A Caporaso-Harris type formula for Welschinger
invariants of real toric Del Pezzo surfaces

[lia Itenberg Viatcheslav Kharlamov Eugenii Shustin

Abstract

We define a series of relative tropical Welschinger-type invariants of real
toric surfaces. In the Del Pezzo case, these invariants can be seen as real
tropical analogs of relative Gromov-Witten invariants, and are subject to a
recursive formula. As application we obtain new formulas for Welschinger
invariants of real toric Del Pezzo surfaces.

1 Introduction

Welschinger invariants of real rational symplectic four-manifolds [10, 11] represent
one of the most interesting and intriguing objects in real enumerative geometry. In
the case of a real unnodal (i.e., not containing any rational (—n)-curve, n > 2) Del
Pezzo surface > the Welschinger invariants count, with appropriate weights 41, the
real rational curves which belong to an ample linear system |D| and pass through
a given generic conjugation-invariant set of ¢;(X) - D — 1 points in ¥. In this paper
we consider only the invariants corresponding to sets of real points.

Our goal is to provide recursive formulas which calculate the Welschinger invari-
ants of toric Del Pezzo surfaces equipped with the tautological real structure. The
formulas we obtain are similar to those proved by L. Caporaso and J. Harris [1] for
relative Gromov-Witten invariants of P2.

We use the technique of tropical geometry and follow ideas of A. Gathmann and
H. Markwig [2, 3] who suggested a tropical version of the Caporaso-Harris formula
and its tropical proof. We suitably adapt the tropical count to the real setting
and introduce tropical, multi-component and irreducible, Welschinger numbers for
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relative constraints and arbitrary genus. We check their invariance (Theorem 1 in
Section 3.1) and prove that these tropical invariants satisfy Caporaso-Harris type
formulas (Theorem 3 for the multi-component invariants and Theorem 4 for irre-
ducible invariants, Section 3; a reformulation with generating functions is presented
in Section 6.1). In the case when the set of relative constraints is empty these
invariants coincide with the genuine Welschinger invariants. As a by-product, we
establish some monotonicity of the Welschinger invariants and give a new proof of
their positivity (Corollaries 4 and 5, Section 3.3).

The paper is organized as follows. In Section 2 we remind definitions and basic
facts concerning Welschinger invariants and plane tropical curves. Section 3 contains
the definition of tropical relative Welschinger numbers, the statements of the main
results and few corollaries. We prove the invariance of tropical relative Welschinger
numbers in Section 4 and the recursive formulas in Section 5. Section 6 is devoted to
concluding remarks. Our main results are stated in terms of embedded plane tropical
curves, while the proofs go essentially through the parameterized incarnation of these
curves, and starting from Section 4 we put a special attention to be maximally
possible consistent with existing in the literature notions and statements concerning
these two different categories. In particular, a part of Section 4 is devoted to various
types of genericity conditions and their comparison.

To conclude this short introduction, we would like to emphasize a certain, chal-
lenging in our opinion, difference between the real and complex cases. Namely,
Gathmann-Markwig’s count of tropical curves in the tropical version of Caporaso-
Harris formula is in a strict correspondence (in the sense of modified Mikhalkin’s
correspondence theorem [7], see [2, 3]) with the count of complex algebraic curves
in the original Caporaso-Harris formula. In particular, the invariance of the terms
in Caporaso-Harris formula explains (and implies) the invariance of the terms in the
tropical version of Caporaso-Harris formula proposed by Gathmann and Markwig.
On the contrary, we do not know how to lift up invariantly the terms entering the
formulas suggested in the present paper (except those which lead to the genuine
Welschinger invariants). Omne of the difficulties is that such a lift, if it exists, can
not be formulated in purely topological terms, see section 6.
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2 Preliminaries

2.1 Welschinger invariants of Del Pezzo surfaces

We remind here the definition of Welschinger invariants [10, 11] restricting ourselves
to a particular situation. Let ¥ be a real unnodal (i.e., not containing any rational
(—n)-curve, n > 2) Del Pezzo surface with a connected real part RY, and let D C X
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Figure 1: Polygons associated with Del Pezzo surfaces

be a real ample divisor. Consider a generic set w of ¢;(X) - D — 1 real points of
Y. The set R(D,w) of real C' € |D| passing through the points of w is finite, and
all these curves are nodal and irreducible. (In fact, the listed properties of R(D,w)
can be taken here as a definition of the term ‘generic’.) Due to the Welschinger
theorem [10, 11] (and the genericity of the complex structure on ¥), the number

W(E,Dw) = > (=19,
CeR(D,w)

where s(C) is the number of solitary nodes of C' (i.e., real points, where a local
equation of the curve can be written over R in the form z2 + y? = 0), does not
depend on the choice of a generic set w. We denote this Welschinger invariant by
W(%, D).

2.2 Divisors on toric Del Pezzo surfaces

There are five toric unnodal Del Pezzo surfaces: the projective plane P?, the product
P! x P! of projective lines, and P? with k blown up generic points, k = 1,2, or 3; the
latter three surfaces are denoted by P2. Let Fj,..., Ey be the exceptional divisors
of P — P? and L C P? the pull back of a generic straight line.

Let X be one of these surfaces. An ample divisor on ¥ defines a linear system,
which in suitable toric coordinates is generated by monomials z'y’, where (i, )
ranges over all the integer points of a polygon A(D) of the following form. If ¥ = P?
and D = dP!, then A(D) is the triangle with vertices (0,0), (d,0), and (0,d). If
Y = P! x P! and D is of bi-degree (dy,ds), then A(D) is the rectangle with vertices
(0,0), (dy,0), (dy,dy), and (0,dy). X =P k=1,2,0r3, and D = dL—YF , d;F;,
then A(D) is respectively the trapeze with vertices (0,0), (d — dy,0), (d — dy, dy),
(0,d), or the pentagon with vertices (ds,0), (d — dy,0), (d — dy,dy), (0,d), (0,ds),
or the hexagon with vertices (ds,0), (d —dy,0), (d —dy,dy), (ds,d —d3), (0,d —ds),
(0,ds) (see Figure 1). The slopes of the sides of A(D) are 0, —1, or co.



2.3 Plane tropical curves

In Sections 2.3 and 2.4 we remind definitions and basic facts concerning plane trop-
ical curves (cf. [7], [3]), and fix the notation.

Let A C R? be a nondegenerate convex lattice polygon, i.e., a convex polygon
with integer vertices and non-empty interior. A convex piecewise-linear function

F:R* =R, F(z)= max ({t,7)+¢), where ¢ €R,
LEANZ2
is called a tropical polynomial with Newton polygon A. Consider the corner locus
Ap CR2of F (i.e., the subset of R? where F' is not smooth). The set A is naturally
stratified and defines a subdivision O of R%. The 0- and 1-dimensional elements of
the stratification of Ap are called, respectively, its vertices and edges.

The Legendre transform takes F' to a convex piecewise-linear function g : A —
R, whose linearity domains Ay, ..., Ay are convex lattice subpolygons of A, and
whose graph is the lower part of the polytope conv{ (s, —c,) € R? + € ANZ?}. The
polygons A, ..., Ay give rise to a subdivision Sg of A. This subdivision is dual
to O in the following sense: there is a one-to-one correspondence D between the
elements of Sr and the elements of O such that

e D sends any vertex of Sr to a region of O, any edge of Sr to an edge of O,
and any polygon of S to a vertex of Op;

e for any edge e of Sp, the edge D(e) is orthogonal to e;

e D reverses the incidence relation.

Each edge e of Ap can be equipped with a weight w(e) equal to the lattice length
(i.e., the number of integer points diminished by 1) of the dual edge in Sgp. The
stratified set Ap whose edges are equipped with the corresponding weights is called
the tropical curve associated with the tropical polynomial F'. One says that Ap is a
plane tropical curve with Newton polygon A. A plane tropical curve determines its
Newton polygon A and the dual subdivision of A uniquely up to translation.

Notice that the unbounded edges of Ap are dual to the edges of Sg lying on
the boundary 0A of A. The unbounded edges of Ar are called ends of Ar. The
unbounded edges of Ar dual to the edges of Sr which are contained in a side o of
A are called o-ends.

Any edge of a plane tropical curve Ap has rational slope, and for any vertex v
of Ar one has the balancing condition

w(ep)u(v,er) + ... +w(eg)u(v,ex) =0,

where e, ..., e are the edges adjacent to v, and u(v,e;) is the primitive integer
vector starting at v and directed along e;.



The sum Apay + ...+ Apw) of plane tropical curves Apqy, ..., Apm) is the plane
tropical curve defined by the tropical polynomial F) + ...+ F(™  The underlying
set of Ap) + ...+ Apm is the union of underlying sets of Apq), ..., Apm), and the
weight of any edge of Apa) + ...+ Apm) is equal to the sum of the weights of the
corresponding edges of summands. A tropical curve in R? is reducible if it is the
sum of two proper tropical subcurves. A non-reducible tropical curve in R? is called
irreducible. A tropical curve Ap is nodal, if any polygon of the dual subdivision Sg
is either triangle, or parallelogram. The number of double points of a nodal tropical
curve Ay with Newton polygon A is the sum of the number of parallelograms in Sg
and the number of integer points which belong to the interior of A and are not
vertices of Sg.

The multi-set of vectors {w(e)u(e)}, where e runs over the ends of a plane tropical
curve Ar and each primitive integer vector u(e) is directed along e to infinity, is
called the degree of Ap and is denoted by deg(Ar).

We extend the plane R? up to R2 = T x R, where T = R U {—oc} is equipped
with the topology making T homeomorphic to [0, +00) via a logarithmic map, and
correspondingly extend any tropical curve in R? by attaching a vertex on L_., =
{—0o0} x R to any horizontal negatively directed end of the curve.

2.4 Parameterizations of plane tropical curves

Let T be a finite connected graph without divalent vertices, and V a collection of
certain univalent vertices of T. Put I' = T'\V. Denote by '} the set of non-univalent
vertices of ', by T'! the set of edges of ', and by T'L_ the set of edges of T such that
the corresponding edges of ' terminate at univalent vertices (we call such edges of T’
the ends).

A parameterized plane tropical curve is a triple (I, w, h), where w : I'' — N is a
function (called weight function) and h : T' — R? is a continuous proper map such
that

e for any F € I'!, the restriction of h to F is an embedding into a straight line
with a rational slope,

o if F €'l and F terminates at a univalent vertex V € I, then h(E) lies in a
horizontal line and h(V) € L_,

e for any V € I'), one has the balancing condition

> wEu(V,E) =0,

Eecl'l, VedE

where u(V, E) is the primitive integer vector starting at h(V') and directed
along h(E).



