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Introduction and results

The p-adic theory of transcendental numbers was initiated by
Mahler in 1930s. Mahler[19],[20] obtained in‘1932 and 1935 the
p—adic analogues of both the Hermite-Lindemann and the Gelfond-
Schneider theorems; and during the course he founded the p-adic
theory of analytic functions.

In 1939, Gelfond [15] proved a quantitative result on linear
forms in two p-adic logarithms; in 1967, Schinzel [26] improved
Gelfond's result and computed explicitly all the constants. In 1975,
Baker and Coates [8] established in the case n=2 a p-adic analogue
of a sharpened inequality of Baker [5].

Since Baker published in 1960s his first series of papers [3],
[4] on linear forms in n 22 logarithms of algebraic numbers, his
method has been employed to the investigation on linear forms in
nz2 p-adic logarithms of algebraic numbers. In 1967, Brumer [11]
proved that 1if Gyreveq are multiplicatively independent p-adic

n

units then any nontrivial linear form in p-adic logarithms
B1log a1+...+8nlog a,

does not vanish. Subsequently, Coates [12] proved a p-adic analogue

of Baker's result [4];Sprind§uk [28],[29] proved p-adic analogues

of Baker's results [3],[4]; Kaufman [17] proved a p-adic analogue

of Feldman's result [14]. In 1977, van der Poorten [25] published

a paper, containing four theorems on linear forms in p-adic logarithms,
with much more generality than the previous work and essentially the
same degree of precision .as Baker's result [6]. In order to state

van der Poorten's resutls, we introduce notations. Denote by

CqreeesOy (n22) non-zero algebraic numbers in an algebraic number



field K of degree D over @, and of heights respectively not

exceeding A +A,  (with A, 2e®, 1535n). write

1[..

Q' = log A1...log A _qv 2 =0"'log A_. Denote by b1,...,b (bn #0)

n

rational integers with absolute values not exceeding B. Denote by

p a prime ideal in the ring of algebraic integers OK in K,

lying above the rational prime p; write ey for the ramification

index of § and fp for its residue class degree, so
£

g
= - p = 1_ + — = p' —
Np = Ny pf =P 7. Let gy =[5+ e,/ (p BRE G =Ng Te(Np-T).
For o €K, a*0 denote by ordpa the order to which g divides
the fractional ideal (a) and put ordpo = «, Then van der Poorten's

[25] Theorem 1 (the main theorem) and Theorem 2 are as follows.

Theorem 1 VdP. The inequalities

b b

- | n _ 12(n+‘l)
>ordp(a1 ces0 1) > (16(n + 1)D)

GleogQ'log B

have no solutions in rational integers b1,...,b 1%1¢0 (mod p),

n’

with absolute values at most ®RB.

Theorem 2 VdP. The lnequalities

b b
oo >ordp(a11...ann— 1) > (16 (n + 1)p) 12 (n¥1) (G, /109 p)2(log B) 2

have no solutions in rational integers b1""'bh with absolute

values at most B.

Unfortunately, the proof in van der Poorten [25] involves several
errors and inaccuracies, which we should like to remark at the end of

§.3.4 and . in the Appendix, so that it seems to be necessary to



restudy thoroughly.the whole p-adic thecory of linear forms in
logarithms of algebraic numbers. In the present paper we prove

two theorems, which imply the results we reported on in the
Proceedings of the Durham Symposium on Transcendental Number Theory,
July 1986. (See Yu [33]). Take now

K = Qlag,..n,0)

and keep the notations D,p,p,ep,fp K/mp

above. Denote by Kp the completion of K with respect to the

Ng = N and ordp introduced
(additive) valuation ordp, and the completion of ordp will be
denoted again by ordp. Now let £ be an algebraic closure of mp'

Write Ep for the completion of I with respect to its valuation,

which is the unique extension of the valuation || of mp. Denote

P
by ordp the additive form of the valuation of Ep. According to
Hasse [16], pp. 298-302, we .can embed Kp into Ep : there exists
a Q-isomorphism ¢ from K into I such that Kp is value-

isomorphic to Qp(o(K)), whence we can identify’ Kp with

DP(U(KI)- Obviously,

orde = e orde for all BE€RK_ .

ju Y
Further, for an algebraic number o , write h(a) for its
logarithmic absolute height (see Chapter II). Let b1""'bn
be rational integers and g a rational prime such that
£y
aifplp "-1). (0.1)

Let V1,...,Vn,V;_1,B0,Bn,B',B,W be real numbers satisfying the



following conditions

£ log p
vy E‘.max(h(aj),—p—D——-) (1s3sn),
(0.2)
+
v, s s V-1 Vn—1 = max (1,Vn_1) '
B, 2 min b | . B_2|b_|, ]
O " 1592n, b.+o 2 n = n
J _ (0.3)
B' 2 max |b.|, B z2max {|b1],...,|b |,2} -,
: n
15j<n
BEJ_lOg_an B' log B :E—Flili if min ordb. > 0
max {log(1 +"8—n D (71-4-—\};))' og 0’ D ' 1Sjsn P '
B f log p
1 (1-+§— fFlOg P (=2 .*E!)),*ﬂ_____ } ; if min ord b. = 0 -
maxy+e9t *gn 7o ViV, D 15jsn '
- (0.4)

(It is easy to see, by (0.2), that (0.4) is implied by

r

: f log p
max {log/1+$iB\ log By —E—B———} ; if min ord bj > 0

f log p
max {1og(1+z%s) , —Pﬁ} , if min ord b, = 0 .)

Then we have

Theorem 1. Suppose that

ord, aj =0 (1s3sn), (0.5)



and

X (o

s e O
r r%n

ord b s ord b,
pn P 3

_4a—

(1s3sn-1)

(0.6)

(0.7)

(0.8)






Then
b n“*%z 2, £ (2+1/(p-1))"
ord (a. ...a "-1)<cC (p,n)aln “g“?(g-1)log” (nq) (p P-1) £ .
9 1 n 1 1 n+2
(fplog p)
f log.p
n+2 e + 09
l? Vie-oVy (6n+1og (4D)) (log (4DVn_1)+ o ),
where
%ge, 2sns17,
a, =
8 N
-3" e, nsa 8
and C1(p,n) is given by the following table with
1 .2
C1(p,n) = C;(p,n)(Z + E:T) for p=z5.

n 2 3 4 5 6 7 n8
C1(2,n) 768523 (476217 (373024 |318871 (284931 |261379 2770008
C1(3,n) 167881 [104028 81486 69657 62243 57098 116055
C1' (p,n) 87055 53944 42255 36121 32276 24584 311077

Remark. By a little computation it is easy to verify that
c,(2,ma? s 2770008 (3)" for all n 3 2
and

Thus

1.2 8 n 8 \n
p_1) (3e)" 52770008 (3e)

c, (p,n)a? S 311077(2 +

for all p 2 3 , n 2 2 .



¢, (p,n)al 52770008 (—g—e)“ for all p and nz2.
Therefore Theorem 1 implies Theorem 1 in Yu [33].

In the following Theorem 2, we assume, instead of (0.4},

f log p B f log p
max{log(1+—— —P——(—+—)),1og By~ },if min ord b.>0,
W oz 1 n 1sjsn
(0.9)
f log p B ' f log p
max{log(1-+§3 —£~_—-(—£-+§—)), —E—————}, if min ord b._.=0.
n D v, D 4o
. Va iSjsn

Theorem 2. Suppose that (0.5)-(0.8) hold. Then

7
b b n
ord (a. ' ...a. ®-1)<C (p,n)a 2 2n(q—1)log (nq)e (p p 1)(2+1/(p 1))
P n 2 n+2
(fplog P)
n+2 W 2
D V1--°Vn(gﬁ + log (4D))
where a, = az(p,n) and C2(p,n) are given as follows

%e, 2sns17, %e, 2sns7,
a,(2,n) ={ : a, (3,n) ={5
7e,n218 o X fﬁ nz8 '
%e, 2sns16,
az(p,n) =I5 (p2b) ;
Lie, nz17 ,
n l 2 I 3 4 5 6 l 7 8<ns17| nz18
C,(2,n)| 338071 | 244589 | 202601 | 178202 | 161998 [ 150321 | 1414301441432




02(3,n) 61716 | 44650 | 36985 | 32531 | 29573 | 27442 | 24871

1,3

- 1 ———
C,{p/n) = Cj(p,n)(2 + p_1) » P25

n 2 3 4 5 6 7 Bsns16] nz217 ‘

Cé(p,n) 14491 [ 10484 | 8685 2639 6944 | 6444 6063 17491 j

Remark. It is easy to verify, by a little computation, that

Theorem 2 implies Theorem 2 in Yu [33].

Corollary of Theorem 2. One may remove in Theorem 2 the

hypothesis (0.7), provided (0.9) is replaced by

f log p
max{log(?-régn), log BO’ _EB____} , if min ord bj >0,
1. 15jsn
W2 - (0.10)
' f . log p
kvmax{log(1 +4B y, £ t, if min ord b, = 0.
: 5 D
n 159sn P

Deduction of the Corollary from Theorem 2. Choose j0 with

1= Jg&n such that

ord b, & ord b. 1£9 % .
P 3y~ o op 3 (123 =n)

We reorder then CqreverGoy b1""'bn as aijj...,ai ’

bi ""’bi such that
1 n



and

V. S...5V. .
1
n—-1

! ! 1 1 : | J— - :
Then Ogrenee 'an' 17 - "'bn {with aj Otij, bj bij, 1S3sSn)
satisfy the conditions (0.5)-(0.8) of Theorem 2. On noting that

B z2|b/| , B 2 max bt |
15j<n
and
f log p f log p
I B
5 $1, v s1, (see (0.2))
i i
1 n
we see that (0.10) implies (0.9) for i,...,bﬁ, a;,...,aﬁ '

whence the Corollary follows from Theorem 2 at once.

In a joint paper with G. Wistholz, which is in preparation,
we shall xemove Kummer condition (0.6) and the appearance of
V;_1 in the bounds of Theorem 1. This is achieved by the recent
work of Wistholz concerning multiplicity estimates in connexion
with Baker's theory of linear forms in logarithms of algebraic
numbers. (See Wiistholz [32].) Furthermore in that joint paper we
shall show how a combination of Kummer theory with multiplicity
estimates will yield Qery sharp effective bounds.

The research of this paper was done when I was enjoying the
hospitality of the Max-Planck-Institut fir Mathematik, Bonn, with

the support of an Alexander von Humboldt-Fellowship. I am very
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grateful to Professor F. Hirzebruch, the director of the MPI, for
his constant care and encouragement. I wish to thank Professor

G. ﬁﬁstholz for suggesting the topic of the title and for helpful
advice and also to thank Professors A. Baker, D.W. Massér,

R. Tijdeman and M. Waldschmidt for their encouragement.






Chapter I. p-Adic analysis

In this chapter we work in Ep introduced in the Introduction.
Thus Ep is a complete non-archimedean valued field of characteristic
zero with residue class field of characteristic p, and ordpz

(zEpr) is the additive valuation of GP such that

d =1,
ord, p

Throughout this chapter, the variable 2z takes values from Ep.

If ordpz 20, we say that 2z is integral.

1. p-Adic exponential and logarithmic functions in C

We record the following facts, which can be found in Hasse

[16], pp. 262-274,

(a) The exponential series

2N
exp(z) = T

It ™~18

n=0

has the region of convergence ordpz > E%T , where

exp(z1 +zz) = exp(z1)exp(zz)

and

d -1 d .
or p(exp(z) ) or pz

(b) The logarithmic series



log(1 +z) = )

has the region of convergence ordpz >0, where

log ( (1 +z1)(1 +z,)) = log(1 +z1) +log(1 +z,).
, 1
In the b dz > — ,
n subregion  ord, 5=

d 1 1+ = d_z.
or D og { z) or o

(c) For ord =z >—l—-, we have
p- p-l
log exp(z) = 2z
and

exp(log(1+2z)) =1 + z.

(d) For ordp1-t:>p_1_,l and integral z, we define

(1+x)% = exp(z log(1 +x)).

(Note that, for 2z €Z, this definition coincides with the usual

powers.) Thus, by (c), we have

1og(‘l+x)z = z log(1 +¥%).

Furthermore for integral z,z' and x,x' with 6rdpx>

ordpx' > , we have

1
p-1

(i +x)2%%® (1+xﬁ(1+mz' '

(1 +x) 22 ((1+x)%)2%"

I
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(1+x)%(1+x9% = ((1+x)(1+x'))2.

Note that for 61,...,Bm€ZEp with

1
d (B.-1) > —
or p(BJ ) o1

(159 sm)

and integrgl 21""'zn|€mp’ we have

ordp(21 log By + ...+ z log B )

This can be verified as follows. By (1.1), (d)

By

we

On

COn

_ 1
= ordp(B1 .o

» (b),

Z.
J_ = -
ordp(Bj 1) ordp(exp(zj log Bj) 1)

‘l
p_

ordp(Bj -1) >

(1.3) and the identity
{1+ x1) R +-XHJ -1 =

get

2

z1 m
ordp(81 ...51 -

the other hand, by (b),

combining this and (b),

1

X

d .1 ) 2 d (1 .
or p(z:| og BJ) or p( og BJ)

, (153sm).

tee. X X Xo+...+X
1 m 172

(1.3), (d4), (1.1),
PA Z
log 811+...+logBmm

log Bm .

(1.4), we see that

(a)

{(1.1)

(1.3)

(1.4)
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z z

1 m, _ s 2 z
log(B1 ve.B )= ordeB

1 m ‘
1 ...B -1).

ordp(21log 81 + ... fzmlog Bm)==ord o

P

This proves (1.2).

2. Normal series and functions

For the p-adic analytic parts of the proofs.of our theorems,
instead of using Schnirelman integral [27] (see alsoc Adams [1]), which
yields a p-adic analogue of the Cauchy integral  formula, we introduce
a kind of Hermite interpolatioﬂ formula (see the Appendix, Theorem A);
then we give, based on Mahler's [20] concept on normal functions,
and éimilarly to the work of Schinzel [26] and van der Poorten [24],

a lemma for the extrapolation procedure (see Section 4 of this

chapter) .

The following concepts of normal series and functions are due
to Mahler [20]. We reintroduce them here, because of their importance

for our work. A p-adic power series

— m"' — h p=q
f(z) = E £(z-z245), fhEG:p. (h = 0,1,...),
h=0
where z0 is an integral element of mp, is called a normal series,
if
ordp fh 20 (th =0,1,...)
and

ordpfh —> ® (h —> =),

Clearly f(z) converges for every integral z, because of

_ h
ordp(fh(z zo) ) Zordpfh
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and ord £, — o (h —> ). Let =z
p h 1

element in Ep. By the p-adic analogue of Taylor's theorem, we

be an arbitrary integral

. have
o f(k)(z ) K
f(z) = | 57— (z - z,)
k=0
where
() _ S __ . h-k _

denotes the derivative at z, of order k. Obviously

f(k)(z1)
Ordp———]'(-T'—“-—ZO (k=0,1,...)

and

£%) (2
, Ordp——‘k"!-————)oo (k —> ).

So the new power series

(k)
£ (z1)

T k
f(z) = § ——— (z - z,)
Wl K 1

in z-2z2 is a normal series. Thus, if a p-adic function is

1
representable by a normal series in a neighborhood of an integral
point in Ep, then so is it in a neighborhood of every integral point
in mp. Therefore we may call a p-adic function, which is definable
by a normal series in a neighborhood of an integral point in C_,

P
a normal function.

The following lemma is fundamental.

Lemma 1.1. (Mahler [20]) If a normal function f(z) has zeroes
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at the distinct integral points B ,...,Bh in ‘Ep of multiplicities

1
at least m1,...,mh, respectively, then

h m.
£(z) = glz) T (z-8,) 7 ,
3=1 ?

where gz} is a normal function.

Proof Since f(z) has zero at 81 of multiplicity at

least m,, we have
ey =0 k=0,,...m -1,
Thus
™
£(z) = (z-8,) ‘g,(z}
where
g lz) = § —— 1 (z-pg) !
1 & k! 1 '
k=m
1
So g1(z) represents a normal function having zeros at 82,...,Bh
of multiplicities at least Mopeoe My On repeating this procedure,

the lemma follows immediately.

Remark. If 6(£¢p satisfies ord_ 8§ >—1—

p® > =7’ then the p-adic

series

~

exp(62)

It
| ~1 8
1%
N
e

=0

is a normal series, because of the well-known fact that

ord k! s _k_ .
p p-1
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3. Supernormality

For 6==%, where <c¢,d are positive rational integers with
(c,d) = 1, we define
0
p =0°,
where p 1is a fixed root of xd-—p==0 in Ep. Thus
9
ord =0.
pp
If GEEP satisfies
ord_¢ >0 + ! '
p p-1
then exp(dz) has supernormality in the sense that
o -0.k
exp (Sp 82y = ) iEET—l— 2K
k=0 :

is a normal function.

The following lemma shows that there exists an nonnegative
integer k bounded in terms of p and ep such that for every

B € {I:p satisfying

1
ordp(B 1) 2

e
n
the p-adic function

Kz K
(8P )% = exp(z log BP )

has supernormality required for our p-adic analytic part of the

proofs of our theorems.
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Lemma 1.2. Let «k be the raticnal integer satisfying

pK_1(p-1)S(1+P;—1)ep<pK(p—1) (1.5)

and

1, if k21 and pK-1(p-1) >ep;

o - (1.6)
K

p .
“(2t1/(971))ep , otherwise .

If BEEP satisfies

1
ordp(B"1) 2 E; ’

then

K
s P 1
= >0 +
or p(B ) e

Remark. By the remark at the end of the last section,
K =0
(8PP

K
= explp ez log 8P ) is a normal function.
Proof. This is Lemma 2 in Yu [33]. For completeness of our

exposition, we reintroduce the proof. It is easy to verify that

for Y€ (I!p and heZ&, h>0, the condition

h
ordp(Y-1) ZE-
p
implies
ord (v?-1) zmin(®— p, B4+ 1y, - (1.7)
P ®g  ©p

Now we show that if k21, then for j=0,1,...,k-1
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pj
ordp(B =-1) 2 (1.8)

vaL-

We may assume k 22, since (1.8) is obvious when «k=1. Now (1.8)
is valid for J=0. Assuming (1.8) holds for some j with

0sjsk=-2, we see by (1.8), (1.7) and (1.5) that

pI*] pd p
ordp(B - 1) = ordp((B )5 o= 1)
3413 3+1
2 min (E— , EL-+1) = 95-— )
p p p

This proves (1.8B) for x21 and j=0,1,...,k-=-1,

The lemma is evidently true if k=0. If «xz21, by (1.8)

(with j=k-1) and (1.7), we obtain

p“ 1 p
ordp(B - 1) = ordp((B )y =1

K K=1 1
zmin® , E— +1) > 8 + ,
ep ep p-1

where the last inequality follows from (1.5) and (1.6). This

completes the proof of the lemma.

Let

fﬂ
G—NK/QF-1‘p -1.

It is well-known (see Hasse [16], p. 220) that if m is a positive

rational integer with (p,m) = 1, then Kp contains the m-th roots

of unity if and only if m|G. In particular, Kp contains the

G-th roots of unity. In the remaining part of this paper, let g

be a fixed G-th primitive root of unity in Kp'



-18~

For any integral elements «,f in Kp we write
aesf (mOd p)r

if ordp(a- B) 2 1. Obviously, this defines an equivalence relation

= K d .
on Oy {a € o | or IJOLBO}_

Lemma 1.3. For any aEK}] with ordpa =0, there exists

rcZ with 0 sr <G such that

ep ordp(acr- 1'). = ordp(acr- 1) 2 1.

Proof. By Hasse [16], p. 153, 155, 220, we see that the set

G-1

2
{OI1ICJC I"'IC }

is a complete residue system of O_ mod p. Since ordpa =0, there

B
exists r'€Z with 0=f£r'<G such that

a=zg- (mod-p) .
Let r€Z satisfy r=-r' (mod G) and 0Sr <G. We get then
r

az” =1 (mod p),

and the lemma follows at once.

4, A lemma for extrapolation

Lemma 1.4. Suppose that 0 >0 1is a rational number, qg>0
is a ratiomal prime with gq#p, and M>0, R>0 are rational integers

with g|R. Suppose further that F(z) is a p-adic normal function and
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(t)
min (ordp ——u—iEE—l + t0)

1sssR, {s,q) =1
t=01-c-’M_1

> (1 - L)rM6 + M ord R! + (M-1) 222 R (1.9)
q p log p

Then for all R €Z, we have
L © 1

d F(= 2 (1 - —)RM6,
or p_(q p ) ( q)

Remark. Here log R and log p denote the usual logarithms

for positive real numbers.

Proof. By Theorem A of the Appendix, the unique polynomial

Q(z) of degree at most (1 - %)RM - 1 satisfying

(t=1)

0 (SPG) =F(t-1)(spe), 1SssSR, (s,q) =1, 1stsM

is given by the formula

R M {t-1) R . B
Q(z) = § £ (t—{?? L (- )Mt (g-gp®) B 1{ TT (E—JE——g)M}
s=1 t=1 j=1 (S‘])P
(s,q)= (F,q)=1,3#*s
M-t _ R M
Y =) ) TT & 1!(2 - TT ,/ﬂ-‘fﬁ—\} 0
h=1 Y —M~t Agt ik k=1 \(s kn@/ n=sp -,
ARARE (k\yq) =1, kas
A-O (l<h)
AL Z](lﬁh)
(1.10)

where the second line of (1.10) reads as 1 when t = M. Let
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R - 6
B (2) = T =,
k=1 (s=k)p
(k, C_{)=1:
A . (z) = (z-sp) ¥ T (E_(2))
s,t
S Ji A _ M
BS'A(Z) iy (Bn) {(z n)(Es(n)) }n=5pe
Then (1.10) can be written as
R M . (t-1) 6
C_ M-t F (sp) M-t
= -1 A h-1
(s,q)=1 h=1 X tonn +A
et Aot
Ai=0(i
A et (1
1
o
We first show that for every R€Z ,
8 (t)(s )
ord Q( P ) 2 min (ord ——L+t6)—Mord Rt =(M=1)
P 18ssSR, (s,q) =1 P P
t=0,...,M=1

Note that for every s with 1s$ss<R, (s,q)

(q,P) =1.
% B ~-k R
d E_(= = ord
ord, 5(qp ) =or b T_T 9_—§ k=1
(k,q)—1 k#s k#s

z2=-ord_(R-1)! z -ord_R!
p P

Thus we get, by I(q,p) =1

= 1, we have, by

log R
log p.

