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CRITICAL VALUES AND REPRESENTATION OF FUNCTIONS

BY MEANS OF COMPOSITIONS

Y. Yomdin#*

ABSTRACT. The structure of the set of critical values
of a composition of differentiable mappings is studied. On
this base some explicit examples of differentiable functions,

not representable by compositions of certain types, are

given.

The question of a representability of functions of a
given ;lass by means of compositions of functions, belonging
to some other given classes, has been studied in many publi-
cations ( see e.g. [1][(,[3]1, [4] ). The known results on
a nonrepresentability are mostly based on considerations of
a "massiveness" of corresponding subsets in a suitable
functional space. Therefore, showing the existence of non-
representable functions, they do not give explicit examples.

In this paper we consider some special question of the

above type, which roughly can be formulated as follows:
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what functions of a given smoothness and a given number of
variables can be represented as a function of a lower smooth-
ness and of a smaller number of new variablés, each of which, in
turn, is a function of a higher smoothness of the initial
variables?

We find an upper bound for the entropy dimension of the set of critical
values of the function, represented in such a form. Using
this bound we give the necessary condition for the represen-

tability, and some examples of non-representable functions.

Let £ :U+R" be a continuously differentiable mapping
of an open domain UcRrR®. For Yy 2 0 define the set of

"y - near-critical’points of £ , EI(f,y) , by

I(f,y) = { x€e U/ |laf(x)]] sy }, and let

Alf,y) = £(IZ(f,y)) Dbe the corresponding set of "y = near-
critical ® values of £. The set of critical points E(f,0)
we denote by I(f) and the set of critical values A(f,0)
by A(f).

For a compact domain D < rR? let ck(D,m) denote the
space of mappings £ :D-+R" , which can be extended to
a k times continuously differentiable mapping of some open
neighborhood o# D. For £ € ck(D,m) let

M (£) = max @'t ,1=0, ..., k.
ye€bD

(The Euclidean spaces R? and the spaces of their linear
and multilinear mappings are considered with the usual

Euclidean norms.)



We recall the definition of the entropy dimension: for
a bounded subset A < R" and € > 0 let M(e,A) be
the minimal number of balls of radius e , covering A.

Then the entropy dimension dimeA is defined by
aim A = 1inf{B 20 /3K,ve >0, M(e,A) s K(DP}.

( See e.g. [3], [6] for some properties of M(e,A) and

of the entropy dimension ).

Now let B%® < R™® be closed balls of radii p. , respec-

a
tively, a =1, ... , s+1 , and let b 81 -+ 35*1 be given

1

as a composition £ = fs°fs-1° ceof , where

£ :8%+8%", e comn,) k22, o=1,...s.

Below we assume that the dimensions n, do not increase:
n1 2 n, Seee & ng 2 ns+1
through lower-dimensional spaces has essentially different

. ( The problem of a factorization

nature ). Without loss of generality we can also assume

that k1 > k2 D oeee > ks . Indeed, one can easily prove

that if k2 2 k1 and n, 2 n, 2 ny . then all the mappings
1 3 kqn!

£f: B +B , belonging to C (B ,n3) . and only these

mappiﬁgs, are representable as £ = f2051 , £2 : B% Ba+1 ’

£ ¢ Ck“(Ba,naﬂ) , a=1, 2.

Let f be represented as a superposition of s mappings
‘as above. We call S = (n,,k,, ny,kys ... ,ng,k;) the
diagram of the representation and say that £ 1is represen-

table with the diagram S .



For a given diagram S define g(s) as

s-1""g . ng
ko ,-1 K-

n.,-n N,=-N n
Q-g* :-3'*'” *
1 2

Theorem 1. If £ 1is representable with the diagram S , then

dimeA(f) s o(s) .

Proof. Pix some € > 0, € S 1. Below we denote by Kj

the constants, depending only on the set of data

Q= {pyr ny s Xy o ui(f“), @ =1, ... 841, L.=0, ... , k .},

but not on ¢ .

For each & =1, ... ,s let r = eka~1

in each B% ¢ R@ the points with the coordinates of the

. Consider

Ta
form m 75: ’ m € 2, and denote these. points by xz '

1s8¢s8 da . The balls of the radius ra ‘centered at xg .
cover B“ .

Let Pg be the Taylor polynomial of order ka of the

mapping £%  at the point xg .

For any s-tuple (31,...,83) s 1 S qzs da , denote

by P the polynomial mapping
81’000153
s 8=1 1 n n
P, * P e ... P : R'1 + RS+t1
Bs Bs-‘l B1 '

We also denote by D the set
81,...183

{xe€ 3;1 /] 2o Ve . efl(x) € 53*11 ,a = 1,...,8-1}
ad



Lemma 2. For any s - tuple (31,...,65) and for any

xe D

Byr-eerBg '
i. lE (x) - PB1"..'BS(xH| S K,e
ii. |laf (x) - dPB1,---.BS(x”' s L
Proof. Induction on o . Denote fa-fu_1-...-f1 by F¢,

and Pg-...opg by Q® and assume that i and ii
o 1

are satisfied for F% ! , @ 1  with the constant K? .

By the choice of r, and by the Taylor formula we have

for any y e B®

By ko
k k-1
liE* (y) - pga(ynl < Ky T, = K,e @ & Ky ,
: kq-1
llag® () - dPga(y)H $ Ky T = Kye -
Now denote F%® V(x) by Yy o * 1(x) by y, . Since
a -
X € DB1'””le ¢ Yy € BBu° We have :
F* (x) - Q®(x)]] = £ (y,) = B§ (y )| s
1 By Y2
lI£% tyy) - Pgu(y1)u + |pga(y1) - pga(yz)u s
-1
Rye + M1(Pga)lly1-Y2H S Ky + KK e = Kee .

