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On the modular embeddings for basic p-extensions

By HIDEHISA NAGANUMA

1. Introduction

Let p be an odd prime number. We call a field F the basic

p-extension if F is a cyclic extension of the rational number

field Q of degree p and only p ramLf~es~in F. By the class

field theory, such a field F is uniquly determined as the subfield

with the discriminant p2(p-1) of the cyclotomic field Q(s)

where s is a primitive p2 th root of unity. Let F be the basic

p-extension, 0 the ring of intege~of Fand 9 the galois

group of F/Q. We fix a generator a' of g. As F is a totally

real numer field, we'consider Hilbert modular group SL 2 (O) over

F, which acts on the product H1
P of p copies of the upper half

plane H1 by the standard way. Now, according to Rammond 1],

we call a couple' consisting of a homomorphisrn of

SL2 (o) into Siegel modular group Sp(2p,Z) of degree 2p over
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the ring Z of rational integers and a holomorphic map E of

H
1

P into the generalized Siegel upper half space Hp of degree p,

on which Sp(2p,Z) acts by the fractional transformation, a modular

embedding for F if it satisfies the following properties for

every element 9 of and every point z of

( 1 ) :: (g) (E ( z» = E (g (z) ); (2) j (g, z) = J (:: (g) , E (z) ), where j

and J are the standard automorphic factors of S~2(o) and Sp(2p,Z),'

respectively(see the section 4).

In this paper we shall construct a modul~r embedding for the

basic p-field F for each p explicitly. To obtain it, we put

11-1
(J

wlJ = w·

1 + w
Sll-l = lJ

P

a = L :P, zn
11~ 1 1-1

(11=1,2,···,p),

(lJ=1 ,2,·· · ,p) ,

where TrK/ k denotes the trace of K over k for a field extension

K/k. After studying the arithemetic of 0 in section 2, we can show

in section 3 that a is a fractional ideal of F and TrF/Q(n~nv)
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= Oll\) , where

~ { l.
u~\) = 0

Let us consider the regular representation ~ of F with respect

to {n 1 ,···, 0p }. Then the above faets show that every element of

~ (0) is a symmetrie matrix over Z. Thus we obtain that 15 a

homomorphism of SL2 (O) into Sp(2p,Z) if we put for eaeh element

g of SL2 (o)

:= (g) = ( ~(a.) ~(ß))
~(y) ~(8)

g = (~ ~) ).

Furtbermore we can naturally get a map E of H P
1

into such

that ~,E) becomes a modular embedding for F.

We should note the following three rernarks. Firstly, our method

to construet the above modular effibedding which comes from a certain

representation of 0 by rational integral symmetrie rnatrices is

analogy to Harnmond's one g1ven in [ 1 ]. Next, for p=3, Dur result

is the special case of Oka's result I 4 ] where he construeted a

modular embedding for arbitrary eyclie eubie fields. Finally, our

homomorphism is of full Hilbert modular group
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Sp(2p,Z) ~ On the other hand for each totally real number field

Shimura gave in [ 5 ] a homornorphism of certain congruence subgroups of

Hilbert modular group such that it 1s compatible with a irnbedding

between the spaces and the standard automorphic factors.

Notations. We use the following notations in this paper,

adding notation~ used in section 1

For e~ch set x, lxI means the· cardinarity of x. For galois

extension K/k, Gal(K/k) means galois group of K/k. For a(~O),

b E Z , we define 8
a1b

by

if b=O (mod.a),
otherwise.

For a ring R with unity, R
X

means the multiplicative group

consisting of all invertible elements of R, and we denote by

M(n,R) the total matrix ring over Rand 1n the unity of M(n,R);

for each positive integer n.
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2. Arithemetic of basic p-extension

Let p be an odd prime number and F the basic p-extension

(" see section 1 ). We denote by g tne galois group of F/Q and

fix a generator a of g

unity and put

Let s be a primitive p2 th root of

L = Q(s), G = Gal(L/Q) and H = Gal(L/F)

Then we have a coset decomposition G ~ U~:6 Ha~. We also denote

by Rand r the residue rings. Z/p2 z and Z/pZ , respectively;

and put

N = { 1, 2 , • • • , p- 1 }
P

Then we obtain the natural projection TI of R to rand the

canonical group homomorphism ~ of G into R
X

by the class

field theory. For each element

of R by

of N; we define a subset

A = { 1JJ (ha~-1) I h€H }.
11

It is easily seen ,that J A~ = I TI( A
~

= p for each ~ of

N+ • For a positive integer m andp € N+ , we defJ.'ne11 1 ' • • • , ~m p
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= {( X, , • • • , Xm) Ixi €All ( i =, , • • • , m), L i ~ , xiP = 0 },
i

.. {(x" ••• ,xm) Ix 1 'EA
11

(i=1,··· ,m), Li : 1x 1p~ R
X

},

1

and put

(j=O,1) ,

y (m) = I y (m) I •

We note that

Now·we. define' w as section 1 by

and put

It 1s clear that i5 an integer of F for

each of

LEMMA 1 ( 1 ) F.or rn elements 11 1 ' • • • ,11m of N; , we have

2
Trp / Q(

rn
P~ 1Xc (11 1 ' • • • , 11m) - p~ 1x 1 (11 1 ' • • • ,11m)n. 1w =1.= 11.