(1.12)
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L 6, .

ord_ A (=p') 2 (t-1)8-M ordpR! (1.13)

ps,t'q
for 2€Z, 1<ss<R, (s,q) =1, 12tsM.
On noting that
E_(sp®) = 1 (1.14)
and for every p€Z with 1sps H-—%)R-T

1

15k, <...<k SR (n-k.,p0)...(n-k p°)
1 ok 1 L
(ky,@) =10k +s

(1s9sp)

L GME () = Eg(n) : (1.15)

we obtain-

1

n=sp®  1sk,...<kusR (s—k{)...(s—ku)pue
(kj.q)=1, 1¥8

{(1s3sp)

H

@ yk
TG B ()]

Observing that

ordp(s-—kj) g[log(R-—H] . log R

log p logp '
we get
&y ke (0 + Log R
ordp o {(dn Es(n)}n=sp9 2 -u(d +log p) {(1.16)

for 1Su§(1—%)R—‘l, 1<&s ER, {s,q) = 1.
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Note that (1.-16) .is also true for p=0 and u> (1 -%)R--'I,
because of (1.14) and the fact that Es(z) is a polynomial in =z

of degree (1 —%)R-L Now for positive XE€ZX

‘D.-

]
77 ¢

o7}

M : i ’
St s g TT 7 5D e m). (1.17)
Hqte o tpy=A J=1 :
py20 (1538M)

On combining (1.16) and (1.17), we get

1 d,A M
ord -XT{(EH (Es(n)) }n=

_ log R
b 0 2 )\(8+log p) (1.18)

5p

for 221, 1sSssER, (s,q) = 1.

Note that (1.18) is also true for A =0, by (1.14). Now we estimate

ord_B (-é—pe). By the definition of B

p S’Ai (z) we obtain for A 21

s,)\

8,1, ,d. ) M 1 4 A1 M
By a(2) = (z-sp )y7lign) " (Eg(n)) }n=spe _""'(A-n:{(dn) (Eg (n)) }n=sp9.
So by (1.19) and (1.18) we get (1.19)
2 0 . _ log R (1 - log R
Ordes,}\(qP ) 2 min {8 )‘(G+log p), (A -1) (8+log p)}
= —(A-1)8- 2199 R (1.20)

log p

for 221, 1sssR, (s,q) = 1.

Note that (1.20) is also true for A =0. By (1.20) we see that
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M-t M=t
ora_ § (-n"7 ) T8, , % 2-m-0322F (.21
P h=y Agtoooth, =M=t i=1 Srhy 4 °g p
1 M-t
A.=0 (1 <h)
A. 21(izh)
for €%, 1sssR, {(s,q =1, 1sStsM-1

Note that (1.21) is also valid for t =M. On combining (1.11),

(1.13) and (1.21), we conclude

(t-1) 9
L 9, . . F {sp ) log R
ord Q{(= p’) 2 min { — +(t=-1)6-M ord R! - (M-t) },
P~'q 15ssR, (s,q)=1 (&71)! P log p
t=1,...,M

which implies (1.12).

Now we proceed to prove that Q(z) 1is a p-adic normal function,
thét-is, to show that
m) (o)

ord Q

p o 2 0 . (1.22)

for 0Sms (1—%)RM - 1.

By (1.13) with #2£=0 and (1.9), we see that (1.22) is true for

m=0, So we may assume m21 1in the sequel. We assert that

Eé“)(O)
ordp ——“!—— 2-].!.9 - ordpR! (1.23)
for pz0 and 1s5s s8R, (s,q) = 1,

for by the definition of Es(z), (1.23) is true for p=0; it is

obvious for p >(1-—%)R-—1; and for 1 su5(1-—%)R-1,
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it follows from (1.15) at once. Further (1.23) and (1.17) imply

that

1 A M
ord 57 {(Fz) "(Eg(2)) 7}, 42 -A6-M ordpR! (1.24)

o7

for A20, 1s5ssR, (s,q) = 1.

Now we show that

ord p,{(— M e(2)), g2 (E-1-p)6 - M ord Ri (1.25)

for peld, 1sssR, (s,q) =1, 1st=sM.

By the definition of As t(z) and (1.24) with XA =0, we see that
!

(1.25) is true for p=0. Assume p 21. Then

(z) = (316" (B (2) }( ) (z - spO) BT =M

This and (1.24) imply (1.25) at once. Now we prove that if

1stsM-1 and A1""’AM-t are non-negative integers satisfying
Agte-ot AM—t = M- t,
then
ord  —— { (5 ‘““(b‘l_ri- B, (2N} _oz-m-po- m-)32 8 (1,26
p To-prt! S,y z=0 ~ " Tog p '

for 1<£s s8R, (s,q) =1, 0susm.

By (1.18) and (1.19), we have
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(z)

Agto.. o+ A

1 M-t
{1.26), we cobtain for

= M-t yields

m=0,1,...

(m) e {t=1) 8
ord_ 2 mu(O) 2 min {F(t_1)}5p )
P y 15s5R, (s,q) =1 :
t=1,...,M
u=0,...,m
(t-1) 8
P4 min {F(t-1)fsp ) +
18s8R, (s,q) =1
t=1,...,M
(t) 3]
2 min {E—ETLEE—l-rtG
18ssR, (s,qg) =1 *
t=0,...,M-1

< 0

r

(1.26). Observing

log R
t=1-u) 6- B (M-t) 3 — }
+ ( W) 0= (m—u) 6—( )log o

. _ — and
Bs,A = aS'A{z sSp )-rbstl (1.27)
for 220, 1sssR, (s,q) =1,
where as,x, bs,A,Emp (bs,O = 0) satisfy
ord_a 2 ~A (B +}9§_B)'
P S,A log p
: }. (1.28)
> — () - log R
ordpbs’k 2 -(A-1) (o +log p).
(1.26) is obvious for pu with m-p>M-t, by (1.27). It is also
true for p=m by (1.20) with &=0 and the fact that
M+..+Aw¢:=M-t.Sowenmyasmme lsm-psM-t.
Now
1 - . d m-p
— (53) (TT B (z)) = N (] ia ) T T B (z
(m=p) ! dz i=1 SeAy 151 <.0<i_osMet 3=1 0 Sedy Tisismet S0M
mH J ixig (1s3Sm-p)
This together with (1.28), (1.20) with 2 =0 and the fact that

(1.11), (1.25) and

1
’ 1-—)RM— 1
( d

-Mord R
o)

L

(t=1-m) e} - Mord R! - (- 1)1e9 R

log p

1_ 2 - - log
} (1 q)RM—-1)8 MordpR! (M—‘l)log
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where the last inequality follows from (1.9). This proves (1.22),

ile., Q(z) 1is a normal function.

The normal function

F(z) - Q(z)

has zeroes at

spe, 18§s3R, (s‘,q) = 1

of multiplicities at least M . By Lemma. 1.1, there exists a normal

function g(z) such that

R
F(z) = Q(z) + g(z) T (z-sp")™
(sra
Note that ordpg(% pe) 2 0, because g(z) 1is normal and (q,p) = 1,
whence ordp(épe)a 8 >0. Thus for every £ €Z, we have
% 8

1.8 . 1
F{(— — —_— .
ord F(=p ) 2 min(ord Q(=p ), (1 ) RM6)

This together with (1.12) and (1.9) implies

2.8 ' 1
d_F (= 2 (1 - =)RMB .
orp(qp) ( q)

The proof of the lemma is thus complete.
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Chapter II Arithmetic tools and estimates

We first introduce briefly the concept of logarithmic absolute

height of an algebraic number o. Let o be of degree d, a, >0

0
be the leading coefficient of its minimal polynomial f over Z,
Ho(a) be its usual height, i.e., the maximum of the absolute values

of the coefficients of £, Oqrevesy be its conjugates over (.

Write

o7}

M(a) = a, T max(1,|ai|).

i=1
Let E be a number field containing a. Write

Hp (a) = T;T max (1, |a| ) (2.1)

where v runs over all valuations of E normalized in the usual

way to satisfy the product formula T;T|a|V =1 for o # 0 . More
precisely, for each embedding ¢ of E into € there is an archimedean
valuation v defined by . |a|, = Jo(a)|; and for each prime ideal

P of OE (the ring of algebraic integers in E) with absolute norm

NP = NE/QP there is a non-archimedean valuation defined by
-—ordpa _
laf, = (@) ,
ord, o . .
where P P is the exact power of P in the fractional

principal ideal of E generated by «o. The numbers

1
H(@) = (Hg(a)) Q)

and
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h(a) = log H(a)

are independent of E. We call H(a) and h(a) the absolute height

and the logarithmic absolute height of o, respectively. The relation

H (¢) = M(a)

Q(a)

(see, for example, Bertrand [10], Lemma 11) shows that

hia) = % log M{(d)

For any algebraic numbers a,B,a1,...,an and any 0 +m€Z, we have

h(aB) sh(a) + h(B), | | -{2.2)

h(a™) = [mih(a), ' (2.3)
h(a1+...+an) Sh(a1)+...+ h(an) + log n . . (2.4)

From the inequality

:
M(a) s (@+ 1) %H, (a)

(see Mahler [21]) it follows that

h(a) s 3(log Hy (@) + log d),

since h(a) = log Ho(a) for o0 €@ and x+‘léx2 for xz22. By (2.1)

and the product formula, we have

Ho(8) = HE(%) for BEE, B 0. (2.5)

Now we give a p-adic analogue of the Liouville inequality.



-29-

For every prime ideal P of 0E , let ep be its ramification index,

fP its residue class degree, p the unique rational prime contained

in P. Write

Denote by the non-archimedean valuation determined by ¥P. Then

e

for every B €E, we have

-f_ ord,g _ .., OFdpf
b F P° = (NP) = [8], SHL(B).

If B+#0, we can apply the above inequality to % and obtain, by

(2.5),
f . ord_ B
P P
P Y HE(B) '
whence
log H_ (B)
E _ [E:D] :
orde s ?PfPlOg 5 -—ePfPlog 5 h(BR). (2.6)

For a polynomial P denote by L{(P) its length, i.e., the sum

of the absolute values of its coefficients.

Lemma 2.1. Suppose P(x1,...,xm)Eiz[x1,...,xm] satisfies

dengPSNk (21), 1Sk sm.

If B1l---le€E and P(B.]’..-’Bm) *0 'then

: [E:Q]
ordpP(B1,...,B ) S

m
n ng;TEE_E {log L(P) + Z1Nkh(8k)}.

k
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Proof. For. each valuation v of E we have

m N
max (1, IP(B»]I'--er) IV) SCV H(ma}{(“rlsklv}) k.r (2.7}

where Cv = L(P) if v is archimedean and CV = 1 otherwise.

On multiplying (2.7) for all v and taking [E:p]l-th root we obtain

m Nk
H(P(B,,-..,8)) SL(P) T T (H(B)) * ,
k=1
whence
m
h(P(Bys...,B ))s log L(P} + kZ1Nkh(Bk)'

This together with (2.6) proves the lemma.

We will deduce a version of Siegel's lemma (Lemma 2.2 below)

from the following

Lemma (Anderson and Masser [2]) Let E Dbe an algebraic number
field of degree D. For each valuation v of E Ilet Ky be an
element of E and let M, be a non-negative real number such that
Mv =1 excep? for finitely many v. Put M = T;T Mv' Then there are
at most (ZMB + 1)D elements £ o0of E such that

|8 -n,l, sM,

for all wv.

Lemma 2.2. Let 61,...,8 be algebraic numbers in an algebraic

r
number field E of degree D. Suppose that
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Pi,j EZ[xT,...,xr] (1sisn, 153sm) (not all zero)

i 1 <
degxkpi,jSNj,k (1sisn, 1sjsm, 1sksr).

n r
X = max {(}] L(P, .))exp( ) N, .h(8.))}
1sysm  i=1 1] k=1 3ok Tk

Yi,j = Pi,j(81""’8r) (1<isn, 1<jsm).

If n>mD, then there exist rational integers y1,...,yn with

such that

Remark.

n
3oy, s¥; =0 (1s3ism.

Waldschmidt [22].

Proof. Let

mD
n-mbD

A [X 1.

For each y = (y1,...,yn) ez" with

we set

0sy, <A (15isn)

This 1s a slight refinement of Lemma 3 in Mignotte and

{(2.8)
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n
A=Y Y; 4 Y;€E. (1s5]sm). (2.9)

Further for each j with 1£3£m and each valuation v of BE,

let
n 1 .
Y Y..t =sA, if v is archimedean
b ij 2
" ={1-1 '
v,]
0 ’ otherwise,
and
r Nj Kk
= !
Mv,j Av,j k=1|(max(1,|8k|v))
where
1D
- 5A ) L(P, .), if v is archimedean
_.12 - 1.]
A . = i=1
V,J L
1 ’ otherwise .
Note that
n r N
1 j,k.D 1 D
M, = | M . = {5A L(p, )T T (# ) ! S (5 AX) . 2.10
15 v v, L5 (1:1 ( 1,3) Lo ( (Bk ) } (2 ) ( )
Evidently k, 5 €E and for each 3, MV 3 = 1 except for finitely

many Vv. By (2.9), we have for archimedean v

B st A ) lv ]
A, = | = Y, J(y. =3B | S5 A ) |y, .
J v,j'v =7 i.372 2 v’ 2 joq L3V
1 n r : Nj K
s EA(i;L(Pi'j”kﬂl (max (1, |8, [)) =My (1£jsm),

and for non-archimdean v
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n

AL - o= R L

Py 7k gl = Ly valv 8 me Tl
r Nj "

S 1:1[ (max(1,]6k|v)) =M,y (15jsm).

Thus all the (A-+1)n A =(A1,...,Am), which correspond.by (2.9} to

the (A+1)" y = (y1,...,yn)Exn with 0sSy, SA (15£isn), satisfy

SM_ . for all v (1sjs=m).

|)‘j - uV.jlv v, 3

On the other hand, by the Lemma of Anderson and Masser, and by (2.10),

there exist at most

|_l

m
TT 2+l s ax+n™
j=1

. O

£ =(£1,...,£m)€£Em satisfying

SM_ . for all v (1 Sjsm).

Igj_uv'jlv A

Now (2.8) and the fact that X 21 imply

mD

ax+ 1™ < x@a+ 1™ < a+ .

Thus by the box-principle, there exist two distinct integral points

y' = (y1',...,yr'1) and y" = (y'1’,...,yr';) with
0sy!saA, O0Syjsa (151i<n)
such .that
n n
oLyl o= 1¢9sm).
iZ1Y1'Jyl 121 Yy, 5vi  (1s3sm)

Hence Yy = (y1,...,yn) = (yi-y'{,...,y;}-y;) €z" satisfies
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n S '
Lovg,gvy s 0 s
i= !

and

mD

0 <max ]inSASXn-mD
1sisn

This completes the proof of the iemma{

For every positive integer k, let v(k) be the least common

multiple of 1,2,...,k. Define for =z €C

A(z;k) = (z+1)...(z+k)/k! (k€Z,k21) and A(z;0) =1,
and for &,m non-negative integers

m
Bzik,2m) = o Sy,
r

Lemma 2.3. (Waldschmidt [31)], Lemma 2.4)

For any z €€ and any integers k21, 221, mz0, we have

|A(z;k,2,,m) I s (2e)

k2(|z|-+k)k2
k

Let g be a positive integer, and let x be a rational number

that gx 1s a positive integer. Then

¢ (v (k)1 ™A (x3k,2,m) € Z,

and we have

vik) s 3K .

(2.11)

(2.12)

(2.13)

such

(2.14)

Finally, for any positive integers k,R and L with k2R,
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the polynomials (A(z +r;k))* (r=0,1,...,R-1;2=1,...,L) are
linearly independent.

Remark 1. This is essentially Lemmas 3 and 4 of P.L. Cijsouw
and M. Waldschmidt, Linear forms and simultaneous approximations,
Compositio Math. 37 (1978), 21-50.

2. In Lemma 2.4 of Waldschmidt [31), the right-hand side of (2.13)

z! + k +1,kg

is replaced by (2e)k£( n ) .

3. (2.14) implies that its left-hand side is a positive integer when

m < k2. Obviously, the left-hand side of (2.14) is zero when m>kJ%.

Proof. To prove (2.13), we may assume m<£k2. Then

Mysk,4,m) = Ay Y Ty + 3.y s30T (2.15)

where the summation is over all selections j1"”'jm of m

integers from the set 1,...,k repeated £ times. Hence

atzik,2,m | s CN aczikn s 2wzt .

This together with the fact that

k K
azik) | s a(iziky s HELER (J-E%{"—k)-ek (2.16)

implies (2.13) at once.

Note that (2.14) is just Lemma.T1 of Tijdeman [30]. For the
self-containess of our exposition, we reintroduce the proof here.
Obviously, we may assume msSk2. Write A=A(x;k,%,m). Then

2k 2

q (vik))™a is a positive rational number. Hence to prove (2.14)

it suffices to show that
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ordp(qZkE(v(k))mA) > 0 for all rational primes p. (2.17)

By (2.15) with y =x, we see that

q,k’?“'“‘(kl)R AET

If pjqg, then ordqu k2 ordpk!. Hence

ordp(q2k2 KM ) *8) 2 0 for p with plq. (2.18)

A) 2 ord
) p(q
For p with pfqg, by a well-known counting argument, we have

ordp(qkk! r(x;k)) Y = ordp((qx-+q1)“...(qx-+qk)2)

v

k k k
(=) +[=<1+...+[=])
P P2 Pt

2 ord_ k! : 2.19
| P ' ( )

where

(2.20)

- log k., _
t [log p] ordp vik).

Here we have counted at most t p-factors in each .individual factor

gx +gqj. Hence by (2.19) and (2.20), we get

Ordp{qu-m(k!)l(A(X:k))2((x-fj1)...(x~+jm))_1}

1l

ordp{{qkkm(x;k))”*(qx+qj1)'1...(qx+qjm)'1 }

1A%

2 ord k! - mt
p

L d k! - d k). 2.21
or b m or b v (k) ( )

Recalling (2.15) with y =x, we obtain, by (2.21),

k&-m

ordp{q (vik))®ar zo for all p with p/fq. (2.22)
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Now (2.18) and (2.22) implies (2.17), whence (2.14) follows
at once. '

To prove the final part of Lemma 2.3, we need the following

Lemma (Baker [7], p.26) If P(x) 1s a polynomial with degrée n>20
and if K 1is a field containing its coefficients then, fof any integer
m with 0Sm<n , the polynomials. P(x), P(x+1),...,P(x+m) and
1,,:{,...,xn_m-1 are linearly independent over K .

Wow we prove the final part of Lemma 2.3 by an induction on L_.

The assertion is true for L = 1 by virtue of the lemma of Baker_and

the fact that R £ k . Assume the assertion is valid for L ~1 , that is,
(A(z+r;k)% , £=0,1,...,R=1, 2=1,...,L-1 (2.23)

are linearly independent. Observe that by the lemma of Baker, the

polynomials

(a(z:;k)) Y, (Alz+1:x Y, 0., (bz+R=-1:x) 5,1, %, ..., k"R

are linearly independent. But the polynomials in (2.23) are of degrees
at most k{L-1) skL - R. Hence the inductive hypothesis and the above

observation imply that the polynomials

(A(z +r3k))%, r=0,1,...,R=1, £=1,...,L

are linearly independent. This proves the final part of Lemma 2.3.

The proof of Lemma 2.3 is thus complete.

Let B_',Bn be positive real numbers, L , L (nz2), T

1'-.0- n
be positive integers. Put L = max L. .
155sn-1 J
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Lemma 2.4. Suppose that bys.../b A ..;,An,r1,...,r'

“n’'"1’ n-1 8&re
rational integers satisfying
1 1 -—
]bleB (1sjsn-1), lbn|SBn .
0 £ A, S L. 15338 ’
3 j ( J &n)
Tj 2 0 (1sjsn-1), Tqteo*T 4 ST.
Then
n-1 (n-1) (B_L+*B'L_)
! FYCIRUES RSN eT (1+— = n,T | (2.24)

3=1 )

Remark. This is essentially an estimate in Loxton, Mignotte,

van der Poorten and Waldschmidt [18], but we have modified their

estimate
n-1 BnL+B'Ln+1 P
[T fatb_x, - b ;1.)]| s{2e(1+ (n-1) )}
. nj jn 3
j=1 T
by (2.24}.
Proof. Without loss of generality, we may assume T4 >O,...,Tn_1>0.
By (2.16), we have
T.
_ Tj BnL+B'Ln+T. J
|A(bnxj—bjxn;rj)|5e ( > ) (2.25)
From the convexity of the function f{(x) = x log x, we see that for
any a; >0 and X5 >0 (i =1,...,m)
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Iil ai . . X_j: log ij; 2 x1+ooo+xm 1Og X1+...+X
1 f
121 aqt.--tay aj a; a1+. .+a a,*...ta
whence
Iil :.ai a +'l.+a
x. log =— 5 (x,+...+x )log ——— .
joq 1 X4 1 m x1+...+xm
Hence
n-1 B L+B'L_+T. (n-1) (B_L+B'L_)
Y 1. log —= B g (1, +...41 )log (1 + 0 8-
NP T. 1 n-1 Tate, . +T
3=1 3j 1 n-1

(n-1)(BnL+B'Ln)
T ),

£ T log(1 + (2.26)

where the last inequality follows from the fact that g(x) = x log (1+§)
(a>0) increases for x>0. On multiplying (2.25) for j=1,...,n-1

and using (2.26), the lemma follows at once.

By an integral valued polynomial we mean a polynomial

f(x) € £{x] such that
f(m) €Z for every meZ.

