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Introduction

Let G be a reductive Lie group. Fundamental question
of harmonic analysis on the group G is to describe the
unitary dual & of G. The unitary dual of G is the set
of all equivalence classes of irreducible unitary represen-—
tations of G. Harish~Chandra created theory of non-unitary
representations mainly in order to study unitary representa-
tions. That ideas lead to the study of the unitary dual of
G as the set of all unitarizable classes in the non-unitary
dual € of G. As the problem of non-unitary dual has been
solved ([15] and [13]), it remains to solve the problem of

unitarizability of classes in G.

This paper solves the unitarizability problem for
groups GL{n,R} and GL(n,f). This problem is very closely

related to the same problem for groups SL(n,IR) and SL{n,).

The history of the problem of unitary dual in the mentioned
case is long, and this author will give only a few remarks
about the history. The case of n=2 was solved in 1947 by
V. Bargmann, I.M. Gelfand and M.A. Naimark (see [1] and [7]).
I.M. Gelfand and M.A. Naimark in 1950 gave a list of unitary
representations of SL{n,T) for which they presumed that
exaust the whole unitary dual of SL(n,C) ([6]). E.M. Stein
showed in 1967 that the list of I.M. Gelfand and M.A. Naimark
can not be complete, by constructing a newunitary represen-

tations ([221). Since 1967 there was no construction of new elements



of SL(n,E)A. Note that representations constructed by
I.M. Gelfand, M.A. Naimark and E.M. Stein have a simple

description.

In the case of GL(n,R) it is possible to make
similar constructions of unitary representations to
that of I.M. Gelfand, M.A. Naimark and E.M. Stein.

B. Speh obtained in [20] a new family of irreducible

unitary representations of GL(n,R) .

It could be interesting to mention that the unitariza-
bility problem for GL(n) over non-archimedean local fields

is solved in [23] and [27] (see also [25] and [24]).

Now we shall describe the main result of this paper.
et F be either R or . A character g —> ldet glF,

GL(n,F) —> R" is denoted by v. Here ||_ denotes the

F
normalized absoclute value on F. Set

u

Irr- = U GL(n,F)?
nz0
Let DY be the set of all sequare integrable classes in

A
u A =
ng1Gn‘ Note that D~ = GL(1,F) if FP =€ , and

p" ¢ eL(1,F)" uGL(2,F)” if F = R.

Let n be a positive integer and §&¢ p“. Suppose that
é € GL(k,F)”. The representation of GL{nk,F) parabolically

induced by



from suitable (upper) standard parabolic subgroup, has a
unique irreducible quotient which will be denoted by u(s§,n).
If 0 <a < 1/2, then we define = (u(s§,n),a) to be parabolically

induced representation of GL(2nk,F} by
v“u(ﬁ,n) ® v—au(é,n)

from suitable maximal standard parabolic subgroup.

A
If SEGV then u(&nhGn—» €, g —> S{det g).

Now we can state our main result.

Theorem A: Let B be the set of all u(é,n) and w(u(s,n),a)

where 6 € D%, 0 < a < 1/2 and n is a postive integer.

{i) Let k Dbe a non-negative integer and 01,...,ck€1B.
Denote by 9((01,...,ck)y the representation parabolically

induced by 0y ®...® O from a suitable parabolic subgroup.

Then

g,

u
9((01,...,Gk))€Irr .

(i1) Suppose that ©({o4s...,0,)) = G((T1,...,Tm))(oi,TjEZB).

Then k=m and there exists a permutation p of {1,2,...,k}

such that



a ’ 1si1isk .

i~ Tp(i)
(iii) If mwe Irru, then there exist k = 0 and °1""'°k€ B

such that

1= 0((0,sens0y)) .

The rest of this paper is just the proof of Theorem A.

Note that by [23] and [27] the above theorem holds also
for GL(n) over non-archimedean fields. In that case the
set DY is much more complicated and bigger, and it is not

completely classified yet.

After Theorem A, we can see that essentially all irreducible
unitary representations of GL(n,C){(or SL{(n,C)) were known

in 1967. since 1967 only thecompleteness argument was missing.

The similar situation was with GL{(n,R) . After B. Speh
construction in [20] (were she proved Zuckerman conjecture for
GL(n,R)) essentiallyall irreducible unitary representations
of GL(n,R) were known (it was possible to construct them by
complementary series, induction and twisting by character form
existing ones). In this case also, only the completeness argument
was missing. The representations constructed by B. Speh corres-
pond to representations u(§,n) with § square integrable

representations of GL{2,R) .

The completeness argument presented in this paper is the

archimedean version of the completeness argument for non-



archimedean case, contained in our paper [23] from

January, 1984.

It is interesting to mention that, as this author
knows, there was missing the conjecture about completeness.
The introduction of the paper [30], which was written in
1983 ,maybe the best indicate the situation about ideas on
unitarizability. D. Vogan concluded there that no one knows
what unitary dual should look like for semisimple Lie groups,
and that one should try to guess as much as possible about
unitary dual, to narrow and direct the search for its complete

structure. See also Problem 4.8. and Table 4.9. of [30].

While in the case of archimedean GL{(n) only the
completeness argument was missing, in the case of non-
archimedean GL{(n) the construction of unitary represen-
tation was missing as well as the completeness argument
(note that there the non-unitary dual is not classified
completely yet] .In the non-archimedean case the only
completely settled group with respect to unitarizability
was SL(2) (1963, I.M. Gelfand and M.I. Graev) and closely
related groups like GL{2). Since in the non-archimedean case
for each n, GL(n) has a sgquare integrable representations,
one has to construct here unitary representations u(é,m)
for square integrable representations § of GL(n) with

n>2,

Recall oncemore that the solution of the unitarizability

problem for GL(n,C) and GL(n,R) expressed in Theorem A,



holds over any local field and note that the differences
in the proofs for archimedean and non-archimedean case

are not in the general ideas of the proofs but only in the
technical details which comes from the nature of fields.
Thus we can conslder this paper as an archimedean part of
the general solution of the unitarizability problem for
GL(n) - groups over local fields (and completion to the
papers [23]-[27]). For the case of inner forms of GL(n)-

groups see Remark 2.3 .

Unitarizability of the representations constructed by
B. Speh in [20] was proved by global methods. T.J. Enright,
R. Parthasarathy, N.R. Wallach and J.A. Wolf proved it using
cohomological methods. In the non—-archimedean case we used
one new method based on a simple ideas (see [23] and [24]),
which is neither cohomological, nor global. This method can

be applied also to GL(n,IR) .

Now we shall describe briefly the content of this paper.
In the first section the notation used in this paper is intro-
duced. Some basic results from representation theory of GL{n,F)
are formulated in the way we use them in the following sections.
We are using the ideas of A.V. Zelevinsky presented in [28].
The second section is short, but it is the most important part
of our paper. At first we formulate five technical statements,
(vo) ,(u1),...,(U4), and then we show that (UO)-(U4) implies

(1) ,(14) and (iil) of Theorem A. In this way Theorem A is



reduced to a few technical statements. In the third section

we check (U0}-(U4) when F = . A conjecture on ends of
complementary series in the case F = € , is formulated in the
fourth section. This conjecture is related to a description of
the natural topology of GL(n,)" by use of general results of
D. Milili& about the topology of the dual space of C*-algebras
with bounded trace ([16]). In the fifth and sixth section we

are checking (U0)~(U4) in the case F = R . In the seventh

section we formulate a conjecture on ends of complementary

series in the case F = IR,

The results about non-unitary dual which we are using
in this paper are standard and well known facts of represen-
tation theory of reductive Lie groups. The notation which is
using in this paper is adapted to the case of the general linear
group. We have used in our paper the result of A.A. Kirillov
paper [12]. As this author knows, there is no written paper
at the present time where all details of the proof are supplied.
Also we have used a result of H. Jacquet, proof of which has
not appeard as this author knows. Details of proofs of these
two results (which does not belong to this author) we leave
for another paper. The Kirillov result is essentially a fact
about distributions, while the Jacquet result in essentially
an application of Mackey theory. Note that the techniques we
are using in this paper are of quite different nature from

the techniques involved in the Kirillov and Jacquet result.

I want to thank to Prof. H. Kraljevit for the conversations



on the representation theory of the reductive Lie groups.

At the end, it is a pleasure to me to thank Max-Planck-
Institut fiir Mathematik for the hospitality and support

during which this work was finished.



1. Algebra of representations

The field of complex numbers is denoted by €,
the subfield of reals by IR, the subring of integers by &Z.
The set of non-negative integers in Z is denoted by Z_ .

and the subset of positive ones is denoted by N.
et F be either R or € . Set
G = GL(n,F), n&€ &, .

Let Kn be a maximal compact subgroup of Gn. We can take
K, to be U(n) if P = T and K, = O(n) if F = R.
The groups Gn are regarded as real Lie groups. Let 9,

be the Lie algebra of Gn‘

The category of all Harish-Chandra modules of Gn of
finite length is denoted by HC(Gn). Let Rn be the Grothen-
dieck group of HC(Gn). The set of all eguivalence classes of
irreducible Harish-~Chandra modules of Gn is denoted by an.

We shall identify an irreducible Harish-Chandra module with

its class. The set of all unitarizable classes in ﬁn is denoted
by gn’ The set En will be identified with a subset of Rn

in a natural way. In that case, Rn is a free Z-module over

Eh. We have a natural map

HC(Gn) —— Rnr

n —— ‘h'ss
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which we shall call semi-simplification.

Let 1© € Rn' We say that # contains 9 € an if

there exist Ogre>10y € ﬁn,k € %,, such that

‘ﬂ'=0’0+ s e +Gk .

We say that « contains 9% with multiplicity one if

oy # Gg 7 i=1,e..,k.

Suppose that 1w is a continuous representation of
Gn on a Hilbert space.'If the representation "‘Kn decomposes
with finite multiplicities, then we say that 7 is an admissible
representation. LLet 7 be an admissible representation of Gn.
Then the representation of (gn,Kn) on the space of Kn-finite
vectors is called a Harish-Chandra module of . If = isa
finite length representation, then the semi-simplification of

the Harish-Chandra module of 1 1is denoted by ns,

Set R=& R .

Then R 1is a graded commutative group. We shall define the
structure of a graded ring on R. For it, it is enough to

define a ZX2-~linear mapping

*R x R — R s n,,n, €% 7
1+n2 17772 +

in fact, it is enough to define G4 X Oy for
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Let P = MN be the standard parabolic subgroup of

Gn1+n2 given by

P={g = (gij) € Gpyeng 7 954 ~ 0 if i>n, and jEn,}

i

M= {g (gij) EP; 955 = 0 if isn, and 3> n1} .

1

The unipotent radical of P is denoted by N. Let

i 1
(3n1 xgnz, Kn1x an)—module. Since M is naturally isomorphic

o, € Alg G, , i = 1,2. The tensor product 1=o¢, ® a, is
1

to Gy x an,gn1x 8§, 1s considered as Lie algebra of M and

1
Kn1 Xan is considered as a maximal compact subgroup in M.

Let t* be an admissible representation of M whose Harish-
Chandra module is isomorphic to 1. We extend 1* to a represen-
tation of P defining action of N +to be trivial. Let

n* = Ind (t*|P,G

n1+n2) be the induced representation of

Gn1+n2 from P by rt*. Here Ind denotes normalized induction
(for definition one can see, for example, Definition 4.1.11 of
[28]). The representation =* is admissible. We shall denote

by gy X O, the Harish-Chandra module of w. Proposition 4.1.12.

of [293] implies that o, xo is of the finite length. There-

1

€ R .
n,] +n2

2

ss
fore (01 xcz)

Let s,t€ R. Then we can write

s= ] aco ,a €%z
[ e
1

£ =-:e£j bt ,b €%,
na
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where a, #* 0 only for finitely many ¢ and bT + 0 only

for finitely many 1. The above expressions are unique. Now

we define

s x t = ) (s b ) (o x )58 |
oEgn1
T€§n2

Note that we could introduce Rn as the group of virtual
characters. Then the multiplication in R correspond to
inducing of characters. The formula for the character of the

induced representation can be found in [18].

For 04105404 € Irr we have the following equalities

in R

Q
—
k4
w—
Q
N
X
wQ
N
L}

(01 xoz)x gq -

The first relation is a consequence of Proposition 4.1.20
of [23] about induction from associated parabolic subgroups.
The induction by stages implies the second relation (Proposi-

tion 4.1.18 of [29]). Thus we have:

1.1. Proposition: The induction functor induces on
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a structure of a commutative associative graded Z-algebra.

For a finer information about the ring R we need to

consider a classification of irreducible (qn,Kn)~modules

Set

is Z-basis of Rn'

Clearly, Irr is a basis of Z-module R.

