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Locally free sheaves on complex
supermanifolds’

A L. Onishchik, E.G. Vishnyakova

1. Introduction

An important part of the classical theory of real or complex manifolds
is the theory of (smooth, real analytic or complex analytic) vector bundles.
With any vector bundle over a manifold (M, F) the sheaf of its (smooth, real
analytic or complex analytic) sections is associated which is a locally free
sheaf of F-modules, and in this way all the locally free sheaves of F-modules
over (M,F) can be obtained. In the present paper, locally free sheaves
of O-modules on a complex analytic supermanifold (M, Q) (or equivalently
sheaves of sections of vector bundles over (M, Q)) are studied.

It is well-known that any smooth supermanifold (M, Q) is split, i.e. O ~
N +G, where G is the sheaf of sections of a certain vector bundle over M.
In the complex case this statement is false, see [6]. However, we can assign
the split supermanifold (M,gr @) to any complex analytic supermanifold
(M, O), which is called the retract of (M, O). Given a locally free sheaf £
of O-modules on a complex analytic supermanifold (M, O), we construct a
locally free sheaf gr & on the retract (M, gr©), which is called the retract
of £. It can be easily shown that gré ~ grO ® &..q, where £.q is the
pullback of £ with respect to the natural embedding of the manifold (M, F)
into (M, ©O). In Section 2 we obtained a classification of locally free sheaves
& of O-modules which have a given retract gr £ in terms of non-abelian 1-
cohomology, Theorem 2. In the special case O ~ gr O our classification result
can be simplified, Theorem 3.

In Section 3 we study locally free sheaves of modules over projective su-
perspaces. In the case of complex projective spaces, the problem of the (in-
decomposable) bundle classification is far from being solved, see [10]. There
are two cases, however, in which all bundles are known to be direct sums of
line bundles — over CP' by the classical Birkhoff — Grothendieck Theorem
and over CP* by the Barth — Van de Ven — Tyurin theorem. We study sim-
ilar question in the super context. In the case of CP!™, m > 0, we showed
that the Birkhoff — Grothendieck Theorem does not hold true. (The fact
that this theorem is false for some CP'™ was noticed in [9].) Furthermore,
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we achieved the result similar to the Barth — Van de Ven — Tyurin Theorem
for projective superspaces.

Section 4 is devoted to the study of the tangent sheaf 7 of a split super-
manifold (M, A\ G) in more details. The main result is here the equivalence of
the triviality of the 1-cohomology class corresponding to 7 and the existence
of a holomorphic connection of the bundle corresponding to the locally free
sheaf of F-modules G.

In Subsection 5 a spectral sequence which connects the cohomology with
values in a locally free sheaf of O-modules £ with the cohomology with values
in its retract gr £ is constructed. This spectral sequence permits to compute
the cohomology group H*(M, &) using the cohomology class corresponding
to £ by Theorem 3 and the cohomology group H*(M,gr&). Note that gr&
is a sheaf of sections of a certain vector bundle over M. Hence to compute
H*(M, gr &) we may use the well elaborated tools of complex analytic geom-
etry. We described the first two terms of the spectral sequence and the first
non zero differential.

A classification of locally free sheaves of O-modules over a smooth su-
permanifold (M, Q) was obtained in [14], Section 4.3. It was shown that
any locally free sheaf of O-modules & is isomorphic to gr£. The similar re-
sult for fibre superbundles was proved in [16]. In [4] the split holomorphic
case was studied. In particular it was shown there that there exists a holo-
morphic locally free sheaf of O-modules over a holomorphic supermanifold
(M, ©), which is not isomorphic to its retract gr&. There a classification
up to isomorphism of locally free sheaves of O-modules over a (holomorphic)
split supermanifold (M, Q), O ~ A G, is obtained in terms of cohomology
set H'(M,GL(n, A G)). In the present paper we suggest the different ap-
proach to the classification of locally free sheaves of O-modules over a split
supermanifold, Theorem 3, and more generally over a non-split supermani-
fold, Theorem 2. Let us explain the difference in more details. Clearly one
has a split homomorphism 7 : GL(n, A G) — GL(n,C) by taking the degree
zero part of GL(n, A G). It induces the map H'(T) : H'(M,GL(n, \G)) —
H'(M,GL(n,C)). Denote by ag the element of H'(M,GL(n, A G)), which
corresponds to a locally free sheaf of O-modules £. Then, in our nota-
tions, &eq corresponds to HY(T)(ag). In our paper we classify all locally
free sheaves & such that £.q is fixed. Therefore, instead of computing
H'(M,GL(n, AG)), we suggest to use results concerning classification of
holomorphic bundles over a manifold, obtained in classical geometry, and
consider locally free sheaves with given retract on a split supermanifold. The
idea to classify non-split object, more precisely, supermanifolds, using retrcts
appeared firstly in [6].

We would like also to mention that, as in the classical case, the line
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superbundles can be described using the exp-map, see e.g. [2], Chapter VI,
Section 2. The Picard groups of generic super-grassmannians were computed
in [13].

Notations.

(M,0)  supermanifold
(M,grO) the retract of (M, O)
T = DerO the tangent sheaf of (M, O)
AutO the sheaf of automorphisms of the structure sheaf O
Autygr O  the sheaf of automorphisms of gr O preserving
the Z-grading of gr O
gr& the retract of a locally free sheaf of O-modules &
AutRE the sheaf of automorphisms of a sheaf of R-modules €
Autl¥ er £ the sheaf of automorphisms of a Z-graded sheaf of
R-modules gr £ preserving the Z-grading of gr &
QAutE  the sheaf of quasi-automorphisms of a locally free sheaf
of O-modules £
QAutygr& the sheaf of quasi-automorphisms of a Z-graded locally
free sheaf gr £ preserving the Z-grading of gr &
.Aut[—)]'— S a subsheaf of Aut”S consisting of even automorphisms
of a Zy-graded sheaf S
End®E the sheaf of endomorphisms of a sheaf of O-modules &

Acknowledgment. The idea to study locally free sheaves of modules over
complex supermanifolds was inspired by communications of the second au-
thor with I.B. Penkov during the Summer School ”Structures in Lie Repre-
sentation Theory”, Bremen 2009, Germany. The authors are also grateful to
V. Serganova for useful discussions.