Write &f(x}) for f£(x) - f{x-1). Then

SA(x:0)

0,

SA(x;k)

Ax;k-1) (kz1), (2.27)

for if k z2 then

SA(x;3k) _(X+1)£;.(x+k) _ x..£§x+k-1)

(x+1)...éf+k-1)(x+k-x) - Axsk=1) |
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and dSA(x;0) = 0, SA(x;1) = A(x;0) are obvious. ILet 2N={m€z|m20} .

Lemma 2.5. Suppose m€EN, a€C, a+0. Then

det(A(aj;:k)) # 0 .

059,ks<m
Proof. The case m = 0 is trivial. So we may assume mz 1.

Suppose that the determinant equals to zero, we proceed to deduce a

contradiction. Thus there exist complex numbers AO,A1,...,Am, not

all zero, such that

m
) A bladik) =0, j 0,1,...,m.
k=0

Hence the polynomial

AkA(x;k) ’

14

k=0

being the degree at most m, has m + 1 zeroes at aj with
m .

3 =0,1,...,m. So 2 AkA(x;k) is identically zero, a contradiction
k=0

to the fact that A(x;0),A(x;1),...,A(x;m} are linearly independent

over (€. This prove the lemma.

Lemma 2.6. Every integral valued polynomial f£(xX) of degree

k>0 <can be expressed as

f (x) =.akA(x;k) + a

k_1A(x;k—1)+...+a1A(x;1) + aoA(x;O), (2.28)

where ao,...,ak are rational integers.
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Proof. By Lemma 2.5 with a =1, there exists unique

k+1

(n+1)-tuple (ao,...,ak) €EC such that (2.28) holds. It remains

only to show that a are rational integers. By (2.27),

0;-..,ak
(2.28) we get

§£(x) = ap Alx;k=1) i+ ay _,A(x;k=2)+...+a,.
Write

§2E (x) = 6(8E(X)),...,05E(x) = 6(65 TE(x)).
Then

f{(-1) = a = a

= a 1‘

k
or (SEG))_ __ ()

1 1].. k.

Since f(x) is integral valued, so are &f(x), 82£(x),...,056(x).
Hence agragr-..,8y  are rational integers. This completes the proof

of the lemma.

Lemma 2.7. For every positive integer n, we have

avd _
n! > Jy2mv o e n
Proof. Let
nie’ :
f(n) = — 1
fs— _Nt=
21‘[ n 2

The lemma is equivalent to the inequality

f(n) > 1, n=1,2,...
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Since f{n) —> 1 (n —> «) by ‘the Stirling's formula, to prove

the lemma it suffices to show that

f(in) > £f(n+1), n=1,2,...,
i.e.
n+t
_ _f(n) _ 1,721 _
g(n) - f(n‘*‘t) = (1 +n) a > 1' n = 1,2,... .

Now g(n) —> 1 {(n —> «}. So it suffices to prove
h(x) = (x+%) log (1 + =)
2 x

decreases strictly for x 21, since this implies that so does

g(n) for n21, whence (2.29) follows at once. Note that

1 x’?%
h'(x) = log (1 + ;) T X
and
h-(1)=1og2-§-<o, h'(x) —> 0 (x —> o)
h" (x) = L — >0 (x21).
2(x(x+1))
Thus
h'(x) <0 (xz1).

This completes the proof of the lemma.

(2.29)
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Chapter IIT A proposition towards the proof of Theorem I

In this chapter we prove a proposition towards the proof of
Theorem 1. The proof follows the main lines of Baker [6] and

Waldschmidt [31].

We use the notations introduced for. Theorem 1 and let k and

6§ be defined in Lemma 1.2. Put
G=Ng-1=p " -1

and let Cejxp be the G-th primitive root of unity fixed in § 1.3.

By the fact that ordpaj =0 (12£3jsn) (see (0.5)) and Lemma 1.3,
there exists (r“,...,rﬁ) €ez” with © Srﬁ <G (1%£3j&n) such that
ra :
e_ord_{o. - 1) 21 1€£j<$n).
g p( jt; ) ( j )
Let L PR be the rational integers such that
r EpKr:!J (mod G), 0sry<G (15jsn).

Then we see, by Lemma 1.2, that

K .

d Rz - 1) > 6+
or p(m:J 4 )

p-1

(153sn). (3.1)

For later references, we give an expression (the following
formula (3.3)) for

1

K r. — K
P .739 _ 1 p
af = e — lo s
(Ja) XP(q g(j

r.
),

where the logarithmic and exponential functions are p-adic functions,

which are well defined by (3.1) and the fact that ordpq = 0 (see (0.1)).
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Since (g,G) = 1 by (0.1), we can choose a,b € Z such that

aG + bg = 1.

Let ngEEp be a fixed g-th primitive root of.unity and put

On noting (q,pK) = 1 and

:
K Y. = _ K r,
((ag’“; 1)y 99 - alj"z; J

by § 1.1, (d), it is easy to see that there exists a g-th root

al €C of aj such that

1

pK rj g pK rj pK arj brJ
s = ol = ol 1 8 3 &
( 3 z °) 3 g i Cq g ( J n)
By (q,pK) = 1, for each j with 1sj$n there exists unique
kj €Z such that
K
k. = ar. d , 02k, <q.
P 3 rj (mod q) 3 q
1 k
Writing a? for ai;qj, which is a g~th root of aj in Ep ’
we get, by (3.2),
1 1
K r, = —~ K br, .
(aP g H9 - (P ¢ 3 (1$jsn).
J J

1. Statement of the Proposition

(3.2)

(3.3)

We define hj = hj(n,q;co,cz) (0s3<7), h8 = h8(n,q;co,c2,c3l,
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Ej = ej(n,q;co,cz) (j = 1,2) by the following 11 formulas, which

will be referred as (3.4):

n log (2''nq) ,

h0 =
5 n n2n+‘|
h1 = 2 c0(2c2q) (q—1)—;T—— h0 ’
2n-1
Y- n-1.
h2 = 2 c0(2c2q) (g=-1) o7 P
1 =-n
1+¢ = (1 - ) r
1 h2
] _ byl
3 2 !
n 1
) h-
T+e, = e 3, (3.4)
h M
4 - h0+1 '

8
2 C0(1+e1)(1 +e2)

5
:
V21n (1-355)
26h1
h6 = ’
-15 (n+1) log (28h h.)
1 _9x10” 2 J 01
h ~ Th.h 6 _ y
7 01 2°hhy
h - (-1 (1-=—) (1 - =)
8 = Cynig c4n h1 ’

where 1log (211nq) and log (26h0h1) denote the usual logarithms.
(In the sequel, it is easy to distinquish from the context what
the symbol log (or exp) means: the usual or p-adic logarithmic

(or exponential) function.)
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In this dhapter we. suppose co,c1,cz,c3,cé are real numbers

satisfying the following conditions (3.5), (3.6) and (3.7) .

4 7 8 5 _ .8 5 8 .
2 Sco 27, 2 5c1 50 3 s c, s 14, 2 Sc3 27, 2 504 $2° ; (3.5)
(e
C,n h1 a/
1 1Y/ 1\ { 1 )1
2 (—-+ ) 1+ c, *+ 1+ —_—
he 7 /A TemT/M1 T cy-1/c,
1 1 1\ 1 \1
+ 1+{1+——)lo 3}(— + 2+ — 3.6
1 /19 21\g * ST AT e, (3.6).
2 log h
+ (1+ﬁL){4+ 11 + n 5 + %(1+ 11> + <1+ 11);%};L :
4 2'°nq 0 €0 P=1/4M)Cy
1 1
c, 2 (1+—~)(2+———) . -
1
log h n log(h,+1) 2+
+ {2+ﬁL + ——;——g + ﬁL L 1o9 9 E 0 } . P11
8 0 0 d 0 nqn €3
The existence of such real numbers Cyre--1C, will be proved in
Chapter V.
Put
n+1 n
£ _— n
* 11 -1 _n-1 _+ .
Vh—1 = max(p p, (2 nqn D Vn_1) ) , {3.8)
* 11 \
W = max|{W, n log(2 an)/ . (3.9)

Let U be a real number satisfying

. 1N
2n+1 ....G(2+—vJ
U 2 (1+€1)(1+52)coc1cgc3c4§—ﬁT—q2n(q-1) P "'Dn+zv

* kJ
o O Y Log .

ey (fplog p)
(3.10}
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"Pprosition 1. Suppose that (0.5)-~(0.8) hold. Then

b1 bn .
ordp(a1 R 1) < U

" 2. Notations

The following 8 formulas will be referred as (3.11).

e f log p
y= BB "7y,
n
gD
*
c,nDW
- [
fp og
‘_ U fplog P 1 T v
aD . c1c3w 8 c1c3 ep
* 3.11
L,=11, ( )
_ U epfplog P. 1 ) v
Ly = n * * = * !
gD c C,y (L_s+1)log V4 c Cy(L_y¥N1log vV _,
Ue f log P
Lj=-[ Fﬁ 1|< =[ YK ]:(1Sj5n),
gD c102np SVj c,C,onp SVj
L = max L. = L1(see (0.2))
15j<n
n T(L_,+1) 5 (L_q 1) {Zg*1) (n—1)(BnL1+B'Ln)'T
XO = {D I(Lj+1)}3 (Ze(2+fj?IT)) (1+ T —_ )

3=-1

n
.+ exp {pKS.X LjVj + nD max Vj}
3=1 15jsn

For later convenience we proceed to prove the following in-

equalities (3.12)-(3.27).
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2 1
(L_y+1) (L0+1)D(Lj+1-G) 2 cOG(1—C—I)S( i

1 n-1 {, 1 \( 1 )1
g ST > {1-——{1-——)— U,
n \" ¢3n/\" h,/c,
n
K 1
S L.V, s Y
P jz1 R T

<
h

y (24——)—— v,

T(L_.+1) s (1+ 1
1 0 p-1 CqC5

(n-1)g(B_L+B'L )
T log(1+ T n1 Il)

1 1
(L_1+1)(L0+1)(e+p_1) £ (1+HZ)(1+9-1

T+

")

’

( S ;L)l .
(L_1+1)(L0+1)log(2e\2+L_1+1 S 1+h4 n S, ,
(L_,+1) (Lp*+1)log (gL ) < (1+4L)(2+ 1, 199 Psy y

-1 0 n h4 211nq hy jc1c4
nD max V. £ ﬁL Y ,
159sn 6
]
log(D(L_1+1)...(Ln+1)) s H; Y ,
,
T log(L_1+1) log(h0+1) 2+§:T 1
log P s h ) n cc. U
- : 0 q 173
log L,
In (3.23)-(3.25), J, k are integers with 0 £ J £
log q
0 £k $§n-1.
1
2 + —
R ) 1 p- 1
((1 q)nq T+1)ordpbn 5 (1+h8) nqn 1%, U,
1\1 _~J, J+kof 1 -1 {..1 )( 1 )j_
1-= T+ 1 Sl—H1-2)8) s {1+—} 2 U,
(g st (5p) = (rg o,

(3.12)

{3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)



J+k log hy 2+
1 1 “~ p=1 1
loglg _8) ¢ (3@~ 0, 1 ) : u , 3.25
)n log 3 \"" hy h, q ng” €1%3 ( )
1
1
(L_q+1) (Lg#1) < 7 ST . (3.27)

Proof of (3.12). By the facts that pK < (2 L ) g (see (1.5)),

p-1
DVj 2 f]J logp (1 =3 & n) (see (0.2)), log V -1 2 fp log p (see
(3.8)), D 2 eF and (3.10), we see that
Ue £ log p
: EE 2 h, (153 <n), (3.28)
q Dc1 2np SVjG
whence
Ue f logp
Lj+1-G > 5 £ B -G
q Dc1c2np SVj
Ue f logp
2 g2 (1 J ) (1 9 5n) . (3.29)
q Dc1 2np SVj 2

-n
By (3.29), (3.11) and 1 + g, = (1-5—) (see (3.4)) we get

n

U £ 1 n+1
> ( Cpip9 P) 1 : 1

n * Kay Dl
gD log V-1 (c1cznp S) Vye..V

(1+e1)—

c,C

174

Further, by (0.2) and by the facts that 1log V =1 2 h0 (see (3.8)),

G =p p -1z fplog p, D2 ey 8 £ 1 (see (1.6)), we obtain
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U £ 1
B g p

= 2 h., . (3.31)
anc1c3W 8 1

This and (3.11) yield

whénce by 1+ e, =¢e 3 (see (3.4))

2 n
T+n n\? T n“\ T
( n ) Y (1 + 4,]':,-) ;‘l—! < exp(F) 171_!

Thus

)s(T;n> < (1+82)COG<1— )s%; ) (3.32)

1
q
By (3.11) we have

*
c.,ngbDW
AT 5 U0 S5 Frogp
6 1 p-9 P

(3.33)

In virtue of (3.30), (3.32), (3.33), to prove (3.12) it suffices

to show
2n+1 g D
n 2n, G p
Uz (Treq) (rep)eoq9a030y T @ a7 oA (epe)
pop
n+2 * *
D Vyee VW log Va1 - (3.34)

On noting
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P A
. <2+ 51 (3.35)
f
by (1.5) and (1.6), (3.34) follows from (3.70) at once. This
proves (3.12).
Proof of (3.13). By (3.11), (0.4) and (3.9), we have
* : * -
f log p /] f log p c.n/ ° :
¥ B 3
By (3.31) we get
U f log p U f log p
T> —E gy P *—(1-1%). (3.37)
q 'Dc,cgW 8 q Dc1c3w 8 1
Now (3.36) and (3.37) imply (3.13) immediately.
(3.14) is a direct consequence of the definition of
Lj (1 s j £ n) (see (3.11)).
. *
Proof of (3.15). By (3.9), W =2 h0 . Hence we see, by (3.11)
and (3.35), that

. .
T(L_,+1) s YW ) (1 + 51-)(2 + _1_1) L
c1c3W epe 0 p

Proof of (3.16). By (3.4), (3.5), we have h
Hence

1 > 32n , ¢, 2 32
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So by (3.11) and (3.13) we see that

(n-1)qgL, Ue £ lo
— 3¢ (a-yq —EE T 7 ‘
n K .
gD ¢ ,C,nP STVf
e 0 £1
<« _p . B °9 p-_ n-=1
T )
c,n
f log p
1 .28 .
< c,n oY . (3.38)
J

Hence, on noting that c, 2 % (see (3.5)), we get

1

(n-1)q(B_L ¥B'L) B .
n n 1y (Cn B_~))
log('l'l' T ;}/ < log\1+c2n D \V + Y,

f log p /B ‘.
< log(‘]-ﬁ——L . 5—)) SWSW

This together with (3.35) implies (3.16):

(1 (n-1)q(BnL1+B‘EﬁL\

*
T 10g\ T / S TW = ET————g

/‘\
—
_l
\___/
_l
UJ
.

In order to prove (3.17)-(3.19}), we first establish

L+ 1) (mge1) s (1egb)—p— - XL (3.39)
4 log V -1

*
By DVj 2 fplog p (see (0.2)), W =2 h0 {see (3.9)) and
f

G =7p p_1 2 fplog p . we have
Y

*
cy(L_y+T)log Vv, _,
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whence

178

A N
C Cy (L_4+Nlog vV _, 4
ana (3.39) follows at once.

2 £ log p (see (3.8)) and

*
Proof of (3.17). By log V__, g

' ey < D , we have

U 1
c U %ptpt9 Py
n
q

n *
gD log Vn

Y
*
log Vn

~1 -1

On noting the above inequality and the fact that € £ 1 (see (1.5),
(1.6)), (3.39) implies (3.17) immediately.

Proof of (3.18). Note that by (3.11) and (3.5)

sl 2408\ < 2af245) < gef 2.3~
L . +1/ ° * f log p

=1 W p
< 2 2+M s 2 1+_gi_ D
e log 2 e log 2 ng
, 1
< 211an= (Vn_1>n ’

where the last inequality follows from (3.8). This and (3.39)
imply (3.18).

- Proof of (3.19). By (3.10)}, (3.11) and (3.36), we see that

n
]
(1+e,) (1+e_)c,C . 2n-1 24—t .
qL. < 1 2 04 010 Pg ! D,...V__. log ¥
n 1 2 n! Kee 1, n 1 n-1
Qe p (f logp)
c3n B

On noting the facts that Cy < 28 r S, < 14 (see (3.5)) ,

n-1 °
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n! 2 /25 n"e © (Lemma 2.7) and Vs ... SV SV, (see (0.2)),
the above inequality gives
8 -1 n+#1 n

oL (1+e1)(1+ez)c02 (
n /2Trn‘(1 —L) \
c3n

It is easy to check that

. *
So by the definitions of V- (see (3.8)) and h5 (see (3.4)), we

1
get

L S ho (V. ) ™log v
an 5 Vn__1 og Vn-1 (3.40)
Now we show that
1+c
* * n ‘ N
log V,_4 % (Vn_1) with ¢ = ;TT‘ . (3.41)
gq
Put
X+1 X
gi(x) = 2 1gx=T px-1 V;_1 2 2''q for x 22 .
By (3.8)
* n n
v 2 (ng(n)) > n (3.42)

Note that
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1+c

T '
(x noo_ log x) >0 for x > n"

(3.43)

By (3.42) and (3.43) we see that, in order to prove (3.41), it

suffices to show

1+c

((ng(n))n) " 2 log(ng(n)® (n z 2)
or equivalently

n®(g(n)) ""® 2 Togp + log gln) (n 2 2) . (3.44)

Now by gi(x) = 211q (x 2 2) and recalling c¢ = —%T* (see (3.41)),
2°'q
we obtain

nc(g(n))1+c - log g(n) 2 (n‘c—‘l)(g(n))1+C

1

2 (nc-1)211q 2 21 g ¢ logn =logn .

This proves (3.44), whence (3.41) follows. On combining (3.39),

*
(3.40), (3.41) and noting 1log V 2 h, (see (3.8)), we obtain

n-1 0
(3.19).
Proof of (3.20). By (3.8)-(3.11), (3.5), (3.4) and
F A
G =0p o1z fglog P ., it is readily verified that
Y 2 26h1D max(ho, max V.) . (3.45)
1<9jsn

This implies (3.20).
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- Proof of {(3.21). Since n 2 2 , g 2 3 (see (0.1)), we have,

by (3.4), (3.5},

—_
V%
1<%
—_
[Xe
JEY DY
|0
. L
[o]Fe o)
Wil

(3.46)

*
By (3.39), (3.46), (3.5) and log Vn 2 h, (see (3.8)), we get

-1 0

1 [, 19.83
(L_,+1) (L,y+1) < X 1+——————-—) Y . (3.47)
- 0 25x18.83  \ 2'9x18.83

By (3.36), (0.2), (3.5), (3.9) we see that
. an
*)nup v

(£,1log p) "

n ce sV
Key D n 1 ! 1°°"'n
(c1c2np S) VooV 2 (c1c2n) (1_555) (c3nqw -

[\

*
(c102(c3n2-n)qw )n 2 (2><%><(27—2)><3><18.83)n

fl

(37961.28)" . (3.48)

Now (3.28) yields

Ly+1 b - (1+-h1—) (1 <3 sn),
C4C,mp SVj 2
whence on applying (3.46) and (3.48), we get

' 2713\ o (1713 ) m 3.49)
(Lo#1) e (L_+1) S {50t Yos o (3.
1 n 379671.28 379671.28

(3.47) and (3.49) imply

D(L_i*+1) ... (L_+1) 5 5.76 x 107 7¢""Tp
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This together with (3.45) implies

log(D(L_,+1) ... (L_+1)) - 13
-1 n < 1log(5.76x10 D), (n+1)l° Y
Y v ——%——
-13 log (2%h H.)
5.76x10 D g o1 1
2 6 + (n+1) 3 = B*— .

Proof of (3.22). By the facts that

’(lgﬂﬁéil})'< 0 for x 2 2

*
and W 2 h, (see (3.9)), and by (3.11), (3.35), we see that

0

Trogl My 1ogwen).
u
log p qn D6 W CqC3
S UL log(h,+1)
qn epe ho c103

log(h0+1) 2+p

s

h0 qn <4 3

Proof of (3.23). We may assume érdpbn # 0 , since if

ordpbn = 0 (3.23) is trivial. By (0.7), we have

log B *

0 W . W
ordpbn s log p s log p_s log p

By (0.2}, (3.38) (using its second line) and the fact that
K

25 , we see that
epe

(1-11 797 (1-1)
a

g n 8

Sl=

T
I 2 h
n

(3.50)
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So by e f_ <D

pta , (3.35) and (3.50), we obtain

((1-%)& a It + 1>ordpbn S (1—%)& -J (

*
W
8
: 1
24— .
s <1+ﬁL)irup;§_ s L;mU
8 ng 1737
Proof of (3.24). By (1.5},

(1.6) we have 0 > , Whence
1 .
: < 7 and

D=

1

1 11 1
p-1 " (1 &)9 < (2+p-1 q)e < (2+p )e

By (3.50),

(3.11) and the fact that k 5 n-1

, we see that

. *
Proof of (3.25). By (3.9), W 2 n log(2 'ngd) 2 h

0 So by
(3.5) we get

log (23722 V5 tog (2o nap) < log (2''ngp) 5 1 W’
9 \f,Tos 1 7 \Tog2 M7 < fe9 1€ nd

and
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Sk

D
log s . 1 /[ (S374 \ *) 1
£ lo == + log W s -
AR 3 g g
W W ‘\ .\fplog p) 'n
Hence, by epfp $ D and (3.35), we obtain
1
T log S < Eﬂ.;L. U _10% S ¢ (l+loi h0>.2+P"1
lqg P Do qn CiC3 n qn
Similarly, by the fact that k § n-1
k *
log g (n-1)T log g (n-1)T , 1
T S - W s
log p log p log p n
1
24+ ——
< {1—1) p1 . _1 gy
\' n & C4C5y
On noting that .
1 J
~93§l— s i%?ii for g2 0,
q
we get (again by epf}] <D, (3.35) and (3.9))
T log&frg U5 lgag 1, 1g9g. ?
. * L] -
log ® qJ anc1c3w ) ! h0 d q
It follows from (3.51)-(3.53) that
(1_1\ 1 Iy log (q” *Ks)
q/ n log p
1/ log S log g~ T log q°
< _(T log 8 , o log g~ , og g
“n log p log p log p qJ
: 1
< (1.{-53_}1.(1 + _1_ . log q\ 2+P' . 1
hg hy a / ng” C,Cyq

(3.51)

(3.52)

(3.53)
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Proof of (3.26). By (3.38), (0.2) and c, 2 % (see (3.5)),.

g2 3 (see (0.71)), we have

L,
i} 1 1 .
T s c2n(n—1)q s 8n(n-1) (153 <n)

Hence

1 1
T S%n <3

This proves (3.26).