The set of all equivalence classes of irreducible unitary

representations of Gn (on Hilbert spaces) which are square

integrable is denoted by Du(Gn). Set

Let

{recall that

[
p* = u pe).
n=1
i!F be the normalized absolute value on F

i\m is the square of usual absolute value

of complex numbers). Define v:Gn ~—> R Dby

Set

vig) = |det g}F .

"

D(G,) (V7 ; a € Iz,neznu(sn)} ;

D

i

U DIG.).
n=0 n
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If 6 € D then e(8) € R and % ep? are uniquely

determined by the relation

8
§ = ve( )6u

.

Note that = - 7°° , D> Irr 1is an injection and we

identify D with the subset of Irr in this way.

Let X be a set. A function £:X —> Z_ with the finite
support is called a finite multiset in X. Theset of all
finite multisets in X is denoted by M(X). The set M(X)
is an additive semigroup in a natural way. Let £ € M(X).
Suppose that {x1,...,xn} is the éupport of £. Then we

shall write £f in the following way

f-_- (x1'-..l)il' .XZ,-..,ij,...an,...,Xn)

et g v

f(x1)-times f(xz)—times f(xn)~times
If £ € M({X), then we write
card £ = |} f£(x).
x€X

We call card f the cardinal number of the multiset £.

The number f£(x), £EM(X), X€X , will be called a

multiplicity of x 4in £.
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A subgroup of Gn is called a standard parabolic
subgroup if it contains the subgroup of all upper triangu-

lar matrices of Gn‘

Let a€ M(D). Choose 6i€ D(Gn Yy, i = 1,...,k, s0o that

1
a= (8,,...,8) and e(a1)ze(52)g...ae(ak). Let P be

the standard parabolic subgroup whose Levi factor is naturally

isomorphic to

Now

Ind(s, ® 6, *** ® &_ | P,G_ .. )
1 2 n, n,+ g

has a unique irreducible quotient representation vhose Harish-

Chandra module will be denoted by L{a). Set

x{a) = &, x%x ***x §

1 € R.

k
Then A{a) contains L(a).

The mapping

a +—> L{a)

M(D) —> Irr

is a bijection. This is a version of Langlands classification

of non~unitary dual of GL(n)'s. The way we present Langlands
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classification for GL(n)'S should be equal to the way of
R.P. Langlands in [14], essentially equal to the way of

H. Jacquet in [11].

If = € HC(G ), then T denotes the contragradient
of 7 and 1 the conjugated module to =. We denote
T by " and call a Hermitian contragradient ». If 7w is

. R +
isomorphic to 17 , then 1w is called a Hermitian representa-

tion.
For a =(61,...,6n)€M(D), a€ R , set
a =(E1,...,En)
E =(§1l"‘l.gn)
+ +
a =(6‘;"00~]6n)
\}aa =(v051,...,\)a6n).
I£f &6 € D, then
5 ve(ﬁ)au'
%- 8(5) (éu)
rs v—e(s)(ﬁ )~
6+ V—e(&)éu

1.2. Proposition: For a€EM(D) , a€ R, we have

L{a) = L(3)
Lia)t = n(a)
L{a)™ = L(a)
viL(a) = L(v%a).
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Proof: The first relation is obvious and it implies that
the second and the third relation are equivalent.

The second relation is proved in the proof of Theorem 7

in [13] (see also [11]1,[5]1 and [19]).
The fourth relation can be proved directly by constructing
of intertwining operator between induced representations,

which restricts to an equivalence between v®L(a) and L(v®a).

1.3. Proposition: The ring R is a Z-polynomial ring over

indeterminates D. This means that
{x(a);a € M(D)}

is a Z-basis of R.

Proof: This is well known fact because Ala), a€ M(D) corres-
pond to the standard characters which form a basis of the group
of all virtual characters (for a fixed reductive Lie group). In
fact, the proposition can be proved easily directly using [9]
and properties of Langlands classification Lemma 3.4. and 5.5
of this paper also implies the proposition.

1.4. Cprollarx: (i) The ring R is factorial.

{ii) If 6 € D, then § is prime.

(iii) ILet w€R be a homogenius element of the graded ring

R, 7# 0. Suppose that

o= o1x 02 ,01}02 € R.
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Then § and 62 are homogenious elements .

1
(iv) The group of invertible elements in R is

{L(g) , - L(g) 1.
Note that .L(@) is identity in R.
Proof: Proposition 1.3 implies (i) and (ii). Proposition 1.3
implies that R is an integral ring. This implies (iii). From

(iii) we obtain (iv) directly.

1.5. Remark: The mappings

T —> 7
~e
N —> 7
+
N =——> T
T —2> V ¥

induce automorphisms of graded ring R

The first three automorphisms are involutive. Each of these

automorphisms can be described by a permutation of indeter-

minates D. We say that £ € R 4is Hermitian if f = £,

We shall need one more general fact about classification L:

if a,b € M(D), then L{(a) xL(b) contains L{a+b}.

This will be proved later.
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2, Formal approach to unitary dual of general linear group

In this section P is either IR of. €. For 6E€D

and n€N set

n-1 n-1 n—1
2 T
a(d,n) = {v §,v SpeeesV 8) .,
u{s,n) = L{a(s§,n)).
If n =0 , then we set a(s,0) =@ and u(s,0) = L(g).

The first section implies

vau(ﬁ,n) u(vqc,n) s 0€&ER.

Note that a(é,n) a(s,n)+ if §€D%. If o€ Irr and

o€ R, then we define

a(o,a) = (vYo) x (v %) €eR.

Clearly, 7w{o,0) are Hermitian elements of R. Note that

t{o,a) = w{o,~a) 4if ¢ is Hermitian.

In this section we shall describe the unitary dual
of general linear group assuming that some facts hold. We
shall deal with that facts in the following sections. Note
that for the unitary duals of general linear groups it is enough

. u
to describe Irr .

We consider the following statements



{U0) 1f 0,1t € Irr? then ox t € Irr‘.
(U1) If § €DY and neEwW , then u({é§,n) € Irr?.
(U2) If s €D, nem and 0 < a < 1/2, then

w{u{d,n),a) € Irru.

(U3) If 6§ € D and n € N, then u(é,n) is a prime
element of the factorial ring R.

{U4) If a,b€ M(D), then L{a) x L{(b) contains L{a+b).

Note that (U4} is a general statement about nonunitary

dual and (UO) is a general statement about unitary dual.

The fact that «x € Irr is a prime element of R implies
that r 1is not induced from proper parabolic subgroup. There-
fore the property "y is a prime in R"™ 1is a strengthen of
the property "» is not induced from proper parabolic subgroup”.

In proving (U3), we usualy prove a stronger fact than (U3}.

2.1.Proposition: Suppose that(U0)~(U4) holds. Then Irr"  is

a multiplicative semigroup and it is a free abelian semigroup

over the basis

B = {u(8,n),r(u(s,n),a);6€D ,nEN, O0<a<1/2} .

In other words:

(1) 1f n1,...,niEB then

u
L4 X XeeoeoX 1,
1 2 € Irxr

{1i) If =« € Irru, then there exist '1"“'"j€ Irru



unique up to a permuation, so that

Proof: By (U0} 1rr? is a multiplicative semigroup. The

statements (U1) and (U2) implies B = IrxY. Therefore (i)

holds.

If g X * "X, = g X***%xg, M genegT . 3
1 i 1 31 .}1 ,i,o1, -.,O'.(‘.B
i

then (U3} implies that = 5 and that the sequences

Tareeerty and °1""’°j differs up to a permutation.

It remains to prove the existance of presentation in (ii).

Let =€ Irr”. Choose a € M(D) so that

i

L{a). 8Since

is unitarizable, 1 is Hermitian i.e. ™ a. By Proposition 1.4

]

we have a = a'. Recall that for 6= W8 ue b e have
§% = v"E{S)éu. Therefore we can find 71,...,yn,51,“..,5meznu

and positive numbers Gqreesp0, SO that

a - [+ -0 44 -
2 m m
a =(‘Y1,.--"¥m;'\3 1511\’ 161;\’ 621\) 262'.".,\) 6m'\3 5m)

(cases m=0 or n=0 are possible). After a change of
numeration, we can assume that “1"“’°u€ {(1/2)2 and
LR R ¢ (1/2iz2 for some 0s5susfm. Now we can intro-
duce 01,...,ove p* and positive numbers 81,...,Bv 50
that

a -a a ~a 8 -8

1
=(Y1]c¢-,Yn;v 16 v 16}(-'-’\) uéul\) ué v 013\) 101!0»

usvo v~8n6 )
200} V' V'
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Recall that we have now

u
Y1'...'Yn’51,-..'Gu’01,.."0v€D and

311-3-13u1811--018v
positive numbers such that

01,---'Qu€(1/2)z

B1l--OISV£(1/2)z'

The case of n =0 or u=0 or v =10 is possible.

Take r1,...,r € R and m1,...,mv € (1/2)Z so that

v

Si = ri+mi s 1= 1,000,V

and 0<r1,...,rv<1/2. Now m1,...,mv20.

One can see directly that

a. - Q

ts.,v lai)+ a(8;,20,=1) = a(s;,2a;+1), 1 = 1,...,u

(v i

™y -1/2 .
{v 6j)+ v a(cj,ij) = a(cj,ij+1), i=1,...,v

The second relation implies

B ~B. r.~-1/2

(v 36j,v Joj)+-v J a(cj,ij)+ v

i/2—r-
ato. 21“. =
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rj+m. -¥ . ~H. r.-1/2 1/2-x.

={v jcj,v J 3«%) +v I a(oj,ij)+v Ja(cj,ij)=

r. -Y.
= v 3.a(aj,2mj+ 1)+ v ja(oj,ij+ 1),

3= 1,00e,v.
In the rest of the proof we shall use the following property.

Let a1,a2€ZM(D). Suppose that L(aT),L(az) are unitarizable.
Then (U0} and (U4) implies

L(a1) xL(az) = L(a1*-a2).
By induction we obtain that

L(aj) xL{ay) x ... xLiap) = Llag +a,+ ...+ a.)
if ajs...,3 €M(D) so that L(a1),...,L(ak)€Irru.

Now we shall finish the proof. We compute

T X u(61,2aa—1)X...x u(au,Zau—1)x n(u(01,2m1),r1-1/2)X... X(u(cv,zmv),

r,~ 1/2) =

o

-g o -a B
= L(Y;‘I“'lleV 1 1

61,\) 61p..01\) udu,\’ 6u,\) 0'1(\’ 0,}}.--1

X L(a(61,2a1 - 1)) x...x% L(a(éu,Zau - 1)) x
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-1/2 1/2~xr
a(c1,2m1) + v

r
x Liv

r.-1/2

1 a(01,2m1))X...x L{v a(ov,zmv) +

1

1/2—rv
+ v a(ov,va))

o -0 o -a
LOlyqreenrrp) + L0 Togv 1600 + a(sy,20,-1) 140 oty .

1]

6u,v éu) +

"B.! B'l r1—1/2 1/2-1‘.‘
a(éu,Zau-T)} + [ (v GqrV 01)+ v a(c1,2m1)+ v a(01:2m1)] +

1/2~r

g -8 v
a(cV,va)+ v a(ov,2mv)]) =

v v

r
veot [ (v o Y ov)+\) v=-1/2

r
1
= L((y1,...,yn)4—a(61,2a1+1)+...+a(6u,2au+1)+—v a(c1,2mT+ 1)

Ty Ty | Tty
+ v a(c1,2mj+1)+-°- + v a(ov,2mv+ 1) + v a(cV,ZmV+ 1)) =
= L(YT)X"' XIdyn) XIdai61,mﬁ+1))x-'-x L(a(éu,Zau'+1)) x
x m(L(afoy,2m,+1),r )% x w(L{alo ,2m +1),r )) =
= u(y1,1) X®°°x u(yn,T)x u(61,2a1+ 1) x-++x u(éu,Zau+1) x
x w(u(c1,2m14-1),r1) X=X ﬂ(u(ov,zmv+1),rv).
Thus = divides

u(y1,1) xeeex Uy, 1) x u(61,2a1+'1) x* X u(éu,Zau-+1) x

X n(u(o1,2m1+'1),r1) Xoeex w(u(cv,2mvé-1),rv).
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Now (U3) implies that w 1is a product of some

Tx Tk
u(yi,1),u(5j,2aj*-1), v u(ck,ka+ 1),V u(ck,ka+ 1.

The fact that « 1is Hermitian implies that =7 is a

product of some
u(Yi,1) 'u(6j,2aj + 1)’ 'ﬂ(u(ok,zmk'i' 1) ,I‘k) .

Thus we proved existance of presentation of 7 into a product

of elements of B. This concludes the proof.
2.2 Corollary: The mapping © defined by

@:(n1,...,wn) >

x“.x-ﬂ
1 n

M(B) —> Irru

is an isomorphism of semigroups if (UO)-(U4) holds.

2.3 Remark: The results of the first section hold for GL(n)
over any local field. Proposition 2.1 together with the proof
presented here, hold also over any local field (see [23]).