The ends of I" which are adjacent to univalent vertices of I' are called left. Due to
the properness of h, the non-left ends of I' are mapped onto half-lines which are not
horizontal negatively directed.

The multi-set of vectors {w(E)u(E) : E € I''_}, where each primitive integer
vector u(E) is directed along h(E) to infinity, is called the degree of (I',w, h) and is
denoted by deg(T", w, h).

A parameterized plane tropical curve (I',w, h) is a parameterization of a plane
tropical curve T if

e the image under h of any vertex of I' is a vertex of T',

e the closure of the image under A of any edge of I" is the closure of a union of
edges of T',

e the weight of any edge e of T is equal to w(Ey) + ...+ w(E,), where Fy, ...,
E,, are the edges of I' whose images under h contain e.

Any parameterized plane tropical curve is a parameterization of a unique plane
tropical curve. Notice that if (I',w, h) is a parameterization of a plane tropical
curve T, the curve T might have vertices that are not images under h of vertices
of T.

The genus of a parameterized plane tropical curve (I',w,h) is the first Betti
number by (I") of I'. If a plane tropical curve T is irreducible, the minimal genus of
its parameterizations is called the genus of T and is denoted by ¢(7').

The degree of an irreducible nodal plane tropical curve T' coincides with the
degree of any parameterization of 7. If T is an irreducible nodal plane tropical
curve, then any minimal genus parameterization (I',w,h) of T is simple, that is,
any vertex of I' has valency either 3, or 1. For any two simple parameterizations
(T',w, h) and (I, w’, ') of a given irreducible nodal plane tropical curve, there exists
a homeomorphism ¢ : I' — T" such that h = h' o p and w(F) = w'(¢(E)) for any
E el

If T is a nodal plane tropical curve, then each edge of T' is contained in a unique
irreducible subcurve of T'. In particular, a nodal plane tropical curve is uniquely
represented as a sum of its irreducible subcurves. (Notice that this statement is
not true without the nodality assumption.) Furthermore, any irreducible subcurve
of a nodal plane tropical curve is nodal. The genus ¢g(7) of a nodal plane tropical
curve T is g(TM) + ... + g(T™) —n 4+ 1, where TM ... T are all the irreducible
subcurves of T'. If T' is a nodal plane tropical curve with Newton polygon A, then
the genus of T is equal to the difference between the number of vertices of the dual
subdivision St which belong to the interior of A and the number of parallelograms
in Sp. In particular, the sum of the genus of 7" and the number of double points
of T' is equal to the number of interior integer points of A.



3 Tropical Welschinger invariants

3.1 Tropical Welschinger invariants of toric surfaces

Denote by C the semigroup of sequences o = (ay, ag,...) € Z°° with nonnegative
terms and finite /;-norm ||| = >, ;. Each element of C contains only finitely many
non-zero terms, so in the description of concrete sequences we omit zero terms after
the last non-zero one. The only exception concerns the zero element of C (the
sequence with all the terms equal to zero). This element is denoted by (0). For an
clement v in C, put Ja =Y .2,(2i — 1)a. Define in C the following natural partial
order: if each term of a sequence « is greater than or equal to the corresponding
term of a sequence 3, then we say that « is greater than or equal to # and write
a > (3. For two elements a = (ay, ag,...) and § = (01, (a2, .. .) of C such that o > [3,
the sequence av — 3 = (ag — 1, e — (2, ...) is an element of C.

Let A C R? be a nondegenerate convex lattice polygon, and o the intersection
of A with its left vertical supporting line. Assume that ¢ is a not a point. In this
case, we say that A is left-nondegenerate. Pick two elements o and 3 in C such that
Ja+ JB = |o|, where |o| is the lattice length of o. Fix an integer g, and put

r=[0A] = o] +[lall + 5] +9 -1, (1)

where |0A] is the lattice length of the boundary of A. Assume that r > ||«||.

Consider the space Q(A, a, 3, 9) = (L_o)!llhx (R?) = llell formed by the (ordered)
configurations p = (p°,p?) of r points in R? such that P = (p1,....pjay) is a
sequence of ||| points on L_«, and p* = (pjaf+1, - - -+ Pr) is a sequence of [0A|—|o|+
18]+ g —1 points in R2. For any p € Q(A, «, 3, g), introduce the set 7 (A, «, 3, g, p)
of nodal plane tropical curves T' C R? satisfying the following conditions:

e T has A as Newton polygon and is of genus g;
e all the o’-ends of T', where ¢’ # o, have weight 1;

e the number of g-ends of T is equal to ||a + (]|, and precisely a; + 3; of them
have weight 20 — 1, 7 > 1;

e any irreducible subcurve of T" has a g-end,

e T passes through all the points of p, and any point p, € p’ is contained in
a o-end of weight 2i;, — 1, where the positive integer i, is determined by the
inequalities >, _, a; <k <> .. ;.

The first three conditions completely describe the degree of T, and further on we
denote this degree by A%P. For any T' € T (A, «, 3, g, p) one has

r=#End(T) 4+ g — 1,



where #End(7) is the number of ends of T'. For a generic p € Q(A, a, 3, g), the set
T(A,a, 3, g,p) is finite. This assertion can be proved similarly to the corresponding
one in [7]. A more precise statement and a proof is found in Section 4.8.

Let T be a curve in 7(A,a, 3,g,p). If T does not have edges of even weight,
put W(T) = (—1)*, where s is the total number of integer points lying in the
interior of the triangles of the subdivision St of A. Otherwise, put W (7T') = 0. The
number W (T') is called the Welschinger multiplicity of T'. Note that for a reducible
tropical curve T' € T (A, o, 3, g, p), its Welschinger multiplicity is the product of the
Welschinger multiplicities of all the irreducible subcurves of T.

The Welschinger multiplicity can be also defined for any simply parameterized
plane tropical curve (I',w, h). Namely, let V be a vertex in T'J. If the weights of all
the edges of I' that are adjacent to V' are odd, denote by s(V') the number of interior
integer points in the triangle built on the vectors w(E)u(V, Ey) and w(Es)u(V, Ey),
where E, E, is a pair of edges of I' adjacent to V, and put W (V) = (—1)*().
Otherwise, put W (V) = 0. The number HVerg W (V) is called the Welschinger
multiplicity of (I',w, h) and is denoted by W ([, w, h). If (I',w,h) is a simple pa-
rameterization of a nodal plane tropical curve T, then W(T",w, h) = W(T).

Denote by 7™ (A, , 3, g, p) the set of irreducible curves in 7 (A, «, 3, g, p), and
put

W(A o, B,9,p)= > W),
TeT (A,o,8,9,p)
WA, B,9.p)= Y, W(T).

TeTirr(A’a76?g?p)

Theorem 1 The numbers W (A, «, 3,g,p) and W™ (A, «, 3, g,p) do not depend on
the choice of a generic configuration p € Q(A, o, 3, g).

The word ‘generic’ in the statement of Theorem 1 means that the configurations
are taken in an open dense subset of Q(A, a, 3, ). This subset is explicitly described
in Section 4.8 (see the definition of multi-tropically generic configurations).

Due to Theorem 1, one can skip p in the notation of the above numbers. The
numbers W (A, a, 3,g) (resp., W™ (A, a, 3,g)) are called multi-component (resp.,
irreducible) relative tropical Welschinger invariants.

The following statement is a corollary of Mikhalkin’s correspondence theorem [7].

Theorem 2 (see [6], Theorem 6, and [8], Proposition 6.1). Let 3 be a toric unnodal
Del Pezzo surface equipped with its tautological real structure, D C ¥ an ample
divisor, and A is a polygon SL(2, Z)-and-translation equivalent to the polygon A(D)
defined in 2.2. Assume that A is left-nondegenerate. Then,

W(A, (0), (] 0]),0) = W(Z, D),

where o is the intersection of A with its left vertical supporting line.



The proof of Theorem 1 is given in Section 4. It mainly follows the argument
of [2, 3], where a description of the first order degenerations and respective bifurca-
tions of simple parameterizations of tropical curves in count are given. Notice that
Theorem 1 can also be proved via the study of non-parameterized plane tropical
curves in the spirit of [8].

3.2 Recursive formula for multi-component invariants

Denote by 6. the element in C whose k-th term is equal to 1 and all the other terms
are equal to 0. For o, € C, a < o, put

o o1 (o
(2)-11()
i=1
Extend the definition of the multi-component relative to the degenerate case A = o
in the following way. If A is a point, then put

1, if g=0,

0, otherwise.

If A is a vertical segment, then put W(A, o, 5,9) = 1 for a+ 3 = (lo]), g =1—|o|,
and put W(A,«, 3,9) = 0, in all other cases. A number W (A, a, 3, g) such that
A = o will be referred to as an initial value.

In addition, put W (A, «, 3, g) = 0 whenever A is nondegenerate and r < [|«/|.

Given a convex lattice polygon A and a cooriented straight line 5 of slope 0, —1
or 0o, take the supporting straight line L+ of A such that L+ is parallel to 5, and
A is contained in the half-plane defined by the coorientation. Then, the 75 -peeling
I=(A) of A is the convex hull of (A NZ?*)\L~.

Introduce the set = formed by the empty set, the lattice points, and the convex
lattice left-nondegenerate polygons A such that a primitive integer normal vector of
any face of A belongs to the set {(1,0),(—1,0),(0,1),(0,—1),(1,1),(—=1,—-1)},

Remark 1 Any nondegenerate polygon in = defines a toric unnodal Del Pezzo sur-
face and an ample divisor on it. The set Z is closed with respect to the Minkowski
sum and any 5 -peeling A +— I+ (A), where s is a cooriented straight vertical line.
Furthermore, if the Minkowski sum of several convex lattice left-nondegenerate poly-
gons is a polygon in =, then all the summands are in Z=.

Theorem 3 Let A € = be a nondegenerate polygon, and o the intersection of A
with its left vertical supporting line. Then, for any «, 5 € C such that Ja+J3 = |o|,
and any integer g, one has

W(A>O‘7ﬁ7g): Z W(A7a+9k7ﬁ_9kag)
E>1
Br>0



a\ ([
+ 3 (8) ()@, )
a/’ﬂ/7g/
where S is the left vertical supporting line of A cooriented so that A is contained

in the half-plane defined by the coorientation, and where the latter sum in (2) runs
over the triples o', 3, ¢" satisfying the conditions

o < a, ﬁ < 6/7 (0‘76> 7é (O‘,?ﬁ,>> ‘]O‘,—i_‘jﬁl = |OJ|> g_g/ = ||6/_5||_1 ) (3)

o’ being the intersection of Iz (A) with its left vertical supporting line.

The proof of Theorem 3 basically follows the lines of the proof of Theorem 4.3
from [3], and is presented in Section 5.