Proof of (3.27). By (3.13) and the facts that 6 5 1 (see

(1.5), (1.6)), c, 2 25, h, > 2 (see (3.4),

3 1 (3.5)), we have
1 1 1./ 2 )( 1 ) 1
7 ST > T n==—y\\ 1=s—1} — U
4 qn-1e 4 \ c3/\ hy/ ¢,
1 {4 1 U
> Z X (2-1) x \1—§> n—1
q C4q
_ U
8qn_1c

On the other hand, by (3.39) and the facts that h4 2 1 (see (3.46)),
*

log Vn_1 2 fplog p (see (3.8)), Cy 2 25 (see (3.5)), g 2 3 (see

(0.1)), we obtain

Ue f logp
174 log V__, gD
1 U
s L=
]?F. qn 1c1
< U
PP
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Now (3.27) follows from the above two inequalities.
So far we have established the inequalities (3.12)-(3.27) .

Now we introduce two more notations. For
2n+3

(J,A_1,...,An, 10,...,Tn_1) €N set
: _3 n-=1
Ay(z 1) = 8(q Vz+A_L_ 41,4+, 1) Jj;A(bnkj—bjAn:Tj) ' (3.54)

where A(z;k) and A(z;k,l1,m) are defined by (2.11) and (2.12).

In the sequel of this chapter, we abbreviate (A_1,...,An) as A ,
) as 1 and write |[T| = 1, *oea. + T
: remark‘from Mignotte and Waldschmidt [22], § 4.2, we can fix a

(TO,...,T Using a

n-1 n-1

basis 51,...,£D of K = Q(a1,...,an) over @ of the shape

k k
_ 14 nd . n
£d = a1 see O with (k k ¢ N

a7ttt nd)

s D=1 (1

A

n
and d £ D) . (3.55)

k.
j=1 39

3. Construction of the rational integers pd(A)

We recall that Tyr+e.,r, are the rational integers intro-
£

duced in the beginning of this chapter, G = p B R is
defined in (3.11).
Lemma 3.1. For d = 1,...,D and A = (A_,,...,A ) in the
range
0 s Aj < Lj(-1 $ 3 s n), r1k1 + oL, * rnkn = 0 (mod G) (3.56)

there exist rational integers pd(k) with
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1
06—1
0 < max lpd(A)I s X
d

f ] B

such that
D - n [ K r. Ajs
D) Pgq(A) Eghy (s, T) | \ag z J) =0 ' (3.57)
A d=1 J=1
for all (S,TO,...,Tn_1) €Z]Nn+1 satisfying

1s$<s8s <8, (s, =1, || sT,

where i ranges over (3.56}.
A
Remark. In the rest of this chapter s always denotes a

rational integer and 1 a point (To,...,T ) €N" . The

n-1

expression "for (S,TO,...,TH_1) €1Nn+1“ will be omitted.
Proof. Wripe
K K
T p A,S+K p A_S+k
_ 0 1 1d n nd
Pd’A;S’T(x-\II"'Ixn)_(\)(L_1+1)) AO(S’T)X‘I " e Xn
K
Ty n-=1 n P )\js+kjd

=(v{L_4*1)) A(s+}\_1;L_1+‘l,)\0+‘l,To)j=1A(bnAj—bj>\n;Tj)-j=1 X

for d,A,s,t with 1 £d £D , X in the range (3.56), 1 s s 5 S ,
(s,q) = 1 and III £ T . By Lemmas 2.3 and 2.4 we see that each

P is a monomi in Xy, e..,X
d,A;s,T omial 17 '

x, with rational integer

coefficient, whose absolute value is at most

(L_1+1) (Lg+1)

3

1

(L ,+1)T1,. T-T (n=-1) {B_L,+B'L ) \T~T
-1 O, 0(1+ - n-1 n ) 0 (2e(2+ S
-7, L_,

(n-1) (B_L T (L_q#1) {Lg* 1)

(L ,+1)T, . +B'L )
-1 1 n S
(1+ = ) (ze(2+f:T:T)> .

s 3
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Further

K
<
dengpd,k;s,r <p SLj + D (1 <3 s n)

On noting that

C'1‘1A1s+...+rn)\ns i C(r1l1+...+rni\n)s _

for k1,...,An satisfying the congruence in (3.56), we see that

(3.57) is equivalent to
L1 Pa,ns,c(@1r 0 rag)Rg(A) = 0

1 <s <8, (s, =1,.|t| sT. (3.57)"

In (3.57)' there are (1—%)S(T;n) equations and at least

n L.+1 n-1
D(L_,*+1) (Ly*+1) T T [—JG—] + G 'g.c.du(r s ..., ,G)
J=1
1 ‘n
2 5 DIL_q+1) (Ly+1) EZI (Ly+1-G)

unknowns pd(A) . By (3.12), we can apply Lemma 2.2 to
CgreeerOy the field K = m(a1,...,un) and the polynomials

P . Then the lemma follows at once.
d,A:s,T

4. The main inductive argument

(J) (J)

For rational integers = R Lj (-1 s J £ n) and
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péJ){k) = péJ)(A_1,...,An) , which will be constructed in the

following "main inductive argument", set

ALZ
D n K r,\ J
o-(z,1) = T o9 e (2,0 TT (oB ¢ 3 , (3.58)
J £.Fd a g ‘o ]
A d=1 ]"1
where E{J) is taken over the range of X = (A_1,...,An)
05y s LéJ)(—1 $3sn), At d s 2 moa @) . (3.59)
Note that, by (3.1), the p-adic functions
K r ka K T
P 3\ _ ( { P j)) -
foh = ALz 1 A 1 g b
(7)) 7 s (yr 200 (o <)) s e

are normal.

The main inductive argument. Suppose that there are algebraic

numbers QqreeesOy and rational integers b "bn satisfying

1,--
(0.5)~-(0.8), such that

b
1 n _ >
ordp(a1 cen @ 1) 2 U . (3.60)

Then for every rational integer J with

log Ln
0 £ J & [——————] 1,

log g

. . . (J) J),_ o .
there exist rational integers r ' Lj (-1 £ j £n) with
05 ¢ <G, g.c.d. {r1,...,rn,G)|r(J) ,
(7) _ (J) _ (J) -J .

L.y = L_y Ly =Ly, 0% Ly s« Ly (1 53 sn),
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and rational integers

péJ)(A) for d=1,...,D and X in the range (3.59),

1

c — |
not all zero, with absolute values not exceeding XO , such
that
J -J
¢;(s,7) =0 for 1 sssqg8, (s,@ =1, it] s g T .

The main inductive argument will be proved by an induction

on J . On taking r(o) =0 , L;O) = Lj(—1 £3 £n),
péo)(h) = pd(k) , which are constructed in Lemma 3.1, we see,

by Lemma 3.1, that the case J = 0 1is true. In the rest of

this section, we suppose the main inductive argument is valid for
log L
n

log g
J + 1 . So we always keep the hypothesis (3.60). e first prove

some J with 0 £ J = [ ] , Wwe are going to prove it for

the following Lemmas 3.2, 3.3, 3.4, then deduce from Lemma 3.4
the main inductive argument for J + 1

Let .

b,
Y.zx.—gl;\ (153 < n-1)
n

Set
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D n-1 K r.\'4%
J (J 5\
fJ(Z,T) = E( ;§1pd )()\)Ejdf\J(z,‘r) 31=1[ (a? z J)

TN
Q
o)
~
et
H
[a)
——”’
[}
1]

-0 pK rj .
exp Yjp z log aj 4 (1 £ 3 € n-1)

are normal.

Lemma 3.2. For any T with |t| £ T and any rational

number vy > 0 with ordpy 2 0 , we have

T log(L_4+1)

ordp(wJ(y,T) - fyly, N2 U - Tog B - ordpbn
Proof. We first show that
b1r.I + ...t bnrn 2 0 (mod G) . (3.61)

We use the concept of congruence mod g (introduced in § 1.3)

on 0 = {o € Kplordpa 2 0} . Note that if a, B, y, & in 0,
satisfy o = B8 (mod p), vy s 6(mod p) , then oaBf = y§ (mod p)

-
!

and if ord.a = ordf = 0 , o = 8 (mod ) , then o ' = 87! (mod §) .
Hence from the congruences

~rl.
gz 's 1 (mod §) (1 5 3 S n)

(see the beginning of this chapter) and ordpuj =0 (1T £ 3J 5 n)

(see (0.5)) we get
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b. b.rt

[ =]
o

L
L.
L}
I

=1 (mod p) (1 £ j £ n) ,

whence

~b.rt b.
r I 9 = aj3 (mod §) , (1 £ 3 S n)

This together with (3.60) and the fact that U 2z 2 implies

-(b1r; oLl F bnrﬁ) b1 bn
o = 0y ee. 07 = 1 (mod p)

Since [ € KF is a primitive G-th root of unity, we obtain,

by Hasse [16], p. 153, 155, 220,

; i + ... + bnrh = 0 (mod G) .

On recalling rj = pKrﬁ (mod G) , (3.61) follows at once.

Next we show that
Ei
ord (TET<QPK er>_bnkny - 1) 2 U - ord b (3.62)
P\j=1\ 1 pnc )

By (0.7}, (3.1}, § 1.1 (b), we see that
b. K r. K I.
ordp(—gikny log(a? C 3)) 2 ordp]kx;(a? L 3)

_ (P .73 _ ) 1
= ord \aj C 1) > 6 + =T °

From this inequality and by § 1.1 (a), (b), (d), (3.61), (3.60)
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*
and the fact that U 2 16 W 2 16 , we obtain

b.
n K r. -Bilny n b, [ p* T
[ af C J = [ exp -4 Yy log oP d J )
- 3 - b_"n \73
j=1 : j=1 n
A n K T
_ _n [P j
oo (g2 oy s (s )
n j=1
b
A n K ¥ j
= exp (-Bgy“z log (ap z j) )
n §=1 ] |
An n K xr, bj
= exp (—B—y log (ap o j) )
s o ]
n j=1
K
A b b_\P
{ "n { =1 n) )
= exp ,—Y log (a . o O
\ b, \"1 n
A b b
, _n, K {4 n\\
-exp(bnyp log \0.1 .. un //
On noting that if ordpbn > 0
log By N * 7 1
— _ — - > - ——
9] ordpbn 2 U Tog p > U 2W 2 g U~> 5=
and using (3.60), § 1.1 (b), we get
ord —iﬁ € 1o b1 ubn 2 ord 16 ab1 abn - ord b
p bnYP g \G%q - Oy p %9 \% - Oy p°n
b1
= ord (a1 a B - 1) -~ ord b 2 U - ordob
n n n
1
>p_1

Therefore by § 1.17; (a)
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Ei
B nY
n [ pK r, n
ord (I [ 1a5 ¢ J) - 1)
P\jq \73
A b b
_ _n, K (o 1 n\\ _
= ordp(exp( bny P log\a1 see O )) 1)
A b b
- ‘n, K 1 n\\
= ordp( bny P log(a1 cee O J)
> U0 - ordpbn

This proves (3.62).

We assert that

A
JY

K r.
ordp(a? z 3) 0 (153 sn) ,

for the inequality

J j

K r. K r, K r.
ordp(l.y log(ap C 3)) z ord log(a? z 3) = ordp(ag c J - 1)

P

(G?K er> ’ - 1) = ordp(exp(kjy log(a?K er)> -'1)

whence

ordp(a? T 3) = min {ordp 1, ordp((ag z 3)



-70-

On combining the- above assertion and (3.62), and‘noting,'by

§ 1.1 (d), that

Y . ALy
n-1 K T ij n K r 3
n{CRDREICHD)
1=1 3= b.
——d
n-1 ( pK rj Ajy n ( pK r:J bnxny \
(T8 <) T HIIS ) )
j=1 \ J 3=1 \ J /
we obtain
ALy
n-1 < r Y3 A p" rj>3} _
ordp{[ [ (a? 4 3) g=! \%3 ° 2 U -ordb, - (363
J:
Write vy = % , where h > 0 , k > 0 are coprime rational
i
integers. Then ordph = 0 , since ordpy 2 0 . Note alsc that
ordpq = 0 (see (0.1)). Now by Lemma 2.3 we have
g 2{L_ *1) (Ly+1) T :
(@ h) (V(L_;+1)) AJ(y,T) € Z ,

whence

log(L_
log p

1+

ordpAJ(y,T) 2 =T ordpv(L_1+1)2 -T . (3.64)

Obviously for any d with 1 £ d s D and A in the range (3.59),

we haQe, by (0.5),

ordp(péJ)(A)gd) 20 . (3.65)

Now on noting



fJ(y,r) -wJ(y,r)

the lemma follows from (3.63)-(3.65)

Lemma 3.3. For k =0,1,...,n-1 , we have

wJ(s,T

for 1 £ s S
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—

J e
;‘ ;21péJ’(A)sdA v, o) (]

.
1l
—_

) =0

J+k

q S, (s,q) =1, |T[ s (1—(1—%)5 q

/1

immediately.

k\~Jop

Proof. We argue by a further induction on k . By t

inductive hypothesis for J , (3.66) with k = 0 is tru

assume (3.66)

prove it for
ordpr(s,T)

for 1 8 s =

is valid for some Lk with

0 sk 8§ n-2,

k+1 ., Thus, we see, by Lemma 3.2, that

log(L_.,+1)

-1

log p

2 U -T - ordpbn

J+k

_ ( K\~
s’ ’ = ’ s 1_ -
q (s,q) 1, |1 L (1 ) /

Note that, by (3.1) and (0.7), the p-adic function

is normal. Further by (2.15) and ordpq

(L_,+1) (L
P

L.+1

+1)0 0 _
0 ((L_1+1>!) AJ(p eZ,T

is a normal function, whence so is

)

0 we see that

(3.66)

he main
e. We

and we

(3.67)
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1
(L_ +1) (L +1)ﬂ9+—:—) _
D 1 0 7 p-1 AJ(p BZ’T)

Thus by the definition of fJ(z,T) ,

(3.68)

B 1 -
(L_,+1) (L +1)(B+—:—);’ _
Fylz,1) = p 1 0 p-1 fJ(p ez,r)

are normal functions. We now apply Lemma 1.4 to each function

FJ(Z,T) in (3.68), taking

) % q“JT] 1. (3.69)

Note that by (3.68)

a1\
m (L_,+1) (L +1) | 8+— j—m& n
1 d { .. 6 _\ -1 0 ( p-1) 1 d
— — F._is T )= — — f_(s,1) . (3.70
m! g m I\ P /T)%P ml g m T ) )
It is also easy to verify that
U
e, g%z + 2 L .+1, Aa+1, T
ual U -1 =1 " "0 0
0 0
dz
Ju, ,TatU -
=g 0( 0 0) A ( Taad_pi L_g+1, Ag+1, T0+u0) . (3.71)

Further we note that for any t, m € N , A(x;t)xm’ is an integral

valued polynomial of degree t+m , whence, by Lemma 2.6, there

a{tlm)

are cg (1L =0,1,...,t+m) , such that
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t+m . .
Catex™ = 1 alt®angn | . (3.72)
1=0 - :
We abbreviate (uo,...,pn_1) €EN' to u and write lul for
. ) D ' b.
(J) _ (J) - _ 3
Mg * +++ * M _; » and recall p () =Y Pq  (MEg » v, A bnkn

. d=1 J ]
Now by (3.71), (3.72) we obtain ‘

m
1 d
-rh—!(-i—;-ﬁfJ(Z,T)
"
0 n-1
J (J) 14 -J
= | }_ z( ) p (A){E—T m A (q z+A_1;L_1+1,A0+1,T0)}‘_ A(bnyj;Tj)
pl=m A 0 az 0 j=1
n-1 . 43 [ pF T Y42
Sl wT T\ 6 )
3=1 737 g, 3
o =JUn/TatH “{p ... +u__.)n=1 (1og(up J))
R A L Rt
[u 0 j=1
-1 n-1, k r. 3%
(3) () \[T "5 P 3
z (A)A(q z+A_qiL 1+1,A0+1,T0+u0){j“1\a(b Y53ty )(b N ) N o 4
‘ "I g
=JUn sTAtHAN = (mM=p.) n-1 (lOg(a 3)) T Hq n-1 Lln-1 n-1  {1.,u.)
0/ 0 "0 0
) % 4 ( y ) n {T_T \ T E -2 { 3,0 }
|uf=m "0 3=1 3 1“0 0n-1 =0 Y4=1 3
-fJ(z,T0+u0,c1,...,cn_1) . (3.73)

By (3.1) and § 1.1 (b},

K T.\'j
n-1 (log(aP g 3)) n-1
ord l_ 2y

1 Mg
[ (9+—:— ) - —fL } 2 B(u,*te.tp L) 20.
P =1 Hyt 521 { J p-1 p-1 1 n-1
T\k+1\ =T _ _IN1 =T
For 1| s (1—(1 a) = )q T, |u| sm s M-1 = [(1 q)n q T] and

n-1 . < . _
(01,...,0n_1) €N with Oj s Tj + uj (1 £ j s n-1) , we have
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nol [ [« 1\k\_ -J

whence by (3.67),

T log(L_,+1)
log p

ordp fJ(s'To+“0'°1"°"°n—1) 2 U - - ordpbn

for all fJ(z,T0+u0,o1,...,on_1) appearing in (3.73) and
J+k

1 £8s £ g S, (s,g) = 1 . On combining the above observations,
(3.73) yields
T log(L_.,+1) '
1oan Viuy - =17 (N T )
J+k

for 0 sm s M-1, 1 £s &g S

Tl s (1-(1-1)-k+1) q T

g/ n

R,, (s,q) =1,

This together with (3.70), (3.22), (3.23) implies

£ :
" min {ord (é% 4 FJ(Spe,T)) + te}
1<s<R, (s,q)=1 PATS gzt

0=tsM-1
log(L ,+1)
1) 1)_T =1 (1= g7 4 1)

2 U + (L_1+1} Ly+1 e+p_1 Tog b 1 3jn qg T + 1}ordpbn

1
n log(h,+1}y 24—
2 U - {1+ﬁL ¥ -0 } el L (3.74)
8 0 ng 173
1) k+1 -J
for |TI s (1—(1"&) T) q T ,

where
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q-JT} + 1, (see (3.69)).
On the other hand, by (3.24), (3.25), we see that

{1~1)RM6 + M ord Rt + (M-1) iog R

\" a log p
) /(1_1\1q-JT+1\qJ+kSN1_l\e+_1__\ o (1-1\1477, log(g”™¥s)
\\" a/n / \\' a/"p-7/ " \" g/n log p
1
log h 2+——
s (1+ﬁL)(2+ 11);LU + (1+——-ﬁ——g + ﬁL . log q) %;1 . L U . (3.75)
8 P=1/¢y 0 0 9 /Jng €1°3

Now we see from (3.74), (3.75), (3.7) that each FJ(Z,T) in (3.68)
satisfies the condition (1.9) with R,M given by (3.69). Thus

by Lemma 1.4 and (3.68) we obtain

[on® Y - f )(_1_
ordpr(s,r) z ord FJ\Sp ,T} \p_1+1) L.+1 e+p

o 0 -1
SRRSO =)
SUORESARIGD GO G
for s €%, |1| s (1- (1~%)f§l>q'JT

By Lemma 3.2 and again by (3.74), (3.75), (3.7) we get for s 2 1

T log(L_,+1)

ordp(wJ(S,T) = fJ(S,T)) 2 U - Tog b - ordpbn
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Hence

ordpmJ(s,T) 2 min(ordpﬁJ(s,T), Ordp(wJ(S,T)—fJ(S,T)))

.
B+—:T)

k
5 9 ST 8 -

v
TN
—
|

[
e
[ V&
}—
TN
(o
1
-_—

+
—
—
TN
gl

[a]
+
—
~—
N
o

for s 21, |t1] s (1-(1——) —~—) q—JT , (3.76)

where the last inequality follows from (3.13) and (3.17).

