MAASS-JACOBI FORMS

Jae-Hyun Yang

Abstract. In this paper, we introduce the notion of new automorphic forms on GL(n, R)⋉R^{(m,n)} generalizing that of automorphic forms on the general linear group GL(n, R).

1. Introduction

Let n and m be two fixed positive integers. Let

Sp(n, R) = { M ∈ R^{(2n,2n)} |^tMJ_nM = J_n }

be the real symplectic group of degree n, where

J_n := ( 0 E_n −E_n 0 ) . Here we denote by^tA the transpose of any matrix A and by F^{(k,l)} the set of all k × l matrices with entries in a commutative ring F . Let

H_n := { Z ∈ C^{(n,n)} | Z =^tZ, Im Z > 0 }

be the Siegel upper half plane of degree n. Then Sp(n, R) acts on H_n transitively by (1.1) M < Z >:= (AZ + B)(CZ + D)^{−1},

wher M = ( A B C D ) ∈ Sp(n, R) and Z ∈ H_n. We let

P_n := { Y ∈ R^{(n,n)} | Y =^tY > 0 }

be the open convex cone of positive definite matrices of degree n in the Euclidean space R^{n(n+1)/2}. Then the action (1.1) gives a natural action of the general linear group GL(n, R) on P_n defined by

(1.2) (g, Y ) −→ g < Y >:= gY^tg, g ∈ GL(n, R), Y ∈ P_n.

This work was supported financially by TGRC-KOSEF and Max-Planck Institut für Mathematik.

1991 Mathematics Subject Classification. Primary 11F55, 32C55, 32N10, 43A85, 43A90.

Typeset by AMS-TEX 1

In his famous paper [S1], Selberg proved that the algebra D(P_n) of all differential operators on P_n which are invariant under the action (1.2) of GL(n, R) has a commutative ring structure and is generated by n algebraically independent ones ( see Remark 4.13 ). Thus D(P_n) may be identified with the commutative ring C[Z_1, · · · , Z_n] of polynomials in n indeterminates. Using the action (1.2) and the GL(n, R)-invariant differential operators on P_n, the concept of automorphic forms for GL(n, Z) is defined together with a certain suitable growth condition. These automorphic forms on GL(n, R) have been investigated intensively by Langlands school ( cf. [B-J], [G], [J-L] ) adelically and by some people ( cf. [Gr], [I-T] ) analytically.

The aim of this paper is to introduce a new notion of automorphic forms on the new group GL(n, R) ⋉ R^{(m,n)} generalizing the concept of automorphic forms on GL(n, R) and also the notion of the so-called Maass-Jacobi forms. Now I will explain the procedure in some detail. We consider the Heisenberg group H^{(n,m)}

R := { (λ, μ; κ) | λ, μ ∈ R^{(m,n)}, κ ∈ R^{(m,m)}, κ + μ^tλ symmetric } endowed with the following multiplication law

(λ, μ; κ) ∘ (λ^′, μ^′; κ^′) := (λ + λ^′, μ + μ^′, κ + κ^′ + λ^tμ^′ − μ^tλ^′). We define the semidirect product of Sp(n, R) and H^{(n,m)}_R (1.3) G^J_{n,m}(R) := Sp(n, R) ⋉ H^{(n,m)}_R endowed with the following multiplication law (M, (λ, μ; κ)) · (M^′, (λ^′, μ^′; κ^′)) := (MM^′, (λ̃ + λ^′, μ̃ + μ^′, ; κ + κ^′ + λ̃^tμ^′ − μ̃^tλ^′)), where M, M^′ ∈ Sp(n, R) and (λ̃, μ̃) := (λ, μ)M^′. The group G^J_{n,m}(R) is called the Jacobi group of degree (n, m). It is easy to see that the Jacobi group G^J_{n,m}(R) acts on the homogeneous space H_n × C^{(m,n)} transitively by (1.4) (M, (λ, μ; κ)) · (Z, W ) := (M < Z >, (W + λZ + μ)(CZ + D)^{−1}),

where M = ( A B C D ) ∈ Sp(n, R), (λ, μ; κ) ∈ H^{(n,m)}_R and (Z, W ) ∈ H_n × C^{(m,n)}.

We let (1.5) G_{n,m}(R) := GL(n, R) ⋉ R^{(m,n)} be the semidirect product of GL(n, R) and the commutative additive group R^{(m,n)} equipped with the following multiplication law (1.6) (g, a) ∗ (h, b) := (gh, a^th^{−1} + b), where g, h ∈ GL(n, R) and a, b ∈ R^{(m,n)}. Then the action (1.4) of G^J_{n,m}(R) on H_n × C^{(m,n)} gives a canonical action of G_{n,m}(R) on the reductive homogeneous space P_n × R^{(m,n)} given by (1.7) (g, a) · (Y, V ) := (gY^tg, (V + a)^tg), where g ∈ GL(n, R), a ∈ R^{(m,n)}, Y ∈ P_n and V ∈ R^{(m,n)}. At this stage we naturally consider the discrete subgroup (1.8) G_{n,m}(Z) := GL(n, Z) ⋉ Z^{(m,n)} of G_{n,m}(R) and investigate the algebra D(P_n × R^{(m,n)}) of all differential operators on P_n × R^{(m,n)} which is invariant under the action (1.7) of G_{n,m}(R).

Now it is natural for us to introduce the new concept of automorphic forms for GL(n, Z) ⋉ Z^{(m,n)} generalizing that of well-known automorphic forms for GL(n, Z) and the new notion of Maass-Jacobi forms generalizing that of Maass wave forms on SL(2, R). With some modifications, we may define the notion of Eisenstein series, L-functions and other related materials on G_{n,m}(R) analytically or adelically.

The main result of this paper is the following theorem.

Main Theorem. The algebra D(P_n × R^{(m,n)}) is generated by the following invariant differential operators

D_j : = σ (( 2Y ∂ ∂Y )_j ) , 1 ≤ j ≤ n

and Ψ_{kp} : = { ∂ ∂V Y^t ( ∂ ∂V )} kp , 1 ≤ k ≤ p ≤ m.

These differential operators satisfies the following relations :

D_iD_j = D_j D_i,

Ψ_{kp}Ψ_{lq} − Ψ_{lq}Ψ_{kp} = 0,

D_j Ψ_{kp} − Ψ_{kp}D_j ≠ 0

for all 1 ≤ i, j ≤ n, 1 ≤ k ≤ p ≤ m and 1 ≤ l ≤ q ≤ m. The operators D_j ’s are algebraically independent and the operators Ψ_{kp}’s are also algebraically independent.

Here σ(A) denotes the trace of a square matrix A. For the precise definitions of D_j and Ψ_{kp}, we refer to (4.1), (4.17) and (4.18).

This paper is organized as follows. In Section 2, we obtain some basic properties of the new group G_{n,m}(R) which are to be used in the subsequent sections. In Section 3, we give some geometric properties of P_n × R^{(m,n)}. In Section 4, we investigate the algebra D(P_n×R^{(m,n)}) of all G_{n,m}(R)-invariant differential operators on P_n × R^{(m,n)}. According to Helgason [He2], Theorem 4.9, p. 287, the problem of finding the complete description of the algebra D(P_n × R^{(m,n)}) is reduced to that of finding all the invariants of the action of the orthogonal group O(n) on the symmetric algebra S(p) of p induced from the adjoint action Ad of O(n) on p given by (1.9) Ad(k)((X, Z)) := (kX^tk, Z^tk), k ∈ O(n), (X, Z) ∈ p.

Here p denotes a certain subspace of the Lie algebra of G_{n,m}(R) which can be identified with the tangent space of P_n×R^{(m,n)} at the origin (E_n, 0). For more detail, we refer the reader to (4.5) and (4.6) in Section 4. We give a complete description of algebraically independent generators of the subalgebra S(p)^K of K-invariants and generators of the algebra D(P_n×R^{(m,n)}). We also provide many invariant differential operators on P_n × R^{(m,n)}. And we show that for any positive integers n and m, the algebra D(P_n × R^{(m,n)}) is not commutative and hence P_n × R^{(m,n)} is not a weakly symmetric Riemannian manifold in the sense of Selberg [S1], p. 51. It is well known that if G is a noncompact semisimple real Lie group and K is a maximal compact subgroup of G, then the algebra D(G/K) of all G-invariant differential operators on G/K is a commutative ring and that actually it is a polynomial ring with rank (G) algebraically independent generators. But in our case G_{n,m}(R) is not semisimple and the algebra D(G_{n,m}(R)/O(n)) = D(P_n × R^{(m,n)}) is not commutative. So we need a new approach to the study of subjects related to D(P_n × R^{(m,n)}). In Section 5, we define the spherical functions on G_{n,m}(R) and characterize these functions following the general theory of spherical functions on a Lie group. We describe the spherical functions on G_{n,m}(R) explicitly. In Section 6, using the results of Section 2 and 4, we define the concept of new automorphic forms on the new group G_{n,m}(R). In Section 7, we define the notion of Maass-Jacobi forms on the group SL(n, R) ⋉ R^{(m,n)}. This notion generalizes that of Maass wave forms on SL(2, R). The reason why I name “Maass-Jacobi” to such new automorphic forms is that the new automorphic forms are implicitly related to the concepts of Maass wave forms ( cf. [M1] ) and Jacobi forms ( cf. [E-Z], [K], [Y1-6], [Z] ). We deal with the simple case n = 2 and m = 1. In this case, we characterize Maass-Jacobi forms as smooth eigenfunctions on H × C satisfying a certain invariance property, where H denotes the Poincaré upper half plane. Also we discuss the actions of the group SL_{2,1}(R) := SL(2, R) ⋉ R^{(1,2)} on SP_2 × R^{(1,2)} and H × C ( cf. see (7.4) and (7.5) ). We provides the algebra of all differential operators on SP_2 × R^{(1,2)} or H × C invariant under the actions (7.4) and (7.5) of SL_{2,1}(R) without proof. And we present SL_{2,1}(R)-invariant Riemannian metrics on H × C and SP_2 × R^{(1,2)} together with their Laplace-Beltrami operators. The detail can be found in [Y7-8]. In the final section, we briefly remark a geometrical aspect of the quotient space G_{n,m}(Z)\P_n × R^{(m,n)} and provide some problems related to our subjects.

Acknowledgement. I would like to thank Professor R. Bott, W. Schmid, R. Howe, S. Helgason and B. Kostant for some useful discussions and their kind advices about the invariant theory. This work was mostly done during my stay in Cambridge. I am very grateful to Department of Mathematics, Harvard University for its wonderful hospitality during my stay in Cambridge. The final writing was completed in a way during my stay at Max-Planck-Institut für Mathematik in Bonn. I would like to give my hearty thanks to the institute for its financial support and its wonderful hospitality during my stay in Bonn.

Notations. We denote by Z, R and C the ring of integers, the field of real numbers and the field of complex numbers respectively. Z^+ denotes the set of all positive integers. The symbol “:=” means that the expression on the right is the definition of that on the left. F^{(k,l)} denotes the set of all k × l matrices with entries in a commutative ring F . For a square matrix A, σ(A) denotes the trace of A. For any M ∈ F^{(k,l)},^tM denotes the transpose of M. For A ∈ F^{(k,l)} and B ∈ F^{(k,k)}, we set B[A] =^tABA. E_n denotes the identity matrix of degree n.

2. The Group GL(n, R) ⋉ R^{(m,n)}

In this section, we obtain some basic properties of the group

G_{n,m}(R) := GL(n, R) ⋉ R^{(m,n)} endowed with the multiplication law (1.6). Clearly the stabilizer K of G_{n,m}(R) at (E_n, 0) is given by K := { (k, 0) ∈ G_{n,m}(R) | k ∈ O(n) } which is isomorphic to the orthogonal group O(n). Since the action (1.7) of G_{n,m}(R) on P_n ×R^{(m,n)} is transitive, P_n ×R^{(m,n)} is diffeomorphic to the homogeneous space G_{n,m}(R)/O(n). We note that G_{n,m}(R) acts on P_n × R^{(m,n)} effectively. It is easy to see that the Lie algebra g of G_{n,m}(R) is given by (2.1) g = { (X, Z) | X ∈ R^{(n,n)}, Z ∈ R^{(m,n)} }

equipped with the following Lie bracket (2.2) [(X_1, Z_1), (X_2, Z_2)] := ([X_1, X_2]_0, Z_2^tX_1 − Z_1^tX_2), where [X_1, X_2]_0 := X_1X_2−X_2X_1 denotes the usual matrix bracket and (X_1, Z_1), (X_2, Z_2) ∈ g. The adjoint representation Ad of G_{n,m}(R) is given by (2.3) Ad ((g, a))(X, Z) = (gXg^{−1}, (Z − a^tX)^tg), where (g, a) ∈ G_{n,m}(R) and (X, Z) ∈ g. And the adjoint representation ad of g on End (g) is given by (2.4) ad ((X, Z))((X_1, Z_1)) = [(X, Z), (X_1, Z_1)]. We easily see that the Killing form B of g is given by (2.5) B((X_1, Z_1), (X_2, Z_2)) = 4(n + m + 1) σ(X_1X_2). The Lie algebra k of K is (2.6) k = { (X, 0) ∈ g | X +^tX = 0 } . We let p be the subspace of g defined by (2.7) p := { (X, Z) ∈ g | X =^tX ∈ R^{(n,n)}, Z ∈ R^{(m,n)} } . Then we have the following relation (2.8) [k, k] ⊂ k and [k, p] ⊂ p. In addition, we have (2.9) g = k ⊕ p ( direct sum ).