Remark 2 The initial values for W(A,a, 3,g) (i.e., the numbers W(A, «, 3, 9)
in the case A = o) and the recursive formula (2) determine all the numbers

W(A o, 08,9),A € =.

Formula (2) can be seen as a real analogue of the Caporaso-Harris formula [1],
Theorem 1.1, and of its generalizations proposed by R. Vakil [9]. The Caporaso-
Harris formula contains extra coefficients and extra terms with respect to for-
mula (2). Comparing two formulas, one should take into account that a term in-
dexed by (a, ) in formula (2) is an analog of the term indexed by (j(«),j(3)) of
the Caporaso-Harris formula, where j : C — C is the injection associating to a se-
quence o = (ay, g, (g, . . .) € C the sequence (ay, 0, as,0,a3,0,...). In other words,
in formula (2) we do not consider the tropical analogs of curves which have even
order intersections with the fixed straight line. Notice also that the Caporaso-Harris
formula contains as a parameter the number of double points instead of the genus.
This difference is not essential, since the genus determines the number of double
points and vice versa.

3.3 Recursive formula for irreducible invariants

For Oz,a/(l), ...,Oz(s) c C’ o> a(l) + ...+ O[(S)7 put

<O‘(1)’ "'70‘(8)) B H Wy, . ozgs)!(ozz- > ozgk))! '

i=1 @

Introduce the set S of the 4-tuples (A, «, 3, g) formed by a polygon A € =, ele-
ments « and [ in C such that Ja + JB = |o|, where o is the intersection of A
with its left vertical supporting line, and an integer g. Define in S the following
operation:

(Ao, B,9) + (A,8,6,9) =(A+ A, a+a,6+B,9+5—1) .

We extend the definition of the irreducible relative tropical Welschinger invariants
to the degenerate case A = ¢ in the following way. If A = o, put W™ (A, o, 3,9) = 1

10



for g =0, a+ 3 = (|o]), and |o| < 1, and put W (A, «, 3, g) = 0, in all other cases.
A number W (A, a, 3, g) such that A = o will be referred to as an initial value.

In addition, put W™ (A, a, 3, g) = 0 whenever g < 0.

The irreducible relative tropical Welschinger invariants satisfy a recursive formula
which is similar to the Caporaso-Harris formula for irreducible relative Gromov-
Witten invariants (see [1], Section 1.4).

Theorem 4 Let A € Z, 0, 0/, and s be as in Theorem 3. Then, for any o, 3 € C
such that Ja + JB = |o|, and any integer g > 0, one has

WA B.9) = Y WA+ 0 B b, g)
k>1
Br>0

Y (a(l), ”0: a(m)) m'ni'nm‘ H <<g§2) Wi”(A(i),a(i),ﬁ(i),g(i))) L)
where
n =108~ ol + 8 +9 -2, n = 9AD] — 0@ 159 + g ~ 1, i=1,.m,
and the latter sum in (4) is taken
e over all triples o/, 3 € C, ¢’ € Z such that

o <o, B, Jo+IF =10, g—g = -plI-1,

e over all splittings in S
(l2(A), .08, ¢) = (AD,a 50 g0)
and splittings
5 =3+ iﬁ(”, 13D >0, i=1,...m,
i=1

satisfying the restriction
/6(7/) 25(2)7 7::17"'7m7
and factorized by simultaneous permutations in the both splittings.

Remark 3 In the case g = 0, the right-hand side of formula (4) reduces to the
terms with ¢ = 0 and |39 = 1.

11



The proof of Theorem 4 is a slight modification of the proof of Theorem 3, and
we indicate this modification at the end of Section 5.

The initial values for W™ (A, o, 3, g) and formula (4) determine all the numbers
err(A7 a? /67 g)'

Corollary 4 Let Ay and Ay be two nondegenerate polygons in = such that Ay C Ay.
Denote by X2; and D;, 1 = 1,2, the toric Del Pezzo surface and the ample divisor on
it which are defined by A;. Then,

W (X1, D1) > W(32, Ds) . (5)

If, in addition, the number of interior integer points of Ay is greater than the number
of interior integer points of Ag (i.e., the genus of a generic member of the linear
system |Dq| is greater than the genus of a generic member of |Ds|), then

W(El, D1> > W(ZQ, Dg) . (6)

Corollary 5 (cf. [5], Theorem 1.3) Let ¥ be a toric unnodal Del Pezzo surface
equipped with its tautological real structure, and D C X an ample divisor. Then,

W(S, D) > 0. O

Proof of Corollaries 4 and 5. Since A, C A, the polygon A, can be obtained
from A; by a sequence of peelings. Thus, it is sufficient to treat the case when A,
is the result of an 5 -peeling of A;. Without loss of generality, we can assume that
S is the left vertical supporting line of Ay cooriented so that A, is contained in the
half-plane defined by the coorientation. Denote by o’ the intersection of 5~ with A,
and by o the intersection of Ay with its left vertical supporting line. If o is a point,
then W (X, D1) = W(3y, Dy). Assume that o is a nondegenerate segment. One has

W (1, D1) = W (A0, ([0]),0), W (Ez, Dy) = W™(As, 0, (|0']),0) .

The absolute value of the difference |o|—|o’| is at most 1. According to Theorem 4,
e if |0'| = |o| + 1, then

W(ALL0, (lo]),0) = |o'] - W™ (A, 0, (")), 0) :
e if |0'| =|o|, then

W(ALL0, (lo]),0) = W™ (A, (1), (Jo] = 1),0)

> |0’ - W' (2,0, (|0"]), 0) 5

e if 0'| =|o| — 1, then

W(AL0, (lo]),0) = W™ (A4, (1), (Jo] = 1),0)

> WA (2), (Jo] = 2),0) 2 |0’ - W™(A2,0,(|0']), 0) -

12



Thus, in all the three cases,
WAL 0, (o), 0) > |o'] - W™(A2,0, (o)), 0) . (7)

This proves the inequality W(Xy,Dy) > W(3y, Ds).  Since, in addition,
W (Xs, Ds) = 1 whenever A, does not have interior integer point, we obtain posi-
tivity of the invariants W (3, D).

If the number of interior integer points of Ay is greater than the number of interior
integer points of Ay, then |¢’'| > 2, and inequality (7) implies that W (X, Dy) >
W(Xs, Ds). O

Corollary 6 The first siz terms of the sequence W (P dP') are as follows:
W(P?, P') = W(P? 2P") = 1, W(P?, 3P') = 8, W (P? 4P') = 240 ,

W (P?, 5P') = 18264, W (IP?, 6P') = 2845440 . m

4 Invariance of tropical Welschinger numbers

4.1 Moduli spaces of parameterized marked tropical curves

Let A, o, 3, g, and r be as in 3.1. A parameterized marked tropical curve (', w, h, P)
of degree A®P is a parameterized plane tropical curve (I',w,h) of degree A%P
equipped with a sequence P of r distinct points in I' such that

o P = P’ U P! starts with a sequence P’ of some univalent vertices of I' and
terminates with a sequence P* whose points are not univalent vertices of T,

e the number of points in P’ is equal to ||a/||,

e the weight of the ends of I' merging to the points
PkEPb, ZO&j<l€§ZO&j,
J<i J<i
is2i—1,i>1,
e those points of P* that coincide with vertices of I can be pushed inside the
adjacent edges in order to transform P to a set P such that the components of
'\ P have no loops and each of them contains at most one univalent vertex (in

particular, the components of I'\ P have no loops and each of them contains
at most one univalent vertex).

We sometimes call such a sequence P a configuration. The elements of P are called
marked points.
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Lemma 7 Let (I',w, h, P) be a parameterized marked tropical curve such that no
point of P coincides with a non-univalent vertex of I'. Then, any connected compo-
nent of I \ P contains ezactly one univalent vertex.

Proof. Identifying all the points of ¥V C I, we obtain a graph whose first Betti
number is equal to r — ||a||. The complement of P* in this graph is a tree, and the
statement follows. a

Two parameterized marked tropical curves (I, w, h, P) and (I, w', '/, P') of the
same degree A®? are called isomorphic if there is a homeomorphism ¢ : I' — I
such that p(P) = P', and w(E) = w'(¢(FE)) for any E € T''. Two parameterized
marked tropical curves (I',w, h, P) and (I, w', h/, P') of the same degree A®? have
the same combinatorial type, if there is a homeomorphism ¢ : I' — I" such that

e for any V € T'Y and any edge E adjacent to V, the vectors u(V,E) and
u(e(V),o(E)) coincide, where u(V, E) (respectively, u(o(V), o(F))) is the
primitive integer vector starting at h(V') (respectively, h'(p(V))) and directed
along h(E) (respectively, h'(¢(E))),

e w(E)=uw'(p(F)) for any F € T'!,

e if a point P; € P belongs to an edge E (respectively, coincides with a vertex V)
of T, then the point P! belongs to the edge ¢(FE) (respectively, coincides with
the vertex p(V)).

Let Aaap4 be the set of all the combinatorial types of parameterized marked
tropical curves (I',w, h, P) of degree A% such that b,(I') < g and P* contains at
least g — b1(I") points coinciding with vertices of I. For any A € Aa o g, denote by
MA o,8,g the set of the isomorphism classes of parameterized marked tropical curves
of combinatorial type A. One can encode the elements (I', w, h, P) of M/\A,a,g,g by

(i) the lengths of images under h of all the edges £ € T'\T'L |

)

(i) the position of h(V) € R? for some vertex V € T'9,

(iii) the coordinates of the points of h(P”) on L_,, and

(iv) the distances of the points of h(P*) to the images under h of certain chosen
vertices of the edges of T’ which contain the points of P*.

These parameters are called graphic coordinates. The graphic coordinates described
in the item (iv) are called marked. For a given A, graphic coordinates are subject
to finitely many linear equalities and inequalities and identify M Bag with the
relative interior of a convex polyhedron in an affine space. We call M} , 5, the
moduli space of parameterized marked tropical curves of combinatorial type A.

