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ON THE ORTHOGONAL GROUP OF UNIMODULAR
QUADRATIC FORMS: ORBITS OF l-TUPLES

NIKOS ASKITAS

ABSTRACT. Generalizing work of [W] and [Al], [A2J, we define a complete set
of isometrie invariants for an l-tuple of pairwise orthogonal, linearly indepen
dent, primitive, elements and prove that it characterizcs the orbits of such
pairs under thc action of the group of isometrics, when a certain indefinitencss
condition holds for the lattice.

1. Introduction

In ([W]) C. T. C. Wall proved that the group of isometries O(L) of a unimodular,
integrallattiee (L, '), whose rank r(L) and signature a(L) satisfy r(L) -la(L)1 ?: 4,
aets transitivelyon elements of the lattice of the same square, type ami divisibility
(type refers to eharacteristic or ordinary: a E L is eharacteristic if a . x ::::: x .
x mod 2, "Ix E L. It is otherwise called ordinary). In [Al], [A2] we isolated
a complete set of isometrie invariants whieh eharacterize thc orbit of a pair of
linearly independent, mutually orthogonal primitive, ordinary elements provided
that r(L) - la(L)1 ?: 6. In this paper we formulate a complete set of isometrie
invariants of an arbitrary number of linearly independent, mutually orthogonal,
primitive elements Ct'i, i = 1, .. , I with Ct'i . Ct'j = 0 when i # j and prove the
transitivity of the action of O(L) on all such sets of elements with the same complete
set of isometrie invariants. In addition to the squares of the elements we formulate
the invariants into what we caB the modular invariants whieh are defined for
every lattice (even or odd) whieh arise essentially from torsion information and
eOf.lsist of various torsion groups together with certain elements in these groups,
and to the type of the l-tuple whieh is a generalization of the type of a single
element. It was somewhat of a surprise to me that briefty speaking a l-tuple can
be characteristic (cf. thc definiton of Section 4) even though none of its members
are! The type invariant need not be predicted by the modular invariants.

2. Some Basic Notation

'Ve recall some notation and terminology from [Al]. Let R. be the symmetric,
bilinear, unimodular, integral lattiee with basis Xi, Yi, i = 1, ... , s and form given
by: Xi' Yi = 1 Vi and aB others zero (Le. orthogonal direct sum of s hyperbolic
pieces). Let O(R6 ) be thc orthogonal group. The generators of O(R2 ) are explicitly
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listed in (W] and we list them here for convenience.

c d e
Xl -+ Xl + nX2 Xl X2 -Xl Xl Xl

YI -+ YI Yl - nY2 Y2 -YI YI Yl

X2 -+ X2 X2 + nXI Xl X2 -X2 Y2

Y2 -+ Y2 - nYI Y2 YI Y2 -Y2 X2

\Vhen in R6 we mean isometry a between the i th and jLh summands we will write
ij - a. When we apply Wall's result regarding transitivity on a single element in
the i th and lh summands we will write ij - [W]. \Vhen dealing with an odd lattice
L of zero signature and rank r(L) ;:;; r we will view it as Rr EB (1) EB (-1), with
basis Xi, Yi, i;:;; 1, ... ,r, and u, v such that u2 = 1 = _v2 • An odd lattice L of
signature (J' (L) = (J' 2: 1 and rank r(L) = 2r + (J' will be thought of as R r EBer (+1),
with basis Xi, Yi, i;:;; 1, ... ,r, hj , j = 1, ... ,(J', h; = 1. \Ve need to introduce
some isometries of Rr EBer (+ 1), J4 EB (1) EB (-1), which we will use later. Some
notation will be necessary. Let m ;:;; (mI,"" ffi er ). Then TT~i, (resp. ffiij) will be
vectors with 1 in the i-th (resp. i-th and j-th) slots and zeros elsewhere. The
isometries then are Xi,m given by:

hj -+ hj + mjXi, Xi -+ Xi

Y· -+ y' - l(~ ffi~)X' - '"" m·h·1 1 2 L-J ) t L-J ))
j j

In the same way we have isometries Xi,( m t,m2) of Rr ffi (1) EB (-1), given by:

u-+u+mIXi, v-+v+m2xi, Xi-+Xi
I ( 2 2)Yi -+ Yi + 2" -rnl + m2 Xi - rnl U + m2 v

Finally here is some more notation we will be using throughout the paper. We
write h+l = (1, .. " k + 1), by Xi(rn) we will denote an element of the form: -Xi +
l1~Yi, Y(m) will denote the element (2m - l)u + (2m + l)v, for an element G of the
lattice alm will denote the part of the element which lives in the span of Xi, Yi, 1:::;
i:5 m.

3. The Modular Invariants

First notice that the torsion of L / -:: erI, ... , (YI >- is the same as that of EBI Z / Im (T),
where T : L -+ ffilZ is given by T(X) = (x· al, .. " x . G,) for X E L. Now we begin
decomposing L incluctively in such a way that it will lead us to the sought after
definition of the modular invariants. Before we begin we fix the ordered set of ele-
ments (al, , GI) as weIl as their squares a; = O:i . ai i;:;;l,.",l. We will write Lr for
-< 0:1 >-.L n n -< (Yi >-.L. Then (Yi E Lt-l' 'Vi = 1, ... ,1, where L~ ;:;; L. Let d/i

be the unique positive integer such that X cot Gi ;;; 0 mod d/;, VXILr_1' Call this
integer the Inodularity of ai in Lr-l' Notice that unimodularity of L implies

'.L Id/ l ::::;: 1. Now let 0:/; E L i - 1 be such that 0:/; . O'i = d/ j anel call it a modular dual
to Gi. It is weil defined modulo Lr. Obviously for all i, n E {I, ... ,l}:

~ I ~ I '.L
L i - 1 ;:;;-:: O'/i >- ffiL/, L =-< Qlt >- EB··· ffi -< O'/n >- EBL n

Now wo are ready to clefine 'lt/;s E Zjd/. for s ;:;; 2, ... ,I and i ;:;; 1, ... ,I - 1 as
follows. For all i = 1" .. , I we can take G~; . G 6 , 8 ;:;; i, ... l. Recall (Y~• • Qi ;:;; d/;.

I .L I

Thcn since a/
i

is weIl defined modulo Li , O'/i • 0'i+1 is weIl defined modulo d/;+l'
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So we get an element [UJi(i+I)] E Z/d/ i +ll where here and from now on ti/i(s) will be
a canonical representative. Procceeding inductively suppose that we have defined
[u/i ,,] E Z/d/. forall 8 = i + 1, ... ,n - 1. Then look at the set of all a~1 such that.

Ct~i . et" = tl/i'" Any such element in well deflned modulo L*_l and hence a~; . an
is weIl defined modulo d/n thus giving rise to [tL/In] E Z/d/n . So wo can now give:

Definition 3.1. For a l-tuple 0/ mutually orthogonal, linearly independent, prim
itive elements it's modular invariants are tl/li E Z/d/ j , 2:$ j :$ I, 1 :$ i :$ j - 1.

4. The Type Invariant

In the case of an even lattice the modular invariants together with the squares
of the elements will turn out to determine the orbit. In the case of an odd lattice
there is a further invariant which is related to the type of the elements. For an 1
tuple of mutually perpendicular linearly independent primitive (but not necessarily
ordinary) elements Cti, i = 1, ... ,l there is thc issue of thc type of the lattices:
Lt = n~=l -< a" >-.1 (Le. whether they are even or odd). If they are odd for
all k < €o and the one for €o turns even then Lt's are even for all k > €o. This
number €o E {O, 1, ... ,I} (defined to be zero if Lf is odd) is of course an invariant
of the l-tuple and as it turns out, need not be predicted by thc modular invariants
we listcd so far. Furthermore suppose that we have k = €o E {I, ... ,l}. Suppose
that a~, are such that a~, . O'{o = u/,{o for all s = 1, ... ,€o - 1. Then these are
weIl defined modulo Lt. Since the latter is evcn the parities (" of the squares of

O'~" S = 1, ... ,€o - 1 are invariants. So we are ready to state:

Definition 4.1. For an l-tuple 0/ mutually orthogonal, linearly independent, prim
itive elements in an odd lattice L define its type to be an element:

{€o; (1, ... ,(l-d E (Z/(l + 1)) EB,-1 (Z/2).