2. Main definitions and classification theorems

2.1 Main definitions and classification of complex supermanifolds with a given
retract

We consider here complex analytic supermanifolds in the sense of Berezin
and Leites (see [3, 8]). Thus, a supermanifold (M,O) of dimension n|m
is a Zo-graded ringed space which is locally isomorphic to a superdomain
in C"™. The underlying complex manifold (M, F) is called the reduction
of (M,0). Sometime we will denote it by M. A morphism (M,Oy) —
(N, Oy) between two supermanifolds with reductions (M, Fy;) and (N, Fy)
is a morphism between Z,-graded ringed spaces, i.e., a pair F = (F,eq, F*),
where F..; : M — N is a continuous mapping and F* : Oy — (Feq)+Op is
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a homomorphism of sheaves of Zs-graded ringed spaces. A morphism F' is
called an isomorphism if F is invertible.

We consider Zs-graded sheaves of O-modules § = S5 + S; on (M, O).
Denote by II(S) the same sheaf of O-modules S supplied with the following
Zo-grading;:

I(S); = Sp, T(S)1 = S

A Zs-graded sheaf of O-modules on (M, ) is called free (locally free)
of rank plq, p,q > 0, if it is isomorphic (respectively, locally isomorphic) to
the Zs-graded sheaf of O-modules OF @ I1(0)?. For example, the tangent
sheaf 7" of a supermanifold (M, Q) of dimension n|m is a locally free sheaf
of O-modules of rank n|m.

The simplest class of supermanifolds constitute the so-called split super-
manifolds. We recall that a supermanifold (M, O) is called splitif O = A - G,
where G is a locally free sheaf of F-modules on M. With any supermanifold
(M, O) one can associate a split supermanifold (M, gr O) of the same dimen-
sion which is called the retract of (M, ©). To construct it, let us consider the
Zo-graded sheaf of ideals J = J5 & J; C O generated by O;. The structure
sheaf of the retract is defined by

grO:@grOp, where grO, = J°/J**, J°:= 0.

p>0

It can be easy shown that F ~ O/J, grO; is a locally free sheaf of F-
modules on M and gr O, = A gr O;. We will use the following two locally
split exact sequences:

0—-J5— 05— F —0; (1)
0— (%1 — 01 — (grO0); — 0.

Note that a supermanifold is split iff the sequences (1) are globally split.

Let (M,O) be a split supermanifold. Then any Zs-graded locally free
sheat § = &5 & S1 of F-modules on M gives rise to a Zs-graded locally
free sheaf of O-modules € on (M, ). It is defined in the following way:
E =0 ®xrS. Its Zy-grading is given by

& =0 ®r S5+ 01 ®F S1, (2)
1 =05 @7 81+ O ®f S

Let now & = & @ &; be a locally free sheaf of O-modules of rang plq
on an arbitrary supermanifold (M, Q). We are going to construct a locally
free sheaf of the same rank on the retract of (M, ). First, we note that



S :=&/JE is a locally free sheaf of F-modules on M. Moreover, S admits
the Zy-grading

S=8d 57
by two locally free sheaves of F-modules

Sy :=&/(TE)N &, S1:=&/(TE)N&

of ranks p and ¢ respectively. We have the following two locally split exact
sequences:
0—>j5ﬂ5@—>5(0)62>80—>0; (3)
0— TENE — Epyi = S — 0,
where a and (8 are the natural projection maps. The sheaf £ possesses the
filtration:
525(0)35(1)35(2)3..., (4)

where
Epy=T"E, p> 1.

Using this filtration, we can construct the following locally free sheaf of gr O-
modules on the retract (M, gr O):

gr& =P, eré, where
gr& =Ep/Epi1) = grO, ®r S.

From grO = A grO; and gr O, = A\’ gr O, it follows that

gr& ~ /\gr(91 ®rS.

The sheaf gr & we will call the retract of £. By definition, the sheaf gr £ is
Z-graded. It possesses also the Zs-grading given by (2).

Our aim now is to classify locally free sheaves of O-modules on a super-
manifold (M, Q) which have a fixed retract. First we formulate the well-
known theorem of Green (see [4]) which classifies complex supermanifolds
(M, Oy) with a given retract up to isomorphism, inducing the identical iso-
morphism of reductions. The main tool used in both classification theorems
is the 1-cohomology set H'(M, Q), where Q is a sheaf of non-abelian groups
on M. We denote by ¢ the unit element of H'(M, Q) which corresponds to
the unit 1-cocycle.

In what follows, we denote by AutO the sheaf of automorphisms of the
sheaf of superalgebras © and by Aut™®E the sheaf of automorphisms of a
sheaf of R-modules £ on M, where R is a sheaf of (super)algebras on M.
The sheaf AutO possesses the filtration

AutO = Aut(o)(’) D) Aut(g)(’) DR (5)
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where

Aut (9O = {a € AutO | a(u) = umod J*}.

Furthermore, the group HY(M, Autogr O) ~ H°(M, Aut” gr Oy) acts on
the sheaf AutgrO by Int : (a,0) — aodoa !, where d € AutgrO and
a € H(M, Autygr O). Clearly, the group HY(M, Auty gr O) leaves invariant
the subsheaves of groups Aut(yy) grO. Hence this group acts on the sets
HY(M, Aut 3, gr O), and the unit element e is fixed under this action.

Denote by [(M, Q)] the class of supermanifolds which are isomorphic to
(M, Q). (Here we consider complex supermanifolds up to isomorphisms in-
ducing the identical isomorphism of reductions.)

Theorem 1. [Green| Let (M, Oy, ) be a split complex supermanifold. Then

{[(M,0)] | gr O = Oy} <1 HY (M, Aut ) gr O)/H(M, Auty gr O),

where (M, Og,) corresponds to e.

2.2 Classification theorems for locally free sheaves with a given retract

Let (M, Q) and (M, O’) be two supermanifolds, £ and & be locally free
sheaves of O-modules and O'-modules on M respectively. Suppose that WU :
O — (O’ is a homomorphism of sheaves of superalgebras. A homomorphism
of Zy-graded sheaves of vector spaces @ : £ — &, is called a W-morphism if

O(fv) =U(f)®(v), f €O, veé&.

In this case we write ® = ®y. A V-morphism ® : &€ — &£ is called a
U-isomorphism if ® is invertible. A W-isomorphism ® : £ — & we also
will call a W-automorphism of €. A homomorphism (isomorphism) of Zs-
graded sheaves of vector spaces ® : £ — & will be called a quasi-morphism
(quasi-isomorphism) if it is a W-morphism (V-isomorphism) for a certain W.
The sheaves & and & will be called quasi-isomorphic if it exists a quasi-
isomorphism @ : & — &. A quasi-isomorphism £ — & will be called a
quasi-automorphism of £. We will study the sheaf QAutE, where

QAutE(U) = {® | ¢ is a quasi-automorphism of &|y} (6)

for each open subset U C M. One verifies easily that &g o Oy, where
by, Oy € QAutE, is a ¥ o Y-morphism. It follows that QAutf is a sheaf of
groups. It possesses the double filtration by the subsheaves

QAut ) (€ = {Pw € QAutE | Py (v) = vmod &y, Y(f) = fmod T4
forve &, fe O}, p,g>0.