Proposition 2.1 with slight modifications holds in a more
general situation. For example, suppose that A is a local
non-archimedean division algebra. It is proved in [3] that
the parabolically induced representation of GL(n,A) by an
irreducible square-integrable representation is irreducible.

Therefore the same classification presented in the first
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section, together with all properties mentioned there, holds
for non-unitary dual of GL(n,A). in this situation we need
to modify definitions of u({é,n) and «w{(u{d,n),a). Let v

be the absolute value of the reduced norm of the central
simple algebra of all ﬁx n-matrices with coefficients

in A. The same letter denotes the restriction of v to
GL(n,A). Let & be an irreducible square integrable represen-
tation of GL(n,A). Choose e, > 0 such that

v(1/2)e56 x v_(1/2)355 is reducible and that e is a

minimal number with that property . Set

=\}e6
Va .
Now we define
_ n-1 _ h-1 n-1
u(dé,n) = L(\.)(S 2 s , Ve 2 6""'V62 8y
r{u(d,n) ,a) = v:u(a,n)xv“§u(6,n) .

With this modifications Proposition 2.1., together with the
proof, holds in this situation. In fact,Proposition 2.1. holds
also without these modifications, but then it is easy to see that
the statement (U3) and also (U1),(U ) do not hold. Therefore,

Proposition Z.1. is not interesting if we do not make necessary

modifications.

In this way if,we prove (UO)-(U4) for GL(n,p), we

shall have solution of unitarizability problem for GL(n,A).
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Note that the constant e, are related the correspondence
obtained in [3] between irreducible square-integrable represen-
tations of GL(n,A) and of GL{m,F}, where F 1is a central

field of A and m a suitable integer.

We can say that all es are 1 1if GL(n,A) is a split

group, i.e. if A is a field.
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3. Complex general linear group

In the preceeding section we have shown that (UO0)-{(U4)

implies a description of the unitary dual of GL(n,F). In this

section we shall show that (U0)-(U4) holds if F = C.

In this section we take F to be .

It is well known that here

X~

D=¢GJ=(c)" ,
A
pY= G, = @H” .

Let & € D", It means that & is a unitary character of c*.
Then u(é,n) is just
X

g —> &(det g}, Gn e

Since § is a unitary character, u(é,n) is an one-~dimensional

unitary representation of G ., Thus, (U1) holds.
n

Let 6 €D% nemw and 0 < o < 1/2. The representation
#{u({d,n),a) restricted to SL(2n,L) is irreducible and unitariz-
able by [22]. Since Ggp is a product of SL(2n,C) and its own
center, we have w(u(é,n),a) € Irr. The representation =(u(é,n),a)
is Hermitian, so its central character is unitary. Therefore
r(u(é,n),a) is unitarizable. Note that the fact

v{u(d,n),a)l EIrru
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is also proved in [17]. We have seen that (U2) holds.

Now we shall introduce a parametrisation of D. If
§ € D, then there exist a unique n €Z and a unique

B € € s0 that

§(z) =12128(T§T)n = lzlg (TET)n r zZET .

In this case we shall write
§=68(8,n) .

Here || denotes the usual absolute value on € and we have
=1l -

Note that 6&(B8,n) is a unitary character if and only if the

real part of B8 1is zero. The mapping

CxZ —> (B)"

is an isomorphism of topological groups.

Note that

s{g,u)* = s(~E,n)
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and e{8§(B8,n)) = Re B .

For a given B and n there exist a unique x,y€C

so that

x+y = 28

Then we shall write

§{B,n) = y(x,y).

In this way we obtain another parametrisation of D by

the set

{(x,y)eu‘.2 ; X - vYE€EZY .

Note that

'Y(x1 IY-])Y(XZIYZ) = Y(x-‘ + x20Y1 + YZ) .

By definition

= ‘ZIX+Y . Z )x-y

y(x,y) (2) 2T

Note that vy(x,y)’ = y(-¥,-X) and e(y(x,¥)) = (1/2) Re(x+y).
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We shall say that 61,62€ZD are linked if and only if
8§

1% 52 ¢ Irr.

By (81, 61 and 62 are linked if and only if there exist

P/,9€%, pg >0 , so that
(5,650 (z) = 2829,

Note that
v(p,q) (z) = 2PZ.

If the above relation holds then we have in R
§.x 686, = L((61,62)) + v, X

17 %2 1% V2

where v1,v2€ D are defined by.

voz) = (23 s, (2), vy(2) = (2)%s,(2).
We shall write
(61,62) — (v1,v2).

In that case v, X v2€ Irx.
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Let 61 = T(xi,yi) €D, 1 = 1,2. Then 61 and 62 are

linked if and only if

x1—x2€z, y1—y2€z and (x1-x2)(y1—y2)>0-

Note that X, = X, €Z implies Y~ ¥, €Z

If 61 and 62 are linked then

(y (X1 :Yl)rY(Xsz)) — (Y(X1 lyz) lY(x21Y1)) .
Let 51 = 6(81,1’11) €D, 1 = 1,2. Set

5=515'2'1=6(B,n)

where B =61 —62, n = n,-n,. Now 61 and 62 are linked if

and only if

2B €EZ,28~n€2Z and 2{8] > Inl.

Set
v, =>c(81282 - n’;nz, - (B, - By + n1;n2)
Then

(6(51.1“1}'6(82!:12)) — (v']llvz)-

since X" Yq1¥ 7Y, €Z.
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Let (61,...,611) € M(D). Suppose that éi and ﬁj
are linked for some 1s i< jsn. Choose vi,vjED so that

Then we shall write
(61,--ofdi_1lﬁi,6i+1'---]Sj_,‘,aj[aj_l_,;f...lsn) ;'—’
— (.61(ou-yﬁi__,l'\’i,ai_'_.l"--ysj_.i[\)jléj_l_.‘l-ovlsn)-

Let a,b€ M(D). Then we write

if there exist c1,...,ck€M(D), kz1, so that
bir— ¢y, CqF— CoreeesCy 4V Cpy Cp = a.
For a,b €M(D) we write asb if a =b or ac<b.

We shall show that = 1is a partial ordering on M(D)

and we shall examine some properties of this ordering.

Let a€ M(D). We say that

a = (61l0"lsn)

is a standard presentation of a if
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e(61) 26(52) -3 Ze(6n).

Then we define

e(a) = (e(sy),e(8,) . .cre(s))) € R,

n m
Let x = (x1,...,xn)€1R and y = (y1,...,ym)€:R . Then

we write
XSy

if and only if n = m and the following relations hold

X, 5 ¥,
Xt X34ty

XpteoadX = Yot..o4y,

It is obvious that 3 is a partial ordering on uUR™nz0).

If x = (x1,...,xn) € R then we define
TE X = X,+a+0s+X

1 n’

For a€EM(D) we define Tr a to be Tr ela).



We have now one simple technical lemma on the notation

which we have just introduced.

3.1 Lemma: (i) Let a,b€M(D) and asb. Then the graduations

of L{a) and L(b) in R are the same

(ii) Fix a€ M(D). The set of all b€ M(D) so that
asb or b=sa

is finite.

{iii) Suppose that as<b for a,beM(D). Then efa) £ e(b)

and Tr a = Tr b. We have a<b if and only if e(a) <e(b).

(iv) The relation asgb on M(D) is a partial ordering.

{v) Let ai,bie M(D) , i = 1,2. Suppose that ai§bi,

i =1,2. Then

a1+a2$b1+b2.
We have a; +a, = b1 + b2 if and only if

a, =b, , 1i=1,2.

Proof: The definition of < on M(D) implies (i).

I

Let a (y(x1,y1),...,y(xn,yn)). Suppose that

o
I

(Y(x»!*lyol*) resey (xn*r}'n*)) € M{D)
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sO that asb or bsa. Then
*
Xy € {x1....,xn}

yi*e {y1,...,yn} .

This implies (ii).
Let a,b €M(D) and a -— b. Then direct checking implies
e{a) <e(b)

and

Tr(a) = Tr(b).
This implies (iii).

The statement (iii) implies {iv).

Let ai,biEIM(D), a, s bi’ i=1,2. Then the definition

i
of £ on M(D) implies

2= b,.+b

a;+a, 1% P -

If a, = b,, 1 = 1,2, then clearly a, +a, = b1+'b2- Suppose

now a1+a2 = b1+-b2. Let a1< b1. Then there exists ¢ € M(D)

a.1 sc —i b1
and thus

a1+a2:sc4~a2 — b1+a2$b2+a2.

Therefore a, + a2< b2+a2 and this contradicts to

1
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a, va, = b1+b‘2 since s 1is a partial ordering on M(D).

3.2 Lemma: Let a,b €M(D). Suppose that

bza.
Then A(a) contains L(b).
Proof: We shall prove the lemma by the induction with

respect to the partial ordering on M(D). This is possible

by (ii) of Lemma 3.1.

Let ¢ be an element in M(D). Then by definition of

L{c), A{c) contains L(c).

Suppose that a is an minimal element of M(D). Then

b = a and by the above remark, A(a) contains Li{b) = L{(a).
Let a* €éM(D) be arbitrary. We suppose that the statement
of the lemma holds for all a€ M(D) such that
a < a* |

Let bEM(D), bsa*. If b = a*, then i(a*) contains
L{b) = L{a*). Thus we need to consider only the case of
b <a*, By the definition of < , there exists c¢€ M(D)

s0 that

bsc —i a¥*,
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One can see directly, using commutativity and associativity
of R, that each #€ Irr which is contained in i{c), need
to be contained in A(a*). Now the inductive assumption implies

the lemma.

3.3. Proposition: If a,b€M(D), then i{a) contains L(b)

if and only if b sa.

Proof: If bsa then i(a) contains L(b) by the preceeding

lemma.

Suppose that A(a) contains L{b). Applying Example 3.16
of [21] (or Corollary 3.15 of [21]) we know that either
L(a) = L(b) i.e. a = b, or L(b) is in the kernel of some
factor of the long intertwining operator. In our situation it
means that either L({a) = L(b) i.e. a = b or there exist
¢ —t a such that A(c) contains L(b), because such kernels
of factors of the long intertwining operator have form

Alc) for ¢ — a (see Lemma 3.8 of [21]).

We obtain the proposition by induction on a, with

respect to the ordering of M(D).

3.4 Lemma: Fix a € M(D).

a

(1) There exist m,

€ M, bsa such that

Aa)

y m: L(b)

bsa
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holds in R.

(i1) We have md =1 1i.e.

(a) = L(a) + | mp Lb).
b<a

{(iii) There exist m(a,b) €Z, bsa such that

L{a) = ] m(a,b)Ar(b).

bsa
(iv) We have m(a,a) =1 1i.e.
L{a) = (a) + } m(a,b)xr(b).
b<a
{(v) Let c€ M(D) so that c¢< a. Suppose that there does not

exist b€ M(D) so that

c<b«<a,

Then m{a,c) # 0.

(vi) Let ¢ €M(D) so that ¢ < a. Suppose that for dE M(D)

s0 that

d —i a

we have e(c) te(d). Then m{a,c) # 0.

Proof: Proposition 3.3. implies (i). The fact that L{(a) has

multiplicity one in A(a) implies (ii) (see [28]}.

We shall show (iii),(iv) and (v) simultanously by the

induction on a in M(D). If a€ M(D) is minimal, then
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L{(a) = A{a) by (ii). Therefore (iii)}) and (iv) hold., Note that

there is8 no ¢ such that c¢ <a. Therefore (v) also holds.

Let a €M(D) be arbitrary. By {ii) and the inductive

assumption we have

(*) L(a) = A(a) = ] mpL(b) = Ala) = ] mp(a(b)+ J m(b,d)r(d)).

b<a b<a d<b

After a gathering of the terms in the above presentation of
L(a), we obtain (iv) and also (iii). Suppose that m(a,b) = 0.

Then (*) implies that there exist b' €M(D) so that
b <b'<a.

This proves (v).

Suppose ¢ €M(D) is like in {vi). Let m(a,c)= 0. By (v},

there exist b€ M(D) so that
c<bsd — a.

Then e(c) < e(d) by (iii) of Lemma 3.1. We obtained a contra-
diction. This proves (vi).

The following proposition is just (U4).

3.5. Proposition: If a,b€ M(D), then L{a) x L{(b) contains

L(a+ b). The multiplicity is one.
Proof: We compute in R

L(a) x L(b) = (rx{a) + } m(a,ciAr{c))(r(b) + y m(b,d)x(d))
c<a d<b
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= Ax(a) x A(b) + § m(b,d)a(a) x A(d) + J m(a,c)Ar(c) x A(b)
d<b c<a

+ | m(a,c)m(b,d)r(c) x A(d) = Lia+b) + § m>Pr(u) +
c<a u<a+b
d<b

+ 3 oma( § m®% L) + J mia,e) () mSPrw) +
d<b usa+d o c<a uzc+b ¢

+ I ma,cimb,d( § wft% ().
c<a usc+d ¢
d<b

By (v) of Lemma 3.1 we have that L(a) x L(b) contains L(a+Db).