It will be called ordinary i/ {~oJ (., ... ,(/-1) = (O; 0, ... ,0) and characteristic 0/
type (€OJ (I J... ,(l-d i/ €o # O.

Remark 4.2. Notice that Lt is euen iff 0'1 is characteristic. So in a way this
invariant generalizes the type of one element to type 0/ an l-tuple. This is what
made [A2] necessary. Although we were treating the case 0/ a pair 0/ ordinary
elements in [Al] the pair itself may turn out to be "characteristic" in the sense 0/
our definition above.

5. Statement and Outline oe Proof

Theorem 5.1. Let (L,') be an integral, unimodular, lattice whose signature cr{L)
and rank r(L) satisfy: r(l) - Icr{L)1 ~ I + 1. The Orthogonal Group O{L) of L
acts transitivelyon all ordered l-tuples 0/ painnise orthogonal, linearly independent
elements (0'1 J ••• J 0'/) in a lattice prouided they have the same squares, divisibilities,
type and modular invariants.

That the divisisibilities are invariants is obvious so a'3sume that aB elements are
primitive. One then fixes the squares and tries, after fixing bases and a suitable
set of generating elements for O(L), to find isometries which take the l-tuple to
a form in which the coordinates of all elements are determincd by the invariants.
The basic strategy is to use the coordinates of a nice basis for thc various Lt as
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the guides to which isometries to use. We devide the proof in various parts spread
over several sections as follows:

PS
there is PS

VPS = 1
there is no
is even and
a(L) i- 0

Section 6: Proof when L is even
Section 7: Proof when L is odd and a(L) = 0

SuhsectiOIl 7.1: GI is characteristic
Subsection 7.2: GI is ordinary and
Suhsection 7.3: GI is ordinary and
Subsection 7.4: GI is ordinary I Gi

Section 8: Proof when L is odd and
Subsection 8.1: 0:1 is characteristic
Suhsection 8.2: 0:1 isordinary

The proof in the case of an cven lattice is simple and elegant. The complications in
the odd lattice case arise basically due to the fact that there are three possibilities
for a primitive element in such a latticc: Ordinary (of even or odd square: see
V P S) or characteristic.

6. Proof when L is even

(1)

We will assume that our elements are primitive. The canonical ordcred l-tuple
with invariants as in the statement of the theorem is given by :

cq = -Xl + nlVI
1-1

01 = L:)T...,X... + B 18 U... ] + d/l (-Xl + ntYIL
8=1

where T/ i8 == -ti/;s mod d1. and 0 :::; ti/ ilt :::; cll. - 1 and the Bij'S are inductively
expressed as functions of the modular invariants via Ct'i . Gj = O. Notice also that
the ni's are determined by the invariants as weIl. So now we havc to provo that
there is an isometry which carries an l-tuple as in the statement to a canonical
l-tuple. Before we begin we need to find a basis for Lf. It is easy to see that such
a basis consists of

I

ef; = X M+ nMy... + L PlJtYt, s = 1, ... ,L, Xi,Yi i 2: 1+1 (2)
t=.+1

(3)

where the Pji 's are computed in terms of the invariants via eb .O:i = O. \Ve will
procceed by induction using [Al] as the base case. So suppose that we have found
an isometry <p which takes the first k elements to the desired canonical form. Then
</J(Gk+d looks like:

k

L[R/.(k+l)X... + V(k+l)",V8J + D1 (-Xk+l + NYk+d
8=1

where R il (k+l) == T/i (k+l) mod d/"+t and

1 i-I

Y(k+l)i = d L(Ti.iY(k+l). + R/.(k+1)Bi... ) + R1i (k+l)ni
1; 1J=1

Using (2) and the difinition of di"+t we ca.n easily see that:

d1Jr+l = gcd (etl . O:k+l, ... 1 etk . a:k+l, Dd
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(6)

Now procceed by isometries. Let ß be the part of O'k+l which lives in the first k
blocks.

For all i==I,.",k, apply (i)(k+2) _an. oeob- l followed by (i+ j)(k+2) -aP(;){;+jj
for all j=l,... ,k-i-1. The effect of these isometries is that at the i-th step while the
first k elements stay fixed the last element gets sent to an element of the form
ß + D H1 (-Xk+l + NiYk+d + GiXk+2 with DH1 == gcd (D j , (eh' Ctl) and same
integer Nj. Then apply a suitable (k + l)(k + 2) - [~Vl to keep al, . .. ,ak fixcd and
send the last element to ß+ Di+1(-Xk+l + NHIYk+I). Clearly then Dk+1 == d1H1 .

In the end making use of 3 we have Dk+1 == dI,,+l and we found an isomctry which
fixes al, . .. ,ak and sends ak+1 to an element of the form ß+dI"+1 (-Xk+1 +1I1Yk+d
Now let R1;k+l == d1Io+l Qj +TI;k+l' For all i==l, ... ,k apply: First (k+ 1)(k+2) -a-1

and then (i)(k + 2) - aQ;n; 0 e 0 b-Q ; followed by: (i + j)(k + 2) - aQ;P(i)(i+j) for
j=l,... ,k-i-l and a suitable (k + l)(k + 2) - [W] to send ak+l at the end of the
proccess to its desired form while keeping the first k elements fixed.

7. L is odd and u(L) == O.

We need to define somc quantities which are determined by the invariants and
which will be usefull devices for the write-up of the proaf. For any ordinary l-tuple
like the ones we cansider we can define certain parity quantities 1Ti' \Vhat will be
important about these quantities is the first index for which they become (if ever)
add. They are defined by:

i-I

7rj = {-d
1

[ai + L U/.ie~_I)S]P
I·

I 8=1

If for a tuple 1rs is even Vs :S i-I and 1Ti is even we say that a parity switeh oeeurs
otherwise that it doesn't and i will be called the value oE the parity switch and we
will write it V PS.

7.1. 01 is characteristic. The canonicall-tuple is of the form:

01 == (2n1 - l)u + (2n1 + l)v,
and for i = 2, ... , I, ai = pu((2nl + l)u + (2nl - l)v)+

i-2 (4)
+L( -UI.+1 iXIJ + Büys) + dli (X i-I (ni))

1J=1

where the Pli'S, which satisfy 0 ~ Pu ~ d/l - 1, are inductively detennined via:

pu(4nl-l)-uli=..\iffioddl;, ..\2=0 and for 3~i$l,

\ ~ p1IJ(4n l -1) - Uh - ..\IJ (5)
Ai == L.J d

l
UI.j

1J=2 •

whereas the BjlJ's are determined by the invariants via the equations O'i' °8+1 = O.
A generating set for Lt is easily seen to be given by:

l-I

eh =: (2n.1 + l)u + (2n.1 - l)v + L PlllJYIJ,
1J=1

l-1

cb =Xj-l + njYj_1 + L P1jIJYIJ, j == 2, ... ,1
lJ=j+l
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where 1116 is determined by 0':,,+1 . e~ = 0 and for j ~ 2, PI;" is determincd by
0':6+1' eh = O. \\Te now begin the proof by induction. That GI is taken to an element
of the form (2nl + l)u + (2nl -l)v is due to C. T. C. Wall. For I = 2 then after we
have applied the isometry timt takes 01 to its canonical form 02 can be assumed to
look like: G2 = Xli((2nl + l)u + (2nl -l)v) + D 12 ( -XI + N2y.). Now one can easHy
see that: dl'J = gcd (8n1XIi, DI2 ). Applying X2,(2n l+ I ,2n:2- 1) followed by 12 - [W]
we get to send 02 to an element of the form: 02 = XIi((2nl + l)u + (2nl - l)v) +
dI'J (-Xl + N 2y.) for some N 2 . It is easy to see that Xl2 is determined mod dI :2

by Xl:l(4ul - 1) == Ul2 mod du as in (5). Now letting Xli = dl :2q2 + Pli we apply
(12) - a- I followed by X2,(q'J(2 n l+l),-q'J(2n'J- 1)) and finish with (12) - IvV] to get the
canonical form. This finishcs the case I =2.