We also define the following subsheaves:

QAuty(gr€) = {Py | Py € QAut(gr&), Py preserves the Z-grading of gr}.
(7)

Autd S := {® | ® € Aut” S, ® preserves the Zy-grading of S},  (8)

where S is a Zs-graded sheaf of F-modules.

Lemma 1. We have an isomorphism of sheaves of groups

QAuty(gré) ~ Aut” (grO;) x .Auzf(—)’T Ered.

Proof. Let us define the mapping
0 : Aut” (gr O;) x Aut%ré'red — QAuty(gr€)

by
(1, D) = Py, Y € Aut” (gr 0y), ® € Autécé’red,

where

By (ho) = AD(h)D(v)

for h € grO, v € &,.q and A is the automorphism of the sheaf gr O induced
by 1. This is a homomorphism of sheaves of groups. In fact, suppose that
another pair (', ®'), where ¢/ € Aut” (gr O,), &' € .Auzf(’—)T Ered, 18 given. Then
we have

(Ppg © Dy ) (hv) = Py (A ()P} (V) = AY(AY (h)) Py (P (V) =
(Po (I)j\wo/\w/)(hw

for h € grO, v € Eeq.

Let us prove that Ker©® = (id,id). Suppose that ©(y, ®) = id. Then
O,y (hv) = AYP(h)P(v) = ho for all h € grO, v € Eeq. Putting h = 1, we
see that ®(v) = v, i.e., ® = id. Since E,q is locally free, this implies that
A (h) = h, therefore, 1 = id. Thus, the homomorphism © is injective.

Let us now prove that it is surjective. Let &y € QAuty(gr&) be given.
Let us show that &y € ImO. Since Pyle,., : Erea — Erea and Py preserves
the Zy-grading of gr&, we have ® := ®yle , € Autg- Erea. Furthermore, if
h € grO, and v € &eq, then

Py (hv) = U(h)P(v) € gré,.
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It follows that W(h) € gr O,, and hence U preserves the Z-grading of gr O.
We have ¢ = Ul 0, € Aut” (gr O;) and Ay = U. The proof is complete.[]

We will use the above notation, fixing a split complex supermanifold
(M, Og) and a Zy-graded locally free sheaf of F-modules S on M. Our aim
is to classify locally free sheaves £ of O-modules on complex supermanifolds
(M, O) with retract (M, O, ), whose retract gr € coincides with &, = Oy @7
S.

The group H°(M, QAuto&,,) acts on the sheaf QAutE,, by the automor-
phisms 6 — aodoa!, where a € H'(M, QAutoEy) and § € QAutE,,. It
is easy to see that this action leaves invariant the subsheaves Q.Aut (,)(q)Eer
and hence induces an action of H°(M, QAuty&,) on the cohomology set
HY (M, QAut ) () Egr)-

If ¢ : M — N is a holomorphic map of manifolds and p : E — N
is a vector bundle, we may define the pullback bundle ¢*(E) on N. The
corresponding to ¢*(E) sheaf is Far ®g+(£y) ¢*(€), where £ is the sheaf of
sections corresponding to E, Fj); and Fy are the sheaves of holomorphic
functions on M and N respectively. Let m : (M,O0y) — (N,Op) be a
morphism of two supermanifolds and &£ be a locally free sheaf of Oy-modules
on N of rang plg. Similarly, we can define the sheaf Oy @z (0y) Trea(E)-
This sheaf is a locally free sheaf of Oy/-modules on M of rang plq, since

Om @nz (0n) Tred(On) = O

Sometimes we will denote the sheaf Oy @7+ (0y) Trea(€) by T(E).
Let us consider the special case (M,Oy) = (N,Ox), 7 = (id, 7*) and
7 € H'(M, AutO,r). We have

T(E) = On Biar(oy) 1d(€) = On ®oy €.

The sheaves 7(€) and & are (7*) '-isomorphic, the (7*)!-isomorphism is
given by f ® s — (7*)71(f)s, where f € Oy and s € €. Let Oy« : £ — &'
be an WU*-isomorphism of two locally free sheaves of Oy-modules on M. We
put ¥ := (id, U'*). We see that ¥(£) and & are id-isomorphic.

Furthermore, let us consider the sheaf Aut®& of automorphisms of the
O-modules sheaf €. It possesses the filtration:

Aut®E = Aut@)€ > Aut()€ D ...,

where
Autg))é’ = {a € Aut®°€ | a(v) = vmod &}, p > 0.

The group H°(M, Aut§ gr £) ~ HO(M, Aut? £,cq) acts on the sheaf Aut® gr €
by § — aodoat, where a € HO(M, Autl gr€) and § € Aut®gré. It
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is easy to see that this action leaves the subsheaves Autfl))) gr& invariant

and hence induces an action of H°(M, Aut§ gr£) on the cohomology set
HY (M, Autf), gr €).
We have the exact sequence of sheaves of groups

id — Aut®°E — QAutE — Aut® — id,

where the first homomorphism is the natural embedding (an automorphism of
Aut®€ is regarded as an id-morphism) and the second one, say F : QAutE —
AutO, is defined by @y — W. Note that F'(QAut€) C AutyO and in
the case £ = gr& the restriction F|QAutygr& coincides with the natural
projection

QAuty(Eg) =~ Autygr O x Autl (Erea) — Autggr O

(see Lemma 1).

The homomorphism F commutes with the actions of H°(M, QAut, gr €)
and H°(M, Auty gr O) on QAut ), (gr £) and Auty) (gr O) respectively. More
precisely,

F(aodoa™) = F(a)o F(6)o F(a™"),
where a € H'(M, QAutogr€) and § € QAut gr €. Tt follows that F induces
the map of sets

F: HY(M, QAut 1y gr&)/HY (M, QAutygr&) —
HY(M, Aut 2 gr O)/H(M, Auto gr O).

Let &g : & — & be a W-morphism of locally free sheaves of O-modules.
Since W(JP) C JP, we see that Oy ((E1)@p)) C (E2)@p), p > 0. We denote by
gr(®y) : gr& — gré& the induced morphism. Let £ be a locally free sheaf
of O-modules on M. Denote

(€] ={&"| €& is quasi-isomorphic to £}.