Thus the coset space G_{n,m}(R)/O(n) ∼= P_n × R^{(m,n)} is a reductive homogeneous space in the sense of [He2], p. 284. We note that the restriction of the Killing form B to k is negative definite and the restriction of B to the abelian subalgebra r := { (0, Y ) ∈ g } is identically zero. Since r is the radical of B, B is degenerate. The subspace p of g may be identified with the tangent space of the reductive homogeneous space P_n × R^{(m,n)} = G_{n,m}(R)/O(n) at the origin (E_n, 0).

An Iwasawa decomposition of the group G_{n,m}(R) is given by

(2.10) G_{n,m}(R) = NAK, N = N_0 ⋉ R^{(m,n)},

where A is an abelian subgroup of G_{n,m}(R) consisting of all n × n real diagonal matrices with positive real diagonals and N_0 is the subgroup of GL(n, R) consisting of all n × n upper triangular real matrices whose diagonal entries are all equal to one. The Iwasawa decomposition of the Lie algebra g of G_{n,m}(R) is given by

(2.11) g = n + a + k, n = n_0 ⊕ R^{(m,n)},

where a is the subalgebra of g consisting of all n × n real diagonal matrices and n_0 denotes the subalgebra of g consisting of all n × n upper triangular real matrices whose diagonal entries are all equal to zero. In fact, a is the Lie algebra of A and n is the Lie algebra of N.

Now we will determine the roots of g. Let E_{ij} ( 1 ≤ i, j ≤ n ) be the n × n matrix with entry 1 where the i-throw and the j-th column meet, all other entries being 0. We let F_{kl} ( 1 ≤ k ≤ m, 1 ≤ l ≤ n ) be the m × n matrix with 1 in the (k, l)-entry and zero elsewhere. We put

H_i : = (E_{ii}, 0), 1 ≤ i ≤ n, E^0_{ij} : = (E_{ij} , 0), 1 ≤ i, j ≤ n, i ≠ j, F^0_{kl} : = (0, F_{kl}), 1 ≤ k ≤ m, 1 ≤ l ≤ n.

Then the set { H_i, E^0_{ij} , F^0_{kl} } forms a basis for g. Clearly a =

∑_n i=1 R H_i and n = ∑ i<j C E^0_{ij} + ∑ k,l R F^0_{kl}. Using the rules

E_{ij} E_{kl} = δ_{jk}E_{il}, [E_{ij}, E_{kl}] = δ_{jk}E_{il} − δ_{li}E_{kl},

we obtain the following

[H, E^0_{ij}] = ( e_i(H) − e_j (H)) E^0_{ij}, i ≠ j, [H, F^0_{kl}] = e_l(H)F^0_{kl}, 1 ≤ k ≤ m, 1 ≤ l ≤ n

for all H ∈ a, where e_i ( 1 ≤ i ≤ n ) is the linear functional e_i : a −→ C on a defined by e_i(H_j ) = δ_{ij} , 1 ≤ j ≤ n.

Thus the roots of g relative to a are given by

(2.12) ±e_l, ±(e_i − e_j ), 1 ≤ l ≤ n, 1 ≤ i < j ≤ n.

We denote by Σ := Σ(g, a) the set of all roots of g relative to a. The set Σ^+ of positive roots of g relative to a is given by

(2.13) Σ^+ = { e_l, e_i − e_j | 1 ≤ l ≤ n, 1 ≤ i < j ≤ n } .

The roots e_1 − e_2, e_2 − e_3, · · · , e_{n−1} − e_n, e_n form the set of simple roots. We observe that the root subspaces of g are given by

g_{−el} = g_{el} = m∑ k=1 R F^0_{kl}, 1 ≤ l ≤ n, g_{ei−ej} = R E^0_{ij}, 1 ≤ i, j ≤ n, i ≠ j.

So we obtain (2.14) dim g_{el} = dim g_{−el} = m, dim g_{ei−ej} = 1, 1 ≤ i, j, l ≤ n, i ≠ j. We define (2.15) ρ := 1 2 ∑ α∈Σ^+

( dim g_α ) · α.

By an easy computation, we have

(2.16) ρ = 1 2 n∑ h=1 (n + m + 1 − 2h) e_h.

3. Some geometry on P_n × R^{(m,n)} For a variable (Y, V ) ∈ P_n × R^{(m,n)} with Y ∈ P_n and V ∈ R^{(m,n)}, we put Y = (y_{μν} ), V = (v_{kl}), dY = (dy_{μν} ), dV = (dv_{kl}) and [dY ] := ∏ μ≤ν dy_{μν} , [dV ] := ∏ k,l dv_{kl}, where 1 ≤ μ, ν, l ≤ n and 1 ≤ k ≤ m.

Lemma 3.1. The metric ds^2 on P_n × R^{(m,n)} defined by (3.1) ds^2 := σ(Y^{−1}dY Y^{−1}dY ) + σ(Y^{−1 t}(dV ) dV ) is invariant under the action (1.7) of G_{n,m}(R) on P_n × R^{(m,n)}. So G_{n,m}(R) is a subgroup of the isometry group of the Riemannian manifold (P_n × R^{(m,n)}, ds^2). The Laplace-Beltrami operator of (P_n × R^{(m,n)}, ds^2) is a differential operator of order 2 which is invariant under the action (1.7) of G_{n,m}(R). Proof. For a fixed element (g, a) ∈ G_{n,m}(R), we set (Y^∗, V^∗) := (g, a) · (Y, V ).

The first statement follows immediately from the fact that dY^∗ = gdY g^{−1} and dV^∗ = dV^tg.

The last statement follows from the fact that a diffeomorphism Φ on a Riemannian manifold leaves the Laplace-Beltrami operator invariant if and only if it is an isometry ( see [He1], proposition 2, p. 245 ). □

Lemma 3.2. The following volume element dv on P_n × R^{(m,n)} defined by

(3.2) dv := ( det Y )^{− n+m+12} [dY ][dV ] is invariant under the action (1.7) of G_{n,m}(R). Proof. For a fixed element (g, a) ∈ G_{n,m}(R), we set (Y^∗, V^∗) := (g, a) · (Y, V ) = ( gY^tg, (V + a)^tg).

Let^{∂(Y ∗,V ∗)}

∂(Y,V ) be the Jacobian determinant of the action (1.7) of Gn,m(R) on Pn ×

R^{(m,n)}. It is known that the Jacobian determinant of the action Y −→ Y^∗ is given by ∂(Y^∗) ∂(Y )

= ( det g )^{n+1}.

Take the diagonal matrix g = (d_1, · · · , d_n) with distinct real numbers d_i. Obviously if a = (a_{kl}), V = (v_{kl}) and V^∗ = (v^∗_{kl}), then v^∗_{kl} = (v_{kl} + a_{kl})d_l for all k, l. Thus we have

(3.3)

∂(V^∗) ∂(V )

= (d_1 · · · d_n)^m = ( det g )^m.

Since the set of all n×n real matices whose eigenvalues are all distinct is everywhere dense in GL(n, R) , and^{∂(V ∗)}_{∂(V )} is a rational function, the relation (3.3) holds for any g ∈ GL(n, R). It is easy to see that ∂(Y^∗, V^∗) ∂(Y, V ) = ∂(Y^∗) ∂(Y ) · ∂(V^∗) ∂(V ) . Thus we obtain [dY^∗][dV^∗] = ( det g )^{m+n+1}[dY ][dV ].

Since det Y^∗ = ( det g )^2 det Y, we have

( det Y^∗ )^{− m+n+12} [dY^∗][dV^∗] = ( det Y )^{− m+n+12} [dY ][dV ].

Hence the volume element (3.2) is invariant under the action (1.7). □ Theorem 3.3. Any geodesic through the origin (E_n, 0) is of the form

γ(t) = ( λ(2t)[k], Z (∫_t 0 λ(t − s)ds ) [k] ) , where k is a fixed element of O(n), t is a real variable, λ_1, λ_2, · · · , λ_n are fixed real numbers but not all zero and λ(t) := diag (e^{λ1t}, · · · , e^{λnt}).

Furthermore, the tangent vector γ^′(0) of the geodesic γ(t) at (E_n, 0) is (D[k], Z), where D = diag (2λ_1, · · · , 2λ_n).

Proof. Let W := (X, Z) be an element of p with X ≠ 0. Then the curve

α(t) := exp tW = ( e^{tX} , Z (∫_t 0 e^{−sX} ds )) , t ∈ R

is a geodesic in G_{n,m}(R) with α^′(0) = W passing through the identity of G_{n,m}(R). Thus the curve

γ(t) := α(t) · (E_n, 0) = ( e^{2tX} , Z (∫_t 0 e^{−sX} ds ) e^{tX} )

is a geodesic in P_n × R^{(m,n)} passing through the origin (E_n, 0). Since X is a symmetric real matrix, there is a diagonal matrix Λ = diag (λ_1, · · · , λ_n) such that

X =^tkΛk for some k ∈ O(n),

where λ_1, · · · , λ_n are real numbers and not all zero. Thus we may write

γ(t) = ( (δ_{kl}e^{2λk t})[k], Z (∫_t 0 e^{(t−s)Λ}ds ) [k] ) . Hence this completes the proof. □

4. Proof of Main Theorem In this section, we investigate the differential operators on P_n × R^{(m,n)} which are invariant under the action (1.7) of G_{n,m}(R).

We set

(4.1) ∂ ∂Y := ( 1 + δ_{μν} 2 ∂ ∂y_{μν} ) , ∂ ∂V := ( ∂ ∂v_{kl} ) , where 1 ≤ μ, ν, l ≤ n, 1 ≤ k ≤ m and δ_{μν} denotes the Kronecker delta symbol. For a fixed element (g, a) ∈ G_{n,m}(R), we set

(Y^∗, V^∗) := (g, a) · (Y, V ) = (gY^tg, (V + a)^tg),

where (Y, V ) ∈ P_n × R^{(m,n)}. Then we have

(4.2) Y^∗ = gY^tg, V^∗ = (V + a)^tg and (4.3) ∂ ∂Y^∗

=^tg^{−1} ∂ ∂Y g^{−1}, ∂ ∂V^∗ = ∂ ∂V · g^{−1}.

In [Y4], I introduced the following differential operator M_{n,m,M} on P_n × R^{(m,n)} defined by

(4.4) M_{n,m,M} := det (Y ) · det ( ∂ ∂Y + 1 8π t ( ∂ ∂V ) M^{−1} ( ∂ ∂V )) , where M is a positive definite, symmetric half-integral matrix of degree m. This differential operator characterized singular Jacobi forms. For more detail, we refer the reader to [Y4].

Lemma 4.1. The differential operator M_{n,m,M} is invariant under the action (1.7) of G_{n,m}(R).

Proof. It follows immediately from (4.2) and (4.3). □ We recall that the adjoint action of K := O(n) on p is given by (4.5) Ad (k)((X, Z)) = (kX^tk, Z^tk), where k ∈ K and (X, Z) ∈ p with X =^tX ∈ R^{(n,n)}. The action (4.5) induces uniquely the action ρ of K on the symmetric algebra S(p) (4.6) ρ : K −→ Aut (S(p)). Now we have the following natural questions :

Problem A. Find the algebra D(P_n × R^{(m,n)}) of all differential operators on P_n × R^{(m,n)} which are invariant under the action (1.7) of G_{n,m}(R) on P_n × R^{(m,n)}. In other words, this problem is to find a set of algebraically independent differential operators which generate the algebra D(P_n × R^{(m,n)}). Problem B. Compute all the joint eigenfunctions of D(P_n × R^{(m,n)}).

According to [He2], Problem A is reduced to the following problem : Problem A’. Find all the invariants of the action (4.6) of K on S(p).

