ON GALOIS COHOMOLOGY OF SOME P -ADIC REPRESENTATIONS AND ÉTALE K-THEORY OF CURVES

G.Banaszak, W.Gajda and P.Krasoń

Abstract. In the first part of this paper we investigate reduction of nontorsion elements in the étale K-theory of a curve X. We show that the reduction map on the even étale K-groups has finite kernel. Assuming a special case of the weak Leopoldt conjecture [PR1] we prove that the cokernel of the bundary map in the localization sequence in étale K-theory of the curve consists of infinitely divisible elements in the Galois cohomology group H^2(G_F ; Tp(J)(n + 1)). Here, Tp(J)(n + 1) is the twisted Tate module of the Jacobian variety of X. In the last section of the paper we investigate the Galois cohomology of some p-adic representations T , main examples of which come from Tate modules of CM elliptic curves and Jacobians of some Fermat curves. We show that p-torsion part of the group H^2(G_S ; T (n + 1)), for these representations is generated by special elements introduced by Deligne and Soulé.

1. Introduction.

Let F be a number field, O_F its ring of integers and let S be a finite set of primes containing a fixed odd prime p. Let G_S be the Galois group of the maximal extension of F which is unramified outside S. The weak Leopoldt conjecture, (cf. [PR1, p. 63] and also [J1, p. 317]) says that the group H^2(G_S ; T (n+1)) is finite for some G_S -modules T which are free and finitely generated over Z_p. This conjecture holds true for trivial G_S module T = Z_p and n > 0, due to well-known results of Borel, Quillen and Soulé. For F = Q we can prove this fact in another way using special elements in K-theory and the Stickelberger ideal. The method was developed in [BG1]; the key point is to compute the image of the special elements via the boundary map in the localization sequence:

∂_m : H^1(Q; Z/p^m(n + 1)) → ⨁ v∉S H^0(k_v; Z/p^m(n)).

For other cases where the weak Leopoldt conjecture holds true see Remark 4.1 below. The Galois cohomology groups H^∗(G_S ; T (n + 1)), for T = T_p(J) the Tate module of the Jacobian variety of X, are crucial for investigation of étale K-theory of curves. The proofs of the following two theorems provide examples of this situation.

The authors were supported by the KBN grant 2 P03A 005 11. The second author was supported by fellowships from the Max-Planck-Gesellschaft and the Alexander von Humboldt foundation.

Typeset by AMS-TEX 1

Theorem A. [Th. 3.1] Assume that X is a smooth, proper and geometrically irreducible curve defined over a global field F. Let p be an odd rational prime, p ≠ char(F ). Let n > 0 and let S_0 be the set of primes of F which consists of primes of bad reduction for X and primes lying over p. Let S ⊇ S_0 be a finite set of primes. Assume thet X is the smooth and proper model of X over the ring of S-integers of F. Assume that x ∈ K^{et}_{2n}(X ) is a nontorsion element. Given M_1 = p^{m1} a fixed power of p, there exist infinitely many primes v ∉ S such that x reduces in K^{et}_{2n}(X_v) to an element of order at least M_1.

As a consequence we obtain:

Theorem B. [Th. 3.4] For X, p and n as in Theorem A the kernel of the reduction map: K^{et}_{2n}(X ) → ∏ v∉S K^{et}_{2n}(X_v)

is a finite group.

Theorem A and Theorem B rely on a result of Jannsen [J1] which concerns the reduction map in Galois cohomology of T_p(J)(n+1). As for odd K-groups, we prove an analogue of Theorem B assuming in addition the weak Leopoldt conjecture, namely that H^2(G_{S0} ; T_p(J)(n+1)) is a finite group. The same assumption is needed in the proof of Theorem C which we formulate below. Namely, let C_m denote the cokernel of the boundary map:

∂_m : K^{et}_{2n+2}(X; Z/p^m) → ⨁ v∉S K^{et}_{2n+1}(X_v; Z/p^m).

In [B] the first author and M. Kolster considered the boundary map in the localization sequence in K-theory of a number field. In the proof of [B, Theorem 3] it was shown that the cokernel of the boundary map is isomorphic to the subgroup of infinitely divisible elements in H^2(G_F ; Z_p(n + 1)) cf. [B, Diagram 2.4, p. 291]. In section 4 of the paper we compare the subgroup of infinitely divisible elements in H^2(G_F ; T_p(J)(n+1))_p with C_m.

Theorem C. [Th. 4.3] Let p be a prime such that p - w_n(F )w_{n+1}(F )v_{n+1}(F, J). Assume that the group H^2(G_{S0} ; T_p(J)(n+1)) is finite. Then for m big enough, we have a natural isomorphism:

C_m ∼= div H^2(G_F ; T_p(J)(n+1))_p.

In particular, the group C_m embeds into the group H^2(G_F ; T_p(J)(n+1)).

In the last part of the paper we describe the p-torsion part of H^2(G_S; T (n+1)) for some p-adic representations T . Main result of this section generalizes a theorem of two of us [BG2, Theorem 2.4] about generation of H^2(G_S ; Z_p(n+1))_p by cyclotomic elements introduced by Deligne and Soulé cf. [So3] to a class of higher dimensional modules T. We find conditions under which the p-torsion part of the cohomology group with Z_p replaced by T is generated by special elements which are modeled after those introduced by Soulé in [So2]. At the end of section 5 we give examples of representations for which our method applies. The examples are provided by Tate modules of CM elliptic curves and Jacobians of some Fermat curves. The following theorem states our result.

Theorem D. [Th. 5.5] Let T satisfy conditions (1)-(4) of the beginning of section 5 and, in addition let T satisfy assumptions of lemma 5.3. There exists a finite set of primes S ⊇ S_0 such that every element of the group H^2(G_{S0} ; T (n + 1))_p can be written in the form: b[T r(α^′_m(u ⊗ β^n ⊗ v))], for an S-unit u ∈ O^×_E0_{,S} and some v ∈ T/p^m. The maps b and T r are the Bockstein homomorphism:

b : H^1(G_S ; T/p^m(n + 1)) → H^2(G_S; T (n + 1))[p^m]

and the transfer map:

T r : H^1(G^′; T/p^m(n + 1)) → H^1(G_S ; T/p^m(n + 1)),

respectively.

Acknowlegdements.

The authors would like to thank Bruno Kahn for discussions concerning topics of this paper and for agreeing to include here Theorem A and Theorem B which were proven in an unpublished preprint [BGKK]. During the work on this paper in the period from March 1997 to March 1998 the second author had research fellowships from the Max-Planck-Institute in Bonn and the Alexander von Humboldt foundation in Fakultät für Mathematik in Bielefeld. He would like to thank the institutions for financial support. The first and third authors would like to thank the Max-Planck-Institute and Fakultät für Mathematik Bielefeld Universität for support and hospitality during visits in 1997.

Notation.

(1) p is an odd prime number.

(2) A_p denotes p-torsion part of an abelian group A and A[p^m] its subgroup of elements of order dividing p^m. By Div A we denote the maximal divisible subgroup of A and div A = ⋂ r≥1 rA the subgroup of infinitely divisible elements in A.