On the other hand, by (3.59), we see that for

15ssa ™ s, (s,q =1, |7] s (1-(1-%) ]-<—:1—l>.q_JT ,
(J) J+2(L_.+1) (L,+1) T
- -
c ®q ! 0 ( v(L_1+1)> 0 ¢;(s,T)
2J(L_,+1) (Ly+1) T _
= E(J)dE1P(J)(A)q 1 0 (v(L_1+1)) OA(q Js+A“1;L_1+1,A0+1,TO).
n-1 n K
- {T-ra(b A, = bAiT )}T‘fu? Aystkyg
j=1 nj n ] j=1 ]

which is a polynomial (with rational integer coefficients) in

a1,...,an , of degree at most

p LgJ) Jtktle 4 p g quk”sr.j + D
in aj (1 £ j £ n) . Note that by the main inductive hypothesis
for J and Lemmas 2.3, 2.4, for 1 s d £ ; A satisfying (3.59),

D
1 <s s qJ+k+1S , (s,q) =1, |t} s (1-( —%) 1)q—JT , we have
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1

-7
(J) 0
Ipg (M = X4 o
23 (L_4+1) (Ly+1) 2(L_y*+1) {Lgy+1)
q » §.Ln '

-3 [ kg 1T )
]A(q s+A_1;L_1+1;AO+1,TO)’ s (2e\2+fT—TT '

k+1
q (L_1+1)(L0+1)

- T

(v(L_1+1)) ° %:+»\ A (bnlj-bjxn;1j>\

j=1

(L_,+1) 1y T-T (n-1) (B L(J)+B’Ln
-1 0 0(1+ n *)
s 3 e

a7t
(n=1) (B.L,+B'L )"
(L_1+1)T n nl n’
< 3 1+ T ) ’
where L(J) = max L@J) .
18j<n
(3L 20(L_ #1) (Ly+ 1) T
50 ¢ °q ! 0 (v(L_1+1)> 0 wJ(s,T) for
1 ¢ s % qJ+k+1S . (s, @)=1, |1] s {1-(1—%) E%l) q—JT , as a
polynomial in Oqrecerly o has its length at most
1 k+1
n GomT. 2L+ Mg, o g a (L * ) (L) (L_+1)T
(D g:I(Lj+1))-x0 L, '\2e\z+i:;IT)) 3

T

X (1+4n—1)(BnL1+B%Lé£->
T

Now assume there exist s,t with

k+1\ =J

J+k+1s » (s,q)=1, |T‘ s (1-(1—%) T} g T

1 &8s 5 ¢

v
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such that
(DJ(SIT) # 0,

and we proceed to deduce a contradiction. By Lemma 2.1 and the
definition of Xy (see (3.11)), and by (3.14)-(3.16), (3.18)-(3.21),

the assumption @J(S,T) # 0 implies that

( _r(J)S 2J(L_1+1)(L0+1)(v(

o
S £y¢1)) egtenn)

ordpmJ(s,T) S oxd

D (n—1)(BnL1+B'Ln)\
s ‘——-—---{109<HT—T (L, +1))+————log Xy*1log 3- T(L_ +1)+T log(1# RN
epfplOg P 3=-1 Sy = j)

+ 2(L_+1) (Ly*1log L + g7 (L_ +1) (L0+1)log(2e(2+L—S+—f))

n
+ Pqu+1S Z L.V, + nD max‘V\}

j=1 3 J 153sn

<

k+1-n _ gD {1/1+

e f _log p la\ Cy™]

ot )(log(DT_T (L f1)) + nD max vj)

j=-1 1<j<n

v (1= o s E v, + {1 Viog 3 - T(L_ +1)
\*3te, M V3 " g\ -1

3=1
+ 1 <1+
aq co

oo RRITRIEEE CRER )

(n-1) (B_L,+B'Ti )«
)T log/ n'1 nt\ .

S

Q=

2(L_,*+1) (Ly*1) log Ln}



2
U k+1-n 1 1 1
ordpwJ(s,T) < ET q {(1—5) (1—5—3)(1-5—)

On noting that

(ratn) 3+ (3ot =)

(3.77) yields

ordpwJ(s,T)<£%qk+1-n{(1lé) (1—E§H)(1-ﬁL)—;ﬁ%T(1+ﬁL)<1+_l_
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contradicting (3.76). This contradiction proves

wJ(s,T) =0

for 1 5 s s g% g

» (s, a)=1, |T| b3 (1_(1'(11) n ) g T .

Thus the proof of the lemma is complete.

Lemma 3.4.

(s )
=, T} =0
Pa\q
for 1 £ s s qJ+1S , (s,a)=1, |t| s q-(J+1)T

Proof. By Lemma 3.2 and Lemma 3.3 with k = n-1 , we have

T log(L_,+1)
ordpr(s,T) 2 U - Tog p - ordpbn
J+n-1 [4_1\ n-1) -J
< < = - - .
for 1 £s 5 g s, (s,9)=1, |t] ¢ (1 \1 3) = ) g T

Now we apply Lemma 1.4 to each function

1)
(L .+1) (L +1)(e+———
-1 0 p-1/ -6
_ fJ(p

FJ(Z,T) = p Z,T)

with |t1]| s q‘(J+j)T

I
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Then it is readily verified that the arguments ffom (3.67) to
(3.75) in the proof of Lemma 3.3 work also for k = n-1 . Hence
we see that each p-adic normal function FJ(Z,T) with

~(J+1)T

|t| s g satisfies the condition (1.9) of Lemma 1.4 with

above specified R and M . So Lemma 1.4 implies

(s .\ s 6 - 1
ordpr\q,T} 2 ordpFJ qp . T (L_1+j)(LO+1) 8 + 5T
1 1
2 (1_5) RM 6 - (L_1+1)(L0+1)(8 + p—w)

21 gn-1 _ (g ¢ 2\
S (1_%> = q ST ® (L_1+1)(L0+1)\p * 55T

for s €%, |1| s g

By Lemma 3.2, (3.74), (3.75) (with k = n-1) and (3.7) we obtain

for s 2z 1

T log(L_,+1)
= U - - ord b
log p pn

v

(1.1 - ( 1
(1 q) RM O - (L_+1) (Lo {0+ )

1 p-1

1\ 1 n-1 1
> (1-(—1') 5 d ST & - (L_1+1) (L0+1)(9 + F).

Hence
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ord © (§ ) 2 min (ordpr(g,T>, ordp(wJ(é,T> -
> (1-%)2 % qn-1ST B - (L_1+1)(L0+1)

where the last inequality follows from (3.13)

On the other hand, on noting that, by § 1

we have for (A1,...,An) e N satisfying
r. A, + + r A s r(J) {mod G)
171 n
S 1
n K ¥ 3& n K r a Ajs
T (8 ) =TT ({8 <))
j=1 ) j=1 M\ 3
K A.S
n = br A.S bs (r +r_A )
ST ) <y ()T ST
3=1 3/ 3=1 \"3
K
n P A.s
_ t;bsr(J) | /aq) 3, (3.79)
j=1
we see that for 1 § s § qJ+1s, (s,q@)=1, |1] s q-(J+1)T
2(L ,+1)(L~+1)
(J) -1 0 0
-bsr'v'/ J+1) \ (s \
v{L_ +1
: \ Bt ea\grT)
2(J+1) (L ,+1) (L,+1)
- (J) (J) -1 0 -(J+1)
E d21pd (M) a A(q S+X_yiL_ 1+1,A0+1,T0) .
' \TO n-1 n [ % pKA_s + qkjd
(\)(L_1+1)} T T 8o A b i) -T—r\aj) j

J=1 j=1

(3.78)

and (3.17).

.1 (d} and (3.3),
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is a polynomial (with rational integer coefficients) in
1

.
1

SQl—=

OireossO of degree at most

T4l (J
pq”* s, {T)

K
S i + gb s p qsLj + gD
1
in ag {1 £ jJ £n) . By the main inductive hypothesis for J ,
Lemmas 2.3, 2.4 we have for 1 £ s & qJ+1S , (s,q)=1,
[t] ¢ q-(J+1)T , 1sds<D, A in the range (3.59),
1
=1
(J) o
,’pd (x)l s Xq ,
2(J+1)(L;1+1)(L0+1) 2(L_1+1)(L0+1)
g s (q Ln) ’
(L_1+1)(L0+1)

‘A(q-(J+1)s+A_1;L_1+1,AO+1,10)s $ (ze(2+i"§TT
-1

TO n-1 ‘
(v(L_1+1)) TT atbpry=b i)

3=1 -(J+1)
1 (2 o () @ T
) 3(L_1+1)'r0 eqT—TO /1+(n-1)\BnL Hilﬁ:u)\
\ o (0 )
1T(L +1) (n-1)qg(B_L BT ). %T
g 39 7 (1+ T nil =n ) .

Hence we see that

- (J) 2(T+1) (L_,+1) (L+1) T
. bsr q 1 0 (v(L_1+1)) 0 wJ(S \

a’)

J+1

(1 s g 's, (s,9=1, |T| s q—(J+1)

T)



1
as a polynomial in a? ; has length not exceeding

1 1
c -1

n =T(L_,+1) (n-=1) g (B_L +B'TI: )\ q
{D T—T(L'+1)}X00 39 1 (1+ n 1 n.)
J=—1 J T

T

A L D BT ATt

a4

e

No we assume that there exist s,t satisfying

15 s g qJ+1S , (s,q)=1, |t]| ¢ q-(J+1)T

such that

and we proceed to deduce a contradiction.
1 1 )

E = K(a?,...,qg> , P. be a prime ideal of Op lying above g

Thus

In Lemma 2.1, let

[E:Q] = [E:K][K:Q] = gD

(see (0.6)) and

Note that h(u?) = %h(aj) . Then by Lemma 2.1 and the definition

of X, (see (3.11)), and by (3.14)-(3.16), (3.18)-(3.21), (3.6),

we see that
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wJ(%'T) = 0 with 1 & s & qJ+1S , (s,q)=1, |T| < q-(J+1)T

implies
e 'J‘,J i\'
< —vsr 7 2(341) (L_j+1) (Ly+1) V0 o

d = p d N V(L ,+1 Jl =,
or pwJ(q T) or p{c q ( (L_, )} (q .

_gD__ [y n
S Tog p{ ( | {L +1)) T log X, +p s y LJVJ+nD max V.

poq J=121 j=1 153sn

(n—1)q(BnL1+E@5}\
T /

1 1
+ (log 3)§T(L“1+1) + g T log(1+

- + (L-1+1)(LO+1)1og<2e(2+f_l:T>)+2(L_1+1)(L0+1)log(an)}

-1

a contradiction to (3.78). This contradiction proves

J+1

(‘DJ(§'T) = 0 for 1 £ s £ g s , (s,q):‘] , I-[-l < q-(J+1)T

The proof of the lemma is thus complete.

Lemma 3.5. The main inductive argument is true for J+1 .



-86-

Proof.. Similarly to (3.79) we have for

n+1 . .
(u1,...,pn,r) € N ~ satisfying Lidq*e.otr = r (qu G)

the equality

n K T uja n 1 pKujS
TT (aP z 3) = ¢PST T (a‘?‘-) : (3.80)
=1\ 3=1 .
Writing
0 0 .
., = ALt gAl 0 8 A2 < 1 & S .
My 5t Ay ; < d ( j & n)
we see that
1 pKu.s pKl.s 1 pKAQS ‘
(a‘jl) J= o J (agl) J (153 sn) . (3.81)

By Lemma 3.4, (3.80), (3.81), we obtain

(V) I (V)
1 k0. L L
g-1 g-1n -\p A.S -1 0 D () 0 0
02 LY Oz . (G(J;) j E 2 E E pd (A_‘]l)\ofl.l"'q)\‘lfo.ol?\n"-qkn)gd *
A3=0 A =0 3=1 Ay =0 XG0 Agseloh @=l

n-1 n K
AT g L e, M ato A -bA )+ 20b.20); .) . of A58
\d stA_yiL_ 1, To)g\q(njjn)(njjn)rj EJ 3

J+1

for 1 ss $qg° s, (s,@)=1, |1} ¢ qu(J+1}T

’

where 2 ranges over the rational integers A

L
Apeevearhy

satisfying



: L .
(J+1) ,,0 0, _ j i
0 s Aj < Lj (A1,...,Xn) = [ 3 }(1 £ 3 &£ n) (3.83)
and
n
V.09 + any) = £ (mod @) . (3.84)
=1 4 J J
J
We emphasize that, by (0.1)
(q,G) =1,
hence (3.84) is equivalent to
A = {(J+1) 0 0 .
r1@1+ .+rn n = F (A1,...,An) (mod G) , (3.84)
where r(J+1)(A?,...;kﬁ) is the unique solution of the congruence
_ (3 0 0
gx s r (r1l1+...+rnkn) (mod G)

in the range 0.5 X < G . Now by the mian inductive hypothesis

for J , there exists a n-tuple A?,...,kg with
0 = kg < g (1 £ 3 £ n) , such that the rational integers

pyT) (A_yiagiA) + ax

0
17207 A RARRERSER- O

for 15d 5D, 0 %A s L;J) (3=-1,0) , Ay,...,A  satisfying
(3.83), (3.84)', are not all zero. Fix this n-tuple A?,...,Ag ,

take
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P (JH)(A ...,‘Ag) ,
which is obviously divisib}e by g.c.d. (r1,...,rn,G) , and set
L;JH) J(J) =L.(j=-1,0), LJ(J"” L;J”)()\O,...,)\g) (153 sn),
pa M 0 g =l o agad qAT,...,xg + )
for

(J+1) ,_ : _ _(a+1)
1 €4 s D, 0 & kj Lj (-1 £ j s n), r1A1+...+rnAn = r {mod G) .
(3.85)
By the condition (0.6) and the fact that
(ps,q) =1,
we obtain from (3.82) that
DT LR ) A/ I oy L a1 a1
L, Pa a®\4 STALE BTl AT T
n-1 0 0 n pKAjs
. iA (b_A.=-b.A )+(b_Al-b_.A ;T.) < TT . = 0 3.86
3=1 (q nj Jn ( nj 3 n) ] j=1 ] { )
for 1 £ s £ qJ+1S, (s,q) =1, |T| s q_(J+1)T , Where E(J+1)

denotes the summation over the A's in (3.85). By Lemma 2.6

for each j with 1 5 j s n-1 and 0 s k = Tj
0 0 ; . . .
A(q(bn}\J b A (bnkj bjkn),k} is a linear combination of

the k+1 numbers
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A(bnkj—bjkn;t) £ =0,1,...,k

with coefficients independent of A

of A(bnlj—bjkn;k) is non-zero. Hence for each J with
1 s 3 £n-1, Alb_ A.-b.A ;T.
] " ‘ nj Jin J)

is a linear combination of the
Tj+1 numbers

0 0 _
A(q(bnxj byAy) + (b A% bjln),k) p ko= 0,1,y

with coefficients independent of A1,...,An . By this observation

and by (3.80), we see that (3.86) implies
(J+1)
-bsr -
for 15s £ gt

q S, (s,q) =1, |1| % q-(J+1)T

This completes the proof of the lemma.

Thus we have established the main inductive argument for

log Ln
J = 0,1,...,[m] + 1

We should like to make some remarks on van der Poorten f25]
Recall

- [2 E.n_] Ip
= |+ , G, =N - (Np-1
Ty [2 p-1 g P e=1)

and let ' be a Gp—th primitive root of unity in Ep It is
asserted in {25], p. 35 that for o € K with ordpa = 0 there
is an integer r , 0 s r < Gp such that

1""'An , where the coefficient
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ordp(a ;'r—1) 2g, 1. (3.87)

Note that this is false. A simple counter-example is the
following. Take K =@, p = 3%, then e_ =g_=1, G

y B ]
Let 7' be a 6-th primitive root of unity. Take o =

Il
[=))}

[Sa1] %}

; then

ordpa = 0 and it is readily verified that

ordp(a ;'r—1) $1 < g+ 1 for r=0,1,...,6-1
We should also point out that the assertion (3.87) does hold for
the special case where .gp=0 , by virtue of our Lemma 1.3; but
even in this special case, there are still some inacguracies
in [25]. For instance, in the proof of Lemma 7 in [25], p. 46,
p. 47, which corresponds to our Lemma 3.5, the author of [25]

does not put an additional restriction on g that
(q,Gp) =1, (3.88)

which seems to be essential to make _his proof work. On the other
hand, if one does assume (3.88), then by Hasse [16], p. 220, Kp '
whence K , does not contain the g-th primitive roots of unity,
and we can not understand the arguments related to Kummer theory

in Section 5 of [25], pp. 49-51. The same remark extends to the

proofs of Theorems 2, 3, 4 of [25].

5. The completion of the proof of Proposition 1

We suppose that Proposition 1 is false, that is, there exist

algebraic numbers OqreessQ and rational integers b1""'bn
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satisfying (0.5)-(0.6) such that

b1 bn
ordp(a1 ceeO S 1) 2z U0,

then we proceed to deduce a contradiction. By the main inductive

argument for

log Ln
J=J0'[logq] T

we have
J0 -J0
wJO(s,T) =0 for 1 s<s sq°S, (s,99=1, |t} g °T . (3.89)
(Jo) =J5 (JO)
Since 0 = L, £ g L, r we see that L, = 0 , Further if
T = (}0,...,Tn_1) satisfies
1 =9 (JO)
- < ] -
0 < To s 7 d T , 0 & Tj < Lj (13 &§n-1 ,
then we see, by (3.26), that
-J (3,) (J4)
= 1 0 0" 0
|t| = Tg*eee¥To_q S 59 T+ L, * oo+ Loy
-J -J

By these observations, (3.89) implies (writing again
(J4) D (Jp)

P (A\) =Y p (ME, )
q24%a a
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L(JO) (LJO) _L(Jol
n-1 -1 n-2 (JO) ~Jg
E { z E P (k 1! l'l 110)1‘3((;[ S+}\ :L 1+1IA0+1;T )o
_ - A =0 n- -1 - 0
n-1 -1 n-2 '
n-2 : \ n-1{ pK rj Ajs ‘
-(£=!A(bnxj;rj)/-j=l\aj g ) }A(bnln_1;Tn_1) =0 (3.90)
Jo 1 T (J4)
for 1§ s s g 7S5, (s,gq)=1, 0 < To S 5 d T, 0 ¢ Tj S Lj (1 €3 sn=1),
where we have set
(Jo)
p (A_1,...,An_1,0) = 0
for A_ys...,h,_4 satisfying
(7,) - | (3,)
0 s Aj s Lj (-1 3§ j £ n-1) and r1k1 + ..+ rn—1kn—1 ¢ r (mod G).
By Lemma 2.5 we have
e ) |
det(A(bnkn_1,Tn_1/ o < s - . L(JO) + 0
-1 'n=-1 © Tn-1
. ' " (J¢)
So (3.90) implies that for each A _,. with 0 <A . S Ln_1
L(JO) éJO) L(JO)
n-2 =1 n-3 (Jb) T
) { DI T I VR TRRRP 1,O)A(q s+)\1;L_1+1,A0+1,TO).
=0\_.=0 A__.=0 - e -
A=270" n-3
n-2 apK rj Ajs
(T:Tﬁ(bnlj,rj)) 3 4 ) _ } A (bnkn_z;rn_z) =0.
I 1 "o (JO) .
for 1 s s s q “8, (s,9)=1, 0 s Ty . s >d T, 0.8 Tj < Lj (18jsn-2) .
On repeating this argument n-1 times and noting
(JO)
Lj = Lj(j=—1,0) , we obtain
Pt gy / =3,
2_ Ep (g hgrdyreeeidy 1 008G s+x_1;L_1+1,AO+1,TO>=o
A -1 =0 AO



=03~
(3) :
for 0 s Aj s Lj (1 £3j £ n-1) and
. A JO L —JO
1 <$<s g s, (s,9 =1, 0 s To < 54 T
This implies that each polynomial

L I

. ' -1 0 (JO)
Q)\ '...'A (x) = z_ z p ()\_1'AO’A1’...’>‘D“1 'O)A(x+)\_1;L_1+1'}\0+1,0)
1 n-1 A_1-0 AO—O :
(3.91)
with 0 2 kj g Lj - (1 ¢ 3 £ n-1) has at least
J -J )
1 0./ 01 .4) o 1/, 1) 1
1-= St T +1} > ={ 1=-=3ST - ST
( Jo 's{(3 o Or) 1) > 3(0-g)s -
zeros. But (3.27) yields
1
7 ST > (L_,+1) (Ly*1) 2z deg Q Y (x) .
_ 1 n-1
So
Q (x) =0 for 0 s A. $§ L. (1 s 3 s n-1) . (3.92)
Aireearh J J
1 n-1
According to Lemma 2.3, the polynomials
\A0+1
A(x+d_qiL_q*+1,2,%1,0) = (A(x+x_1;L_1+1)/ 0 S Aoy ST
0 s AO s L0
are linearly independent. Thus (3.91) and (3.92) imply
(JO) (JO) _
) (A_qedgrrqe-eerd _4.0) =0 for 0 s Aj s Lj (-1 s j s n-1)

that is,

14
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)

(JO) (J
(-15j<n-1) ,

= 0

n-1'

contradicting the construction in the main inductive argument.

This contradiction proves Proposition 1.
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Chapter IV A proposition towards the proof of Theorem 2

In this chapter we prove a proposition towards the proof
of Theorem 2. The proof goes along the same line as in Chapter
IIT. Since we do not introduce the polynomials A(x}k,l,m) in
our auxiliary functions, we have some simplification. We use
the notations introduced for Theorem 2 and those introduced at

the beginning of Chapter III.

‘T. Statement of the proposition

We define hj = hj(n,q;co,cz) (0 £ 3js5) ,

h6 = h6(n,q;c0,c2,c3) , €.

J
following 9 formulas, which will be referred as (4.1):

= ej(n,q;co,cz) (3 = 1,2) by the

h0 = n log(211nq) '
n 2n+2
hy = 16 ¢y (2 c,@) " (g=1) Z0— hy
2n -n
- n-1 n _ 1
hy, = 16 c4(2 c,q) (@=1) J7 1+ eq = (1-55) ,
h, -1 hy'
hy = —— , 1+¢e,=¢e , (4.1)
(n-1)
| 25h1
h4 S Thn !
=10 n log(2’h,h,)
po1 o 1.02x10 . g 0™
5 T T h.h 5 ’
01 2”hgh,

= 1 1
hG = C2n (q‘1)(1—‘63—n>(1-$)
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In this chapter we suppose Cyr Cqr C,r C4y are real

numbers satisfying the following conditions (4.2), (4.3), (4.4):

7 > 2 .
0 27, 2 £ ¢4 < 51 Cy = 34 27 £ ¢c, £ 27 ; (4.2)

A S Gk
+ §= + T+=— | 2+ — ; 4.3
(q c0-1 h0 p-1 03 ( )

log h 24—
c, 2 (1+HL)(2+ _1_1>+{2+hL+ A 0+hL.lOg q}_Pn—l-L . (4.4)
6/\ P 6 o "o 9 ng"  ©3
The existence of such real numbers Cqyr 01, 02, Cq "will be
proved in Chapter V. Let
* 11
W = max(W,n log(2 'ngD)) , {4.5)

where W 1is a real number satisfying (0.9), and let U be a real

number sétisfying

1 n
2n+2 G(2+13)
Uz (1+e,) (1re,)cqe el B g™ (g1 B o™y v )2 . (4.6)
n
(fplog;ﬂ

Proposition 2. Suppose that (0.5)-(0.8) hold. Then

b b
{1 no_ .\ .
ordp\a1 . e an 1} <

2. Notations

The following 6 formulas will be referred as (4.7).
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e f log p
q D
*
rc3nDW ;;’1
S = 9%, Tog p] ’
U f log p
) 1 I B
T = z . —1 = [_____?___ , (4.7)
gD c,c5W 8 c,C,W epe '
) [U epfplog P . p i i v -
L. (1t 3 £§n),
J I. an : c.C npKSV I-c c npKSV
172 j 172 J ‘
L = max L. = L (see (0.2)) ,

15j<n 1

n T (n-1) (BnL.l“’B'LIi‘) T . D
X, = (D (L.+1))e (1+ ) exp(p S } L.V.+nD max V ) .
0 j=1 3 T 521 33 1gyen A

The following 11 inequalities (4.8)-(4.18), which can be
established in almost the same way as in § 3.2, will be required
later. We give only the proofs of (4.11) and (4.14), and omit

the proof of the rest.