A combinatorial type X € AAagg is a degeneration of X € A o p,4 if graphlc
coordinates on MAaﬁg and MAaﬁg can be chosen in such a way that ./\/lAaﬁg
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becomes the intersection of M)AM 5, With some coordinate hyperplanes in the follow-
ing sense: the non-zero coordinates of any point of this intersection are the chosen
graphic coordinates of the corresponding point of M) g

For each combinatorial type A € Aa o5, choose graphic coordinates on M) b

Denote by P> the corresponding polyhedron and by P?* its relative interior. If X
is a degeneration of A\, then for any choice of graphic coordinates on M’\A,m 5,4 there
exists a unique choice of graphic coordinates on MX,Q, 5,4 Such that M’XM 5,4 becomes
the intersection of M} ,, 5, with some coordinate hyperplanes. Denote by fy » the
affine map identifying this intersection with P

Proposition 8 For any combinatorial type X\ € Aaapy and any face F of the
polyhedron P>, there exists a degeneration N € Apap,g such that f)\, (PY) =

Proof. Pick a parameterized marked tropical curve (I', w, h, P) of combinatorial
type A. The map h induces a metric on I', and thus, an affine structure on it.
Any point in /\/lga,@g has a representative (I',w, h, P) such that h is affine-linear
on any segment that contains no marked point and no vertex of I'. Let p € F' be
the limit of a sequence of points in P*. The sequence of corresponding maps h
converges to a map I' — R2 which is a composition of a quotient map ¢ from I' to a
certain graph I and an embedding A’ : T — R2. The sequence of configurations p
converges to a configuration P of points of I'. Descending w and P to I, one obtains
a parameterized marked tropical curve (I, wot ™", b/, 1 (P)) together with graphical
coordinates identifying it with p. The combinatorial type of (I, w o ¢~ h',(P))
is a degeneration of \. O

For any A € A(A, a,3,g), denote by Q* the projection of P* on the coordinate
subspace spanned by the non-marked graphical coordinate axes.

Lemma 9 (see [7], Proposition 2.23) For any A € A(A, «, 3, g), the dimension of
Q* is at most r. Moreover, Q* is of dimension v if and only if the curves in X are
simply parameterized. O

If (I',w, h, P) is a simply parameterized marked tropical curve of degree A%’
such that no point in P* is a vertex of I', then the combinatorial type of (T, w, h, P)
is called o-generic.

Consider the disjoint union [, P, where ) runs over all the o-generic combina-
torial types in Ap gy Let Maq,y be the quotient space of [, P* defined by the
gluing maps f;,’l)q o fy., for all the triples (A1, A9, \') of combinatorial types such
that A\; and Ay are o-generic, and )\ is a degeneration of A\; and A\y. We identify the
sets M/\A,a,g,g with P* and consider them as subspaces in Ma  5.4-

In the case a = (0), the moduli space Ma o, coincides with a moduli space
introduced by Gathmann and Markwig [2] (in [2] this space is denoted by M, a,
where A = A8,
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4.2 Collar

For a combinatorial type A € Aa op,4 of parameterized marked tropical curves
(T, w, h, P) denote by A the combinatorial type of parameterized marked tropical
curves (T, w, h, P) of degree A©2+8 such that the configuration P is obtained from
P by pushing the points of P inside the adjacent edges of I'. If ) is o-generic, so
is \, and vice versa.

Denote by Ma 4., the union U)\GAA’Qyﬁ’g M/\A,(o),ﬁ,g C Ma (0),38,¢- Define a map

I : Ma)sy — Maags, associating to (I,w,h, P) € Ma ), the element
(T, w, h, P) in Ma 43,4 such that the configuration P is obtained from P by moving
each of the first ||| points of P (all these points belong to left ends of T') to the
closest univalent vertex of I'.

Consider the spaces
QA a, 8,9) = (L)l x (R2) =1l (L_ )l (f@?)r—lla\\ - (@2)7“7

the map pr : (R2)" — (L_x)lll x (R2)7=llell replacing the first ||or|| abscissaes by
—o00, and the evaluation map

eV Mpaapy — (L_oo)l® s (Rl ev(T, w, h, P) = h(P) .

Lemma 10 For any A € Aa o4 the restriction of 11 to PN MA apg is an affine
surjective map to f/\, and its fibers are relative interiors of convexr polyhedra of

: : - . =X A
dimension ||a||. Furthermore, the restrictions of the evaluation maps to P~ and P
are affine, and ev o Il = pr o ev.

Proof. The restriction of II to P* is an affine map to P*. Furthermore, II is
continuous (cf. proof of Proposition 8). Repeating the construction of A out of \ one
can show that the restriction of II to P* is surjective onto P*, and each of its fibers
is the product of ||«|| open rays. The last statement of the lemma is straightforward.
(Il

4.3 Zero and one

Lemma 11 For any combinatorial type X € Ap a4, the dimension of M}, 5., is
at most 2r —||al| (recall that r = |0A| —|o|+ |||+ |8 +9—1), and dim M} , 5, =
2r — ||a| if and only if X is o-generic.

Proof. The statement immediately follows from Lemma 9. O

Lemma 12 For any o-generic combinatorial type X,

(i) the evaluation map ev restricts to a bijection between M)A@ﬁ’g and the interior
of a full dimensional convex polyhedron in (L_u )l x (R?)r=llell,
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(ii) any two parameterized marked tropical curves of combinatorial type A have the
same Welschinger multiplicity.

Proof. Pick a o-generic combinatorial type A € Aa o,5,4. Due to Lemma 10, the
restriction ev? of ev to 73“’\ is affine. Furthermore, according to [2], Proposition 4.2,
(cf. [7]) the restriction ev? of ev to 73’\ is injective. The equality evoll = proev (see
Lemma 10) and the injectivity of ev* imply the injectivity of ev?, since if a point
in ev(P?) has two distinct inverse images (I'1, wy, hy, Py) and (I'y, wo, he, Py) under
ev o II, then modifying h; and hy (alternatively moving some points of P; and Ps)
one gets two distinct points in P* with the same image under ev.

The second statement of the lemma immediately follows from the definition of
the Welschinger multiplicity. O

The Welschinger multiplicity of the parameterized marked tropical curves of o-
generic combinatorial type A is denoted by W (\).

Our goal is to study the complement in (L_.)/l*l x (R?)"=llell of the union
Uy ev(MQR o 5,), Where A runs over all the combinatorial types in Aaqp, such
that the codimension of ev(M} ,4,) in (L_o)lell x (R2)r=llell is at least 2. A
combinatorial type A\ € Aaqp,4 is called injective codimension 1 if M} , 5. is of
codimension 1 in Ma a4, and the restriction of ev to M} , 5 is injective. The
set of combinatorial types A € Aa 3,4 such that the codimension of ev(M3 , 5,) in
(L_oo)llll x (R?)m=llll is at most 1 consists of

e all o-generic combinatorial types in Aa 45,4 (see Lemmas 11 and 12) and

e all the injective codimension 1 combinatorial types in Aa o3,

Lemma 13 Let A € Ap o, be injective codimension 1. Then, X is injective codi-
mension 1. Furthermore, any element in Mg@,ﬁ’g 15 represented by a parameterized
marked tropical curve (I',w, h, P) such that b1(T") = g and

(i) either I' is trivalent, and exactly one point of P* is a vertex of T,

(ii) or one of the vertices of ' is four-valent, the other non-univalent vertices of I
are trivalent, and the points of P* are not vertices of T,

(15i) or T has two four-valent vertices joined by two edges FEy and Es, the other
non-univalent vertices of ' are trivalent, and the points of P* are not vertices
of I'.

Proof. Since all the fibers of IT have the same dimension (see Lemma 10), the
codimension of M} , 5, C Ma s, is equal to 1. The fibers of pr have the same
dimension as the fibers of II. Hence, due to ev o II = pr o ev, the injectivity of
the restriction of ev to M2, 4, implies the injectivity of the restriction of ev to

./\/li@, 54~ The second statement of the lemma follows now from [2], Proposition 3.9
and Remark 3.6. a
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4.4 First bifurcation

Let A € Aa a4 be an injective codimension 1 combinatorial type, and (I', w, h, P)
a parameterized marked tropical curve of combinatorial type A. Assume that I is
trivalent, and exactly one point of P* is a vertex of I'. Denote this vertex by V.
The last property in the definition of parameterized marked tropical curves implies
that exactly two edges adjacent to V' are allowed in the following sense: pushing
the point which coincides with V' to any of these edges creates neither a loop in
T\ P nor a component of I'\ P with more than one univalent vertex. Denote the two
resulting o-generic combinatorial types by A, and A\_. The combinatorial type A is
a degeneration of A\, and A_, and no other o-generic combinatorial type has A as
degeneration.

Lemma 14 Let A\, A\, and A_ be as above. Then, ev(./\/l’\i’aﬂ,g) and ev(/\/lea,ﬂ7g)
are on opposite sides of eV(/\/l’\A,aﬂ,g).

Proof. According to Lemma 13, the combinatorial type \ is injective codi-
mension 1. As is shown in [2], case (c) in the proof of Theorem 4.8, the im-

ages eV(MA wp.a) and eV(MA agd) Of MY 0. and MY .5, Under the evaluation

map are on opposite sides of ev(M3 , 3 4). Thus, the statement of the lemma follows
from the relation ev o II = pr o ev and the fact that pr is affine. O

Lemma 15 Let A\, A, and A_ be as above. Then, the Welschinger multiplicities
W(Ay) and W(A_) are equal. O

4.5 Third bifurcation

Let A € Aa a4 be an injective codimension 1 combinatorial type, and (I', w, h, P)
a parameterized marked tropical curve of combinatorial type A. Assume that I'
has two four-valent vertices V' and V' joined by two edges F; and E,, the other
non-univalent vertices of I' are trivalent, and the points of P* are not vertices of
I'. A o-generic combinatorial type Xis a perturbation of A if \is represented by a
parameterized marked tropical curve (F w, h, P) such that the graph [ is obtained
from I' replacing each four-valent vertex by two trivalent ones connected by an edge
(denote these edges by Ey and Ey-, respectively), and there exists a continuous map
QY [ —T satisfying the following properties:

e the image of any vertex of T under @ is a vertex of I,

e if Fis an edge of [ different from Ey and Fy and a vertex W is adjacent to F,
then the image ¢(FE) is an edge of I, the vectors u(W, E) and u(o(W), p(E))
coincide,

e o(Ey)=V and p(Ey)=V',
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(b)

Figure 2: Third bifurcation

e if E is an edge of I' different from Ey and Ey., then w(E) = w(p(E)),

e o(P)=P.

Lemma 16 Let A € Apqp,4 be as above. Then, there are exactly two o-generic
combinatorial types which admit \ as a degeneration. These combinatorial types A
and \_ are perturbations of \. The perturbations A\, and \_ are not equivalent in the
following sense: there is no homeomorphism of their underlying graphs f+ and T'_
which respect the maps ¢ and p_ (fragments of the graphs f+ and T'_ are shown
in Figure 2(a)). Moreover, eV(MZfaﬁ’g) and ev(/\/l’\A”aﬂ,g) are on opposite sides of

(MA a3, g)

Proof. According to Lemma 13, the combinatorial type \ is injective codimen-
sion 1. As is shown in [2], case (d) in the proof of Theorem 4.8, there are exactly two
o-generic combinatorial types A; and A_ which admit X as a degeneration. The un-
derlying graphs of parameterized marked tropical curves representing A, and A_ are
obtained from I" replacmg each four-valent vertex by two trivalent ones as shown on
Figure 2(a), and ev(M}" w.5.0) and ev(/\/lA «.3.4) are on opposite sides of ev(MA b))
Thus, the statements of the lemma follow from the relation ev o1 = proev and the
fact that pr is affine. O

Lemma 17 Let A\, Ay, and A_ be as in Lemma 16. Then, W (A\;) = W(A_).