Theorem 2. Let (M, Og) be a split supermanifold, S = S5 & St be a Zs-
graded locally free sheaf of F-modules on M and E; = Og @ S.
1)We have a bijection

{[€] 1 er O = O, gr& = Eu} == HY(M, QAut (12)Ex)/ H (M, QAutoEy,).

The unit e € H'(M, QAut(1y2)Eq) is fized with respect to the action of the
group HY(M, QAutoEy,).



2) Let a € HY (M, Aut(2)Oy) /H* (M, AutoOy,). Then there is a bijection
between elements of the set F~'(a) and classes of isomorphic locally free
sheaves on supermanifolds which are contained in [(M, O)].

Proof. Let £ be a locally free sheaf of O-modules on (M, Q) and U = {U;}
be an open covering of M such that (1) and (3) are split over U; and &|y,
are free. In this case (gr&)|y, are free sheaves of (gr @)-modules, too. We fix
local bases (¢€}) and (fi) of the sheaves of F-modules (Eea)slu, and (Erea)tlv,,
U; € U, respectively.

We are going to define an isomorphism d; : ]y, — (gr&)|y,. Let ! € £y
such that a(e}) = ¢ and fi € &g such that G(f;) = fi. Then (e5, f)
is a local basis of &|y,. A splitting of (1) determines local isomorphisms
o; : Oly, — gr Oly,. We put

50> " hiei + ) " gifi) =Y aih)ei +> oilgr) fin by, gr € O.

Obviously, ¢; is an isomorphism. We put v;; := az-oaj_1 and (gij),, = 51‘0(5;1-
It is clear that (7;;) € Z' (U, Aut(z)(gr O)) and

((gij)v,;) € 21U, QAut(1)(2) (gr E)).

Conversely, if ((gij),,) € Z'(U, QAut 1)) (gr€)), we can construct a lo-
cally free sheaf of O-modules on (M, O(v;;)), where (M, O(~;;)) is the su-
permanifold corresponding to the cocycle (v;;) € Z' (U, Aut(z) gr O) by the
Green Theorem. Indeed, we have to identify gr €|y, with gr &|y; over U; N U;
using (gij )y, -

The standard calculation shows that if two cocycles ((gi;),;) and ((gi;);,)
are cohomological, then the corresponding locally free sheaves of O-modules
are quasi-isomorphic and this quasi-isomorphism denoted by ®g has the
property gr(®y) = idjq. Conversely, if &y : € — £’ is a quasi-isomorphism
of locally free sheaves of O-modules such that gr(®y) = idiq, then the corre-
sponding cocycles are cohomological.

Let € and &£ be two locally free sheaves of O-modules on (M, O) such
that gr& = gr&’ = &,. Assume that ¢y : £ — £’ is an isomorphism. Then
gr(®y) € H°(M, QAutygré). Suppose that £ corresponds to (gij)y, =
d; © (5j_1, where ;; = 0; 0 O'j_l, and &' corresponds to (g,fj)%(]_ =J,o (5;)_1,
where 7;; = oj o (¢5)~!. There exist isomorphisms (;I;Z)\T,Z cerély, — eréy,
such that the following diagram is commutative:

(‘T’i)q,i
gré|ly, — gré|u,

1

[
E|Ui — 8‘Uz
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Since grd; = gr d;, it follows that gr((®;)g,) = gr(®y) and hence

(©1)q, = gr(®y) ™! o (B:)g, € QAutye er €.
Further, we have

(G4);, = 070 ()7L = (Di)g, 0 6; 0 (Py) Loy 08 o (D)5 )L =

—~ J

(Pi)g, © (9ij); © ((@)@j)_l = gr(Py) o (0i)e, © (Gij)y; © (@]1)9].—1 ogr(®y)~".

Hence, the cohomology classes corresponding to (g;;)+,, and (g;;),;. belong to
the same orbit of the group H°(M, QAutoEy,).

Conversely, assume that b € H°(M, QAutoE,,) and (gz’.j)%{j =00 (gij)y, ©
b~'. Then & o (05)"' =bod;0d; ' ob~' and we can define the isomorphism
[':&— & byTy, = (8;) ' obod;, where £ and & correspond to (g;;),, and
(9;)~;, respectively.

Let a € HY(M, Aut 2Oy, )/H° (M, AutoOy,). By Theorem 1 we may as-
sign to each a the class of isomorphic supermanifolds [(M,O)]. From the
proof of Theorem 2 it follows that there is a bijection between elements of

the set f‘l(a) and classes of isomorphic locally free sheaves on supermani-
folds which are contained in [(M, 0)].00

2.3 A classification theorem for locally free sheaves on a split supermanifold
Denote by [£]iq the class of id-isomorphic (i.e., isomorphic) to & locally
free sheaves of O-modules on a split complex supermanifold (M, O).

Theorem 3. Let (M, Q) be a split supermanifold, S = Sg® St be a Zy-graded
locally free sheaf of F-modules on M and Eg = O QF Erea. Then

{[€la | gr& = Eu} = HY(M, Aut) E,,) [HO (M, AutE,y).
Moreover, the unit ¢ € H' (M, Autg)é'gr) is a fized point with respect to the

action of the group H°(M, Aut§Ey).

Proof. Let us use the notations from the proof of Theorem 2. Since (M, O)
is split, we may assume that o; = o|y,, where o is determined by a global
splitting of (1). It follows that the cocycle (g;;) lies in Z*(U, Autg)c‘,’gr). The
further proof is similar to the proof the Theorem 2. [J

3. Locally free sheaves of modules on projective superspaces

In this subsection we will discuss two remarkable theorems about locally
free sheaves on projective spaces, proved by Barth — Van de Ven — Tyurin
and Birkhoff — Grothendieck, in the super-context.
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3.1 Ezact sequences corresponding to Aut®E

Let (M, O) be a split complex supermanifold and £ be a locally free sheaf
of O-modules on M. Denote by End®E the sheaf of O-endomorphisms of £.
This sheaf possesses the filtration

End®E = Endg%)é' D Snd?l)g D...,

Snd(%é' = {A € EndE | A(Ey) C Egip) for all ¢ > 0}.