Now assurne the canonical form for l. We wish t.o prove it for 1+ 1. After
applying the isometries which take the first 1elements to their canonical form as in
(4), 01+1 looks likc:

I-I

Xl(l+l) ((2n l +1)u+(2nl-l)v)+L(-Ul .+1(l+1)X S + V(l+I)"y,,)+D /{l+1) (Xl(N1+1)),

6=1

where Xl{l+I) is determined by the invariants via an equation analogous to (5):

I
. "'"' P16(4nl - 1) - U1s - As

xl{l+1)(4nl-l) == AI+1 mod dl,+1 , wlth A1+ l = L.J d
l

Ul.(l+l)

$=2 •

the U1.+ 1 (l+1) == UI.+ t (l+l) mod dI /+ 1 and the V(l+l).'s are determined via the
cquations GI+1 . 0s+1 =O. Now using (6) and thc definition of dll+l we see timt

d1i+l =gcd (e~ . 0'/+1, ... ,et . 0'/+1, D 1(1+1))

Now apply isometries as folIows:
Apply Xl+l,(2n l+ 1,-(2n l-1)) followed by 8(1 + 1) - aPIt • for 8 = 1, ... ,1- 1 and

finish with a suitable 1(1 + 1) - [W] so timt in thc 1th block we have somcthing of
the form:

.l -
gcd (ell . 0l+l, D 1(1+1) )(X,(N1+.))

for some N 1+1 • Then for all j = 2, ,l apply: (j -1)(1 + 1) = anj oeob- I followed
by 8(1 + 1) - aPij • for 8 = j + I, ,1 - 1 alld for every j finish with a suitable
1(I + 1) - [W] so that at thc end of the /h series of isometries in the 1th block we
have an element of the form:

1. 1. --;:
gcd(ell ·(rl+l,··· ,eI; . (rl+I,D1(1+l))(X I (NI+1))

for same NI+1• In the end of this sequence of isometries wo have kept the first 1
elements fixed while we have sent 0:1+1 to an element of the form:

I-I

Xl(l+l) (( 2n l + l)u+ (2n1-l)v) +"L) -Ui.+l (l+I)X" + V(l+l)IIYs) +dI(I+1) (XI (NI+1)),

11=1

Now before continuing with the final sequence of isometries set:

X1(1+1) = ql dl ,+l + Pl(l+l), U1.+dl+1) = q6+1dI,+1 + ul.+ 1 (l+1)

Apply 1(1+1)-eoa-1 and then XI+l,Q1(2 n l+1,-(2n l-l») followed by 8(1+1)-aQIPII •

for 8 = 1, ... ,1 - 1 and finish with a suitable 1(1 + 1) - [W] so that in thc lth
block we have something of the form dll+l (X I (N!+I)) for same NI+ 1. Then for all
j = 2, ... ,1 apply: 1(1 + 1) - a- 1 followed by (j -1)(1 + 1) = aQjnj

0 eo b-qj followed
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(7)

by 8(1 + 1) - aqiP'j. for 8 = j + I, ... ,1 - 1 and für every j finish with a suitable
1(1 + 1) - [W] so that at the end of the jth series of isometries in the 1th block we
have an element of the form dh+l (Xl(Nl+d) für some Nl+1 . In the end of this
sequence of isometries we have kept the first 1 elements fixed while we have sent
Ct'l+l to its desired canonical form.

7.2. Q'l is ordinary and V PS = 1. First we state and prove the canonical form
of a k - I-tuple for which Lt-l is odd . The canonical form in this case is:

Ct'l = nl tL + (nI + l)v Vi :5 k - 1, Qi =
i-2

-Pli ((ni + l)u + nl v) +L(-U/.+ 1iXs + BisYs) +dI ; (X i - l (ni)),
.'1=1

where Plj = L~:~ O.'l'l.ll.j + Ojd1i I 0... E {a,l}, 01 = 1 and Gi' O'j+l = a inductively
determine the various Bi;'s in terms of the invariants. For any i :::; k - 1, Lil. is
generated by:

i-I

eti = (nI + l)u +nlV + L PihYs
...=1

i-I

eb = Xj-l + njYj-l + L Pij.'lY.' j = 2, ... ,i
8=j

(8)

Xj,Yj, j~i

where the various Pij...'S are easily seen to be determined inductively by the invari
ants by writing down the successive equation which express their perpendicularity
to the O't 's, t = 1, ... I k - 1.

It is now obvious timt the modular invariants determine such a tuple. The o/s
can be seen to be determined by them as weil by an inductive argument.

procceed by induction. Timt there are isometries which take 0'1 to its desired
form is a result of C. T. C. \Vall. \Vhen we have taken Q'1 to that form, Q'2 is in
general of the form:

Q'2 = -x12((nl + 1)'l.l + nl v) + D12 (-Xl + N2YI).

It can casily be seen that dI~ = gcd (XI2(2nl + 1), D 12 )· Applying X2,2(nl+ 1,-nt)

followed 12 - [TV] we get one of:

0'2 = -xI2((nI + l)u + 111 v) + d12 (-Xl + N2yd

Q2 = -XI2((nl + l}u + nI v) + 2dI2 ( -Xl + N2yd
for some N 2 according as -< Q'l ~.l n -< 02 ~l. is add or even (technically according
as D I2 isn't or is divisible by 2d12 ). Since we are assuming that n~;Il -< Qi ~l. is odd
the latter is not possible. Now assume thc former and after setting XI2 = d/~ 2q2+PI2
with P12 = tL12 or d12 + U12 apply: 12 - a- l followed by: X2,2q~(nl +l,-nJ) anel finish
with a suitable 12 - (W] to sent, while keeping Q'I fixed, Q'2 to an element of the
form:

Q2 = -PI2((nI + l)u + 111 v) + d12 ( -Xl + N 2Yd·
This finishes the case of two elements (k = 3).

