SIMPLICIAL CONSTRUCTIONS ASSOCIATED WITH S5?
ROMAN MIKHAILOV

ABSTRACT. Certain well-known facts from the theory of homotopy groups of spheres are con-
sidered from the point of view of commutator calculus in free groups and Lie algebras. The
Leibniz analogs of the homotopy groups of the 2-sphere are considered.

1. HOMOTOPY GROUPS OF THE 2-SPHERE AND GROUP THEORY

1.1. Milnor’s F[S']-construction. For the n-sphere S™ there are at least two classical ways
how to associate a simplicial group whose homotopy groups will give the homotopy groups
m«(S™). The first one is Kan’s construction GS™, the second one is Milnor’s construction
F[S™] with geometric realization |F[S™]|| weakly homotopically equivalent to the loop space
O¥S" = QS**t. Different cell decompositions of S™ define different simplicial groups G.S™,
which are, of course, weakly equivalent. The simplest construction of this kind from the point
of view of simplicial structure is clearly G:S? associated with cell decomposition S = * U e,,.
Recall that, for a given pointed simplicial set K, the F[K]-construction is the simplicial group
with F[K], = F(K, \ %), where F'(—) is the free group functor.
Consider the simplicial circle ST = A[1]/9A[1]:

So ={x}, Si={*.0}, Sy ={x500,510},....5, = {x20,..., 2},

where z; = s,,...8;...800. The F[S']-construction then clearly has the following terms:

The face and degeneracy maps are determined naturally (with respect to the standard sim-
plicial identities) for these simplicial groups. For example, the first nontrivial maps are defined
as follows:

0;: F[SYy — F[S'y, i =0,1,2,
Oy : Soo +— 0, $10 — 1,
01 : S0 +— 0, $10 — 0,
Oy : 890 — 1, s10 +— 0.
The above construction gives a possibility to define the homotopy groups 7, (S?) combinatori-
ally, in terms of free groups. Since the geometrical realization of F[S!] is weakly homotopically

equivalent to the loop space €S2, the homotopy groups m,(S?) are naturally isomorphic to

the homotopy groups of the Moore complex of F[S!]: m,,1(5?) ~ Z,(F|[S'])/B.(F[S']). Here
1
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Z, and B, denote the cycles and the boundaries of the Moore complex of the correspondent
simplicial group.

The explicit structure of the cycles and boundaries for F[S'] can be given in terms of certain
normal subgroups in F[S']. This was realized by Jie Wu. Recall some notation from the work

[4]. For a free group F' and its normal subgroups Hy, ..., H,, denote
[Hy, ... . H)l= [ [Ha,-. - Hi,
(il,...,in)ESn
where the notation used is left-normalized. Let F,, be a free group with basis zg, 1, ..., T, 1

and r_; := xoxy ...2T,_1. Then there are the following natural equalities:
Z, = {z_)" 0 (z)o -0 ()
B, = [[{x-0)™ (o)™, ..., (wn1)™]].

Hence, we have
Tn1(S?) ~ Z,/B,, n > 2.

The main goal of these notes is to make explicit commutator computations, searching generators
of the homotopy groups of S? inside the Moore complex of F[S!] and related constructions.
The first step n = 2 is almost trivial. One can check that

Zy = (), By = y3(F2),
where F5 is a free group of rank 2. Hence
m3(5%) = 1 (F) [3(F) = Z

and the generator of 73(.5?) is the commutator of two generators of Fj.

1.2. Hopf fibration. The Hopf fibration S* — S? has a fibre S', hence, it induces isomor-
phisms of homotopy groups in dimension greater than 2. By Hopf fibration from the point of
view of Milnor’s F-construction we mean a homomorphism of simplicial groups

n: F(S%) — F(S?),
which induces an isomorphism
n* o (F(S?)) — m(F(S?)).