We define the nondegerate symmetric bilinear form B̃ on p by (4.7) B̃((X_1, Z_1), (X_2, Z_2)) := σ(X_1X_2) + σ(Z_1^tZ_2), (X_i, Z_i) ∈ p, i = 1, 2. We identify the dual space p^∗ of p with p via B̃ by letting v → v^∗ ( v ∈ p ), where v^∗(w) = B̃(w, v) for all w ∈ p. Let Ad^∗ be the contragredient of the adjoint representation Ad of K defined by (4.8) Ad^∗(k)v^∗(w) := v^∗(Ad (k^{−1})w) = B̃(Ad (k^{−1})w, v), k ∈ K, v, w ∈ p. We also identify p^{∗∗} with p via B̃ by letting v → v^{∗∗} ( v ∈ p ), where v^{∗∗}(w^∗) = w^∗(v) = B̃(v, w), v, w ∈ p. Let Pol (p^∗) = S(p^{∗∗}) be the polynomial algebra on p^∗, i.e., the algebra of all polynomial functions on p^∗. Then K acts on Pol (p^∗) by (4.9) Ad^0(k)P (v) := P (Ad(k^{−1})v), k ∈ K, P ∈ Pol (p^∗), v ∈ p. Then it is easy to see that S(p) is isomorphic to Pol (p^∗) and S(p)^K is isomorphic to Pol (p^∗)^K . Here S(p)^K denotes the subalgebra of all K-invariants under the action (4.6) of K and Pol (p^∗)^K denotes the subalgebra of all K-invariants under the action (4.9) of K.

By the above argument, the problem of finding the K-invariants of the action (4.6) of K is equivalent to that of finding the polynomials on p which are invariant under the action (4.5) of K.

Before we give a complete set of algebraically independent generators of the algebra D(P_n × R^{(m,n)}), we give some examples of K-invariants under the action (4.6) and invariant differential operators on P_n × R^{(m,n)}. Also we describe the relation between the two invariants.

For variables (X, Z) in p, we define the polynomials P_j and Q_k on p by

(4.10) P_j (X, Z) := σ(X^j), 1 ≤ j ≤ n,

(4.11) ξ_{kp}(X, Z) := (Z^tZ)_{kp}, 1 ≤ k ≤ p ≤ m and (4.12) Q_k(X, Z) := σ((^tZZ)^k)), 1 ≤ k ≤ m,

where (Z^tZ)_{kp} denotes the (k, p)-entry of the matrix function Z^tZ.

And we define the polynomials R_{jk} on p by

(4.13) R_{jk}(X, Z) := σ(X^j(^tZZ)^k), 1 ≤ j ≤ n, 1 ≤ k ≤ m.

For any real matrix S of degree m, we define the polynomials M_{j,S}, Q_{k,S} and R_{j,k,l,S} on p by

(4.14) M_{j,S}(X, Z) := σ ( (X +^tZSZ)^j ) , 1 ≤ j ≤ n,

(4.15) Q_{k,S} (X, Z) := σ ( (^tZSZ)^k ) , 1 ≤ k ≤ m and (4.16) R_{j,k,l,S}(X, Z) := σ(X^j(^tZSZ)^k(X +^tZSZ)^l), 1 ≤ l ≤ n.

Proposition 4.2. The set { P_j, ξ_{kp} | 1 ≤ j ≤ n, 1 ≤ k ≤ p ≤ m } is a set of algebraically independent K-invariants. Furthermore the polynomials Q_k, R_{jk}, M_{j,S}, Q_{k,S} and R_{j,k,l,S} are also K-invariants, where S is any real matrix of degree m. Proof. The proof follows immediately from (4.5) and (4.6). □ We define the differential operators D_j and L_k on P_n × R^{(m,n)} by

(4.17) D_j := σ (( 2Y ∂ ∂Y )_j ) , 1 ≤ j ≤ n,

(4.18) Ψ_{kp} := { ∂ ∂V Y^t ( ∂ ∂V )} kp , 1 ≤ k ≤ p ≤ m and (4.19) L_k := σ ({ Y^t ( ∂ ∂V ) ∂ ∂V }_k) , 1 ≤ k ≤ m.

Also we define the differential operators S_{jk} by

(4.20) S_{jk} := σ (( 2Y ∂ ∂Y )_j {

Y^t ( ∂ ∂V ) ∂ ∂V }_k) , where 1 ≤ j ≤ n and 1 ≤ k ≤ m.

For any real matrix S of degree m, we define the differential operators Φ_{j,S} and L_{k,S} by

(4.21) Φ_{j,S} := σ ( { Y ( 2 ∂ ∂Y +^t ( ∂ ∂V ) S ( ∂ ∂V ))}_j ) , 1 ≤ j ≤ n,

(4.22) L_{k,S} := σ ( { Y^t ( ∂ ∂V ) S ( ∂ ∂V )}_k) , 1 ≤ k ≤ m and (4.23) Φ_{j,k,l,S}(X, Z) := σ ( ( 2Y ∂ ∂Y )_j (

Y^t ( ∂ ∂V ) S ( ∂ ∂V ))_k { Y ( 2 ∂ ∂Y +^t ( ∂ ∂V ) S ( ∂ ∂V ))}_l) . Proposition 4.3. The set { D_j , Ψ_{kp} | 1 ≤ j ≤ n, 1 ≤ k ≤ p ≤ m } is a set of algebraically independent G_{n,m}(R)-invariant differential operators. Furthermore, L_k, S_{jk}, Φ_{j,S}, L_{k,S} and Φ_{j,k,l,S} ( 1 ≤ j ≤ n, 1 ≤ k ≤ m ) are invariant differential operators under the action (1.7) of G_{n,m}(R).

Proof. The proof follows immediately from (4.2) and (4.3). □ We recall that S(p)^K is the algebra of all invariants of the action (4.6) of K.

According to [He2], Theorem 4.9, p. 287, there exists a canonical linear bijection λ of S(p)^K onto D(P_n × R^{(m,n)}). We recall that if (ξ_α) is any basis of p and P ∈ S(p)^K , then

(4.24) ( D_{λ(P )}f ) (gK) = [ P ( ∂ ∂t_α ) f ( g exp

(_N ∑ α=1 t_αξ_α ) K )] (t_α )=0 , where f ∈ C^∞(P_n × R^{(m,n)}) and N = n(n + 1)/2 + mn is the dimension of p. Proposition 4.4. D_j , Ψ_{kp}, L_k, S_{jk}, Φ_{j,S}, L_{k,S} and Φ_{j,k,l,S} are the G_{n,m}(R)-invariant differential operators on P_n×R^{(m,n)} corresponding to the K-invariants P_j , ξ_{kp}, Q_k, R_{jk}, M_{j,S}, Q_{k,S} and R_{j,k,l,S} respectively under a canonical linear bijection λ : S(p)^K −→ D(P_n × R^{(m,n)}).

Proof. Using the bijection λ in (4.24), it follows from a direct computation. □ Now we prove the main theorem mentioned in the introduction. The proof will be divided into several steps.

First we let G be a reductive real group and H a closed subgroup of G with their Lie algebras g_0 and h respectively. We assume that g_0 has a decomposition g_0 = h + m ( the direct sum ) satisfying the following conditions [h, h] ⊂ h, [h, m] ⊂ m, [m, m] ⊂ h.

The adjoint representation Ad_G of H on m induces the action Ad_G of H on the polynomial algebra Pol(m) on m. Let Pol(m)^H be the subalgebra of all Ad_G(H)- invariants in Pol(m) and D(G/H) the algebra of all G-invariant differential operators on the homogeneous space G/H. According to [He2], there is a canonical linear bijection Pol(m)^H −→ D(G/H) (*) P −→ D_P , P ∈ Pol(m)^H defined in a similiar way as (4.24).

Lemma 4.5. Assume that D(G/H) is commutative. Let R_1, R_2, · · · , R_q be algebraically independent generators of Pol(m)^H and R̂_i := D_{Ri} ( 1 ≤ i ≤ q ) the elements of D(G/H) given by (*). Then R̂_1, · · · , R̂_q are algebraically independent generators of D(G/H).

Proof. We can prove the above lemma following the line of the argument in [G-H], Lemma 4.2 and [He1], pp.269-270. For the convenience of the reader, we will give a proof of the above lemma. First we show that the operators R̂_i := D_{Ri} ( 1 ≤ i ≤ q ) are algebraically independent. Suppose that they are not algebraically independent. Then there exists a nonzero polynomial P = ∑ a_{n1,··· ,nq} x^{n1}_1 · · · x^{nq}_q

such that P (R̂_1, · · · , R̂_q) = 0. Let r_i ( 1 ≤ i ≤ q ) be the degree of the polynomial R_i. We put N := max( ∑ r_in_i), where the maximum is taken over the set of all q-tuples (n_1, · · · , n_q) with a_{n1,··· ,nq} ≠ 0. We consider the following two polynomials S and Q defined by S := ∑ a_{n1,··· ,nq} R^{n1}_1 · · · R^{nq}_q and Q := ∑ P d_in_i=N

a_{n1,··· ,nq} R^{n1}_1 · · · R^{nq}_q .

Obviously Q ≠ 0 by assumption and the polynomial R := S − Q has degree less than N. It is easy to see that the operator

U := ∑ a_{n1,··· ,nq}R̂^{n1}_1 · · · R̂^{nq}_q − D_S

has order less than N. And we note that since P (R̂_1, · · · , R̂_q) = 0, we have

U = 0 − D_S = −D_Q − D_R.

Therefore the operator U has order N by the linear bijection (*). This contradicts our assumption. It remains to prove that the operators R̂_i ( 1 ≤ i ≤ q ) are generators. Suppose D is an element of D(G/H). Then there exists a polynomial F ∈ Pol(m)^H such that D = D_F via the linear bijection (*). We write the polynomial F as F = ∑ β_{m1,··· ,mq} R^{m1}_1 · · · R^{mq}_q , β_{m1,··· ,mq} ∈ C.

We put M := max( ∑ r_im_i), where the maximum is taken over the set of all qtuple (m_1, · · · , m_q) with β_{m1,··· ,mq} ≠ 0. Then it is easy to see that the differential operator D − ∑ P r_im_i=M

βR̂^{N1}_1 · · · R̂^{Nq}_q

is of lower order than D. Hence it follows from the induction on the order that the R̂_i ( 1 ≤ i ≤ q ) are generators of D(G/H). □

Secondly, we review the well-known classical results. Let V_1 := Symm (R^n) be the vector space of all n × n symmetric real matrices. The polynomial algebra Pol (V_1) on V_1 has a standard grading :

Pol (V_1) ∼= ∞∑ d=0 Pol^d(V_1).

The elements of Pol^d (V_1) ( d ≥ 0 ) is called homogeneous of degree d. We consider the action of K on V_1 given by

(4.25) (k, X) −→ kX^tk, k ∈ K, X ∈ V_1.

Then this action extends uniquely to the action of K on Pol (V_1)

(4.26) ρ_1 : K −→ Aut (Pol (V_1))

by algebra automorphisms preserving the grading. For a typical element X = (x_{ij} ) ∈ V_1 with x_{ij} = x_{ji} ( 1 ≤ i, j ≤ n ), we define the polynomials P_j on V_1 by

(4.27) P_j (X) := σ(X^j), 1 ≤ j ≤ n.

Theorem 4.6. Let Pol (V_1)^K be the subalgebra of Pol (V_1) consisting of Kinvariants under the action (4.26) of K. Then the polynomials P_j (X) ( 1 ≤ j ≤ n ) are algebraically independent generators of Pol (V_1)^K .

Proof. It is obvious that each polynomial P_j (X) is an element of Pol (V_1)^K . The GL(n, R)-invariant differential operators D^0_j for the action (1.2) of GL(n, R) on P_n corresponding to the K-invariant polynomials P_j (X) under a canonical linear bijection λ_1 : Pol (V_1)^K −→ D(P_n), P_n = GL(n, R)/K

are given by

D^0_j = σ (( 2Y ∂ ∂Y )_j ) , 1 ≤ j ≤ n.