The map
exp : Endg)g — .Autg,)c‘f ,

given by the usual exp-series is a bijection of sheaves of sets for all p > 1
due to the fact that log = (exp)™! is well defined. In general it is not a
homomorphism of sheaves of groups. We may define the map

A o Aut()E — End()E/Endf, ) E, p> 1,

given by
a— A+ Endgﬂ), where a = exp(A).

o
(p+1

phism of sheaves of groups. We will also consider the subsheaves of End® gr £

This map is surjective and Ker A\, = Aut )5 . Clearly, it is a homomor-

End) gr€ :={Ac&nd’gr& | Algré,) C grépiqt, p > 0.

Then
End(y gr € = P EndS gr €.
qzp
It follows that
Snda) gr S/Endaﬂ) gr& ~ Sndf gré&.

Hence, we get the exact sequence
0— Aut8+1) gré — Autg) gr& ! Sndf gré — 0, p>1. (9)

The following lemma gives a description of the sheaf End,gr&, p > 1, in
terms of the sheaves O and &,eq.

Lemma 2. We have

gndo grg ~ { Op ® <<6red)f) ® (CC/,red)))j< S¥ (gred)i & (‘iﬁed)%)’ p 18 Odd;
P - Op @ ((Ered)o @ (Ered)§ D (Ered)1 ® (Erea)s), D is even.
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Proof. Firstly, note that an endomorphism A € End,(gr€) is determined
by its restriction Alg g,. Secondly, Alg g, : gr& — gré, is an F-linear map
preserving parity (2). The result follows from the relation gr &, >~ gr O;®@E\eq.
O

Now we can recover the following well-known result, see [9, 14]:

Proposition 1. Let (M, Q) be a smooth supermanifold and £ be a locally
free sheaf of O-modules on M. Then £ ~ O R Ereq-

Proof. Indeed, (M, ) is split by the Batchelor Theorem. In this case
H'(M,&ndy) gr€) = {0}

by Lemma 2. Hence
H'(M, .Aut?l) gr&) = {¢},

and our assertion follows from the Theorem 3.1

3.2 The Barth — Van de Ven — Tyurin Theorem for supermanifolds

Let us briefly recall the classical Barth — Van de Ven — Tyurin Theorem.
Consider the sequence of complex projective spaces
CP' 2% CcP? 2 ..,
where ; are standard embeddings. (The inductive limit of this sequence
is also called the complex projective ind-space CP*> (see [5, 17] and more
detailed [7].) We consider collections £ = {Ey}n>1 of holomorphic vector
bundles Ey of a finite rank over CPY, N > 1, such that py(Ensi) = En.
(Such collections are also called vector bundles over CP*.) If E = {En}n>1
and E' = {E}\}n>1 are two such collections, then the collection £ & E’ :=
{EN®E) } n>1 is called the direct sumof E and E'. A morphism of collections
f:E — Eisaset {fy: Exn — Ej\}n>1 of morphisms of vector bundles
such that ¢n o fyy1 = fv © ©n. A morphism of two collections f : E — E’
is called an isomorphism if it possesses the inverse morphism.

Theorem 4. [Barth — Van de Ven — Tyurin] Any collection E =
{En}n>1 of holomorphic vector bundles En of a finite rank over CPV s

isomorphic to a direct sum of collections E* = {E\}n>1 of vector bundles
E%; of rank 1.

For collections of rank 2 this result was proved by W. Barth and A. Van
de Ven in [1], and for collections of an arbitrary finite rank by A. Tyuirin in
[17].

The similar question may be considered in the case of complex superman-
ifolds. Recall that the projective superspace (M,Q) = CP"™ of dimension
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n|m is a complex supermanifold with the reduction M = CP" and the struc-
ture sheaf O = A\ L(—1)", where £(—1) is the sheaf of F-modules inverse
to the sheaf £(1), which corresponds to a hyperplane in CP". The classical
homogeneous coordinates z, ..., z, on CP" can be supplemented by odd ho-
mogeneous coordinates (1, ..., G, giving rise to the system of homogeneous
coordinates on CP"!™.

Let us consider the sequence of projective superspaces

Cp!ll 24, cp2lke 22,

where k; < ki1 and ¢; are standard embeddings, i.e any map ¢; : CPlk: —
CIP”HW“ is given in homogeneous coordinates (z;, ) and (2, ¢{) on CP'*
and CP™F+1 regpectively by

Z;:Z& 8:17"'77;7 ziJrl:O;
Ct/:Ct7 tzl?‘”akiu Ct/:O7 t:ki+17"'7ki+1-

We study collections € = {&, },,>1 of locally free sheaves &, of a finite rank
over CP"* n > 1, such that 3, (Ent1) = E,- A morphism of two collections
and their direct sum are defined similarly to the classical case. We are going
to prove the following theorem:

Theorem 5. Any collection & = {&,}n>1 of locally free sheaves &, of a finite
rank over CP"" is isomorphic to a direct sum of collections & = {£! }n>1
of locally free sheaves E of rank 1|0 or 0]1.

Proof. Note that Eed = {(En)rea} is the collection of locally free sheaves
such that (¢;),.q((Eis1)red) = (E)red and (9;)rea : CP* — CP**! are standard
embeddings. By Theorem 4 we have .4 ~ €, S", where §" = {S;} is
a collection of locally free sheaves of rang 1 (and of super-rank 1|0 or 0]1).
Hence the collection gr € = {gr &,}, where we identify gr &, = Ocpr @ (Ep)red,
is isomorphic to the collection {Ocpr @ P, S, }.

Our aim is to show that & ~ gr&. Using Lemma 2 and the well-known
fact: H'(CP",L(r)) = {0} for n > 1 and any r € Z, we conclude that
H'(CP",EndS (gr&,)) = {0} for p > 1 and n > 1. Hence, by the sequence
(9) we get

HI(C]P’",Autg)(gr En)) = {e} forn > 1.

It follows by Theorem 3 that the following isomorphisms

fn : 5n — grgn = ZOCIP” ®S71;

exist. Let us show that we can choose the isomorphisms f, such that they
commute with pullbacks of the bundles. Fix an isomorphism f,. Let us
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construct an isomorphism

fra1 2 Enpa — O¢pn+1 @ (Ent1)red

!/

such that @, o f), ., = fno@y,. Denote by Z, the sheaf of ideals corresponding
to the subsupermanifold ¢, : CP"k» — CP"*!F+1 By definition we have

En f &n(5n+1) = ‘P:ed(gn-&-l/zngn—&-l))
gr Sn - gpn(gr 8n+1) = Qp;ked(gr gn-i—l/In gr gn-i-l)'

Denote by B,, the sheaf of automorphisms of the sheaf of O¢pn+1/Z, Ocpn+i-
modules gr &, 11/Z, gr Ey41 and by (B,)(1) the subsheaf of B,:

(Bn>(1) = {CL € Bn | (I(U) = Umod(gr gn—l—l/In gr gn+1)(1)}7

where (gr &,41/Z, gr En41) (1) is the image of (gr £,41)(1) by the natural homo-
morphism. Note that we have sup((B,)1)) = ¢rea(CP") and ¢} 4((Bn)a)) =
Aut (5" (g1 E,).

