A_Z__

;\=1 ~

and (11) have appeared in van der Paarten [24),:, the former of

which derived from Mahler's ideas. But [24] gives an incorrect

expression for (7).

There are other kinds of Hermite interpolation formulas. A

well-known one is the following (see, for example, Berezin and

Zhidkov [9], pp. 145-147). Take E = ~ and let

r2 ( z)
n T.

= !T(z-ß.) ]
j =1 ]

Denote again by Hht(Z) E CL[z] ( 1 ;a h :;;; n , 1 ;S t ::;; TK) the
n

polynomials, of degree at most T - 1 = L T.-1 , determined
j =1 ]

uniquely by the conditions (8) • It is proved in [ 9 ] that

(Z-ß
h

)t-1

(t-1) !
( 21 )

It may be interesting to deduce a combinat6rial identity from

comparing the two kinds of Hermite interpolation formula, namely

(21) and -Dur (9).

Theorem B. Suppose m,n,T 1 , ... ,Tn are positive integers.

Für every
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= m

we have

where L ranges over all n x (m-s+1) matrices
(k :: . )

~J

satisfying

(k .. )
1)

k .. E JN (1 ;:;; i ~ n, s :i j
1J

n
L k .. = A. (s :;;; j $ m) .

i=1 1J J

rn
S m), L k i . =

j=s J
p. (1 :;;; i ;;;; n) ,

1 1I(22)

Proof. We apply (9) (with E = a: ) and (21) to n+1 points

with multiplicities

= -0
n = 0

l1, ... ,ln ' m+1

respectively, where 01, ... ,on E ~ are algebraically independent

over m: for instance, we may take, by Lindermannls theorem (see

Y1 Yn
Baker" [7], pp. 6~8), °1 = e , ... ,on = e with Y1 ' ... 'Yn being

algebraic nurnbers linearly independent Qver m. Take h = n+1 ,

t=1 in (9) and (21). Then (9) and (21) imply
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A.

( a) J{ n Tk }T. - (Z-y) TI(y+rt )
~Z+Oi) ~ rn s-1 rn \dY k=1 -k - =0

(-1) 1-4\- ,- _.. I (-1 ) I TI y ..
i=1 <\ 5=1 A1+·· .+Am=m j=1 A .1 A'ö Tk

A .=0 (j<s) , A. '= 1- ( j ~ s ) J k = 1 k
] J

n Tim 1 d k {n -T . } k
= n(z+o.) I kT ~ n(z+o.) ~ z.

i=1 ~ k=O· dz i=1 ~ z=O
(23)

On cornparing the leading coefficients of both sides of (23), we

obtain

= I
P1 +. · · + Pn =rn

(24)

where I ranges over all n x (rn-s+1) rnatrices (k .. ) satis-
(k .. ) ~J

~J

fying (22). Recalling the fact that 01, ... ,on are algebraically

independent, the theorem follows from (24) at onee.
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