Since m3(F(S?)) can be viewed as a coset of o, but m3(F(5?%)) as a coset of [sg0, s10], we can
define n at the first nontrivial level as

n: F(Sg)g — F(52)3, o [s90, 510]
and extend it naturally
n: F(S3)4 — F(52)4, $i0 > [8;800, 5;$10]

etc. Clearly, the constructed 1 has the needed property.
Define the words w,,n > 2 in abstract variables yo,y1, ... by setting ws(yo, y1) = [yo, y1] and
inductively:

W1 (Yo, - > Yn) = [Wn (Y0, Y15 Y2, - -+ Yn—1Yn), Wn (Y0, Y1, - - - » Yn—1)]-
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For example, we have

wa(Yo, y1) = [Yo, Y1),
w3 (Yo, Y1, Y2) = [[Yo, Y192, [Yo, y1]],
w4 (Yo, Y1, Y2, y3) = [0, v1v2us], o, vall, [[yo, vavel, [yo, y1]]-
It is easy to show that
Wp(Toy -, Tpo1) € Zp, 1> 2.
These elements represent 7-elements in 7, (S5%). Consider the element w3 (g, z1,72) € F3 mod-
ulo Bs:

ws (o, 21, T2) = [[To, T122], [T0, 11]] = [[Tom122, T129) 7D 20, 21]] =

— —1
[[$0$1$2,I2](mx2) 1[$0I1962,$1]961 [0, z1]] =

1

](wlm [woz122,21]"1 H

-1
ToT1Ta, 11|71, [To, 11]] =

—1

s [0, 21]]
[[xow122, 21]" ;1, [xo,xlxg]xgl[xo,xg]_% | =

-1
3305513327551]:61 [3307551]]

1 —1 —1 -1
ToT1xe, 1)1, [To, T122)"2 | = [[x0, 1] (122, 21]" | [0, 2122])"2 | =

I
I
I
I 3 v ;' v .
I
I

:clccngl

]mlmxl [$27$1]x1 7[$07$0$1$2]z2 ] = on,xl]xlml ,[$0,$0$1$2]x2 ] =

-1
T, 21, [To, Tox12]"2 | = [[w0, 1], [0, ToT12]] =
o, 21], [T, T122]] = w3 (w0, 21, 22) "
Hence, the element ws(xg, z1,x2) is of order 2 modulo B3 and we have the well-known result
first due to Whitehead:
7T4(52) ~ 7
Analogically, one can prove that w,(zg,x1,. .., 2, 1) has the order 2 modulo B,.
We know from homotopy theory the following fact.
Forn = 3,4, the group Z,/B,, is cyclic and generated by wy (o, ..., Tn—1)B,.
However, the purely algebraic proof of this statement is nontrivial.
1.3. From free groups to free Lie algebras. Clearly, Lie algebras are much more convenient

from the point of view of commutator calculus than groups. It follows from the simplification
of main commutator identities in groups:

[ab, c] = [a, c]’[b,c] ~ [a+b,c]=[a,c]+[bc];
la,be] = [a, c|[b,c]* ~ [a,b+ c] = |a,b] + |a, cl;
[a, 07, c)’[b, ¢, a)[c,a™,b]* =1 ~ [a,b,c] + [b,c,a] + [c,a,b] = 0.

For a given group G, denote by {v,(G)},>1 the lower central series of G. Recall that a
simplicial group G (or simplicial Lie algebra) is called connected if Go = 1 (resp. Go = 0). The
following result is due to Curtis [2].

Theorem 1. Let F' be a connected simplicial group or Lie algebra (over 7Z) then ~,.(F) is
logar-connected.

Let L : Gr — Lie be the Lie-functor:

L GH@’W /’Yz-i-l )
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Clearly, this functor can be extended to the functor between categories of simplicial groups and
simplicial Lie algebras.

Theorem 2. Let F' be a connected free simplicial group. Then there are natural isomorphisms
of abelian groups:

mi(F) ~m(L(F)), i > 1,
where L(F) is a free simplicial Lie algebra, constructed functorially from F.