Further, any automorphism from Autﬁ‘gﬂ"" (gr&,11) preserves I, gr&, 1.
Hence, we have the map

F,: Autﬁ?”" (gr &nt1) — (Bu) ),

which is surjective as a sheaf homomorphism because we always can find
locally preimage of elements from (B,,)). Denote by A, the kernel of F,.
Let us choose a Stein cover U = {U;} of CP"*! such that

0 — An(U;) — Aut 57 (g1 Ei1) (U) — (Ba) ) (Uy) — 0.

is exact for any ¢. Assume also that U satisfies conditions of the proof of
Theorem 2. Denote by

(95) € H'(U, (Bn)w) and (g1) € H' U, Aut5™ (gr Ensr))

the cocycles corresponding to &, and &,,1 by Theorem 3. Recall that 9is =
of o (5}1)*1, where 07 : &,|u, — gré&,|u, is the isomorphism from Theorem
2 assuming is addition o; = id for any 7. Similarly, g?j“ =5"o (5;”“1)*1.
Since 3(En41) = &,, we may assume that " o6
Fu(g™) = g

We have shown that (g7;) ~ € hence there are of € B)(U;) such that
ntl o

i

v, = 070" |y,. Therefore,

(o

n

? = id. Using the surjectivity of F,|u,, we may choose «

)_1og%oo¢
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E7Yal). Then (hi;) € HY (U, A,), where hy; = (o) Lo gt ool Tt is

n % ij 7
easy to see that

An = eXp( ("Z’—n)(_) ® ((gred)(_) X (gred)§ ©® (gred)i X (51«,3(1) )@
(In)i ® ((gred)[_) & (gred)g ©® (gred)i &® (gred) )

Therefore, we get as for Autg‘gpn (er&,) that H'(CP"*' A,) = {¢}. There-
fore, there are 3; € A, (U;) such that h;; = 3; o ﬁj_l. Denote

Fralv, =B o (o) "o g7,
By construction, we have @, o f,, ., = f, o @,. The proof is complete.[]

3.8 About the Birkhoff — Grothendieck Theorem for supermanifolds.
In this subsection we will show that the Birkhoff — Grothendieck Theorem:

Any finite rank vector bundle on the complex projective space CP' is isomor-
phic to a direct sum of line bundles,

1% Ol %

does not hold true for the projective superspace CP'", where n > 1. Denote
by O, the structure sheaf of CP'™ and by i,, the standard embedding CP'I* —
CP'", n > 1. Clearly, there is a map j, : CP" — CP'', n > 1, such that
Jr 07 — O, is injective and j, o7, = id. Let & be a locally free sheaf of
O;-modules. Denote

En =0, Qjx0y) 1

Then &, is also locally free and &, is an extension of & . In other words,
we have proved that any locally free sheaf on CP!!! admits an extension to
CP'". Tt follows that to prove our assertion it is enough to show that there
exists a locally free sheaf of O;-modules of rank > 2, which is not a direct
sum of two lines bundles.

Let us study firstly line bundles on CP''. By (9) we get that Aut% gré& ~
EndS gr € for any rank and from Lemma 2 it follows that End? gr & = {0}
if rankgr& = 1|0 or 0|1. Therefore, by Theorem 3 any line bundle & is
isomorphic to gr&.

Further, let (Eea)s = L£(0), (Eea)1 = L£(—1) and Ey = O1 @ ((Ered)s B
(Erea)1). Then

H'(CP, End®PE,,) ~ H' (CP, £L(—2)) ~C.

Using the fact that the unit 1-cohomology class is a fixed point for the action
of H(CP', Aut§*&,,) on Hl((C]Pl,Autgl)Egr), we see that there is a locally
free sheaf of O;-modules &€ such that gr& = &, but £ is not isomorphic to
Eor.
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4. The tangent sheaf of a split supermanifold.

Let us recall some well-known facts about the tangent sheaf 7 of a split
supermanifold (M, O) ~ (M, \ G). First, the sheaf 7 is Z-graded (not only

Zo-graded):
- @7
p>—1
where
T, ={veT|v0,) COpyy foral g>0} p>—1

Second, the following sequence

p+1

p
0> A\Ndog 17,5 Ndee—0,p>-1, (10)

where © is the tangent sheaf of M, is exact (see [12]). The mapping v is
the restriction of a derivation of degree p onto the subsheaf F C O and 9§
identifies any sheaf homomorphism G — A" 1 G with a derivation of degree
p that is zero on F.

Denote by G the vector bundle corresponding to G. As usual by a (holo-
morphic) connection in a vector bundle G — M over a complex manifold M,
we mean a bilinear map

V:OxGg—¢g

satisfying the following conditions:
[ fos = fVXS,
° Vx(fs)=fVxs+X(f)s,

where f € F, X € © and s € G. If V and V’ are connections in G — M
and G’ — M respectively, the tensor product connection V@ V' in G® G is
well defined. Recall that

(Ve Vi)(s®s)=Vx(s)®s + 5@ Vi(s).

It is easy to see that the tensor product connection V®---®@Vin G®---®G
(p-times) induces the wedge product connection APV in A" G, p > 0.

Let V be a connection on G. Then to each X € © we may assign a vector
field Yx on (M,0) ~ (M, \ G) of degree 0 defined by

P

Yx(f) = X(f), f€F, Yx(/)=nV(), fe \G
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The Leibniz rule for Yy follows from the definitions of a connection and a
wedge product connection. Consider the sequence (10) for p =0

0-6®G T —50 -0 (11)

We have just shown that the connection V defines the splitting of (11) by
X +— Yx. The converse statement is also true: if we have a splitting ¢ of
(11), we may define the connection V; by

(Vi)x(s) =i(X)(s), s€gq.
Note that the curvature tensor of V = V;
R(X,Y)=VxoVy—VyoVx—Vixy = ([i(X),i(Y)] —i([X,Y]))lg

measures the defection of 7 to be a homomorphism of sheaves of Lie algebras.
Theorem 6. Let (M,0y) ~ (M, \G) be a (holomorphic) split supermani-
fold and T the tangent sheaf. The following conditions are equivalent:

1. the sheaf T corresponds to the unit 1-cohomology class with values in
Autg) grT by the Theorem 3;

2. the sequence (11) splits;

3. G possesses a (holomorphic) connection.

Proof. By the discussion above we have to prove only that 7 corresponds
to the trivial 1-cocycles of H'(M, .Autg) gr7) if and only if the sequence
(11) splits. Let 6y : © — 7 be a splitting of (11). Then the sequence (10)
splits for all p > 0, we may define the splitting 6, : A’G ® © — T, by
0,(f @v) = fby(v). It follows that

p+1

p
T,~\Geo+ \gag.

