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ABSTRACT. We introduce a natural structure of a semigroup (isomorphic to a fac-
torization semigroup of the unity in the symmetric group) on the set of irreducible
components of Hurwitz space of marked degree d coverings of P! of fixed ramifi-
cation types. It is proved that this semigroup is finitely presented. The problem
when collections of ramification types define uniquely the corresponding irreducible
components of the Hurwitz space is investigated. In particular, the set of irreducible
components of the Hurwitz space of three-sheeted coverings of the projective line is
completely described.

INTRODUCTION

Usually, to investigate the Hurwitz space HUR4(P!) of degree d coverings of the
projective line P! := CP!, the following approach is used. A Galois group G of the
coverings, the number b of branch points, and the types of local monodromies (that
is, collections consisting of b conjugacy classes of ) are fixed, and after that the set
of collections of representatives of these conjugacy classes is investigated up to, so
called, Hurwitz moves (see, for example, [1] — [6]). There are several problems (for
example, to describe the set of plane algebraic curves up to equisingular deformation
or, more generally, to describe the set plane pseudoholomorphic curves up to symplec-
tic isotopy, to describe the set of symplectic Lefschetz pencils up to diffeomorphisms,
and so on) in which also resembling objects naturally arise, namely, finite collections
of elements of some group considering up to Hurwitz moves (see, for example, [7] —
[9]). (In the case of plane algebraic and pseudoholomorphic curves, to obtain such
collections, one should choose a pencil of (pseudo)lines to obtain a fibration over
P!.) As it was shown in [10], there is natural structure of semigroups on the sets
of such collections considered up to Hurwitz moves, namely, so called, factorization
semigroups over groups. Moreover, if we consider such fibrations not only over the
hole P! but also over the disc Dp = {z € C | |z| < R}, then this semigroup structure
has a natural geometric meaning (see [10]).

In section 1 of this article, we give basic definitions and investigate properties of fac-
torization semigroups over finite groups. In particular, we prove that the factorization
semigroups of the unity in finite groups are finitely presented, and also we investigate
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the problem when an element of factorization semigroup is defined uniquely by its
type and product.

In section 2, factorization semigroups over symmetric groups S; are considered
more closely. Here we prove a stabilization theorem and completely describe the
factorization semigroup of the unity in Ss.

In section 3, we introduce a natural structure of a semigroup (a factorization semi-
group of the unity in symmetric group) on the set of irreducible components of Hur-
witz space of marked degree d coverings of P! with fixed ramification types and we
show that this structure induces a semigroup structure on the set of irreducible com-
ponents of the Hurwitz space HURS of Galois coverings of P* with Galois group G
having no outer automorphisms. Also, the results, obtained in sections 1 and 2, are
applied to the problem when the irreducible components of the HUR4(P!) are defined
uniquely by collections of types of local monodromies of the coverings.
Acknowledgement. Part of this work was done at MPIM, Bonn. I would like to
thank this institution for hospitality.

1. SEMIGROUPS OVER GROUPS

1.1. Factorization semigroups. A collection (S, G, «, \), where S is a semigroup,
G is a group, and o : S — G, A : G — Aut(S) are homomorphisms, is called a
semigroup S over a group G if for all 51,59 € S we have

s1+ 52 = p(a(s1))(s2) - 51 = s2- Ma(s2))(51),
where p(g) = A(g™").

Let (51, G1, a1, A1) and (Ss, Ga, aa, A2) be two semigroups over, respectively, groups
G1 and Gy. We call a pair (hy, hy) of homomorphisms hy : S; — S and hy : G; — Gy
a homomorphism of semigroups over groups if

(1) hg oy = ag 0 hy,
(13) Aa(h2(9))(hi(s)) = hi(A1(g))(s) for all s € S; and all g € Gy.

The factorization semigroups defined below constitute the principal, for our pur-
pose, examples of semigroups over groups.

Let O C G be a subset of a group G invariant under the inner automorphisms.
We call the pair (G, O) an equipped group. Let us associate to the set O an alphabet
X = Xo ={z, | g € O} and for each pair of letters z,,,x,, € X, g1 # g2 denote by
Ry, 4,1 and Ry, 4., the following relations: Ry, 4, has the form

xgl ’ xg2 = x92 : xgz_lglgg (1)
if go # 1 and z, - 1 = x,, if go =1, and Ry, 4, has the form
Tg, " Tgy = Ly gpg=1 * Ty (2)

if g1 #1 and 21 - x4, = zy, if g3 = 1.
Put
R = {Ry, goir> Bgrgoa | (91,92) € O X O, g1 # ga},
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and, with the help of the set of relations R, define a semigroup
S(G,0)=(z,e X|RER)

which is called the factorization semigroup of G with factors in O.

Introduce also a homomorphism a : S(G,0) — G given by a(z,) = g for each
ry € X and call it the product homomorphism.

Next, we define an action A of the group GG on the set X as follows:

Tqo € X = ANg) (@) = 24-149 € X.

As is easy to see, the above relation set R is preserved by the action A\. Therefore A
defines a homomorphism A : B — Aut(S(G, O)) (the conjugation action). The action
A(g) on S(G,0) is called the simultaneous conjugation by g. Put A\¢ = A o a and

ps =poa.
Claim 1.1. ([8]) For all s1, s2 € S(G,O) we have
s1- 8y = 52+ Ag(s2)(s1) = ps(s1)(s2) - 51

It follows from Claim 1.1 that (S(G,0),G,a, \) is a semigroup over G. When G
is fixed, we abbreviate S(G,O) to Sp. By zy, - ... -, we denote the element in Sp
defined by a word x4, ... zg,.

Notice that S : (G,0) — (S(G,0),G,a, ) is a functor from the category of
the equipped groups to the category of the semigroups over groups. In particular, if
01 C Oy are two sets invariant under the inner automorphisms of GG, then the identity
map id : G — G defines an embedding ido, o, : S(G,01) — S(G,Oz). So that, for
each group G, the semigroup S¢ = S(G, G) is an universal factorization semigroup of
elements in G, which means that each semigroup Sp over G is canonically embedded
in SG by Z'dO’G.

Let I' be a subgroup of G. Denote by Si, = {s € Sp | a(s) € T'}. Obviously, S,
is a subsemigroup of Sp and it coincides with the image of semigroup S(I';O NT)
under the homomorphism induced by the inclusion I' < G. In particular, if Go is
the subgroup of GG generated by the elements of the image of a : Spo — G, then
S(Go,0) ~ S5°.

If ' = {1}, then the semigroup S§ will be denoted by Sp; and for each subgroup
I’ of G we denote S¢ 1 = So.1 N Sp.

A group G acts on itself by inner automorphisms, that is, for any group G there
is a natural homomorphism h : G — Aut(G) (the action of the image h(g) = a of
an element g on G is given by (g1)a = g 'g1g for all g € G). It is easy to see that
the homomorphism h defines on S¢ a structure of a semigroup over A = Aut(G),
where the homomorphism a4 : Sg — Aut(G) is the composition hoa and an element
a € Aut(G) acts on Sg by the rule z, — 2(g),. It is easy to see that the subsemigroup
S is invariant under the action of Aut(G) on Sg. Therefore Sgq also can be
considered as a semigroup over Aut(G).
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To each element s = x,, ... -z, € So, g; # 1, let us associate a number In(s) =n
called the length of s. It is easy to see that In : Sop — Zsy={a€Z|a>0}isa
homomorphism of semigroups.

For each s = x4, - ... - x4, € So denote by G the subgroup of G generated by the
images a(zg,) = g1, ..., a(x,,) = g, of the factors z,, ..., z,

n*

Claim 1.2. The subgroup G of G is well defined, that is, it does not depend on a
presentation of s as a product of generators x4 € Xo.

The proof of Claim 1.2 and the following proposition is very simple and therefore
it will be omitted.

Proposition 1.1. ([8]) Let (G,0) be an equipped group and let s € Sp. We have
(1) kerX coincides with the centralizer Co of the group Go in G;
(2) if a(s) belongs to the center Z(Gs) of Gs, then for each g € G the action
A(g) leaves fized the element s € Sp;
(3) if afs - x4) belongs to the center Z(Gs.a,) of Go,, then s - x4 = x4 - 5,
(4) if a(s) =1, then s-s' =5 -s for any s' € Sg.
Claim 1.3. For any equipped group (G,O) the semigroup Sp1 is contained in the
center of the semigroup Se and, in particular, it is a commutative subsemigroup.

Proof. 1t follows from Proposition 1.1 (4). O

It is easy to see that if g € O is an element of order n, then zy € So 1.
Lemma 1.1. Let s € Sp1 and s; € So be such that G5, = Go. Then

s+ s1=Ag)(s) - 51 (3)
for all g € Go.
In particular, if C C O is a conjugacy class of elements of order nc and s € So is
such that Gg = G, then for any gy, g2 € C we have

Ty¢ s = 1,0 s (4)

Proof. Equality (4) is proved in [5]. The proof of (3) is similar. O
1.2. C-groups associated to equipped groups and the type homomorphism.
Let (G,O) be an equipped group such that 1 ¢ O and let the set O be the union of
m conjugacy classes, O = Cy U ---UC,.

A group Go, generated by an alphabet Yy = {y, | g € O} (so called C-generators)
being subject to the relations

Yo:Yo2 = YooYy 9100 = Yorgag Yors  Yous Yo € Yo, (5)
is called the C'-group associated to (G,O). It is obvious that the maps x, — y, and
Yy — g define two homomorphisms: 3 : S(G,0) — Go and v : Go — G such that
a =y o 3. The elements of Im 3 are called the positive elements of Go.
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A C-group Go, associated to an equipped group (G, O), has similar properties as
the semigroup Sp has. For example, like in the case of factorization semigroups, it is
easy to check that for any g € Gp and any ¢, € O the following relation

g_lyglg = Yg-lg19 (6)
is a consequence of relations (5), where g = v(g).
Denote by O the subset {y, | g € O} of Go. It follows from relation (6) that O is
invariant under inner automorphisms of Go.

Claim 1.4. Let (G,0) be an equipped group. Then the semigroups S(G,0O) and
S(Go,O) are naturally isomorphic.

Proof. By relations (6), it is easy to see that the map ¢ : S(GO, O) — S(G, 0), given
by &(xy,) = x4 for g € O, is an isomorphism of semigroups. O

Applying relations (6), it is easy to prove the following proposition (see, for example,
[11]).
Proposition 1.2. For any equipped group (G, O) we have
Z(Go) =~ (Z(Go)),
where Z(Go) and Z(@O) are the centers, respectively, of Go and Go.

It is easy to see that the first homology group Hl(@o, Z) = Go/[éo, GO] of Go is a
free abelian group of rank m. Let ab : Go — H 1(60, Z) be the natural epimorphism.
The group H,(Go,Z) ~ Z™ is generated by ab(y,,) = (0,...,0,1,0...,0) (1 stands
on the i-th place), where g; € C;.

The homomorphism of semigroups 7 = abo 3 : S(G,0) — Z%, C Z™ is called
the type homomorphism and the image 7(s) of s € S(G,O) is called the type of s. If
O consists of a single conjugacy class, then the homomorphism 7 can (and will) be
identified with the homomorphism In : S(G,0) — Zo.

Lemma 1.2. Any element g of the C-group Go, associated with an equipped group
(G,0), can be represented in the form:

9=0nd", (7)
where g1, o are positive elements. In particular, § € G}y = [Go, Go| if and only if

ab(g1) = ab(g2) in representation (7) of g as a quotient of two positive elements G
and §s.

Proof. Write g in the form: g = y;_ll ...ygfk, where g;; € O and ¢; = +1. To prove

lemma, it suffices to note that by relations (5) we have ygglygl = Ygs'gs ngg; for any
g1, g2 € O O]
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Claim 1.5. Let (G,0O) be a finite equipped group. The homomorphism 3 : Sop — Go
is an embedding if and only if O C Z(Go), that is, Go is an abelian group.