(3) F is a global field, O_F its ring of integers and G_F = G(F̄ /F ) the absolute Galois group.

(4) S denotes a finite set of prime ideals in O_F containing primes above p and O_{F,S} is the ring of S-integers in O_F .

(5) F_S denotes the maximal extension of F unramified outside primes over S and G_{F,S} = G_S is the Galois group G(F_S /F ).

(6) F_v is the completion of F at a finite prime v, O_v is the ring of integers in F_v, κ_v = O_F /v is the residue field of v.

(7) X is a smooth, proper and geometrically irreducible curve defined over F .

We assume that p is different from the characteristic of F.

(8) S_0 denotes the set which consists of primes of F over p and primes of bad reduction for X. For a finite set of primes S containing S_0, we choose a smooth, proper model X of the curve X over Spec O_{F,S}. We denote by J the Jacobian variety of X.

(9) T will denote a free Z_p-module of finite rank with a continuous, Z_p-linear action of G_F which is given by a representation ρ : G_F → GL(T ). We denote by ρ̄_m the representation ρ⊗Z_pZ/p^m : G_F → GL(T/p^m), where m ≥ 1. For n ≥ 0, T (n) = T ⊗ Z_p(n) is the n-th Tate twist of T.

(10) K_∗(−) (K_∗(−; Z/M), ) denotes the Quillen K-theory (the K-theory with finite coefficients defined by Browder and Karoubi).

(11) K^{et}_∗ (−) denotes étale K-theory and K^{et}_∗ (−; Z/M) denotes the étale Ktheory with finite coefficients defined in [DF].

2. Preliminary Computations.

In this section for the convenience of the reader we collect some basic facts about the continuous étale cohomology groups of X and p-adic étale K-groups, which will be often used in this paper. Our main references are: [J1], [J2], [M1] and [M2]. Let (F_m) be a projective system of Z/p^m-sheaves on X . The functor which sends (F_m) to lim←− H^0(X ; (F_m)) is left exact and one defines H^i_{cts}(X ; (F_m)) to be its ith right derived functor cf. [J2, p.216]. When the projective system is Z_p(k) we denote these groups by H^i_{cts}(X ; Z_p(k)). We will use the following properties of continous cohomology.

(a) There is an exact sequence [J2, p.216, (3.1)]:

(2.1) 0 → lim_{←−}^1H^{i−1}(X ; F_m) → H^i_{cts}(X ; (F_m)) → lim_{←−}H^i(X ; F_m) → 0.

In particular, if H^i(X ; F_m) are finite for any i and m, then by the Mittag-Leffler condition H^i_{cts}(X ; (F_m)) ∼= lim←− H^i(X , F_m).

(b) Let f : X → Spec O_{F,S} be the natural map. Then there is a spectral sequence [J2, p. 219, (3.10)]:

(2.2) E^{r,s}_2 = H^r_{cts}(O_{F,S}, R^sf_∗(F_m)) ⇒ H^{r+s}_{cts} (X , (F_m))

Note that the projective system R^jf_∗(F_m) above is isomorphic to (R^jf_∗F_m), [J2, Prop. 1.2, p. 210]. ¿From now on F_m will be one of the sheaves: Z/p^m(k) or R^jf_∗Z/p^m(k). (c) There is the Dwyer-Friedlander spectral sequence, which calculates étale Ktheory in terms of continuous cohomology, [DF, Prop. 5.1, p.260]: (2.3) E^{r,−s}_2 = H^r_{cts}(X , Z_p(s/2)) ⇒ K^{et}_{s−r}(X ), where Z_p(s/2) is defined as 0 if s is odd.

Lemma 2.1.

(a) If A is a locally constant constructible p-torsion étale sheaf on Spec O_{F,S} , then H^i(O_{F,S} ; A) is finite for i = 0, 1, 2 and vanish for i > 2.

(b) If A is a locally constant constructible Z_p-sheaf on Spec O_{F,S} , then the groups H^i_{cts}(O_{F,S}; A) are finitely generated Z_p-modules for i = 0, 1, 2 and vanish for i > 2.

Proof. cf. [J2, p.219] �

Lemma 2.2. Let X̄_v = X ×_{OF,S} κ̄_v and X̄ = X ×_{OF,S} F̄ . Let x be a point of Spec O_{F,S} and x̄ be the geometric point over x. Then the following isomorphisms hold.

R^0f_∗Z/p^m(k) ∼= Z/p^m(k)

R^1f_∗Z/p^m(k)_{x̄} ∼= { J[p^m] ⊗ Z/p^m(k−1), for x = Spec F J_v[p^m] ⊗ Z/p^m(k−1), for x = Spec κ_v R^2f_∗Z/p^m(k) ∼= Z/p^m(k−1) R^j f_∗Z/p^m(k) = 0, for j > 2. Here, J_v is the Jacobian variety of X̄_v. In particular, the sheaves R^jf_∗Z/p^m(k) are locally constant and constructible.

Proof. The first isomorphism is obvious. For the second and fourth use [M1, VI, Cor. 2.5]. The third isomorphism is the trace map isomorphism of sheaves [SGA 4, Exposé XTIII, Section 1.1]. �

As a corollary we obtain

Lemma 2.3. We have the following isomorphisms

R^0f_∗Z_p(k) ∼= Z_p(k)

R^1f_∗Z_p(k)_{x̄} ∼= { T_p(J) ⊗ Z_p(k−1), for x = Spec F T_p(J_v) ⊗ Z_p(k−1), for x = Spec κ_v R^2f_∗Z_p(k) ∼= Z_p(k−1) R^jf_∗Z_p(k) = 0, for j > 2. In particular, the R^jf_∗Z_p(k) are locally constant and constructible Z_p-sheaves.

The Leray spectral sequence of the map f : X → Spec O_{F,S} gives the following useful description of the groups H^i_{cts}(X ; Z_p(k)) in terms of Galois cohomology.

Proposition 2.4. (a) H^0_{cts}(X ; Z_p(k)) ∼= H^0_{cts}(O_{F,S}; Z_p(k)) = 0 H^1_{cts}(X ; Z_p(k)) ∼= H^1_{cts}(O_{F,S}; Z_p(k)) ∼= H^1(G_S ; Z_p(k)) (b) There are exact sequences:

0 → H^2(G_S ; Z_p(k)) → H^2_{cts}(X ; Z_p(k)) → H^1(G_S ; T_p(J)(k−1)) → 0

0 → H^2(G_S; T_p(J)(k−1)) → H^3_{cts}(X ; Z_p(k)) → H^1(G_S ; Z_p(k−1)) → 0. (c) H^4_{cts}(X ; Z_p(k)) ∼= H^2(G_S ; Z_p(k−1)) H^i_{cts}(X ; Z_p(k)) = 0 for i > 4.

Proof. We give a detailed proof for the convenience of the reader and for further reference.