Now suppose that we have proved timt for m elements aur canollical form is
given by (7) for m = k - 1. \Ve wish to prove it for m + 1 elements. After we
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(10)

applied isometries which take the first m elements to the canonical form as in (7),
0m+l is of the form:

m-l

-Xl(m+l)((nl + I)U+ 71 1V )+ L (-U1.+t{m+l)X" + V(m+1)"Y") +Dm+ 1(X m (Nm+ 1))
s=1

By (8) and the definitions d1m+l = gcd (e~1 . Qm+l,··· ,e~m . Qrn+l, Dm+d. Now
apply isometries:

Apply Xm+I,2(nl+1,-nI) followed by (8(m + 1)) - aPmh for s = 1, ... ,1n -1 and
finish with a suitable (m, m + 1) - [W). (Suitable as always means so that in the
1nth block there is a multiple of an element of thc form X m (N) and the (1n + 1)th

block is empty. Then for j = 2, ... ,m - 1 apply: (j - 1)(m + 1) - ani 0 e 0 b- 1

followed by (s(m + 1)) - aPmj
• for 8 = j, . .. ,m - 1 and for every j finish with a

suitable m(m + 1) - [~V] as above. At the end of this we have kept tbc first m
elements fixed while 0m+l is taken to:

rn-I

-Xl(m+I)((n1 + l)u+n1 V ) + L (-U1.+t{m+I)Xs + V(rn+l)sy,,)+d1m+1 (Xm(Nm+d)
6=1

rn-I

-XI(m+l)((nl +1)u+n1V )+ L (-U1.+t{m+1)X. + '~rn+1)sy,,)+2(l]m+l (X m(Nm+t})
,,=1

according as 2d1m+1 doesn't or does divide gcd (e~2 . O'm+1, ... ,e~m . O'm+1)' But
the latter case leads to an (m + 1)-tuple with L~+l even and so it doesn't occur
here. So assurne the former and before proccecding by isometries let:

XI(m+1) = dlm+1 2q1 + P1(m+1), U1.+1 (m+1) = d1m+l Qs+1 + ltl.+ 1 (m+1) (9)

Apply 1n(m + 1) - e 0 a- 1 followed by Xm+1,-2ql(nl+l,-nt} followed by (8(m +
1)) - a-2q1 Pml • for s = 1, ... ,m - 1 and finish with a suitable (m, m + 1) - [vV].
(Suitable as always means so that in the m th block there is a multiple of an element
of the form X m(N) and thc (m + l)th block is empty.) Then for j = 2, ... ,1n - 1
apply m(rn + 1) - a followed by (j - 1)(m + 1) - a qj+ I nj 0 e 0 b-qj+ I followed by
(8(m. + 1)) - aq

j+l Pmj. for s = j, .. . ,m - 1 and for every j finish with a suitablc
m(m + 1) - [lV] as above. At the end of this we have kept the first m elements
fixed while O'm+1 is taken to its desired canonical form.

Now suppose that Lt-1 is odd and Lt is even. Then the canonical form is:

0'1, ... ,D:k-I as in (7) and O'k = -P1k((n1 + l)u + nj v)
k-2

+ L( -rl.+1kx" + BksY,,) + 2dl1l (Xk-I (nk))
s=1

~ ~

e{1I_1)l'OIo = 1 cl 2 e(Ir- 1 lj ·Olr
dl; - mo, d1i

k-1

Pik =Ulk + L OijTI.k + 6kdl" ,

.=2

=0 mod 2, j 2: 2

0,,1: E {O,l} (11)

and the Bks's are inductively determined by the equations: D:k . 0,,+1 = O. The
Ok, O"k 's are new features not predicted by the modular invariants. They are
predicted by the type of the k-tuple as follows First of all notice that O'~" =

1. et} ·QIr!dI -1 /
e(k-l)l + ("-1 1 2 ; )Yk-1 is of odd square. Then notice that the D: 1 which
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h· I • • b ' ( ) ~k-2 r r I cl hac leVeS: 0'1 . O'k =Ulk IS gIven y D:1 = -u - V + L..,...,,=1 U"+IY,, + UkO'/" , an t c
parity of its square is determined by the value of Ok (even when zero and otherwisc
odd). Similarly thc a:~; such timt a:~; . D:k = U/;k, i = 2, ... ,k - 1 is given by

0"1; = -Yi-l + O(i-l)ka:'/"" i = 2, ... ,k - 1, amI the parity of its square is deter
mined by the value of J(i-l)k (even when zcro and otherwisc odd). Thc space Lt
is generated by:

etl = 2e~_I)1 + Pkl(k-l)Yk-l

e~ = e~_l)j + Pkj(k-I)Yk-l,j = 2, ... ,k
Xj,Yj, j~k

(12)

wllere '. p - (et"-l)l .a"/dt,,, -1) d P _ e(lr_l)j ·alr
kl(k-I) - 2 ' an kj(k-l) - 2dl

1r
•

Here we apply thc same isomctries as in the previolls case (the ones hefore (9) as
thcy are and they will lead to the second of the options ment.ioned there and then
by dividing by 2d/rn ±1 rather than dlm ±! in the equations (9) we get almost to thc
claimed canonical form (10) except that O'k gets sent to:

k-2

-x((nt + l)u + nl v) + L(-r/~+lkx" + BksYs) + 2d/lr (X k-l (nk))
,,=1

with x = Pik = Ulk + E::~ o"r/~k + Jd l " and 0 E {O, 1,2, 3} Now there remains
to find isometries which keep the first elements fixed while they send the kth with
8 =0 (resp. 8 = 1) to the kth with 0 = 1 (resp. 0 =3) provided that the invariants
are all the same. The following series of isometries does just that. Ey the first
equation of (11) we can write:

e~_I)1 . ak
2), = d + 1.

I",

Define for s = 1, ... ,k - 2, 't/J8 = Sx~ 0 [s - e] 0 X (-.-.LI'''~±1 !;-1~) anel let
", 31 _+ 1 .~

'IjJ = 'l/Jk-2 0 ••• 0 'l/Jl Now define

4J~ = [(k - I)k - bP] 0 [(k - 1) - e] 0 [(k - I)k - bn11l ] 0 [(k - I)k - bA
] 0 [(k) - e]o

OX(k-l).(A,->.) 0 [(k -1) - e] 0 SXIr_l 0 tP 0 Xk,(n,-n) 0 [(k - l)k - e] 0 Xk,{-l,l)

and

tP = [(k -1) - el 0 Su 0 [(k - l)k - a] 0 [(k - 1) - e] 0 Xk,(-I,I)

The desired isometry is then given by: 4Ji l 04> 0tPo. This finishes the case.
Now we write down the canonical form of an l-tuple with l ;::: k.

al, ... ,ak as in (10) and Vi;:::k+l,
k-2

ai = -Pli((nl + l}u + nlv) + :L)-r/.±lix" + Bi"Y8)+
8=1

i-I (13)
-TI",i Xk-l + Bi(k-l)Yk-1 + L(-U/~+!iX" + Bi"y.) + d l ;(Xi- 1 (nd)

8=k
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(14)

where the k quantities Pli, TI~+ti, S = 1, ... ,k - 1 are solutions to the system
mod d1i of k linear equations in k unknowns:

a" . a~ = Uli, a,,' a~. = u/;'" j = 2, ... ,k - 1,
I J

ai . (-a/I< - Yk-l) = U/ Io i

whose coefficients are determined by the invariants of the tuple of the k first ele
ments and the modular invariants U/~",S = 1, ... ,k of a". All but Pli are canonical
reprcsentatives and Pli = Tli + 5"dI;, with 8 E {O, I} casily seCIl to bc predictcel by
the invariants and Tli a canonical representative of the solution to the first of (14).
The space Lr is generated by:

1-1

eh = 2e~_I)I + ~I(k-I)Yk-I + L PI18 Ya
s=k

/-1

eh = eti-I)j + Pzj(k-I)Yk-I + L PijaYa, j = 2, ... ,I
a=k

(15)

Xj,Yj, j;::1

We prove this canonica1 form by induction on I - k. Ir 1- k = 0 then we are done
since it is tbe previous case. Suppose we have proved it for I - 1 anel we wisb to
prove it for I. After applying an isometry which brings the first I - 1 elements to
their canonical form as in (13) (}:i looks like:

k-2

0:/ = -Xll((nl + l)ti + nlv) + L(-R/~+liXa + VlaYs)+
6=1

i-I

-RIi.IXk-I + Vl(k-l)Yk-1 + L(-U/~+lIXa + Vi.Ya) + DI (XI - I (Ni)) (16)
a=k

Then by definition and (15), dh = gcd (eU-1)I . al,· .. ,eU-I)(I-I) . al, D1).