Proof. Let O = Cy U --- U (), be the decomposition into the union of conjugacy
classes. It is easy to see that if O C Z(Gp) then G ~ ZI°!, where the isomorphism
is induced by homomorphism ab, and in this case the semigroup Sp can be identified
: : @] le]
with semigroup Zy, C Z'*.
If O ¢ Z(Go), then there is C; C O consisting of at least two elements, say ¢;
and go. Let n be their order in G. Then it is easy to see that zj # xj, in So. On

the other hand, their images y,; = B(z7,) and y;, = B(z},) coincide in Go. Indeed,
without loss of generality? we can assume that there is g € G such that g, = g7 tg19.

Consider an element g € y~*(g). Then
970 = (0 Y0 0)" = Y1900 = Ui
but by Proposition 1.2, yy and y;, belong to Z (GO). Therefore y;, =y, . O

1.3. Hurwitz equivalence. As above, let O be a subset of GG invariant under the
action by inner automorphisms of G. Consider the set

of all ordered n-tuples in O and let Br,, be the braid group with n strings. We fix a set
{ai,...,a,_1} of so called standard (or Artin) generators of Br,, that is, generators
being subject to the relations

L

(8)

;i 10; = Qip10;0i41 1<
a;ay = aia; | i —

A

2.

VAR

The group Br,, acts on O™ as follows

(915 -+ Gim1, Gi» Gi15 Git2s - - -, Gn) )i = (1, - - - vgi—lagigi+lgi_lagi>gi+27 c-19n))-
Usually, the action of the standard generators a; € Br,, and their inverses on O™ is
called Hurwitz moves. Two elements in O™ are called Hurwitz equivalent if one can be
obtained from the other by a finite sequence of Hurwitz moves, that is, if they belong
to the same orbit under the action of Br,,.

There is a natural map (product map) « : O™ — G defined by

Oé((gla"'agn)) =01...-0n

and an element (gi,...,g,) € O™ is called a factorization of g = a((g1,..-,9.)) € G
with factors in O.

There is a natural map ¢ : O™ — S(G, O) sending (g1,...,9n) t0 S =Xy, - ... - Ty, .
Claim 1.6. Two factorizations y and z € O™ are Hurwitz equivalent if and only if
p(y) = »(2).

Proof. Evident. O
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Remark 1.1. In what follows, according with Claim 1.6, we identify classes of Hur-
witz equivalent factorizations in O with their images in S(G, O).

Define also the conjugation action of G on O™:

ANg)((g1,---,90)) = (97019, -, 97" 9n9).

Obviously, this action is compatible under the map ¢ with the conjugation action of
G on S(G, O) defined above.

Denote by W = W (O) the set of words in the alphabet X = X\ (1} and by W,
its subset consisting of the words of length n. In what follows, the elements of the
set O™ will be identified with the elements of W,, (identification: (gq,...,g,) € O™ <
Ty, ...x4, € W,) and we put

W(s)={weW|pw)=secS(G,0)}.

1.4. Finite presentability of some subsemigroups of S(G,0). Let (G,0) be a
finite equipped group. By definition, the semigroup Sp is finitely presented. From
geometric point of view the most interesting subsemigroups of S are Sp 1 and 58'71 =
{s € So1 | Gs = G}. (Note that S§, is non-empty if and only if Go = G.) In this
subsection, we will show that the semigroups Sp 1 are finitely presented, but for the
semigroups Sg’l the property to be finitely presented (and, moreover, to be finitely
generated) is not obligatory.

Let N = |G| be the order of G and C = {C},...,C},} be the set of conjugacy
classes of G such that O = UC;. For C' € C let n¢ = n, be the order of g € C. In
each C € C we choose and fix an element g € C.

It is evident that a necessary condition for a subsemigroup S of Sp to be finitely
generated is that its image 7(95) is a finitely generated semigroup, where 7 : Sop — ZZ,
is the type homomorphism.

Theorem 1.1. A factorization semigroup So1 over a finite group G is finitely pre-
sented.

Proof. Let O = C1U---UC,, be the decomposition into the union of conjugacy classes
and let 1 ¢ O. We numerate the elements of O = {gy,...,gx} so that g; = g¢, for
1=1,...,m.

For any g € O we have s, = z3,° € So;1. Let F = {s1,...,sy} be the set of
elements of Sp 1 of length less or equal to KV, where N = |G|, and we assume also
that s; = s, = ngi for i < K. Let us show that the elements s1, ..., sy € F generate
the semigroup So 1.

Lemma 1.3. An element s € Soq of length In(s) > K~ can be written in the

following form:
ni
i

where 1 <i; < ... <4 < K and 5 € Sp1 with In(3) < KV.

— L A
5=35 i, * S,
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Proof. If In(s) > K™, then in a presentation of s as a product z,, - + Ly, there
are at least N coinciding factors z, for some g € O. Since n, < N, moving n, of
these factors to the left (by means of relations (1)), we obtain that s = s, - s’, where

s' € Sp1 and In(s") < In(s). O

It follows from Lemma 1.3 that Sp 1 is generated by the elements s € Sp 1 of length
In(s) < K%, that is, So is finitely generated.

To show that Sp i is finitely presented, let us divide the set of all relations as
follows. The first set R; of relations consists of relations:

Si S5 = 85 S, SZ‘,SjEF.

Denote by k = (ky,. .., ky) an ordered collection of non-negative integers and put
Sk = s]fl C e slf\% In view of the existence of relations R;, we can assume that all

other relations in Sp; connecting the generators sy, ..., sy have the following form:
Sk1 = Skao- (9)

Note that if we ha\E a relation of form (9), then Gy, = Gy, and 7(sk,) = 7(sk,)-
Consider the set R, of all relations of form (9) for which G, 1s a proper subgroup of
G. By induction, we can assume that the semigroups S(I', O); are finitely presented
for all equipped groups (I',O) of order less than N. Since there are only finitely

many proper subgroups of G and the embeddings (G, ,0 N G, ) = (G,0) define
the embeddings S(G,_ ,0 N Gy )1 — Sp.1, we obtain that there is a finite set of

Sky )
relations Ry C Ry generating all relations of Rs.

Denote by Rj the set of all relations in Sp 1 of the form sy, = sk, which are not
contained in R; N Ry and such that In(sy,) < K. It is easy to see that Rj is a finite
set.

For each element s; of the set of generators of Sp; with ¢ > K + 1, we put

n; = min{in(s?) > KV} — 1.
From Lemma 1.3 it follows

Lemma 1.4. For any i > K + 1 the element s;”H can be written in the following
form:

K
m-‘rl H S;J - sy, (10)
where a = (ay,...,ak) is a collection of non—negatzve integers and s; € F' is a gener-

ator with index | > K + 1.

Denote by Ry the set of relations of form (10). It is a finite set. By Lemma 1.4,
applying relations of the set Ry U Ry, each element s € Sp1 can be written in the
form: s = s, where k = (kq, ..., ky) satisfies the following condition: k; < n; for
1> K+ 1.
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An element sy is called I'-primitive if in k = (ky, ..., ky) all k; < 1 for i < K,
ki <n;fori> K +1,and G,, =1I'. By Lemma 1.1, for each G-primitive element sy
we have the following relations in Sp 1:

S; * Sk = §j5 * Sk,

where ¢« < m and j < K is such that g; € ;. Denote by R the set of all such
relations. Obviously, Rj is a finite set.

Let s € Sp1 be such that G5, = G. Applying relations of Rs, as above it is easy to
show that s can be written in the form:

5= (H s5) - Sk, (11)

where s is some G-primitive element. Denote by R the set of relations in Spq of

the form:
m m

(H S?Ll) * Sk — (H S?j,Z) " Sko) (12)
Jj=1 J=1
where sy, and sk, are G-primitive elements.

To complete the proof of Theorem 1.1, it suffices to show that the relations of Ry
are consequences of a finite set of relations Rg. Since there are only finitely many
G-primitive elements, it is suffices to show that for fixed G-primitive elements sy,
and sy, relations of form (12) are consequences of a finite set of relations. For this
purpose, consider the semigroup Z%, = {a = (a1, ..., ay) € Z™ | a; > 0}.

A subsemigroup S of Z%, is called non-perforated if for any a € S and any b € Z%,
the element a+ b € S. Note that if S; and S5 are non-perforated subsemigroups,
then S; U .Sy and S; NSy are also non-perforated subsemigroups. An element a of a
non-perforated subsemigroup S is called an origin of S if there does not exist elements
b € S and c € ZZ, \ {0} such that a=b +c. Denote by O(S) the set of origins
of a non-perforated subsemigroup S. A non-perforated subsemigroup S with a single
origin is called prime. It is easy to see that if a is the origin of a prime non-perforated
subsemigroup S, then

It is obvious that a non-perforated subsemigroup S can be represented as a union of
prime non-perforated subsemigroups, for example,

S=JFa
acs

Let A be a subset of S and let S be represented as the union of prime non-perforated
subsemigroups,

S=JF. (13)

acA
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We say that representation (13) is minimal if
s# U A
acA\{ao}
for any ag € A.

Claim 1.7. For a non-perforated subsemigroup S C ZZ, there is the unique minimal
representation as the union of prime non-perforated subsemigroups, namely,

Proof. It follows from the definition of origins that if S = UF},, is a representation as
the union of prime non-performed subsemigroups and a is an origin of .S, then a = a;
for some 1.

Assume that

c=5\J F

ac0(S)
is not empty, then there is ¢y = (c¢10,...,¢m0) € C such that ¢, o = minc,, for
(c1y. . ¢m) € C, 10 =mincy,_q for (c1,...,¢n1,cm0) € C, ..., c1p = mine¢ for
(c1,¢20-..,¢mo) € C. It is obvious that ¢ is an origin of S. O

Proposition 1.3. Every increasing sequence of non-perforated subsemigroups of 2%,
SiCSCS3C...,
such that S; # S;11 s finite.

Proof. Proposition is obvious if m = 1. let us use the induction on m. Consider an
increasing sequence of non-perforated subsemigroups 51 C Sy C S3 C -+ C Z%,
m > 2. Denote by P; = {(z1,...,2m) € Z% | 2 = j}, and S;; = S; N P},
Then S;; also can be considered as a non-perforated subsemigroup of ZZ; L (if we
forget about the last coordinate). By inductive assumption, increasing sequences
Sy; C Sa; C S3; C ... must stop for each j. Denote by S; = Si(j),; the first biggest
semigroups in these sequences.
Consider a map sh : Z%, — 7%, is given by

sh((z1, - Zm-1,2m)) = (21, -+, Zm—1, Zm + 1).
It follows from definition of non-perforated subsemigroups that sh : S;; — S; 11 is
an embedding of semigroups. Therefore we can (and will) identify a semigroup S; ;
with subsemigroup sh™(S; ;) of S;jin. It follows from definition of non-performed
subsemigroups that if j; < jo, then S; = Sy, C Sj, = Si(jo),jo- AS a result we
obtain an increasing sequence of non-perforated subsemigroups
Sz’(O),O C Sz’(l),l C SZ'(Q)Q cC---C Zg(;l.

It must stop. It is easy to see that if i), is the biggest semigroup, then S;y) =
Si(j0)+1 = Si(j0)+2 =.... ]
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Corollary 1.1. The set of origins O(S) of a non-perforated subsemigroup S C 7%,
18 non-empty and finite.