Now we return to u(é,n),8€D. Fix 6§ € D, 8= §(B,k) = v(x,v¥).

Then
n-1 n—1 n-1i
-1 7
a(ﬁ,n) b (\’ 6’\) 6"."“ 6) =
= (s(8+ 21 x), 508+ B2 o 1,%), 68+ 221 2,k),..., 808~ B2 g,
2 2 2 2

= n-1 n-1 n-1 n-1 n-1 n-1
= Y(X+~§w Y+—7ﬂrvbbbﬁr‘1:Y+‘§*"1)n--w(x" 2:Y"“§4)'

In the rest of this section we shall consider R as a

polynomial algebra over Z in indeterminates D.

3.6 Lemma: Let 6&*€D . Then the degree of the polynomial

u{é,n) in the indetermine &* is either zero or one.

Proof: We have



u(é,n) = ) m(a(é,n),a)r(a).
asa(é,n)

Let ag = (y(x1,y1),...,y(xn,yn)) £a({é,n). By the formula

for a — b in terms of y-coordinates we see that

n-1 -1 n—1}

{x1,...,xn} = {x + 5 X+ 5o 1,...,x-—~§— .

Therefore Xqyreeo X, are all different and thus y(x1,y1»...

--er Y(x_,y ) are all different. This implies the lemma.
The following proposition is just (U3).

3.7 Proposition: In the factorial ring R,u{é,n) 1is a prime

element.

Proof: Set

R

]
[t}

-1 -
2 = v(x+7-1,y+-n—2—l~ 1)

e
t

i Y(xi'ggl ~i+1,y+ —%l - i+ 1)

e
i

T ———— - — T - o S Y S oy S T W Sy T Y g

N~ -
X =v(x--——2~1—.y—5’———1~.

Let 1£i<jsn. Then
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Y(X*'n;1 - i+ 1,y + n-1

2

where Yi(i,j) -3+ 1)

vxe Bl og a1,y e 2o g a ),

Put aO = (X11X21---1Xn):

ai,j ¥ (X1' e 'Xi-‘l ,Yi(i,j) 'xi+1"" ,Xj_1 ,Yj(l,j) 'Xj+1""’xn) .

Clearly a0 = a{(é,n) and

a, s <ag, 1g£i<jsn.

i,3
We have
celag) = B g, 22 L (e (B2, re (BEY))
and
(*) ey, (1,3),¥,(1,3)) =B - d . 25l - .

+ (Rex—;l, Rez%z).

Fix 1sp&n - 1. Take some d€ M(D) so that

d — a, and e(ap,pﬂ) < e(d)

Choose 1 2i<jsn so that d4d = a5 Thus
[4

e {a, ).

aprp*j) <€ 1,3

The definition of the ordering on R"  and (*) implies

p si. Using the fact that
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Tr a, 541~ Tr 25,4
we obtain that

j sp+ 1.
Therefore {1,3} = {p,p+ 1} i.e. i=p, 3=p+1.
Thus ap,p+1 = ai,j and e(ap’p+1) = el{d) .

We proved that for d e€M(D) so that d —i a, we have

el e(d). By (vi) of Lemma 3.4 we have

ap,p+1)#

m(ao,apfp+1) # 0.

We shall now prove the proposition. Assume that u(é,n)
is not prime. It is enough to consider only the case of nz 2,
because u(é6,1) =§ is prime ((ii) of Corollary 1.4). There exist

P,Q€ER so that
u(r,n) = PxQ

and that neither P nor Q |is invertiblg, i.e.
P*+zx1, Q#1

(here 1 = L{(#)). By (iii) of Corollary 1.4., P and Q are
homogeni ous elements of the graded ring R. Since the graduation
of each indeterminate in D is one, P and Q are homogeneous

polynomials.
By (iii) of Lemma 3.4 we have

ul(s,n) = alag) + ¥ m(a,y,a)i(a).
a<a0



Since the coefficient by h(ao) is 1 , we have that the
degrees of the homogeneous polynomials P and Q are greater

than zero. Write

P = a€£(D) m(P,a)xr(a),
Q= 3 m(Q,a)x(a).

aEM (D)
Here m(P,a) # 0 only for finitely many a€ M(D), and
m(Q,a) # 0 only for finitely many a€ M(D). We have

u(é,n) = rlay) + } m(a,,a)r(a) =

a<
20

L

Xyx Xy xeoe xR+ )(: m(ag,a)ala) =
a.ao

( I m(P,a)ra)) ( § mQ,b)A(b)).
aEM(D) beM (D)

The above relation and the definition of multiplication of
polynomials_implies that there exist aYb“E M(D) so that

v

v
a + b

1

o
o
-

n(P,a’) # 0
#

m{Q,b")

Since P and Q are of positive degree,

a¥ #.8 and b’ # 0.
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There exist a partition

{6(1)secesc(WIU{T(N),eee,t(V)} = {1,2,...,n} ,
u>0, v>0, 1+ v = n,

80 that
a = |

xo(1),...,xo(u))

bY = {

*r

yuo X
X (1) r(v)!

Note that the degree of P is u, andof Q is wv.

Since av#ﬁ and bv;éﬂ, we can find 1srsn-1

and 1sisu, 'sjsv so that

{r,c+1} = {o(i),c(3)} .

wWithout lost of generality we can assume

Now we consider

u(é,n) = X1x...=<Xn*-m(a0,ar,r+1)x1x...x Xr_1x Yr(r,r+1)x
x Y (X, e 1) XX ox..xX + ] m(ag,a)r(a) = PxQ =
a<a
a#ar,r+1

= ( § mp,a)r(a)) ( I mig,b)a(b)).
aEM(D) bEM (D)
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Since m(ao,a ) # 0, there exist cvﬂfQEM(D) such that

r,r+1

Q

+

o]
<
{

= a
r,r+1

0.,

=]
v )
0
<
e S N

0,

Q
o
H
ol
¢}
<
]
o

Without lost of generality we can suppose that Yr(r,r+-1)

is in the support of c¥. Now we consider two possible cases.

Suppose that Yr+1(r,r4-1) is also in the support of cY.

Then there exist a partition
{1(2]-0.'r—1'r+2'.0-’n}=

= {TI’("),-..,‘!T(U-'2)}U{Q(1)y-..,p(V)}

so that

Yr(r,r+ 1) ,Y (r,x+ 1))

Ry Xy ey * ! r+l

v
b = Xy X ()

Suppose that
(M seeavp} = {1} ,e.c,t() )

Then we have an equality. This can not hold because the right
hand side has a non~trivial intersection with {r,r+1} since

{r,r+ 1} = {o(u),r{v)} , while the left hand side have the
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trivial intersection with {r,r+ 1} by definition of

p(1),eee,p({v). Thus

{p(1)seceppiv)} N {a(1),...,0(u)} # 8.
Choose 1spsu and 1sgsv so that

o(p) = plg).
Set s = a(p) = plq).

Now by construction the degree of the polynomial P

in the indetermine X is greater then or equal to 1.

Xo(p) - %s
Also the degree of the polynomial Q in the indeterminate
Xp(q) = xs is greater then or equal to 1. Thus the degree
of u(é,n) in the indeterminate xs is greater than or equal

to 2. This contradicts to Lemma 3.6. Therefore, Y (r,r+ 1)

r+1

is not in the support of c’.

We have obtained that Yr+1{r,r4-1) is in the support of

dY. Thus there exist a partition

{1,2,0c.,0-1,x4+2,...,0n} ={5(1),c.,n{u-1)}YU{p(1),.c.,p(v-1)}

so that

c = (Xw(1),...,x“(u_1),Yr(r,r+1)),
(

o]
|

).Y (r,r+1)).

xp(.‘)lono'xp(v_-,! r+1
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Suppose that {n(1),...,n(u-1)} & {o(1),...,0(u)} . Then

(D) ,eee,mlu-1)} & ({o(1),...,0(u)}~o(u)).
since ofu) € {v{(1),...,7(u-1)}. Thus

{r (M everma-1)In ({t(D, et IU{o()l) # 8 .

This implies

{(n (1) yeeerm(u-In{c{1),...,t(v-1)} # @.

Let m{p) = p(g) = s with 1spsu-1, 1sgsv~-1. For the
same reason as above, the degree of u(é,n) in the indeter-
mine X is greater then or equal to 2. This contradicts to

Lemma 3.6. Thus

n(N,seeptlu-N3tc{o( e 0()}

For the same reason as above, the degree of u{é§,n}) in the
indetermirate Xs is greater then or equal to 2. This contra~-

dicts to Lemma 3.6. Thus
{“(1)’;-»'“(‘1*1)}3{0(1};.0-’0(11)} »
For the same reason

(p(N)yeeerplv=1} c 1 (1),ee.,1iv)]

Now we have

H

{r {1, eee,miu=~-1)} o) ,eeu,o{u=-1)1
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{p(1secerp(v=11Y = {1(1)seee,tl{v~1)}.

Without lost of generality we can suppose that

(1) = o(i) , i=1,...,u-1,
p(i) = (1), i=1,c0.,v=-1.
v
Thus a (XG(T)""’Xo(u))
v
b (XT(1),...,XT(V))
v s
c = (Xo(1),...,xo{u“1),Yr(r,r-+1))
v
d (XT(1),...,XT(V_1)'Yr+1(r,r+-1)).
Set T = {x0(1),...,Xc(u),XT(1),...,XT(V_1),Yr+1(r,r+ 1)1

We can consider the degree of f£€ R with respect to the indeter-
minates in T (in fact, we have an isomorphisms
R = %[D] = (x[D~T1)[T]). This degree we shall denote by deg,.

We have shown that

deg,P 2 u since deng(av) u,

]

degQ z v since degTA(dV) v.

Thus degTu(a,n) = degTP+ degTQ 2u+v = n. Since degTu(é,n)
is less than or equal to the total degree of u{é,n) which is

we have

degTu(G,n) = n.

Therefore, there exist asa so that

0

degTA(a) = n,
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Now

t
s{u) t(1) N t{v-1}
o(u) ¥ XT(T) ...xxT(v_1)XYr+1(r,r+13

s{1)
A (b)) x X0(1) X cae%x X

i}

A(a)

Where S(1),-.-,S(ll), t(?),...,t(v—1),toez+, and

deng(b) = 0. Lemma 3.6. implies
0= s(1l,...,s(u),t(1),...,t(v—1),t0§ 1.
Since degTA(a) = n we have
s(1) =s{(2)=...=s(u) =t(1) =...=t({v-1)=¢t,=1.

The fact that the degree of A{a) is n implies b

it
)
L]

By the above construction we have obtained that

a = (X reeesX (r,x+1)) s ao.

a(1) o(a) Xr (1) B (v=1) e+

By {(iii) of Lemma 3.1 we have
Tr(a) = Trlay).

The calculation of e(ao) implies
Tr(ag) = n * Re (5¥).

For the multiset (Xc(i)""’x ),X

o(u 1(1}""'X1(v~1))

we have the two following possibilities.
The first possibility is

(xc(1’t-ooyxg(u) 'XT(1)'...'XT(V“1))

(X1lnQQ'xr-1'Xr*1’t.¢’Xn)o



Then Tr{a) = Tr(ao) - Trxr + Try {r,r+ 1) =

r+1

=nRe (X¥) - (J)Re (x+y+ (n=1)-2r+2)

+—12-Re(x+y+ (n-1)=-2xr+1) = n Re(-’%z) - -;— .

We obtained

Tr(a) = n Re (§§X) - % .

The second possibility is

{X0(1)f.-.'xo(u) ,XT(.,),...,XT(V_.!)):

(X1'0~-'Xrlxr+2'bto,xn).

Then

Tr({a) = Tr(ao)-Tr xr+1+-Tr Yr+1(r,r-+1) =

= n Re(ﬁgx) + % .

In the both cases we obtained
Tr (a) # Tr (ao).
This contradiction concludes the proof of the proposition.

Now let for a moment F be either € or R. Let Py
be the subgroup of G, = GL(n,F) consisting of all matrices
with the bottom row equal to (0,...,0,1). Let w be a
topologically irreducibleunitary representation of G, (in
some Hilbert space), n€m. By [12], the restriction of 1

to Pn remains topological irreducible. This result, by
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H. Jacquet, implies the following one{see introduction of
{2]). If ¢ is a topologicallyirreducible unitary represen-
tation of a Levi factor M of a parabolic subgroup of Gn'
then the parabolicallyinduced representation of Gn by

o from P is topologicallyirreducible (the induction

we consider is normalized).

Passing to Harish-Chandra modules we obtain (UO) for

F=0 or R.

