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Ioe Minimal_S=Repcesentation_gf _Lyons'_Seacailc._Gcaue

Qr.decnec. bayece Yolfcan_deutsch_and_Blchacd_Rackat

Llae.lntcoduction

The Lyons simple group was first constructed hy Sims <1971> as 2
permytation group on HA3Y156 points, This representatinn |5, hecause
of its sizey not very useful for calculating In the groyo,

In this paper we obtain a representation of ¢the Lyons qrouo af
dimension 111 over F .
5

After finding three gJeneratorss the Jroup 6 (5) is identified as 2
2
subgroupy, and then the natrices are proved to jenerate the Lyons group
by checking the relations Sins used in his original caastructinne

Bé=Jul=-03 Mayer/Neutsch/Parkar 1



2e.Ibs.genccatlog._natrices

The method used to calculste generating matrices Is Il1lustrated in
fige 1o Here
a Is of order 3 and acts as (123) on A
11
b Is of order 11 and ascts as (123456789Y%XE)}
¢ Is the required extra generator of S x M 3}

3 11
d is some word in a and b,
/Q
{asb> = 2 A7A (55+56) <bscrd> = § x M (10+¢11+90)

11 3 11

<byd> = 2 x N (65+410+45+11)
11

Elaes.l

a end b were calculated In 55~ and S6-dimensional reoresentations
separately, No attempt was made to obtain the "correct”™
reprasentationss but the ends Justiflied the means!

The element 4 was then comouted In the 55~ gnd S6=-dimensional
representationss and the bases of these spaces were then changed so
that <bsd> visibly decomposed, and the (45,45) submatrices in the 55=
and 56-spaces were Identicals The natrices shown below are then
readily bullt,

84~Jui-03 Meyer/Neutsch/Parker 2



s
55
0 0
] (2.1)
0 0
s
56
0 0
b 0 0 ]
45
0 b 0 0
10
b = (2,2)
0 0 b 0
&5
0 0 0 b
11
21 + 0 21 b}
45 45
0 I 0 0
10
c s (2.3)
I 0 13l 0
45 45
0 0 0 ¢4I
11
where I Is the (n,n) identity matrix asnd & s, a , b , b s b sre
n 55 56 10 11 45
given in tsble 1,
84~Jul-03 Meyer/Neutsch/Parker 3