According to Maass [M2], pp. 64-66, D^0_j ( 1 ≤ j ≤ n ) are algebraically independent generators of the algebra D(P_n) consisting of all GL(n, R)-invariant differential operators on P_n for the action (1.2). According to Lemma 4.5 and the commutativity of the algebra D(P_n) ( cf. [M2] and [S1] ), the polynomials P_j (X) ( 1 ≤ j ≤ n ) must be algebraically independent generators of Pol (V_1). □

Another proof of Theorem 4.6. We first observe that K := O(n) is a maximal compact subgroup of GL(n, R). Then the Lie algebra gl(n, R) of GL(n, R) has the Cartan decomposition

gl(n, R) = k + V_1, V_1 := Symm(R^n),

where k is the subalgebra of gl(n, R) consisting of all skew-symmetric real matrices of degree n. Let a be the maximal abelian subspace of V_1 consisting of all n × n diagonal real matrices. It is well known that the Weyl group W of GL(n, R) is isomorphic to the symmetric group S_n of degree n. A classical result on invariant theory tells us that the following symmetric polynomials

C_1(λ) := λ_1 + · · · + λ_n, C_2(λ) := λ^2_1 + · · · λ^2_n, · · · , C_n(λ) := λ^n_1 + · · · + λ^n are algebraically independent generators of the algebra Pol(a)^W of all W -invariant polynomials on a, where λ_1, · · · , λ_n are n variables on a. It is also known that Pol(V_1)^K is isomorphic to Pol(a)^W via the restriction to a ( cf. [He2], corollary 5.12, p. 299 ). It is easily seen that the polynomials on V_1 corresponding to W -invariant polynomials C_j (λ), 1 ≤ j ≤ n are given by P_j(X) := σ(X^j), 1 ≤ j ≤ n respectively. Hence the polynomials P_1, · · · , P_n are algebraically independent generators of Pol(V_1)^K . □ Thirdly we let V_2 := R^{(m,n)} be the vector space of all m × n real matrices. The polynomial algebra Pol (V_2) on V_2 has a natural grading

Pol (V_2) ∼= ∞∑ d=0 Pol^d(V_2).

We consider the action of K on V_2 given by (4.28) (k, Z) −→ Z^tk, k ∈ K, Z ∈ V_2. Then the above action extends uniquely to the action of K on Pol (V_2) (4.29) ρ_2 : K −→ Aut(Pol (V_2)) by algebra automorphisms preserving the grading. For a typical element Z = (z_{kl}) ∈ V_2 with 1 ≤ k ≤ m, 1 ≤ l ≤ n, we define the polynomials ξ_{kp} on V_2 by (4.30) ξ_{kp}(Z) := (Z^tZ)_{kp}, 1 ≤ k, p ≤ m, where (Z^tZ)_{kp} denotes the (k, p)-entry of the matrix Z^tZ. Obviously ξ_{kp} = ξ_{pk} for all 1 ≤ k, p ≤ m.

Theorem 4.7. Let Pol (V_2)^K be the subalgebra of Pol (V_2) consisting of Kinvariants under the action (4.29) of K. Then the polynomials ξ_{kp} ( 1 ≤ k ≤ p ≤ m ) are algebraically independent generators of Pol (V_2)^K .

Proof. The proof of the above theorem can be found in [Ho], Theorem 3.4.4., pp. 34- 35. □ Fourthly we prove the following theorem.

Theorem 4.8. The following polynomials P_j (X, Z) := σ(X^j), 1 ≤ j ≤ n ( see (4.10) ) and ξ_{kp}(X, Z) := (Z^tZ)_{kp}, 1 ≤ k ≤ p ≤ m ( see (4.11) ) are algebraically independent generators of Pol (p)^K .

Proof. Since p = V_1 ⊕ V_2, we have the following natural isomorphism

(4.31) Pol (p) ∼= Pol (V_1) ⊗ Pol (V_2).

Using the gradings of Pol (V_1)^K and Pol (V_2)^K , we can show that

(4.32) Pol (p)^K = Pol (V_1)^K ⊗ Pol (V_2)^K .

According to Theorem 4.6, Theorem 4.7 and (4.32), we see that the elements P_j (X) ⊗ 1 ( 1 ≤ j ≤ n ) and 1 ⊗ ξ_{kp}(Z) ( 1 ≤ k ≤ p ≤ m ) generate Pol (p)^K . It remains that the elements P_j (X, Z) = P_j (X) ⊗ 1 ( 1 ≤ j ≤ n ) and ξ_{kp}(X, Z) := 1 ⊗ ξ_{kp}(Z) ( 1 ≤ k ≤ p ≤ m ) are algebraically independent. Assume that there exists a nonconstant polynomial Q such that

(4.33) Q(P_1(X, Z), · · · , ξ_{11}(X, Z), · · · , ξ_{mm}(X, Z)) = 0.

Taking a bigrading of the left hand side of (4.33), we have the following grading

Q(P_1, P_2, · · · , ξ_{11}, · · · , ξ_{mm}) = ∑ a,b Q_{a,b},

where Q_{a,b} = ∑ α P_{a,α} ⊗ ξ_{b,α}, P_{a,α} = P_{a,α}(X), ξ_{b,α} = ξ_{b,α}(Z)

is a homogeneous component of bidegree (a, b). Since Q(P_1, P_2, · · · , ξ_{mm}) = 0, the following conditions have to be satisfied

Q_{a,b} = 0 for all the bidegree (a, b),

that is, P_{a,α} = 0 or ξ_{b,α} = 0 for all a, b, α.

Therefore Q is identically zero. This contradicts our assumption. Our theorem is completely proved. □

Finally we prove the main theorem.

Proof of Main Theorem. By Proposition 4.4, D_j and Ψ_{kp} ( 1 ≤ j ≤ n, 1 ≤ k ≤ p ≤ m ) are invariant differential operators on P_n ×R^{(m,n)} corresponding to the elements P_j and ξ_{kp} of Pol(p)^K via (4.24). By the argument similiar to that of the latter part in the proof of Lemma 4.5, we can prove that D_j and Ψ_{kp} ( 1 ≤ j ≤ n, 1 ≤ k ≤ p ≤ m ) generate the algebra D(P_n × R^{(m,n)}). It follows from [M2] and [S1] that the operators D_j ’s commute with each other and that they are algebraically independent. It is easy to see that the operators Ψ_{kp} ( 1 ≤ k ≤ p ≤ m ) commute with each other and also that D_j Ψ_{kp} ≠ Ψ_{kp}D_j for all j, k, p. We also see easily that the Ψ_{kp}’s are algebraically independent. □

Example 4.9. We consider the case such that n = 1 and m is an arbitrary positive integer. We let G^0 := R^+ ⋉ R^{(m,1)} be the connected Lie group equipped with the following multiplication

(g_1, a_1) ∗ (g_2, a_2) := (g_1g_2, g^{−1}_2 a_1 + a_2), g_1, g_2 ∈ R^+, a_1, a_2 ∈ R^{(m,1)},

where R^+ denotes the multiplicative group of all positive real numbers. G^0 acts on P_1 × R^{(m,1)} transitively by

(g, a) · (y, v) := (g^2y, g(v + a)), y ∈ R^+, v = (v_k) ∈ R^{(m,1)}.

The stabilizer K^0 of G^0 at (1, 0) is just the identity element {1}. Thus k^0 = (0) and p^0 = g^0 ( cf. (2.6) and (2.7) ). Here k^0 and g^0 denotes the Lie algebra of K^0 and G^0 respectively. Since the adjoint representation of K^0 on p^0 is the trivial one, the symmetric algebra S(g^0) is none other than the algebra of all invariants of the action (4.6) of K^0 = {1} on S(g^0). We denote by e_k ( 1 ≤ k ≤ m ) the vector t(0, · · · , 1, · · · , 0) ∈ R^{(m,1)} with 1 in the k-th position. We let

(4.34) Y_0 := (1, 0), X_1 := (0, e_1), · · · , X_m := (0, e_m)

be the standard basis of g^0. We denote by D^0(P_1 × R^{(m,1)}) the algebra of all G^0-invariant differential operators on P_1 × R^{(m,1)}. By a simple computation, the G^0-invariant differential operators L^0_{Y0} , L^0_{X1} , · · · , L^0_{Xm} on P_1 ×R^{(m,1)} corresponding to Y_0, X_1, · · · , X_m under a canonical linear bijection λ : S(g^0) −→ D^0(P_1 ×R^{(m,1)}) are given by

(4.35) L^0_{Y0} = 2y ∂ ∂y , L^0_{X1} = y^{1/2} ∂ ∂v_1

, · · · , L^0_{Xm} = y^{1/2} ∂ ∂v_m respectively. Obviously the above (n + 1) G^0-invariant differential operators (4.35) generate D^0(P_1 × R^{(m,1)}). Since

L^0_{Y0} L^0_{Xj} − L^0_{Xj} L^0_{Y0} = L^0_{Xj} , 1 ≤ j ≤ m,

the algebra D^0(P_1 × R^{(m,1)}) is not commutative.

On the other hand, for the group G_{1,m}(R) = GL(1, R) ⋉ R^{(m,1)} with GL(1, R) = R^∗ − {0}, the stabilizer K := O(1) of G_{1,m}(R) at (1, 0) is {±1}. Thus k = 0 and p = g ( cf. (2.6) and (2.7) ). We let Y_0, X_1, · · · , X_m as (4.34). Then Y_0, X_1, · · · , X_m is the standard basis of p. The algebra S(p)^K of K-invariants under the action (4.6) is generated by algebraically independent elements Y_0, X_kX_l ( 1 ≤ k ≤ l ≤ m ). By a simple computation, the G_{1,m}(R)-invariant differential operators L_{Y0} , L_{Xk Xl} (1 ≤ k ≤ l ≤ m) corresponding to the the K-invariants Y_0, X_kX_l under a canonical linear bijection λ : S(p)^K −→ D(P_1 × R^{(m,1)}) are given by

(4.36) L_{Y0} = 2y ∂ ∂y , L_{XkXl} = y

∂^2 ∂v_k∂v_l

, 1 ≤ k ≤ l ≤ m.

It is easy to see that L_{Y0} , L_{XkXl} ( 1 ≤ k ≤ l ≤ m ) generate D(P_1 × R^{(m,1)}). Although L_{Xk Xl} ( 1 ≤ k ≤ l ≤ m ) commute with each other, L_{Y0} does not commute with any L_{Xk Xl} . Indeed, we have the noncommutation relation

L_{Y0} L_{Xk Xl} − L_{Xk Xl} L_{Y0} = 2L_{Xk Xl} .

Hence the algebra D(P_1 × R^{(m,1)}) is not commutative.

Example 4.10. We consider the case n = 2 and m = 1. In this case,

G_{2,1}(R) := GL(2, R) ⋉ R^{(1,2)}, K := O(2) and G_{2,1}(R)/K = P_2 × R^{(1,2)}.

According to (2.7), p = { (X, Z) | X =^tX ∈ R^{(2,2)}, Z ∈ R^{(1,2)} } . We put e_1 := ( 1 0 0 0 ) , e_{12} := ( 0 1 1 0 ) , e_2 := ( 0 0 0 1 )

and f_1 := (1, 0), f_2 := (0, 1).

Then { e_1, e_{12}, e_2, f_1, f_2 } forms a basis for p. We write for variables (X, Z) ∈ p by X = ( x_1 x_3 x_3 x_2 ) and Z = (z_1, z_2).

The following polynomials

P_1(X, Z) := σ(X) = x_1 + x_2, P_2(X, Z) := σ(X^2) = x^2_1 + x^2 + 2x^2_3 and ξ_{11}(X, Z) := z^2_1 + z^2 are invariant under the action (4.6) of K.

Now we will compute the G_{2,1}(R)-invariant differential operators D_1, D_2, Ψ_{11} on P_2 × R^{(1,2)} corresponding to the K-invariants P_1, P_2, ξ_{11} respectively under a canonical linear bijection

λ : S(p)^K −→ D(P_2 × R^{(1,2)}).

For real variables t = (t_1, t_2, t_3) and s = (s_1, s_2), we have

exp (t_1e_1 + t_2e_2 + t_3e_3 + s_1f_1 + s_2f_2) = (( a_1(t, s) a_3(t, s) a_3(t, s) a_2(t, s) ) , ( b_1(t, s), b_2(t, s) ) ) , where

a_1(t, s) = 1 + t_1 + 1 2! (t^2_1 + t^2_3) + 1 3! (t^3_1 + 2t_1t^2_3 + t_2t^2_3) + · · · ,

a_2(t, s) = 1 + t_2 + 1 2! (t^2 + t^2_3) + 1 3! (t_1t^2_3 + 2t_2t^2_3 + t^3_2) + · · · ,

a_3(t, s) = t_3 + 1 2! (t_1t_3 + t_2t_3) + 1 3! (t_1t_2t_3 + t^2_1t_3 + t^2t_3 + t^3) + · · · ,

b_1(t, s) = s_1 − 1 2! (s_1t_1 + s_2t_3) + 1 3! { s_1(t^2_1 + t^2_3) + s_2(t_1t_3 + t_2t_3) } − · · · ,

b_2(t, s) = s_2 − 1 2! (s_1t_3 + s_2t_2) + 1 3! { s_1(t_1t_3 + t_2t_3) + s_2(t^2 + t^2_3) } − · · · .