Proof. 1f the set O(S) = {a;,as,as,... } is infinite, then by Claim 1.7 we will have
an infinite increasing sequence

Fo, CFyUF,, CF, UF,,UF,, C....
which contradicts Proposition 1.3. 0

Let us return to the proof that the relations of the set Rg are consequences of a
finite set of relations Rg. For this purpose, note that if

b; b,
(L7 s = (Is7) - s (14)
j=1 j=1
is a relation, then
(bl,lncl, - ,bm71’ncm) + T(Skl) = (bl,zncl, . ,bmgncm) + T(SkQ).
Therefore if 7(sy,) = (a1, .., @m;), then ;1 = a;2(modng,) for all i. Put a;10 =

bii—bi2if ;2 > ;1 and a;1 0 = 0 if otherwise. Respectively, put a;20 = bi2 — b1
if ;1 = ;2 and a;20 = 0 if otherwise. We have

Ne,ai1,0 + Q1 = Ney G20 T Q2
and a; 10, @, 20 are defined uniquely by «; 1, 2, and ng,. Moreover, if we denote

a;j = bi; — a;jo, then a;1 = a;2 > 0 for i = 1,...,m, and each relation of the form
(14) can be rewritten in the form

DT (T s = AT QT - s (15
Jj=1 Jj=1 Jj=1 j=1
where a; = @51 = Gj92.
If (15) is a relation in Sp 1, then
QLs7 - AT s = QT3 - L7 - s
Jj=1 Jj=1 j=1 j=1
is also a relation for each b = (by,...,b,) € ZZ, and it is a consequence of relation
(15).
It follows from consideration above that the set {(a,...,am,)} of exponents in-

terning into the relations written in the form (15) for fixed s, and sy, form a non-
perforated subsemigroup Fy, s, of ZZ,. By Corollary 1.1, the set O(Fy, s, ) of its
origins is finite. It is easy to see that the relations (15) for fixed sy, and sy, are
consequences of the relations corresponding to the origins of T and since there
are only finitely many G-primitive elements, we obtain that the relations of Rg are
consequences of some finite subset Ry of Ry.
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To complete the proof of Theorem 1.1, it suffices to note that all relations are con-
sequences of the relations belonging to Ry U --- U Rg which is a finite set. O

Note that not any subsemigroup Sgl of S¢ is finitely generated. For example, let
G ~ (Z/2Z)* be generated by two elements g; and g. If O = {g1, g2}, then SG, is
isomorphic to the semigroup

S = {(al,ag) € ZQZO | ay > O, as > 0}
which is not finitely generated.

Proposition 1.4. Let (G,0) be a finite equipped group. Assume that O is the union
of conjugacy classes, O = C1,U--- U C,,, such that for each i the elements of C;
generate the group G. Then the subsemigroup Sg}l of Sg s finitely presented.

Proof. In notations used in the proof of Theorem 1.1, denote
soo= [ wa =[] s
qEC; G€C;

We have s¢, € Sgyl, since the elements ¢g; € C; generate G.

As it was shown in the proof of Theorem 1.1, any element s € Sg}l can be written
in the form (11):

s= (55

where sy is some G-primitive element of S§ ;. If a; > |C;], then by Lemma 1.1,

(e73
8;

{lz’—\Ci\ .

Sk = S¢; S Sk-

Therefore any element s € SG; can be written in the form

b; a;
s=([Tse) (s s (16)
i=1 i=1
where (by,...,bg) € ZEy and 0 < a; < |Cj, and sk is a G-primitive element. Since

there are only finitely many expressions of the form

m

T - s (17)

i=1

where 0 < a; < |C;], and sy is a G-primitive element, the end of the proof of Propo-
sition 1.4 coincides with the proof of Theorem 1.1. O
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1.5. Stabilizing elements. If G is an abelian finite group, then it is obvious that
the type homomorphism 7 : Sg — Zg_l is an isomorphism. If GG is not an abelian
group and ¢(G) is the number of conjugacy classes of its elements g # 1, then the type

homomorphism 7 : Sg — Z;((? )is a surjective, but not injective homomorphism, and

one of the main problems is to describe the preimages 77! (a) of elements a € Z;(OG ) (in

particular, to describe the set of elements a € Z;((? ) for which each element s € 771(a)
is uniquely determined by their value a(s) € G).

Proposition 1.5. Let S5, be as in Proposition 1.4. Then there is a constant ¢ =
c(G,0) such that for any a € ZZ the number |7~'(a)| of preimages of a under the
homomorphism T : Sg}l — 15, 1s less than c.

Proof. In the proof of Proposition 1.4 it was shown that any element s € 5’81 can be
written in the form (16). Therefore Proposition 1.5 follows from that the number of
different expressions of the form (17) is finite. O

Note that Proposition 1.5 is false if we consider the semigroup Sp 1 instead of 58?1,
see, for example, Corollary 2.4.

An element s € S(G, O) is called stabilizing if s-s; = s s for any s1, s € S(G, O)
such that 7(s1) = 7(s2) and «(s1) = a(s2). A semigroup S(G,O) is called stable if it
possesses a stabilizing element.

Claim 1.8. If s is a stabilizing element of S(G,0O), then for any s; € S(G,0)
the element s - s1 is also a stabilizing element. In particular, if S(G,0) is a stable
semigroup, then there is a stabilizing element s € S(G,O) such that a(s) = 1.

Proof. Evident. 0

Conway — Parker Theorem (see Appendix in [5]) gives some sufficient condition for
a semigroup Sg to be stable. To formulate this theorem, recall that a Schur covering
group R of a finite group G is a group of maximal order with the property that R has a
subgroup M C R'NZ(R) satisfying R/M ~ G, where R’ = [R, R] is the commutator
subgroup and Z(R) is the center of R. Such an R always exists (but non necessarily
unique). The group M isomorphic to the Schur multiplier M (G) = H?*(G, C*) of G.
The Schur multiplier M (G) is said to be generated by commutatorsif MN{g~*h~'gh |
g,h € R} generates M.

Theorem 1.2. (Conway — Parker) ([5]) Let G be a finite group, O = G \'1 =
C;U---UC, the decomposition into the union of conjugacy classes, and denote

5= [] =y €5Sa,
9eG\{1}
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where ny is the order of g in G. Assume that the Schur multiplier M(G) of G is
generated by commutators. Then there is a constant n = n(G) such that 3" is a
stabilizing element of Sq.

Note that a Schur covering group G of a finite group H satisfies the conditions of
Conway — Parker Theorem (see [5]).

In the next section we will prove that factorization semigroups Ss, over symmetric
groups Sy are also stable. On the other hand, there are many finite equipped groups
(G, 0) for which S(G, O) is not a stable semigroup.

Proposition 1.6. Let (H,O) be a finite equipped group such that
(i) the elements of O generate the group H;

(i) HNZ(H) # 1;

(ii9) G1G," ¢ Z(H)\ {1} for all §:,3 € O.
Let f +: H — H/Z(H) = G be the natural epimorphism and put O =
Then there are at least two elements s1, Sy € 5871 such that 7(s - s1) =
s-sl#s-SZforallSESgJ.

In particular, if O consists of a single conjugacy class of H, then there is a constant
N € N such that for anyt € (S5 ,)NZsy there are at least two elements sy, 83 € S§ 4
such that 7(s1) = 7(s2) = t, but S1 # So. 7

f(O) C G.

T 2), but

Proof. By (i), the elements of O generate the group G. By (ii7), the surjective map
fio + O — O is a bijection, and if we denote g; = f(g;) for §; € O, then the equality
9;'9;9: = gx holds in G for some g;, g;, gx € O if and only if the equality §; '§;5 = Gx
holds in H. Therefore the induced homomorphism f, : S5 — So (sending the gen-
erators zj of S5 to the generators z,, of Sp) is an isomorphism of semigroups. In
particular, the restriction of f. to SgZ(H) = {5€ SH | a(3) € Z(H)} gives an iso-
morphism between Sg 2(8) and Sg’l. In addition, the homomorphism f induces a
surjective homomorphism f, : Hs; — Go of C-groups associated to (H,0) and (G, O)
(sending the generators yg, of Hj to the generators y,, of Go) such that the following
diagram

Sy -2 iy 5 H
e
So 2 Go - @
is commutative and such that the induced homomorphism
fuu s Hi(Hp,Z) — H\(Go,Z)

is an isomorphism compatible with isomorphism f. : S5 — So (that is, if s = f.(3),
then 7(s) = fu(7(8)). Therefore to prove the first part of Proposition 1.6, it suffices
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to show that there are two elements §;,35, € SgZ(H) such that 7(5,) = 7(53), but

a(81) # a(32). Indeed, for such two elements we will have that 7(5-5;) = 7(5 - 53),
but a(s-35;) # a5 3,) for all § € SgZ(H). Therefore s; = f.(51) and sy = f.(S2) are
non-equal elements of Sp 1 and 7(s-s1) = 7(s - s3), but s- 51 # s - 59 for all elements

s € 554 in view of isomorphism f, : — 5§ 1.

SH
0,7 (H) ) )
It follows from Proposition 1.2 that for any subgroup H; of Hj; we have

y(Hi N Z(Hp)) = ~(H) N Z(H),

in particular,
v(H5NZ(Hp)) = H' N Z(H).

Hence, by condition (i), there is an element h € ﬁ’é NZ(Hg)\ {1}. By Lemma 1.2,
h = 131}};1, where h; = B(81) and hy = B(52) for some $1, 52 € Sy (that is, hy and hs
are positive elements). Since h € ]:Ié, we have ab(hy) = ab(hy).

Each element of a finite group H can be expressed as a positive word in its gen-
erators. Therefore, by condition (i), there are § € S5 and the positive element
g = B(3) € Hy such that v(§) = v(hy'). Denote also by § = [;co; € SE

9i 0,1’
where n; is the order of ;. Then 51 = §p-5-5; and 55 = 54+ §- 59 are desired elements.
To prove the second part of Proposition 1.6, let us choose elements s1,...,35, gen-

erating 581 (by Proposition 1.4, the semigroup 5871 is finitely generated in the case
when O consists of a single conjugacy class) and let sq, so be elements the existence
of which was proved in the first part of the proof. Denote by ty = 7(s1) = 7(s2) and
ti=7(3;),i=1,...,n, and let GCD(ty,...,t,) = d, t; = a;d. Then the type 7(s)
of any element of S§; is divisible by d. Let us show that there is a constant M € N
such that for any j € N there is an element s € S5, with 7(s) = (M + j)d. Indeed,
there are qq,...,q, € Z such that

i=1

After renumbering of 5; we can assume that ¢; = —p; < 0 for + < k and ¢; > 0 for
t > k+ 1. Denote by M = a,d Zle a;p; and for j =0,1,...,a; consider elements

k n
_ <(a1—7)ps <J4 G
=1 1=k+1

We have

k k n
7(s0,5) = day szﬂi +dj(— Zaipi + Z aig) = d(M + j)
i=1

=1 i=k+1
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for 0 < j < ay. Then 7(37" - sp;) = d(may + M + j). From this it is easy to see
that M satisfies the property that for any j € N there is an element s € Sgyl with
7(s) = (M + j)d, since

{d(ma; + M +j) | m > 0,0 < j <ar} =dNsy.

To complete the proof of Proposition 1.6, note that N = M +tqg = M + 7(s1) is a
desired constant. U

It is not difficult to give examples of groups H satisfying conditions of Proposition
1.6. For example, let H = SL,_1(Z,) be the group of (p — 1) x (p — 1)-matrices with
determinant 1 over the finite field Z,, p # 2. It is well-known that H' = H and Z(H ),
consisting of scalar matrices, is a cyclic group of order p — 1. For ¢ # j denote by e; ;
the matrix whose entries are all zero except one entry equal to one at the intersection
of the ith row and jth column. Put ¢;; = e 4 e;;, where e is the identity matrix.
It is well known that the matrices ¢; ; (the transvections) are all conjugate and that
they generate the group H = SL,_1(Z,). Therefore for equipped group (G, O), where
G = PGL,_1(Z,) and O is the set of transvections, almost all elements of SG, are
not defined uniquely by their type, that is, 5'81 (and, respectively, Sp) is not a stable
semigroup.

2. FACTORIZATION SEMIGROUPS OVER SYMMETRIC GROUPS

2.1. Basic notations and definitions. Let S; be the symmetric group acting on
theset {1,...,d} = I;. Remind that an element o = (iy,...,i;) € Sy sending iy to i,
i9 t0 13, ..., ig_1 tO ik, 1 to i1, and leaving fixed all over elements of I, is called a cyclic
permutation of length k. A cyclic permutation of length 2 is called a transposition.
Any cyclic permutation o = (i1, ...,4) is a product of k£ — 1 transpositions:

g = (Zk, Z’kfl)(ik,l, Z'k,Q) e (ig, 21) (19)
A factorization (19) of o = (i1, ..., ) is called canonical if i; = min; ;< 7;.