Apply XI,2(01+I,-od followed by (8(1)) - a2P(l-1)1~, s = 1, ... ,k - 2, and then
(s(I)) -aPI1~, s = k-I, . .. ,1-1 and finish with (1-1)1- [W] so that thc (l)th block
is empty and the (I_l)th block of the same form as bcfore but now with divisibility
gcd (eU-I)I . al, D I ). Then for all j = 2, ... ,I apply: (j -1)(1) _ao; oeob- I followed

by (s(l)) - aP(I<-l)j~, 8 = j, ... ,k- 2 followeel by (s(I)) - aP!;~, s = k -1, ... ,1-1
and finish for every j with a suitable ((1- 1)1) - [W] as above so that at the end of
these isometries the first I - I-elements remain fixed while (}:i is sent to:

k-2

al = -xll((ni + l)u + nl v) + L(-RI~+lIXa + \~aY8)+
a=1

I-I

-RIIoIXk-I + Vl(k-l)Yk-I + L(-U/~+dX8 + Vi8Ya) + dl, (Xl- 1 (NI)) (17)
8=k

Now sct Xli = pli + 2q1d /1 , RI~+ll = T/~+11 + qacl[l' anel U/~+ll = Uldli + q8d/, and
procceed by isometries.

Apply (1-1)1- eo a- 1
, then XI,-2ql (01 +I,-ot) followed by (s(I)) - a2P(l-1)1~, 8 =

1, ... ,k - 2, and then (8(l)) -aPli~, s = k-l, ... ,1-1 and finish with (1-1)1- (W]
so that the (l)th block is empty and the (I - l)th block of the same form as before.
Then for all j = 2, ... ,I apply ((1-1)1) - a- 1, then (j -I)(Z) - an; 0 e 0 b- I followed
by (s(l)) - aP(I'-l);~, s = j, . .. ,k - 2 followed by (8(l)) - aPI;~, s = k -1, ... ,l-l
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and finish far every j with a suitable ((1- I)l) - [W] as above so that at tbc end of
these isometries the first I - I-elements remain fixed while 0'1 is sent to its dcsired
canonieal form.

7.3. O'I is even aod there is DO parity switch. The eanonieall-tuple is of the
form:

0'1 :::: -Xl + nlYl, and for 2 $ i $ k - 1
i-I

O'i = -Uli(Xl + nlYl) +L(-UI.iX " + Bi"y,,) + d/i (Xi(ni)),
8=2
k-l

O'k = -rldxl + ntyd + L(-r/.k X " + Bk"y,,) + dl/o (Y(nd),
8=2

and for k + 1 $ i :5 I, (18)
k-l i-2

O'i = -Uli(XI + nlyd + I) -UI.iX " + Bi"y,,) + L:)-tll,i X" + B i8 y,,)
,,=2 8=k

+[B + (2nk + I)r//oi]u + [B + (2nk - I)r//oi]V +d/; (X i-I (ni)),

where the Bij's are induetively expressed in terms of the invariants by thc equations
Oi . O'j = 0, B = 2a\/o O'i!k-l . O'k and r//oi == UJ"i + (1 - 2nk)B mod d!;. Naw we

need to eOIupute n~;11O't, nf=1O't ,and n~=1O't· For all i :5 k - 1, n~= IO'~ is easily
seen to be generated by:

i

eh :::: Xj + njYj + 'L Pi;sYs, j:::: 1, ... i
8=j+l

(19)

(20)

Notice that e~_1)j . O'k := 0 mod 2dl/o for all j. This is due to the fact that we

assume Lt to be even. Now we need to also eompute a generatillg set for Lt. It is
easily seen to be given by:

er; :::: e~_I)j - Pkjdu + v), j:::: 1, ... k - 1

etk = (2nk + l)u + (2nk - l)v, Xi, Yi, i ~ k,

where F\j/o=;~-l}r%. Finally it ean be seen that Lf is given by:
1/0

I-I

eh = e~)j + 'LPlj"y", j:::: 1, ... ,k-l
.=k

I-I

eh = (Xj-l + njYj-d + 'L}ij"y", j = k + 1, ... ,I
8=j

(21)

Xi, Yi, i ~ I

We give the proof by induetion. First we prove the canonical form before Lt
becomes even. We do t.he ca.se of two elements first. That there is an isometry
which takes 0'1 to its desired eanonical form is a result of C. T. C. \Vall's. \Vith 0'1

in cananical form 0'2 might look like one of the following:

0'2 = -x( -XI + nlvd + D2X, (22)

where X is of the form of one of -X2 + N 2Y2 cr Y(N2 ). Apply (12) - a.OI
0 e 0 b_ 1

in any case. Applying [W] in the direct surn of the 2nd hyperbolic form with the
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(23)

span of u and v we sent 0':2 in thc first ease to an element of the form:

0':2 = -x( -Xl + nlYI) + dJ:z (-X2 + N 2Y2)

and in the seeond to the same as above if x2ntfd/2 is odd and to an element of the
form:

0:2 = -X( -Xl + nlyd + d1:z Y(N2)

if x2ntfdJ:z is even. The latter ease doesn't oeeur beeause in that ease L:J: is even.
So now assurne 0':2 is of the form (22). Applying a suitable [lV) in the span of
X2, V2, ti, v we sent 0':2 to an element of the form:

0':2 = -X( -Xl + nlvd + d/:z (-X2 + (Mk + l)u + Mky)

Then set X = dJ:zql + Ul2 and simply apply a q1n1
0 e 0 b-q1 and a suitablc [W] in

the span of X2, Y2, U, v to sent 0:2 to its desired eanonieal form while 0:1 is kept
fixed. Now suppose that we have proved the eanonieal form in this case for rn-I
elements with Lfri-l and we wish to prove it for m. With the first m - 1 elements
in eanonieal position O':m can be assumed to be of thc form

m-l

-Uli(XI + n1 vd + L (-U/~mX8 + Bm8 Y8) + Dm(X)
8=2

where X is of thc fonn - X m+NmYm or Y (Nm)' In the first ease apply the following
isometries: For a11 j = 1, ... ,m-l apply jm-ani oeob- l fo11owed uy 8m-aP{"'-I)i~

for 8 = j + 1, ... ,m - 1 and finish with a suitable [lV] in the span of X m,Ym, tl, V

so that the span of 'U, v is empty and the part of Cf, in the rnth block is of the same
form as at the biggining. At the end of these isometries a m is taken to an element
of the form:

rn-I

-Uli(XI + 111Yl) + L (-UJ~mXs + BmsYs) + dT", (-Xm + NmYm)
8=2 (24)

In the seeond case we procceed with the same isometries as above except when we
come to the point ofapplying "asuitable [W] in the span ofxm,Ym,ti,v". Therc a
suitable [W] exists in the j!h step, to keep the part. of 0:, in the span of Xm, Vm, U, v
of the same form, only as long as etm-l)j . Ctm == 0 mod 2d/",. Tbe first time that
the latter is not satisfied a suitable [W] in the span of X m , Ym, U, v transforms the
part of Ctm there into a multiple of an element of thc form -Xm + NmVm' If that
happens then from that point on we continue with exactly thc same isometries as
before. So depending on whether etm-l)j . O'm == 0 fiod 2dJ", for all j or not we get
to keep the first m - 1 elements fixed while a m is takcn to, respectively one of:

m-l

-Uli (Xl + 111 Yd + L (-UJ.m X 8 + Bm~YII) + (h... (Y(Nm)) (25)
6=2

or (24). Since we are assuming here that L~ is odd it has to be the latter. So
now assurne that the first m - 1 elements are in canonical form and Ct: m looks
like (24). Apply an isometry in the span of Xm,Ym,U, V which sends d/", (Y(Nm))
to an element of the form dJ", [xm + (Alm + l)u + MmvJ and then after setting
UI~m = dJ", q8 + uJ.m apply for all j = 1, ... ,m - 1 j111 - aqinj 0 e 0 b-qj followed
by 8rn - aqj p(",-l)j~ for s = j + 1, ... ,m - 1 and finish for evcry j with a suitable
[W] in the span of X m , Ym, U, V so that the part of Qm in the span of X m , Vm, U, v
is of the same form as when we begun the procces for j - 1. For j = ru - 1 apply
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a different [Wl so that in the span of X m1 Ym, ti, V we get something of the form
dIrn (-xm + nmYm). At the end of these isometries we keep the first 1n - 1 elements
fixed while Um is sent to an element of the desircd form. Now assurne that we have
k elements, that Lr-l is odd while Lt is cven and timt thc first k - 1 elements are
in canonical form as in (18). Then from the discussion above we can find isometries
so tImt while the first k - 1 elements are kept in canonical form, Qk is of the same
fonn as in (25):

m-l

-Rli(XI + nlyd + L (-RI.mXlI + Bmllys) + dIrn (Y(Nm)) (26)
11=2

Now set R I•m = d/rn 2qll + rI.m for all s. Then apply Xk,{-l,l) and then apply
for all j = 1, ... , m - 1 jm - aqini 0 e 0 b-qj followed by sm - aqjP(rn-lj}. for
s = j + 1, ... 1 m - 1 and finish for every j with a suit.able [W] in the span of
X m,Ym,'U, V so that the part of a m in the span of Xm,Ym,ti,V is of the same form
as when we begun the procces for i-I. For j = m - 1 apply a different [WJ so
that in the span of Xm1 Ym, U, v we get something of the form dIrn (Y(nm)). At the
end of these isometries we keep the first rn - 1 elements fixed whilc a m is sent to
an element of the desired form. The final step of this case is to prove the canonical
form for l ~ k. We do this by induction on l - k. Assume the canonical fonn for
l - 1 elements. \Vith the first l - 1 elements then in canonical form as in (18) Ul
looks like:

k-l l-2

al = -UU(XI + nlyd + L(-UI.IX. + Vi1lYs) + I) -U/.IXs + VisY.'I)
8=2 8=k

+[V + (2nk + I)R/"du + [V + (2nk -1)RI"dv + Dl(Xl-1(nl))

By definition and (21): d// = gcd (e&-l)l . al,'" ,e&-l)(l-l) . al, Dd. Now bcgin
with isometries.

For i = 1, ... , k apply (jl) - a ni 0 e 0 b- 1 followed by: (sl) - aP"i. for s =
j + 1, ... , k, then Xt,{P"j" ,-J).j") followed by (sl) - aP'j. for s = k, ... ,l- 1. Finish
for each j with a suitablc (l - l)l - [W] so that thc part of (}:l in the l - I, l
blocks is of thc same form as at the beggining. Then apply Xl,(2n,,+I,-(2n,,-1))

followcd by (sl) - an "., for s = k, ... ,l - 1. Finally for i = k + 1, ... ,l apply
((j - l)l) - ani 0 e 0 b- 1

, followed by (sl) - anj• for s = i, ... II - 1 and finish
for each j with a suitable (l - l)l - [W]. At the end of these isometries we have
achieved to keep the first l - 1 elements fixed while (}:t is sent to:

k-l 1-2

Ul = -Ull (Xl + nlyd + :L.)-U/.IX8 + V'isY.'I) + :L)-UI.lXs + VlsYs)
.'1=2 s=k

+[B + (21lk + I)RI"tlu + [B + (2nk - I)RI"dv + dll (X1- 1 (ni))

Now set UI.' = d//qll + ti/.l , R/"l = d/,qk + r/"t and V = d/,q + B and procced by
isometries: For j = 1, ... ,k-1, (l-l)l-a- 1 , then (jl) _aqjnj oeob-qj followed uy:
(sI) - aqjP"j. for s = j + 1, ... ,k, then Xl,(qjP..j",-qjP"j") followed by (sl) - aqjP'j·
for s = k, ... II - 1. Finish for cach j with a suitable (I - l)l - [W] so that the
part of (}:l in thc l - I, l blocks is of the same form as at the beggining. Then apply
(1-1)l- eo a- 1 Xl,q,,{2n,,+l,-(2n,,-I)) followed by (si) - aq"P,,,., for s = k , ... ,l-1.
Finally after (l - 1)1 - a-1 apply for j = k + 1, ... ,1 , ((j - 1)1) - aqj - 1nj 0 e 0 b- l ,

followed by (sl) - aqj
-1 Pli. for s = j 1 ••• ,l - 1 and finish for each j wi th a suitable

(I - 1)1 - [W]. At the end of these isometries we have achieved to keep the first
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l - 1 elements fixcd whilc al is sent to its desired canonical form. This finishcs this
case.

7.4. al is ordinary, ai is even and there is a parity switch. \Ve first state
thc canonical forms and the corresponding perpendicular subspaces. The canonical
form of a m - I-tuple with L~_I odd and no parity switch is given by:

al = -Xl + nlYI, and for 2:::; i :::; m - 1
i-I

ai :;:: -Uli(Xl + nIYI) + L) -ti/~iX8 + B i8Y8) + d/; (Xi(ni)),
6=2

(27)

where the B ij 's are inductively expresscd in terms of the invariants by the equations
ai . aj == 0, and for all i :5 m - 1, L~_I is easily seen to be generated by:

i

eb :;:: Xj + njYj + L Pij8YSl j:;:: 1, ... i
8=j+1

(28)

The canonical of an k - 1 tuplc with V PS:;:: 111, :5 k - 1 and Lt_1 odd is giv€n by:

al, ... ,Gm-l as in (27) Q'm:;::

m-I

-Tlm(XI + nlYl) + L (-T/~mX8 + Bm8Y8) + dlm (nmu + (nm + l)v),
11=2

and for m + 1 :::; i :::; k - 1 l'1i ==
m-l

-tili(XI + nlYI) + L +(-U/~iX8 + Bi8Y8)+
8=2

+(Bim - T/mi(n m + l))u + (B im - T/",inm)V+
i-2

+ L (-U/d tiX 8 + B i8 Y8) + d/; (X i-I (ni)),
8=m

and Lt for m :::; i :S k - 1 is easily seen to be generated by:

i-I

eb :;:: etm-l)j + Pim(ti + v) + L Pij8Y8, j:5 1n - 1
8=nl

i-I

etn :;:: (nm + l)u + nmv + L Pim
8=m

i-I

eb :;:: Xj_1 + njYj-1 + L Pij8 Y81 m + 1 :5 j :::; i
8=j

(29)

(30)
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The canonical form of an l-tuple with VPS = m and change of parity of Lr at
i = k is given by:

O':I, .•• 1 Gk-l as in (29) Gk =
rn-I

-r1k(XI + 1l.1Yd + L (-rI~kX8 + B h Y8)+
8=2

+(Bkrn - rl fTl k(7l m + l))u + (Bkm - TI,.,.knm)V+
k-2

+ L (-rI~+lkx8 + B ks Y8) + 2d11t (-Xk-l + 7lkYk-I),
,,=rn

and for k + 1 ::; i :$ I O':i =
rn-I (31)

-Uh(XI + nIYI) + L (-UI~iX" + Bi"y,,)+
.=2

+(Birn - Tlmi(n rn + 1))u + (B irn - rltninm)V+
k-2

+ L (-tiI~+1 i X" + BisY,,) + (-rlltiXk-1 + Bi(k-I)Yk-I)+
,,=m
i-2

+L( -tiJ~+l i X" + B i8 Y6) + d ll (-Xl-l + nlYl-d
8=k

Notice that e~_l)j . Gdd1i ::; 1 mod 2 for j = 171 and otherwisc to O. This is, as is

not hard to see, due to the fact that Lt is even. Taking these into account we can
now compute Lr:

i-I

eh = e~_l)j + L Pij8Y", j::; k - 1 and j:p 1n
s=k-l

i-I

eirn = 2e~_I)rn + L Pim"ys
8=k-l

i-I

eh = Xj-l + njVj-1 + L Pijs Y6, k::; j ::; i
"=j

(32)

(33)

Xj,Yj, j2::k

In aB these canonical forms the various quantities are functions of the invariants
as one can check. Thc proof of these canonical forms runs in the same way as the
ones we did before.