Proof. Let us prove by induction on n, that there are the natural isomorphism of abelian groups

(1.1) Ti(F/y(F)) ~ m(L(F)/L™(F)), i > 1, n > 2.
First, due to Magnus-Witt and Hall’s theorems, we have the natural isomorphsim of abelian
simplicial groups

Yl F) /Y1 (F) = L"(F) /L™ (F)

and (1.1) follows for n = 2. Suppose we have the natural isomorphisms (1.1) for a given n. Then
the isomorphism for (1.1) follows from the natural commutative diagram of abelian groups:

Ti(m(F) /i1 (G) —— 7i(G/ma(F))  ——  m(G/7m(G))
m(LM(EF) /LN (F)) —— mi(L(F) /LN (F)) —— mi(L(F)/L"(F)).

Theorem 1 implies that there are the natural isomorphisms:

mi(F) = mi(F /7 (F)), mi(L(F)) ~ m(L(F)/L"(F)), i < logar,

The same way as for a group, for a given Lie algebra and its ideals I, ..., I,, define

[[11,...,171]]:. S 1),

Let L, be a free Lie algebra over Z with basis zg, ..., z,+1. Denote
T_1=x9g+T1+- -+ Tp_1

and [I; the ideal in L,,, generated by z;, 1 = —1,0,...,n — 1. Define the ideals:
Zy=11NIlNn---N1I,q,
B, =[[I-1,1o,...,In1]]

(We use the same notation as in the case of free groups.)

2. COMPUTATION OF 74(S?)

Consider a free Lie algebra L3 with basis g, 21, x5. Curtis Theorem 1 together with Milnor’s
F-construction give the following description of the fourth homotopy group of S?:

7T4(S2) ~ Zg/(Bg + Lg)
Let us compute this quotient.

Theorem 3. Z3/(Bs + L) ~ Z,.
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Proof. Let w € Zs. Clearly, w € [[Iy, I1, I]] € L. Suppose w ¢ Li. Then w can be written as
w = ay[To, T, Ta] + agfr1, 9, 1] mMod Lg.
Taking the quotient of Lz by the ideal I_; = (z¢ + x1 + x2)L3. We get
—ay [T, T2, Ta] — as[T, T2, 2] € L3, ay,as € Z,

where Lo is a free Lie algebra with generators x, z5. Hence, ay, as = 0, since [zg, 2, T3], [To, T2, 0]
are Hall’s basis commutators. We conclude that w € L3.

Hall basis theorem says that L3/L3 is a free abelian group freely generated by the following
set of basic commutators:

€1 = [5172,33'0,370,(171], €y = [x27x07xlaxl]7 €3 = [x17x07x27x2]a

€4 = [$1,$0,$07$2]7 €y = [$17$07$1,$2], € — [$2,$0,$1,$2]7

er = [[v2, o], [x1, zo]], €s = [[2, 21], [x1, 2ol], €9 = [[2, 21]], [2, 0]],
€10 = [$2,$1,$1,$1], €11 = [$1,$o,$0,$0], €12 = [$2,$07$07$0]7
e13 = @1, To, 21, T1], €14 = [T1, T, To, 1], €15 = [T2, To, T2, 2],
e16 = [Ta, To, To, Ta), €17 = [Ta, T1, Ta, Ta|, €18 = T2, 71,71, T2).

It is easy to see that
€7 = €8 = €g = —€7 = —€g = —€g mod 63+Lg

and e; € Z3. Suppose w is not equivalent to e; modulo Bs + Lg. Then w modulo (e7)Bs + Lg
can be written as

6
w= Zaiei mod {(e;) + Bz + L3, a; € Z.
i=1
Observe that
es = —eg  mod Ba,
es = —e5 — ez mod Bs,
e1 = —ey —eg mod (e7) + Bs.