At the end, Proposition 2.1 together with the results

of this section implies Theorem A for the case F = C.
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4. A conjecture on GL(n,T)

In this section we assume T = {{. Note that
(B,k) > 8(8,k}) , KEX,BEE, ReB = 0,
is a parametrization of p.
4.1. Conjecture: Let k€ZX, neN and BEC with Rep= 0.
Then the relation
v 2a(s (8,50 m) x vV 2u(s(8,k) m) =
= u(s(8,k),n+ 1) xu(s(g,k),n-1) +
+u (§(B,k~-1),n) xu(s(B8,k+ 1),n)
holds in R.
Suppose that n=1. Then the above formula is
w25 08,%) x v 25 (8,x) =

= u({é(B,k),2) +8(B,k-1) x 6(B,k+ 1)

§(B+1/2,k) x 8(B-1/2,k) =
= L(§(B+1/2,k), 6(B~1/2,k)) + &(B,k~1)x&(B,k+1).

The third section implies that this formula holds. Thus,

Conjecture 4.1 holds if u = 1.
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By an old result of I.M. Gelfand and M.A. Naimark,

representations
u(s(B,k),n+ 1) xui{s{g,k) ,n~-1),
u(s(8,k-1),n) xu(s(g,k+ 1),n)

are irreducible (they are degenerate unitary principal series).

By Proposition 3.5. we have that

w205 (8.%) ,m) x v Y 2u(s(8.%) ,n) =

oV 1/

2L (a(s (8,%) ,m)) x v ' ?L(a(s(8,k) ,n) =
= Liv/?a(s(8,%) ,n)) x Lv" 7/ 2a(s(8,k) /n))
contains

1/

Liv/2a(s(8,k),n) +v ' 2a(s(8,%),n))

with multiplicity one. Since
v2:30808,%),m) + v V225 (8,%) 0 =

= a(s{(B,k),n+ 1) +a(s{B,k),n-1)

we oObtain:

4.2. Proposition: The representation

w1248 (8,%) ,n) x v~V 2u(s(8,k) ,n)

contains the irreducible representation

u{s(8,k),n+ 1) xu({s6(Bg,k),n~- 1)

with multiplicity one,
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5. Real general linear group I

In this section we assume that P = R . First we shall
parametrize D. The signum characters of R~ is denoted

by sgn. Clearly sgn € pY and G1 c D.

Let 61,62€G1. If 51x62€Irr then

6% 8,=L((64,8,))-

By [81, §, %8, ¢ Irr if and only if there exist p€Z,p # 0,
so that

61(1:)52(1:)‘1 -tPsgnt, temwm

Suppose that 61x 62 ¢ Irr. Then there exist y(61,62)€13

so that

§1% 8, = L(8,8,)) + v(8,,8,).

The mapping

xG, —> DG

Gy *x &y

1

is surjective. We have y(61,62) = Y(5{'5é) if and only if

one of the following conditions is fulfilled

= = ] .
1) 61 = 6; and 62 62 ;
2) 61 = 65 and 62 = 6{ :
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3) 8

n

1 6% sgn and §, = 8} sgn;

1l

4) 61 65 sgn and 62 = 6{ sgn.

The relation §,x 6

1 2 = L8,,8,)) + v(8,,8,) implies

+ + 4
We have also

Thus
u = =
Y(61,62)€13 <z=> 1/2(6(6?}*'9(52)) 0.
Let 7(61,62)6 Du. By the definition we have
6,671 = P sgn t
1°2 gn t.
oy mji
[s1
Set 6?(t) = {t] 1. Then

Y(61,62) = Y(6§.6§)

m
where 55 = 5zcsgn) 1. We have

a.=-q m, ~-m
le) ! 2(sgn t) 172, tPsgn t =

=ltlp(sgn t)P+1 .

m1 -

Thus @, = ay =P and (sgn) 2 - (sgnlp+1.
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Now
a m m
§3(t) = Itl ° sgn (£) 2 « sgn(t) ' =
o m.-m o a,-a.+1
= 1t] %2 sqn(t) ' 2= jel 2 sgn (1) ' 2.
Let x,y€ET so that x - y€Z~{0}. Set
5,(8) = 1£1* , 6,(t) = 1t1¥ sgn(e)*¥*1. Then

6,6, (t) = t*¥ sgn t and we define y(x,y) by
Y(x,y) = Y(51'52)'

By definition Yix,y) = y(y,x). If vy(x,y) = v(x',y'")
then x = x! and y =y' or x =y' and y = x'.

Now we have

Y(XJY)+ ='Y(";£l “.}_;)I

e(y(x,y)) = Re ¥ .

Let XxX,YE€ET, x - yEE~{0}. Set
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‘Then n€Z~{0} and B E€C. Clearly, x and y are uniquely

determined by B8 and n. Set

s§(8,n) = v(x,y).

We have &8(B,n) = 8§{(B,~n). If &8(B,n) = §(8',n'} then

g=f' and n = in', Thus

ot
CxN —> D\G’1
(B,n) +—> &8(B,n)
is a bijection. We have directly

s(g,n)" §(-B,n),

)

L1}

e{s(8,n)) = Re B,
6(-}%2, x-y) = y{X,v),

§(B,n) = y(B+ 5 ,& ~ 3).

Note that for o€ R we hve

i

vV (x,¥) = yilx+ o,y + a)

4

v*§(B,n) = 8(B +a,n).

If x€¢€ and ¢ € L/2%, then we set
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Y (%) (t) = it1*(sgn £)% , tEG,.

Now (x,e) —> y_(X) , Tx(Z/2%) —> '51 is a bijection which

parametrizes G,. Clearly

1
el (X)) = Re x.

Recall that in this notation we have

5.1. Proposition: We have

YE(X)XYE, (x') € Irr

if and only if x - X'€Z~{0} and x - x' + 1 = ¢ - ¢' in

X/2%2. If the above representation reduces then we have
Yelx) X v (x') = Ly (x),y o (x")) + v(x,x').

Now we shall describe the infinitesimal character of Li{a}
when a€ M(D), Let &€ D. Suppose that &€ 51 . Then

6=Y€(x) for some xXx€T and c€ Z/2Z. Set
x(8) = (x) eM(T).

I1f § ¢ E‘l » then § = y{(x,y) for some x,y€E . Set

0

x (8) (x,y) € M(T) .

Let a = (61,...,6n)€M(D). Set

x (a) x(51)+...+ x(ﬁn)EM(ﬂ:).

For §€D we have defined the graduation gré of § since
§ 1is in a graded ring R(gr§ € {1,2} ). Let a = (61""’51'1) EM(D) .
We define
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gr(a) = grcS1 touat ngn .
With this definition we have
gr{a) = card yla).

Let a_ cg be the Lie algebra of the subgroup A  of
all diagonal elements in Gn‘ Let ai and gm be complexifi-

cations of these two algebras. The universal enveloping algebras
of ag and gg are denoted by U(ag) and U(gg). The center
of the algebra U(gg) is denoted by Z(gg). We consider the

Harish-Chandra homomorphism

£:2(30) —> u(al) .

*
Let (ag) be the space of all complex linear functionals-.on

LM . C,*
an. For A € (an) let
T
EA‘Z(gn) —>

be the composition of § with evaluation at A,

Let Ag be the connected component of An containing

identity and M the torsion subgroup of An' The normalizer
of A, in K, is denoted by M'. Set W = M!'/M. Now W

g. As it is wellknown , every homomorphism

acts on gg and a
of Z(gg) into T 4is obtained as &A for some Mlag)*. Also

EA= Eu if and only if WA = Wu.

"We identify gg in a natural way with the Lie algebra of all

complex nxn matrices. Then ag is the subalgebra of all

diagonal matrices in gg. Now W acts on ai by permutations
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of diagonal elements and W is isomorphic to the permutation

group of the order n.
*

Let A € (ag) . Then there exist A1,...,An€i¢ so that

. >
A:diag (XT""’xn) A1x1+...+knxn

pefine AY:a? —> ¢* by

n

AT An
diag (a1,...,an)i~«> a;  ...oay .

*
The mapping A —>2Y is a group isomorphism of (ag) onto the

group Ag of all continuous homomorphisms of Ag ; into m“ .
*
Note that A k~>(A1,...,An) is an isomorphism of (ag) onto
n

7. In this relisation W acts by permutations of coordinates.

Therefore
T *
(ag) /W

can be identified with the set of all multisets (A1,...,An)

in € of cardinal number n.

Now let Ye (X)) enory, (xn)EZET. Set
n

1

a = (y (X1):---:Y£ (xn)).

€1 n

*
Let p¢€ (ag) correspond to (x1,...,xn) under the above
identification. Then by Lemma 4.1.8. of [26], A(a) has in-

finitesimal character which equals to Eu.
Let a€M(D), gr a = n. Set

X(a) = (X“,'..,xn).
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Then by Proposition 5.1, there exist 81,...,€n€ZZ/ZZ so that

each 7€ Irr which is contained in A{a} , 1is contained in

A((YET(X1),---,Y€n(Xn»).

Therefore the infinitesimal character of A{a) is Eu ’
where u is as above. Thus we have proved:

5.2. Lemma: Let a,b€M(D) with gr a = gr b. Then L(a)
and L(b) have the same infinitesimal character if and only

if
x(a) = x(b).

Now we shall describe a neccessary conditions for

a,beM(D) that L(b) is contained in A{a).

ILet a = (61,...,6m)€M(D). We say that (61,...,6m) is

in a standard order if
e(61) Ze(dz) - ae(ﬁm).

Set e(8) = (e(8)) €M(R) 4if G8€G, and
e(d) =(e(8), e(8)) eM(R) if § € DNG,. Let

a = (61,...,6m)'€M(D), gr a = n. Suppose that

e(d ). rel ) = (Xy,..00x))

n
>
where x1 > 2xn. Then such (x1,...,xn) ER is

uniquely determined by a. We define ef{a) by
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e(a) = (xX;s0..,%)) eR” .

The number XobeootX is denoted by Tr a.

We define a partial order on R  as before by

(x1l"‘lxn) p (YTI"'Iyn)

if and only if
X4 s y1
X4 + X, s y1 + Y,
X1+ at.xnsy.‘ +‘ LI +yn.

This i1s a partial order on R,

n
For x = (x1,...,xn) ER we set Tr x = x1+...+xn.

If a€M(D}) , then we set Tr a = Tr e(a).

5.3. Lemma: Let a,b€ M(D). Suppose that L(b) is

contained in A(a). Then:

(1) gr(a) = gr(b);
(ii) x(a) = xib);
(1ii) Tra. = Trb
(iv) e(b) = el(a);

(v) We have a # b if and only if

e(b) < ela).



Proof: The first statement is obvious. Since L(b)
and A(a) have the same infinitesimal character, {(ii)

is a consequence of Lemma 5.2.

Let ¢ = (61,...,6m)EZM(D). After a prenumeration

we can suppose that

6i = Y(Xilyi)  15i<k

§, =v

< 4 <
i _(Zi) , k£isgm

£
1

< < o
for some 1£ksm+ 1, xi,yi,ziem, eie,z./zx. Then

X(eY = (Rys¥qreees®p_102psen0r2z ). Now we have
Tr ¢ = Re(x1+y1+x2+y2+...+xk_1 Y % +...+zm).

Thus Tr c¢ depends only on x(c) . Now (ii) implies (iii).

Let gr (a) = n. Set
1

81 = (1101---10) "'1:1‘ (1,1, --11)
8i= (1,1(,.--,1101c.-;0) —i(‘];---y“)

L_ﬂ*T_M__J

i-times )
8 = (1 1,00 - 221 (4 1)
n__1 LA 4 r n AN} -

We consider on R the following form
n

<(X1,...,Xn),(y.‘,-..,yn)) = Z xiyi‘

Now by Proposition 4.13 of [4] we have



-66~

<Bi:2(b)> p <Bi'g(a)> 1 0= 1r'~-rn"1-
Also, if all n-1 above inequalities are equalities then
a=D>b, by the same proposition. Note that

((x1,...,xn),Bi) = x1+...+xi - % Tr(x1,...,xn).

Using (iii) we obtain (iv) and (v).

5.4. Lemma: (i) L.et a€ m(D). The set of all b€ M(D) so

that x({a) = x(b), is finite.

{ii) Let ai,biEIM(D), i = 1,2. Suppose that

elb,) se(ay) , 1= 1,2, If
E(alﬁ-az) = g(b1+-b2),
then e(a;) = e(by), 1 = 1,2,

Proof: The statement (i) is a direct consequence of the

definition of x(b), b € M(D).

Suppose that ai,biEM(D) and g_(bi) S_e_(ai), i=1,2.
Let g(a1) # g(b1) or g(az) # g(bz). We can take that

ef(ay) # e(by). Now e(b,) sela ).

Set

i

(e1t-~-ren)f§ja2) = (en*1"“'em+n)’

(fn+1'°"'fm+n).