8. L is odd and u(L) :p 0

8.1. 0':1 is characteristic. We can by [\V] assurne that 0':1 is of the form: 2( -Xl +
nlvt} + L:~=l h". Lr is easily seen to be generated by:

erl=xI+nIYI, X",YSl s~2
hll =Yl + 2hl , h18 = -h t + h", S ~ 2

Now with GI in as above there is an isometry which takes 0':2 to an element of the
form:

Tl2XI + B 21 YI + dl~ (-X2 + n2Y2) + (2W2 - (u - 1)U12)hl + Ul2L h8

s~2

where Tl2 = -2UI2, B21 = (r12nl + W2) and W2 is a canonical representative of a
solution to thc equatioll 2x ::; UU12 fiod dJ~. Notice that thc lattcr equation might
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have up to two solutions (one if d/'J or u is odd and two if dh and u are even given
in this case by (U/2)UI2 + id/'J' i E {O, I}. But it is easy to see that in this case
i is determined by the invariants and hence proving that we can bring 0:2 to the
aforementioned form finishes this case for two elements: With 0:1 in its canonical
form 0:2 looks like:

R12 X l + V21 Yl + D 2 ( -X2 + N2Y2) + (2W2 - L Gs )h1 + L Csh s ,

1I~2 1I~2

with V21 == (R12nl + W2 ). Now by definition and (33) we have:

(34)

Now we are ready to apply isometries which bring 0:2 to its desired canonical form
while they keep 0:1 fixed. First apply 13 - a"1 oeob-1 follwed by a suitable 23 - [W].
Then apply X3,(2i1tJ) followed by 13 - a and a suitable 23 - [~V] and finally for all
s ~ 2 apply: X3,-ml+m~ followed for each s by a suitable 23 - [W]. At the end of
these isometries while 0:1 is kept fixed 0:2 is taken to an element of the form:

R 12 X I + V21 YI + d/2 (-X2 + N 2Y2) + (2~V2 - L GII )h1 + L Cshs

1I~2 1I~2

R12 =-2U 12 mod d['J' R 12 == - 2U12 + dI'Jql'

2H'2 =aU12 mod d[2' W2 a canonical representative,
and \V2 == W2 + dI'J q, anel for all s
ClJ == Ul2 mod d[2' C!J == 'U12 + dI2 QlJ

(35)

Now continue by isometries. First apply 23 - a- 1 followecI by 13 - a Q1
"1 0 e 0 b-Q1

followed by a suitable 23 - [W]. Then apply 23 - e 0 a- 1
, X3,(2qmt) followed by

13 - aQ and a suitable 23 - [VV] and finally for all s ~ 2 apply 23 - e 0 a- 1 followed
by X3,-Q~ml+Q~m~ followed for each s by a suitable 23 - [vV]. At the end of these
isometries while 0:1 is kept fixed 0:2 is taken to its desirccI canonical form. Now
we procceed to state the canonical form of an I-tuple in this case and prove it by
induction on 1. The canonical form of an I-tuple is:

(f

2(-Xl + 1tlvd + L k ll , and for i =2, ... ,I
s=1

i-I

O:i == rliXI + Ba V1 + L[-tiI~iXs +BisVsJ+

lJ=2

+d[i (-Xi + niYi) + (2Wi - (a - l)Uli)h l + 'UliL h S1

s~2

(36)

where Bil = (rlinl + Wi), Tli == -2Uli and wi is a canonical reprcsentative of a
solution to the equation ancl 2x =/jHli mod d/i . Notice that the latter equation
might have up to two solutions. But it is easy to see that the solution is determined
by the invariants and hence proving timt wc can bring 0'2 to the aforemcntioned
form finishes this case for two elements. The various other Bij 's are determined in
terms of the invariants by the equations (Xi . O'j == O. Now we need to compute Lt·
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It is easily seen to be generated by:

i

eb=xj+njYj+ L PijsYs, j=I, ... ,i, X8'Y8' s~i+l
8=j+1

i i

hil = L P;IsY8 + YI + 2h1, hij = L P;j8Y8 - h1 + hj , j ~ 2
s=2 s=2
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(37)

Assume that we have found isometries which bring thc first 1- 1 elements to their
desired canonical form as in (36). Then (tl is of the form:

1-1

RUXI + VlIYl + 2:)-U/,IX8+ l~8Y8]+Dl(-xl+N,yz)+{2~Vl-L C'8)h1 +L C18 h.
s=2 8~2 8~2

where thc various Vij's arc computcd by cquatiolls similar to thc olles above for
Bi/s. Now by definition and (37) we see that d/ I is given by:

gcd(eV-l)1 ·al,··· ,eV-IW-I) ·al,h(l-l)l· al,··· ,h(l-I)C1 ·al,Dl)
(38)

Now we apply the first group of isometries. For j = 1, ... ,1 - 1 apply j(l +
1) - anj 0 e 0 b- l followed by 8(1 + 1) - a PCI - 1)j, for all 8 = j + 1, ... ,l - 1 and
finish for each j with a suitable l(l + 1) - [W]. Then apply XI+I,2mt followed by

s(L + 1) - aP
{I-l)l,' for all s = 2, ... ,l- 1 and finish with a suitable l(1 + 1) - [~V].

Finally for every j =2, ... , CI apply X(l+I),-mt+mj followed by s(L + 1) - aP(I-l)j/

for all s = 2, ... ,1- 1 and finish for each j with L(l + 1) - [~V]. Now 01 is of the
form:

I-I
RllXl +VlIYl +L[-UI,IX8+ Vl8Y8]+d/ ,(-xI+NtYt}+(2Wl - L Ch )h1 +L Clshs

8=2 8~2 s~2

Ru == - 2U ll mod dIll RH = - 2U ll + d/ l ql,
U/,l == 1.1./,1 mod d/

"
U/,l = tl/,l + qfJdJ,

2WI == a1.1.u mod dl
"

w\ a canonical representativc, (39)
and W, =WI + dI1q, and for all s
CIs == lLU fiod d/" Ch = Ull + dllQ8

Now procceed with the second group of isometries to reduce thc various quantities
defined only mod d/ I to their canonical representatives.