Proof Consider parameterized marked tropical curves (f+,ﬁ+,71+,13+) and

(T, w_, h_, P ) of combinatorial types Ay and A_. The dual subdivisions of plane
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tropical curves T and T_ defined by (f+,ﬁ+,%+,13+) and (f_,@_,%_,ﬁ_) differ
by the fragments shown in Figure 2(b).

The lattice lengths |BF;| and |FyD| are equal to w(FE;), and the lattice lengths
|F1D| and |BF;| are equal to w(E,). If at least one of the lattice lengths
|AB|,|BC|,|CD|,|DA|,|BF,| = |F;D|,|F1D| = |BF;|, is even, then W(T,) =
W(T-) = 0. Assume that all these lengths are odd. Then |F}F;| is even, and
therefore |AFy| = |AFy| mod 2 and |FiC| = |F>2C| mod 2. If at least one of the
lattice lengths |AFy| and |F1C| is even, then W(Ty) = W(T-) = 0. If |AF|
and |F1C| are odd, then the total number s, of interior integer points in the
triangles ABF,, AFiD, BCF;, FiCD has the same parity as the number s_
of interior integer points in the triangles ABFy, AF>,D, BCF,, F»CD. Hence,
W(T,) = (=1)s+— W(T-) = W(T-). O

4.6 Second bifurcation
4.6.1 Preliminaries

Let A € Aaapg be an injective codimension 1 combinatorial type, and let
(T',w, h, P) be a parameterized marked tropical curve of combinatorial type . As-
sume that one of the vertices of I' is four-valent (denote this vertex by V'), the other
non-univalent vertices of I are trivalent, and the points of P* are not vertices of T'.
Denote by Ei, Fs, F3, and E4 the edges of I' which are adjacent to V', and denote by
Ly, Ly, L, and Ly the lines containing h(FE1), h(Ey), h(E3), and h(E}), respectively.

A o-generic combinatorial type Py is a perturbation of \ if \is represented by a
parameterized marked tropical curve (I, w, h, P) such that the graph I' is obtained
from I' replacing the vertex V' by two trivalent ones connected by an edge (denote
this edge by Ey), and there exists a continuous map ¢ : I' — I satisfying the
following properties:

e the image of any vertex of I under @ is a vertex of T,

e if £ is an edge of [ different from Eyv and a vertex W is adjacent to E,
then the image ¢(F) is an edge of I', and the vector u(W, E) coincides with

u(e(W), o(E)),
i SO(EV) - Vv
e if £ is an edge of T different from Ey, then @(E) = w(p(E)),

e o(P)=P.
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4.6.2 Non-degenerate case

Lemma 18 Let A € Ap o4 be as in 4.6.1. Assume that the lines Ly, Lo, L3, and
Ly are pairwise distinct. Then, there are exactly three o-generic combinatorial types
which admit X as a degeneration. These combinatorial types Ay, Ay, and A_ are
perturbations of A and have the following properties:

e among the edges o' (E1), o5 (Es), 3 ' (Es), and P Y(E,), there are two edges,
03 (E;) and ¢ (E;), such that the images under Iy of their interiors have a
common point,

e the edges o' (E;) and 7' (E;) has a common vertez,

e the edges =" (E;) and ¢='(E;) do not have a common vertex.

Fragments of the graphs fx, f+, and T_ are shown in Figure 3(a). The pertur-
bations A«, Ay, and A_ are not equivalent in the same sense as in Lemma 16.
Furthermore, ev(./\/l)xaﬁyg) and ev(/\/l)gaﬁ’g) are on the same side of ev(MAR , 5,);

and ev(MR , 5,) s on the opposite side.

Proof. The same arguments as in the proofs of Lemmas 14 and 16 allow one to
deduce all the statements of the lemma from [2], case (a) in the proof of Theorem 4.8.
To complete the proof of the last statement, consider the dual subdivisions of the
tropical curves defined by (Fx,wx, hy, Py ), (F+, Wy, h+, P+) and (F w_,h_ P_ )
(see Figure 3(b)), and notice that

Area(BCF) - Area(CDF') + Area(ABD) - Area(BCD)
= Area(ABC) - Area(ACD). (8)

Lemma 19 Let the combinatorial types N\, Ax, Ay, and A_ be as in Lemma 18.
Then, W(Ax) + W (Ay) = W(AD).

Proof.  Consider parameterized marked tropical curves (fx,ﬁx,ﬁx,ﬁx),
(F+,w+,h+,P+) and (I'_, W_,h_,P_ ) of combinatorial types Ay, Ay, and A_.
The dual subdivisions of plane tropical curves Ty, T4, and T defined by
Ty, Wy, by, Py), Ty, @y, by, Py), and (I'_,@_, h_, P_) differ by fragments shown
in Figure 3(b). Denote by W, W, and W_ the (multiplicative) contribu-
tions of these fragments to W (T ), W(Ty), and W(T_). We have to check that
W, + W, =W_.

If either at least one of the lengths |AB|,|BC|,|CD|,|AD| is even, or all the
lengths |AC|,|BD|,|FC| are even, then W, = W, = W_ = 0. So, assume that
|AB|,|BC|,|CD|,|AD| are odd, and |AC|,|BD|,|FC| are not all even. Then, (8)
implies that two of the lengths |AC|, |BD|, |F'C| are odd and the third one is even.
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(b)

Figure 3: Non-degenerate second bifurcation

Denote by N, (respectively, N;, N_) the total number of integer points lying in
the interior of the triangles BC'F and C'DF (respectively, ABD and BCD, ABC
and ACD), and denote by N (respectively, N’) the number of integer points lying
in the interior of the quadrilateral ABC D (respectively, the triangle ABD). Then,
N, =N—|BD|+1,N. =N —|AC|+1, and Ny = N — 2N’ — |BD| + 1 — |BF| —
|FD| —|CF|+2.

If |AC| is even, while |BD| and |FC| are odd, then W, = (—=1)< W, = (=1)¥+,
and W_ = 0. Furthermore, in this case, Ny = N mod 2 and Ny, = N +1 mod 2,
which yields W, + W, =0=W_.

If |BD| is even, while |AC| and |FC| are odd, then W, = (—1)"<, W, = 0, and
W_ = (=1)"-. Furthermore, in this case, N = N mod 2 and Ny = N mod 2,
which yields W, + W, = (-1)V =W_.

If |[FC| is even, while |AC| and |BD| are odd, then W, =0, W, = (—1)"+, and
W_ = (=1)N-. Furthermore, in this case, Ny = N mod 2 and N_ = N mod 2,
which yields W, + W, = (-1)¥N =W_. O

4.6.3 Degenerate case

Lemma 20 Let A € Ap o4 be as in 4.6.1. Assume that some of the four lines Ly,
Lo, L3, and Ly coincide. Then, there are exactly two o-generic combinatorial types
which admit A as a degeneration. These combinatorial types Ay and A are pertur-
bations of A. Fragments of the graphs F+ and T_ and their mmages under h+ and h_
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are shown in Figure 4(a,b,c) (in the cases (a), (b), and (c), the polygon correspond-
ing to 'V in the subdivision dual to the plane tropical curve defined by (I',w,h) is
a triangle, trapeze, and parallelogram, respectively). The perturbations X\, and \_
are not equivalent in the same sense as in Lemma 16. Furthermore, ev(./\/lZfaﬁ’g)

and eV(MZ‘aﬁg) are on the opposite sides of ev(MQ ,5.,)-

Proof. Let (I',w, h, P) be a parameterized marked tropical curve of combina-
torial type A. According to Lemma 7 any connected component of '\ P contains
exactly one univalent vertex. Assume that the edges F4, F,, E3, and E,; are num-
bered in such a way that the simple path  in I\ P connecting V with a univalent
vertex contains the edge F.

Consider a parameterized marked tropical curve (I, wo, ho, P,), where T, is ob-
tained from I' by removing the vertex V', the map h, is obtained by a modification
of h on the edges adjacent to V' in such a way that directions of the images of
these edges do not change, w, is inherited from I'; all the points of P, but one are
inherited from I', and the additional point P,qq of P, belongs to E,. The combi-
natorial type of (I's, wo, ho, P,) is o-generic. Denote this combinatorial type by Ao.
Put p = ho(Po\{Paaa}) and pagqa = ho(Paqa). According to Lemma 12, any two-
parameter small perturbation (p(t), paaa(7)) of (P(0), paaa(0)) = (P, Paaa) lifts to a
unique continuous family F&™ = (I't7, wh™, ht™, PY7) in the moduli space of param-
eterized marked tropical curves of combinatorial type A,. For any fixed ¢, the one
parameter family F" has the following property: all the edges of hl (T'%') that are
not contained in 7% preserve their supporting lines.

Among the lines Ly, Lo, and L3 choose a line L; such that the two other lines
are distinct, and L; either coincides with one of these two lines or coincides with
L4. Change, if necessary, the numbering of lines Lq, Lo, and L3 in order to have
i = 3 and the lines Ly and L3 non coinciding. The position of the lines L, L5,
and L™ does not depend on 7, and if p(t) & ev(M*A, a,3,9)), then these lines
do not have a common point. Thus, if the perturbation (p(t), paaa(7)) is linear,
p(t) & ev(M* A, , 3, g)) for t # 0, and paaq(7) & Ly for 7 # 0, then Ly transports
with a non-zero velocity vector relative to Lv™ U L5™, while L;™ (which depends only
on 7) performs another, independent, parallel transport movement with a non-zero
velocity vector relative to L7 U L7,

For a certain sign of ¢ (assume that this sign is —) and sufficiently small absolute
value of ¢, the ray starting at the point L™ N Ly™ and going in the direction deter-
mined by the balancing condition intersects the ray of F*7 = (T'%", wt™, ht™, PL7)
supported by Li’T. Selecting 7 = 7(¢) in such a way that LZ’T goes through the
above intersection point, gives rise to a tropical curve whose combinatorial type is
a perturbation of A.

If L3 does not coincide with L;, then for positive and sufficiently small values
of t, the ray starting at the point L™ N Lg’T and going in the direction determined
by the balancing condition intersects the ray of F*" = (I't™ wb™ ht7 P:") sup-
ported by LE’T, and a construction as above gives rise to a a tropical curve whose
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combinatorial type is a perturbation of A. If L3 coincides with L;, then for posi-
tive and sufficiently small values of ¢, the ray starting at the point L} N L5™ and
going in the direction determined by the balancing condition intersects the ray of
Fb7 = (57, wb™, ht™, PYT) supported by L4, and again a construction as above
gives rise to a a tropical curve whose combmatorial type is a perturbation of A.