a
55

31132¢1442¢431431433131124144%431234132222,12.21241421.,
©422433004¢32103130132334410lecesaele’23222433134444313
©432220933¢43313224444334241231222414%0%003122424434432
©3244231343,223,32.341,44132141422113333231222,4213.411
0422234424262.24133.61234142344223314142.12224344432,.43
24113211424243316313321231243,33401333113144.22.43314,
042¢012224334116410431133.411314243342212.2312241,31113
12363411131¢0204¢33341122204314232.3+2.133211221213.,414
2334334¢300024326130143433.24141142422433313434211424432
3204410323143 02%e349161040321341+23322443.21111314341a10e
2220244112441344242004%00433422334143133,114124324241414
©3123344432201034344222141344%%024116122,2144041244.432
3441224211404314442324324441141124211121131134344243,12
334244261¢342,124213611242236141412124,223233 4044434143
3¢10344043323141441212146441%%001%%40200l001%4412,14232,
2e2633¢0100202322341.424111,41423312432421132313,44312,
11.421132434¢241+34434131.2413.13343211122331343432422.
2110121el001%¢121413462403%411343166333412:4140131.3442
32641342362114142444331213242212434%4422241134044133,34323
3133.1.121313222424331334231313434233.414221,4013423,.1.
3443420¢13401110010336424414342433634.24.13121123,332334
04%020201032334124¢342220112623021024%3001b0le0blel4422
©10431341234131434444%414424124112213321412134434434223
12431+2642444224044413343464642140414114,323144143234,444
200¢24311262143244402%1443132432122223,21242232.4123444%
00334444,2042103e13002¢4%93324424%42343314333131322.33,.4%
4©333134313.213422231200021613431233144131.2121244314211
3012414113343642,22,243434332642644434.1,4224%3.4314134
343,23340423433,11132344223,423441.3234313,34431141434.,
©333412,33221442143133,22142:443126414341:404.2336,41141
e 4402614224424.1124223233134312232,33332244122114232400%
33240334304300234003%¢126410434220242043441014433143,2.
311634141214463314314162¢12e3%001012434444124123,3443.1
140%1143341¢13,¢42243131.112.14333.22.42311123421,32324
1131322144233422421%000e202%0%100012224433262314123421,.3
0024,122432,42342233224122313,1321333.,4242431223,244143
32114002362003121003003634344%111414422..23432222111,..2
333433311111421,221,123433423141222.32433.1643422,2,.,2313
1134261414213342331121,.23¢22342242342114323111244342.2
04012104304361464123¢1224016331422.342124141143232444244
4€2142361.241122134233121313134.21243314,431322113211244
034¢031201622113302000022100342331,1414322432,122224,14
133142,2234422112244e4%0310022%010441414413114432,214312
22020013314311214263443423121%41411403331,431423,2423323
3313244¢240140424211141411041433,414412,1361.3,14222121
$440132312342424302400232333020000411040163133,33,324s.
01126111264¢33¢2230204142412302213402013024422442343333
13310¢2141420126320%411,31433113312241.2.43.4342122.%443
3123241134444221030442124336214441143232,2444434%044112
£423421344213142221e1414433644246432,22161332314.1443324
©30101214334311112.4412241010%423300%2e34%00e3230s1412,
3221243234414402133234241344222214010000243424100200102
0224232342442236434314442413334341244231443..41112112.2
00204114326014443434¢2441136124331144,221114424341404142
0241602004020241234242324041341,2312121231414223221..22,
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©4221e14433112342143244112141%20%4e133%04441324246430,14121
44011034433141144214341343314622,324444%312214,34,232223
342234241144332032414%4144321,1321144%4433,4123231431341
12363,32,343332322444443164312222411312222432323.,13334,.34
©3213,41422149421343,244424333,4321141412.233141244,11.11
0034143231e2420422444341264426422114412.46136426,324112141
4332¢2442:¢1%120¢31¢411010%401013,2463423,3,41121421,.22.3
1¢31421334131314324423114141114231434241342113104414%40%..2
03634144212233,4432324442241214414322604Le%4114333234,40
00¢13313432222411242112314441142.4226%4%443211231313,22423
23464413204413.1146311223,313,3421314¢%422312300%000214341
362411432003 000043303034243233341431341040340%0140e412.2
2021141141,4131221.1131,33221112411,42264342343003¢424341
¢0241324333423334134263133,4122113441441143321441.2.1441
0424444429434910334231334102000331.3341,112344,34223343.2
041101022633241423143,43,42331332,133,.322223432444343444
012214344%4312142362414342242243024023002e¢%0142224344341
©0034421¢110142422.2321121421342211223132434242434331.3,
226432442112.,44222332,1133142%3113324323224431403414414.3
¢2613121243314¢411¢31343241%0%¢0441411332134223423332,31
024144441 04214221112341243,12414334%000e®11,24244232,122
b6e141144613322,64432433,4¢2220432143122323004344241234,
214343213.1,223.2244131,2333,41443132,431424112414441.4.
€44424322132214641232224122234433342232414412e22¢%0¢0314,
13.23441361141,413642211611343223324333,141143116614.26%
21le04e3¢1343443224433¢23241313.1232212413114412.3124%1.,
34321433413,93022310023,42%44433,422.23,33,1223..13.2332,
3313324244¢32441043044242432100142210%6¢12444324314113044
226422¢124231420431321242¢%426410231143116124224123420%%
314243314331342.1324422433%01111.,1114212224141313..133.
2364434334411231224434423,422331424244314.14233642.4322413
4¢431234114122134432¢343212.422444142232141.3,3341212.21
133,22423113.21122223426641012043434433214346,4.4564232.3
1263243143224231244133113.1.4112232332213444..13364433124
423314111.44224.4232333642,1124.413123213664,43342.4112134
31211,33143324313631124322436¢2434422¢¢341133121434314243
3342223143344142,233.226410706310244%441145434312,.22,41434
44422241403%%%000014330404132,12126111624412100322344211
11.3431133143211243644363163122244312161044423141134124%
136434443¢422121412134234414233141436421413242111312344,32
le6aele®32234436443111.61311221141,2212231413.111.343242
©.311412331223234422041002%¢20¢136144114322131432442,132
143.34,24234,123434224642,2243143,224143322124%4141..2332
1,33231344422144241242204212332141443+422.42132123323433
33413246422¢20313412421214432,24%263,2314132,2,23a3434,%
3641214334436244223443,14211332326322,122.24344323323334
¢333,4141264.4431132214324413344.24421,21221224,41.2231,.3
23321343424314224443433213643,,313414231433,2324232414313
34233¢1630143233432,22633161344220132¢10002%s314123,2%13
12361112412043331414¢341331413,34143111332,2214,.43,32323
©142331232144213423346211.324314144.2342,23,2111,1234.121
0¢3203300¢31232241414014414461143433641,3224132.34442230443
142431226341442141244221413066,42.4342,12364214433244311
232122¢22214330%03221000s200034443242243413134.124,.41311
©3424.244311424242131421040%01%1230311202401200000000002
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Wa shall now prove the following