(a) For the group H^0_{cts} the Leray spectral sequence gives immediately:

H^0_{cts}(X ; Z_p(k)) ∼= H^0(O_{F,S} ; R^0f_∗Z_p(k)) ∼= H^0(O_{F,S}; Z_p(k)) = Z_p(k)^{GS} = 0. As for H^1_{cts}, we have the low terms exact sequence:

(2.7) 0 → H^1_{cts}(O_{F,S}; Z_p(k)) → H^1_{cts}(X ; Z_p(k)) → H^0_{cts}(O_{F,S} ; R^1f_∗Z_p(k)) → . . . On the other hand, for any i:

(2.8) H^i_{cts}(O_{F,S}; R^jf_∗Z_p(k)) ∼= H^i(G_S ; R^jf_∗Z_p(k)_{x̄}) ∼= H^i(G_S ; H^j(X̄; Z_p(k))). To prove (2.8) one first checks the same isomorphisms for the étale cohomology with coefficients in R^jf_∗Z/p^m(k) which hold true by [M2, Prop. 2.9, p. 209] and [M1, Prop 1.13, p. 88], respectively. The isomorphisms (2.8) follow then by Lemma 2.3 and the Mittag-Leffler condition applied to the sequence (2.1) (where we put F_m = R^j f_∗Z/p^m(k)). In particular, (2.8) implies: H^0_{cts}(O_{F,S}; R^1f_∗Z_p(k)) ∼= H^0(G_S; H^1(X̄; Z_p(k)) ∼= H^0(G_S ; T_p(J)(k−1)) which vanishes by a result of Suslin [Su, Prop 2.4, p. 11]. This proves the second isomorphism in (a). (b) We have: H^0_{cts}(O_{F,S}; R^2f_∗Z_p(k)) ∼= H^0(O_{F,S}; Z_p(k−1)) = 0 by Lemma 2.3 and (a) above. The Leray spectral sequence and (2.8) imply that there is an exact sequence:

0 → H^2_{cts}(O_{F,S} ; R^0f_∗Z_p(k)) → H^2_{cts}(X ; Z_p(k)) → H^1(G_S ; T_p(J)(k−1)) → 0.

It also follows by (2.8) that the kernel in the last sequence is: H^2(G_S ; R^0f_∗Z_p(k)) ∼= H^2(G_S; Z_p(k)). This gives the first exact sequence in (b). To prove that the second sequence is exact it is enough to check that in the Leray spectral sequence (2.2) (with F_m = R^sf_∗Z/p^m(k)) the groups E^{3,0}_2 and E^{0,3}_2 vanish. For E^{3,0}_2 the exact sequence (2.1) gives :

0 → lim_{←−}^1H^2(O_{F,S}; Z/p^m(k)) → H^3_{cts}(O_{F,S}; Z_p(k)) → lim_{←−}H^3(O_{F,S}; Z/p^m(k)) → 0.

The lim^1-term vanishes by the Mittag-Leffler condition and Lemma 2.1 (a). Because cd_p(O_{F,S}) = 2 we have: E^{3,0}_2 = 0. E^{0,3}_2 = H^0_{cts}(O_{F,S}; R^3f_∗Z_p(k)) = 0 follows by part (a) and Lemma 2.3.

(c) The same argument as in the proof of part (b) above shows that all groups E^{r,s}_2 = H^r_{cts}(O_{F,S}; R^sf_∗Z_p(k)) with r+s = 4 vanish except E^{2,2}_2 . By (2.8) and Lemma 2.3 we have E^{2,2}_2 ∼= H^2(G_S ; Z_p(k−1)). This proves the first isomorphism in part (c). The second isomorphism in (c) follows in the same way by Lemma 2.3. �

The Leray spectral sequence of the map f_v : X_v → Spec κ_v gives the following Galois-theoretic description of the groups H^i_{cts}(X_v; Z_p(k)).

Proposition 2.5. (a) H^0_{cts}(X_v; Z_p(k)) = 0

H^1_{cts}(X_v; Z_p(k)) ∼= H^1(κ_v; Z_p(k)) (b) H^2_{cts}(X_v; Z_p(k)) ∼= H^1(κ_v; T_p(J_v)(k−1)) (c) H^3_{cts}(X_v; Z_p(k)) ∼= H^1(κ_v; Z_p(k−1)) H^i_{cts}(X_v; Z_p(k)) = 0 for i > 3.

Proof. One can use the same reasoning as in the proof of Proposition 2.4. In particular, the isomorphism:

H^1_{cts}(X_v; Z_p(k)) ∼= H^1(κ_v; Z_p(k))

follows from the low terms exact sequence of the Leray spectral sequence, since by the result of Suslin [Su, Prop. 2.4] the group H^0(κ_v; R^1f_{v∗}Z_p(k)) vanishes. We leave details to the reader. �

Proposition 2.6.

(a) There are exact sequences:

0 → H^4_{cts}(X ; Z_p(n+2)) → K^{et}_{2n}(X ) → H^2_{cts}(X ; Z_p(n+1)) → 0

0 → H^3_{cts}(X ; Z_p(n+2)) → K^{et}_{2n+1}(X ) → H^1_{cts}(X ; Z_p(n+1)) → 0. (b) There is an isomorphism and an exact sequence:

K^{et}_{2n}(X_v) ∼= H^2_{cts}(X_v; Z_p(n+1))

0 → H^3_{cts}(X_v; Z_p(n+2)) → K^{et}_{2n+1}(X_v) → H^1_{cts}(X_v; Z_p(n+1)) → 0.

Proof. (a) By the Dwyer-Friedlander spectral sequence (2.3) and Proposition 2.4. we have an exact sequence: 0 −−−−→ H^3_{cts}(X ; Z_p(n+2)) −−−−→ K^{et}_{2n+1}(X ) −−−−→ H^1_{cts}(X ; Z_p(n+1))^d−−−−→ d −−−−→ H^4_{cts}(X ; Z_p(n+2)) −−−−→ K^{et}_{2n}(X ) −−−−→ H^2_{cts}(X ; Z_p(n+1)) −−−−→ 0. Hence, it suffices to show that the differential d = 0. We have a commutative diagram:

(2.9)

H^1_{cts}(X ; Z_p(n+1))^d−−−−→ H^4_{cts}(X ; Z_p(n+2)) ∼= H^1(O_{F,S}; Z_p(n+1)) −−−−→ H^4(O_{F,S}; Z_p(n+2)) = 0

where the left vertical map is an isomorphism by Proposition 2.4 (a). (b) It follows in the same way as (a) since cd_p(X_v) = 3, compare [DF, p. 273]. �

3. Reduction of nontorsion elements in étale K-theory of a curve.

The algebraic K-groups of arithmetic schemes are expected to carry deep arithmetic and geometric information, according to Beilinson’s striking conjectures which relate them to special values of L-functions. Yet still little is known on their structure. In the case of the ring of integers O_F of a number field F , Quillen proved that the groups K_i(O_F ) are finitely generated and Borel computed their ranks. In [AB] D.Arlettaz and the first author investigated the kernel of the natural map

K_i(O_F ) → ∏ p⊆OF K_i(κp)

where p runs through the maximal ideals of O_F , and proved that this kernel is finite. This is trivial for i even, since then K_i(O_F ) itself is finite; the difficulty is for i odd. We note that the same proof yields the corresponding result for rings of integers of global fields of positive characteristic. In this section, we consider the case of next dimension, that is of a curve X over a global field F .