_ _ 1) T4n-1
(bg1-6). oo (1po16) & cgo(1-L) s (Bomst) .
1 -1 (- V(- 1) A
5 4 ST 8 > \1 S n)(1 B ) z) U, (4.9)
3 1 1
K g 1
p S L.V, § — Y , (4.10)
j=1 3 3 ©1%;
1 ( 1 ) 1
T 2 — 2+T Y , (4.11)
h0 p-1 €45 ‘
(n-1)q(BL +B'L )
L ) ny\ _ (.. 1 1
T 1og(1r T ) < \2+p-1) I Y , (4.12)
n D max V, s-l-Y , (4.13)
15jsn 4
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V¢ L :
1og(D(L1+1)...(Ln+1)/ * Y, (4.14)
1
24—

((1—1)1q_JT+1)ord b s <1+ﬁL> -1 . S L u ., (4.15)
a/n P 6/ ng 173
((1_1)&q—JT+1 J+ks(-1_:+'(1-1)9)5(1+—-1—)(24¢)1—U ’ (4.16)
gq p-1 q h6 p—‘lc1
1
_ Jtk log h 24—
(1_11 JTl_o_gl(g 5)5(1 o+_1_,logq) Pn-1 .c1c U, (4.17)
q og p h, hy, T/ ng 1°3
' log L
(In (4.15)-(4-17), J,k are integers with 0 5 J £ Tog q '
0 £k £n-1.)
Ly + «eo + L., ST. (4.18)

*
Proof of (4.11). By (4.5), W 2 n log(211an) 2 h0 . Hence

the definition of T in (4.7) and (3.35) imply

Proof of (4.14). By (0.1), (0.2}, (0.9), (4.1), (4.2),

(4.5)-(4.7), we have

9

*
q 23, W 2h, 22 log(2 "x2x3) 2 18.832, h

0 5 e 27 x 15 ,
5
Y 2 2 h0h1D ’
Y
>
c,C npKSV ) h0h2 ’
172 1

K *
c,C,np svj 2 c1c2n(03n—1)qw 2 17513.76
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Thus we see that

n n (.-'-\'..' v . \
-l—l- (L-+1) < -I—l-\l_'.*_v? - + 1/
j=1 j=1 e e, np sV, -
. j o
n
Tt ()
j=1 c1cznpKSVj \ 02

¢ ¥ 146.9143x10"°
17513.76

-9
< 3.2603 x 10 ~ Y

so
n
log(DI (Lj+1)>
Jz; < % (log(3.2603 X 10—9D) + n log Y)
10 n log(2°h h.)
1.02x10 gte Mo’ -1
* ~h.h S = hg
0™ 2’hyh,

This proves (4.14).

In the sequel we abbreviate (A1,...,A ) E:Nn' as i ,

n
(TyreeerTy_q) en 1 as ¢ , and write
|t| = Ty * “F T g
n-1
Alt) = ie1 A(bnkj - b An' T.)

We also use the basis 51,...,§D of K = W(a1,--.,an) over ()

to the shape (3.55).
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3. Construction of the rational integers pd(l)

Lemma 4.1. For d = 1,...,D and X = (A1,...,An) satis-

fying

0 £ A, sL, (1 £3 sn), r

3 3 1A1 S rnk B 0 (mod G) (4.19)

n

there exist rational integers pd(l) with

1

00-1

0 < max Ipd(l)l 5 X,
d

L4

such that
A.s
R 0 A A
I I pgeghnT T (o ¢ 3)7 <o
X as=1 j=1 \J

for 1 ss 58S, (s, =1, |t] s T , where | denotes the summation
A
over the range (4.19).

Proof. Similar to the proof of Lemma 3.1.

4. The main inductive argument

For rational integers r(J), LéJ)

(1 s jJ £n) and
(J) - L (J) ; . " .
Pg (A) = Pg (A1,...,An) , which will be constructed in the
following "main inductive argument", we set
ALz
. D n K T.\J
o5zt = 3 T g T (aP c 3) : (4.20)
X d=1 §=1 \ J

where E(J) denotes the summation over the range of A = (A ,... A )¢
A
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sn), rohite.tr h = r ) (moda @) . (4.21)

(1 < 171 n'n

.

The main inductive argument. Suppose that there are algebraic

numbers Oqreeerly and rational integers b1""'bn , satisfying

(0.5)-(0.8), such that
b b
ordp(d11...ann - 1) > U . (4.22)

Then for every rational integer J with

log L
OSJs[—n]+1

log gq
there exist rational integers r(J), LgJ) {1 £ 3 £n) with
0 s r(J) < G, g.c.d. (r1,...,rn,G)|r(J) .
0 s LéJ) 5 q'JLj (123 £n) ,

and rational integers

péJ)(A) for d =1,...,D and XA satisfying (4.21),
.
c0—1
not all zero, with absolute values not exceeding xo ", such

that

wJ(s,t) =0 for 1 s s S qJS, (s,q9)=1, |1]| s q_JT R~
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The proof of the mainductive argument is similar to that
in § 3.4. So we only give a detailed sketch. We prove it by an

induction on J . On taking r(o) =0, L(O) = L. (1 £3 £n) ,

, 3 3
péo)(l) = pg(A) (154asD, ) satisfying (4.21)), we see, by
Lemma 4.1, that the case J = 0 1is true. In the remaining part
of this section, we assume the main inductive argument is valid

for some J with

log Ln]

OSJS[m

and we shall prove it for «J + 1 . So we always keep the hypothesis
(4.22). We first show the following Lemmas 4.2, 4.3, 4.4, then
deduce the main inductive argument for J + 1 .

Let
b.
Y. = A, - Sl A {153 5 n-1)
n
and put

Y.2Z
D n-1 K Tr.
_ o) (J) p i\
£ (z,7) = 39 ¥ pi (0 A(T) (a. 2 ) :
J X oa=1¢d Ty U

D
We write p(J)(A) for z“péJ)(A)Ed .
a=1

Lemma 4.2. For any T = (T4r...,7 _;) with |t} £ T and

any y € @, y > 0 , with ordpy 2 0 , we have

ordp(wJ(y,T) - f5ly,m)) 20 - ordpbn .
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Proof. By the definitions of wJ(z,T) and fJ(Z,T) , we
have
3 (9) (B oK Ty ij n-1, « r.\Jj¥
@ (y,r)-fJ(y.r)=): P (A AT ] I(u. z ) -1 (ap. g 3) .
J & 1i-9\3 j=1\ 3 I

It is easy to see ordpA(T) 2 0 (since A(t1) € Z ) and

ordpp(J)(l) > 0 by (0.5). Similarly to the proof of (3.63), we

can readily show that

n K I, Ajy n-1 K I, ij
ordp{ (a? T 3) - (a? e 3) } 2 U - ordpbn

j:‘] J J:‘]

Now the lemma follows from the above observations at once.

Lemma 4.3. For kx = 06,1,...,n=-1 , we have

wJ(s,T) =0 (4.23)

for 1 <s 5qg°'%s, (s,q)=1, |7] ¢ (1—(1-%)§)q-JT :

Proof. We argue by an induction on k . By the main inductive

hypothesis for J , (4.23) with k = 0 is true. Assuming (4.23)
is valid for some k with 0 S k s n-2 , we prove it for k + 1 .,

Thus we see, by Lemma 4.2, that

ordpr(s,r) 2 U - ordpb (4.24)

for 15 s s g %s, (s,q)=1, |1] s (1-(1—%)5) g9 . By (0.7),

(3.1) and the remark below the proof of Lemma 1.1,
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is a p-adic normal function, whence so are
-8 T\k+1Y\ -J
FJ(z,T) = fJ(p z,7) for |T| g (1—(1-5)—5—)q T . (4.25)
We now apply Lemma 1.4 to each FJ(Z,T) in (4.25), taking

q'JT] £ 1. (4.26)

Similarly to the proof of Lemma 3.3, we see, by (4.24}), (4.25)

and (4.15), that

, f 14 o .\, ({1_1\1 -3
min ord /——F (sp™, 1) :+te} 2 U - (1~—)n T+‘I>ord b
1$SSR, (s,q)=1{ P\t! gt gt \\""gm? pn
0stsM-1
24—
1 p-1 1
2 U - (1+——) . U (4.27)
h6 nqn c1c3

q n
On the other hand, by (4.16) and (4.17)

for |t s (1-(1-1) k{1) q-JT , where R, M are given.by (4.26) .

(1—%)RM 6 + M ord Rl + (M-1) iog R

Iog p
[ AN(a. 1 \T- log hy 1 1og q) 2417 1
S \1+h_'j(2+T1}_U+(1+h—- + H—' * Og q/ “pn' M C U . (4.28)
6 p=1/c, 0 0 q nq €1%3

By (4.27), (4.28), (4.4), we see that each FJ(Z,T) in (4.25)
satisfies the condition (1.9) of Lemma 1.4 with R, M given by

(4.26). So Lemma 1.4 and (4.25) imply

2
( _l) ( 1Yy 1k
ordpr(s,T) P \1 a RM & > |1 3 5 g ST ©
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for s € % , |1| s (1-(1-%) k;1) a T . By Lemma 4.2 and again

by (4.27), (4.28), we get for s 2 1

| _ Vg - (1.1)
ordp(mJ(s,T) fJ(S,T)} 2 U ordpbn > \1 3) RM 0
2
> (1-1) % qkST 8

Hence

ordpwJ(s,T) 2 min(ordpr(s,T), ordp(wJ(s,T)—fJ(s,TD)

2
1 1T k
> (1-6:) 5 4 ST ©

U

2
k+1-n{, 1 1 1
5y (1 q) (1 E;H)(1 HT) (4.29)

follows from (4.9).

Now assuming there exist s, T with

1<s s g™ s, (s,q=1, |1]| ¢ (1-<1-1) k+1) g Jr

such that
wJ(s,T) + 0,

we proceed to deduce a contradiction. On applying Lemma 2.1 to

_A3)
r * SmJ(s,T) , which is a polynomial in Qqresesly with rational
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integer coeffiqﬁents, we see, by (4.10)-(4.14),
Ty Ta=1
|péq)lk)|'$ XO0

(from the main inductive argument for
and the definition of X, in (4.7), that

-r(J)s
ordpwJ(s,r) = ordp(c (s T)}

J )

D 1 [ (n—ﬂ iﬁnL'11e§.ij;h)f' i
< €;§;T6§—E{IOQ(D(L_1+1) (L +1)) +5—oglog X +T+T 10g\+ . )
n
+ p°¢**s ¥ L,v, + nD max v.}
3=1 3] 1€jsn J
R BB (R
! +=——7 )| Log (D(L +1) ... (L_*1)) + nD max V.
epfplog rlg q 1 1 153¢n
1 \ K
+ (1+‘——*:" p S Z Ly
alc, 1)) 351
(n- 1)(B L+B L)

1/ 1 { o) \

U k+1-n 1 1 1 { 1 1.

s d {(—+~)(1+ )c + 11+ _)__

1 h, "B\ TemT) €1 T o1/ 5,

1 1 1 1 1
* (q i 00-1)(1+FE)(2+ -1> E;}
< U qk+1-n(1 1 )(1_;L)(1_1)2
c1 C3n h1 q

(where the last inequality follows from (4.3)), contrary to (4.29)
This contradiction proves

wJ(s,T)=0 for 1 £ s = qJ+k+1

s, (s,q)=1, |t| s (1—(1-%)E%l)q_JT ,

thereby establishes the lemma.
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Lemma 4.4.

(s )-
Png'T) =0
for 1 £ s £ qJ+1S, (s,q)=1, |1] < q_(J+1)T

Proof. By Lemma 4.2 and Lemma 4.3 with

ordpr(s,T) 2 U - ord bn

P

for 1 <s s ™ g, (s,q)=1, |1| s (1-(1—%

applying Lemma 1.4 to each of the functions
-9 -(J+1
FJ(z,r) = fJ(p z,r) for 1| £ g ( )

taking

we can, similarly té the proof of Lemma 3.4,

for s 2 1, |t| &

Assuming that there exist”™ s, T with

1 <8 € qJ+1S, (s,9)=1, |t] < q_(J+1)T

k = n-1 , we have
n-1 -J

T)q T . On
r

obtain

(4.30)
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such that

we proceed to deduce a contradiction. On applying Lemma 2.1 to

_ (J)
. bsr ¢J(

E,T) (recalling that b  is introduced in the
beginning of Chapter III and appears in (3.3)), which is a
1

polynomial in a? (1 s 3 sn) of degfee-at most

pKL!J)qJM

3 S + gD £ q(pKSLj + D) (1 £ 3j £ n)

with rational integer coefficients, and on utilizing (4.10)-(4.14},
1
c -1

|péJ)(l)| < XOO (from the main inductive argument for J )

and the definition of X0 in (4.7), we obtain

n

s \<_9Db 1
ordp“’J(q'T/ . S5t 109 p{(1+c0-1>(l°g(D‘_L1+”""Ln””""Dﬂg’s‘nv')

+ (%#c—ol_-T)(mT‘.loq(“(n-1)q(2nL1+B'Ih) ))}
(1+E;%T) cy * (1+532T) g;
1

* (Cli ' c0-1)('”h10)(2*p11> c1_3




-109-

(where the last inequality follows from (4.3)), contrary to

(4.30). This contradiction proves

J+1

wJ<§,T) =0 for 1sssq 'S, (s, =1, |t]| s q_(J+1)

T,

thereby establishes the lemma.

Lemma 4.5. The main inductive argument is true for J + 1

=,

Proof. Similar to the proof of Lemma 3.5. %

‘Thus we have established the main inductive argument for

log L_
_n]+1

J = 0,1,...,[ Tog g

5. The completion of the proof of Proposition 2

We assume that Proposition 2 is false, that is, there exist

PR

algebraic numbers OgressrOy and rational integers b1, n

satisfying (0.5)-(0.8), such that

and we proceed the deduce a contradiction. By the main inductive

argument for

we have

J -JO
wJO(s,T)=O for 1 s s £q '8, (s,0)=1, |t] s g T . (4.31)
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(3) " -3, : 5
Since 0 £ Ln. S g Ln , we see that Ln = 0 . Further if
T = (11,...,Tn_1) satisfies
(Tg)
0 s Ty 8Ly (1 59 £n=-1),
then by (4.18)
~Jo “Jo
[t] = Ty * T, 54 (L, + + L) sq T.
(7) N E)
Thus (4.31) implies (writing p () =3 Pg (A)Ed )
(3) () (3) d=1
L 0 LO L 0 A.S
n-1 1 n-2 (J) n-2 n-1 apn rj 3
N 2= {AE= ey ) =OP (111---rln_1.0)T:Iﬁ(bnlj;Tj)"=1 5 ¢ ) }A(bnkn_1;rn_1)=0
n-1 1 n-2 J J

(4.32)
I (3,) '
for 1 s sqg "5, (s,99=1, 0 & Tj < Lj (1 = j £ n-1) , where

we have set

{JO)
p (A1,...,An_1,0} =0
(J4) '
for A1,. "An—1 satisfying 0 g kj S Lj (1 s 3j £ n=-1) and

r x +...+r

1% n-1*npo1 F T (mod G) . By Lemma 2.5 we have

det (A(b A _,it, _4)) £ 0

0 =5

(J4)
<
An—1’Tn—1 = Lp-

So (4.32) implies that for each A
n-2 { 1 n=3  (Jy) n-3 n-2 GPK ez 3
) (A1,...,Ani1,0)£:1h(bnk.;rj).j=1 > ¢ ) }

77 _ '= LA - J
A0 A0 A

with 0 5 A £ L

n-1 n-1 n-1

Al{b_A

n n—2;Tn-2)=0
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I (JO)‘
for 1 £s g 7S, (s,g)=1, 0 = Tj < Lj (1 £ j £ n-2)

Repeating this argument n-1 times, we obtain

(74) (3y)
p (X1,...,An_1,0) =0 for O g Aj S Lj (1 £ 3 sn-1).,

contrary to the construction in the main inductive argument. This

contradiction proves Proposition 2.
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Chapter V Completion of the proofs of Theorems 1 and 2

1; Solving the system of inequalities (3.5)-(3.7)

We solve the system of inequalities (3.5)}-(3.7) in the

following cases respectively:

(1l.a) p=2, 2 %snzs7;

(1-b) p=2,n28;

(2.a) p=3, 2 snzs7;

(2.b) p=3,nz28;

(3.a) p25, 2

IA
3

IA
[e)}

(3.b) pab5,n=7;

(3.c) -

T
v
wn
=1
Y
foe

We abbreviate hi(n,q;co,c2) as hi(O sis7, ha(n,q;co,c2,03)
as h8 ’ ei(n,q;co,cz) as ei(i = 1,2)
We first deal with the cases (1.a), (2.a), (3.a), (3.b). In

these cases

nazd, qgqe3
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and we fix

Then we have the following inequalities:

h. 2 h.(2,3) 2 18.832756 , —— < 5.3099 x 102 , h.(2,3) $ 18.832758
0 ¢ by hy 0 |
log hy 1 log (hy+1)
——2 £ 1.5587732 x 107 ' , ——"—— 5 0.1586245 ,
0 0

56 7 1 -
, 2 h(2,3:8,2%) 2 7.74103 x 107, - 5 1.291818 x 10 8

1

h

h2(2,3;8,%%) 2 % x 213, (h2(2,3;8,%%))'1 < 2.17983 x 1072
14e, 51+ 51(2,3;8,%%) S (1 -2.17983 x 10 °) "2 5 1+.4.35986x 10>,
56, 1 4 -8
(hy(2,3;8,28)) s — 5 5.167273 x 1078 ,
7.74103x10 ' -1
56 8
1 + €, S 1 + 62(2,3,8,T§) <1 + 5.167274 x 10 ,

(14 e)(1+e,) 51+ 4.366 1072,

-1

L. (h4(2,3;8,%%)) < 1.291818 x 10~

h,

8 7

x 19.832758 § 2.5620315x10 ',

56
log h5 < log h5(2’3'8’T§) S 6.3749002 ,

-1

1 56 -10
he s (hg(2,3;8,22)) < 4.03694 x 10 .
56, . ] 10

< (h,(2,3;8 < 8.1217 'x 10

~.|:r| -
a[' .
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The above inequalities will be repeatedly used in the cases (1.a),

(2.a), (3.a), (3.b).

Case (1.a) : P

1]
N
-

2 S n

1A
~J

It is easy to verify the following inequalities

2
1 1 1 4 -8 1
(1-C—n')(1-'1:1'—)(1—a) 2 § X (1 - 1.291818 X 10 ) X (1‘%‘) 4 (5-1)
3 1 3
(e IV 1o Ve < 1.215864 x 10~2 x {(1+1) x I < 4.863456 x 102
\hG h, \ co~1 1 : 7 2 ) '
(5.2)
, 7
provided c, = 5
1 1 _ 15
(1+E‘:T) G, -~ 49’ (5.3)
0 2
L) (1 1 )
{1+(1+h0 tog 3}\q . c0-1)(2 tp1)
S (1 + 1.053099 x log 3)(% + %) x 3 & 3.081354 , (5.4)
2 log h
D o > il gm) () F
T+— ¢4 + + + ={1 + + 11 + —_—
( h, 21 ng h, n 4~ p- &

£ 5.4708156 . (5.5)

On combining (5.1)-(5.5) we see that if c, S 2 , then the

inequality
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1

w

- 4.863456 x 10 °

O >

x (1 - 1.291818 «x 10‘8> -

W

9

x (1 - 1.291818 x 10'8)) éL + 5.4708156 éL (5.6)

2 (3.081354 +
3 4

I

implies (3.6). Letting the two terms on the right-hand side of

(5.6) be equal, we see that

cy = 47.766502 , Cyq = 79.102681

satisfy (5.6).

Further, on substituting by 47.766502 , we see that

C3

o< (h(2,3:8,28,47.766502) g 6.76727 x 10”2
R gl2.3:8,35.,47. < 6.

8

and

1
{2 + log hy .1 . log g, 0 log(hOH)}’ 5T . a2
q h0 nqn €y

2

{2 + 6.76727 x 107% + 1.5587732 x 10" + 5.3099 x 102 x 59%—3 +

3 1
2)(32 47.766502

+ 2 X 0.1586245} X!

$ 8.9332 x 1073

Thus

2 3

(1 +6.76727 x 10 “) x 3 + 8.9332 x 10"

Q
—_
[l

= 3.2119513 (< 2)

47.766502

Q
I
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satisfy (3.7).

From the above discussion, we conclude that

(%)

6

y C, = 47.766502, c, = 79.102681

Cq = 8, Cq 3.2119513, ¢, = 3 4

2 1

(¥

satisfy the system of inequalities (3.5)-(3.7).

Case (2.a): p =3, 2 £n 57

By (0.1), we have
q 2 5

On noting p =3, n 2 2, g 25 , it is easy to see that the

following inequalities hold.

2
S I VAP B VPR | 16 - =8 (4.1
(1 S n)(1 5 )(1 q) 2 53 X (1 - 1.291818 x 10 )(1 = ) ,  (5.7)
3 1 3
V1. < 4.863456 x 10 rovided c. $ % (5.8)
h6 }’]..7 00—1 1 . r P 1 31
1 ) 1 15
1+ — —_— = —, (5-9)
( o 1 c, 4
A (1,1 5,1
{1+(1ms )10 3 {37 (275 5)
(1.1\,, 1 A
< {1+1.053099x10g 3}\5+7}\2+p_1 $ 0.739525{ 245} (5.10)
2 log h
(1+ﬁL){4+ 18 + n 5 4 1(1+ 11) + (1+—%T) ;L}
4 2"¥ng 0 n\ - ©p P q
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7 LI -1, 4,3 1
S (1+2.562031SX10 ){4+;TTZE1=6.7700168 x 1070 4 5+ 5 x }

< 5.3085281 . (5.11)

On combining (5.7)-(5.11), we see that the inequality

T2 x (1 - 1.291818 x 1070) - ;2 - 4.863456 x 107
2 (0.739525+§%X(1—1.291818x10_8)x%>(2+§%T)é%+5.3085281é% (5.12)
implies (3.6}, provided 4 po % . Evidently

c, =¢c, = 32

satisfy (5.12).