~
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(2)

(3 )

For

For

+
~,v E Np , we have

+
A,~,V E N? ' we have

Proof. (1) Since w~ =
01-1- 1

TETEH " ~. , it is enough to notice

following two facts (I) ,(lI) j.

(I)

(lI) a
TrL!Q( l;.

(etEF)

(aEZ)

(2') Sin~e y(2) = {(s,-s) I s E rXl, we obtain that x
1
(~,v) = p-1 •

On the other hand, we have

(# ) {:1 ().J,v)
Xo (1-1, v)· = 't'

(~=V) ,

In fact, we put

"l x P pX = {(x,y) x,y € R , x +y =0 }.

Then we see that X = {(x,-x)! xER
x

}. Since _x and -x are contained

in the same A
1.1

we obtain (#). Thus we have that XO(ll,V) =

0llV(p-1). therfore by (1) we get (2). ( 3 ) Since
(3) =y

{(s,t-s,-t)1 sE r
X

, t.:f··r~, s*t}, we have that X1(A,~,V)=(p-1)(p-2).
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Hence by (1)

2
+ P~1 XO(A,1.1,V) Since W, W W

1\ 1.1 v

is ·inteq~r in F,

This implies that

TrF / Q ( wAw1.1wV ) E Z • Therefore

X O(A,1.1,V)

p -, € Z • Thus we have (3).

Remark'. Lemma 2-(1) shows that TrF/ Q( w1.1wv) are the same

value for 1.1,V of though any two elements of { w W I 11 EN- }
1.1 F P

do not conjugate each ether. On the ether hand, it is not true that

p = 5 and ~ =exp(2ni/25). Then we know by calculation that w,w 2w3

= -3 + w 1
-wo

3 and = 2 -00, -00 4 ' hence

We denote by 0 the ring of integers of F.

PROPOSITION 1. {1,oo 1 ,···,wp _,} is Z-basis of e .

Proof. Let o~ be the Z-module generated by {1,w 1 ,···,wp _,}.

Then it is clear that 0' co. From Lemma 1-(2), it is easily shown

that the discriminant of 0' is equal to
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hand,the discriminant of the basic p-extension F is equal to 2 (p-1 )
P

as stated in section 1 • Therefore we obtain our assertion.

Remark 2. Since F is an abelian field, Proposition 1 is

obtained from the main theorem of Leopoldt[2], that used gauss sums,

by combining with the result of Odoni [3].

PROPOSITION 2. Put

w*';
l-l ={t-

2p

wp

( l-l = 0 ),

( 1 ) {w* w* ••• w* }0' l' , p-1 is the dual basis of {1,w
1
,···,wp_

1
} with

respect to

(2 ) p-1
Ll-l=1 w~

TrF/ Q ·

..~~p

p

Proof. (1) It is enough to show that TrF/Q(w~wv) = öl-l V for

l-l,V E Np . By Lemma 1-(2),

=~ {p(pö - 1) - (-p)} = Ö
P l-lV l-lV

(2 ) It 1s obvious from the definition of w*
l-l
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3. Ideal with self dual basis

In this section we shall give an explicit fractional ideal,

which has a self dual basis, .~·of each basic p-extension. We use the

same notations as in section :2. Now we define p elements n1 ,

of F by

1 + w
n = lJ

N+lJ P ( lJ € ) .
p

We note that n a n (lJ€Np ) , 0p
a

$11 and L p n 1= = = .
lJ lJ +1 lJ=1 lJ

LEMMA 2. {f2 1 ,n2 ,···,f2p } is a self dual basis of F , or a

basis of F satisfying

ö
lJV

( lJ,V € N+ ).
p

Proof. For +
lJ,V € Np , by Lemma 1-(2)

+ w + w
lJ v

+ w w )
lJ v

We denote by a the Z-module generated by {n 1 ,···,f2p }.

From Lemma 2 we see that a has rank p and a 3 1.

- 10 -



PROPOSITION 3. a is a fractional ideal of F.

Proof. It is enough to show that

By Proposition 2-(1) and Lemma 2 I

Hence by Proposition 2-(2)

we have that wAn~ E a .

COROLLARY.

norm p.

pa 1s the unique integral ideal of F with

Proof. Since pa = e~~1Z(1+W~) I pa 1s an integral ideal

of Fand
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( 1
1

(o:pa) det -1 p-1= = P .