1]

e(by) = (£4,...,£ ) ,e(b,)

Choose a permutation o of {1,...,n+m} so that
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£ 2 £ 2...2f

o~ " 5y T o Vinem

Now

e(b, +b )= (f eeif ).
=1 2 o~y o Yn+m

We can choose o such that o satisfies
-1, . -1,. . .
120 (i) <o "{(3Ysn => 1i<j,

m+1€0 (i) <o 1 (3) $n+m => i<i.

Now elb,) §§_(a1) implies that
E(b +b ) - (f — (‘I'If - ) i
vo2 o~ (1) o™ (n+m)
£ (e -1 reeer® g ).
o (1) o (n+m)
Since e 4 1eee1® 4 ) zela,+a,), we have

g (1) ¢ {n+m)

e(b, +by) fela; +a,).

This proves (ii) of the lemma.

5.5. Lemma: Fix a€ M(D).

(i) There exist mg € Z+ such that
Ala) = J  meL(b).
b EMI(D)

If mgfo then x(a) = x(b) and e(b) <e(a).

{ii) We have m: = 1. Thus
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Aa) = L(a) + 7 31.(b) .
x(b) = x(a) "»
e(b) <ela)

{iii) There exist m(a,b) €Z so that

L(a) = )} m(a,b)A(b).
bEM (D)

If m(a,b) # 0 then x(a) = x(b) and e(b) s c(a)
{iv) We have m(a,a) = 1. Thus

L(a) ¥ A(a) + ) m(a,b) A(b).
x(b) = x(a)
e(b) <e(a)

(v) Let c €M(D), ¢ # a. Suppose that c¢ satisfies the

following condition

(C1) The representation Lic) 1is contained in A(a) and

for each d €M(D) so that x(d) = x(a) and e(d) <e(a), we

have
e(c) £ e(d).
Then m{a,c) # 0.
(vi) Let c€ M(D), c#a. Suppose that ¢ satisfies the

following condition:

(Cz) The representation L(c) 1is contained in A{(a). and

for each 4 eM(D),d # a, such that A(a) contains L{(d) we

have

e(c) £ el(d).
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Then m(a,c) # 0.

Proof: The fact that L(a) has multiplicity one in A(a)
({28]) and Lemma 5.3 implies (i) and (ii). We prove (iii),
(iv) and (vi) by induction in the following set. Let x€ M(T).

Then we consider the set
X = {ae M(D); x(a) = x}

Suppose that a€ X and that there is no b€ X such that
e(b) <ef(a). Then (ii) implies (iii) and (iv) for such a. Now
(vi) 1is obviously satisfied because there is no ¢ which

satisfies (C2 ).

Let a€ X be arbitrary. Suppose that (iii), (iv) and

(vi) holds for b€ X with e(b)<e(a). Then (ii) implies

L(a) = Aa) - ¥ mgL(b) =
x{b) = x(a)
e(b) <ela)

= A(a) - ¥ mi(A(b) + ] m(b,c)Aric))
x(b) = x(a) xf{c) = x(b)

e(b) <e(a) elc) < e(b)

After a gathering of the terms in the above formula for L(a),n
we obtain (iii) and (iv). Suppose that <c€ M(D) satisfies
(Cz) {clearly c€ X) and m(a,c) = 0. Therefore, there

exist b€ M(D) so that

mg # 0
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and
e(c) < e(b)
This contradicts with (Cz).

If ce€M(D) satisfies (C1), then ¢ satisfies (Cz).

Thus (v) holds.

Now we shall prove (U4).

5.6. Proposition: If a,b€ M(D), then L(a) x L{b) containes

L{a+ b), and multiplicity is one.

Proof: Similary as in the proof of Proposition 3.5. one

obtains

L{a) xL(b) = (A(a) + Y m(a,e)r(c)) x
' x{c) =x(a)
e(c) <el(a)

x(A(b) + J  m(b,d)r(d)) =
x(d) =x(b)
e(d) <e(b)

= Ala+b) + ) m(b,d)A(a+ d) +
x {d)=x{b)
e(d)<e(b)

+ Z m(a,clA{c+ b) +
x (c)=x(a)
el(c)<e(a)
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+ ¥ ) m{a,c)m(b,d)A(c+d) =
x{c)=xta) x (d) =x(b)
e(c)< e(a) e(d)<e(b)

a+b

= L{a+b) + ) m - L{u) +
X (u) =x(a + b)
e(u)<e(a+b)
+ 7 ) m(b,d)n®*9
x(d)=x(b) X (u)=x(a+d) u  Llw)ow
e(d) <e(b) el(u)se(a+d)
+ ) oL m(a,c) Liu) +
x{e)=x(a)  x(u)=x(c+b)
elc)<gla) elu)se(c+d)
+ ! ! ) m(a,c)m(b,d)nd L (u).

x(e)=x(a)  x(d)=x(b)  x(u)=x(c+d)
elc)<e(a) e(d)<e(b) e(u)se(c+d)

By (ii) of Lemma 5.4. we see that

L{a) x L(b) = L{(a+b) + mm
TeElry n
L {a+b)

This is just the statement of the proposition.

Now we shall see that (U1) holds for GL(n,R) . Essentially

B. Speh proved it in [20]}

5.7. Proposition: Representations

u(d,n)
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are unitarizable when &€ DY

and neEN.

- Proof: If gré = 1, then u(§,n) is a unitary character

of Gn obtained by composing 6 with the determinant
homomorphism. Thus u({é,n) is unitary. It remains to con-
sider the case gr §= 2. Then § = §(f,m) with mem,BEC

so that ReB= 0. If B = 0 then Theorem 3.5.3. of [20]
implies unitarizability of wu(é(0,m),n). From &(B,m) =v86(0,m)
we obtain

u(8(8,m,n) = vPu(s(0,m ,n).

Since vB is a unitary character of GZn,u(étB,m),n) is

unitary.

One can also consult [10] for a proof of the above

proposition.

The following proposition is related to (U2).

5.8. Proposition: Suppose that (UO) holds. Then (U2) holds,

i.e.
T(u(d,n),a)
are irreducible unitarizable for § € Du,O < <1/2, neEN.

Proof: Note that several authors have proved that w(u{(é,n),a)

is irreducible unitarizable, if gr § = 1.

First we shall prove that w(u{d,n) ,a) are irreducible.

For this we do not need (UO).
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et a = (61,...,6u), b = (6u+1,...,6u+v)€:M(D).
Suppose that 6i><<3j €Irr for all 1sisu, u+i1sjsu+v.

Then
L(a) x L(b) € Irr.

Such result was proved in [31] by A.V. Zelevinsky in the case
of GL(n) over non-archimedean fields. His proof applies after
neccessary modifications also to the archimedean case. Let
gr(a+b) = n. Suppose that ¢ is a permutation of {1,...,u+v}

which satisfy the following assumptions:

1 £0(i) <o(j)su => i<,

u+ 120(i) <0(j) su+v => i<j.

Let T be the parabolicaly induced representation from a

suitable parabolic subgroup by

® ... ® § .

® o{u+ v}

Ss(1) @ Sa(2)

Induction by stages implies that all T, are isomorphic.
Note that the representation 1 parabolicallyinduced by
L{a) & L(b) is a quotient of Tig* The above consideration
implies that 1 has a unique irreducible quotient, and this
quotient is isomorphic to L{a+ b). Repeating the above
considerations witha and &, one obtains that T has a
unique irreducible subrepresentation isomorphic to L(a+b).

The multiplicity one of L(a+b) in A(a+Db) implies that

T is irreducible.
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Now we shall present a sufficient condition for
u _ .
61,626 D that 51x 626 Irr. Let 61 = Y(xi'yi)’ i= 1f2'

Suppose that

W
—
1

X, £ Z, or

]
]

1 Y, ¢ &, or
Yq © %X, ¢ %, or
y“ - Y2 ¢ Z.

Then 61x 62E Irr.

Note that the above four conditions are equivalent since

x1-y1€x and x cZ.

2~ Y2
Now we shall see that 61x 526 Irr. Suppose that
61x 62 ¢ Irr. Set a, = (51,62). Since 6§, x 62 is not

1
irreducible, there exist a€ M(D) so that

x(a) = x(ay} and e(a) <elaj).

The condition x(a) = x(ao) implies that a is one of the

following multisets

(Y (X1 ry-!) I Y(xz IYZ) ) [4

(Y€1(X1):Y€2(Y1):Y(X2:Y2));

(YET(X1)'YE (le,vg (xz),veu(yz)),

2 3

with 51,82,53,eu6.2/22. Direct checking implies e(a) 2 efagp)
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in all four cases. This is a contradiction.

An immediate consequence of the preceding two

remarks on irreducibility is the fact that

m{u{é,n),a) € Irr

for 0 < a < 1/2.

Now n(u(ﬁ,n),O)EﬁIrru by (UQ) and thus
m{u{é,n) ,a) € Irr for 0 £ a < 1/2.
Well-known analytic properties of intertwining operators
implies unitarizability of #{(u(é,n),a), 0 < a < 1/2. For
the formal proof one can apply B. Speh criterion in §3 of

[19] for existance of complementary series, and the first

part of our proof.
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6. Real general linear group II

In this section we assume that F = I]R . Here we

prove that wu(dé,n),S €D, are prime.

6.1. Lemma: Let & € ET and n€N. The element u{é,n)

is a prime element of the factorial ring R.

Proof: Note that it is enough to consider the case of n2z2

by Corollary 1.4.

Let 6= Ye(x). Then

n- - -1
a(é'n) = (YE(X+§~2-1)IY€(x+n21_1)10001Y€(xt-—9—2——)¢

We consider u{d,n) as a polynomial in indetermines D. Since
x(a(d,n)) consists of n different elements we see that the

degree of u(d§,n) in any indetermine is 0 or 1.

- n-1_. . .
Set Xi-'%(x+ 5 i+ 1), 181sn;
= .1:.1::.1— .!_1.:-1-—' < 3 < .
Xi,j Y{x+ ) i+1, x+ ) i+ 1), 1-:"-<3-n:
ap = (X1""’Xm);
ai’j = (X1,...,Xi_1,xi'j,xi+1,...,Xj_1,Xj+1,...,xn),
1$1i<jsn.
Fix 1si<n. Now we shall show that a satisfies

i,i+1

condition (C1) of Lemma 5.5 with respect to a It is clear

0"
Let d€M(D) sc that

that A(ao) contains L(ai,i+1)'
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x(d) = x(ag) and e(d) <e(ay). One can see directly that
there exist 1 sj<k £n so that

e(d) s g(ajlk) .

Thus for the proof of the condition (CT) for a,

i,i+17 it is

enough to see that

efa

for all 1<j<ks£n. Suppose that such 3,k exist, i.e.

elay, i+

<elay )
Note that s(ag) = ("I}'%'l,'{l":z:l - 1;---, - ﬂ%l) + (ReX) (1,1]:..,1)]

- -1 -1 .1 1
‘n21"'°'n21"‘ *2'272’1““’2' 5 ~it oy

ela; ,541)

n-1 . n-1

-

2 Treer =75

) + (Re x)(1,1,...,1).

Now one obtains directly that ela

e i,i+1}':§(a ) implies

ik
i2j and k£i+ 1. Thus i = 3j, i+1 = k. This is a

contradiction.

Let u{é,n) = PXQ be a non-trivial decompcsiticn.
Corollary 1.6. implies that P and Q are homogenious elements
of R, By {(iv) of Lemma 5.5 graduations of P and Q are
greater then zero. Set

p= 3 m(P,a)x(a)
a€M (D)

) m(Q,a)A{a).
aEM (D}

O
i
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We have
n-1
u(8/m) = Alay) + i21 mlag,ay j4q) 285 5440 *
) m{ag,a)i(a) = PxQ.
atEM(D)
atagearay
where m(ao,ai,i+1) # 0 by (v) of Lemma 5.5. There exist
a’,b’ € M(D) so that

av-t-bv = ao,
m(P,a’) # O,

m(Q,b}) # 0.

Find a partition

{1,ec0n} = {o(M),e.e,o()} U {T(1),. .., T(V)}

v o_

Vo= (x rero X ).

b

(1) (V)

Here u+v = n and uz1l1, v21. We can £find 1<£'1%5u,

15 jsv so that
{e,c+1} = {o(i),7(3)}

for some 1s5rsn. Without lost of generality we suppose that
. . . v .V
i=u, j=v. Since m(ao,ar’r+1) # 0, there exist ¢ ,d € M(D)
so that
v v
c +d ar'r+1
m(P,c’) # 0
v
m(Qld ) # Qy
gr ¢’ =

ar dv = v.