Therefore,

w = b1€2 + b2€3 + b3€6 mod <67> + B3 + Lg
Taking the quotient of L3 by I_1, we get
(2.1) —bi[xg, 21, 1, 1] — bolay, g, T, Ta] — bg[wa, w1, 21, 0] € L3,

where Ly is a free Lie algebra with generators z1, 2. The commutators in (2.1) present different
basic commutators, hence by, by, b3 = 0 and therefore,

w e <67> +B3+Lg

Now let us prove that
on, 272], [x07 xl]] ¢ Bg + Lg



6 MIKHAILOV

It is easy to check that Bs modulo L3 is generated by the following elements:
ay = [xg + 1 + X9, Tg, T1, Ta], Qo = [Tg + 11 + T2, To, Ta, T1],

oy = [ + 21 + X9, 71, Ta, T},

[
[

$0+$1+$2,$1,$0,$2] ]
ag = [xg + @1 + Ta, T, T1, Tg),

X + X1 + T, T2, Xg, 'rl]

To, L1, To + T1 + Ta, Ta], g = [To, T2, To + T1 + Ta, T1],

= [

= [

= [

= [x1, g, To + X1 + Ta, To).

These elements can be written modulo L} in terms of Hall’s basis in the following way:
Q1 = €5 + €,

Qg = €5+ €g — €g — €y,

Oé3:—€3+64+€6+67+69,

gy = —e3 —e4 + €6+ er + €9,

Q5 = —€1 — €3 + €5 — €y,
Oé6:—€1+65—€7—268,

Q7 = —€3 — €4 — €5,

Qg = —€1 — €3 — €6 + €9,
Oég:—61+62+€3+64—65—€6—267—69.

Define the ideal
D = (eq, €3, €4, €5, €6, €7 + €5, €5 + €9, 2¢7) L3.
Then B3 /(D+L3) = (y, . ..,a9)L3/(D+L3) is a free abelian group generated by element e; +e7.

Hence e7 is nontrivial in Bz /(D+ L3) and the needed statement follows, since [[zg, Z2], [z, 71]] =
€7. O

3. ELEMENTS v,

The same way as for the words w,, (Yo, - - . , Yn_1) in free groups, we define the words v, (zo, . . ., 2p_1)
in free Lie algebras, by setting

v2(20, 21) = [0, 21,

v3(20, 21, 22) = [[20, 22, [20, 21]],
v4(20, 21, 22, 23) = [[[20, 23], [20, 21]], [[20, 22}, [20, 21]]],
Una1(20, -5 2n) = [Un(20, - - 202, 2n)s Un(Z0, -+ -5 Zn_1)]-

Obviously, in a free Lie algebra L,,:
Vn(T0, -+ s Tno1) € Zny VX0, . Tno1)? € By,
The situation with these elements is very interesting from the algebraic point of view:
212(5170,331) ¢ Bo,

(550,931,552) ¢ B,
v4(zo
U5($ $1,I2,I3,$4) Qf B,
(

ve(xo, 21, T2, T3, T4, T5) € B!
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It seems to be very strange from the algebraic point of view! The reason for that is that the
composition of n-maps:

ST — S0 - 85 5t 83 G2
is null-homotopical. This is an algebraic interpretation of the simplest case of Nishida’s Nilpo-
tency Theorem.

4. 3-TORSION OF 7g(S?)

Let Ly be a free Lie algebra over Z with generators xg, 1, x9, x3, 4. Consider the following
ideals: I; is the ideal in Lj, generated by x;, « = 0,..., x4, I5 is the ideal in Ls, generated by
the element xg + x1 + 9 + x3 + 24 + 5. We know from the homotopy theory that
I_1nNn---Nliy
[L-1,. .., 14]]
The construction of the 3-torsion element in the above quotient seems to be non-trivial. Con-
sider the following element in Ls:

(4.1) 76(S?) ~ ~ 7.

v 2:[[230, xl]’ [‘TO’ 332], [x?n 274]] Hx0> x3]> [x0> xl]’ [x2’ 334]]—}—
on, xl]’ [‘TO’ 334], [x2> 273]] Hx0> x2]> [x0> x3]’ [‘Tb 334]]—}—
[[zo, z4], [0, 2], [21, 23]] + [[20, 23], [0, 4], [21, 22]].