For brevity, we write a_i, b_k for a_i(t, s), b_k(t, s) ( i = 1, 2, 3, k = 1, 2 ) respectively. We now fix an element (g, c) ∈ G_{2,1}(R) and write g = ( g_1 g_{12} g_{21} g_2 ) and c = (c_1, c_2).

We put

(Y (t, s), V (t, s)) := ( (g, c) · exp

(_3 ∑ i=1 t_ie_i + 2∑ k=1 s_kf_k ) ) · (E_2, 0)

with

Y (t, s) := ( y_1(t, s) y_3(t, s) y_3(t, s) y_2(t, s) ) and V (t, s) := (v_1(t, s), v_2(t, s)).

By an easy computation, we obtain

y_1 = (g_1a_1 + g_{12}a_3)^2 + (g_1a_3 + g_{12}a_2)^2, y_2 = (g_{21}a_1 + g_2a_3)^2 + (g_{21}a_3 + g_2a_2)^2, y_3 = (g_1a_1 + g_{12}a_3)(g_{21}a_1 + g_2a_3) + (g_1a_3 + g_{12}a_2)(g_{21}a_3 + g_2a_2), v_1 = (c_1 + b_1a_1 + b_2a_3)g_1 + (c_2 + b_1a_3 + b_2a_2)g_{12}, v_2 = (c_1 + b_1a_1 + b_2a_3)g_{21} + (c_2 + b_1a_3 + b_2a_2)g_2.

Using the chain rule, we can easily compute the G_{2,1}(R)-invariant differential operators D_1 := D_{λ(P1)}, D_2 := D_{λ(P2)} and Ψ_{11} := D_{λ(ξ11)}. They are given by

D_1 = 2 σ ( Y ∂ ∂Y ) = 2 ( y_1 ∂ ∂y_1

+ y_2 ∂ ∂y_2

+ y_3 ∂ ∂y_3 ) ,

D_2 = σ (( 2Y ∂ ∂Y )_2)

= 3 D_1 + 8 ( y^2_3

∂^2 ∂y_1∂y_2

+ y_1y_3

∂^2 ∂y_1∂y_3

+ y_2y_3

∂^2 ∂y_2∂y_3 )

+ 4 { y^2_1

∂^2 ∂y^2_1

+ y^2

∂^2 ∂y^2 + 1 2 (y_1y_2 + y^2_3 )

∂^2 ∂y^2_3 }

and Ψ_{11} = σ ( Y^t ( ∂ ∂V ) ( ∂ ∂V ))

= y_1

∂^2 ∂v^2_1

+ 2y_3

∂^2 ∂v_1∂v_2

+ y_2

∂^2 ∂v^2 . Clearly D_1 commutes with D_2 but Ψ_{11} does not commute with D_1 and D_2. Indeed, we have the following noncommutation relations

[D_1, Ψ_{11}] : = D_1Ψ_{11} − Ψ_{11}D_1 = 2 Ψ_{11} and [D_2, Ψ_{11}] : = D_2Ψ_{11} − Ψ_{11}D_2 = 2 ( 2 D_1 − 1 ) Ψ_{11}

− 8 det (Y ) · det ( ∂ ∂Y +^t ( ∂ ∂V ) ∂ ∂V )

+ 8 det (Y ) · det ( ∂ ∂Y ) − 4 (y_1y_2 + y^2_3)

∂^3 ∂y_3∂v_1∂v_2 . Hence the algebra D(P_2 × R^{(1,2)}) is not commutative. According to Theorem 4.8, D_1, D_2 and Ψ_{11} generate the algebra D(P_n × R^{(m,n)}). Remark 4.11. It is easily seen that for all 1 ≤ k ≤ p ≤ m,

[D_1, Ψ_{kp}] := D_1Ψ_{kp} − Ψ_{kp}D_1 = 2 Ψ_{kp}.

However in general for j ≥ 2, it is not easy to express the following operators

[D_j , Ψ_{kp}] := D_j Ψ_{kp} − Ψ_{kp}D_j

in terms of the generators D_j ’s and Ψ_{kp}’s.

Definition 4.12. Let G be a locally compact group of isometries of a Riemannian manifold M which acts transitively on M. We assume that there is a fixed isometry ϕ of M ( possibly not in G ). We say that M is a weakly symmetric Riemannian manifold with respect to G and ϕ if the following two conditions (WS1) and (WS2) are satisfied :

(WS1) ϕ commutes with G and ϕ^2 belongs to G.

(WS2) For any pair of points x and y of M, there exists an element λ ∈ G such that λ(x) = ϕ(y) and λ(y) = ϕ(x).

Remark 4.13. Selberg [S1] proved that the algebra D(M) of all G-invariant differential operators on a weakly symmetric Riemannian manifold M is commutative. It is well known [S1] that the algebra D(P_n) of all differential operators on P_n which are invariant under the action (1.2) of GL(n, R) are generated by the following n algebraically independent differential operators

(4.37) σ (( Y ∂ ∂Y )_j ) , 1 ≤ j ≤ n.

Furthermore, D(P_n) has a commutative ring structure which is isomorphic to the ring C[Z_1, · · · , Z_n] of polynomials in n indeterminates Z_1, · · · , Z_n. In fact, P_n is a weakly symmetric Riemannian manifold. For more detail, we refer to [M2] and [S1].

Proposition 4.14. For any positive integers n and m, the algebra D(P_n × R^{(m,n)}) is not commutative. Consequently the homogeneous space P_n × R^{(m,n)} is not a weakly symmetric Riemannian manifold in the sense of the above definition. Proof. We already know that the operators D_j and L_k ( cf. (4.17) and (4.19) ) do not commute. Since the ring D(P_n × R^{(m,n)}) is not commutative, according to Selberg’s theorem, P_n × R^{(m,n)} is not weakly symmetric. We will leave the detail to the reader. □

5. Spherical Functions In this section, we define the spherical functions on the group G_{n,m}(R) and characterize these functions.

Let M be a smooth manifold and let ϕ : M −→ M be a diffeomorphism of M onto itself. We put (5.1) f^ϕ = f ∘ ϕ^{−1}, f ∈ C^∞(M), where C^∞(M) denotes the space of all smooth functions on M. If D is a differential operator on M, we define D^ϕ by (5.2) D^ϕ(f) := (D(f ∘ ϕ)) ∘ ϕ^{−1}, f ∈ C^∞(M). We note that if D is invariant under ϕ, then D^ϕ = D, i.e., D(f ∘ ϕ) = (Df) ∘ ϕ for all f ∈ C^∞(M).

Now we return to our stage. For an element g of G_{n,m}(R), we denote by L_g and R_g the left translation and the right translation of G_{n,m}(R) by g. Let D(G_{n,m}(R)) be the algebra of all differential operators on G_{n,m}(R) invariant under all the left translations L_g of G_{n,m}(R). We note that D(G_{n,m}(R)) is generated by all the left invariant vector fields on G_{n,m}(R). We define (5.3) D_K (G_{n,m}(R)) := { D ∈ D(G_{n,m}(R)) | D^{Rk} = D for all k ∈ K } . Let π : G_{n,m}(R) −→ G_{n,m}(R)/K be the natural projection. We put for any function f on G_{n,m}(R)/K (5.4) f̃ := f ∘ π.

So f̃ is a function on G_{n,m}(R). Since G_{n,m}(R)/K is reductive, we have a natural homomorphism μ : u → D_u of D_K (G_{n,m}(R)) onto D(G_{n,m}(R)/K) defined by (5.5) (μ(u)f)^~ = (D_uf)^~ = uf̃, f ∈ C^∞(G_{n,m}(R)/K). The kernel of μ is given by (5.6) ker μ = D_K (G_{n,m}(R)) ∩ D(G_{n,m}(R))k. So we have the isomorphism (5.7) D(P_n × R^{(m,n)}) ∼= D(G_{n,m}(R)/K) ∼= D_K (G_{n,m}(R))/ker μ. For the proof of (5.5), (5.6) and (5.7), we refer the reader to [He2], pp. 285-286.

Now we are ready to define the concept of spherical functions on G_{n,m}(R). Definition 5.1. A function ϕ : G_{n,m}(R) −→ C is called a spherical function if ϕ satisfies the following properties (S1)-(S3) :

(S1) ϕ(k_1gk_2) = ϕ(g) for all k_1, k_2 ∈ K and g ∈ G_{n,m}(R), i.e., ϕ is bi-invariant under K.

(S2) ϕ is an eigenfunction for all the differential operators in D_K (G_{n,m}(R)). (S3) ϕ(E_n, 0) = 1.

We can say that a spherical function is a rotation-invariant eigenfunction for the algebra D_K (G_{n,m}(R)) which is normalized to have the value 1 at the identity (E_n, 0).

Let us descend a spherical function ϕ on G_{n,m}(R) to the coset space P_n×R^{(m,n)} ∼= G_{n,m}(R)/K. We define the function f_ϕ : P_n × R^{(m,n)} −→ C by (5.8) f_ϕ(Y, V ) := ϕ(g, V^tg^{−1}), (Y, V ) ∈ P_n × R^{(m,n)}, where Y = g^tg with g ∈ GL(g, R). We note that g is unique up to K. Then f_ϕ satisfies the following properties :

(S1)^0 f_ϕ(kY^tk, V^tk) = f_ϕ(Y, V ) for all (Y, V ) ∈ P_n × R^{(m,n)} and k ∈ K. (S2)^0 f_ϕ is an eigenfunction for all the differential operators in D(P_n × R^{(m,n)}). (S3)^0 f_ϕ(E_n, 0) = 1.

We also call a function on P_n × R^{(m,n)} satisfying the above three properties spherical.

First we recall the Iwasawa decompositions (2.10) and (2.11) of G_{n,m}(R) and g respectively. For g ∈ G_{n,m}(R), we let A(g) denote the unique element of a such that g ∈ N exp A(g) K.

Since the algebra D(A) of all invariant differential operators on A is a commutative ring, each linear function ν : a −→ C extends uniquely to a homomorphism of D(A) into C, also denoted by ν : D(A) −→ C. Let a^∗ be the dual space of a and let a^∗_c be the set of all linear functionals of a into C.

Lemma 5.2. For each ν ∈ a^∗_c , the function p_ν on G_{n,m}(R) defined by (5.9) p_ν (g) := e^{ν(A(g))}, g ∈ G_{n,m}(R) is an eigenfunction of each D ∈ D_K (G_{n,m}(R)) wirh eigenvalue ν(D_a), where D_a denotes the radial part of D. The function p_ν is called the power function on G_{n,m}(R) associated with ν ∈ a^∗_c . Moreover, the function φ_ν on G_{n,m}(R) defined by

(5.10) φ_ν (g) := ∫ K e^{ν(A(kg))} dk, g ∈ G_{n,m}(R)

is an eigenfunction of each D ∈ D_K (G_{n,m}(R)) with eigenvalue ν(D_a), where dk is the Haar measure on K normalized to be ∫ K dk = 1.

Proof. The proof of the above lemma can be found in [He2], p. 303. □ Theorem 5.3. For each ν ∈ a^∗_c , we define the function ϕ_ν on G_{n,m}(R) by

(5.11) ϕ_ν (g) := ∫ K e^{(iν+ρ)(A(kg))}dk, g ∈ G_{n,m}(R),

where ρ is defined in (2.15). Then ϕ_{sν} = ϕ_ν for all s ∈ W, where W denotes the Weyl group and (sν)(H) := ν(s^{−1}H), H ∈ a. The functions ϕ_ν ( ν ∈ a^∗_c ) define the class of spherical functions on G_{n,m}(R). Moreover, two such functions ϕ_ν and ϕ_λ are identical if and only if ν = sλ for some s ∈ W.

Proof. We can prove the above theorem following the line of the argument in [He2], pp. 303-304 and p. 418. □ We describe the functions mentioned above in more detail. Let ν ∈ a^∗_c be the linear functional ν : a −→ C given by ν(D(a_1, · · · , a_n)) := ν_1a_1 + · · · + ν_na_n, ν_1, · · · , ν_n are fixed complex numbers, where D(a_1, · · · , a_n) denotes the n×n diagonal real matrix with entries a_1, · · · , a_n. Now we define the function p̃_ν : P_n × R^{(m,n)} −→ C by (5.12) p̃_ν (Y, V ) := p_ν (g_0, V^tg_0), (Y, V ) ∈ P_n × R^{(m,n)}, where Y = g_0^tg_0 with g_0 ∈ GL(n, R). We observe that p̃_ν (Y, V ) is independent of the choice of g_0 ∈ GL(n, R) with Y = g_0^tg_0 and hence p̃_ν is well defined. We may choose an upper triangular matrix g_0 with diagonal entries t_1, · · · , t_n > 0 such that Y = g_0^tg_0. Then we have p_ν (g_0, V^tg_0) = e^{ν(A(g0, V tg−10 ))} = e^{ν(D(log t1,··· ,log tn))} = e^{ν1log t1+···+νnlog tn} = t^{ν1}_1 · · · t^{νn}_n .