Malo_.Ibegcrea

The group
X = Lasbsc> (3,1}

is isomorphic to the sporadic group discovered hy Lyons <K1371>,
Furthermore any subgrocup of X of tyee G (5) \leaves a wunlaue

2
7-dimensional subspace U of the representation space

111
V= F

5 (3.2)

invariants

groo’

OQur first goal! wlll ©be the determination of a candidate for a
subgroup isamorphic to the Chevalley group 6 (5) and the corresponding

2
invariant space U,
Lat
H = Cash> = 2AA
11 (3,13)
84-~Jul=03 Meyer/Neutsch/Parker 4



The involution

A% 56
z = 1iag(l ,4¢ ) (3,4)

is central In He Indeedy, =z can be exnressed as a word In the
generators a and ht

Z = (aeb ) . (3.5)

Amonqg the 3835155 G (5)=subnrounps In Ly there are exactly 2772

2
containing zs Let 6 be one of these.
0
The centralizer of 2 in 6 is the intersectison of the fuyll
o
centralizer 1 with G o This group is of type
o
(1/72)ecAlS xS )
5 5 (3,56)

From the permutation character on the points of the Tits geonatry
(Tits <1980U>) we derlive that taere is exactly one 5 (5) containing
2
this groupes wWe now conslider Its cowmmutator jroubps Se It IS a central
oroduct of two factors, S and S » each of which is an SL (5}
1 2 2

In 6 (5) we can describe S and S as the point stanillizer of the
2 1 2
fixed space of 2z in the natural 8-4imensional representation nn the
Cayley algebra over the field F and the ynique other SL (5) in S,

> 2
The <character tables of G (5) and Ly show that the elements of
2
order 3 In S and S are of type 33 and 3A, respectively (In G (5) as
1 2 2
Wwell 3as in Ly,
ge=Jdyi=-013 Meymr/Neytsch/Parker 5
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Because 3A-elements uvhich lie in 4 correspond tn <singls 3e-cyclas
while 3B-elements are products of two or three such cycless we deduce
that S translitively opermutes 6 of the 11 ttetterssy tepaving the

1
remaining ones fixeds, 0On the other hand, S acts trivially on tne
2
b=-set and permutes the rest, We thus get a (6,5)~partition of the 11
intters,

There are exactly 462 (b,5)=partitions each of which corresponds to
6 vpossibilities of choosing S ¢ Hence the 4h2,5 = 2772 qgroups

1
conjujate to S in H are In l-=l-correspondence wmith the G (5)'s
2
contalning 2z,
This justifies to define
S = <a,P>
1l (3.7)
and
S = <T78)
2 (3.8)
where
-2 2
ol = Db edeb ¢33 (3.9)
-4 =1 4 -2 2 -1 -4 -1 3
p = b [ o eaeh s3ebh o3 s b sdebea ob 3 (3.10)
5 -5
T = b eaeb H (3,11
be=Jul=-03 "leyer /Neytsch/Parker &
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& = h cash . (3.12)

The generators of S correspondi to the follouwing malanents of 2AA

11

oL = ~(12345); (3.13)

R = (26)(45); (3e14)

T = +(769); (3.15)

§ = +(9xe). (3.15)
8y Vermutung 2 of Meyer / Neuytsch <1984>, GZ(S) and henge ﬁlvso

should |Ieave a 7-dinensional suhsoace !} Invarlant «hich splits intn
the eigenspaces U and U foar the eigenvalues +1 an4 -1 of zZ (dim U =

4 - +
3» din Uy = 4), The representation of 6 (5) on U Is isomorphic to the
- 2
standard reprecentation on the pure nctaves over F » s$9
5

U € Fix(S )

Because

1im Fixts ¥y = 3,

1l {(3.18)
even
U = Fix(S ),
. 1 (3,19)
Ré=Jul=03 Meyer/Neutsch/Parker 7
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This implties the wuniqueness of I (the second 7-dimensional
constituent of the restriction of the Se=character on Vv to G (5) occurs

2
only as a factor space).

Next <4e have to construct U .