Theorem 3.1. Assume that X is a smooth, proper and geometrically irreducible curve defined over a global field F. Let p be an odd rational prime, p ≠ char(F ). Let n > 0 and let S be a finite set of primes of F which contains primes of bad reduction for X and primes lying over p. Let X be the smooth and proper model of X over the ring of S-integers of F. Assume that x ∈ K^{et}_{2n}(X ) is a nontorsion element. Given M_1 = p^{m1} a fixed power of p, there exist infinitely many primes v ∉ S such that x reduces in K^{et}_{2n}(X_v) to an element of order at least M_1.

Proof. By Proposition 2.6, Proposition 2.4 (c) we have the following commutative diagram.

(3.1)

0

H^2(G_S ; Z_p(n+1)) −−−−→ 0

K^{et}_{2n}(X ) −−−−→ K^{et}_{2n}(X_v) ∼= H^2_{cts}(X ; Z_p(n+1)) −−−−→ H^2_{cts}(X_v; Z_p(n+1))

0 Moreover, Proposition 2.4 (b), Proposition 2.5 (b) and the isomorphisms (2.8) give the following commutative diagram.

(3.2)

0

H^2(G_S ; Z_p(n+1)) −−−−→ 0

H^2_{cts}(X ; Z_p(n+1)) −−−−→ H^2_{cts}(X_v; Z_p(n+1)) ∼= H^1(G_S ; T_p(J)(n)) −−−−→ H^1(κ_v; T_p(J_v)(n))

0 Here J and J_v denote the Jacobian varieties of X̄ and X̄_v, respectively. Since the group H^2(G_S; Z_p(n+1)) is finite [So1, Theorem 4 and Remark], the nontorsion element x ∈ K^{et}_{2n}(X ), by the composition of the lower vertical arrows in the left columns of the diagrams (3.1) and (3.2), is sent to a nontorsion element of the group H^1_{cts}(O_{F,S}; R^1f_∗Z_p(n+1)) ∼= H^1(G_S T_p(J)(n)). The inflation map injects the last group into H^1(G_F ; T_p(J)(n)). By the commutativity of the inflation and restriction maps:

(3.3)

H^1(G_S; T_p(J)(n)) −−−−→ H^1(κ_v; T_p(J_v)(n))

H^1(G_F ; T_p(J)(n)) −−−−→ H^1(G_v; T_p(J_v)(n))

the proof of Theorem 3.1 reduces to the following result which we apply for A = J.

Lemma 3.3. Assume that A is an abelian variety defined over a global field F. Let p be an odd rational prime, p ≠ char(F ) and k > 0. Let S be a finite set of primes of F which contains primes of bad reduction for A and primes over p. Let G_F = G(F̄ /F ). Fix a choice of the decomposition group G_v for every place of F. Let further x ∈ H^1(G_F ; T_p(A)(k)) be a nontorsion element. Given M_1 = p^{m1} a fixed power of p, there exist infinitely many primes v ∉ S such that x restricts in H^1(G_v; T_p(A_v)(k)) to an element of order at least M_1.

Proof. By [J1, Th. 3(a), p.337] the kernel of the reduction map:

(3.4) H^1(G_F ; T_p(A)(k)) → ∏ v∉S H^1(G_v; T_p(A_v)(k))

is a finite group. Consider the exact sequence:

(3.5) 0 → H^1(κ_v; T_p(A)(k)) → H^1(G_v; T_p(A)(k)) → H^0(κ_v; T_p(A)(k−1)) → 0,

which by the Weil conjectures implies that the group H^1(G_v; T_p(A)(k)) is finite for v /∈ S and positive k. Suppose that there are only finitely many v /∈ S such that the reduction red_v(x) ∈ H^1(G_v; T_p(A_v)(k)) has order bigger or equal to M_1. Then by (3.5) there exists an n such that in the group H^1(G_v; T_p(A_v)(k)), red_v(p^nx) = 0 for all v ∉ S. Hence, p^nx belongs to the kernel of the reduction map (3.4). So it is a torsion element, a contradiction. �

Theorem 3.4. For X, p and n as in Theorem 3.1 the kernel of the reduction map: K^{et}_{2n}(X ) → ∏ v∉S K^{et}_{2n}(X_v)

is a finite group.

Proof. It follows from Proposition 2.6, Proposition 2.4 (b) and Lemma 2.1 (b) that K^{et}_{2n}(X ) is a finitely generated Z_p-module. Now, Theorem 3.4 is an immediate corollary of Theorem 3.1. �

Remark 3.5. Let us consider the reduction map for the odd dimensional étale Ktheory.

(3.6) K^{et}_{2n+1}(X ) → ∏ v∉S K^{et}_{2n+1}(X_v)

By Proposition 2.6 (a) we have the exact sequence:

(3.7) 0 → H^3_{cts}(X ; Z_p(n+2)) → K^{et}_{2n+1}(X ) → H^1_{cts}(X ; Z_p(n+1)) → 0. By Proposition 2.4 (b) there is another exact sequence:

(3.8) 0 → H^2(G_S ; T_p(J)(n+1)) → H^3_{cts}(X ; Z_p(n+2)) → H^1(G_S ; Z_p(n+1)) → 0. The group H^2(G_S ; T_p(J)(n+1)) is predicted to be finite for any curve X and n > 0. This follows from the weak Leopoldt conjecture cf. Remark 4.1 below. If the conjecture holds true, then one can prove an analog of Theorem 3.1 for the odd dimensional étale K-theory using the argument of this paper. This is implied by the following result.

Proposition 3.6. For any curve X, the kernel of the reduction map: H^1_{cts}(X ; Z_p(n+1)) → ∏ v∉S H^1(X_v; Z_p(n+1))

is a finite group.

Proof. It is an immediate corollary of Proposition 2.4 (a), Proposition 2.5 (a) and [AB, Prop. 1]. � 4. On the group H^2(G_{S0} ; T_p(J)(n+1)) and divisible elements.

In the remainder of the paper F will be a number field. In papers [BG1] and [BG2] two of us investigated arithmetic of the group of divisible elements D_{n+1}(F ) = div [K_{2n}(F )_p], which serves as an analogue for higher K-theory of the ideal class group of classical number theory. For m big enough the group D_{n+1}(F ) can be expressed as the cokernel of the boundary map: ∂_m : K_{2n+1}(F ; Z/p^m) −−−−→ ⨁ v-p K^{2n}(κ^v; Z/p^m).

In this section we consider the boundary map in the localization sequence in étale K-theory of a curve X: (4.1) ∂m : K^{ét}_{2n+2}(X; Z/p^m) −−−−→ ⨁ v∉S0 K ét 2n+1(Xv; Z/p m)

The curve X is defined over the number field F. Let X denote its model over Spec O_{F,S0} . Definition. C_m : = Coker ∂_m The following condition is our working assumption in this section.

Assumption. The group H^2(G_{S0} ; T_p(J)(n+1)) is finite for n > 0.