Hence,

T~NG@(G +0)~ \G® (Tead) =er T.

Conversely, since the unit cocycle of H'(M, Autg) gr7) is a fixed point
with respect to the action of H°(M, Aut§ grT), there is an isomorphism
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® : 7 — gr7 such that gr® = id (see proof of Theorem 2). It follows that
the following diagram is commutative

|z,

75 — (er7T)p

| [er

T/(TT)y —= T5/(TT)s

where pr is the projection of

o T =PI T)s/(T"T)s + P(ITT)i/(T"HT )

p=>0 p=>0

onto 75/(JT )y and 7 is the natural projection. Further, by the definitions
of all morphisms the following diagram is also commutative

Ty —— To/(TT)o

Prz, l l’r y

T, —  ©

where 7 is an isomorphism defined by v + (J7 )5 — przov|z. Denote by i
the natural embedding 75/(J7 )y — (gr7 )sg. We may define a splitting of
(11) by prg, o(®|z) ' oi o771 The proof is complete.]

5. A spectral sequence

An important problem is to calculate the cohomology group H*(M, E) of
a locally free sheaf of O-modules £ on a supermanifold (M, Q). If (M, Q)
is split, then &£ is a locally free sheaf of F-modules on M, and its cohomol-
ogy group can be calculated in many cases using the well elaborated tools
of complex analytic geometry. In non-split case these methods cannot be
applied directly, but we can use the associated split supermanifold (M, gr O)
and the sheaf gr&.

5.1 Quasi-derivations.

Let (M,QO) be an arbitrary supermanifold and £ a locally free sheaf
on (M,0). Let us take an even vector field I' € 75(U) on a superdo-
main (U, O|U) C (M,O). A Zs-graded vector spaces sheaf homomorphism
Ar : E|U — &|U is called a T'-derivation if Ar(fv) = T'(f)v + fAr(v),
f€O0OJU and v € E|U. A homomorphism of Z,-graded sheaf of vector spaces
B : & — & will be called a quasi-derivation if it is a I'-derivation for a certain
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I'. Denote by QDer& the sheaf of quasi-derivations. It is a sheaf of Lie al-
gebras with respect to the commutator [Ar, By| := Ar o By — By o Ar. The
sheaf ODer€ possesses the double filtration:

QDerpy )€ = {Ar € QDerf | Ar(Epy) C Epgpy, I'(T?) C T
for all r,s € Z}.

The map
exp : QDET(l)(Q)S — Q.Aut(l)(g)é'
is an isomorphism of sheaves of sets. Let us consider the subsheaf QDery j, gr £
of ODer k) gr € defined by
QDerygré = {Ar € QDeruym gré | Ar(gré,) C gr& i,
F(grOs) C grOgyy, for all r,s € Z}.

Note that QDery; gr & = End®© gr € if k is odd.
Denote by puy, k > 1, the following mapping:

fe : QAUL () (2) gr € — QDerppgré,

() = @ bty oA o pry

q

where a, = exp(Ar) and pr;, : gr€ — gr& is the natural projection. The
kernel of this map is Q.Autx11)2) gr £. Moreover, the following sequence

0 — QAut(11)2) gr £ — QAuty2) gr € Mk, QDerygr€ — 0
is exact. Denoting by H()(gr &) the image of the natural mapping
HY (M, QAut 3y2) gr £) — H' (QAut(1y2) gr E),
we get the filtration:
HY (M, QAut 1y gr €) = Hy(gr€) D Higy(gré) O ...

Take a, € H(;(gr&). We define the order of a, the maximal one of the
numbers k such that a, € Hyy(gr€). The order of a locally free sheaf £
of O-modules on a supermanifold (M, Oy/) is by definition the order of the
corresponding cohomology class.

5.2 The spectral sequence.
Let £ be a vector superbundle on a supermanifold (M, Q) of dimension
n|lm. Now we will construct a spectral sequence for the cohomology of the
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sheaf £. We fix an open Stein cover 4 = (U;);e; of M and consider the
corresponding Cech cochain complex C*(4, £) = D0 CP(L, E).

The Zsy-grading of € gives rise to the Zy-gradings in C*(4, £) and H*(M, £)
given by

Co(4l,€) = P (4, &) & B ™ (4, &),

q>0 q>0
Ci(4, &) = P C*(8h, &) & €D C*H (4, &).

920 920 (12)

Ho(M, &) = @ HY(M, &) & @ H* (M, &),
q>0 q>0

Hy(M,€) = P H*(M, &) & €D H* (M, &).
q=>0 q>0

The filtration (4) for £ gives rise to the filtration
C*(ﬂ,g) :C(o) ... DC(p) DL DC(m+1) =0 (13)

of this complex by the subcomplexes
Clp) = (U, Ep)-

Denoting by H (M, &), the image of the natural mapping H*(M,Ey)) —
H*(M, &), we get the filtration

H*(M,g)ZH(M,g)(O)D...DH(M,E)(I,)D.... (14)

Denote by gr H*(M, £) the bigraded group associated with the filtration (14);
its bigrading is given by

gr H'(M,€) = € gr, H(M, ).

p,q>0

By the general procedure, invented by Leray, the filtration (13) gives rise to
a spectral sequence of bigraded groups E, converging to E,, ~ gr H*(M,€).
It is constructed in the following way.

For any p,r > 0, define the vector spaces

Cf = {C S O(p) | dc € C(err)}-
Then, for a fixed p, we have

Cp=C{D...DCPDOCY D....
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The r-th term of the spectral sequence is defined by
E. =Er, r>o0,
p=0

where

EP = CP/CPH +dCP—
Since d(CP) C CP*", d induces a derivation d, of E, of degree r such that d? =
0. Then E,,; is naturally isomorphic to the homology algebra H(E,,d,).
Denoting Z, = Kerd,, we have the natural mapping ], : Z, — E"'. For
any s > r, denote k, = k¥ ' o...0 k!, (this composition is not defined on
the entire Z,.).