Further, on substituting Cq by 32 , we get

-1
A g 96 55) -2
h8 s \h8(2,5,8,15;32}) < 3.40137 x 10
and
o, 1,09 1 1ogg, M9t 4 4
h, h h, g 7 h n c,
8 ¢ 0 0 ng 3

1

< {2-H0.0340137-+1.5587732 x 10" ' +5.3099 X10_2><l9%—§+ ZX:0.1586245}

1 1
¥ —_——
w52 | 32

X

£ 0.0015777
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Thus
cq = (1+3’40137x10—2+0'0015777)(2+p11> = 2,5889785 , (< %)
c3 = 32

satisfy (3.7).

‘From the above discussion we conclude that

c, = 8, ¢, = 2.5889785, c. = ==, ¢, = ¢c, = 32

0 1 2 15

satisfy the system of inequalities (3.5)-(3.7).

IA
=2

Case (3.a): p 25, 2 £ n

On noting p 2 5, n 2 2, q 2 3 , it is readily verified that

the inequality

2 (1 - 1.291818 x 1078} = 13 _ 4.863456 x 1072

5 13
2 {( -8\ 1 1\ 1 1

> (1.027118+2x(:1-1.291818x10 "8 Jx1 }( 24— )1 +5.3874822- (5.13)
9 2 p-1 C4 Cy4

implies (3.6), provided c, % . Evidently

c, = 16.457689 <2+§}T) , c4 = 77.89776

satisfy (5.13).
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Further on substituting c, by 16.457689(2+p11>(5 32.9153?8)-

we see that

1 2

-1
£ (hs(z,a;s,%%,32.915378)) < 6.79973 x 10~
8 .

and

log h n log(h,+1)~
{2+-J—+—-—0-+—1--10gq+ 0 }1

E
g Ty hg ! h, c

{nqn 3

2 1

g {2+6.79973x10' +1.5587732x10" +5.3099x10‘2x19%—§+2x0.1586245} X

1 1 -3
x X = < 4.3219 x 10
x32 16.457689%2
Thus
c. = (1+6.79973x10 2+4.3219x1073){ 24 ) = 1.0723192 /2+—1—)
L \" p~1 \“ p-1
) 1
cy = 16.457689 (2+P_1)

satisfy (3.7).

From the above discussion we conclude that

56
25757 C3

c.=8, c =1.0723192(2+§}T), =16.457689(2+pl1), c,=77.89776

0 1

satisfy the system of inequalities (3.5)-(3.7).

Case (3.b): p 25, n =7

On noting p 2 5, g 2 3 and n 7 , we have
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(1+2.5620315X10-7){4+—Tﬁl———
2

X7x3

[ TaY

+6.7700168 x 107 + l, x%+ (1+_) XL}

A

4.8408865

Therefore the inequality

1

(6}

- 4.863456 x 102

\Of v

X (1 - 1.291818 x 10'8) -5

Lo

v

(1.027118+é%X(1—1.291818X10- )x%)(2+—l—)—1-+4.84088651 (5.14)

p-1 c3 c4

implies (3.6), provided <4 < % . It is easy to verify that

69.994513

1l
—
(o))
TN
Do
+
o
i
—
S
-
Q
N
1]

C3 )

satisfy (5.14).
Further, on substituting Cy by 16<2+§%T)(> 32) , we see

that

56

2 < {n (7,3:8,28 32)\_1 < 1.92185 x 1072
h = 8 ’ r '151 } - .

8

and
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s, L, 9 1 10gq, REOMGTN 4 0
'h h h q = h }J] n ¢
8 0 0 .70 ng 3
o S SR e
< (2+1292165x167 201 . 5587733510 755130890907 52T 3 ++7 x 0. 1586245 ) X —tmr X o
4+1.92182x%10201. 5587732410 3743309910 5=+ ) 55T 32

Thus

-2 -6 1\ _ 1
(1+1.92185x10 +6.8%x10 )(2+p_1) = 1.0192253 (2+§:T) ,

Q
-
It

Q
w

I}
—
[e)]
TN
[y*]

+
e

[ =
—
S—”

satisfy (3.7).

We conclude from the above discussion that

=1.o192253(2+—l—), 1 —16(2+—}T), c,=69.994513

C0=8, C P‘1 cz-Tg, 03— B

1

satisfy the system of inequalities (3.5)-(3.7).

Now we treat the cases (1.b), (2.b), (3.c). In these cases
nz8,gz3
and we fix
Cqg =16 , ¢, = g .

Then it is easy to establish the following inequalities:
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1
hg

2

h, 2 h0(8,3) z 86.42138, < 1.157122 x 10 <, h0(8,3) S 86.421384

0
log hy

h,

2

< 5.1598793 x 1062, 2

log(h0+1) _
—_——— £ 5.1731917 x 10 '

h,

8
'3

25

) 2 2.1226 x 1022 - 26

h, 2 h (8,3:16 ﬁL < 4.711204 x 10°%%

1 1

76 -1
- § - 2_ . § \ _21
h,(8,3;16,3) = 5555 - (h2(8,3,16,3)/ S 4i1689994 x 10 '

-8 20

8 ) S 1+3.3352 x 10 “° ,

$1+e,(8,3;16,3) < (1-4.1689994x10 2]

1+€1

-1 2
(h3(8,3;16,§)) S S e £3.0151703 x 10 24
2 2.1226x10°7~1

1+s2 S 1+52(8,3;16,§) S 1 + 3.0151704 x 10_24 '

(1+e)) (1ve,) s 1+ 4 x 10720,

A
hy

-1
S (h4(8,3;16,%)) < 87'42138425 s 4.1185992 x 10724 |
2.1226%10

8

log h /3) € 6.3630211 ,

5 & log h5(8,3;16

-1
ﬁL S (h6(8,3;16 §)) < 5.889006 x 10727,

’
6 3

-1
;L < ( . g \ =27

h7 < \h7(8,3,16,3)/ s 5.13132 x 10

The above inequalities will be repeatedly used in the cases (1.b),

(2.b), (3.c).
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Case (1.b): P-= 2, n 2 8

On noting p =2, g 23, n 28 , we have

2
1- —l—)( 17— )(1—1) > 2% (1 - 4.711204 x 10'26)(1-—1—) ,
/A hy/\ g 9 8c,

ﬁL ﬁL)( + 11) c, & 4.2 107%% |, provided c, s % ,

(
(
(1+
{
(

6 0
}J_ . 2.
c 51
. /1 1 R
1+( i )log BI(q + CO—1)(2'p-1/ s 2.5335894 '

2 log h
1 1 5.1 1 1\ 1
T+ ){ B — +n(1+ -1)*(1+§?T)"H} S 4.2809348 .

ng 0 q
So the inequality
% x (1 - 4.711204 x 10728y - % - 4.2 x 10720
> (2.5335894 + —&) - + 4.2809348 — (5.15)
18 c3 c4

implies (3.6), provided <, s % . It is easy to check that

Cq = 116.51153 , Cy = 192.64207
satisfy (5.15).
Further on substituting c3 by 116.51153 , we see that

| ﬁL < 2.34627 x 10”2

8
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andg
y
log h n log(h,+1)\2+—— -

(2+hi+ . 0+hl-'1°9 P 0 >—P—-n1-ls 1.3 x 10°®

8 0 0 q 0 ng €3
So

cq = (1 + 2.34627 x 107%) x 3 + 1.3 x 107% = 3.0703894 ,

Cq = 116.51153

satisfy (3.7}.
We conclude from the above discussion that
=16, cC

- -8 - -
1-3.0703894, Cy=3r c3-116.51153, =192.64207

Co C4

satisfy the system of the inequalities (3.5)-(3.7).

Case (2.b): p =3, n 2 8

By (0.1), we have g 2 5 . On noting p =3, gqz2 5, nz 8,

we see that the inequality

16 =26\ _ 2 ~26
12 x (1 - 4.711204 x 10 ) -2 - 4.2 x 10
> (5.6301992x10" T+2x2 Y241 )1 & 4.2806175 - (5.16)
255 ]\ p-1 c; Cy

implies (3.6), provided c, 3 % . Obviously
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Cy = 32, Cy = 35.671814
satisfy (5.16).
Further, on substituting C, by 32 and noting that
nz8, gz2b5 we see that
1

g S 1.17648 x 10~
8

2

and
2+1};l°g'h0¢ 1. 1log g, N log(h0+1)\ 14 _§~3ﬂ# 1078

hy "h, h, ~ g - h ) - n “ie.

8 0 0 0 ng 3
So

_ -2 =7\, 1\ _ 5
c, = 1+1.17648%x10 “+10 2+§:T = 1.0117649 x 5 = 2.52941225 ,
c3 = 32

satisfy (3.7).

From the above discussion we conclude that

=16 , ¢,=2.52941225 , c,=

8
1 273

¢y C,=32 , c4=35.671814

€0
satisfy the system of inequalities (3.5)-(3.7).

Case (3.¢): p 25, nz28

It is easy to verify that the inequality
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% x (1 - 4.711204 x 10°%%) - % - 4.2 x 1072
> (0.8445298 v Ve Y 1y 42808204 - (5.17)
18 2\ p-1 Cqy Cy
implies (3.6), provided =P < % ...Evidently
_ 1 _
¢, = 39.253842 (2+p_1) , ¢, = 192.63692

satisfy (5.17).

Further, on substituting c3 by 39.253842 (2+§%T)

(> 78.507684) we see that

ﬁL < 2.34749 x .02
8
and
log h n log(h,+1)}
(2+ﬁL+__H__Q+ﬁL-£Qﬂ_g+' R 0 ) 1 . L g 7 x 10_7 .
8 0 o ¢ o ng” €3
So
_ -2 -7 1\ _ 1
c, = (1+2.34749x10 " %+7x10" ") {2+——) = 1.0234756 {2+ ,
1 p-1 p-1
c, = 39.253842 (2+_l_)
. p~1

satisfy (3.7).

From the above discussion we conclude that

_ _ [, 1) _8
co—16, c1—1.0234756\2+p_1/, C,=3

, ©.=39.253842{2+—1), ¢,=192.63692
3 p-1 4
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(3.5)-(3.7}.

On summing up all the cases (1.a)-(3.c) and applying

Proposition 1, we obtain the following

Proposition 3. Let

£ =

and _CO’ Cqr Cor Cqr Cy be positive

e(n)

following two tables.

{ 4.366 x 1

4 x 10720

07>,

r

2

[\
@

n

A
o

IA
~J

numbers given by the

Cage o €4 ¢y €3 Cq
2sns7 | 8 | 3.2119513 %% 47.766502 | 79.102681
p = 2 — —
nz8 | 16- 3.0703394 %- 116.51153 | 192.64207
56
25ns7 | 8 | 2.5889785 | 2% 32 32
p =3 —
nzd | 167 2.52941225 & 32 35.671814
T 73
Case cy c1/\2+p_1} c, c3/\2+p—1 c,
2<ns6 | 8 | 1.0723192 %% 16.457689 | 77.89776
p 25 n=7 | 8 | 1.0192253 | 2% 16 69.994513
nz8 | 16 | 1.0234756 % 39.253842 [192.63692
Let
1 n
2n+1 G<2+ — ) * *
U = (1+€)cnc,cleqe, P g?M(g-1)—~R1 D"y, ...V W log V
07172374 n! n+2 1 n n
ep(fplog p)

Suppose that (0.5)-(0.8) hold. Then

-1



2.

Solving the system of inequalities (4.2)-(4.4)

-We solve the system of inequalities

following cases respectively

We abbreviate

as

and we fix

(1
(1
(2

(2

(3.

(3

.a)
.b)
.a)

.b)

a)

.b}

R L I - T - T o

h.
i

(4.2)-(4.4)

in the

(n,q;co,cz)(o £ 1 s 5) as h,, hs(n,q;co,cz,c3)

h6 . Ei(n,q;co,cz)(i =1

' 2)

1

as
€4

We first deal with the cases (1.a), (2.a), (3.a). In these cases

nzz2,qsze 3

Then we have the following inequalities

h

h

0

1

= h0(2,3) e 18.832756, —

2 h1(2,3;16

8
'3

1

hy

= 78990303

< 5.3099 x 10 <,

1

* hy

1

2

< 1.26598 x 10

log
h

8

0

h

0

S 1.5587732 x 10

1

r
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-1
8 -16. -5
(h2(2,3;16,§)) = 2718 < 1.52588 x 107°

T+ey S 1+s1(2,3;16,§) < 11+ 3.05192 x 107°

g\~ -8
(h3(2,3;16,§)) < 1.26598 x 10798 |

8 -8
1+e2 £ 1+52(2,3;16,§) <1 + 1.266 x 10 ’

(1+e,) (T+e,) € 1 + 3.0532 x 107>,

-1
1 [ . 8 -10
HZ < \h4(2,3,16,3)> < 7.91238 x.10 ,

- ) - 1
1 8 -9
. < (h5(2,3,16,§)) 1.03297 x 10 .

IN

The above inequalities will be repeated used in the cases (1.a),

(2.a), (3.a).

Case (1.a): p = 2, 2 n £ 7

EA

It is readily verified that the inequality

8 9

x (1 - 1.26598 x 10

O

) - % - 6.81038 x 10

> (1.2637188 + % x (1 = 1.26598 x 10‘8)) éL (5.18)
| 3

implies (4.3), provided ¢, s

1 . Obviocusly

N ~J

Cy = 33.433683



-130-

satisfies (5.18). On substituting C3 by 33.433683 , we obtain

2= 5 9.51734 x 1077
6
1,109 by 1 10 257 g -
(2+E‘+ —tp— gq) Pn © o € 1.13185 x 107 .,
6 0 o ¢ ngq 3
So
¢y = (1% 9.51734 x 1072) x 3+1.13185 x 1072 = 3.2968387
cy = 33.433683

satisfy (4.4).

From the above discussion we conclude that

c, = 16, ¢, = 3.2968387, c, =

0 1 5 ; C, = 33.433683

3

wio

satisfy the system of inequalities (4.2)-(4.4).

IA
~J

éése (2.a): p =3, 2 5n

By (0.1) we have

It is easy to verify that the inequality
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%ﬁ x (1 - 1.26598 x 1079y - % - 6.81038 x 10°°
8 -8, 2 1\ 1
> (0.2808265+§§X(1 1.26598%10 )XS)(2+p_1) &=

implies (4.3), provided c, S 1

1 5 Evidently

Cs = 16

satisfies (5.19). On substituting Cy by 16 , we obtain

1 < 0.048388
hg
log h -
(2+ﬁL+ L1109 q) o L5 2.7767 x 1073
6 0 o 9 ng 3
S0
. “3 (a1
¢, = (1+0.048388 +2.7767 x 10 )(2+5:T) = 2.62791175 ,
cy = 16

satisfy (4.4).

From the above discussion we conclude that

wi

= 16, c, = 2.62791175, c, =

2 ; Cc., = 16

3

satisfy the system of inequalities (4.2)-(4.4).

(5.19)
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IA
3

1A
~1

Case (3.a): p 25, 2

It is easy to verify that the inequality

g x (1 - 1.26598 x 10°8) - % - 6.81038 x 10~

< (0.4212396-+§:<(1 -1.26598><1o‘8)x

1
oo {5.20)

o=
N
P

[ ]

+
T

[ =9
—
S

implies (4.3), provided <4 g 7 . Evidently

2

_ 1
cy = 11.977897 (2+p_1)

by 11.977897 (2+ 1 )

satisfies (4.3). On substituting c¢ 51

3
(> 23.955794) , we get

L < 0.0957485
he
and
log h _
(2+ﬁL+ o 0+ﬁL:l°g q) Lo L <5267 x 1072 .
6 0 0 ! ng 3
So

c,=(1+0.0957485 + 5.267 x 10'3)(2+p1 ) - 1_1010155(2+p11) ’

= 1
cqy = 11.977897(2+p_1)

satisfy (4.4).
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We conclude that

, _ 1 _8
co = 16, ¢ = 1.1010155(2+———), c, =i c

1
: = 11.977897(2+p_1)

satisfy thelsystem of inequalities (4.2)-(4.4).

Remark. Note that the inequalities for hO""’hS' h6 ’
€40 52‘ we used in the cases (1.a), (2.a), (3.a) depend on the
fact that n 2 2 , but not on n 5 7 . Hence the solutions Co +
Cqr cz; C, of the system of inequalities (4.2)-(4.4), which we
obtained in the cases (1.a), (2.a), (3.a), are also the solutions

of the system (4.2)-(4.4) for the cases (1.b), (2.b), (3.b).

Now we treat the cases {(1.b), (2.b), (3.b). In these cases

and we fix
= = 2
cO = 16 , c, = 5 -

Then we have the following inequalities

5, log h

h. 2 h.(8,3) 2 86.42138, —— s 1.157122x 102, — % <5.1598793 x 1072 ,
0 0 Ry Ry
h, 2 h,(8,3;16,2) 2 5.06661 x 1022, —— < 1.974 x 1025,
1 1 3 h,
5 20 5.\ -21
h,(8,3;16,3) 2 6.1068935 x 10°7, €h2(8,3;16,§)) < 1.637494 x 10 ,

20

tre, 1+51(8,3;16,%) S 1+1.31%x10"
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5, 25 -1

1 | cie 5y _25
hy(8,3:16,3) 2 5% 5.0666 x 10°%, [h;(8,3;16,3) ) 5 9.67112x 10

4

25

’

1+é£‘§ 1+52(8,3;16,§) $ 1+ 9.68 x 10

(T+e ) (T4e,) 5 1 + 1.4 x 10740 |

: -1
5 5 =27
v (h4(8,3;16,§)) s 4.935 x 10 '

I

:3"!_.
[

-1
< (h5(8,3;16,§)> < 3.835 x 10 %7

The above inequalities will be repeatedly used in the cases (1.b),

(2.b}, (3.b).

v
@

Case (1.b): p =2, n

It is easy to verify that the inequality

g x (1 - 1.974 x 1028y - 3% - 3.275 x 102
6 -2 1\ 1
> (g”x (1 + 1.157122 x 107%) + T§) = (5.21)

3

implies (4.3), provided c, < % . Clearly

Cq = 71.406058

satisfies (5.21). On substituting Cq by 71.406058 , we obtain

ﬁL < 2.50439 x 10
6

2
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and
1 1og hy 4 4, 2ecle 7 -6
(2+H‘+ Tt =l q) B -~ 5 1.7 x10
6 0 o ¢4 ng 3~
so
cy = (1+2.50439 x 107%) x3+1.7x10°% = 3.0751334
cy = 71.406058

satisfy (4.4).

We conclude that
- 5 _
Cy = 16, ¢ T 3.0751334, c, =35 c3 = 71.406058

satisfy the system of inequalities (4.2)-(4.4).

Case (2.b): p =3, n 2 8

By (0.1) we have

It is easy to verify that the inequality

16 -26, _ 32 26
s2 % (1= 1.974 x 107%%) - 32 - 3,275 x 10
2 2 1\ 1
2 (0.2697524 + e x 5)(2+p_1) =

r

(5.22)
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implies (4.3), provided <4 g % . Obviously

satisfies (5.22). On substituting Cq by 16 we obtain

1

R $ 0.0125985
and
log h -
(2+hl+ = °+.h‘_.1_°9_‘1)-lr—l-cls1o7 .
6 Mo 0 9 / nq 3

So
¢, = (1+0.0125985 + 10'7)(2'*911) = 2.5314965
cy = 16

satisfy (4.4).

We conclude that

cn =16 , cq = 2.5314965 , c, =

N
-
Q
W
]
—
=)

satisfy the system of inequalities (4.2)-(4.4).

Case (3.b): p 25, n 2 8

It is to verify that the inequality
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26

x (1 -~ 1.974 x 10 “°) - 2% - 3,275 x 10

O >

2 (0.4046285 + %% x %)(2+_l_) éL (5.23)

implies (4.3), provided ¢4 s —-. Obviously

- {5, 1

by 24.322856 (2+ L )

satisfies (4.3). On substituting c¢ 5o

3
(> 48.645712) we obtain

1 < 0.0250645
hg
and
.log h
<2+ﬁL+ = 0+ﬁL.1og q) LI I <9 x 107
6 0 o d ng”  ©3
So
c. = /1+0.0250645+9X10_7\{2+—l—> = 1.0250654 (2+—l—)
1\ J\7 p-1 p-1
R
c. = 24.322856 {2+
3 \" " p-1)

satisfy (4.4).

We conclude that

] _ 1 5 _ 1
CO~16 R 01—1.0250654(2+§:T) ’ 02-2 ’ c3—24.322856(2+§:T>
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satisfy the system of inequalities (4.2)-(4.4}.
On summing up all the cases (1.a)-(3,b}) and the remark at
the end of the discussion of the case (3.a), and applying

Proposition 2, we obtain the following

Proposition 4.

(i) Let

174 3.0532 x 1072 , 2 £n & 7

1+ 1.4 x1072%%, 538

and Cur Cqr Cyr C4 be positive numbers given by the following

two tables.
Case c0 c1 02 c3
2sns7 | 16 3.2968387 8 33.433683
_ 3
p=2 .
nz8 16 3.0751334 % ' 71.406058
25ns7 | 16 2.62791175| & 16
_ 3
p =3
nz8 16 2.5314965 % 16
Case c c /(2+—l—) c c /(2+—l—)
0 1 5=7 2 3/\ %5
25sns7 | 16 1.1010155 %” 11.977897
p =25
nz8 16 1.0250654 g 24.322856
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Let

n
]
.. 2n+2 G(-’-"' _) *
(e B g A BT p™2y vy w2 L (5.24)
: (fplog p)

U=(1+a)coc

Suppose that (0.5)-(0.8) hold. Then

U . (5.25)

(ii) Suppose that (0.5)-(0.8) hold. If in (5.24), ¢ , Cy r Cq v
Cy 1 Oy take the values (given in the above two tables} for the
cases p=2, 2sng7;p=3,2=5ns¢g7; p'= 5, 2 sn 7,
respectively, then (5.25) holds also for the cases p =2, n 2 8 ;

p=3,nz8;pz25,nz8 , respectively.