As is well-known, any permutation o € Sz, 0 # 1, can be represented as a product
of cyclic permutations:

g = (2.171, e 7ik1,1)(i1727 e ,’L.k%g) e (il,ma e 7ikm,m>a (20)
where ky > ko > ... > Ky, > 2 and any two sets {i1,, .-+, ik, gy b and {71y, - -5 0k, 5 }
have empty intersection if j; # jo. If o is written in the form (20), then the ordered
collection t(o) = [ki, ..., ky,) is called the type of o and the number l,(c) = > | ki—m
is called the transposition length of o.

Note that for any ky > ko > ... > ky,, = 2 such that ) k; < dthereis a permutation
o of the type [ki, ..., k], and as is known, two permutations o7 and o9 are conjugated
in Sy if and only if t(0y) = t(o2). For a fixed type t(0) = [k1, ..., k] a permutation

m—1 m
(Lo k) 1kt k) (O kit 1) k)
=1 =1
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is called the canonical representative of the type t(o). The type t(o1) = [k1.1,- -, kmy 1]
is said to be greater than the type t(o2) = [k12,...,km,zo] if there is [ > 0 such
that ki; = ko, for ¢ < [ and kyj41 > koysr (here k;; = 0 if @ > m;). We say

that a cyclic permutation oy = (j1,...,Jk, ) i greater than a cyclic permutation
oy = (ly,...,lg,) if either t(o1) > t(og) or if t(01) = t(o2) then there is r < k1 = ko
such that j; = l4,...,j, = [, and 7.1 > [, in the canonical factorizations of o,

and o,. Finally, we say that a permutation o; is greater than a permutation oy if
either t(oy) > t(o9) or if t(oy) = t(oz) and 0; = 041...0,m, © = 1,2, are cyclic
factorizations, then there is [ such that oy ; = 09, for j <[ and 01; > 09;. Denote
by 7 = {t; <ty < --- < ty} the set of all types of permutations o € S;.

By definition, the factorization semigroup ¥4 = S(S,4, Sy) over the symmetric group
Sy is generated by the alphabet X = {z, | 0 € Sy}. Let s = x5, - ... - z,, be an
element of ¥;. Applying relations (1) and (2), we can assume that t(oy) < ... < t(0y,),
then the sum 7(s) = Zfil a;t; is the type of s, where a; is the number of factors z,,,
t(oj) = t;, interning in s.

For a subgroup I of Sy denote ¥} = {s € 3y | a(s) € ['}.

2.2. Decompositions into products of transpositions. Denote by T} the set of
transpositions in §;. The subsemigroup S, of ¥, is generated by z(; ;), 1 < 1,7 < d,
i # j, being subject to the relations

T(ig) = (i for all {i, j}ora C La;
T(irsiz) " Llinis) = Llizis) " Tiria) = Linia) * Tinis) _fOl" all {i1,72,%3}ora C Iy (21)
T(i1in) * Tinsia) = L(izsia) * L(irsia) f0T all {41,12,43, %4 }ora C Ia

(here {i1, ..., ix}ora means a subset of I; consisting of k ordered elements, so that for
any subset {iy,...,i;} of I; we have k! ordered subsets {o(i1),...,0(ix) }ora, o € Sk)-
Denote by Sr,1 = S, N X41. By Proposition 1.1 (4), the semigroup X,1 is a
subsemigroup of the center of ¥;. In particular it is a commutative semigroup.
It is easy to see that for each {i,j} C I, the element s(; ;) = 2;;-2;; = x?iyj) belongs
to St,1. The element

hd,g = S?ft;) ©8(2,3) -+ " Sd-1,d) € STd,l C X4
is called a Hurwitz element of genus g.

Lemma 2.1. For any ordered subset {j1,...,Jk+1}ora C La and for any i, 1 <1 <k,
the element s = 2(jy j3) * T(jajs) * -+ L(inrd) * Tirdsr) € STy 18 equal to

Si = L(j1g2) * -+ " L(Gam1.di) " Tlisder1) " Llntrodier) ~ LGirrdire) ~ - Lln-1.Jk)"
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Proof. By (21), we have (in each step of transformations the underlining means that
we will transform the underlined factors and the result of transformation is written
in brackets)

8= T(j1,52) " T(i2.gs) * " L(irrdive) * =" Plr—1.98) " Tirdet1) —

L(r,g2) © -+ " Llhidier) (a:(jiyijrl) “T(jigr.give) T x(jkflzjk)) =

L(jrga) = v x(ji—l,ji)('x(jiﬂyjkﬂ) ) m(jmjiﬂ)) s T(Ge—rgk) T

T(i1,2) " - L(Gim1.ds) (x(jmkﬂ) ) x(jk+17ji+1)) “L(Giprogive) T Tlk—1.dk)"

O
Lemma 2.2. For any ordered subset {j1, ...,k ora C Iy and for any i, 1 < i < k,
the element s = T, jo) " T(jorja) * -+ * Tln_rrin) * TGign) € S1y» Where k < d—1, is equal
to s; = L(1g2) -+ " L(Gim1ds) " Llirradide) * - " Tlr—1.08) ‘(E%ji,jiﬂ)‘

Proof. By (21), we have

S = L(j1,j2) * L(jarga) * -+ " Tln—1.dx) * L(Girde) =
L(j1,52) * L(jarga) = " Lljp—2.dk-1) (x(ji,jk—l) .x(jkfhjk)) ==
L(1,g2) =+ " TGim1i) " L(isdisr) (x(ji:jiJrl) 'x(ji+1,ji+2)) e T Geoge) T
L(rg2) * = Tim1,dd) " L(igier) " Tlirrsdire) © - " Tlro1de) =
L(jr,g2) = " L(Gao1.di) (x(ji+17ji+2) ) x%ji,jiﬂ)) “T(jipo,givs) T Tlk—1ad) = T T
L(rgz) * oo " TGimdi) " Vliprsdige) = oo e (x(jkflyjk) 'x%ji,jiﬂ)) = Si-
]
Lemma 2.3. The following equalities:
2 2 2 2 .
x(ilvlﬁ) " Lliziz) = T(izsis) * w(il,i:a) = x(i17i3) * Llig,iz) = L(ig,ig) * x(il,iz)’ (22)
2 2 2 2 2 2
x(il,iz) : m(ig,ig) = x(il,ig) ' J;(il,i;g) = x(ig,ig) : x(il,i3) (23)
hold for all ordered triples {i1, 12,13 }ora C Ia; and
2 2 2 2
Liyia) " L(isia) = L(is,ia) * L(i1iz) (24)

hold for all ordered 4-tuples {iy,i2,13,%4}ora C La-

Proof. We will check only two of three equalities (22), since the inspection of the
other equalities is similar. By (21), we have

x%il,ig) “L(igyiz) = L(inyia) * Llir,in) ~ L(insiz) = L(ir,ia) ° (‘T(imis) '$(il,i3)) =

(% (i2,35) - x(i17i3)> " L(in i) = Llizyis) © x%il,is)’

Similarly,

:C%il,ig) “ L(igyiz) = L(irsia) * L(ir,in) * L(iniz) = L(ir,ia) ° (x(ilﬂé) ':E(il,lé)) =
(x(iQ,ZB) '35(1'1,1'2)) “ L(in,iz) = L(iayiz) 'x%il,ig)'
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The following lemma is a particular case of Lemma 1.1.

Lemma 2.4. For any ordered subset {ji, ..., jk}ora C Lq the following equality:

2 2
L(j1,42) " Vlingz) " L(2,ga) * - " Lln—vdr) = T(hig) " LTlnngz) ~ Tlhandz) =+ " Tlir—1.dk)
holds, where 1 <1 <1 < k.

To each word w(T(,)) = (i) - - - Tlimim) € W = W(Ty), let us associate a graph
fw consisting of d vertices v;, 1 < i < d, the set of edges is in one to one correspon-
dence with the collection of letters incoming in w so that two vertices v; and v; are
connected by an edge if the letter x(; ;) is contained in w, in particular the number of
edges connecting vertices v; and v; coincides with the number of entry of the letter
7, in w. The edges of the graph fw are numbered according to the position of the
corresponding letter in w. Denote by Vi, the set of isolated vertices of fw (that is, a
vertex v; is isolated if it is not connected by an edge with some other vertex of fw)
and put I, = T, \ Viso-

Lemma 2.5. For any s € St, and for any wy,ws € W (s) the graphs Ty, and T,
have the same sets of vertices V(s) =V (I'y,) = V(Ly,).

Proof. Tt is easily follows from relations (21). O

Proposition 2.1. Let s € St, be of length k < d — 1. Then a(s) € Sy is a cyclic
permutation of length k if and only if s satisfies the following condition:

there is a word w € W (s) those graph Ty, is a tree. (%)

Moreover, an element s satisfying condition (x) is uniquely defined by the cyclic per-
mutation ofs).

Proof. Let us show that if s satisfies condition (%), then there are exactly k = In(s)
words wy, ..., wp € W(s) such that I',, are simple paths if we go along the edges
according to their numbering. Indeed, it is easy to see that Lemma 2.1 implies the
existence of a word Wi = T(, iy)T(in,is) - - - T(if_1.,i,) Whose graph I',, is a simple path.
Let us show that if we move the letter x(;, , ;) to the left then we again obtain a
word wy defining the same element s and such that I',, is a simple path. Indeed, we
have

8= Tlirig) " " Llig_oyip—1)  Llp—1,0k) —
Llinyia) = oo " L(ig_z,ip_2) (‘(I;(ik—%ik) 'x(ikf%’ikfl)) ==
(Tlinin) * Tlinin)) - v+ " Tligmsipr)-
Repeating such transformations k times, we find desired words wy, ..., wg.

We have a(s) = (i1,42) ... (ig—2, ik—1)(ik—1, &) is a cyclic permutation of length k.
On the other hand, if ¢ € §; is a cyclic permutation of length k£ then it can be
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represented as a product of k — 1 transpositions ¢ = (i1,42) ... (ix—2,1%-1)(Fk—1, i%)
and, obviously, that a(s) = o for s = x4, 4,) " -+ Ty _six_1) " T(in_1.ix) a0d the graph

(i) T ir TG Satisfies condition ().

1.2 k—2""k—1 k—1"'k

Now if we fix a set {i1,...,ix} C I then there are exactly (k — 1)! distinct cyclic
permutations in S, of length k cyclicly permuting the elements of the set {iq,. .., i}
On the other hand, there are exactly k! distinct simple paths connecting the vertices
Uiy, - .-, v, . Therefore, the elements s satisfying condition (x) are defined uniquely by

the cyclic permutations a(s). U

Theorem 2.1. For any s € S, the difference In(s) —l(a(s)) is a non-negative even
number and there are elements s € Sy, and s € Sy, 1 such that s = s -3, the length
In(s) = li(a(s)) and a(s) = a(s).

Ifs € S%; and In(s) = l(a(s))+2(d—1), then one can find a factorization s =553,
where s = hy g with g = 1(In(s) —li(a(s))) —d+1 and 5 is such that In(35) = l(a(s)),
a(s) = a(s), moreover, 5 is defined uniquely by a(s).

Proof. Consider the graph I'y, of some w € W(s). It splits into the disjoint union of
its connected components: I'y, = 'y, U--- U T, It is easily follows from (21) that
s = (w1 (Tay))) - - - p(wi(Tay))), where w;(Z( ;) is a word in letters x(; jy’s such
that 'y, = 'y Let s; = o(w;) € St, be an element defined by the word w;. We
have (Sy)s, N (Sa)s; = 1 for i # j, in particular, s; - s; = s; - s;. Applying Lemma 2.1,
it is easy to see that for each ¢ we can find a representation of s; as a word in letters
T(;,j)’s such that
8i = T(jiigos) " v+ Lk, —1,00k4) * i1

and the set {vj, ;,...,vj, ;} is the complete set of the vertices of I',,.