The fact that ¥ € Io NI NI N I3N I is obvious. Let us check that ¥ € [_;. Taking the
quotient by I_;, we have the following image of W:

U = — ([0, 21], [T0, 2], [T3, To + 21 + T2]] — [[0, T3], [0, 71], [X2, T0 + 21 + T3]]—
— [[xo, 21], [T0, T2 + 23], [22, 23]] — [[%0, 22|, [T0, T3], [T1, X0 + T2 + 23]]—
— [[xo, x1 + 23], [T0, 22|, [21, 23]] — [[70, 23], [0, T1 + T3], [71, 22]] =
[[zo, 21, [0, 2], [0, 3] + [[wo, 3], [0, 1], [0, %2]] + ([0, 22], [0, x3], [0, 21]] = 0.

The element V¥ is the natural candidate for the role of the 3-torsion in (4.1).
One can generalize the construction of the element W and define for a given n > 2 the element
¥, on 2n + 1 generators x, . .., Ta,, which is the sum of the elements of the form

[, %], [y 5] ooy [, ]
and which lies in the intersection of the ideals
NNy

in the free Lie algebra L, ;. For the prime n+ 1, such elements are natural candidates for the
generators of the p-torsion of the homotopy group ma,(S5?), which is non-trivial due to Serre.

5. MOD-2 CASE: UNSTABLE ADAMS SPECTRAL SEQUENCE

The case of mod-p homotopy groups of connected simplicial groups is much simpler. For that
reason one can use so-called unstable Adams spectral sequence, introduced in [1]. The general
description of E'-term as A-algebra in [1] gives a possibility to describe the lower generators
in terms of commutators in free groups. In this section for a given group G, {7,2(G)} denote
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the mod-2 lower central series of G, where 7,,(G) is defined as the normal closure in G of the
left-normalized brackets [ay, ..., as]* with 52! > n. The mod-2 Lie functor now is the mod-2
lower central quotient.

Consider the unstable Adams spectral sequence for S? from [1]. The first term E'(S?) can
be described as the (mod-2) Lie-functor applied to arbitrary free abelian simplicial K(Z,1) :

E, (8%) = my(LP(AK(Z,1))) = mg41(S%,2).
One can take LP(AK(Z,1))) = yar 2(GS?) /vap+12(GS?). By [1] we have the description of the

structure of E1(S?) in terms of generators of the A-algebra. In terms of these generators
(denoted by \;) we have:

73(S?%,2) is generated by \; € 71'2(’}/272(052)/’}/472(052)),

74(S?,2) is generated by A\j o A; = A\; 0 L\, € m3(742(GS?) /182(GS?)) (T is suspension),
75(5%,2) = E5(S?) @ Eg(S?), where ES5(S%)(= 0) is generated by

Ao Xy € Ty(142(GS?) /78,2(GS?)),

Ejfjl(Sz) is generated by Ay o A\ o Ay = A\; 0 £ 0 £2)\ € 7r4(78y2(G52)/71672(GS2)),

76(52,2) is generated by Aj o Ay 0 Aj oAy = Ay 0 DAy 0 22Xy 0 23N\, € 75(716.2(GS?) /y82.2(GS?)),
together with A\j o Ay 0 A\j = A\j 0 Ay 0 33\; € m5(72.2(GS?) /y16.2(GS?)),

M oA o)Xy =)\ 0N\ 0NNy € m5(752(GS?) /7162(GS?))