~79-

v

We can suppose that X is in the support of c’.

r,r+1
Now one obtains directly that there exist

XE€ {x1,...,xr_1,xr+2,...,xn}

so that X 1is in the support of aV and in the support
of a'. This means that the degrees of P and of Q in
the indetermine X are greater than zero. Thus, the de-
gree of u(dé,n) in X is greater than or egual to 2. This
is a contradiction which proves our lemma.
6.2. Lemma: Let x,y€ T. Suppose that x - y = K€MN.
(1) If k=2 3, then

Y{(x,¥) xy(x+1,y+1) =

= Lly(x,y),y(x+ 1;y+ 1)) + m{y(x,y+ 1) xyl{x+1,y))
for some meEM.
(ii) If, k¥ = 1, then

y{x,y) x y(x+1,y+1) =

L{Y(x,¥), v (x+1) ,y+1)) + mlyy(x) x v, (y+1) x y(x+1,y))
for some mEM. Note that x = y+ 1.

(iii) If k = 2, then there exist mO,m1,m2€IZ+ such that

Y{x,y) x y{x+1,y+1) = L{y({x,y) ,y(x+1,y+1)) +

my Y{X,y+1) Xy (x+1,¥)) + maLl{y () Y  (y+1) ,y (y x+1)) ) +
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m1 +m2+m321.

The above lemma will be proved together with the

following:

6.3. Lemma: Let x,y€C and r€E. Suppose that

X -y =

keEN. Set

ag = (vy(x,y),yY(x+r,y+r})).

Let a€ M(D) so that x{a) = x(ao) and

ela) < ela;).

(1)

(ii)

(iid)

(iv)

We have _e_(ao) = (r,r,0,0) + Re (%1)(1,1,1,1) and
e(ay) >ela) 2 (r/2,r/2,x/2,x/2) + Re (55X) (1,1,1,1).
If k>2r or r = k, then

e(a) = (£/2,r/2,r/2,r/2) + Re (554) (1,1,1,1).

If 2r2k>r, then e(a) equals to one of the

following terms

(r/2,x/2,x/2,x/2) + Re (55X) (1,1,1,1),
(k/2,x/2,7/2,7-k/2) + Re (55X) (1,1,1,M).

If r>k, then e(a) equals to one of the

following terms
(r/2,r/2,c/2,/2) + Re (53X) (1,1,1,1),
(r-k/2,x/2,x/2,k/2) + Re (53X) (1,1,1,1),

(r/2+k/2,x/2+k/2,x/2-k/2,x/2-k/2) + Re (5%1) (1,1,1,1).
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Proof of Lemmas 6.2. and 6.3.: Let x,y€€ such that

X-y = kEM. Set a, = (y(x,y),Y(x+r,y+r)). Let a€ M(D)
so that x(a) = x(ao) and g(a)'<g(ao). Note that if

A(ac) contains L{a) and a # a , then two above condi~-

0
tions on a are fulfilled.

The condition x{a) = x(ao) implies that a is of

one of the following forms

a; = (y{x+r,y),y(y+r,x))

a, = (Y(X+r,y),YE1(y+r),YEZ(X))

az = ly. (x+x),y_ (y¥),v{y+x,x))
1 2
a, = (751(X+r),y€2(y),783(y+r),vg4ix))
ag = (y(x+x,x) ,y(y+r,y))
ag = (Y€1(X+r).Y€2(X)fY(Y+rrY)}
a, = (Y(x+r,X).Ye1(y+r),v€2(y))

for some 61182163:€4€EZ/22. We have directly

Re x = Re (XX + XX) = (x/2) + re £X,

Re v = ~(k/2) + Re E%X P

L}

elag) = (r,r,0,0) + Re (X (1,1,1,1).

Note that Tr e(a) = 2(r + Re(x+y)). This implies directly

that

ela) 2(r/2,r/2,r/2,x/2) + Re 2L (1,1,1,1) .

Thus (i) of Lemma 6.3. holds.
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H

{k/2) + r + Re §§X, the condition

g(a)<:§(a0) implies that a can not be equal to

Since e(YE(Xi-r)}

a3,a4,a6. Since e(Ys(y))~= -{k/2) + Re 5%2 r the condition
e(a) <e(a;) implies a # a,.
Thus a 1is equal to ajra, oOr ag.

Suppose that r > k.

e(a;) = (x/2,x/2,x/2,/2) + Re (55X) (1,1,1,1)
ela,) = (r-(k/2),r/2,x/2,k/2) + Re(ZF) (1,1,1,1)
elag) = ((x/2)+(k/2), (x/2) = (k/2) , (£/2) = (k/2)(x/2)-(k/2))

+Re (50 (1,1,1.1).

This proves {(iv) of Lemma 6.3.
Suppose that k >r. Then
g(as) = ((x/2)+(k/2) ,(x/2)+(k/2) ,(x/2)-(k/2) ,(x/2)-(K/2))

+ Re (554) (1,1,1,1).

Since (xr/2)-(k/2) < 0 it can not be g(a0)>'g(a5). Thus
if k>r then a = a, or a = a,. This implies (iii)} of

Lemma 6.3.

Let k> 2r. Then k>r and thus a = a1 or a = a,.

We have
elay) = (k/2,5/2,x/2,x-k/2) * Re(55)  (1,1,1,1).

Since r - r/2<0, it can not be g(a2)<:§(a0}. Thus a = a,.
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Therefore, we proved (ii) if k> 2r.

ILet k = r. We showed that a = a4 or a = a,

or a = ag. Now
elag) = (r,r,0,0) + Re (L) (1,1,1,1),

and thus g(as) = g(ao). Therefore a = ag. Thus a = a,
or a = a,. Since k = r we have y + r = x. Thus a, is
not defined in this situation. This implies a = ay-. Now

the rest of (ii) is obvious.

We have proved Lemma 6.3. In the rest we shall suppose

r = 1. Now we shall prove Lemma 6.2.

By §2 of [19], v(x,y) xy(x+1,y+1) 4is reducible
(see also §5 of [19]). We know that L(ae) is a composition
factor of A(ao) with multiplicity one. Thus there exist
a € M(D) so that L(a) is contained in )\(ao) and a # ay.

This implies that x(a) = x(ao) and g(a)«:g}ao).

Let k23. Then k> 2r.Now the first part of the proof

implies
a =a, = (y(x+1,y) ,v{y+1,x}).
This proves (i) of Lemma 6.2.

Suppose that = 1, Then k¥ = r and the first part of

the proof implies

W
i}
V)
i

2 (Y(X+1rY):Y€1(Y+1)pY€2(X)) =

(?(X+1}Y):Y€1(X);Y£.(x))
2

]
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since y + 1 = xXx. We need to determine which €, and €,

are possible. Note that Yy{x,y) 1is a composition factor
of YO(X)X Yo(¥) and y(x+1,y+1) is a composition factor
of yo(x+1)x YQ(Y+1)- Therefore L{a) is a composition factor

of

YO(X) x yo(y) x YO(X+1) X Yq (y+1).

Let I be identity of G,. Then --I4 acts in the above

4 4
representation trivialy, and thus —14 acts in Li{a)
trivialy. Now Y(y,x+1) is a composition factor of
yo(x+1)x y1(y). Thus L(a2) is contained in

Yo (x+1) x v, (y) x 751 (x) xy_ (y+1).

2

1+€1+€2

Here —14 act as multiplication.by {(-1) . Thus

1+£1+€2
-1, acts in L(a,) by (=1) . Since L(a) = L(a,)

we have é1+s2 = 1 in %/2x. Thus
a = (71(x).70(x),Y(Y,X+1}) .
This proves (ii) of Lemma 6.2 since
ely,(x)) = elyy(x)) = ely(y,x+1))

We obtain (iii) of Lemma 6.2. in the same way as

(i) and (ii}.
Now we can prove (U3).

6.4. Proposition: Let 6€D and n€NW. The representation

u{d,n) is a prime element of the factorial ring R.
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Proof: By Lemma 6.1. we can suppose that ¢ € 51. Thus
gr §= 2 and we can choose Xx,y€L so that x - y = k€W

and §=vy(x,y).
Without lost of generality we can suppose
Re(x+y) = 0

(if c€R , then L{a) — vaL(a) lifts to an multiplicative
automorphism of R). We need the above assumption only for
simplifying notation. By Corollary 1.4. we can suppose

that n z22.
Set

4]
i

0 a(yi(x,y).,n),

Y(X"’B:‘l -i+1, Y”'E:l"'i‘*”‘)l

X5 3 3

3

1

i=1,...,n. Clearly
0 = (X1,...,Xn).

Suppose that u(y{x,y).,n) = L(ao) is not prime.
Let

L(ao) = P xQ

be a non-trivial decomposition (i.e. P and Q are not
invertible in R). By Corollary 1.4. we know that P and

Q are homogereous in R. Let

P= ] m(P,a)A(a),
aeM (D)
Q= I miQ.,a)iia).

aEM (D)
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By (iv) of Lemma 5.5 we have

L{a = X

o)

H

X, x X, x

(ay) + 2 m(ag,a)d(a) =
x(a)—x(ao)
ela)<e(aj)

ce XX+ ) m(ag,a)i(a).
x(a)=xf{ag)
ela) elag)

The above formula implies gr P21, gr Q2 1. The definition

of multiplication in R -implies that there exist

a¥v,bY € M(D) so that

av+bv=

a

OI

m(P,a’) # 0,

m(Q,b’) # O.

Since gr P>0 and gr Q>0 we have a' # § and bV £ @.

Take a partition

{6(1) sene 0@ BLT(N),eeest(v)} = {1,2,...,n}

where uz2i,vzi, u + v = n, so that

v

4]
|

bY = (X

Now gr P = 2u and

We can find 1

so that {t,t+1}

we can take that 1

(XO(T)"'°'XU(U))'

T ey

gr Q = 2v.

Stsn-1 and 1S8isu, 1sjsv
{o(i),T(j)}. After a prenumeration

=u and j = v, if.e. {t,t+1} ={o(W,t(v)}.
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We compute directly

(n—1 n-1 n-1 n-1 n-1

E(ao) 2 T 1 N I 2 ’ ""’2"')-

Suppose that a, satisfies the condition (Cz) of Lemma 5.5.
with respect to (xt,xt+1). Now the end of §3 of [21] (more
precisely Corollary 3.15., Lemma 3.8 and Theorem 3.7. of

[21]), Lemma 5.3. and Lemma 6.3. imply that

at't+1 - a1+ (X.i;...,xt__,‘,xt_&z,...,Xn)

satisfies the condition (Cz) of Lemma 5.5 with respect to

ag. BY (vi) of the same lemma we have

) # 0.

m(ao'ar,r+1

Now we shall choose a1 as above. FPirst we have

_ n-1 n-1 n-1 -1
(Xt'xt‘i"l) = (Y(X*'*‘:-Z"" - t+1,y+—-§-—-—t+ 1),Y(X+-——2- —t,y-f%—..—t).

Suppose that =x-y = k2 3. Then there is only one possible

a, by Lemmmas 6.2. and 6.3.
= n-1 n-1 +n=1 n-2
a; = (y(x + 5= —t+ 1, y+ 5~ t),y(x+ - t,y+ 55—t + ).
Set
= n-1 _ n-1 _
Yt Y(x+ 5 t+ 1,y+ 5 t).
= n-1 _ n-1 _
Yt+1 = Y(x*-—§~ t,y+-§~ t+ 1).
Let k = 2. Then (iii) of Lemma 6.3. implies
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that there exist Mo My M ez+ such that

2

n-1 n-1 n-1 _ n-1 _
5 ~ t+1 'Y+T -t+1) % Y(x"“"“z“" t,y+ p) t)

Y (x+

= L((xt'xt+1)) +

n-1 n-1 n-1 n-1
+m2 (y(x+ 3 -t+1,y+ 3 t) x y(x+ 2 t,y+ 7] t+1)) +

n-1 n-1 il
+m0L((y(x+ 5 t+1,y+ 5 -t) )y 0(x+ t),yo(y+ t+1) )+

=1 - il
m LUy (25, e B0 1) ,Y1(X+—§—-t)"‘{1(y+ St 1))

Suppose that there exist ¢€ {0,1} so that mE# 0.

This case will be called non—-standard. Set

Y, = v - ter,ye 2oy,

(x) n-1 _
Yooy = Yelxr—gzm=thy

]

v =y 25l o ey,

(x) ,ly)
Mg ¥eiq)-

]
i

Now we take

- (x) {y)
a4 (Y Yt+1 Yt+1)'
If mg = M, = 0, then we define Yt'yt+1 and a, in

the same manner as in the case of k2 3. This will be

called the standard case.

Let k = 1. Put

n-1 n-1
Y, = y{xt——-t+ 1,y+5--t),

(0) _ n-1
Yoo = Yolx+—3 - &)
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Yeoq = rher(h.
We take a, =(Yt,Yé8;.Yé11).
We define Ap, e+ as before:

at’t+1 = (XT,-..,Xt*.],xt*.zpo-"xn) + 31.