Since some of the lines Ly, Ly, L3, and L, coincide, there are at most two com-
binatorial types that can be perturbations of A\. On the other hand, we constructed
two distinct perturbations of A (denote the first one by A_ and the second one
by A;). Moreover, the images ev(./\/lif’a’@g) and eV(MZ_@ﬁ’g) are on the opposite
sides of ev(MQ 4 54)- O

Lemma 21 Let A\, Ay, and A_ be as in Lemma 20. Then, W(A;) =W (A_).

Proof Consider parameterized marked tropical curves (IN”JF,{DJF,EJF,INDJF) and
( _,w_, h_, P ) of combinatorial types Ay and A_. The dual subdivisions of plane
tropical curves T, and T_ defined by (I'y, @y, hy, P.) and T_,a-_, h_, P_) differ
by fragments shown in Figure 4(d), 4(e), or 4(f). These fragments correspond to two
splittings of the polygon dual to h(V'), and their (multiplicative) contributions W
and W_ to W(Ty) and W (T_), respectively, are equal in each of the cases 4(d,e,f).
Indeed, W, and W_ both vanish if

e in the case 4(d), at least one of the lengths |AB|,|AC|,|BD,| =
|C'Dy|,|CD;| = |BDs| in Figure 4(d) is even,

e in the cases 4(e,f), at least one of the lengths |AB|, |BC|, |CD|,|AD] is even.

If the aforementioned lengths are odd then, in the case 4(d) one has |[AD;| = |AD|
mod 2, and in the cases 4(e,f), one has |AC| = |BD| mod 2. This yields W, = W_.
O

4.7 'Tropically generic configurations

A configuration p € Q(A,«,f3,9) is called (A, a,p,g)-generic (resp., almost
(A, a, 3, g)-generic) if the inverse image (ev)™'(p) of p under the evaluation map
ev: Maagy — QA a, 3, g) consists of parameterized marked tropical curves of
o-generic (resp., of o-generic or injective codimension 1) combinatorial types.

We say that a parameterized plane tropical curve (I',w,h) of degree A%’ and
genus g matches a configuration p = p’ U p* € Q(A,«,f,9) if p C (), and
any point p, € p’ is contained in the image of a left end of weight 2i, — 1, where
the positive integer i) is determined by the inequalities » i<, 0 < k< Z
A (A, a, B3, g)-generic configuration p = p” U p* € Q(A, a, 3, g) is called tropzcally
generic if any parameterized plane tropical curve matching p and having the degree
A*P and the genus ¢ defines a plane tropical curve T which satisfies the following
properties: T is nodal, and no point in p* coincides with a vertex of T

J<2k
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Lemma 22 The complement in Q(A, a, 5, g) of the subset formed by the tropically
generic configurations is a finite closed polyhedral complex of positive codimension.

Proof. The subset formed by the non-tropically generic configurations in
Q(A,«, 5, 9) is a projection of UAeAA,a,g,gB/\> where B* C P* is described by a
disjunction of a finite collection of systems of linear equations and linear inequali-
ties in graphic coordinates. Since the set Aa o g4 is finite, it remains to prove that
the tropically generic configurations form an open dense subset in Q(A, «, 3, g).

As it immediately follows from Lemma 11 (and finiteness of Aaapg4), the
(A, «a, 3, g)-generic configurations form an open dense subset in Q(A, a, 3,¢g). De-
note by O the set of the (A, a, 3, g)-generic configurations p € Q(A, «, 3, g) such
that any parameterized plane tropical curve which matches p and has the degree
A%# and the genus g is simply parameterized. Since for any parameterized plane
tropical curve one can always choose a configuration P C I' of marked points to
obtain a parameterized marked tropical curve (I', w, h, P), Lemma 9 implies that O
is an open dense subset in Q(A, «, 3, g).

Denote by C; the set of the configurations p = p’ U pf € O admitting a simply
parameterized plane tropical curve (I',w, h) which matches p, has the degree A%’
and the genus g, and satisfies the following property: the plane tropical curve defined
by (I',w, h) has a vertex at one of the points of p?. Clearly, C| is a closed nowhere
dense subset of O.

Denote by C5 the set of the configurations p € O admitting a simply param-
eterized plane tropical curve (I',w, h) which matches p, has the degree A*? and
the genus g, and satisfies the following property: the plane tropical curve defined
by (I',w, h) is not nodal. For a combinatorial type A € A(A, «, 3, ¢g) of simply pa-
rameterized marked tropical curves, consider the image in Q* of the points of P
corresponding to parameterized marked tropical curves defining non-nodal plane
tropical curves. This image is a closed nowhere dense subset of Q* as can be shown
using the same arguments as in the proof of [7], Proposition 2.23. Hence, C5 is a
closed nowhere dense subset of O. Thus, the tropically generic configurations form
an open dense subset in Q(A «, 3, 9). O

Lemma 23 Let p € Q(A,«, 3,9) be a tropically generic configuration. Then, any
curve in T™(A, a, 8,9, p) can be parameterized by an element of the inverse image
(ev)~X(p) of p under the evaluation map Ma apy — QUA, o, S, 9g).

Proof. Pick an element T in 7" (A, «, 3, g, p), and consider a simple parameter-
ization (I',w, h) of T. The configuration p lifts to a configuration P C I'. Assume
that T'\ P has a component containing either a loop, or two univalent vertices. Then,
there exists a one-dimensional family of simply parameterized plane tropical curves
(T', w, hy) such that hy(P) = p for any ¢, and the coordinates of the images of ver-
tices of I depend linearly on ¢t. Hence, this family degenerates either to a situation
of collision of two vertices of I', or to a situation of collision of a point in P and a
vertex of I'. The both cases contradict the fact that p is tropically generic. O
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Lemma 24 For any tropically generic configuration p € Q(A, o, 3,9), the set
T (A, «, (3, 9,p) is finite.

Proof. The lemma follows from Lemma 12, Lemma 23, and finiteness of the set
AA,a,ﬁ7g' o

4.8 Multi-tropically generic configurations

Let S, be the set of the 4-tuples (A, au, Oy, gx) formed by a left-nondegenerate
convex lattice polygon A,, elements «, and 3, in C such that || + 3| = |o.| (where
o, is the intersection of A, with its left vertical supporting line), and an integer g.
Define an addition operation in S, in the same way as in S (see Section 3.3).

A partition | i, p® of p € Q(A, o, 3, 9) is called compatible with a splitting

¢
Z (AD W) g0 gl
7=1

in S, if pU) € QAY al) 30 ¢} for any j = 1, ..., £. A configuration p €
Q(A, o, 3, g) is called multz tropically generic if for any splitting

14

(A 0,,9) = Y _(AY,al?, 5, g0

J=1

in 8, and any partition p = |_|§:l pY) compatible with this splitting the following
holds:

e cach configuration p¥) is tropically generic,

e any sum Z§:1 TU is a nodal plane tropical curve whenever TU) is a
plane tropical curve defined by a parameterized tropical curve which be-
longs to the inverse image (ev)_ (pY) of pY¥) under the evaluation map

ev : MaG) a0 g0 g0 — QUAY, ), 30) gl0)),

Lemma 25 The complement in Q(A,«, 3,g) of the subset formed by the multi-
tropically generic configurations is a finite closed polyhedral complex of positive codi-
mension.

Proof. Consider the subset U C Q(A, a, 4, g) formed by the configurations p
such that, for any splitting (A, «, 5,9) = Z] (AW ) 30 ¢@) in S, and any
partition p = |_| i1 pV) compatlble w1th the given splitting, all the configurations
pD, ..., p are tropically generic. Lemma 22 implies that U is an open dense subset
of Q(A, a, 3, g). Now the statement of the lemma follows from the fact that the sum
of several nodal plane tropical curves can be always made nodal by arbitrarily small
parallel shifts of summands. O
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Lemma 26 For any multi-tropically generic configuration p € Q(A, «, 3, g), the set
T(A7a7/87g7p> ZsﬁnZte'

Proof. The statement is an immediate consequence of Lemma 24. O

Lemma 27 Letp € Q(A, «, 3,9) be a multi-tropically generic configuration. Then,
¢
WA, e,8,9,p) =) [[W™@AY,a, 59, g0 p)) (9)
j=1
where the sum is taken over all wunordered splittings (A, «a,B,9) =
Zﬁzl(A(j), ald) B gy in S, and all compatible partitions of p.

Proof. Straightforward. g

4.9 Proof of Theorem 1

Notice that it is enough to establish the invariance of the numbers W™ (A, «, 3, g),
since the invariance of W (A, «, 3, g) will then follow from (9).

Pick two tropically generic configurations p and g in (L_.)!*ll x (R?)"=llell " and
connect them by a path & C (L_u)lell x (R?)7 =M1l such that

e ¢ consists of (A, «q,[3,g)-generic configurations and finitely many almost
(A, «a, 3, g)-generic configurations,

e for any almost (A, «, 3, g)-generic configuration z € ¢ and any injective codi-
mension 1 combinatorial type of parameterized marked tropical curves in
(ev)™'(2) C Maa,p,4, the path & intersects ev(M3 , 3,) transversally.

According to Lemmas 15, 17, 19, and 21, the value of >, . -1,y W(A) is the same

for all (A, «, 3, g)-generic configurations z € £. In particular, W™ (A, a, 3,9, p) =
err(A7 a? /67.97 q)' D

5 Proof of the recursive formulas

5.1 Auxiliary lemmas

Lemma 28 (cf. [3], proof of Theorem 4.3). Let A, «, 3, and g be as in Theorem 3.
Fiz positive real numbers € and N, and consider a multi-tropically generic configu-
ration p = (p°, p*) € Q(A, a, 3, g) such that

e the second coordinates of all the points in p belong to the interval (—e,¢),
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o the first coordinate of one point in p* is smaller than —N, while the first
coordinates of all other points in p* belong to the interval (—e, ).

Then, for any tropical curve T € T(A,«,f3,g,p), the second coordinates of all
trivalent vertices of T belong to the interval (—e,€). Furthermore, if N is sufficiently
large with respect to e, there exist real numbers a and b satisfying the inequalities
—N < a < b < —e and satisfying the following condition: for any tropical curve
T € T(A a,83,9,p) the intersection of T with the rectangle {(z,y) € R?* : a <
r<band —e <y <ce} does not contain vertices of T and consists of horizontal
segments.