To achieve thiss, we observe that In the Caylev algebra there are
exactly 144 nonzero octaves of norm U In U 4, They are permuted
transitively by S vS &« Thus a Sylo<=S5=subgrour of S vS fives at laasgt

1 2 1 2

one of them,

The vectors iInvariant under this Sylo+< groue forn a S=1imensinnal

space intersecting 3-dimensionally the eiganspace nf z for elgenvalue
"10

Among the 31 one-dimensional subspaces of the iIntercsection there Is
exactliy one the 1Image of which under £ vS is 4~dimensional, This

1 2
space therefore must be J ,
A basis of U is given in table 2z,
ge=Jul=-03 Meyer /Neytsch/Parkear N
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fa.A_subgroue.lsgmacebic_ta G (52
2

The intersection of G and 4 is a maximal subgroup of G .
0 0

For the purpose of constructing G it witt suffice to find an

)
element In 35 which does not comnute with 2z, 3y trial and error we
)
find that
-1 -1 -1
€ = a eheaeCea ob a3 (4, 1)
satisfies this condition,
Lat
6 = LB THE,E>, (442)
It is easy to see that
G T 6 (5),
] 2 (467)

Now we can show the group jenerated hy S and
1

sechp PSoL {5.& E£.7.68 T. .')‘ (6ad)

to be jsomnorphic to SL (5),
3

We next have to glve the generators nf the root suhbgroups Ffor the
Chevalley group G (5)s For any root r of the G =svstem and any t In F
2 2 5

let us denote the associated root element hy X (*), We choose in

accordance with the restriction to 1)

-1 -2 2 2
X (1) = n &P (P8 (8P oni

a (6,5)

86=Jul=03 yy e H<Ah/Parwar 3
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-1 -z -1
X (1) = n JEAFS) L6 ung
-a (44h)

-1
X (1) = (ot .,G);

b (4.7)
2
X (1) .d‘ H
-b £ (449)
shere
2 & C
n =M (@.6) (4e9)
with
6 2
6 ’P’c@ o”"’ (6e10)
4 5 ,
T = (ot Pt ), (4e11)
c
™ = ('t.d.’t') . (4.12)

ve now determine the root elenents X (t) by the formuylas of Humohrevys
r
<1975, che 33¢5>s (Humphreys orefers the notation g (t) Instead of
r

X (t)),
r

These elements ohey all of the Chevalley relatiasns,

By the theorem of Steinberg <€1957>s c¢cfe also Carter <1972>s we
deduce from thiss

<X ()3 r rooty t € F > ¥ G (5),
r 5 2 (4,13)

gh=Jul=uj Meyer/'ieytsch/Parcer 10
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Furthermore

b -b h (4o18)
B = (2rex (-1
b -b (6,15)
T = X (-2).)( (-Z)OX (1,;
2a+h -2a=h 2a+h {4,16)
§ « x (2) X (1);
2a+b =2a=bh (4.17)
-1 =1
€ = MiNgIWN M (4.18)
where
M =Y (=2)eX (1) (1)eX (2),
3a+2b -h =3a=-b Ja+b
-3a=-b b =33=2h (4.19)
H = X {1l)eX (2)eX {(~-1)3
-2a=h ca+b -2a~=h (4,20)
Q= 4 (-Z)QX (2).)( (Z)QX ("1’0
-3a=2b 3a+h =3a=b 3a+h
o X (2)a X (2)¥ex (1),
=3a~h 3a+h -b (4.21)
The formuias necessary tn evaluate the ronot afaments X () can bhe
r
found in the book of Humphreys <1975>,
From (445)=(4.9) and (4,13)=(4¢21) we et
6% 6 (5),
2 (4.22)
86=Jul-03 Meyer/Neutsch/Parker 11



22.lhe_genecatocs.of_the_Slas-ecescatatien

In the representation of 6 on U we can find elamants Ay, By C»
corresponding to the matrices given in Sims <1972>:

2 2 3 ¢ ¢ 3
A w8 W8 B BT ST (5.1)
p=8.7.8.73 (5.2)
2 2 S 2 «
=0 8 AL T X S (543)
-1 -1
n =X QPQOL Oqu.Po (5¢%)

To complete Sins' system of ngenerators 4e need another efesaent 7
the group X = <Cashyc> which saticfies Sims! refations,

Ffrom one of themy, namely

b4 = A (5.3)

bi = 4 =2 Z, (5.h5)

Hance I Is an element of 4 = {ashd,

Ay B and D are also in He They bhelong tn the parmuytations

A = (2360)(TY), (5.7)
B = (79E8X), : (5.9)
84=-Jui=-03 Meyer/Neytscn/Par«er
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D = (15)(24), (5.3)

Ueing some of the relations we see that Z Is one of tne preimajges
of the two permutations