Let z(j,;), @ < b, be the first factor of s;; if s;; # 3. Then it follows from

relations (21) and Lemma 2.2 that s; can be written in the form : s; = s} - x%ja,jb)'
Note that x%ja,jb) € Sr,1 and In(s)) = In(s;) —2 < In(s;), that is, we obtain that s can
be written in the form: s = s - 5, where In(s;) < In(s) and 5; € Sr, 1, in addition,
a(s1) = a(s), since 51 € Sp,1. Repeating, if necessary, these arguments for s, ...,
as a result we obtain that s can be written in the form: s =s-5, where 5 € S7,1 is a
product of some squares of z(; ;)’s and 5 = s1 - ...s,, € St,, where for 1 <4 < m the
elements s; = (j, , o) * - * T(ix,_y.1.dx,,) are such that the subsets {ji;, ..., jk, i} and

{j11,- -k} of Iy have the empty intersection for ¢ # [. Therefore

a(s) = a(s) = (ks J11) - - Ukpns -+ J1m)
and hence In(3) = l;(a(s)).
Therefore, by Proposition 2.1, the elements s; are defined uniquely (up to renum-
bering) by a(s;).
Now let s =5-5 € S%: with In(s) > li(a(s))+2(d—1), where 5 € St,1 is a product
of some squares of x(; j)’s and s is such that

Oé(S) = a<§) = (jl,h cee 7jk171> ce (jl,m7 cee ijm,m)
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and In(s) = l;(a(s)). Note that In(s) > 2(d — 1), since In(s) = l;(a(s)).

Consider the graphs 'z, I'z, and T'gg, where w € W(s), w € W (3), and ww €
W (s). Let us show that there is a factorization of s =53 such that V5 = 1. First of
all, we have V; = I, since (S;)s = Sgq. Assume that V5 # I; for some factorization of
s=3-Sandlets = go(@(a:?m.))) and 5 = p(w(Z(,))). Since In(3) > 2(d—1), it follows
from Lemma 2.3 that there is a connected component I'; of I'z such that for any pair
of vertices v;,,v;, € I'y we can find a word w € W (3) such that 5 = (317%1.171.2))2 -5
Next, since V; = I, then there is a pair v;,, v;, € V5 such that v, & V5, v;, € V5, and
5 =15 Z(iy)- By Lemma 2.3, we have

—/ ~

Y. 2 2 o~ =
S=S5"5=5 " T(igis) " T(iy i) * LY 5 =5s-351,

- _ 1 2
il,ig) S =S5 CC'('L'OJ'Q) : x(

i0yi1) * L(irsiz)
where either V5, = VU {ip} or for a word w; € W (5;) the number of connected com-
ponents of the graph I'y, is strictly less than the number of connected components of
I'z. Repeating this transformation several times, as a result we obtain a factorization
s = s -5, such that V5 = I;. Now, to complete the proof of Theorem 2.1 it suffices to
apply once more Lemma 2.3. [

Proposition 2.2. There is a unique homomorphism r : ¥g — St, such that
(i) a(r(zy)) =0 for o € Sy,

(1) In(r(zy)) = li(0),
(iii) r)s,, = Id.

Proof. Each element o € Sy, 0 # 1, can be factorized into a product of pairwise com-
muting cycles: ¢ = oy ...0,, and such a factorization is unique up to permutations
of factors. According to Proposition 2.1, each of these cyclic permutations o; defines
uniquely an element s; € S, such that In(s;) = k; — 1 and «a(s;) = o;, where k; is the
length of the cycle 0;, and therefore the product s(o) = sy - ... - s, € Sr, is defined
uniquely by o. It is easy to see that the map o +— s(o) defines a homomorphism
r:Xq — St, given by r(x,) = s(o) on the set of generators of X;. It is obvious that
Ini(s) = In(r(s)) and ris,, = Id. O

The homomorphism 7 : ¥; — S, defined in Proposition 2.2 is called the regen-
erating homomorphism and the number In,(s) = In(r(s)) is called the transposition
length of s € %.

2.3. Decompositions of the unity into products of transpositions. Let us
consider the semigroup St 1.

Theorem 2.2. The semigroup St,1 is commutative and it is generated by the ele-
ments s j) = x%ij), {i,j} C 1, being subject to the relations

S(i1,i2) * S(isiz) = S(i1,i2) " S(i1,i3) = S(insis) * S(insiz) (25)
for all ordered triples {i1,1s,13}ora C Iy and

S(i1,i2) " S(izyia) = S(izsia) * S(i1,i2) (26)
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for all ordered 4-tuples {i1,i2,13,%4}ora C Lg. Moreover, any element s € Sr,1 has a
normal form, that is, it can be uniquely written in the form

k n
§= (S(ill,l,iz,1) “S(iz14iz,0) " 'S(ijrl,lvijl,l))' e '(S(il,n,iz,n) "S(iznyizn) T 'S(ijn—l,n»ijn,n))’
where 1 < 417 < G190 < - < 44, < d—1, k € N forl =1,...,n, the sets

My = {ing <oy, -+ <ij}, 1 <1< n, are subsets of 1; of cardinality j, > 2 such
that My, N\ M, =0 for 1y # Is.

Proof. It follows from Theorem 2.1 that St ; is generated by s(; ;)’s. By Lemma 2.3,
the elements s(; ;) satisfy relations (25) and (26).

Like in the proof of Theorem 2.1, for each s = s(;, j»)* - - - *S(j,n_1,j,n) WE CanN associate
a graph I',,, where w is a word in letters s(; ;) representing the element s. The graph
I',, splits into the disjoint union of its connected components: I'y, = 'y, ; U -+ U, .
It is easily follows from (21) that w = w1 (53;)) - . - wn(3G,)), where w;(55)) is a word
in letters s(; j’s such that I'y, = I'y,;. Let s; € Sz, 1 be an element defined by the
word wy, that is, s; = ¢(w;).

It is easily follows from relations (25) and (26) that each element s; can be uniquely
written in the form

k

S1 = s(lgl”m) " S(igsizg) T S (g 10i,0) (27)

where the set M; = {iy; < iy, -+ <1}, 1 <1< n,is in one to one correspondence
with the set of vertices of the connected component I'y,; of the graph I',. ]

Remark 2.1. Note that the element S?@'Zl,zviz,l) “Slianis) " Sy, 1 i) 1 (27) is the
Hurwitz element /;, r,—1 of the semigroup St 1 if we consider S7, 1 as a subsemigroup

of St,, and the embedding is defined by the natural embedding M; — ;.

Proposition 2.3. The Hurwitz element hq g belongs to the center of the semigroup
Y4 and it is fired under the conjugation action of S, on Xg4.
For hqg,, hag, we have

hd,g1 : hd,gz = hd,g1+92+d71-

Proof. The first part of Proposition follows from Proposition 1.1, since, on the one
hand, a(hqg,) = 1 and the transpositions (i,i4+1), 7 =1,...,d—1, generate the group
(Sa)hg,- On the other hand, they generate the symmetric group Sg.

The second part of Proposition follows from Theorem 2.1. U

Moreover, as a corollary of Theorems 2.1 and 2.2 we obtain that a Hurwitz element
hgg is defined uniquely in the semigroup S, by its length and the following two
conditions.

Corollary 2.1. (Clebsch — Hurwitz Theorem) ([1]) Let an element s € Sr,
satisfy the following conditions

(1) (Sa)s = Sus
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(i) a(s) = 1.
Then ln(s) = 2(d — 1) and s = hd,g; where g = ln(s —d+1.

2.4. Factorizations in the symmetric groups (general case). In this subsection
we will prove the following generalization of Theorem 2.1.

Theorem 2.3. Let s = 24, - ... - X4, -5 € S4, where's € Sp,. For j =1,...,m,
denote by o, the canonical representative of the type t(c;) and by

o=0(8)=(010---0mpo) ‘a(s).
If s € ¥5% and In(3) = k > 3(d — 1), then

§=1Tgyg" - Tap, T(Ts) hayg,
where g = o) _ 1”2* ol —d+1.

Proof. Let us show that there is a factorization

§=XTgl * oo Tl T(iygn) * - " Lliggp) = Lot * - " Lol -+ S1
such that t(o;) = t(0}) for i = 1,...,m and the set V5, of vertices of the graph I'z, of
the word W, = 2, j,) - - - T(i4,5,) € W(51) coincides with the set I.

Indeed, let w € W(s) and assume that V5 # I;. Since [n(S) > 3(d — 1), then there
is a connected component I'y of the graph I',, such that the number of its edges is
greater than the number of its vertices. Then it follows from the proof of Theorem
2.1 that for any v;,,v;, belonging to the set V(I'y) of vertices of I'; there is a word
w' € W such that 5 = x(l i " P(w') and the vertices of V(I'1) belong to one and the

same connected component of I';2 /. Next, since (S;)s = Sy, then there is o; for
1,22

some I, 1 < I < m, such that o;(iy,i2)0; " = (i, jo), where either v;, or v;, (but not
both) does not belong V' (I';). Without loss of generality, we can assume that [ = m
We have

8= Ty o Ty 8= gy + v Ty~ Ty, 1y P(W) =
Loy v oo Loy 1" Tligjo) * Lom * x(“ﬂz) p(w') =

Loy ovor " Topyyq 'p((io,jo))(xgm) * L(ig,jo) * L(in,ia) * So(w/> =
T oo Loy - P(i0, J0)) (o) - P(w"),

where w” = 2, jo)T (i, ;;)w’ such that either the set of vertices of I',» strictly contains
the set V5 or the number of connected components of ', is strictly less than the one
of le

Repeating such transformations several times, as a result we obtain a factorization
of s of the form

5=Tgr ... “Xgr + S1

such that 5, € S, and V5, = Iy, and t(0}) = t(o;) for j = 1,...,m. For this
factorization we have (Sy)s, = Sy and In(s;) > 3(d — 1).

To complete the proof of Theorem 2.3 we will use induction by m. For m = 0
Theorem 2.3 follows from Theorem 2.1.
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Let m = 1. By Theorem 2.1 we have 31 = hgy -5 for some 5 € Sr,.
Lemma 2.6. For any disjoint union {iy1,... ik, 1t U U{i1n, ..., ik,n} of ordered
subsets of 1, the element hyo can be represented as a product
hao = (T(iy1in0) " - - - .x(iklfl,l’ikl,l)) oo (Torpinn) T Ty ymrin ) -h,
where h is an element of S%.

Proof. The subgroup S, , is commutative and the element hq is invariant under the
conjugation action of &y, therefore hyo can be written in the form

hd,O = (8(i1,1,i2,1) Tt S(ik1—1,17ik1,1)) R (S(il,n,iz,n) et S(ikn—l,mikn,n)) : h7

where I is an element of S7,,. We have
2 2

S(ivgiizg) * e s(ikj_17j7ikj7j) - x(il,jaiZj) B x(ik]-—l,pikj,j) -
. . . 2 . . 2 . . . T e . f—

I(Zl,jﬂ&,j) (x(igyj,igyj) cee x(ikjfl,jvikj,j)) x(zl,jylZ,j)

<x(i1,jyi2,j) Tt x(iqu,j,ikj,j)) ) (I(ikjfl,jvikj,j) et $(i1,j7i2,j))

commute if j; # jo. Now to complete
©S5( ) and

and the elements T iy, ity 41, and ity ity +1.3)

the proof of Lemma, note that Vi, = V5, where s; = s(;; .,y -+ iy 1.k

5= i, 1 g1iny) “T(iy ;in;)- Lherefore Vi = I for h=]5) - h. O

For the canonical representative o, of the type t(o,,) there is 7, € Sy such
that 0,0 = E;llagﬁm. The permutation @, can be factorized into the product of
cyclic permutations and each cyclic permutation can be factorized into the product

of transpositions:

Tm = ((111,921) -« (lky—11,0k0.1)) - - - ((Frms B2m) - - - (Cp—1m5 T ) ) -

Consider an element

T(xﬁm) = (x(h,l,iz,l) T .x(ikl—l,hikl,l)) B (x(il,n,iz,n) et x(iknfl,nvikn,n)) S STd’
where r is the regenerating homomorphism. By Lemma 2.6,
hao = r(zz,,) Ay,

with %, such that (Sp); = Sa.
We have _
§= Loy, hag-5 = 2o, - 1(T5,) hm -5 =
T(T5,,) * Topo Pm 5 = Top o 7(T5 ) - A -5,

where 251 = A(00)(25,,). We have 8 = 7(25 ) hyn -8 € St,, its length In(3)) = k,
its image a(5)) = o,,ha(s), and (Sg)s; = Ss. Therefore, by Theorem 2.1, 5 =
r(z,) - hag, where o = a(3)) = 0, }ya(s) and g = %’5(%) —d+ 1.