Proof. Consider a tropical curve T" € T (A, o, 3,9,p). Among the trivalent
vertices of T' choose a vertex v = (vy,v,) having the maximal second coordinate.
The curve T has an end starting at v and pointing upwards. This end is orthogonal
to one of the upper sides of A, and thus, is of weight 1 and of direction either
(0,1) or (1,1). Hence, T should have another edge which starts at v and does not
point downwards. Consider a simple parameterization (I',w, h) of the irreducible
subcurve T° of T such that v € T°, and denote by P the lifting of p to I". If vy > &,
the connected component of I \ P containing h~'(v) has at least two ends, and
thus, (I',w, h, P) is not a parameterized marked tropical curve. This contradicts
Lemma 23. In the same way one can show that the curve 7" does not have vertices
below the line y = —e. This proves the first statement of the lemma.

Denote by R the rectangle {(z,y) € R?: —N <2 < —cand —e <y < ¢}
Let T! be an irreducible subcurve of T such that the intersection of T with the
interior of R is non-empty, and let (I'',w', h') be a simple parameterization of 7.
As follows from Lemma 23 and the first statement of the current lemma, the image
under h of any path v C T'\ P does not intersect one of the two horizontal edges of R.
Thus, for any point (z1,y;) belonging to the interior of R and to a non-horizontal
edge of T, there exists a path v C T'\ P such that h(y) contains (z1,%;) and is
the graph of a strictly monotone function f defined either on the interval [—N, z],
or on the interval [z; — €]. Since there are only finitely many slopes that can be
realized by the edges of a tropical curve with Newton polygon A, the length of the
definition interval of f is bounded from above by a constant depending only on A.
This proves the second statement of the lemma. O

Lemma 29 Consider a non-degenerate lattice polygon 0 whose projection to the
horizontal coordinate azis coincides with the segment [0,1]. Put oy = § N {z = 0},
oy = 6 N{zx = 1}, and introduce the vectors u; = (—1,0), us = (1,0). Fiz a
point p € R? C R? and an ordered splitting |o1| = ni1 + ... + nim, (respectively,
loa] = na1+ ...+ nam, ) of |o1| (respectively, of |o2|) into positive integer summands.
Fiz also two non-increasing sequences of real numbers Y1 1, ..., Y1,m, and Yz 1, ..., Y2.ms-
(In the case |o;| = 0, the sequences n;y, ..., Nim, and Yi1, ..., Yim, are empty.) Then,
there exists a parameterized plane tropical curve (I',w,h) satisfying the following
conditions:
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Yoj h
Vi, «—
Yt Yoi = Yo
Figure 5: Curve (I',w, h) in Lemma 29
(1) T has genus zero and degree (nq Uy, .., Ny m,Ut, N21U2, .. , Nom,Us2, U, Us),

where uz and uy are primitive integer outward normal vectors of the two non-
vertical sides of 9,

(2) T has my ends Ey 1, ..., Eym, such that, for any k=1, ..., my, the end E
is of weight ny g, and h(Ey ) is a horizontal negatively directed ray which is
contained in the line y = yi ,

(3) T has mg ends Ey 1, ..., Eam, such that, for any k =1, ..., ma, the end Eqy,
is of weight nay, and h(Eyy) is a horizontal positively directed ray which is
contained in the line y = Yo,

(4) p € h(I).

Furthermore, if all the numbers y1 1, ..., Y1.m> Y2.1, ---, Ya.m, differ from the second co-
ordinate of p, then all parameterized plane tropical curves having the above properties
define the same plane tropical curve, and p belongs to the interior of a non-horizontal
edge of this curve.

Proof. Any plane tropical curve having a parameterization with the described
properties can be constructed in the following way. Take the union 3 of all the lines

Y="Y1-Y = Yim:Y = Y21,---,Y = Yam,, and consider a broken line £ such
that

e any vertex of £ belongs to 3,
e any edge of £ has a rational nonzero slope,

e the two unbounded edges of £ have directions determined by the vectors ug
and uy,
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e for any vertex v of £, the two primitive integer vectors e; and e, starting at v
and directed along the adjacent edges of £ satisfy the relation

where y = v, is the line containing v.

Make a horizontal shift of £ in order to obtain a broken line containing p, and
extend the result (in a unique possible way) to a plane tropical curve which admits
a parameterization satisfying the properties (1) - (3). This proves the existence.
The second statement of the lemma immediately follows from the construction. O

Consider the subset X C Q(A,«, 3, g) formed by the multi-tropically generic
configurations p = p” U p? satisfying the following property: for any point p € p?,
there exists a number M such that any configuration p € Q(A, «, 3, g) obtained
from p by a horizontal shift of p to a point whose first coordinate is smaller than M
and different from —oo is multi-tropically generic.

Lemma 30 The subset X is open dense in Q(A, «, 3,9).

Proof. Straightforward from Lemma 25. O

Lemma 31 Let A, 5, «, 3, and g be as in Theorem 3. Choose o, 3, and ¢’
satisfying the conditions (3), a configuration p = p’ Up* € X, and a point p € pF.
Then any subconfiguration q C p such that q € QI+ (A), o/, 3, ¢") and ¢* = p*\{p}
18 multi-tropically generic.

Proof. Consider a splitting (I5(A), o', 3,¢) = S (AD, a® g0 ¢O)in S,
and a partition | |I", ¢ of g compatible with this splitting. All the polygons A®),
..., AU are in Z (see Remark 1). For each i = 1, ..., m, pick a parameterized
plane tropical curve (', w®, h®) matching ¢ and having the degree (A®)«”-8
and the genus ¢@.

We say that a left end of '™ is marked if this end terminates at a marked univalent
vertex of T™. Among the non-marked left ends of [[/~, T'” choose ||3" — 3|| ends
whose weights fit the sequence ' — (3, and denote the chosen set by £. Consider a
polygon 0 such that

e the projection of § to the horizontal axis coincides with the segment [0, 1],

e the sides 0y = 6N {z =0} and 09 = d N {x = 1} satisty |oy]| = J(a) — J(&),
|oa| = J(8) = J(B),

e the two non-vertical sides of ¢ are respectively parallel to the sides of A that
are adjacent to o.
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The conditions (3) imply that J is nondegenerate. Put m; = |[|a — &/||, consider
a non-increasing sequence yi i, ..., Yi.m, of second coordinates of points in p° \
q’, and denote by ni1, ..., N1m, the weights prescribed to the points of P\ q
by the sequence «. Furthermore, put my = ||’ — 3|, consider a non-increasing
sequence ¥s 1, ..., Y2.m, Of second coordinates of the images of terminal univalent
vertices of left ends belonging to £, and denote by na1, ..., n2m, the weights of
the corresponding left ends. Take a parameterized plane tropical curve (I',w, h)
satisfying the conditions (1)-(4) of Lemma 29. Due to a possibility to make a
negative horizontal shift of p and simultaneously compose h with this shift (see the
definition of X’), we can assume that there exists a vertical line x = ¢ such that
the images of vertices of I' lie in the left half-plane delimited by this line, and the
images of non-univalent vertices of [, T’ @) lie in the right half-plane. In particular,
the line x = ¢ crosses the images of all left ends belonging to £ and the horizontal
positively directed images of ends of T'.

Cut along the preimages of z = ¢ the left ends belonging to £ and the ends of I’
whose images are horizontal and positively directed, and remove the trivial pieces
of the edges cut. The natural gluing of remaining pieces of I' and [[*, ' gives
rise to a collection of parameterized plane tropical curves (D0, @0 h@), j =1, ...,
¢, a splitting (A, a, 3,9) = Zﬁzl(ﬁ(j), a®, 3@ W) in 8, and a partition |_|§:1 pV
of p which satisfy the following properties:

e cach curve (T, ®W), @) matches the configuration p and has the degree
(AW)389 and the genus §@,

e the paNrtition |_~|§:11N9(j)
Z§:1(A(J)v a(J)7 5(1)7 5(]))‘

is compatible with the splitting (A, «,f(,9) =

Since the configuration p is multi-tropically generic, each configuration Y, Jj =
1, ..., £ is tropically generic. This implies, that for any j = 1, ..., £ the curve
(T@, @), b)) defines a nodal plane tropical curve 7@ such that no point in (p\)?

is a vertex of TW. Moreover, according to Lemma 23, the lift f’(j) of ﬁ(j) to '@

produces a parameterized marked tropical curve (TD, G0, ), 130)), and thus, the
sum TW + ..+ T® is a nodal plane tropical curve. Hence, the configuration q is

multi-tropically generic. O

5.2 Proof of Theorem 3

Choose positive real numbers € and N satisfying the inequality € < N, and consider
a configuration p = (p°,p*) € X C Q(A, a, 3, g) such that the second coordinates
of all the points in p belong to the interval (—e&, ¢), the first coordinate of one point
p € p* is smaller than —N, and the first coordinates of the other points in p* belong
to the interval (—e,¢). Assume that the numbers € and N are chosen in such a
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way that, for some numbers a and b satisfying the inequalities —N < a < b < —¢,
the intersection of any tropical curve in 7 (A, a,3,g,p) with the rectangle R? =
{(z,y) eR*: a <z <b and —e <y < e} consists of horizontal segments (the
existence of such € and N is guaranteed by Lemma 28). Consider a tropical curve
T eT(A, a,f3,g,p) without edges of even weight.

Suppose that p belongs to a g-end e of T'. Since the configuration p is multi-
tropically generic, Lemma 7 implies that the end e is not marked, i.e., terminates
at a point ¢ € L_. different from any point of p°. Consider the configuration
p=@.7D) € QA a+ 60,3 — 0 g), where k = w(e) is the weight of e, the
configuration ﬁb is obtained from p° by insertion of ¢ in the k-th group of points,
and p* = p \ {p}. Since p € X, the configuration p is multi-tropically generic.

Clearly, the curve T belongs to 7 (A, a+ 0y, 5 — 0k, g, p). On the other hand, we
can assume that N is chosen so that 7 (A, a + 0,8 — 0k, 9,0) C T(A, o, 3, 9,D).
Thus, the contribution to W (A, «, 3, g) of the curves T' € T (A, «, 3, g, p) such that p
belongs to a o-end of T' is equal to

k>1
Br>0

Suppose now that p does not belong to any o-end of T'. Since T' is nodal, it can
be represented in a unique way as a sum of its irreducible subcurves 71, ..., T®),
For any j = 1, ..., ¢, consider a simple parameterization (I'?) w") a0} of TU),
Pick a number ¢ such that @ < ¢ < b. For any curve (') w") h19)) consider the
lift YU c T'W) of the intersection points of T with the vertical segment z = ¢,
—¢ < y < e. Lemma 28 implies that no connected component of ') \ TU) has an
image intersecting the both halves R®N{z < ¢} and R®N{x > ¢} of R.. If TVU) #£ &,
then T(j ) cuts ') in two parts: the image of any connected component in the right
part F%) intersects B2 N {x > c}, and the image of any connected component of the

left part F(Lj) intersects R? N {r < c}. Any connected component F(Lj’y), v=1, ...,

¢;, gives rise to a parameterized plane tropical curve (F(ﬁj’y), w(ﬁj’y), h(ﬁj’y)), where the
weight function w(cj"/) is induced by w"), and hﬁ{’”) is given by a modification of AU
on the edges cut (without changing the directions of the images of these edges). The
image of %) under A9 is obtained from h@) (I'Y")) by the extension of the edges
cut by the segment x = ¢, —¢ <y < ¢ up to horizontal positively directed rays.