On the commutator language the elements A;, A\; o A1, A\; 0 Ay o Ay, etc can be presented by
commutators

[IOv $1], H$0,$1], [$0,$2]], H[*T()v $1], [$0,$3]], H$0,$1], [Ilv xQ]]]v cee

These are suspensions over Hopf, therefore, they are nontrivial in 73, 74, 75, . Direct compu-
tations give the following structure of the representatives of the above elements:

)‘1 © )‘2 - HZUO, 331], [x2’ 333]] - Hx0>x2]> [331,[173]] + [[270,273], [‘Tb 332]],

A1 0 A1 o Ay = [[[wo, z1], [0, T2]], [[20, T3], [x0, wa]]] — [[[x0, 1], [w0, 3]], [[T0, 2], [0, 24]]]

+ [HZUO, 331], [‘TO’ 334]], on, x2]> [x0> 933]]]

Ao A0 = [HZUO, 331], [x2’ 333]], on, xl]> [x2> 934]]] - [HZUO, 332], [‘Tb 333]], on, x2]> [xb 934]]]

+ [HxO’ 333], [xb 272]], [[‘TO’ 334], [‘Tb 932]]]

6. LEIBNIZ HOMOTOPY GROUPS

Let R be a commutative ring with identity. Recall that a (left) Leibniz algebra is an R-vector
space g equipped with a bilinear map [—, —] : g ® g — g satisfying the identity:

[z, ], 2 = [z, [y, 21| = ly, [, 2]].

Clearly, Lie algebras are Leibniz algebras satisfying [z, z] = 0.
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We shall use the left-normalized notation. First observe that for any x,y € g,

[x>x’y] = [517, [x,y]] - [mv [m,y]] = 0.
However, the identity [z, [z, z]] = 0 does not follow.
Let R = 7Z. Consider the cyclic Lebniz algebra, generated by single element z:
Ll = <(L’>

Proposition 1. The set of right-normalized commutators:
z, [z, 2], [z, [z, 2]}, [, [z, [z, 2]]], [z, [z, [z, [z, 2]]]], . ..
form a Z-basis of L.

Consider the Leibniz analogy Lei[S'] of Milnor’s F[S']-construction. This is a simplicial
Leibniz algebra with Ly = 0, L; - the cyclic Leibniz algebra and L, - the n generated free
Leibniz algebra (all Leibniz algebras we consider over Z). The face and degeneracy maps can
be written naturally, the same way as for the case of simplicial Lie algebra’s analogy of F[S!].
We define Leibniz homotopy groups of S? as

Tle(S?) = mq (Lei[SY]), i > 1.

The homotopy groups of Lei[S?] are defined naturally through its Moore complex. It is not
clear, however, that these are abelian groups.
For a given Leibniz algebra L and two its ideals H, K, define the ideal

[H’ K] = <[$7y]7 [yvx]v reH, ye K>
Then for ideals Hy, ..., H, in L, define inductively
[Hl, . ,Hn] = [[Hl, . .,Hn_l], Hn] + [Hn, [Hl, . .,Hn_l]]

and
[Hy, ... Hy) = ®g,.ines, [ Hiys - -, Hi )

The second term of our simplicial Leibniz algebra is Lo, a free Leibniz algebra with two
generators zy and x;. We have three homomorphisms:

aiIL2—>L1, 2.:0,1,2,
Oy : 19— 0, x1 — 1,
01 :%p— X, T1— T,

Oy :xgr—x, x1+— 0.
By definition, the second Leibniz homotopy is
7i(S?) := Ly )im(0y : ker(0y) Nker(dy) — Ly).