3. Estimates for log V:_1 and W*

Lemma 5.7. Let

v, = 5.2336533, vy = 3.81275, Vg = 3.2814667, ve = 2.9909667 ,
Ve = 2.8030858, vy = 2.66939, v, = 2.5681639 (n 2 8) ;

W, = 3.7909562, Wy = 3.2245056, Wa= 2.9347108, wg = 2.7523294 ,
We = 2.6242173, wo = 2.5278708, w, = 2.4519668 (n z 8)

Then for n 2 2 we have



-140-

f log p\

s v n log(ng) - (log(éDV3_1) + —£~————J , (5.26)

k4
log Vn 8o

-1

* \

W é-w(n)n 1og(nq)-(g%+log(4D)} , Where

_ 1og(211x3n)

~ Tog4-log(3n) (5.27)

win)
and
W* s w.n log(ng) - (g% + log(4D)) . (5.28)

Proof. Note that by g 2 3 we have

n+l n n+1 n

log 211nqn" Dn“‘lv+ ) log 29nqn_1 + log 4Dn-1V+ )
n-1 n-1
9(n-1) _ 2 ‘ 1

_ n+1 [, n+l n+1_ \ n
—-n_.‘log\E n ng | +

9(n-1) 2
log (4DV. _.) n+1(log(2 " oa + 1 + = . 1
log (nq) -1log n-1'\n-1\" log 4 - log(nq) log 4 n-1 1og(nq)}

A

9(n_“n_2)+(n+1)log(3n)+n log 4
log 4 - (n-1)1log(3n)

iog(Z

IA

)

+
log(nq)-log(4DVn_1

) (n=1) log n+log (22 1) L (n+1)1og 3+n log 4
1

+
1og (ng) - 1og (4DV, _ log 4 *(n-7)log(3n)

log(nq)-log(4DV§_1)v(n) (say) . (5.29)

It is easy to verify that v(n) decreases monotonely and by a

direct computation we see that
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vin) s v n z 2) . (5.30)

’ *
Now by the definition of V__, (see (3.8)) and by (5.29), (5.30),

we have

+1 n

S n log (211nqn-1Dn-1V£_1) + fplog P

a3

*
lcg V-1

f. log p
)

: / .
s v, log(nqg) \log(4DVn_1

+ *

n v _log(3n) /
This together with the fact that -vnlog(3n) 2 8 (n 2 2) , which
can be verified by a direct calculation, yields (5.26} at once.

Further, we have

.- log 29+log(nq)+log(4D)

11
log(2 'ngD) = log(ng) - log(4D) Tog(ng) - log(4D)

{ log 23 . 1 . 1 }
log 4 - log(3n) log 4  log(3n)

1A

log(ng) * log(4D)

log (2! x3n)
log 4-log(3n)

1}

log{ng) * log(4D)

w(n)log(ng) - log(4D) . (5.31)

Obviously wi{n) decreases monotonely and by a direct calculation

we see that
w(n) s W {in 2 2) . (5.32)

*
Now by the definition of W (see (3.9) and (4.5)) and by (5.31),

we get
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’

*

W < W+n log(211an):Sw(n)n loq(nq)(nw(n)?eg(3n)+ 1og(4D)> .

This together with the fact that

11 '
w(n)log(3n) = loc,l;C(); 222l > 6 (n 2 2)

implies (5.27) immediately. Now (5.28) follows from (5.27) and

(5.32) . The proof of the lemma is thus complete.

4. Completion of the proofs of Theorems 1 and 2

Completion of the proof of Theorem 1. By Proposition 3,

Lemma 5.7 and Lemma 2.7, we see that, in order to prove Theorem 1,

it suffices to show

(1+e)c0c1c3c4vnwn//f? s ¢y lpym) (5.33)

where ¢, Cyr © C3s C, are given in Proposition..3 and Vo

1’
w, are given in Lemma 5.1. We can easily prove (5.33) by a direct

calculation, thereby complete the proof of Theorem 1.

Completion of the proof of Theorem 2

Theorem 2 is a direct consequence of Proposition 4, Lemma 5.1

and Lemma 2.7.
(1) p=2.

If 2 £n s 17 , it suffices to show that

(1+g)c0c1c§w§//§E $c,(2m) , (5.34)
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where Cyr Cqr C3, € are given by Proposition

If n z 18 , on noting that wi(n) 2 w(18)

show that

4, (ii}).

, it suffices to

(1+e)cyc,c2 (w(18))2/VZT 5 C, (2,m) (5.35)
where Cgr ©qr C3¢ € are given by Proposition 4, (i),
w(18) £ 2.7001457 (see Lemma 5.1).
(2) p =3 . It suffices to show that
(1+e)c.c.c2w’//2m S C.(3,n) (5.36)
07173™n 277 ' '
where c¢;, c,, Cy, € are given by Proposition 4, (i).
(3) p25
If 2 s n £ 16 , it suffices to show that
(1+e)c.c.c?w2//2% < C. (p,n) (5.37)
0°1°3%n /R L .
where Cyr Cqr c3, € are given by Proposition 4, (ii).
If n 2 17 , on noting that w(n) 2 w(17) , it suffices to
show that
2 2
(1+e)cye, oy (W(17)) /Y27 s cz(p,n) , (5.38)
where Cqr €qr C3r € are given by Proposition 4, (i), and
w(17) £ 2.1201893 (see Lemma 5.1).

Now the inequalities (5.34)-(5.38) can be

a direct calculation. This completes the proof

easily verified by

of Theorem 2.
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Appendix. Hermite interpolation and

a combinatorial identity

Let E be an algebraically closed field of characteristic 0

Suppose that n 2 2 , 7, > 0,...,7T., > 0 are integers,

Let 81,...,8n (Bi % Bj for 1 i < j £ n) and qi,t(1 £isn,
0 st < Ti) be given elements in E .
Theorem A. The unique polynomial Q(z) € E[z] of degree at

most T-1 satisfying
(t-1) _ .
Q (8,) = 93, p—1 (T<sisn,1stsrt,) (1)

is given by the formula

% E% Th-t (z-Evh)t_1 TET z-Bk Tk
Q(z) = G g (=1) — { _ ) } :
hei t=1 Dt =11 lyoq BBy
k+h
x N (2)
¢ t(.a)jZB e ey
T, = T, =t | 55— - = -
h _ h™ - \38 {( h) h "k }
. 21(_1)5 1)\ ;\E ']-T h _ k+h -
s= FoootA =T o=t §=1 : _ k '
1 Tyt h Aj:I:I(Bh By
Aj=0(j<s),kj21(j25) k+h

where the second line of (2) reads as 1 when t = T

Remark. Henceforth we write- | — (z-B,) (B,.—-B,) for
Remark \ 38, h'y_1' PPk
kzh
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3 Aj . _n Ty
the value (— {(z—y) (y=-8.)

Yy k=1 k

k+h y=By
The uniqueness of .Q(z) 1is proved, for example, in Davis [13],

pp. 29-30. For the self-containess of our exposition, we reintroduce
it here. Obviously it suffices to prove that if Q(z) € E[z] of

degree at most T-1 satisfies

Mgy =0 (1sisn, 15tz , (3)
then Q(z) = 0 . The case Tqg = eee =T, 1 is trivial. So we may
(t_=1)
assume T 2 2 . From (3) (except for Q n (Bn) = 0 ) we see

that there exists A(z) € E[z] such that

T T
"z ) PN(z-p ) R

Q(z) = Al(z) (z-8,) ,
by virtue of the hypothesis that the field E 1is algebraically

closed. Since Q(z) has degree at most T-1 = T4 + ...t In—1 + Tn'-1,
it follows that A(z) = A € E . Now by (3), |

11 T (Tn-1)
A(Tn-1)!(Bn-B1) “os (Bn-Bn_1) = Q (B.) =0 .

On noting that Bi * Bj (1 § i< 3jsn) , we see that A = 0 , whence
Q(z) = 0 . This proves the uniqueness of Qf(z) . It remains to show
that Q(z) given by (2) satisfies (1).

Before doing so we introduce a result of van der Poorten [23]
with slightly modified nqtations. For non-negative integers k and

1l we set (?) =0 if 1 »> k and (g) = 0 . Write
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A = det ((s 1)'(s 1)Bk ) ’

which is a determinant of order T , whose rows are indexed by
A=1,...,T7T and columns indexed by T pairs (k,s) (k=1,...,n ,
S=1,...,Tk) lexicographically ordered. Denote by Aks,x the
cofactor of A of the element at A-th row and (k,s)-th
column. Further let Bks {(k=1,...,n, S=1,...,Tk) be T

independent indeterminates and
D = det (B

indexed by A and (k,s} as in A . Denote by Dre A the’
r

cofactor of D . Now D is simply the Vandermonde determinant

of Bks(k=1,...,n, s=1,... ) , so we can write

er
T.

h-1 %
D= (B Bes) = T—H_r ({TT(Bht Bhl)}-[—r T Ty~ Bks (4)

(k, s)<(h t) k=1 s=1

T

-1 k
where | [(B,.,-B,,) reads as 1 if t=1 and ] [(8,,-8, )
1=1 0t hi k=1 s=1 DNt kS

reads as 1 if h=1 . (In the sequel, the convention will be kept

without mentioning). On noting that

s=1
9 A=1 _ A=1\,A-8
{(aBks) BkS }B =8 - (S 1) |( 1)8}( ’
ks "k

we get

- (P 1)) 0 o)
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here and later we assume that the symbol lim means the

substitution of for (k=1,...,n, s=1,..

.n k=~ s-1
| | | ~(—jL—) denotes the operation resulted from doing

.,Tk) , and

By By s

s=1
/ 0 {(k=1,...,n, s=1,...,7,) lexicographically. Since
\aBks k
{3 t-1 t-1

n 'h h-1 'k
A=11im T [ T7T ((t—1)! TTT7T (Bht-eks))
h=1 t=1 k=1 s=1 _
n 'h / h-1 Ty
=TT (=00 TT (opmgp %) (6)
h=1 t=1 k=1

(6) is due to van der Poorten (see [23] p. 282 and p. 283).

Proof of Theorem A. Let

. A=

T A-~, -2

- ht,)\ T - =

21-___77_7‘__(h 1,...,n, t 1,...,Th) ' (7)

whose degree is at most T-1 . Then by Cramer's rule for

determinants, we see that

(s-1)

Hpp (Bk)

= thats (1 s h,k £<n,1 £t g Th,1 < s £ Tk) , (8)

where



-148-

is the Kronecker's symbol. Since the uniqueness of Q(z) has
already been verified above, to prove the theorem it suffices,

by (7), to show

t-1 (®
T,.-t (z-8,) n z-B K
h h T_T =z 'k
ht t-1)! k=1 B Bk
k#h n
T,.—t T J Tk
h i ,- 'h ( ){(zs)kus -8 ¥}
-] (-nsTT ) 38y h'pen D K %)
s=1 A1+...+kT _t=Th-t j= 1 Ty
! -
h Aj' i=l(8h Bk)

Aj=0(j<s),lja1(j25) k+h

(h=1,...,n, t=1,...,Th)
Evidently we need only to verify the case h=n . (9) with h=n ,
t=Tn is obvious (note that in this case the second line of (9)
reads as 1). Further, we assert that (9) with h=n, t=1 implies

(9) with h=n , 1 < t < T, For it is easy to verify, by the

uniqueness, that
H_, (z) = -——%}-—7— H  (2) , ' (10)

where ﬁn1(z) € E[z] is the unique polynomial of degree at most

T-t satisfying

;f 1)(sk) =6 .6, (1<ksn-1, 15s 51

nkS1s ; k =n, 1 £s g Tn-t+1) P

kl

and on applying (9) with h=n, t=1 for the points 81""’Bn

and the multiplicities TqresesTyq v T,~t+1 , and substituting

the result for H .(z) in (10), the above assertion folléws at

ni
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once. Thus the proof of the theorem is reduced to verifying (9)-
with h=n, t=1 . This is obvious if Tn=1 . Henceforth we assume

T > 1 . By (7), (4) and the Cramer's rule for determinants, we

see that
T A4 el
H .(z) = § .Jl_LE_w___
nl = &
s=1, T -
((k S¥:I; 1)(ééls> ))\Z1Dn1'A ZA 1
= lim X
(T G e, T e
- tim ks e 0, 1)V s/ U ko) etn, ) Pt TPre] g,

A
By (4) we get

z-8
D TT ks _.

(k,s)+(n,1) Bn1 Pxks

n-1 "k /51 k-1 n-1 'k _z-8,
n s=1 n-1 'h -~ "h z-8
{I_I((T_y(sns nl ).£:$ I:I(an_sht))}.lzg Bn1E§ns ) (12)

Note that the second line in the right-hand side of (12) equals to.

T o1l Th "n_ s-1 n-1 'h
{Tr T T8 1 By TFT‘T(B ) }{ (z—sns)ﬁﬁ(sns-sht)} (13)

h=1 t=1 h=1 t=1
n-1 Tk '( 3 \5-1
By (11), (12), (13), (6) and on operating first \ 38
k=1 s=1 ks/

n 5 s=1
then I (§§—~) , we obtain
s=2 ns



i (2) = (_1)Tn*1{izi(2;?§k>i3} : | (14)
“n 3 -1 Th s-1 1 n-1 Th '
lim (E(Wns) )({E E(an_ I{H((Z_an)m E(an Bhi) )})
iﬁT((s 1)'T_T(Bn_8h h)

If Tn=2 , then (9) with h=n, t=1 follows from (14) immediately.
So we may assume further that 1 _>2 . Now to Simplif§;£ﬁ§

notations, we write
m = -1 2
Tn 2 ’

Yg © Bn,s+1(s=1""'m) !

T
n- h
£(y) = £(yiz2,ByqreeesB__ ) = (z=9)T | T Tty-8,.)
1 n=Ta Ty h=1 t=1 0t
m s-1
V(y1,- A -|_|- ( —yl) .
s=1 1=1

Then (14) implies that

(T2 Y '
T \]_‘!-(F> ){V(y1 fFoens Iym) f{YT) .. .f(Ym)}
S:

n-1,z-§ k
H (z)=(-1)m{T_T( K ) }lim 5 (15)
1 k=i Bn Bk m n-1 Th
TI(s:TTt8,m80 ™)
s=1 h=1

where the symbol lim denotes the substitution

Yg = Bn (1 8 £ m) ,

{1 shsn-1, 1stsrt

Bht = Bh h)
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Note that V(y1,...,ym) is the Vandermonde determinant of

y.]’o--’ym ’ S0
L/ m 5 j

lim(T_T(§§—> ){V(y1,...,y VE(y ) .. Ely )}
J=1 J

n Ik

- '
\/_a_)1 (2 . 3_) )
A3 ) V(yqe-- - 1Y) 3=1\3Yj f(yj), {16)

(u1, _glu )EM(j 1\U ) "\3 Y

where M 1is the set of m-tuples p = (uqse-.rup ) such that
0 s pu. 3 (1 £ 3 sm)

J

and the set

{0,1,...,m=-1}

11

{H1IU2I"'IU }

By an induction on m it is easy to see that the cardinal of M

#omo= 2™ (17)
Let
u(o) = (u§0),p§0),...,p£0)) (0,1,...,m=1)
Write
g, = (12), 0, = (23),...,0 4 = (m=1 m)
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for transpositions of the set {1,2,...,m} . Define for every

permutation ¢ of {1,2,...,m}

0'11= (UO.(-I)I"'IUO.(m)) .
Then for each product.

i - . < 3 i -
oik"'0i1 with 0 s k s m=-1 , 1 = i, < .. < lk £ m-1,
where we assume for k=0 the product reads as the identical

permutation of {1,2,...,m} , we have

Since all the 2m—1 products O; «--04 (0 £k s m-1 ,
k 1

1 =2 i1 < J.. < ik 2 m-1) are distinct permutations of

{1,2,...,m} , we obtain

M=1{o, «.oo. w90 sx sm=1, 1514
lk 11 -

< ve. < i, S m-1} . (18)

k

Suppose u = (u1,...,um) is an element of M .

H
Q
Q
=

A
Then we have »
m H
5 \ k- k-
— Vi Yy reea,y ) = (=1) (3=1)1 = (=1)"1 . ! (19)
L. \dY. 1 m L L j
=137 j=1 j=1
and

u, =3 if J € {11,...,ik} ’

p, < j if j € {1,...,m}\{i1,...,ik}
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Further we rearrange the components of
(1—u1,..., j—uj,...,m—um)
by putting the i1—th,...,ik-th components (that is, all the
zero-components) in front of the non-zero ones and keeping the

ordering among the non-zero ones, and then denote the result by

(A1,...,Am) . Obviously

e
—

+

»

+

>

I
I e~13
oy

|

=

n
= E.

l

I
i~

(o'}

Il

=

and
A, =0 for 1 < 3 £k, A, 21 for k+1 £ j s m.

In this way, we have defined a map from M into the set A of

(k1,...,lm) EZNm having the two properties:

i) A1 oo, F Xm =m,

[

1i) ‘there exists k with 0 $ k & m-1 such that

Aj =0 (1 £3 5 k), Aj 2 1 (k+1 £ 3 s m)

It is readily verified that this map is injective. Furthermore,

the cardinal of A
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since for each k with 0 £ k £ m-1 , the equation

has ( K ) solutions in positive integers Rpepqre-=sX, - By (17),
we get # M = # A , whence this map is bijective. By (19) and the

definition of this map, we see that for every

- (0) _
B = cik...ci1u = (u1,...,um) EM,
m ;. Hq BN m j-uj
d [ ? 3 :
T_T(J )'((——u) .o ———) VI VareearY ))T_T<———) fly.)
Lig 3=1M37 \NOYy \9¥p 1 1 ™ J3=1\8Y5 ]
' m n- T -
h
T1(35: TTes -8 )
3=1\"" p=7 n b
J-u.
3 n-1 T
(o) {(z-sn)I‘I(sn—sh) g
= ()T —F -
j=1 . n-1 LN
(J-uj)! E(Bn-sh)
AL
J n-1 T
o () {‘Z‘Bn’I_I(Bn“Bh’ "l
= (-1)°T 1 —2 = ) (20)
j=1 n-1 Ty '
AJ! E(Bn—sh) .

Now on combining (15), (16), (18), (20), noting the fact that the

map from M to A defined above is bijective, recalling m Tn-1 ’
- we obtain (9) with h=n, t=1 immediately. This completes the proof
of the theorem.

Remark. van der Poorten [24] gives a similar formula, but it

is false; a simple counterexample can be obtained in the case n=2 ,
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T(1) = t(2) = 2 . Consequently, the interpolation formula in

Lemma 1 -of van der Poorten [25] is also false. The sum

A-1
Bpe,y 2

’ A

I ~13

A=1

and (11) have appeared in van der Poorten [24}, the former of
which derived from Mahler's ideas. But [24] gives an incorrect
- expression for (7).

There are other kinds of Hermite interpolation formulas. A
well-known one is the following (see, for example, Berezin and

zhidkov [9], pp. 145-147). Take E = € and let

n T.
Q(z) = T T(z-8,)
j=1

(z) € €lz] (1 s h

IA

Denote again by H the

ht

polynomials, of degree at most T - 1 = § Tj—1 , determined
j=1

uniquely by the conditions (8). It is proved in [9] that

n, 1T <£tsT
n

h
pz) oo o1 &F {(Z_Bh) }

. k
= . (z-B,.) (21)
(=11 Th 1lo KY gk U n(z) h

(1 <hsn, 1 st s Th) .

It may be interesting to deduce a combinatérial identity from
comparing the two kinds of Hermite interpolation formula, namely
(21) and our (9).

Theorem B. Suppose myN,Tqree.,T  are positive integers.

For every (DT""'pn) €N satisfying
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we have

Tenst g D OTTTT () - T (Y.

(
g=1 AS+...+km=m (k..) i=1 j=s ij i=
A2 (s£35m)

where y ranges over all n x (m-s+1) matrices (kij)

(ki:j
satisfying

) |
< i i< = i
kij EN (1 $1i sn, s s 3 sm, jzskij p, (1 sisn,
(22)
n
k.. =X, (s £ 3 s m

121 +J J ’

Proof. We apply (9) (with E =€ ) and (21) to n+1 points

By = “8qreeenBy = 70, v By =0

with multiplicities

T1,...,Tn ;, i+

respectively, where § 0 € C are élgebraically independent

1;..- n

over { : for instance, we may take, by Lindermann's theorem (see
1y Yn

Baker [7], pp. 6-8), §p=e ',..8 =e with vy, ,...,y, being

algebraic numbers linearly independent over @ . Take h = n+1 ,

t=1 in (9) and (21). Then (9) and (21) imply



A
(3 3 n T

n_ z+8; iom 51 : m \By) (z~y)l:I(y+6k)‘ -0
0T T(2) = T ) TT =

i=1 i s=1 A1+_.,+Am=m 3=1 X T-Fr¢6 k

Ay=0(3<s) A 2T (328) I x=1 K
_ R T L. Ty K
= T‘T(z+ai) ! 5T =% T“T(z+si) zo . (23)
i=1 k=07 dz= li=1

z=0

On comparing the leading coefficients of both sides of (23), we

obtain
m n m ;T -p -p
s-1 v L 1
. b ( L(=1) Lo T (k..))“1 %,
Pyte. tp = s=1 Agto . ¥A =m (kij) i=1 j=s ij
p120, ,pn20 A 2l,...0,x 21
, n T,+p.—1 -p -p
- ) (T‘T ( 17 ))a1 e ™, (24)
P.t.e.tp =M i=1 0,
3 n i
p120, <« p. 20
where 2 ranges over all n x (m-s+1) matrices (kij) satis-
(k,.)

fying (22). Recalling the fact that 61,...,6n are algebraically

independent, the theorem follows from (24) at once.
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