Now, assume that Theorem 2.3 is proved for all m < mg and consider an element

§=Tg, * ... -xamo-El,
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where 5; € Sz, has the length k > 3(d — 1) and it is such that (Sy)s5, = S4. We have

§$ =Xy, Ly 51 = T, “Top, *Toy -8 =
—r =/
Toy - Lo, Torg t S1 = Loy Lo oo Loty S
r -1 n _ _—1_ s — .
where 0 = 0100, and o = 0y 05010 for j =2,...,m, and the element 5} € Sy is

such that In(3)) = k and (Sq)s; = Sq. Therefore, by inductive assumptions, we have

— _, f— . . . . _/,
§ =gy * (l’gé' : 'xg%o : 81) = Toy (foQ,o < Lopmgo 51)7

where the element 5] € Sy is such that In(s]) = k and (S;)sy = Ss. By Theorem
2.1, we have 5| = r(z,) + hay, where 0 = a(3]) = (010...0m0) ‘a(s) and g =

blnilee) g4 1. O

Corollary 2.2. Let s; = T, * ... * Zg,, * S, © = 1,2, be two elements of Egd,
where 5; € St, of length In(51) = In(52) = k. Assume also that a(s;) = a(s2) and
7(s1) = 7(s2). If k > 3(d — 1), then s; = ss.

Corollary 2.3. The Hurwitz element hd,[g} is a stabilizing element of ¥4, that is, the
semigroup g 1s stable.

2.5. Factorizations in S3;. Consider the semigroups 33 C 3. The semigroup
Y3 is generated by the elements x(12), T(1,3), T(2,3), T(1,2,3), and T (1 39) satisfying the
following relations:

T(1,2) " L(1,3) = L(2,3) * L(1,2) = L(1,3) * L(2,3); (28)
T(1,3) *L(1,2) = L(2,3) - L(1,3) = L(1,2) * L(2,3); (29)
T(1,2) *L(1,2,3) = £(1,3,2) * L(1,2) = L(2,3) " L(1,3,2) = L(1,2,3) * L(2,3); (30)
T(1,2) “L(1,3,2) = L(1,2,3) * L(1,2) = L(1,3) " L(1,2,3) = L(1,3,2) * L(1,3); (31)
T(2,3) " L(1,2,3) = £(1,3,2) * L(2,3) = L(1,3) " L(1,3,2) = L(1,2,3) * L(1,3); (32)
T(1,3) " L(1,3,2) — L(1,2,3) " L(1,3) = L(2,3) " L(1,2,3) = T(1,3,2) * L(2,3)5 (33)
T(1,2,3) " L(1,3,2) = 2(1,3,2) * L(1,2,3)- (34)
Denote by
§1= T 9y S2= Tlgy Sz = xflg,g), 5= T0.23) " T02)
S5 = T(1,23) " T(1,2) " T(23), 96 = T(123) T = T(139):

It is easy to see that sy, ..

., 87 € 2371.
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Theorem 2.4. The semigroup ¥s1 has the following presentation:

Y1 ={s1,...,87| si-sj=s;-8 for 1<i,j<T,
Si-Sp=25;-s; for1<i,j7<3, 4<k<T,
S;-S¢ =8;- 87 forl<i<3;
S1 82 = §1 83 = S2° S53;
53 = 86 - 573
st=1st-54 s3=35%sg;
84'85281'86281'87}.

Proof. First of all let us show that the elements s;,...,s; generate ¥34. Indeed,
assume that any s € s, of length in(s) < k can be written as a word in sy, ..., 7
and consider an element s € X3 of length In(s) = k + 1. Moving the factors z(; 23
and x(; 32y to the left side, any element s € Y3 can be written in the following form

s = 1'?1,273) : 951(3,3,2) -8
where a, b are non-negative integers and s’ is a word in letters T(1,2), T(1,3), and T(z3).

By Lemmas 2.1 and 2.2, if In(s’) > 3, then s’ can be written in the form s’ =
:v%i,j) - §”. Similarly, if either @ > 3, or b > 3, or both a and b are positive, then
s = s; - S, where i is either 6, or 7, or 4 and 5 € Y31, In(5) < k — 1. So we need
to consider only the cases when [n(s’) < 2 and either 0 < a < 2,b=0or a =0,
0<b<2 Ifa=>b=0, then it is obvious that s’ = s; for some i = 1,2, 3, since
s=¢¢€ 2371.

Consider the case a = 1 and b = 0, that is, s = x(193) - s'. Since s € X3,
and a(za23) = (1,2,3), we have a(s’) = (1,3,2). Therefore s’ is equal to either
T(1,2) * T(2,3), OF T(1,3) " T(1,2), OF T(2,3) * T(1,3). But, by (29), the last three elements are
equal to each other and in this case s = ss.

Similarly, if @ = 0, b = 1, that is, s = 21 39) - s, then we obtain that s’ is equal to
either @(13) - T(2,3), OF T(2,3) - T(1,2), OF T(1,2) - T(1,3), and, by (28), the last three elements
are equal to each other. Therefore, by (31), we have

S =1T(1,3,2) " T(1,3) " T(2,3) = T(1,3) * T(1,2,3) " T(2,3) = T(1,2,3) - L(1,2) - L(2,3) = S5-
If a =2,b=0, that is, s = x?1,2,3) - &', then we obtain that a(s’) = (1,2,3) and
hence 8" = x(23) - (1,2). Therefore, by (30),
s = 17%1,2,3)'33(273)'13(1,2) = 2(1,2,3)"L(2,3) L (1,3,2) " T(1,2) = L(1,2,3)"L(1,3,2)"L(1,2)"L(1,2) = S4°S51-
Finally, if a = 0, b = 2, that is, s = $?1,3,2) - &', then we have a(s’) = (1,3,2) and
hence s = 213y - ©(1,2). Therefore, by (31),
S = 35%17372)%(1,3)'33(1,2) = 7(1,3,2)"T(1,3)"¥(1,2,3)"T(1,2) = L(1,3,2)"L(1,2,3)"L(1,2)"L(1,2) = S4°S51

and as a result we obtain that X3, is generated by sq,..., s7.

Since the inspection, that the generators sy, ..., sy of X3, satisfy all relations men-
tioned in the statement of Theorem 2.4, is similar, we will check only one of them
and the inspection of all other relations will be left to the reader.
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Let us show, for example, that s4 - s5 = s¢ - s1. By (28) — (34), we have

S4° 85 = X(1,2,3) * L(1,3,2) * T(1,2,3) " L(1,2) " L(2,3) = L(1,2,3) ° ($(1,2,3) : 33(1,3,2)) " T(1,2) " T(2,3) =
T(1,2,3) " T(1,2,3) ° (5E(1,2) : 513(1,2,3)) " L(2,3) = L(1,2,3) " L(1,2,3) " L(1,2) ($(1,2) : 5E(1,2,3)) =
Z(1,2,3) " L(1,2,3) " L(1,2) (1'(1,3,2) : $(1,2)) = X(1,2,3) " L(1,2,3) ($(1,2,3) : $(1,2)) *L(1,2) = S6 * S1-

The statement that the relations, mentioned in Theorem 2.4, are defining follows
from the next theorem.

U

Theorem 2.5. Fach element s € Y31, s # 1, has a normal form, that is, it is equal
to one and the only one element of the following form

(s, 1=1,2,3, ne€N,
84 - Sg - S7, 0<a<<2,m=20n=20,a+m+n>0,
ST - 59, n € N,
S =
st - sgs m,n € N,
ST -85 8¢, m=>=0, n=0,
L ST - 54088, m=>=0, n=0.

Proof. It s ¢ 2‘531, then it is obvious that s is equal either s, 7 = 1,2, 3, or s - sg" - s%.
Let s € 2‘531. If s € Sp, 1, then by Clebsch — Hurwitz Theorem s = hg 4 for some g.
Let s = &' - §”, where s’ = m’(‘:ll”) -:17’(“1232) and s” € Sr,. Applying relations (30)

— (33), we can assume that s’ = F for k = ki + ko. If k = 0(mod3), then by

(1,2,3)

relations in Theorem 2.4, we have s = s{ - sg*. If k = 1 (mod3), then ' = sg* - 11 23

and x(1,2,3) - 8" € X31. By Theorem 2.4, x(1,93) - 8" = s5- s} for some n > 0. Similarly,

if k =2(mod3), then s’ = s - m%1,2,3) and x%1,273) - " € ¥31. Applying relations (30)

— (33), we get x%17273) 8" =203 - Tase) - S] = sa- s for some s| € Sp, 1, and by

relations in Theorem 2.4, we obtain that s = s7 - 54 - s¢. O

Theorem 2.6. Up to simultaneous conjugation, an element s € Y3 is equal either to
s, where s is an element of X351 described in Theorem 2.5, or to

R k>0,
_— Tloa) " T(132) n>m, n orm % 0(mod3),
InLQ) *T(2,3)s n € N,
Tl o) x?ﬂg’g) T30, NEN,Mm=20,a=01,2, and a # 0if n = 0(mod 2).

Proof. To prove Theorem 2.6, one must consider separately the following cases:

1)(83)s = Ss;

2) (83)s = Asz, where Aj is the alternating group;

3) s € St,, (S3)s = Ss, and a(s) is either a transposition or a cyclic permutation
of length 3;

4) s & St,, (S3)s = S3, and «a(s) is either a transposition or a cyclic permutation
of length 3.
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It is easy to see that in the first three casees s is equal (up to conjugation) respectively
2k+1.
to 1) L(1,2) 2) T03) " L1 3,2 3) T2y " T(2,3)-
In case 4) we have s = sy - s9, §; € St, and s9 is represented as a word in letters
T(1,2,3) and 21 39). By (30) and (31), we can assume that s, = (1 9)- Next, we have

T(1,2) " x?1,2,3) = $?1,3,2) “L(1,2) = L(L2) x?1,3,2)-

Applying these relations and (34), we obtain that s = AT -z, where 0 =
(1,2,3) or (1,3,2). To complete the proof, notice that A((1,2))(z,) = z,-1. O

Corollary 2.4. Let (S3)s = Sy or Ss for s € X3. Then s is uniquely defined up to
simultaneous conjugation by its type 7(s) and the type t(a(s)) of its image a(s) € Ss.

Up to simultaneous conjugation, there are evactly [5]+1 different elements s € 2?731
of In(s) = n, and if a(s) # 1, then there are evactly m = —[3'] different elements
s € X453 of In(s) = n.

2.6. Cayley’s imbeddings. As is well-known, any finite group G can be embedded
into some symmetric group. In particular, if N = |G| is the order of a group G, then
we can have Cayley’s imbedding ¢ : G — Sym(G) ~ Sy:

(gl)ag = ag19 forg?Ql S G7 C(g) =0y,
that is, G acts on itself by multiplication from the right side. Let us identify the group
G with its image ¢(G) and denote by N(G) and C(G) the normalizer and centralizer

of G in Sy, respectively. Since N(G) acts on G by conjugations, we have the natural
homomorphism a : N(G) — Aut(G).

Theorem 2.7. Let ¢ : G — Sym(G) ~ Sy be the Cayley’s imbedding of a finite
group G. Then the natural homomorphism a : N(G) — Aut(G) has the following
properties:
(1) a is an epimorphism,
(17) kera = C(G) ~ G,
(i13) the group generated by G and C(G) is isomorphic to the amalgamated direct
product G x¢o G, where C' s the center of G.