Proposition 2.
ker(01) Nker(0s) = (xg — x1) N (x1)
1s the ideal in Lo, generated by brackets

[$0 - $17$1], [961,% - xl]-
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Clearly, both brackets [xg — 1, x1], [21, 29 — x1] after applying 0y, go to the element [z, x].
Thus, we have
w3 (S%) = (@) /([ 2]) =~ Z
That is, the second Leibniz homotopy group coincides with classical one.
Now let us make the next step. Take Ls, a free Leibniz algebra with generators xg, z1, 9 and
consider four homomorphisms

di . L3 — LQ, 7::0,1,2,3,
do : xg — xg, T1 — 0, 29 — 7,
dy @ To — T, Ty > Ty, Ty > Ty,
dy : To — T, Ty > Ty, Ty > T,
ds:xg— 0, x1 — 21, To — Xg.
These homomorphisms naturally correspond to the face maps in F[S?]. By definition,

ker(01) N ker(0y) N ker(0s)

Lei AN
TS = im(dy : ker(dy) N ker(ds) Nker(ds) — La)

Proposition 3. Leibniz cycle

ker(0o) Nker(0y) N ker(0s) = (xo) N (z1) N (xg — x1)
1s the ideal in Lo, generated by elements
(6.1) [0, 1, To|, [T0,21] — [1, T

and the ideal [[{xo), (x1), (xog — x1)]].
Now consider the ”Leibniz boundaries”. We have the following:

Proposition 4. In Lj:
ker(dy) = (xr1 — xa), ker(ds) = (xg — x2), ker(ds) = (o).
ker(dy) N ker(ds) N ker(ds)
18 the ideal in L3 equal to

[[{z0), (z1 — 22), (T0 — 72)]].

Clearly, the image of [[(xq), (z1 — x2), (xo — x2)]] under the map dy is the ideal

[{z0), (1), {z0 = 21)]]

in Lo. Therefore, we have

Corollary 1.
S ~ 7D L.
The generators of this group in Lo can be written, for example, as [xg,x1, x| and [z, x1] —
(21, x0).
Probably, the general Leibniz homotopy group can be written in style of Wu formula:
(o) Moo {xp) N (X + -+ -+ xp)
[[(zo), - - - (@n), (X0 + - + )]

in the free Leinbiz algebra with generators zo,...,x,. Furthermore, we can take (6.2) as a
definition of Leibniz homotopy groups. Note that the concept of Leibniz sphere as a certain

(62 Rl (57) =



SIMPLICTIAL CONSTRUCTIONS ASSOCIATED WITH S2 11

differential graded Leibniz algebra was considered in [3]. However, the approach described in
3] is completely different from one given here.

The following question rises naturally: what is 71/(5?)? In any case, we need elements w
from L3, such that

w € (xo) N (x1) N (z2) N {mo + 21 + x2) \ [[{T0), (T1), (x2), (o + z1 + x2)]].
One candidate is the element
w = [[x()v $1], [IOv $2], xo],

which clearly lies in (xo) N (z1) N (x2) N (T + 21 + 22).

7. PROBLEMS

1. It is known that 2-torsion of 74(S?) is Z4 and the generator v/ is given by triadic Toda
bracket. It is also known that 20/ = nononon. That is, there exists an element v’ of Ls, such
that

[ —
20" = vs(xg, 21, 9, x3,24) mod Bs.

Find v (Toda’s bracket (ns, 2i4,74)).

2. Prove purely algebraically that vg(xg, 21, za, 3, T4, x5) € Bg. It will give an algebraic prove
of the fact that n° : S” — S? is null-homotopical.

3. One can define the Leibniz homotopy groups of S™ n > 2, changing free groups in F[S"!]
by free Leibniz algebras. Do we have an isomorphism 7/ (S3) ~ 77¢(5?), i > 3. What does

Leibniz analog of Hopf fibration mean?

4. Can one give an algebraic proof of Nishida’s Nilpotency Theorem using only Milnor’s F'[S™]-
construction and Curtis’ Theorem (Theorem 1)7

5. Compute 7L< (S5?) for n = 3,4, 5.
6. Find an analog of Curtis Theorem for simplicial Leibniz algebras.
7. Does it make sense to define the analogs of homotopy groups of S? using Jordan alge-

bras, Malcev algebras etc, "algebras closed to associative”? It seems, that it is possible to
define an analog of 7,(S?) for k-Lie (or k-Leibniz) algebras for k > n — 1.
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