As we have noticed, mla,,a } # 0. This implies that
077 t,t+1

there exist cv,dVE M({D} so that

v v
c + d

1

8 ,t+1

m(p,c’) #0

e

m(Q,d’) # 0.

Clearly gr ¢V = 2u and gr dv = 2v. Without lost of

generality we can suppose that Yt is in the support of

4
Cc .

Let k = 1. Since the graduations of ¢V ana a¥

are even, Yégz is in the support of ¢V if and only
if Y(1) is also in the support of ¢V, If k = 2 and

t+1
we are in the non-standard cgse, then the same observation

holds for Y{X} and Y(y) . Therefore, it makes sence to
t+1 t+1
v

say that Y is in support of ¢ or dv, even if

t+1
k=1 or k =2 and we are in the non-standard case.

We consider now two possible cases. Let Yt+1 be in

the support of cV. We can decompose
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{1,2,...,1‘;-1,’(‘.*‘2,...,1’1} =
= {n(1),ee.,m{u-2)}30 {p(1),e..p(v)}
so that

c = (xw(1),...,x Yt) + Y

7{u-2), t+1

d = (X fo-.,X )

p(1) p({v)

(we identify an element with the multiset of cordinality

one, in a natural way). Simple consideration implies that
oM seeeptd}n{c(),...,0(u)} # 0.

Set T = {o(M),ece,0(m)} U {p(1),...,0(v)}. The above

relation implies

T# {1,...,n} .

We shall denote by degTS the total degree of S €R in

the indetermines {Xi,iEZT} . We know that

degTP g4,

degTQ V.

Thus degTL(aO)Z‘uﬂ-v = n. Considering the graduation one

obtains
degTL(ao) = n.
Thus there exist b_ € M(D) so that

0

degnA(bg) = n,
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x(bo) = x(ao),

g(bo) < g_(ao) .

%q ®n
Let A(bo) = X1 X,.. % Xn , where aiéiz* for i = 1,...,n

and a1+...+an=nASince T # {1,...,n} , there exist some 1

so that o, # 1, i.e. there exist some 3J€T so that

ajz‘z.
We have
A (ag) = (x+9--'2:~1—,x+9-:2:l ~1,x+532'-l - 2,...,x~5%1 ,
y:n;1, y%n£1 ~1,...,y~§%l).
Let

iy = min {i;ai # 1} .

such iD exists since all o, are not equal to 1. Now one

sees directly that

can not have the same multiplicity in x(ao} and x(bo).

This is a contradiction.

It remains to consider the case when Yt+1 is in

the support of av. choose a partition
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{1s¢..,t-1,t+2,n} ={w(1),..

so that
V —
c (XW(T)""'Xﬂ(u—T)’Yr)'
v —-—
d - (Xp('])'."'xp(v—‘])) + Yr+1.
Let T = {n(1),ee.e,m(u=1),T(1},e0a,1(V}}
of f€R in indetermines
{Yr}u {xi,:.e T}
is denoted by deg*T. Note that
T # {1,...,n} .
As before, we have
* =
deg TL(ao) n.
Thus we can find bOE M(D) so that
deg*, A (%) =
g T ) - nl
x(bg) = x(ag) .
01 an o
Let x(bo) = X1 XeooX Xn, X Yr where
and
O, t...+0_ + 0 = n.

Previous considerations implies that there exist i

oy #‘1.

orlu-1)T U {p(h),..

-ID(V—1)}

. The total degree

aiez‘+;i:1,.¢-,n,

so that

If a = 0, then the preceding case implies that
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x(bo) *x(ao) . Thus o« 2 1 . Considering x(ao) one obtains
directly that o £ 2 , since multiplicities in x(aO) are at

most two.

Note that

2TJ¢'X__.L € (n~1) +2%2., i=1,..., n,

2TrY, € n +2%2 .

t
Therefore
2Trb0€ (n-1){n~a) + an + 2% = o + 2%
and 2Tra0€nm-ﬂ +2% =22
Since ‘I‘rb0= Tra, we have o € 2Z .

Thus we proved that o = 2 .

We consider the case o = 2 . Recall that

n-1 n-1
£ " Y(X*T‘“"Y“T t)

I
!

y(x+-’%—1—--—i+1,y+%}~-—i+1),

>
1

i=1,...,n . Direct consideration of support implies that

n % 2 . Put

i, = min {i; ai# 1} .

One obtains that io 2 t . Direct conseguence of this is the

fact that multiplicity of x +E%l-t-r1 in x(bo) is -greater
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than or equal to three. This is impossible.

The last contradiction finishes our proof of the propo-

sition.

Proposition 2.1., results of the fifth and the sixth
section, together with the end of the third section implies
tﬂat Theorem A holds if F = R . Thus, Theorem A. holds in

the general case.
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7. A conijecture on GL{n, R)

In this section we assume F =1R .

7.1 Conjecture: Let n,k € N, ¢ € Z/2%Z and B € € so that

Re g =0 .

(i) If k22, then we have in R

v1/2 u(G(B,k),n) x vy 1/2 u(a(s,k),n) =

U(S'(B:k):n*'T u(G(B!k) ,n-T) +

+ u(6(8,k+1),n) X u(ﬁ(B,k-T),n) .

{ii) For k = 1 we have in R

V1/2 u(6(311)rn) x V'-}/z u(6(3113ln) =

- u(a(s,1>,n+1> x u(ste,1>.n—1) +

+ u(é(a,Z),n) x [u(yote),n) f u(v,(ﬁ),n)}

(iii) We have in R

v1/2 u(YE(B);n) x v-1/2 U(YE(B),n> =

= u(ye(a).n+1) x u(YE(B).n~1> + u(6(8,1),n) .



~96-

REFERENCES

[1] Bargmann V., Irreducible unitary representations of
the Lorentz group, Ann. of Math. 48 (1947), 568-640.

[2] Bernstein J.N., P-invariant distributions on GL(N)
and the classification of unitary representations of
GL(N) (non-archimedean case), in Lie Group Represen-
tations II, Proceedings, University of Maryland 1982-83,
Lecture Notes in Math. 1041, Springer-Verlag, Berlin,
1984, 50-102. v

[3] Bernstein J.N., Deligne P., Kazhdan D., Vigneras M.F.,
Représentations des groupes réductifs sur un corps
local, Herman, Paris, 1984,

(4] Borel A., Wallach N., Continuous cohomology, discrete
subgroups, and representations of reductive groups,
Ann. of Math. Studies 94, Princeton University Press,
Princeton, 1980.

[5] Duflo M., Représentations unitaires irréducibles des
groupes simples complexes de rang deux, Bull. Soc. Math.
France 107 (1979), 55-96.

[6] Gelfand I.M., Neumark M.A., Unitlre Darstellungen der
Klassischen Gruppen, Akademie Verlag, Berlin, 1957
{German translation}.

[71] Gelfand I.M., Naimark M.A., Unitary representations of
the Lorentz group, Inverstiya Akad. Nauk SSSR., Ser. Mat.
11 (1947), 411-504 (Russian). ‘

[81 Godement R., Notes on Jacquet-Langlands' theory, Institute
for Advanced Study, Princeton, 1970.

[9] Jacguet H., Generic representations, in Non-Commutative
Harmonic Analysis, Lecture Notes in Math. 587, Springer-
Verlag, 1977, 91~-101.

[10] Jacguet H,, On the residual spectrum of GL(n), in Lie
Group Representations II, Proceedings, University of
Maryland 1982-1983, Lecture Notes in Math. 1041, Springer-
Verlag, Berlin, 1983, 185-208.

[11} Jacquet H., Principal L-functions of the linear group,
3 Proc. Sympos. Pure Math. vol. XXXIII, part 2, Amer.
Math. Soc., Providence, R.I. 1979, 63-86.

{12} Kirillov A.A., Infinite dimensional representations of
the general linear group, Dokl. Akad. Nauk SSSR 114 (1962),
37-39 (=Soviet Math. Dokl. 3(1962) ,652-655).



-97 -

{131 Knapp A.W., Zuckerman G.J., Classification theorems
for representations of semisimple Lie groups, in
Non-Commutative Harmonic Analysis, Lecture Notes in
Math. 587, Springer-Verlag, Berlin, 1877, 138-159.

[14] Langlands R.P., Automorphic representations, Shimura

varieties, and motives. Ein mdrchen, in Proc. Sympos.
Pure Math. vol. XXXIII, part 2, Amer. Math. Soc.,
Providence, R.I., 1979, 205-246.

[15] Langlands R.P., On the classification of irreducible
representations of real algebraic groups, Preprint,
Institute for Advanced Study, Princeton, 1974.

[16] Milicid D., On C*-algebras with bounded trace,
Glasnik Mat. 8(28) (1973), 7-22.

(171} Olshansky G.I., Intertwining operators and complementary
series in the class of representations of the general
group of matrices over a locally compact division algebra,
induced from parabolic subgroups, Mat. Sb. vol. 93, no 2
(1974), 218~-253.

[181] Schmid W. On the characters of the discrete sereies
(the Hermitian symmetric case), Invent. Math. 30
(1975), 47-144.

[19} Speh B., The unitary dual of G2(3,R) and GL{4,R)
Math. Ann. 258 (1981), 113~-133.

[20] Speh B., Unitary representations of G2(n,R) with non-
trivial (gq,K)~cohomology, Invent. Math. 71 (1983), 443-465,

[21] Speh B., Vogan D., Reducibility of generalized principal
series representations, Acta Math. 145 (1980), 227-299.

[22 ] Stein E.M., Analysis in matrix spaces and some new
representations of SL(N,T), Ann. of Math. 86 (1967),
461-490.

[231] Tadil M., On the classification of irreducible unitary

representations of GL(n) and the conjectures of
Bernstein and Zelevinsky (non-archimedean case), to
appear in Ann. Scient. Ec. Norm. Sup.

[24] madil M., Proof of a conjecture of Bernstein, to
appear in Math. Ann.

[25] Tadi& M., Unitary dual of p-adic GL(n). Proof of Bern-
stein conjectures, to appear in Bull. Amer. Math. Soc.

[26] Tadi& M., Spherical unitary dual of general linear group
over local non-archimedean field, preprint at Max~—
Planck-Institut filr Mathematik, Bonn, 1984.



(27]

[28]

[29]

[30]

[31]

-98-

Tadié M., Solution of the unitarizability problem
for general linear group (non-archimedean case},
preprint at Max-Planck-Institut fiir Mathematik, Bonn,
1985.

Vogan D., The algebraic structure of the representa-
tion of semisimple Lie group I, Ann. of Math. 109
(1979), 1-60.

Vogan D., Representations or real reducitive groups,
Birkhduser, Boston, 1981.

Vogan D., Understanding the unitary dual, in Lie Group
Representations I, Proceedings, University of Maryland
1982-83, Lecture Notes in Math. 1024, Springer-Verlag,
Berlin, 1983, 264-286.

Zelevinsky A.V., Induced representations of reductive
p-adic groups II, Ann. Scient. Ecole Norm. Sup. 13
(1980), 165-210.



	Seite 1 
	Seite 2 
	Seite 3 
	Seite 4 
	Seite 5 
	Seite 6 
	Seite 7 
	Seite 8 
	Seite 9 
	Seite 10 
	Seite 11 
	Seite 12 
	Seite 13 
	Seite 14 
	Seite 15 
	Seite 16 
	Seite 17 
	Seite 18 
	Seite 19 
	Seite 20 
	Seite 21 
	Seite 22 
	Seite 23 
	Seite 24 
	Seite 25 
	Seite 26 
	Seite 27 
	Seite 28 
	Seite 29 
	Seite 30 
	Seite 31 
	Seite 32 
	Seite 33 
	Seite 34 
	Seite 35 
	Seite 36 
	Seite 37 
	Seite 38 
	Seite 39 
	Seite 40 
	Seite 41 
	Seite 42 
	Seite 43 
	Seite 44 
	Seite 45 
	Seite 46 
	Seite 47 
	Seite 48 
	Seite 49 
	Seite 50 
	Seite 51 
	Seite 52 
	Seite 53 
	Seite 54 
	Seite 55 
	Seite 56 
	Seite 57 
	Seite 58 
	Seite 59 
	Seite 60 
	Seite 61 
	Seite 62 
	Seite 63 
	Seite 64 
	Seite 65 
	Seite 66 
	Seite 67 
	Seite 68 
	Seite 69 
	Seite 70 
	Seite 71 
	Seite 72 
	Seite 73 
	Seite 74 
	Seite 75 
	Seite 76 
	Seite 77 
	Seite 78 
	Seite 79 
	Seite 80 
	Seite 81 
	Seite 82 
	Seite 83 
	Seite 84 
	Seite 85 
	Seite 86 
	Seite 87 
	Seite 88 
	Seite 89 
	Seite 90 
	Seite 91 
	Seite 92 
	Seite 93 
	Seite 94 
	Seite 95 
	Seite 96 
	Seite 97 
	Seite 98 
	Seite 99 