Remark 4.1. This is a straigthforward consequence of the weak Leopoldt conjecture for the p-adic representation V = T_p(J) ⊗ Q_p formulated by Schneider and Perrin- Riou [PR1, p.63], see also [J1, p.317]. It follows by [PR2] and [K1, (9.6.7), p.57] that if there exists a p-adic Euler system for the representation V = T_p(J) ⊗ Q_p , then the Assumption holds true for infinitely many n. In the case when X = E is a modular elliptic curve defined over the rationals, Kato has constructed in [K2] such an Euler system using Beilinson symbols of modular units. See [Ru1] for a survey of this work. If E is an elliptic curve with complex multiplication by an imaginary quadratic field, then the Euler system of elliptic units from [Ru2] can be used to check the assumption for infinitely many n cf. [PR2, 1.5.4, p.15]. Moreover, for a CM elliptic curve a result of Wingberg [Wi, Corollary 2, p.147] implies that the group H^2(G_{S0} ; T_p(E)(n+1)) is finite for all positive n and primes p which are regular for E cf. [So2, p.257].

We introduce the following notation.

Definition. Let:

w_j (F ) = |H^0(G_F ; Q_p /Z_p(j))|

v_j (F, J) = |H^0(G_F ; J_∞(j))|

for j > 1, where J_∞ = ⋃ k≥0 J[p^m]. The numbers v_j (F, J) are finite because of the Weil conjectures.

Theorem 4.2. Let p be a prime such that p - w_n(F )w_{n+1}(F )v_{n+1}(F, J). For m big enough we have:

C_m ∼= div H^2(G_F ; T_p(J)(n+1))_p.

In particular, C_m embeds into the group H^2(G_F ; T_p(J)(n+1)).

We split the proof of the theorem into two lemmas.

Lemma 4.3. If p does not divide the number w_n(F )w_{n+1}(F )v_{n+1}(F, J), then

C_m = Ker[H^2(G_{S0} ; T_p(J)(n+1))/p^m −→ H^2(G_F ; T_p(J)(n+1))/p^m].

Proof. Consider the following commutative diagram with exact rows: (4.2) 0 −−−−−→ H^3_{cts}(X ; Z/p^m(n+2)) −−−−−→ K^{ét}_{2n+1}(X ; Z/p^m) −−−−−→ H^1_{cts}(X ; Z/p^m(n+1)) −−−−−→ 0 ? y ? y ? y 0 −−−−−→ H^3_{cts}(X; Z/p^m(n+2)) −−−−−→ K^{ét}_{2n+1}(X; Z/p^m) −−−−−→ H^1_{cts}(X; Z/p^m(n+1)) −−−−−→ 0 which is obtained by the naturality of the Dwyer-Friedlander spectral sequence for étale K-theory with finite coefficients: E^{r,−s}_2 = H^r_{cts}(X , Z/p^m(s/2)) ⇒ K^{et}_{s−r}(X ; Z/p^m)

[DF, Prop. 5.2, p.260]. Exactness of the rows in (4.2) follow in a similar way as

for Z_p-coefficients (cf. proof of Proposition 2.6 (a)) except for the vanishing of

the differential d in the diagram (2.9), which for finite coefficients is guarranteed by the assumption p - w_n(F )v_{n+1}(F, J). The right vertical map in (4.2) is an injection, which follows by the Leray spectral sequence (2.2) of the map X → X for

Z/p^m(n+1) and the assumption p - w_{n+1}(F ). We leave details of the computation

to the reader. The diagram (4.2) gives: C_m = Ker[H^3_{cts}(X ; Z/p^m(n+2)) −→ H^3_{cts}(X; Z/p^m(n+2))]. Using the naturality of the Leray spectral sequence for Z/p^m(n+2) and the assumption p - w_{n+1}(F ) we easily obtain the following commutative diagram with exact rows (cf. proof of Proposition 2.4 (b)). (4.3) 0 −−−−−→ H^2(G_{S0} ; J[p^m](n+1)) −−−−−→ H^3_{cts}(X ; Z/p^m(n+2)) −−−−−→ H^1(G_{S0} ; Z/p^m(n+1)) −−−−−→ 0 ? y ? y ? y 0 −−−−−→ H^2(G_F ; J[p^m](n+1)) −−−−−→ H^3_{cts}(X; Z/p^m(n+2)) −−−−−→ H^1(G_F ; Z/p^m(n+1)) −−−−−→ 0 The right vertical arrow in (4.3) is an inflation map which is an injection by the Hochschild-Serre spectral sequence. This shows:

C_m = Ker[H^2(G_{S0} ; J[p^m](n+1)) −→ H^2(G_F ; J[p^m](n+1))].

The claim follows now, because:

H^2(G; J[p^m](n+1)) = H^2(G; T_p(J)/p^m(n+1)) = H^2(G; T_p(J)(n+1))/p^m,

for G = G_{S0} (G = G_F , respectively) by properties of the Tate module and since we have cd_p(G) = 2. �

Lemma 4.4.

(a) If H^2(G_{S0} ; T_p(J)(n+1)) is finite, then the group H^2(G_S ; T_p(J)(n+1)) is finite for any finite S ⊇ S_0.

(b) For any finite S ⊇ S_0 the inflation map:

H^2(G_S ; T_p(J)(n+1)) → H^2(G_F ; T_p(J)(n+1))

is injective. (c) lim_{−→S} H^2(G_S ; T_p(J)(n+1)) = H^2(G_F ; T_p(J)(n+1))_p

where the direct limit is over the inflation maps for finite sets S ⊇ S_0.

Proof. (a) To simplify notation let us put T = T_p(J). By finite generation of the cohomology groups of G_S it is enough to show that:

H^2(G_S; T/p^m(n+1)) ∼= H^2(G_S ; T (n+1))/p^m has order bounded independently of m. By Assumption this holds true for the set S_0. Consider the exact sequence: (4.4) −→ H^2(G_{S0} ; T/p^m(n+1)) −→ H^2(G_S ; T/p^m(n+1)) −→ ⨁ v∈S\S0 H^1(G_v; T/p^m(n)) −→ 0

cf. [So3, exact sequence, p.117]. The sequence implies that it suffices to check that for v ∈ S \ S_0 the group H^1(G_v; T/p^m(n)) has order bounded independently of m. Consider the obvious exact sequence:

(4.5) 0 −→ H^1(G_v; T (n))/p^m −→ H^1(G_v; T/p^m(n)) −→ H^2(G_v; T (n))[p^m] −→ 0.

Let I_v denote the inertia group of v and κ_v the residue field. By the Hochschild- Serre spectral sequence:

E^{p,q}_2 = H^p(κ_v; H^q(I_v; T (n))) ⇒ H^{p+q}(G_v; T (n))

and the result of Soulé, [So1, III.1.3., p.168] we obtain that the groups H^i(G_v; T (n)), for i = 1, 2 are finite. Hence, the conclusion follows by the exact sequence (4.5).

(b) Consider the exact sequence of Galois modules: 0 −→ T (n+1) −→ V (n+1) −→ V/T (n+1) −→ 0 where for simplicity we have put T = T_p(J) and V = T ⊗Z_p Q_p . Observe that in this notation V/T = J_∞ = ⋃ J[p^m] with the usual Galois action. The above exact sequence induces the following commutative diagram.