We define the n-tuple s = (s_1, · · · , s_n) ∈ C^n of complex numbers by (5.13) ν_h := 2(s_{n−h+1} + · · · + s_n), h = 1, 2, · · · , n. Then we have (5.14) s_h := 1 2 (ν_{n−h+1} − ν_{n−h}), h = 1, · · · , n − 1 and s_n = 1 2 ν_1.

For each h ∈ Z^+ with 1 ≤ h ≤ n, we denote by Y_h the lower right corner h × h matrix of Y so that Y = ( ∗ ∗ ∗ Y_h ) . From the fact that det Y_h = (t_{n−h+1}t_{n−h+2} · · · t_n)^2, it follows immediately that

(5.15) p̃_ν (Y, V ) = p_ν (g_0, V^tg_0) = n∏ h=1 ( det Y_h )^{sh} .

For ν = (ν_1, · · · , ν_n) ∈ C^n we define the function Φ_ν : P_n × R^{(m,n)} −→ C by (5.16) Φ_ν (Y, V ) := ∫ K e^{(iν̃+ρ)(A(kg))}dk, (Y, V ) ∈ P_n × R^{(m,n)},

where g = (g_0, V^tg^{−1}_0 ) with Y = g_0^tg_0, g_0 ∈ GL(n, R) and ν̃ : a −→ C is the linear function on a defined by

ν̃(D(a_1, · · · , a_n)) = −i(ν_1a_1 + · · · + ν_na_n), D(a_1, · · · , a_n) ∈ a. Then it is easily seen that Φ_ν is a joint eigenfunction for all D ∈ D(P_n × R^{(m,n)}). If Y = g_0^tg_0 such that g_0 is a upper triangular n × n matrix with diagonals t_1, · · · , t_n > 0, then according to (2.16) we have

(5.17) Φ_ν (Y, V ) = n∏ h=1 t^{12 (n+m+1−2h)+νh} h . Summarizing the above, we have

Theorem 5.4. For any ν ∈ a^∗_c , the function

(5.18) Φ_ν (Y, V ) = ( det Y )^{14 (n+m+1)} n∏ h=1 ( det Y_h )^{sh− 12}

is a joint eigenfunction for all D ∈ D(P_n×R^{(m,n)}), where the n-tuple s = (s_1, · · · , s_n) of complex numbers is given by (5.14).

Proof. The proof follows from (5.17) and the fact that

det Y_h = (t_{n−h+1}t_{n−h+2} · · · t_n)^2, h = 1, · · · , n. □

6. Automorphic Forms on G_{n,m}(R) In this section, we define the concept of automorphic forms on G_{n,m}(R). First of all, following the article of Borel and Jacquet [B-J] we define Definition 6.1. A norm || || on G_{n,m}(R) is a function of the form

||x|| = { tr (ρ(x)^∗ρ(x)) }^{12} , x ∈ G_{n,m}(R),

where ρ : G_{n,m}(R) −→ GL(V_ρ) is a finite dimensional complex representation with finite kernel whose image is closed in End (V_ρ) and ρ(x)^∗ denotes the adjoint of ρ(x) with respect to a Hilbert space structure on V_ρ invariant under K. We say that a function ϕ on G_{n,m}(R) is slowly increasing if there exists a norm || || on G_{n,m}(R), a positive constant C and a positive integer ℓ such that

(6.2) |ϕ(x)| ≤ C · ||x||^ℓ for all x ∈ G_{n,m}(R).

Borel and Jacquet [B-J] introduced the notion of automorphic forms on a real reductive Lie group. We will define the notion of automorphic forms on the group G_{n,m}(R) slightly different from theirs. Definition 6.2. A smooth function

f : G_{n,m}(R) −→ C

is called an automorphic form with respect to G_{n,m}(Z) if f satisfies the following conditions :

(a) f(γx) = f(x) for all γ ∈ G_{n,m}(Z) and x ∈ G_{n,m}(R). (b) f is K-finite on the right.

(c) f is an eigenfunction for all the differential operators in D_K (G_{n,m}(R)). (d) f is slowly increasing.

For a system λ = (λ_α) of eigenvalues for D_K (G_{n,m}(R)), we denote by A(G_{n,m}(Z), λ) the vector space of all automorphic forms f with respect to G_{n,m}(Z) such L_αf = λ_αf for all L_α ∈ D_K (G_{n,m}(R)). And an automorphic form ϕ is said to be cuspidal if ∫

N_Z\N(R)

f(nx) dn = 0, N_Z := N(R) ∩ G_{n,m}(Z)

for all x ∈ G_{n,m}(R), where N is the unipotent radical of any proper Q-subgroup of G_{n,m}(R). In fact, it suffices to require this for any proper maximal parabolic Q-subgroup ( cf. [HC], Lemma 3, p. 8 ). We denote by A(G_{n,m}(Z), λ)_0 the subspace of all cuspidal forms in A(G_{n,m}(Z), λ).

Remark 6.3. The condition (b) means that by definition the right translates of f by elements of K span a finite dimensional vector space of functions. The condition (c) in the above definition is slightly different from the condition 1.3 (c) in [B-J]. Theorem 6.4. The space A(G_{n,m}(Z), λ) is finite dimensional. Proof. The proof follows from [HC], Theorem 1, p. 8 and [B-J], p. 191. □

7. Maass-Jacobi Forms We let

(7.1) SL_{n,m}(R) := SL(n, R) ⋉ R^{(m,n)}

be the semidirect product of the special linear group SL(n, R) and the commutative additive group R^{(m,n)} with the multiplication law (1.6). Obviously SL_{n,m}(R) is a subgroup of G_{n,m}(R). We let

(7.2) SL_{n,m}(Z) := SL(n, Z) ⋉ Z^{(m,n)}

be the discrete subgroup of SL_{n,m}(R) and K_0 := SO(n, R).

Now we introduce the notion of Maass-Jacobi forms. Definition 7.1. A smooth bounded function

ϕ : SL_{n,m}(R) −→ C

is called a Maass -Jacobi form if ϕ satisfies (MJ1) ϕ(γxk) = ϕ(x) for all γ ∈ SL_{n,m}(Z), x ∈ SL_{n,m}(R) and k ∈ K_0. (MJ2) ϕ is an eigenfunction for all the differential operators in D_{K0} (SL_{n,m}(R)). (MJ3) ϕ is slowly increasing.

For a fixed system λ = (λ_α) of eigenvalues for D_{K0} (SL_{n,m}(R)), we denote by MJ(SL_{n,m}(Z), λ) the vector space of all Maass-Jacobi forms ϕ such that L_αϕ = λ_αϕ for all Ł_α ∈ D_{K0} (SL_{n,m}(R)).

We set SP_n := { Y ∈ P_n | det Y = 1 } .

Let us descend a Maass-Jacobi form ϕ to the coset space SP_n × R^{(m,n)} ∼= SL_{n,m}(R)/K_0. We define the function f_ϕ : SP_n × R^{(m,n)} −→ C by

(7.3) f_ϕ(Y, V ) := ϕ(g, V^tg^{−1}), (Y, V ) ∈ SP_n × R^{(m,n)},

where Y = g^tg for some g ∈ SL(n, R). (7.3) is well-defined. Then f_ϕ satisfies the following conditions :

(MJ1)^0 f_ϕ(γY^tγ, (V + α)^tγ) = f_ϕ(Y, V ) for all (γ, α) ∈ SL_{n,m}(Z). (MJ2)^0 f_ϕ is an eigenfunction for all the differential operators in D(SP_n ×R^{(m,n)}). (MJ3)^0 f_ϕ has a suitable polynomial growth condition.

For a system s = (s_α) of eigenvalues for D(SP_n×R^{(m,n)}), we denote by MJ_s(SL_{n,m}(Z)) the vector space of all Maass-Jacobi forms f on SP_n × R^{(m,n)} such that L_αf = s_αf for all L_α ∈ D(SP_n × R^{(m,n)}).

Theorem 7.2. For any fixed system λ = (λ_α), the space MJ(SL_{n,m}(Z), λ) is finite dimensional.

The proof of the above theorem is due to Harish-Chandra [HC], Theorem 1, p. 8 and [B-J], p 191.

Now we consider the simple case n = 2 and m = 1. We recall that SL_{2,1}(R) acts on SP_2 × R^{(1,2)} transitively by

(7.4) (g, α) · (Y, V ) := ( gY^tg, (V + α)^tg ),

where g ∈ SL(2, R), α ∈ R^{(1,2)}, Y ∈ SP_2 and V ∈ R^{(1,2)}. We recall that SL(2, R) acts on H transitively by

g < τ >:= (aτ + b)(cτ + d)^{−1}, ( a b c d ) ∈ SL(2, R), τ ∈ H,

where H denotes the Poincaré upper half plane.

Now we define the action of SL_{2,1}(R) on H × C by

(7.5) (g, α) ∘ (τ, z) := (^tg^{−1} < τ >, (z + α_1τ + α_2)(−bτ + a)^{−1} ),

where g = ( a b c d ) ∈ SL(2, R) and α = (α_1, α_2) ∈ R^{(1,2)}, and (τ, z) ∈ H × C.

Since the action (7.5) is transitive and the special orthogonal real group SO(2) is the stabilizer of this action at the origin (i, 0), H × C can be identified with the homogeneous space SL_{2,1}(R)/SO(2) as follows :

(7.6) SL_{2,1}(R)/SO(2) ∋ (g, α) SO(2) −→ (g, α) ∘ (i, 0).

We observe that we can express an element Y of SP_2 uniquely as

(7.7) Y = ( y^{−1} 0 0 y ) [( 1 −x 0 1 )] = ( y^{−1} −xy^{−1} −xy^{−1} x^2y^{−1} + y )

with x, y ∈ R and y > 0.

Proposition 7.3. We define the mapping T : SP_2 × R^{(1,2)} −→ H × C by (7.8) T (Y, V ) := (x + iy, v_1(x + iy) + v_2 ), where Y is of the form (7.7) and V = (v_1, v_2) ∈ R^{(1,2)}. Then the mapping T is a bijection which is compatible with the above two actions (7.4) and (7.5).

For any Y ∈ SP_2 of the form (7.7), we put (7.9) g_Y := ( 1 0 −x 1 ) ( y^{−1/2} 0

0 y^{1/2} ) = ( y^{−1/2} 0 −xy^{−1/2} y^{1/2} ) . and (7.10) α_{Y,V} := V^tg^{−1}_Y . Then we have (7.11) T (Y, V ) = ( g_Y , α_{Y,V} ) ∘ (i, 0).

Proof. It is obvious that T is a bijection. Let T_0 : SP_2 −→ H be the mapping defined by T_0(Y ) := x + i y, where Y is of the form (7.7). We observe that Y = g_Y^tg_Y and T_0(Y ) =^tg^{−1}_Y < i >, where g_Y is an element of SL(2, R) defined by (7.9).

For g ∈ SL(2, R) and Y ∈ SP_2, Y_∗ := gY^tg = g_∗^tg_∗ for some g_∗ ∈ SL(2, R).

Since Y_∗ = g_{Y∗}^tg_{Y∗} , there is an element k ∈ K such that g_{Y∗} = g_∗k. So we have T_0(Y_∗) =^tg^{−1}_{Y∗} < i > =^t(g_∗k)^{−1} < i > =^tg^{−1}_∗^tk^{−1} < i > =^tg^{−1}_∗ < i > .

So far we showed that if Y_0 ∈ SP_2 such that Y_0 = g_0^tg_0 with g_0 ∈ SL(2, R), then T_0(Y_0) = g_0 < i > . If Y is of the form (7.7), we take g_∗ := g · g_Y .

Then g_∗^tg_∗ = gY^tg. Therefore we have T_0(gY^tg) =^tg^{−1}_∗ < i > =^tg^{−1} ·^t g^{−1}_Y < i > =^tg^{−1} < τ >, where we put τ := x + i y.

Let (g, α) ∈ SL_{2,1}(R) with g := ( a b c d ) ∈ SL(2, R), α := (α_1, α_2) ∈ R^{(1,2)}

and (Y, V ) ∈ SP_2 × R^{(1,2)} such that Y ∈ SP_2 is of the form (7.7) and V := (v_1, v_2) ∈ R^{(1,2)} with v_1, v_2 ∈ R. Now we have, if τ = x + i y ∈ H, (g, α) ∘ T (Y, V ) = (g, α) ∘ (τ, v_1τ + v_2) = (^tg^{−1} < τ >, { ( v_1 + α_1 ) τ + ( v_2 + α_2 ) } ( − b τ + a )^{−1} ).