(2346)(19) (5.10)
and

(2346) (59), (5.11)

There are 4 possiblitities for Z in all, Exactly none of them, namely

5 4 9 2 2 7 2 5 4 2 9 2 2 8
Z 3 b s3eb e83eh «3ebh ¢23 ob oA ob saeb .2 oD o3 &M 43e¢b (5.12)

beilonging to the permutation (19)(2346) fulfills all of the Adefining
relations for Ly as given by Sims <1972>,

This yields:

*
Y = CApRICHD2> T Ly, (5,13)

On the other hand, we have

-1 -1 =1 -1
b= ol X S 27082 .G.a.(s.z.[.‘%.s (5.16)
and from the formulas for r'and € ve get

-5 5
a =0 orob (5.15)

as wall as

84~Jut=0> ' Mayer/Neytsch/Parker 13
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-1 =1 -1
cC = 2 oh .a.é.a ehea (5:.14)

¥
Thus the generators of X lie Iin Y and vice varsa,

This completes the proof of the majin thaorem,

Aecause of the maximality of G € 6 (5) in X T Ly we finally derive
2
Stab (U) = Gc
Y (5.17)
db=Jul=23 Hayer/Neutsch/Parker 14



6v.Canctudina_cemacksi_the _Ilts_usometcy_af Ly

In this paper wWe constrycted a l1ll1=dimensional fajthful
representation of the Lyons qroup over F », whjch hy an earlijer
5
investigation (Meyer / HNeutsch <19484>) s the uniqye minimal
5-representation {up to conjujation),

Furthermore it Is easy to see that in any cnaracteristic nther than
5 there is no nontrivial representation of djegree { 111,

With the results glven here we can now conplate the Rrayer
character & of this representation (cf, Meyer / Neutscn <1934>):

x bTA 67R 572
Ly

(6.1)
¥ix) =-1-~C -1-C -1=2

Concerning the Tits geometry only very few facts arn known!

First of all there Is an invariant auadratic form = on V which s
unjijue up to a scalar factor,

We may attach to the points of the geomatry 7-dinensional totally
F=-lsotropic subspaces of V (the Ly~conjujates nf U), Twuo points which
are collinear or coplanar (hoth conditions are enquivalent) corresnond
to mutually orthononal 7=spaces.

This aliows to define lines apnd planes as the subsnsces generated
by altl the points (7-spaces) which are incident with the 2dhject given,

Lines and olanes are 24= and 35-dimansional toatally lIsqotraoic
spacesy, respectively,

b4-Jui-03 Mayer/Neutsch/Parxer 15



Ta-Ackpgulelaenents

We Me¢ and We No are gratefuyl tno the conputing centre nf the
Max-Planck=Institut fir Radioastronomie Ronn,

Furthermore, We Me Wwants tn thank the Deutsche
Forschungsgemeinschaft for a recearch stipend,

86=Jul=-03 Mayer/Neutsch/Parver 16

24



Befecences

carters R, <1972>:
Simpte 3roups of Lie type
Wlltey Intersclencey MNews York

HJumohreysy Jo Eo¢ <1975>2

Linear algebralc 7jroups

Graduate Texts in Mathematics 21
Springer=-vVeriag, New York / Yeldelberg 7/ Berlin

Lyonsy Re <1971>:
tvidence for a nea finite sinple group
Journal of Algebra 20 560-569

Meyers Wes Neuytschy We <10984>1
ilber 5=Darstellungen der Lyonsjruppe
Mathematische Annalen 26Z» 519-535

Simsy Co T4 <1972>t

The axistence and uniqueness of Lvons' grouo

int Finlte groups '72 (Galnsvitle conference), 138«l4¢l
North=-Holland Publishing Companys Amsterdam

Stelnberg» R, <1967>:
Lectures on Chevalley groups
Lecture Notes Yale liniversity

Titsy Je <1980>1

Buildings and Buekenhout geometries

iny Finite Simple Groups Il (Durnam c¢nnferencel, 303-320
Academ|lc Presss London / MHew York

34=Jyi=3 Meyer /Neytsch/Parker

17



	Seite 1 
	Seite 2 
	Seite 3 
	Seite 4 
	Seite 5 
	Seite 6 
	Seite 7 
	Seite 8 
	Seite 9 
	Seite 10 
	Seite 11 
	Seite 12 
	Seite 13 
	Seite 14 
	Seite 15 
	Seite 16 
	Seite 17 
	Seite 18 
	Seite 19 
	Seite 20 
	Seite 21 
	Seite 22 
	Seite 23 
	Seite 24 
	Seite 25 