For any connected component I’ g’“ ), p=1, .., 0 of Ff(,é), denote by f%” ) the

graph obtained from Ff(,é’” ) by adding a vertex to each cut edge. The graph f%” )

gives rise to a parameterized plane tropical curve (f,(,%’“‘ ), wg”“‘ ), hg’” )), where again

the weight function w* is induced by w), the restriction of A%*) on T

by a modification of A%} on the edges cut (without changing the directions of the

is given

images of these edges), and the image under h%’“ ) of any added vertex belongs to
L_o. The image of 9" under h%" is obtained from h@)(I'%*)) by the extension
of the edges cut by the segment x = ¢, —e < y < € up to horizontal negatively
directed rays. Denote by T” the plane tropical curve defined by the collection of all
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parameterized plane tropical curves (f%’”) 7(%’“”), Ry ”)) j=1.. ., 6pu=1, .10
We say that T" is the derivation of T.

If YU is empty, then AW(I'W) C {x < ¢}, and we use the mnotation
(F(]’ ) ( = h(g’l)) for the parameterized plane tropical curve (') w®) h7)),

Since the half-plane z < ¢ contains only one point of pf, Lemma 23 implies that

e all the curves (I‘g’”),wg”’), hg’”)), j=1,.., 0 v=1,..., ¢, are of genus 0,
e among the curves (F(Ej’y) w(g”),h(g’y)), j=1 ..,4 v =1, ..., { there

exists a curve (I',w, h) such that I" has exactly one end whose image under h
points upwards (i.e., has the direction either (0,1) or (1,1)), and exactly one
end whose image points downwards (i.e., has the direction either (0, —1) or

(_17 _1))7
e the image under h of any left end of I' terminates at a point of p°,

e for any curve (I¥") w%") B9 different from (T, w, h) the i 1mage pI @G

is a horizontal stralght line; we call such curves (F(E ), w(g V), h(c ) horizontal.

In particular, the Newton polygon A’ of T" is the s -peeling I+ (A) of A. Denote
by o’ the vertical left-most side of A’.

Let (p')” C p” be the subconfiguration formed by the images of marked termi-
nal points of horizontal curves, and let o’ < « be the corresponding sequence in
C. Since T is nodal, the images of terminal points of left ends of graphs F%) are
disjoint from the images of terminal points of left ends of I'. Among the left ends
of graphs F%) con51der the edges whose images terminate at points different from
the points of p°, and denote by ' the sequence determined by the weights of the
edges considered. Since the image under h of any left end of I' terminates at a point
of p°, we have / > 3. Furthermore, Jo/ + J3 = |¢/|. Counting the edges cut
by the segment z = ¢, —e < y < &, we obtain that the genus ¢’ of 7" is equal to
g—||8'—B||+1. The curve T' belongs to T (A’, o/, 3, ¢',p'), where p’ = ((p')’, (p)*),
and (p’)? is obtained from p* by removing the point p, and all the edges of T” are of
odd weights.

Describe now the inverse procedure. Fix two elements o, 3’ € C such that o’ < a,
B>, and Jo' + JG = |o’|. Put ¢ = g — || — B|| + 1. Choose a subconfiguration
(p')’ C p° such that (p')’ corresponds to the sequence o (the number of such

subconfigurations (p')’ is <2,)). Consider the configuration p’ = (p')’ U (p')%,

where (p')?, as before, is obtained from p* by removing the point p. By Lemma 31,
the configuration p’ is multi-tropically generic. Furthermore, by Lemma 26 the set
T(A o, 3¢, p') is finite, and we can assume that the first coordinate of p is much
less than the first coordinates of the vertices of all the curves in T (A’ o/, 5, ¢, p').

Pick a curve T € T(A' o/, ¢, p') without edges of even weight. Let
(T ,(,;, © h(Z ), i =1, ..., m, be simple parameterizations of irreducible subcurves
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Figure 6: Cut in the proof of Theorem 3
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of T". Among the non-marked left ends of [];", f%) choose || — f3|| ends whose
/

weights fit the sequence ' — ( (the number of such choices is and denote the

B
5))
chosen set by £. Lemma 29 provides a parameterized plane tropical curve (I', w, h)
such that

e (I'w,h) is of genus 0 and has exactly two ends whose images under h are not
horizontal; these ends are of weight 1, and their images point in the directions
of outward normal vectors of two sides of A adjacent to o,

e the images of left ends of I' terminate at the points of p°\(p’)’, and the weights
of these left ends are given by the sequence o — o,

e the ends of I' whose images are horizontal positively directed fit the ends
belonging to £ and have the corresponding weights,

e pch(l).
In the same way as in the proof of Lemma 31, we can glue (I', w, h) with the curves
(T ,(,; , wR , h(Z ), i =1, ..., m, and obtain a collection of parameterizations of plane
tropical curves T, ... T® whose sum T belongs to 7 (A, , 3, ¢,p). Since p is

multi-tropically generic, Lemma 29 implies that the curve (I, w, h) is defined by the
above properties uniquely. Furthermore, the initial curve 7" is the derivation of T
The multiplicative contribution of the trivalent vertices of I' to the Welschinger mul-
tiplicity of T" is 1, and we finally conclude that, for given o’ and (3, the contribution
to W(A, «, 3, g) of the curves T' € T (A, v, 3, g, p) such that p does not belong to

/
any o-end of T is equal to (s,) (%) W(A, o, 3, q). =

5.3 Proof of Theorem 4

The proof goes in the same way as for Theorem 3. The only modification concerns
the second sum in the right-hand side of (4): assuming that a plane tropical curve
T € T(A, o, 3, g ,p) is the derivation of T € T™ (A, «, 3,9, p), we have to de-
scribe possible irreducible subcurves of 7" and their contribution to the formula.
The first (respectively, second) coefficient in the second sum of the formula reflects
the distribution of the points of (p’)’ (respectively, (p')f) among the irreducible sub-
curves of T". The conditions on the numbers o/, 3', ¢’ and a®, Q(i), g i=1,...m
come from the conditions in Theorem 3, and the inequalities ||3®)|| > 0 mean that,
for each irreducible subcurve T, its simple parameterization (F%, © h(Z ) must
glue with the curve (I',w, h) (in the notation of the proof of Theorem 3). O
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6 Concluding remarks

6.1 Generating functions

Let A be one of the polygons shown in Figure 1, and X the real toric Del Pezzo
surface defined by A. We say that a convex lattice polygon A® has the same shape
as A, if A and A° have the same number of sides, and any side of A° is parallel to
a side of A. Denote by 5 a vertical line cooriented from left to right, and let =y,
be the set which consists of all convex lattice polygons (considered up to parallel
translation) having the same shape as A and their s'-peelings. The set Zy is in a
natural bijection with a semigroup A(X) C Pic(X). For any D € A(X) denote by
A(D) the corresponding polygon in Zy. The operation D — D + E, where E is the
divisor corresponding to the left vertical side of A, is well defined on A(X).

Following [4, 9] introduce two generating functions

Lx“ z"
ZE(w7x>y7z) = Z W(A(D)va7ﬁag)UDwg ! J yﬁ ﬁ )
gEZ, DEA(T) ’ ’
a,B€C, [la+B||=DE
- a” A
Zm(w,x,y,z) = Z err(A(D)’ajﬂ’g)vag ! J yﬁ ﬁ )
9>0, DEA(T) ’ ’

o,B€C, |la+Bl|=DE

where x and y are infinite sequences of variables, and r is defined by (1). These gen-
erating functions can be seen as formal series in variables w, z and multi-variables
x,y with coefficients in the Novikov ring of the semigroup A(Y). Using the same
arguments as in [9], Section 6.4 and [4], Section 5.3, one can check that these gener-
ating functions are related by the identity Zs, = exp Z&" and satisfy the differential
equations

Z (o]
8 St (Z yk— —|— — - TeSy—g eXPp Z (t_kxk + wtki)) Iy,
k

k=1

[e.e]

err err ,U > .
Z Y&y " 1€8=0 €Xp Z(t T+ err‘kaykertk) =25

k=1

where Zgr‘kayk wtk stands for ZI* with y, replaced by yy + wt*.

6.2 Non-invariance in the classical setting

The absence of invariants of topological nature as mentioned in Introduction can be
illustrated by the following examples.

Real irreducible plane curves of degree d and genus g passing through a generic
configuration of 3d+ g —1 real points form a finite set. If g > 0, then under variation
of the point configuration, this set is subject to codimension one events in which
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a pair of real curves with the same embedded topology disappears turning into a
pair of imaginary conjugate curves, or vice versa. In the case of elliptic quartics
(d=4, g=1), it is shown in [5], Theorem 3.1. Gluing elliptic quartics with one or
several lines, it is not difficult to construct examples of higher degree and genus. The
example with elliptic quartics shows also that the number W (A(5P1), (0), (5),0) does
not lift up to the classical setting as an invariant formulated in purely topological
terms.

Another example, demonstrating the same phenomenon, is as follows. Consider
plane rational curves of degree d which pass through 3d + 1 — b; — by generic points
outside a line P* € P? and have two non-fixed tangency points with P!, one of
intersection order b; and the other of intersection order by, where b; and by are
distinct, odd, and satisfy the inequality b; + by < d. Under variation of the point
configuration, the collision of the two tangency points into one tangency point of
order by +b, is an event of codimension one. Crossing such a wall leads to appearance,
or disappearance, of two real curves which have the same embedded topology (even
with respect to P1).

One more phenomenon is the change of the Welschinger multiplicity of precisely
one member of the set of curves. Consider real plane rational curves of degree d > 5
passing through a > 3 fixed generic real points on P! C P? and 3d — 1 —a generic real
points in P? \ P'. Here we observe the following codimension one event: precisely
one of the curves splits into D + P!, where D is tangent to P! at one point and
transversal to it at d — 3 other points. On one side of such a wall the tangency point
turns into a solitary node, and on the other side into a crossing point, whereas the
other singularities do not change.
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