On the other hand.

T ( (g, α) · (Y, V ) ) = T ( gY^tg, ( V + α )^tg ) = ( T_0(gY^tg), ṽ_1 · T_0(gY^tg) + ṽ_2 ) = (^tg^{−1} < τ >, ṽ_1 ·^t g^{−1} < τ > + ṽ_2 ),

where ( ṽ_1, ṽ_2 ) := (V + α)^tg.

Since ṽ_1 : = (v_1 + α_1) a + (v_2 + α_2) b, ṽ_2 : = (v_1 + α_1) c + (v_2 + α_2) d, by a simple calculation, we get

ṽ_1^tg^{−1} < τ > + ṽ_2 = { (v_1 + α_1) τ + (v_2 + α_2) } (−bτ + a )^{−1}. Hence we obtain T ((g, α) · (Y, V )) = (g, α) ∘ T (Y, V ).

Consequently T is compatible with the actions (7.4) and (7.5). It is easily checked that (7.11) holds. □

Theorem 7.4. Let D(H × C) be the algebra of all differential operators on H × C invariant under the action (7.5) of SL_{2,1}(R). Then the algebra D(H×C) is generated by the following differential operators

D := y^2 ( ∂^2 ∂x^2 + ∂^2 ∂y^2 ) + v^2 ( ∂^2 ∂u^2 + ∂^2 ∂v^2 ) (7.12)

+ 2 y v ( ∂^2 ∂x∂u + ∂^2 ∂y∂v )

and (7.13) Ψ := y ( ∂^2 ∂u^2 + ∂^2 ∂v^2 ) , where τ = x + iy and z = u + iv with real variables x, y, u, v. Moreover, we have

[D, Ψ] := DΨ − ΨD = 2 y^2 ∂ ∂y ( ∂^2 ∂u^2 − ∂^2 ∂v^2 ) − 4 y^2

∂^3 ∂x∂u∂v − 2 ( v ∂ ∂v Ψ + Ψ ) . In particular, the algebra D(H × C) is not commutative.

Proof. The proof can be found in [Y7]. □

For any right K-invariant function ϕ : SL_{2,1}(R) −→ C on SL_{2,1}(R), we define the function f_ϕ : H × C −→ C by (7.14) f_ϕ(τ, z) := ϕ(g, α), τ ∈ H, z ∈ C, where (g, α) is an element of SL_{2,1}(R) with (g, α) ∘ (i, 0) = (τ, z). Clearly it is well defined because (7.14) is independent of the choice of (g, α) ∈ SL_{2,1}(R) such that (g, α) ∘ (i, 0) = (τ, z).

Theorem 7.5. Let ϕ : SL_{2,1}(R) −→ C be a nonzero Maass-Jacobi form. Then the function f_ϕ defined by (7.14) satisfies the following conditions : (MJ1)^0 f_ϕ(γ̃ ∘ (τ, z)) = f_ϕ(τ, z) for all γ̃ ∈ SL_{2,1}(Z) := SL(2, Z) ⋉ Z^{(1,2)}. (MJ2)^0 f_ϕ is a joint eigenfunction for two invariant differential operators D and Ψ.

(MJ3)^0 f_ϕ has a polynomial growth.

Conversely, if a smooth function f : H × C −→ C satisfies the above conditions (MJ1)^0 − (MJ3)^0, then the function ϕ_f : SL_{2,1}(R) −→ C defined by (7.15) ϕ_f (g, α) := f((g, α) ∘ (i, 0)), (g, α) ∈ SL_{2,1}(R) is a Maass-Jacobi form.

Proof. Take g̃ ∈ SL_{2,1}(R) such that g̃ ∘ (i, 0) = (τ, z). Then for any γ̃ ∈ SL_{2,1}(Z), we have f_ϕ(γ̃ ∘ (τ, z)) = f_ϕ((γ̃ ∗ g̃) ∘ (i, 0)) = ϕ(γ̃ ∗ g̃) = ϕ(g̃) = f_ϕ(τ, z).

So (MJ1)^0 is proved.

Let π : SL_{2,1}(R) −→ SL_{2,1}(R)/SO(2) be the natural projection. For any function f on SL_{2,1}(R)/SO(2), we put f̃ := f ∘ π.

Thus f̃ is a function on SL_{2,1}(R). Since SL_{2,1}(R)/SO(2) is a reductive homogeneous space, we have a natural homomorphism μ : u −→ D_u of D_{SO(2)}(SL_{2,1}(R)) onto D(SL_{2,1}(R)/SO(2)) defined by

(7.16) (μ(u)f)^~ = (D_uf)^~ := uf̃, f ∈ C^∞(SL_{2,1}(R)/SO(2)). The kernel of μ is given by (7.17) ker μ = D_{SO(2)}(SL_{2,1}(R)) ∩ D(SL_{2,1}(R)) so(2), where so(2) denotes the Lie algebra of SO(2). Therefore we have the isomorphism (7.18) D(SL_{2,1}(R)/SO(2)) = D(H × C) ∼= D_{SO(2)}(SL_{2,1}(R))/ker μ. For the proof of the above facts (7.16), (7.17) and (7.18), we refer to [He2], pp. 285- 286. It follows from (7.18) that the function f_ϕ is a joint eigenfunction for D(SL_{2,1}(R)/SO(2)) = D(H × C).

It is easy to check (MJ3)^0. We leave the detail to the reader. If we note ϕ = f_ϕ∘π, the proof of the converse can be done in a similiar way. □

For a right K-invariant function ϕ : SL_{2,1}(R) −→ C, we define another function h_ϕ : SP_2 −→ C by

(7.19) h_ϕ(Y, V ) := ϕ(g, V^tg^{−1} ), Y ∈ SP_2, V ∈ R^{(1,2)},

where Y = g^tg with some g ∈ SL(2, R). The definition (7.19) is well defined because it is independent of the choice of g with Y = g^tg. Indeed, such g is unique up to SO(2).

Theorem 7.6. Let ϕ : SL_{2,1}(R) −→ C be a nonzero Maass-Jacobi form. Then the function h_ϕ defined by (7.19) satisfies the following conditions : (MJ1)^∗ h_ϕ(γY^tγ, (V + δ)^tγ ) = h_ϕ(Y, V ) for all (γ, δ) ∈ SL_{2,1}(Z) with γ ∈ SL(2, Z) and δ ∈ Z^{(1,2)}.

(MJ2)^∗ h_ϕ is a joint eigenfunction for all the differential operators in D(SP_2 × R^{(1,2)}).

(MJ3)^∗ h_ϕ has a suitable polynomial growth.

Conversely, if a smooth function h : SP_2 × R^{(1,2)} −→ C satisfies the conditions (MJ1)^∗ − (MJ3)^∗, the function ϕ_h : SL_{2,1}(R) −→ C defined by

(7.20) ϕ_h(g, α) := h(g^tg, α^tg), g ∈ SL(2, R), α ∈ R^{(1,2)}

is a Maass-Jacobi form.

Proof. Let (γ, δ) ∈ SL_{2,1}(Z) and (Y, V ) ∈ SP_2 × R^{(1,2)}. We take g ∈ SL(2, R) such that g^tg = Y. Then we have

h_ϕ(γY^tγ, (V + δ)^tγ) = h_ϕ(γg^t(γg), (V + δ)^tγ ) = ϕ(γg, (V + δ)^tg^{−1}) ( by (7.19) ) = ϕ((γ, δ) ∗ (g, V^tg^{−1})) = ϕ(g, V^tg^{−1}) = h_ϕ(Y, V ).

So (MJ1)^∗ is proved. Following the line of the proof of (MJ2)^0 in Theorem 7.5, we can prove (MJ2)^∗. It is easy to check (MJ3)^∗. The converse may be proved in a similiar way. We leave the detail of the rest to the reader. □

Definition 7.7. A smooth function on H × C is also called a Maass-Jacobi form if it satisfies the conditions (MJ1)^0 −(MJ3)^0. For a system λ = (λ_α) of eigenvalues for D(H × C), we also denote by MJ(SL_{2,1}(Z), λ) the vector space of all Maass-Jacobi forms f such that L_αf = λ_αf for all L_α ∈ D(H × C).

Remark 7.8. We note that Maass wave forms are special ones of Maass-Jacobi forms. Thus the number of λ’s with MJ(SL_{2,1}(Z), λ) ≠ 0 is infinite. Theorem 7.9. The Riemannian metric ds^2 on H × C defined by

ds^2 = y + v^2 y^3

( dx^2 + dy^2 ) + 1 y ( du^2 + dv^2 ) − 2v y^2

( dx du + dy dv ) is invariant under the action (7.5) of SL_{2,1}(R). The Laplace-Beltrami operator Δ of the Riemannian space ( H × C, ds^2 ) is given by

Δ = y^2 ( ∂^2 ∂x^2 + ∂^2 ∂y^2 ) + ( y + v^2 ) ( ∂^2 ∂u^2 + ∂^2 ∂v^2 )

+ 2 y v ( ∂^2 ∂x∂u + ∂^2 ∂y∂v ) . That is, Δ = D + Ψ. In particular, SL_{2,1}(R) is a subgroup of the isometry group of ( H × C, ds^2 ).

Proof. The proof can be found in [Y7]. □ Now we introduce the notion of weak Maass -Jacobi forms.

Definition 7.10. A smooth bounded function ϕ : SL_{2,1}(R) −→ C is called a weak Maass -Jacobi form if it satisfies the conditions (MJ1), (MJ3) and the following condition (WMJ2) :

(WMJ2) ϕ is an eigenfunction for the Laplace-Beltrami operator in D_{SO(2)}(SL_{2,1}(R)).

In other words, the function f_ϕ : H × C −→ C defined by (7.14) from a weak Maass-Jacobi form ϕ satisfies the conditions (MJ1)^0, (MJ3)^0 and the following condition (WMJ2)^0 :

(WMJ2)^0 f_ϕ is an eigenfunction for the Laplace-Beltrami operator Δ := D + Ψ.

Obviously Maass-Jacobi forms are weak Maass-Jacobi forms but in general the converse does not hold. We observe that Maass wave forms are the special ones of weak Maass-Jacobi forms.

Theorem 7.11. Let D(SP_2 × R^{(1,2)}) be the algebra of all differential operators on SP_2 × R^{(1,2)} invariant under the action (7.4) of SL_{2,1}(R). Then the algebra D(SP_2 × R^{(1,2)}) is generated by the following differential operators

(7.21) D̃ := y^2 ( ∂^2 ∂x^2 + ∂^2 ∂y^2 ) . and (7.22) Ψ̃ := y^{−1} { ∂^2 ∂v^2_1

− 2 x

∂^2 ∂v_1∂v_2

+ ( x^2 + y^2 )

∂^2 ∂v^2 } , where Y is of the form (7.7) and V = ( v_1, v_2 ) with real variables x, y, v_1, v_2 and y > 0. Moreover, we have

[D̃, Ψ̃] : = D̃ Ψ̃ − Ψ̃ D̃

= − 4 y

∂^3 ∂x∂v_1∂v_2

+ 4 x y

∂^3 ∂x∂v^2 − 2 ∂^3 ∂y∂v^2_1

+ 4 x

∂^3 ∂y∂v_1∂v_2

+ 2 ( y^2 − x^2 )

∂^3 ∂y∂v^2 + 2 x y ∂^2 ∂v_1∂v_2

+ 2 Ψ.

In particular, the algebra D(SP_2 × R^{(1,2)}) is not commutative.

Proof. The proof can be found in [Y8]. □

Now we present a SL_{2,1}(R)-invariant metric on SP_2 × R^{(1,2)}.

Theorem 7.12. The following Riemannian metric ds^2_0 on SP_2 × R^{(1,2)} defined by

ds^2_0 := 1 y^2

( dx^2 + dy^2 ) + 1 y { ( x^2 + y^2 ) dv^2_1 + 2 x dv_1 dv_2 + dv^2 }

is invariant under the action (7.4) of SL_{2,1}(R), where we used the coordinates ( Y, V ) such that Y is of the form (7.7) and V = ( v_1, v_2 ) with v_1, v_2 real variables. The Laplace-Beltrami operator Δ_0 of the Riemannian space ( SP_2 × R^{(1,2)}, ds^2_0 ) is given by

Δ_0 = y^2 ( ∂^2 ∂x^2 + ∂^2 ∂y^2 ) + 1 y { ∂^2 ∂v^2_1

− 2 x

∂^2 ∂v_1∂v_2

+ ( x^2 + y^2 )

∂^2 ∂v^2 } .