Proof. Consider an automorphism f € Aut(G) as a permutation o; € Sy of the
elements of G

(9)os = f(g) for g € G.
Let us show that oy € N(G). For all g; € G we have
(g1)o; ogor = (fHg1))ogor = (fHg1)g)or = F(FHg1)9) = 91.f(9) = (91)04(g),

that is, a;lagaf = 0y € G for all g € G. Hence oy € N(G) and, moreover, the
conjugation of the elements of G by o defines the automorphism f of the group G.
Therefore the homomorphism a is an epimorphism.
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It is obvious that C(G) = kera. Consider o € C(G). We have 0,0 = o0, for all
g € G. Therefore
(91)g0 = (q19)0 = ((91)0) - g
for all g1, g € G. In particular, for g; = 1 if we denote (1)o by g,, then we have

(L)ago = (9)0 = 9oy
for all g € G. The equality (g)o = g,g shows that o acts on G as multiplication in G
from the left side by the element g, € G. Obviously, the multiplications by elements
of G from the left side and from the right side commute. Therefore C(G) ~ G.
Remind that, by definition, the group G acts on itself by the multiplication from
the right side. It is easy to see from this that the group generated by G and C(G) is
isomorphic to the amalgamated direct product G x oG, where C'is the center of G. [

Any imbedding G — S, defines an imbedding S(G,0) — %, Let ¢ : Sg =
S(G,G) — X4 be the imbedding of semigroups defined by Cayley’s imbedding ¢ :
G — Sy. Theorem 2.7 implies the following

Corollary 2.5. The orbits of conjugation action of Sy on Xy intersecting S(G, Q)
are in one to one correspondence with the orbits of the action Aut(G) on S(G, Q).

3. HURWITZ SPACES

3.1. Marked Riemannian surfaces. Let f : C — Dr = {2z € C | |z|] < R} be a
Riemannian surface, that is, f is a finite proper continuous ramified covering of the
disc Dp = {|]z| < R} (or P! if R = o0) of degree d branched at finite number of
points in D% = D\ 0D = {|z| < R} (it is not assumed that C' is necessary to
be connected). Two coverings (C’, f') and (C”, f") of Dg are said to be isomorphic
if there is a homeomorphism h : C! — C” preserving the orientation and such that
f" = ho f” and they are said to be equivalent if there are preserving orientations
homeomorphisms ¢ : D — Dy and ¢ : ¢ — C” such that 1 leaves fixed the
boundary 0Dy and 1 o f' = f” o . Denote by Rp 4 the set of equivalence classes of
the coverings of Dg of degree d with respect to this equivalence.

Let q1,...,q, € D% be the points over which f is ramified. Let us fix the point
0=o0p =e2™R € D (if R = oo, then, by definition, 0, = 0o = P!\ C) and number
the points in f~!(0). A numbering of the points in f~1(0) defines an order on the
points in f~!(0). Such coverings (C, f) with fixed point 0 € Dg and fixed ordering
of the points of f~!(0) will be called coverings with ordered set of sheets or a marked
coverings. We say that marked coverings (C’, f),, and (C”, f"),, are equivalent if
there are homeomorphisms ¢ : D — Dpg and ¢ : C' — C” preserving orientations
and such that

(1) 1 leaves fixed the boundary 0Dg;
(i1) (p)) =p! € f" (o) for each p, € f ' (0),i=1,...,d;
(iii) Yo f'= "o
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Denote by R% ; the set of equivalence classes of the marked coverings of Dp of degree
d with respect to this equivalence. Renumberings of sheets define an action of the
symmetric group Sy on R ; and it is easy to see that Rra = RE ;/Su-

If Ry < Ry < oo, then any ramified covering f : C' — Dpg, can be extended to a
ramified covering f : C' — Dg, non-ramified over Dg, \ Dg,. The lift of the path

I(t) = 3™ (Rot + (1 — t)Ry) C D, \ D%, t€[0,1],

to C defines d paths f~1(I(t)) connecting the points of f~'(og,) and f~'(og,). If
(C, f)m is a marked covering, then these paths transfer the order from the set f~*(og,)
to the set f~'(og,). As a result, we obtain an isomorphism ig, g, : RE 4= RE,a
Similarly, for any marked covering (C, f),, of P! and for any R > 0 there is an
equivalent covering (C, f),, those branch points belong to D%. Consider the restric-

tion f of f to C' = 771(DR). If we lift the path
I(t) = e2™R/t CP'\ D% te0,1],

to C, then we obtain d paths f  (I(t)) connecting the points of f~1(0s) and f~!(op)
which transfer the order from f_l(ooo) to the set f~'(og). Obviously, the equivalence
class of obtained marked covering (C’ , f )m does not depends on the choice of a rep-
resentative (C, f),,. Therefore we obtain an imbedding of i, g : R a— Riq Itis
easy to see that io, g, = IR, R, O too,r, fOr any Ry > Ry > 0.

3.2. Semigroups of marked coverings. A closed loop v C Dr~{q,...,q} start-
ing and ending at 0 = og can be lifted to C' by means of f and we get d paths staring
and ending at the points in f~'(0). Such lift of the loops defines a homomorphism (the
monodromy of marked covering) p : 7 (Dgr ~ {q1,...,q},0) — Sq to the symmetric
group S; (the monodromy sends starting points of the lifted paths to the ends of the
corresponding paths). Conversely, if a homomorphism g : 7 (Dr ~ {q1,...,q},0) —
Sg is given, then it defines a marked covering f : C' — D whose monodromy is .

The fundamental group 71 (Dg ~ {q1,...,q},0) is generated by loops v1,...,%
of the following form. Each loop ~; consists of a path [; starting at o and ending
at a point ¢, close to ¢;, followed by a circuit in positive direction (with respect to
the complex orientation on C) around a circle I'; of small radius with the center at
gi, q; € T, followed by the return to ¢o along the path [; in the opposite direction;
for @ # j the loops v; and 7; have the only one common point, namely, o; and the
product vy ...7v, = 0Dg in m(Dr ~{q1,...,q%},0). Such collection of generators is
called a good geometric base of the group m(Dg ~ {q1,...,q},0). Tt is well known
that if R < oo, then 71, ..., are free generators of m(Dg ~ {q1,...,q},0), that is,
m(Dr ~{q1,-- . @},0) = (71,...,); and if R = oo, then ~,...,7, generate the
group m (P~ {q1,..., @}, 0) being subject to the relation ~; ...v, = 1.

If we choose a good geometric base 71,...,7, then the monodromy u is defined
by a collection of elements o1 = u(v1),...,0, = u(y) € Sy called local monodromies
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and the product o = 01 ...0, = u(9D) is called the global monodromy of f. It is easy
to see that if R = oo, then the global monodromy is equal to 1.

The collection (o7, . .., 03) depends on the choice of a good geometric base v, . .., Yp-
Any good geometric base can be obtained from 7, ..., ~;, by means of a finite sequence
of Hurwitz moves. In the other words, the braid group Br, naturally acts on the
set of good geometric bases of m(Dgr ~ {q1,...,q},0) as the Hurwitz moves ([7]).
Therefore if (o,...,0) is a collection corresponding to some other good geometric
base 71, ...,7,, then the collection (o7, ...,0;) can be obtained from (oy,...,0,) by
means of a finite sequence of Hurwitz moves (see subsection 1.3).

Let R < co. One can define a structure of semigroup on the set R% ; as follows.
Let (C1, fi)m and (Cs, fo)., be two marked coverings of degree d. Let us choose two
continuous preserving the orientations imbeddings ¢; : D — Dg, j = 1,2, of the
disc Dp to itself leaving fixed the point o and such that

(i) the image ¢1(Dg) = {u € Dg | Reu > 0} is the right halfdisc and

©1({u € 0D | Reu < 0}) = {u € Dg | Reu = 0} is the vertical diameter;
(17) pa(Dgr) = {u € D | Reu < 0} is the left halfdisc and

wa({u € DR | Reu > 0}) ={u € Dgr | Reu = 0}.

Let us identify the points belonging to the sets f; (o) and f,*(0) by means of the
orders on the sets of these points, and after that let us identify, by continuity, the
points belonging to the d paths f;'({u € dDgr | Reu < 0}) in C; with the points
belonging to the d paths f, '({u € ODg | Reu > 0}) in Cj so that the images under
the mappings ¢ o fi o o fo of the all identified points should be coincided. By
means of this identification, we can glue the surfaces C; and C5 along these d paths
and, as a result we obtain a marked covering (C, f),, where f(q) = ¢1(fi(q)) if
g € Cy and f(q) = ¢a(fa(q)) if ¢ € Cy. We call the obtained covering (C, f),, the
product of marked coverings (C1, f1)m and (Cs, fa), (notation: (C, f), = (C1, fi)m -
(Cs, fo)m)- It is easy to see that the product introduced above defines a structure of
non-commutative semigroup on R% ; such that the maps ig, g, are isomorphisms of
semigroups for all R; > Ry > 0.

It is obvious that the semigroup Ry = R, is generated by the marked coverings
(C, f)m which are coverings of the disc D = Dpg with a single branch point ¢;.
Such coverings are defined uniquely (up to equivalence) by their global monodromy
o = pu(0D) € S where 1 = py is the monodromy of the marked covering (C, f)n,.
Therefore the number of generators is equal to d!. Denote by x,, the generator of the
semigroup R4 corresponding to a covering (C, f),, with single branch point. A simple
inspection shows that in the semigroup R} the generators z, satisfy the following
defining relations:

Loy Ty = Loy * x(aglamy Loy Loy = x(almafl) * Loy

and Ty, - T1 = Ty, T1 - Toy = Ty, for all 01,09 € S,
It is easy to check that if a marked covering (C, f),, is equal to o, - ... 2, in
R}, then its global monodromy oy = p(9D) is equal to the product oy ... 0, and it
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is obvious that the comparison to each marked covering its global monodromy defines
a homomorphism from R} to the symmetric group S;. Denote this homomorphism
by a: R} — Sq.

Renumberings of the sheets of the marked coverings define an action of S; on
R}'. Namely, an element oy € S; acts on the generators z, by the following rule:
Lo = L5144, Lhis action defines a homomorphism A : Sg — Aut(R]'). Therefore
we obtain the following

Proposition 3.1. The semigroup R}’ as a semigroup over S, is naturally isomorphic
to Zd.

According to Proposition 3.1, we call the elements of ¥; monodromy factorizations
of the coverings of degree d.

It is easy to see that the kernel kera = R}, = {(C, f)m € R} | 0y = 1} is
a subsemigroup in R7 isomorphic to X4; and if the disc D is embedded in P!,
then the elements of Ry, are the marked coverings f : ¢' — D for which there are

extensions to marked coverings f : C' — CP! non-ramified over P!\ D. Note that the
extension f : C' — CP' of a marked covering f : C'— D with the global monodromy
pr(0D) = 1 is defined uniquely up to equivalence.

The inverse statement is also true: the image of R} ; under the imbedding i r
coincides with Ry;. In the sequel we will identify R7 ; with the semigroup Ry'; by
means of this isomorphism. As a result, we have the following

Proposition 3.2. On the set of equivalence classes of marked coverings of P' of
degree d there is a natural semigroup structure isomorphic to ¥g41.

3.3. Hurwitz spaces of marked Riemannian surfaces. In this subsection we
describe the Hurwitz spaces HUR]'(D) of marked ramified degree d coverings of
D = Dg considered up to isomorphisms. The space HURG' (D) = | |, HURZ, (D) is
the disjoint union of the spaces of coverings branched at b points, b € N.

As in [3], let us consider the symmetric product D® of b copied of D° = D\ dD.
It is a complex manifold of dimension b obtained as the quotient of the cartesian
product D* = D x --- x D° (with b factors) under the action of S, which permutes
the factors. The points of D® will be identified with the sets of unordered b-tuples
of points of D°. Those b-tuples which contain fewer than b distinct points form the
discriminant locus A of D®.

For a point By = {q10,--.,q%0} € D® \ A let us fix the ordered subset By =
{q10,---.@o} C D and choose a good geometric base 71,...,7 of m (D \ By,0).
Then any word w of the set of words W, of length b in the letters z,, 0 € Sy, defines
a marked covering f = f, : C' — D branched over By and whose monodromy is u
such that p(v;) = 0;, where x,, is a letter in w standing at the i-th place.