(4.6)

H^2(G_S; T (n+1))_p^{inf}−−−−→ H^2(G_F ; T (n+1))_p ≃ ≃ H^1(G_S ; V/T (n+1))/Div −−−−→ H^1(G_F ; V/T (n+1))/Div The vertical maps in the diagram (4.6) are isomorphisms by [T, Proposition 2.3, p.261]. Consider the exact sequence:

(4.7) 0 −→ H^1(G_S ; V/T (n+1))^{inf}−−→ H^1(G_F ; V/T (n+1)) −→ ⨁ v∉S H^0(G_v; V/T (n))

cf. [So3, p.117]. Since by the Weil conjectures the last group on the right in (4.7) is a direct sum of finite groups, we conclude that the groups on the left have the same maximal divisible subgroup. This shows that the lower horizontal map in the diagram (4.6) is injective.

In order to prove part (b), we pass with S to the direct limit in the sequence (4.7). This gives: lim_{−→S} H^1(G_S ; V/T (n+1))/Div = H^1(G_F ; V/T (n+1))/Div. Now, taking the direct limit over S in (4.6) completes the proof. �

Proof of Theorem 4.2. By the diagram (4.6) and the exact sequence (4.7) applied to S = S_0 we get:

(4.8) div H^2(G_F ; T (n+1))_p ⊆ H^2(G_{S0} ; T (n+1))_p.

Let us choose m so big that p^m is divisible by the exponent of H^2(G_{S0} ; T_p(J)(n+1)). By Lemma 4.4 (b) the kernel of the natural map:

H^2(G_{S0} ; T (n+1)) → H^2(G_F ; T (n+1))_p/p^m

equals:

H^2(G_{S0} ; T (n+1)) ∩ [p^mH^2(G_F ; T (n+1))_p].

By the finiteness of the group H^2(G_{S0} ; T (n+1)), if p^m is big enough, then the last intersection equals div H^2(G_F ; T (n+1))_p. The claim of the theorem follows now by Lemma 4.3. �

5. Soulé elements and Galois representations.

Let b : H^1(G; T/p^m(n+1)) −→ H^2(G; T (n+1))[p^m] be the Bockstein map which is induced in cohomology by the exact sequence of Galois modules (G = G_F , G_S ): 0 −−−−→ T (n+1)^{×pm}−−−−→ T (n+1) −−−−→ T/p^m(n+1) −−−−→ 0. In this section we use the map b to construct elements in H^2(G; T (n+1))[p^m]. From now on we fix a power p^m which is divisible by exponent of the p-torsion part of the group H^2(G_{S0;} T (n+1)). This is possible, since the group is a finitely generated

Z_p-module. We consider p-adic representations ρ : G_F → GL(T ) with the following properties.

(1) The representation ρ : G_F → GL(T ) is unramified except for a finite set of primes S_0 which contains primes above p.

(2) For the mod p representation ρ̄_1 : G_F → GL(T/p), let E = (F̄ )^{ker ρ̄1} be the field fixed by the kernel of ρ̄_1. We assume that μ_p ⊂ E and that the degree [E : F ] is relatively prime to p.

(3) For the mod p^m representation ρ̄_m : G_F → GL(T/p^m), let E^′ = (F̄ )^{ker ρ̄m} be the field fixed by the kernel of ρ̄_m. We assume that: μ_pm ⊂ E^′.

(4) We assume that the mod p^m representation ρ̄_m : G_F → GL(T/p^m) has solvable image.

For a representation ρ with properties (1)-(4), we describe the p-torsion part of the group H^2(G_{S0} ; T (n+1)) in terms of special elements in Galois cohomology which come from products, units and corestriction maps. The elements were introduced by Deligne and independently by Soulé in a different context, [So3]. Our method is based on the construction from [BG2], where the special case of T (n+1) = Z_p(n+1) was considered. The Galois action in this case is given by the cyclotomic character ρ : GQ → Z^×_p for which the assumptions (1)-(4) are clearly satisfied. We leave the proof of the following elementary lemma for the reader.

Lemma 5.1. Let S be a finite of primes of F which contains S_0.

(1) Representations ρ and ρ̄_m factor through the group G_S = G(F_S /F ). We denote by ρ_S : G_S → GL(T ) and ρ̄_{S,m} : G_S → GL(T/p^m), the representations of G_S which are obtained in this way. We continue to denote the fixed fields (F_S )^{kerρ̄S,1} and (F_S )^{kerρ̄S,m} by E and E^′, respectively.

(2) The conditions (1)-(4) above are satisfied for ρ_S, if they hold true for the representation ρ.

The proof of Theorem 5.5 below, which is the main result of this section relies on the following two lemmas.

Lemma 5.2. Let L/K be a finite Galois extension of number fields. Let K_1, K_2, . . . , K_r be Galois extensions of K such that for every i: L ⊇ K_i ⊇ K. Assume that the Galois groups G(L/K_i) are generated by inertia subgroups of finite primes of O_L. Then there is a finite set of primes S of O_K such that P ic O_{Ki,S} = 0 for every 1 ≤ i ≤ r and every prime from S splits completely in L.

Proof. We consider one subextension K_i at the time, e.g.: L ⊇ K_1 ⊇ K. Let H_{K1} denote the Hilbert class field of K_1. The extension H_{K1} /K is Galois because H_{K1} is the maximal unramified extension of K_1 and K_1/K is Galois. We use the Artin isomorphism: P ic O_{K1}^∼−→ G(H_{K1} /K_1) which sends class [p^′] of ideal p^′ to its Frobenius automorphism ~F rp0 . By the assumptions we have: L ∩ H_{K1} = K_1.

Hence we can find an element γ ∈ G(H_{K1} L/K_1) such that: γ|_L = id and γ|_{HK1} = ~F rp0 . Since G(H_{K1} L/K_1) ⊆ G(H_{K1} L/K) we think of γ as an element G(H_{K1} L/K). By the Chebotarev density theorem [La] there is an ideal P in the field H_{K1} L over some ideal v (unramified in H_{K1} L) such that in the extension H_{K1} L/K we have: F rP = γ. Let us put:

h = P ∩ O_{HK1} , p = P ∩ O_{K1} , v = P ∩ O_K and q = P ∩ O_L

the corresponding ideals lying below P.

H_{K1} L P

L

     DD

    DD

  DD

 DD

D

     zz
    zz
  zz
 zz
z

H_{K1}

GGG
  GGG
    GGG

www

  www

    www q

   ==

  ==

 ==

==

   ΔΔ
  ΔΔ
 ΔΔ
ΔΔ

h

>>
 >>
   >>
    >>

ΓΓ

 ΓΓ

  ΓΓ

    ΓΓ h^′

K_1 p p^′

    ΓΓ
  ΓΓ
 ΓΓ
Γ

K v v^′ Clearly, we have: F rh = F rP|_{HK1} = γ|_{HK1} = ~F rp0 and F rp = F rh|_{K1} = F rP|_{K1} = γ|_{K1} = id.

We get: ~F rp_0 = F rh = ~F rp. So we get: [p] = [p^′].