That is, Δ_0 = D̃ + Ψ̃. In particular, SL_{2,1}(R) is a subgroup of the isometry group of ( SP_2 × R^{(1,2)}, ds^2_0 ).

Proof. The proof can be found in [Y8]. □

8. Final Remarks In this final section, we make some comments on a fundamental domain for G_{n,m}(Z)\P_n × R^{(m,n)} and provide some problems related to the previous subjects.

We define the domain R_{n,m} in P_n × R^{(m,n)} by

R_{n,m} = { (Y, λ) | Y ∈ R_n, λ = (λ_{kl}) ∈ R^{(m,n)}, 0 ≤ λ_{kl} ≤ 1 for all k, l } , where R_n denotes the Minkowski fundamental domain for GL(n, Z)\P_n. For more detail on R_n, we refer the reader to [M2] or [Si1]. It is easy to see that R_{n,m} is a fundamental domain for G_{n,m}(Z)\P_n × R^{(m,n)}. We see that R_{n,m} may be regarded as the fibre bundle over the Minkowski fundamental domain R_n with fibres as tori of dimension mn. Thus we call the fundamental domain R_{n,m} the universal torus or the universal family of tori. The concept of the universal torus is analogous to that of the universal abelian variety ( cf. [F-C] and [Y6] ).

We propose the following problem:

Problem 8.1. Describe the boundary of the universal torus in terms of automorphic forms on G_{n,m}(R).

We review Maass wave forms. Let s ∈ C and Γ := Γ_0(N) for some positive integer N > 0. We denote by W_s(Γ) the vector space of all smooth bounded functions ϕ : SL(2, R) −→ C such that

(a) ϕ(γgk) = ϕ(g) for all γ ∈ Γ, g ∈ SL(2, R) and k ∈ SO(2). (b) Δϕ =^{1−s2}_4 ϕ, where

Δ = −y^2 ( ∂^2 ∂x^2 + ∂^2 ∂y^2 ) − y ∂^2 ∂x∂θ

is the Laplace-Beltrami operator on SL(2, R) whose coordinates x, y, θ ( x ∈ R, y > 0, 0 ≤ θ < 2π ) are given by g = ( 1 x 0 1 ) ( y^{1/2} 0 0 y^{−1/2} ) ( cos θ −sin θ sin θ cos θ ) , g ∈ SL(2, R)

by means of the Iwasawa decomposition of SL(2, R). The functions in W_s(Γ) are called Maass wave forms. It is well known that W_s(Γ) is nontrivial for infinitely many values of s.

Let π^+_s and π^c_s be the irreducible unitary representations of SL(2, R) induced by the characters ( a u 0 a^{−1} ) −→ |a|^s, Re (s) = 0 ; a unitary character of B and ( a u 0 a^{−1} ) −→ sgn (a) |a|^s, Re (s) = 0 ; a non-unitary character of B

respectively, where B := { ( a u 0 a^{−1} ) | a > 0, u ∈ R } is a Borel subgroup of

SL(2, R). Let L^2_0 (Γ\SL(2, R)) be the subspace of all cuspidal forms in L^2 (Γ\SL(2, R)) . It is well known that the multiplicity of π^+_s or π^c_s in the right regular representation of SL(2, R) on L^2_0 (Γ\SL(2, R)) is equal to the dimension of W_s(Γ). For more detail, we refer to [G] and [I].

Problem 8.2. Decompose the Hilbert space L^2 (SL_{n,m}(Z)\SL_{n,m}(R)) into irreducibles. Let L^2_0 (SL_{n,m}(Z)\SL_{n,m}(R)) be the subspace of all cuspidal automorphic forms in L^2 (SL_{n,m}(Z)\SL_{n,m}(R)) . Investigate the role which Maass-Jacobi forms play in the decomposition of the right regular representation of SL_{n,m}(R) on L^2_0(SL_{n,m}(Z)\SL_{n,m}(R)).

Let μ : D (G_{n,m}(R)/K) −→ C be a homomorphism. Let

E_μ := { f ∈ C^∞ (G_{n,m}(R)/K) | Df = μ(D) for all D ∈ D (G_{n,m}(R)/K) }

be the joint eigenspace associated with μ. Then we have the natural representation of G_{n,m}(R) on E_μ defined by

( T_μ(g)f ) (xK) := f(g^{−1}xK), g, x ∈ G_{n,m}(R), f ∈ E_μ.

We call T_μ the eigenspace representation of G_{n,m}(R) on E_μ.

Problem 8.3. For which μ is T_μ irreducible ? Decompose T_μ into irreducibles.

Problem 8.4. Write down M_{n,m,M} ( cf. 4.1 ) in terms of D_j ’s and Ψ_{kp}’s.

Problem 8.5. Construct automorphic forms G_{n,m}(R) and Maass-Jacobi forms. Develope the Fourier expansion of automorphic forms on G_{n,m}(R) and Maass- Jacobi forms. And develope the theory of these automorphic forms adelically.

Selberg [S2] discussed the invariant differential operators and the integral operators on bounded symmetric domains in the sense of Elie Cartan ( cf. [Si2] ). We propose the following problem.

Problem 8.6. Discuss the G^J_{n,m}(R)-invariant differential operators on H_n ×C^{(m,n)} under the action of (1.4) of G^J_{n,m}(R) and the integral operators on H_n × C^{(m,n)}. We observe that H_n × C^{(m,n)} is not a symmetric space and not a bounded domain in C^d, d = n(n + 1)/2 + mn.

Finally we review the results of G. Shimura [Sh]. We let G/K be a hermitian symmetric space of classical and noncompact type. Here G is classical, usually a connected noncompact semisimple Lie group with finite center and K is a maximal compact subgroup of G. Let ρ be a continuous representation of K on a finite dimensional complex vector space V_ρ. We denote by C^∞(ρ) the set of all V_ρ-valued smooth functions f : G −→ V_ρ such that

f(gk^{−1}) = ρ(k)f(g) for all k ∈ K and g ∈ G.

We let D(ρ) the ring of all left-invariant differential operators on G which map C^∞(ρ) into itself.

G. Shimura proved that if ρ is one-dimensional, then D(ρ) is commutative and there exists a canonically defined set of generators L_1, L_2, · · · , L_r for D(ρ) which are algebraically independent. Thus we have D(ρ) = C[L_1, · · · , L_r]. Here r denotes the rank of the hermitian symmetric space G/K.

Returning to our case, since G^J_{n,m}(R) acts on H_n × C^{(m,n)} transitively, H_n × C^{(m,n)} may be regarded as a homogeneous space G^J_{n,m}(R)/K^J_{n,m} via the identification

G^J_{n,m}(R)/K^J_{n,m} −→ H_n × C^{(m,n)}, g · K^J_{n,m} −→ g · (iE_n, 0), g ∈ G^J_{n,m}(R),

where K^J_{n,m} := U(n) × Symm(R^m) is the stabilizer of G^J_{n,m}(R) at (iE_n, 0). Let τ be a continuous representation of K^J_{n,m} on a finite dimensional complex vector space V_τ . We denote by C^∞(τ) the set of all V_τ -valued smooth functions on G^J_{n,m}(R) such that f(gk^{−1}) = τ(k)f(g), g ∈ G^J_{n,m}(R), k ∈ K^J_{n,m}.

We let D(τ) the ring of all left-invariant differential operators on G^J_{n,m}(R) which map C^∞(τ) into itself.

Problem 8.7. Discuss the 1st and 2nd main theorems for D(τ) in the sense of invariant theory. Also discuss the existence of a canonically defined set of algebraically independent generators for D(τ).

References

[B-J] A. Borel and H. Jacquet, Automorphic forms and automorphic representations, Proc. Symposia in Pure Math. XXXIII, Part 1 (1979), 189-202.

[E-Z] M. Eichler and D. Zagier, The theory of Jacobi forms, Progress in Math. vol. 55, Birkhäuser, 1985.

[F-C] G. Faltings and C.-L. Chai, Degeneration of abelian varieties, Springer-Verlag, Berlin- Heidelberg-New York, 1990.

[G] S. Gelbart, Automorphic forms on adele groups, Annals of Math. Studies, Princeton Univ.

Press, No. 83, 1975.

[G-H]F. Gonzalez and S. Helgason, Invariant differential operators on Grassmann manifolds, Adv. Math. 60 (1986), 81-91.

[Gr] D. Grenier, An analogue of Siegel’s ϕ-operator for automorphic forms for GL(n, Z), Trans.

Amer. Math. Soc. 331, No. 1 (1992), 463-477.

[HC] Harish-Chandra, Automorphic forms on semi-simple Lie groups, Notes by J.G.M. Mars, Lecture Notes in Math., vol. 62, Springer-Verlag, Berlin-Heidelberg-New York, 1968.

[He1] S. Helgason, Differential operators on homogeneous spaces, Acta Math. 102 (1959), 239- 299.

[He2] , Groups and geometric analysis, Academic Press, New York, 1984. [Ho] R. Howe, Perspectives on invariant theory: Schur duality, multiplicity-free actions and beyond, The Schur lectures (1992) (Tel Aviv), Israel Math. Conf. Proceedings 8 (1995), 1-182.

[I] H. Iwaniec, Introduction to the spectral theory of automorphic forms, Biblioteca de la Revista Mathemática Iberoamericana, Madrid, 1995.

[I-T] K. Imai and A. Terras, the Fourier expansion of Eisenstein series for GL(3, Z), Trans.

American Math. Soc. 273, No. 2 (1982), 679-694.

[J-L] H. Jacquet and R. Langlands, Automorphic forms on GL(2), Lecture Notes in Math., vol.

114, Springer-Verlag, Berlin-Heidelberg-New York, 1970.

[K] J. Kramer, An arithmetic theory of Jacobi forms in higher dimension, J. reine angew.

Math. 458 (1995), 157-182.

[M1] H. Maass, Über eine neue Art von nichtanalytischen automorphen Funktionen und die Bestimmung Dirichlescher Reihen durch Funktionalgleichung, Math. Ann. 121 (1949), 141- 183.

[M2] , Siegel modular forms and Dirichlet series, Lecture Notes in Math., vol. 216, Springer-Verlag, Berlin-Heidelberg-New York, 1971.

[S1] A. Selberg, Harmonic analysis and discontinuous groups in weakly symmetric Riemannian spaces with applications to Dirichlet series, J. Indian Math. Soc. B. 20 (1956), 47-87.

[S2] , Linear operators and automorphic forms, Collected Papers, Vol. II, Springer- Verlag, Berlin-Heidelberg-New York (1989), 1-13.

[Sh] G. Shimura, Invariant differential operators on hermitian symmetric spaces, Ann. Math.

132 (1990), 237-272.

[Si1] C. L. Siegel, Symplectic geometry, Gesammelte Abhandlungen, no. 41, vol. II, Springer- Verlag (1966), 274-359.

[Si2] , Analytic functions of several complex variables, Institute for Advanced Study, Lecture Notes, revised edition, 1962.

[W] H. Weyl, The classical groups: Their invariants and representations, Princeton Univ. Press, Princeton, New Jersey, second edition, 1946.

[Y1] J.-H. Yang, Some results on Jacobi forms of higher degree, Proc. RIMS Symposium on Automorphic Forms and Associated Zeta Functions, Kyoto (1992), 35-50.

[Y2] , The Siegel-Jacobi operator, Abh. Math. Sem. Univ. Hamburg 63 (1993), 135-146. [Y3] , Remarks on Jacobi forms of higher degree, Proc. of the 1993 Workshop on Automorphic Forms and Related Topics, the Pyungsan Institute for Mathematical Sciences, Seoul (1993), 33-58.

[Y4] , Singular Jacobi forms, Trans. of American Math. Soc. 347, No. 6 (1995), 2041- 2049.

[Y5] , Construction of vector valued modular forms from Jacobi forms, Canadian J. of Math. 47 (6) (1995), 1329-1339.

[Y6] , A geometrical theory of Jacobi forms of higher degree, Proceedings of Symposium on Hodge Theory and Algebraic Geometry ( edited by Tadao Oda ), Sendai, Japan (1996), 125-147.

[Y7] , Notes on Maass-Jacobi forms, preprint, MPI (1997). [Y8] , Invariant differential operators on SP_2 × R^{(1,2)}, preprint, MPI (1997). [Z] C. Ziegler, Jacobi forms of higher degree, Abh. Math. Sem. Univ. Hamburg 59 (1989), 191-224.

Max-Planck-Institut für Mathematik Gottfried-Claren-Strasse 26 53225 Bonn Germany

email : yang@mpim-bonn.mpg.de