The choice of a good geometric base allow us to choose the standard generators
ay,...,a,_1 in m(D® \ A, By) ~ Br, so that this choice defines an action of Br;, on
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the set of words W} (see subsection 1.3). In the other words, this choice defines a
homomorphism 04 g : T (D®\ A, By) ~ Bry, — Sy, where N = (d!)®.

The homomorphism 6, r allows us to define the space HUR%(D) as an unramified
covering hgpr : HURGY (D) — D® \ A associated with 645 . Indeed, if we fix a
marked covering f : C' — D with monodromy p such that u(+;) = oy, then any path
5(t), 0 < t < 1, in D® starting at By can be lifted to D and we obtain b paths
9;(t) in D starting at the points ¢i,...,qo. These paths define (up to isotopy) a
continuous family of homeomorphisms &, : D\ By — D \ {0:(t),...,6(t)} leaving
fixed the boundary 0D such that 6, = Id and we can consider a continuous family of
marked coverings f; : C; — D branched at d;(t), ..., (t) and given by monodromy
py such that (04 (7)) = 0. It is obvious that if §(¢) is a loop, then the collection
(1(71), -+, 1 (7)) is Hurwitz equivalent to (uo(71), - - -, fo(7s)). Therefore the points
of the covering space HURJ, (D) of the covering hapr : HURJ, (D) — D® \ A
naturally parametrize all the marked coverings of D of degree d branched at b points.
The degree of the covering hgy g is equal to (d!)°. As a result, we obtain the following

Proposition 3.3. The irreducible components of HUR},(D) are in one to one cor-
respondence with the elements s of the semigroup 34 of length In(s) = b.

There is a natural structure of a semigroup on the set of irreducible components of
HURJ (D) isomorphic to Rgq ~ .

For Ry > R; > 0 we have the imbedding Dg — Dg and it is easy to see that the
restriction of hqy g, to h;;yRQ(Dg \A) can be identified with hgp r, : HURG},(Dg,) —
Dgl) \ A by means of ig, g,.

According to Proposition 3.3, we will denote by HUR{',(D) the irreducible compo-
nent of HURY,,, (D) corresponding to an element s € ¥4 In particular, the global

monodromy of = p(0D) = «a(s) € Sy is an invariant of the irreducible component
HURZ,(D). Put

HURY, (D)= | J HURJ,(D).
a(s)=o
In(s)="b

It follows from consideration above that
HUR},(P') = | J HURY, ;(Dg).
R>0
For a fixed type t of elements s € 3; let us denote also by
HURY,(D) = | J HURJ,(D)
T(s)=t

and put
HURY, ,(D) = HURZ, (D) N HURY, (D).
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As it was mentioned above, a marked covering f : C' — D of degree d branched at
the points ¢i, . .., g, defines (and is defined) by monodromy u : m (D\{q1,...,@%}) —
Sy4. The image p(m (D \{q1,...,q})) = Gal(f) C S, is called the Galois group of
the covering f. It is easy to see that Gal(f) = (S4)s if the covering f belongs to
HURJ, (D). It is not hard to show that the covering space C' of a marked covering
(C, f )m is connected if and only if the Galois group Gal(f) acts transitively on the
set Iy = [1,d].

Denote by HUR'"“(D) the union of irreducible components of HURZ (D) consisting
of the coverings with the Galois group Gal(f) = G C S; and put HURZ?‘;G(D) =
HUR}"“(D) NHURJ,(D) and HUR(;% (D) = HUR};“(D) N HUR}, (D).

By Corollary 2.2, we have

Theorem 3.1. Let the type t of monodromy factorization contains k transpositions.
If k > 3(d — 1) then each irreducible component of HURZ";S‘i(D) is uniquely defined
by the global monodromy o = p(0D) € Sy of (C, f)m belonging to this irreducible
component.

3.4. Hurwitz spaces of (non-marked) coverings of the disc. To obtain Hurwitz
space HUR4;(D) of degree d coverings of a disc D = Dp branched over b points lying
in D°, we must identify all marked coverings of D differ only in numberings of sheets.
The renumberings of sheets induces the action of S; on the marked fibres. Remind
that the actions of Br, and S; on W), commute. Therefore this action of S§; induces an
action on HURG, (D) and we obtain that the space HURy(D) is the quotient space:
HURgp(D) = HURJ,(D)/Sq. From this it follows

Proposition 3.4. The irreducible components of HUR (D) are in one to one cor-
respondence with the orbits of the action of Sq by simultaneous conjugation on X4 =

{s € Xq|In(s) =0b}.

If f:C — D is a non-marked covering, then we can also define the Galois group
as Gal(f) = (Sq)s.- But in this case the subgroup Gal(f) C S, is defined uniquely

only up to inner automorphisms of S;.
In the sequel we denote by HUR. . .(D) (resp., HURG(D)) the image of introduced

above subspaces HUR™" (D) (resp., HURT:G(D)) of HURJ, (D) under the canonical
map

HUR, (D) — HURy,(D) = HURY,(D)/S,.

In particular, we have HUR4,, (D) = HURg4,,(D) if and only if there is o € Sy such
that A(o)(s1) = sa.

Corollary 2.4 gives us a complete description of irreducible components of HUR (D)
in the case d = 3.
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Corollary 3.1. The wrreducible components of HURgb(D) are uniquely defined by the
monodromy factorization type and the type of global monodromy if G ~ Sy or Ss.

The space HURQ;’;(D) consists of m = [2] + 1 irreducible components if the global

monodromy is equal to 1 and it consists of m = —[Z2] irreducible components if the

3
global monodromy is not equal to 1.

3.5. Hurwitz spaces of (non-marked) coverings of P'. In [3], Hurwitz spaces
HUR,(P') of coverings of the projective line P! of degree d, branched over b points,
were described as non-ramified coverings of the complement of the discriminant locus
A in the symmetric product P®) of b copies of P!. The choice of a point co € P!
and the identification C with P! \ {oo} defines an imbedding of HUR44(Ds) into
HUR,,(P') as an everywhere dense open subset. So we get the following

Proposition 3.5. The irreducible components of HURy,(P') are in one to one corre-
spondence with the orbits of the action of Sq by simultaneous conjugation on Xg1p =

{s € 41| In(s) =b}.
As in subsection 3.4, we can introduced the unions HUR. . .(P') (resp., HUR,GH(]P”))
of irreducible components of HURy(P') for fixed elements of ¥ 1, for fixed types of

monodromy factorizations, fixed Galois groups, and so on.
As a consequence of Proposition 1.1 we have

Theorem 3.2. There is a natural structure of the semigroup Eidl = {s € Y41 |
(S4)s = Sa} on the set of irreducible components of HURS(PY).

Theorem 2.3 and Corollary 2.4 give us the following two theorems.

Theorem 3.3. The space HUR‘;"%(IP”) 1s 1rreducible if the monodromy factorization
type t contains more than 3(d — 1) transpositions.

Theorem 3.4. The irreducible components of HURgb(IP’l) are uniquely defined by the
monodromy factorization type if G ~ Sy or Ss.
The space HURQZ(IPI) consists of m = [g] + 1 4rreducible components.

According to Theorems 3.3, 3.4, and Clebsch — Hurwitz Theorem, one can hope
that the space HUR‘;;(IP”) is irreducible always for a fixed monodromy factorization
type t. The following theorem also confirms this conjecture.

Theorem 3.5. Let 01 € Sy be a transposition and o9 € Sg be a cycle of length d.
Then the space HURy(P') is irreducible for fived type t of the form ([2], (o105 "), [d]).
There are exactly [g] different types of such form.

Proof. If the type of s € ¥4 s ([2], (05 '01), [d]), then In(s) = 3 and hence HUR,,(P')
is unramified covering of P® \ A,
By Theorem 3.4, we can assume that d > 4.
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Let us show that there are at least [2] different elements s € Y4 of the form

2]

§ = Loy * Loy - Tyt - For this it suffices to show that there are [g] different types

for the elements of S; of the form o, 'oy. Indeed, without loss of generality, we can

assume that o5 ' = (1,2)(2,3)...(d — 1,d) and oy = (i,d). Then the type of
b 101 = (172)(273) ( -1 d)(l,d) =
(12).(d—2,d—1)(i,d— 1)(d—1,d) = =
(L,2)...(t —1,0)(i +1,i +2)...(d — 1,d),
is [i,d — 4] for i =2,...,[4] and [d — 1] for i = 1. In particular, the element o} 'y is

not conjugated with oy nor with oy if d > 4.

Consider the set U of words w € W consisting of three letters z;, z;, xx, where
Ti = Ty, Tj = Tqy, and xp = x,, where 7 is equal to either 02_101 or 0102_1 (depending
on the position of the letter x) in the word w so to have a(w) = 1). Since the number
of different transpositions is equal to d(d D , the number of different cycles o5 of length
d is equal to (d — 1)!, and the element xk is uniquely defined by the positions of the
letters z;, z;, and z;, in the word w and by oy and o9, then we have
d(d

T_l)(d—l)! = 3d!(d — 1). (35)

Consider two words w; and wy of U consisting, respectively, of letters z;, = x4,
Tj, = Tgy, Tpyy = Ty and x;, = Ts,, Tj, = Ts,, T, = Ty. 1t is easy to see that the
words w; and wy do not belong to the same orbit of the action of Sd by simultaneous
conjugation if ¢(n) # ¢(7). Therefore in U there exist at least [%51] different orbits of
this action. Let us fix a word w € U and count the number of elements belonging to
the orbit of w. It is easy to see that the stabilizer of the letter x,, is the cyclic subgroup
Zq, of §; generated by o9. The transposition o, is fixed under the conjugation by o
for n € [1,d — 1] only if d = 2n and in this case the order of the stabilizer of w is less
or equal 2. Like in the computation of the number of different types of permutations
of the form o, ', one can show that if d = 2n and o, 0103 = oy, then t(n) = [n,n)].

We have

U =6

U > 6[g}d! = 3d!(d — 1) (36)

if d is odd and if d = 2n is even, then

U > 6([%[] —1)d! + 6%! = 3d!((2n — 1) = 3d!(d — 1). (37)

It follows from (35) — (37) that the orbit under the simultaneous conjugation of an
element s of type 7(s) = ([2],t(c5 1), [d]} is uniquely defined by its type. There-
fore the space HUR4(P!) is irreducible for fixed type t = ([2],¢(05 '01),[d]) and the

number of such components is equal to [4]. O
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3.6. Hurwitz spaces of Galois coverings. Let f : C — P! be a Galois covering
with Galois group G = Gal(C/P'), that is, G is the deck transformation group of the
covering f and the quotient space C'/G = P!. In this case we have deg f = |G| and
if we fix a point co € P! over which f is not ramified and fix a point e € f~1(c0),
then the action of G on f~(00) defines a numbering of the points in f~(co) by the
elements of G. If we choose also a numbering of the points in f~!(co) by the numbers
belonging to the segment ;) = [1,|G|], then these numberings define an embedding
G — S| It is easy to see that this is Cayley’s embedding. Therefore the Hurwitz
space HURY(PP!) of Galois coverings with the Galois group G can be identified with
HUR%H(IEM) and, in particular, the natural map

HUR[G( (P') — HUR(, ; (P') = HURY(P") (38)

is surjective unramified morphism.

Theorem 3.6. The irreducible components of HUR®(P') are in one to one corre-
spondence with the orbits of the elements s € S& C S(G,G) under the action of
Aut(G) on S(G,G).

If Aut(G) = G, then there is a natural structure of the semigroup 581 on the set
of irreducible components of HURC (P').

Proof. The first part of the theorem follows from Corollary 2.5.

To prove the second part, note that the equality Aut(G) = G means that any
automorphism of G is inner. By Proposition 1.1, the elements of Sg’l are fixed
under the action of G by simultaneous conjugation. Therefore, by Corollary 2.5,
natural map (38) is an isomorphism which gives the desired structure of semigroup
on HURY(P). O

In particular, Theorem 3.6 and Corollary 2.4 imply

Theorem 3.7. The irreducible components of the Hurwitz space HUR®* (PY) of Galois
coverings with Galois group G = S3 are defined uniquely by the monodromy factor-
1zation type of coverings belonging to them.
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