For j = 1, ... ,1 - 1 apply l(l + 1) - a- 1 then j(1 + 1) - aqjnj
0 e 0 b-qj followed

by s(l + 1) - aQjP(I-l}j, for all s = j + 1, ... ,l - 1 and finish for each j with
a suitablc 1(l + 1) - [W]. Then apply l(L + 1) - e 0 a- 1

, XI+l,2qm l followed by

8(l + 1) - aqP(I-l)h ' for all 8 = 2, ... , l-1 and finish with a suitable l(l + 1) - [W].
Finally for every j = 2, ... ,a apply l(l + 1) - eoa- I

, X(I+l),-qjmt+Qjmj followed by

8(l + 1) - aQjP(I-l)j.' for alt 8 ::;: 2, ... , /-1 and finish for each j with L(L + 1) - [~V].
This brings QI to its desired canonical form alld finishes this case.
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8.2. 0'1 is ordinary. Now we procceed to settle the final case. First we deal with
the ease when L{ is odd. The canonical form is:

0'.1 = -Xl + nlYl +.6..1hl,
i-I

O'.i = L:(-'Ul~iX& + Bi&ys) + dIi (-Xi + niYi) +.6.. ih 1 , i = 2, ... ,I
,,=1 (40)

where .6.. i = l:~::i d&'UJ~i + didI, for i = 1, ... ,I and the di E {O, I} are easily seen to
be determined by the invariants. The various Bi/s are dctermined by thc cquations
Cti • Ctj = O. We now need to determine a basis for Lr. Such a basis can be seen to
consist of:

1

eh = Xj + njYj + L PijlJYsl j = 1, ... ,i, x&, YIJ' 8 ~ i + 1
M=j+l

1

hu =-L d"ys+h1 , hM , 2::;8Sa+l
s=1

(41)

Now supposc that the first k - 1 elements are in eanonical form as in (40). Then
Ctk is of the form:

k-l

L(-UJ~(k)X& + Vk&Ys) + DdZ) + .6..h,
&=1

where, UI~k :;::: 'UJi(k+l) mod dJ", the V{k}/S are determined similarly to the Bij 's
above and Z is of the form (1 + d)( -Xk + NkYk) + dl:~=2 hSl d E {O, I}. Let us
now first examine the case fJ = O. By definition and (41) dI " is equal to:

gcd(e~_l)l ·O'.k,· .. ,e~-l){k-l) ·O'.k,h(k-l)l ·O'.k,Dk ).

For j = 1, ... ,k apply: [j, (k +1)] - anj oe 0 b- 1 followed by [8, (k +1)] - aP("-l)j~

for every 8 = j + I, ... ,k - 1 and finish for each j with an appropriate [(k), (k+1)]
[W]. Then apply X(k+1),ml followed by [s, (k + 1)] - a-o~ for s = I, ... ,k - 1, and
finish with [(k + 1), (k + 2)] - [\V). At the end of these isometries the first k - 1
elemcnts remain fixed while Ctk goes to:

k-1

L(-UI.kXM + VksY,,) + dI" (-Xk + NkYk) + 6.h1

,,=1

Now set UII (k+l) = dIlt+l qi{k+l) + UIi(k+1), 6. = 6. k + 2q(h" and apply for j =
1, ... ,k, k(k + 1) - a- l

, [j, (k + 1)] - aqjnj 0 e 0 b-qj followed by [s, (k + 1)] 
aqjP("-l)j. for every 8 = j + 1, ... ,k - 1 and finish for each j with an appropriate
[(k),(k+l)]-[W]. Then apply k(k + 1) - e 0 a- 1 X(k+1),2qml followed by [s, (k +
1)] - a-2qo~ for s = 1, ... ,k - I, and finish with a suitable [(k + 1), (k + 2)] 
[W]. At the end of these isometries the first k - 1 elements remain fixed while
Ctk goes to its desired eononieal form. This finishes the ease 0 = O. ,"Ve now
take up the ease d = 1. We separate two eases. By definition and (41), dI " =
gcd (e~-l)l . O'.k, ... l e~-l){k-l) . O'.k, h(J~-l)l . 0:1:, Dk), if a ~ 2 and to

ged (e~-I)1 . O'.k, ..• ,e~-l)(k-l) . llk, h{k-l) 1 . O'.k l 2Dk), if a = 1. In the first ease
working basieally the same way as in the first group of isometries in the ease d = 0
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we send, while keeping the first k - 1 elements fixed ak to:
k-l u

L(-UJ.kXIJ + VkIJYIJ) + dh. [2( -Xk + NkYk) + L h lJ ] + 6.h1

1J=1 1J=2
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if [e~_I)j . ad/dIII is even for all j (in which case [h(k-l)1 . ak]/dI " is odd) and
Dk/dIII is odd and otherwise to:

k-l

L(-UI.kXIJ + VkIJYIJ) + dIll (-Xk + NkYk) + 6.h1 .

s=1

Of course the case must be the second because we are assuming that Lt is odd. If
(j ::::::: 1 then working the same way we get to send ak to:

k-l

L(-U/.kXIJ + VkIJYIJ) + 2dJII (-Xk + NkYk) + 6.h1

1J=1

if [e~_I)j . akl/dIII is even for all j (in which case [h(k-l)1 . O'k]/dIII is odd) and
dIll IDk and otherwise to:

k-l

L(-UI.kXIJ + Vk/JYIJ) + dIll (-Xk + NkYk) + 6.h1.
s=1

Once again for the same reasons the second happens. In either case now the rest
of the proccess in identical to the one for 0 ::::::: O. Now wo deal with case when Lr
is odd for all i ~ k and Lr is even. From the discussion in the previous paragraph
wo see that wc can assume the first k - 1 elements in canonical position as in (40)
and ak of the form

k-l u

L(-UI.kXs + VksYs) + dIll [2( -Xk + NkYk) + L hsl + 6.h1
1J=1 1J=2

with [e~_I)j ·ak]/dIII even, for all j and [h(k-l)1 'Q:k]/dIII odd. Now we can procced
by isometries to determine the canonical form of ak. Applying the same isometries
as in the second group of the case 0:::: °(devide by 2dIII instead of by (h,,) we can
send ak to an element of thc form:

k-l u

L(-TI.kXIJ + VkIJYIJ) + dIll [2( -Xk + NkYk) + L h.] + 6.h1
1J=1 1J=2

where TI.k ::::::: UI.k or 'UI.k + dII< (What the case is will be distinguished by the
coordinates of the invariant characteristic vector of the tuple) and 6. is now equal
to

k-l

6. ::::::: L o/JrI.k + 0' dIll
1J=1

with 0' E {O, 1,2,3}. In fact 0' E {l,3} because [h(k-l)1 . ak]/dIII is adel. If 0' :::: 3
we can apply isometries to change it into 1 as folIows: Apply, k(k + 1) - e 0 a- 1 and
for j ::::::: 1, ... , k - 1, j(k + 1) - a6j followed by k(k + 1) - e. Then apply Xk+l,~2ffil

and finish by a sign change of h1 . This sends Q:k to:
k-l u

L(-TI.kXIJ + Vk/JYs) + dIll [2( -Xk + HkYk) + L h4 l + 6.kh1 (42)
1J=1 4=2
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(45)

[Al]
[A2]

[\V]

where D.k = E::: 68T/~k + d/" and achieves the canonical form in this case. 'Ve
now compute Lt. It is easily seen to be generated by elements of the form:

etj = e~_l)j + PkjkYk, j = 1, ... , k - 1,
Xk + nkYk, XII' Y8, S ~ k + 1 (43)
hk1 = 2h(k-I)1 + QklYk hk8 = hs + h(k-l)l' 2::5 s :5 Cf + 1

Now we finally need to find and prove the canonical form in the case k :5 1. The
general canonical fonn looks like:

O'l, ... ,ak, as in (40),(42)
S=F-k

O'i = L (-U/~iXII + BüYII) + (-2U/,,_tk X k + BikYk) (44)
l<lI<i-l

+d/j(~x~+ niYi) + D.ihl, i = 2, ... ,1

'Vhere thc D.i'S are determined by the invariants in the same manner as the pre
vious ones. (may or maynot have a summand of d/; tagether with their canonical
representatives but what the case is, is determined by the invariants. The lattice
Lr is generated by:

1

eb = etj + L PkjllYk, j = 1, ... ,k -I,
6=k+l

1

eb = Xj + njYj + L ' j ~ k, X s , Y8' S ~ l + 1
8=j+l

I I

hll = hkl + L Qlh hkj = hkj + L Qljll' 2:5 j ::5 (1 + 1
s=k+l lI=k+l

To finish this now one works as always by induction. Using Lr define d/, and then
use the vectors of Lr as a guide to rcducc thc various quantities to their canonical
representatives. This finishes the proof.
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