We also have: F rq = F rP|_L = γ|_L = id. It follows that the prime v splits completely in L. Let us find such primes v for all ideal classes [p^′] ∈ P ic O_{K1} . Let S_1 denote the set of the all primes v. We obtain P ic O_{K1,S1} = 0. To finish the proof we choose the set of primes S_i as above, for every field K_i and we take S = S_0 ∪ S_1 ∪ S_2 ∪ · · · ∪ S_r. �

Lemma 5.3. Let us assume that for every p^m the corresponding extension E^′/E has the following property: there exists a solvable tower E^′ ⊇ F_1 ⊇ F_2 ⊇ · · · ⊇ F_{r−1} ⊇ F_r ⊇ E such that for each i the degree [F_{i−1}; F_i] is a prime number and that in F_{i−1}/F_i only one prime over primes in S_0 has nontrivial decomposition group. Then there exists a finite set of primes S of O_E such that S_0 ⊆ S and the norm map: N : O^×_E0_{,S} → O^×_{E,S} is surjective.

Proof. It follows by Lemma 5.2 that there exists a finite set of primes S of O_E such that P ic O_{Fi,S} = 0 for any i, and all primes from S split completely in E^′. The claim follows now by induction over i, where the inductive step is a repetition of the Euler characteristic calculation from the proof of Lemma 2.1 in [BG2]. �

Remark 5.4. In particular, the last lemma holds true for an extension E^′/E where S_0 contains only one prime which in addition is totally ramified in E^′

¿From now on we work with the set S from Lemma 5.3. To simplify notation let us put G^′ = G(F_S /E^′) and G = G(F_S /E). Observe that for any G^′-module N and for any trivial, discrete G^′-module W, which is a free Z_p-module of finite rank (is a free Z/p^m-module of finite rank, respectively), the cup product in group cohomology induces an isomorphism:

H^∗(G^′; N) ⊗ H^0(G^′; W ) = H^∗(G^′; N ⊗ W ).

It follows easily by assumptions (1)-(4) from the beginning of the section and Lemma 5.1 that G^′ acts trivially on modules Z/p^k(n) and T/p^k for 1 ≤ k ≤ m. Thus, we get that for any 1 ≤ k ≤ m the following map induced by the cup product is an isomorphism.

(5.1) H^1(G^′; Z/p^k(1)) ⊗ H^0(G^′; Z/p^k(n)) ⊗ H^0(G^′; T/p^k) −−−−→ H^1(G^′; T/p^k(n+1))

For the same reason we have:

(5.2) H^0(G^′; Z/p^k(n)) ⊗ H^0(G^′; T/p^k) ∼= T/p^k(n). Let (5.3) α^′_k : O^×_E0_{,S} ⊗ T/p^k(n) → H^1(G^′; T/p^k(n+1))

be the map obtained by precomposing the map (5.1) with the map which is induced by the Kummer map: O^×_E0_{,S} → H^1(G^′; Z/p^k(1)) and the isomorphism (5.2). To formulate the next theorem we need additional notation. Let β = ξ_pm ∈ H^0(G^′, Z/p^m(1)) be a fixed generator. Consider the inflation map:

H^2(G_{S0} ; T (n+1)) −−−−→ H^2(G_S; T (n+1))

which is defined by the extension:

1 → G(F_S /F_{S0} ) → G_S → G_{S0} → 1.

It follows by diagram (4.6) that the inflation map is injective on p-torsion, cf. [T, Proposition 2.3, p. 261]. We identify the group H^2(G_{S0} ; T (n+1))_p with its image by the inflation in H^2(G_S ; T (n+1))_p.

Theorem 5.5. Every element of the group H^2(G_{S0} ; T (n+1))_p can be written in the form: b[T r(α^′_m(u ⊗ β^n ⊗ v))] for some S-unit u ∈ O^×_E0_{,S} and some v ∈ T/p^m. The maps b and T r are the Bockstein homomorphism:

b : H^1(G_S; T/p^m(n+1)) → H^2(G_S; T (n+1))[p^m]

and the transfer map:

T r : H^1(G^′; T/p^m(n+1)) → H^1(G_S ; T/p^m(n+1))

respectively.

Proof. We adapt the argument from [BG2, proof of Theorem 2.4] to the current situation. Consider the following commutative diagram.

(5.4)

O^×_E0_{,S} ⊗ T/p(n)^{N⊗ id}−−−−→ O^×_{E,S} ⊗ T/p(n) α^01 α1 ∼= H^1(G^′; T/p(n+1))^{T r}−−−−→ H^1(G; T/p(n+1)) b b H^2(G^′; T (n+1))[p]^{T r}−−−−→ H^2(G; T (n+1))[p] T r T r H^2(G_S ; T (n+1))[p]^=−−−−→ H^2(G_S ; T (n+1))[p]

The map α_1 is defined in the same way as α^′_1, since by assumptions (1)-(4) from the beginning of the section G-modules Z/p(n) and T/p are trivial. It follows by the Kummer exact sequence that the map α_1 is an isomorphism because by Lemma 5.3 the group P ic O_{E,S} vanishes. Commutativity of the diagram follows easily by the projection formula and because transfer commutes with Bockstein maps. By Lemma 5.2 the upper horizontal map in (5.4) is surjective. By assumption (2) the degree [E : F ] is relatively prime with p, hence the transfer map:

T r : H^2(G; T (n+1))[p] → H^2(G_S ; T (n+1))[p]

is surjective. This implies that the composition of upper horizontal nad right vertical maps in the diagram (5.4) is a surjective map. Using commutativity of b and T r we conclude that the composition:

O^×_E0_{,S} ⊗ T/p(n)^{α01}−−−−→ H^1(G^′; T/p(n+1))^{T r}−−−−→ T r −−−−→ H^1(G_S; T/p(n+1)) b−−−−→ H^2(G_S ; T (n+1))[p] is a surjection. By induction over k (with 1 ≤ k ≤ m) which goes the same way as in the proof of Lemma 2.3 in [BG2], we obtain that the composition: O^×_E0_{,S} ⊗ T/p^m(n)^{α0m}−−−−→ H^1(G^′; T/p^m(n+1))^{T r}−−−−→ T r −−−−→ H^1(G_S ; T/p^m(n+1)) b−−−−→ H^2(G_S ; T (n+1))[p^m]

is also a surjective map. �

Remark 5.6. It is easy to check that for any finite abelian extension L of the number field F the following coditions are equivalent.

(a) G(L/F ) is generated by its inertia subgroups. (b) Every subextension F ⊆ F^′ ⊆ L is ramified over F. (c) H_F ∩ L = F, where H_F denotes the Hilbert class field of F.

Example 5.7. Let A be a selfdual abelian variety which has complex multiplication by a CM field K and is defined over K. Let us consider representations: ρ : G_K → GL(T_p(A))

ρ^′ : G_K → GL(H^2(Ā; Z_p(2)))

where we have put Ā = A ×_K K̄. Recall that we have:

H^j (Ā; Z_p(i)) = j⋀ H^1(Ā; Z_p(1))(i−j) = j⋀ T_p(A)(i−j). by the identification of the H^1 above with the Tate module of the dual variety. By the main theorem of complex multiplication [La2, Theorem 6.1, p.78] ρ and ρ^′ factor through abelian quotients. Observe that:

(5.9) K̄^{ker ρ0} ⊂ K̄^{ker ρ}. In addition, we make the following assumptions.