\ 1
1 -1 -1 • • • -1

I

THEOREM 1. Let ~ the regular representation of F with

respect to the basis {n 1 ,···,np}. Then we have

(1) ~ is a Q-algebra homomorphism of F into M(p,Q);

(2) t~ (a) = ~ (Cl)

(3) ~(a.l· E M(p,Z) Cl E 0

(4 ) ° -1~(cx ) = C ~(a)C ( a E F ) , where C is the cyclic matrix

given by

Proof. (1) It is obvious by the definition of ~ . (2) It

is an easy consequence from Lemma 2 since the regular representation

with respect to the dual basis coincides the transposed of original

regular representation. (3) It 1s clear by Proposition 3. (4) It

is implied directly from the following relation

n°
' ~2 \ ( ~1\1

· = = C

\ ~p )

• ~p )•

n °1 /P ,

- 12 -



Example. We take ~ = exp(2 i/p2). (1) When p = 3, we get

(2) When p = 5 I we get

E;;(1) = 15 I

(
2~11t; (wi) =

2 1 0 0
-1 -1 0 -1
-1 -1 0 0

0 0 0 -1
-1 0 -1 1

1 0 -1 0-1
o 1 210

-1 2 -1 -1 0
o 1 -1 -1 0

-1 0 0 0 0

o 0 0)o -1 0
1 2 1
2 -1 -1
1 -1 -1
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4. Modular embedding for basic p-extension

Let F be the basic p-extension and 0 the ring of integers

of F. In this section we consider a modular embedding for F see

section 1 ).. We let E; the regular representation of F defined in

Theorem 1 and define a map of into M(2p,Q) by

~(g)
= ( ~(ct) E;(ß) )

E;(y} E;(o)

PROPOSITION 4. (1) ~ is a group hornomorphism of SLZ(F)

into Sp(2p,Q) .

(2) =(SL 2 (o)) c Sp(2p,Z) .

proqf. (1) From Theorem 1- (1 ) , (2), i t is clear. (2) Frorn (1)

and Theorem 1-(3), it is obvious.

We put for an element a. of F and an element g of SL2 (F) .

a" \J).. =
v-1

ocr v E N+ ) ,
P

E;1 (a.) = diag(o (1) ,Cl (2) , ••• o (p) )

::: 1 (g)
( 1;, (a) t;1 (ß) ) ( g = ( Ci.

~ ) ) .= t; 1 (y) t;1 (0) y

Then there exists an orthogonal matrix V of degree p such that
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v~(a)V-1 = ~1 (a) for any element a of. F

LEMMA 3. cv = Vc ~.

Proof. From the definition, for any a E F

V~(0.)V-1 = ~1 (0.) , V~(CtO')v-1 = ~ 1 (aO') .

On the other hand, by Theorem 1-(4)

~ (0.0') = C-'~(Ct)C ;

By the same t;1 (aO') -1 Thereforereason, = C t;1 (0.)

for any a. E F. This 1mplies"that

Now we let and Sp(2p,Q) act on H P
1

and

respectively, by the standard way. Put

~(z)

THEOREM 2.

-1
= VE, (z)V

~, EV ) 1s a modular ernbedding for F.

Proof. We have to show the following three statements
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( 1 ) ::: (g) (~(Z» = ~(gz) for g E SL
2

(F) and zEH P
1

(2 ) ::: (SL2 (0» c Sp (2p, Z); (0) for g = ( ~ ~ ) E SL2 (0)

n p (y(v)z + 8 (v») = det(t;(y)~(z) + E;(o» .,

v=1 v
.

(1) Put A = ( 6~) · Then we see that

~ -1
:::(g) = V=1(g)v •

This implies our assertion. (2) This i5 already shown in Proposition 4.

(3) It 15 also clear by (~).

We def1ne the standard automorph~c factors j of-' SL2 (0) on

H P
1

and J of Sp(2p,Z) on H by
P

j .( 9 !)~ ) =. ni)~ 1 (y (v ) z v + 0 (v) )

(,g = ( ~ ~ ), E SL2 (0), Z = (z 1 ' • ~ • , zp) E H1P ) ,

J(f,Z) = det(CZ+D)

(r. = (AC B
D

) (2) )E Sp p,Z , Z € H ,
P

respectively. We call a meromorphic function f on Hp (re5p.

H1P a standard Siegel (resp. Hilbert) modular form of weight k

if f(gZ) = J(g,Z)kf(Z) (resp. ,~f(gz) = j(g,Z)kf(Z) for all

elements 9 E Sp(2p,Z) (resp. and (resp. H1l:>')

Now for each z = (z1'···'zp) E H1
P , we put
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Then we have that -1= CE 1 (z) C , henee

by Lemma 3 • A standard Hilbert modular form f of weight k

over F i5 ealled symmetrie if f(zcr) = f(z) .

THEOREM 3. Let f be a standard Siegel form of weight k

with respect to Sp(2p,Z) on H
P

We put

....
'. f ( z ) = f (E

V
( z) ) ( z E H1~ ).

Then f is a symmetrie standard Hilbert modular form of weight

k over F.

Proof. It is elear by Theorem 2 that f i5 a standard

Hilbert modular form of weight k over F •

= f(z)
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