The Zy-grading (12) in C*(4, £) gives rise to certain Zs-gradings in C?
and EP, turning F, into a superspace. Clearly, the coboundary operator d
in C*(4U,E) is odd. It follows that the coboundary d, is odd for any r > 0.

The superspaces E, are also endowed with a second Z-grading. Namely,
for any q € Z, set

CPa = CP N CPH(Y, E),
EPT = CPt/CPEpat  aCht e,

Then
E, =P Er.
P
Clearly,
d(Ep?) C Bpimet (15)
for any r, p, q.

One sees easily that C?? = 0 for all p and r if ¢ < —(m + 1). Therefore,
for a fixed ¢, we have d(CP?) = 0 for all > g+ m + 2. This implies that
Kl @ BP9 — EPY is an isomorphism for all p and r > ro(q) = ¢ + m + 2.
Setting F24 = Ef(;%q), we get the bigraded superspace

E.=EPE
p.q

Now we prove certain properties of the spectral sequence (E,). Some of
them are well known and are valid in a more general situation.

Proposition 2. The first two terms of the spectral sequence (E,) can be
wdentified with the following bigraded spaces:

EQ = C’*(L[, gré'),
By = H*(M,gr€).
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Here
Eg? = CPTUYU, (gr&),),

BV = HP9(M, (g1 €),).

Proof. By definition, we have
E§ = Cip)/Clpr1); p 20,

where the coboundary operator dy of degree 0 is induced by d : C,) — Cfp).
On the other hand, the exact sequence

0= Epyry = Ep) —gré — 0
and Theorem B for Stein supermanifolds imply the exact sequence
0= Epry(U) = Ep(U) — gr&(U) — 0
for any Stein open subset U C M. Therefore
C* (U, (gr&)p) ~ Cpy/Clpry = £, p > 0.

One sees easily that this is an isomorphism of complexes and that the result-
ing isomorphism C*(4, gr&) ~ E; is an isomorphism of bigraded spaces. It
follows that

Ey, ~ H(Ey,dy) ~ H* (M, gr &) ~ H*(M,gr&).0

Proposition 3. There is the following identification of bigraded algebras:
Ew =grH (M,E),

where
EP1 = gr, Hp+q(M, E).

Proof. Clearly, for r > ry(q) we have CP? = ZP*(4, E). It follows that

RS = 2794, £)) [ 2798, Ep i) + dCPHITH L €) 0 27794, £p)
— HPHI(M, 5)(p)/(Zp+q(il, 5(p+1)>/dcp+q—l<u7 E) N ZPra(4, Ep+1))
= H"Y(M, &)/ HP (M, E) pi1) = gr, H'TI(M, £).0

Corollary. If M is compact, then

dim H*(M,€) = ) dim E2.
ptq=k
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Proof. In fact, if M is compact, then all cohomology groups with values in a
coherent analytic sheaf on (M, Q) or M are of finite dimension.[]

Now we prove our main result concerning the first non-zero coboundary
operators among dy, ds,.... We may suppose that for each ¢ € [ there
exists an isomorphism of sheaves o; : O|U; — gr O|U;, inducing the identity
isomorphism gr O|U; — gr O|U;.

By Theorem 2, a locally free sheaf of O-modules € — (M, O) corresponds
to the cohomology class a, of the 1-cocycle ((a,);;) € ZH (U, QAut1)2 gré),
where (a,);; = 6; 0 6;'. If the order of (a,);; is equal to k, then we may
choose d;, i € I, in such a way that ((a,);;) € Z'(U, QAut(1)2) gr&). We can
write a, = exp Ar, where Ar € C'(4, QDer(1y2) gré).

We will identify the differential spaces (Ey,dp) and (C*(, gr€),d) via
the isomorphism of Proposition 2. Clearly, 6; : Ep|Ui — gr&y)|Us =
Zr>p gr &, |U; is an isomorphism of sheaves for any i € I, p > 0. These local
sheaf isomorphisms permit us to define an isomorphism of graded cochain
groups

P C* (U, E) — C* (U gr &)
such that
v CF (U, 5(p)) — C* (Y, grE(p)), p>0.
We give it by
V(ig...iq = i (Cig...ig)

for any (4o, . .., 4,) such that U;;N...NU;, # 0. In general, ¢ is not an isomor-
phism of complexes. Nevertheless, we can express explicitly the coboundary
d of the complex C*(Y, £) by means of dy and a,.

Proposition 4. For any ¢ € C9(U,gr€) = @,E§ 7", we have

(w(dqﬂil(c)))iou-iqﬂ = (dOC)ion-iqﬂ + ((a’)')ioh - id) (Cilmiqﬂ)'

Proof. We can write

q+1

(dw_l (C))i0-~~iq+1 = Z<_1)aw_l(c)i0...ia‘..iq+1

q+1
=2 D%yt T YT (irnin
a=1

q+1

= 5i;1(Z(_1>acig...ia...iq+1) + 51-711(01'1,‘.1,1“)

a=1

= 835 ((doC)ig. igir = Cir.ign) + 01 (Cir.ign)-
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Therefore

(¢<dw71<6)>>iomiq+1 = 6i0 (d’lpil(C))iomqu

== ( Oc)io...iq+1 - Cil...iq+1 + (a’7>i0i1 (Cil...iq+1)
= (doC)ig...iger + ((ay)igiy —1d)(Ciy.igsr)-
This implies our assertion.[]

This proposition makes it possible to calculate the spectral sequence (E))
whenever d, and the cochain a, are known. Now we find the explicit form
of certain coboundary operators d,., r > 1.

Theorem 7. Suppose that the locally free sheaf of O-modules &€ — (M, Oyy)
has order k and denote by a, the cohomology class corresponding to £ by
Theorem 2. Then d, =0 forr=1,...,k—1, and dy, = pu(a,).

Proof. Take a cocycle ¢ € EY'*™", doc = 0, and denote by ¢* its cohomology
class in EY7P. Clearly, ¢ and ¢* are represented by the cochain ¢~!(c) € C¥.
By Proposition 4,

(WA (0)))igwigrr = ((@y)igis — 1) (Ciyiysn):
Now we see that
(DAY igiger = Hr(0yigis (Ciy —iger) + Ui igirs
where u € C(;141). This means that
U(dyH(e)) = mrlas)(c) +u,

whence d; = dy = ... = d(;—1) = 0. Identifying £ with E;, we also see that
dr.c* is represented by the cochain ¢~ (ug(a,)(c)). It follows that

dorc” = pi(a,)(").0
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