(i) There is only one prime in K over p.

(ii) A has good reduction outside the prime above p. Hence, in this case S_0 contains only one element.

(iii) K̄^{kerρ} ∩ H_K = K By (5.9) we have K̄^{kerρ0} ∩ H_K = K. Assumptions (i), (ii), (iii) and Remark 5.6 imply that conditions of Remark 5.4 are fulfilled. The assumptions (1)-(4) of the beginning of this section are met for such representations ρ and ρ^′. Indeed (1) holds by (i) and by the theorem of Serre and Tate [La2, Theorem 3.4, p. 46]. Observe that G(K(A[p])/K) imbeds into (O_K /p)^× by the main theorem of complex multiplication [La2, p. 84-89]. If the number of elements of (O_K /p)^× is prime to p, then the assumption (2) follows. If it is not, then we can replace the field of definition K by an extention F contained in K(A[p]) so (2) is met. Note that condition (3) holds by the Weil pairing and (4) is obvious. Now we apply Lemma 5.3 to choose S. By Theorem 5.5 we conclude that the groups:

H^2(G_{F,S}; T_p(A)(n+1))_p and H^2(G_{F,S} ; H^2(Ā; Z_p(n+1)))_p

are generated by the elements of the form:

b[T r(α^′_m(u ⊗ β^n ⊗ v))] and b[T r(α^′_m(u^′ ⊗ β^{n−2} ⊗ v^′))],

respectively.

The following two examples are special cases of Example 5.7.

Example 5.8. Let X be the Fermat curve given in P^2Q by the equation:

x^k+y^k = z^k.

Clearly X is defined over Q and it has bad reduction only at primes dividing k. The Jacobian variety J of X is defined over Q and has complex multiplication by the cyclotomic field K = Q(μ_k ). We consider J over the field K. Take k = p^r and put F = K(J[p]), hence K ⊂ F. Setting A = J in Example 5.7 we only need to check for which prime powers k the condition: K̄^{kerρ} ∩ H_K = K holds, since for such k’s the only prime in F over p is totally ramified in K̄^{ker ρ} and in K̄^{ker ρ0} . By tables in [Wa, p. 352-360] it holds true, for example for k = 3, 5, 7, 9, 11, 13, 17, 19, 25, 27 and 81. Observe that for all these values of k, except for k = 81, we have H_K = K. We could not replace F by K in this case, since the assumption (2) may not hold. It is easy to see that the number of elements of (O_K /p)^× is not prime to p.

Example 5.9. Let us consider an elliptic curve E defined over Q with CM [Si, p.483] by a quadratic field K. We consider curves from second table on this page with discriminat a prime power and corresponding to quadratic fields: Q( √ −3), Q( √ −7), Q ( √ −11), Q( √ −19), Q( √ −43), Q( √ −67), Q ( √ −163). All these elliptic curves are over Q, hence the Hilber class field for every one of these curves is just K. We can now put A = E in Example 5.7.

References

[AB] D.Arlettaz and G.Banaszak, On the non-torsion elements in the algebraic K-theory of rings of integers, J. reine angew.Math. 461 (1995), 63-79.

[B] G. Banaszak, Generalization of te Moore exact sequence and the wild kernel for higher K-groups, Compositio math. 86 (1993), 281--305.

[BG1] G. Banaszak and W. Gajda, Euler systems for higher K-theory of number fields, Journal of Number Theory 58 (1996), 213--252.

[BG2] G. Banaszak and W. Gajda, On the arithmetic of cyclotomic fields and K�(Q), Contemporary Mathematics 199 (1996), 7--18.

[BGKK] G. Banaszak, W. Gajda, B. Kahn and P. Krasoń, The reduction map for the étale Ktheory of a curve, Bielefeld preprint (1995).

[DF] W.Dwyer and E.Friedlander, Étale K-theory and arithmetic, Trans. Amer. Math. Soc.

292 (1985), 247--280.

[J1] U.Jannsen, On the l-adic cohomology of varieties over number fields and its Galois cohomology, Galois groups over Q. Proceedings of a Workshop Held March 23-27 1987, Y.Ihara, K.Ribet and J-P.Serre (eds), MSRI Publications 16, Springer Verlag (1989), 315--353.

[J2] U.Jannsen, Continuous étale cohomology, Math. Ann. 280 (1988), 207--245. [K1] K.Kato, Euler systems, Iwasawa theory, and Selmer groups, preprint (1995). [K2] K.Kato, Iwasawa theory of modular forms, in preparation. [La1] S. Lang, Algebraic Number Theory, Springer Verlag, 1988. [La2] S.Lang, Complex multiplication, Springer Verlag, 1983. [M1] J.S.Milne, Étale Cohomology, Princeton University Press, 1980. [M2] J.S.Milne, Arithmetic Duality Theorems, Perspectives in Math., vol.1, Academic Press, 1986.

[PR1] B.Perrin-Riou, Fonctions L padiques des representations p-adiques, Astérisque 222 (1995).

[PR2] B.Perrin-Riou, Systémes d’Euler p-adiques et théorie d’Iwasawa, preprint (1997). [Q] D.Quillen, Finite generation of the groups K_i of rings of integers, Lecture Notes in Math. 341 (1973), 179--198.

[Ru1] K.Rubin, Euler systems and modular elliptic curves, preprint (1996). [Ru2] K.Rubin, The ”main conjecture” of Iwasawa theory for imaginary quadratic fields, Inventiones math. 103 (1991), 25--68.

[Sch] P.Schneider, Über gewisse Galoiskohomologruppen, Math. Zeitsch. 168 (1979), 181--205. [ST] J.P.Serre and J.Tate, Good reduction of abelian varieties, Ann. Math. 88 (1968), 492-- 517.

[So1] C.Soulé, K-théorie des anneaux d’entiers de corps de nombres et cohomologie étale, Invent. Math. 55 (1979), 251--295.

[So2] C.Soulé, p-adic K-theory of elliptic curves, Duke Math. Jour. 54 (1987), 249--269. [So3] C.Soulé, Éléments cyclotomiques en K-théorie, Astérisque 148-149 (1987), 225--257. [Su] A.Suslin, Torsion in K_2 of fields, K-theory 1 (1987), 5--29.

[T] J.Tate, Relation between K_2 and Galois cohomology, Inventiones math. 36 (1976), 257- -274.

[Wa] L.Washington, Introduction to cyclotomic fields, Springer Verlag, 1982. [Wi] K.Wingberg, On the étale K-theory of an elliptic curve with complex multiplication for regular primes, Canad. Math. Bull. 33 (2) (1990), 145--150.

Department of Mathematics, Adam Mickiewicz University, Poznań, Poland E-mail address: BANASZAK@math.amu.edu.pl

Department of Mathematics, Adam Mickiewicz University, Poznań, Poland E-mail address: GAJDA@math.amu.edu.pl

Department of Mathematics, Szczecin University, Szczecin, Poland E-mail address: KRASON@uoo.univ.szczecin.pl