In a similar way, for the first derivatives we have:

F® (x) - aQ®(x)f] = |af*(y)ear® T (x) - dpgu(yz)-do"“(x)n

- -1 -
g gy) - a2 vl 1T ol (el vl e o -a0® ™ Gl +

e vy -dPga(yz)” Haa® T s

a=1 a a=1 =
K3e KG + K7 K1 € + MZ(PBQ) K1 € K8 K



Denoting max( Ks ’ Kg ) by K: , we obtain the required

inequalities, with K = K

1 1°

For any s - tuple (81,...,83) let

1

= T(f) nD c B and let

z
Byre-- By Byre--rBg

= £(I

A ) .
81""'85 81100'083

Lemma 3. PFor any (81,...,83), can be covered

A
ByreeorBg

by K1o balls of radius ¢ .

Proof. By lemma 2, ii, c I(P ’ K1e) .

z
Byre--sBg Byre--rBg

By § ' A is thus contained 1in a K1e - neigh-

Byree-sBy

borhood of A(P . K.e). Now by corollary 2.14,
810000'83 1

[6] , this last set, being the set of near critical values

of the polynomial mapping PB , 8 on the ball B1 of
1 ...' s

radius py ¢ can be covered by N balls of radius p1K1e ’

where N = N(n1,ns*1, k1k2 .oe ks) depends only on the
dimensions n, and on the degrees of differentiability »ka .

Hence AB , ,8 can be covered by the same number of balls
. 1 ® o0 s

of radius (p1+1)K1e : OX by)l[m(zp1*2)x1] Ng+1 = Ko

balls of radius ¢ .

Of course, all the sets AB1'...‘BS . 1 8 sa’s du'

cover A(f). But in fact many of these sets are empty. So to

prove theorem 1 it remains to estimate the number of



nonempty AB1.---,B ¢ Wwhich, in turn, does not exceed
s

the number of nonempty D .
31,---.85

Lemma 4. Let 81, eee +B be fixed, a = 1,...,8 .

a=1
Then the number of the indeces Ba , for which

is not empty for some B8
Na " Ng
1 ka_1"1 k=1
ce ey Bs .- does not exceed K11(E) a { where

kq def o ).

P8y se e e rBooqrByrByyqreee By as1

1, L9-1

Proof. By definition, = {xe€eB /F

D
611"'085

a=-1 a-1

a = a
1, ««« », 8} . Hence F (DB1,--.:BS) c BBQ n £

is a ball of radius , and therefore

Ta-1

) 1is contained in some ball B in Rn“ of radius

a=1
M1(f )ra_1 s K12ra_1 . But clearly B has nonempty

na
intersection with not more than @WgKr,_,/r,) =

Ng _ _Ng

1{11(1/6:)](‘3‘-1 ka-1-1 balls Bg .

Thus the number of nonempty D is bounded by

81""'38

s kn}1 - kn31 * kn31 = e T kn;-i* k‘n—s T
Ky (1/e) ™ 1 T2 -1 s - K13(1/8)0(5) .

Since by lemma 3 each A can be covered by K
81""'85 10

(1yo(s

balls of radius € , we have M{e,A(E£)) s K10K13 z .

Theorem 1 is proved.



Theorem 1 can be applied to the representability question
in the following way : clearly, any mapping f , representable
with the diagram S = (n1,k1, ces ,ns,ks), n1z nzz... 2 ng
k1 > kz > oo > kg, is at least ks - smooth. On the other
hand, any k1 - smooth mapping is representable with the
diagram S by the remark above. Hence, the question is

1 1

~nontrivial for mappings £ :B' + B of smoothness g,

k1 >q > ks .

Now we use the sharp estimate of the entropy dimension
of the set of critical values, obtained in [6]. By theorem

5.6 (6] , for any £ € c38'in ), amarn s I,

n1 q,nl
there are mappings £ € C*(B ,n

and for any n < T .s+1)

with dimeA(f) > n . Thus we héve the following:

Corollary 5. Let S be a given diagram and let k1 >q > ks .
If T > o(S) , then there are mappings £ € C*(B ,ns”).

not representable with the diagram S.

Notice that the consideration of the ¢ - entropy of
correspondings sets in the space of continuous mappings

of 31

(see [3][4] ) also implies the result of corollary
5. But in this way no specific examples can be found, while
the mappings with the "big" set of critical values can be
built explicitely. Hence in any situation , covered by

corollary S, we can find explicit examples of nonrepresen-

table mappings. 1In particular, let B c R® be the closed
unit ball and let h € c""'(B,1) be the Whitney



function ( see [5] ) with A(f) = ([0,1) . Since
dime[0,1] = 1, we obtain

Corollary 6. hn cannot be represented with the diagram
S = (n'k.'p nz,kz) ’ if
272 v o < 1

k1-1 k2-1

In particular, h10(x1,...,x10) cannot be written as

h10(x1r-o-'x1o) = w(y1,---,ys) v yi = wi‘x1l"°lx10) )

i=1,...,5 with ye€c’ and y, € 2,

There is some similarity in the properties of functions
representable by means of compositions of smooth functions
and maximum functions of smooth families ( compare [7] ),
ilthough the last class contains nondifferentiable functions.

It is interesting, whether direct connections between

these two classes can be found?
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