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Abstract

Let 11 : T" 1"1 ...... R I)(~ a1l COIlVCX I-IallliltoHiall. 'Ve show that Allosov energy

levels of H CUI olII)' arise at. higll ellergy levels, Hot cOllt;dning cOlljngate poillts.

1 Introduction

Let 1'11 be a. lllll.uifold wit.hout bOlllldary, T" /lt{ its cotangellt bundle , 1T" : T" /lt{ -jo M
the citllonical project.ioll allel, if f) E T" J\t! 1 let. \1(0) C 'J"BT"'1\1 be t.he verticetl fibre at
0, defi lled i1-S llsual il.S t] le kerne! of d7r 8 : 'JoT" /11 ---+ T1f { 0) fit/ .

Let 11 be a Ha.tnilt.olliil.ll 011 T'" J\t/ , let. ./\1 H be its sYluplect.ic gradiellt a.nel let
cPt <leHote it.s i1ssocia.t.ed H'lllliIt.Olliil.ll How. It. is weil kllOWll tha.t tPt preserves the

Ca.IIOllica.] syn1 plect.ic fonn of r" !ltl ,Ulel lea.ves (J,11 tlle level sets L:(T f~ /1- 1 (a) illvariant.
\,Ve sltall a.lways i'i."SUIIlC t.hil.1. 2.:(T is cOIlllecteel a.lld 1.lIa1. cPt I~(T is cOlnplet.e.

Recall thaI. Cl. Halniltollian IJ : ']'" /11 ---+ R is SCl.iel t.o be COllvex if for cach fj E M
the fl.l11ction II( (/, .) regareleel as a fUllctioIl Oll l.he lillear spa.ce T,; 111 llas posi ti ve
definite Hessiall.

0111' s1lbject will he tlle Al1o..,;ov C::lJergy levc],~ 01' IJ 1 with 11 COllvex, i.e. regular
viLlues a of 11 such tha.t 1:(1 is COll1Pil.ct, i\.lIel t.lIe How <PI 11:" is ,LII A1I0S0V flow. Dur
nuLin result (ill fact. a. corollary of a 1110re genera.l I'esult. t.o be stated belaw) is t.hat
Anosov energy levels can only urise at high energy levels, not containing
conjugate points. IvlOl'e precisely:

Theorenl 1.1 lf rT is UI/. An080f) t;IIClYY level, t1/'(~/l:

(a) 7r ( E(1) = fl1. II/. jJlI-rlir. ulur lH is cnmpu cl.

(b) E(T does not, cout(f.iu (;oujU!/utc po/nt.'>.

• Revised anti illlpl'oved verf;ioll of "Oll COllvex Hin t1i 11,011 iallf;))
tSlipported by t.he l\1ax-Phlllf.k-IIl:-:l.it.llt für Mat.hemat.ik and by a t.ravel grllllt. from CDE, On

leave frolll : IMERL-FilclIltad dl~ Illgl:nieria, .llllio HelTera y Rldssig ;l()f) , MOlltevideo-U"llgllay
tpaI't.ially sllPllorl,etl hy Cell1.ro de i\'lat.I~III{it.ica, f\'lollt.evitleo--UnlgllilY



Conj ugate points, IneiUU~, Cl.~ USll il.1 , pair of poiuts 01 f= O2 = ePt( BI) such that
d<pt(\I(8d) intersects \1(02 ) l1on-t.rivially.

Sllppose thai. for each (/ E /14, l1~ (q, 0) = 0, i.c. the Hallliltollia.n is "centereel",

thell Property (a) iIllplies (J' > IllClXqEM 1J('1, 0) allel it. lllil.kes possible to see the
dYllalnics of tPt b:" as t.he geocIesic flow on t.he unit sphen~ hUlldle of an apPl'opriateelly
chosen Finsler struct.nre Oll 1\1. In pal't.iculiLl' if 11 is of tbe fOrlll killetic energy plus
a potentia.l , thell au AlIosav energy level of Tl is equi valent. 1.0 an Anosov geoelesic
ftow of the Cl~sociated (non-degellerat.e) I\1aupertuis lllet.l'ic corrcspolleling to the fixeel
enel'gy level.

\,Ve also not.e that for surfa.ces of gellus > 1, given Cl,ny H.ienIClHllia.n lnetric -since
any 111etric is COIl fOl'lnally equi valcllt to a lllet.ri C of COlls1.alLt Cllrvature -1- i t is possible
t.o acId Cl. potelltial 1.0 it. so 1.hat we obt.aill Allosov ellergy leveb.

For H;I.l11iltOIli;uIs arisillg ("rom Riellli\.llllia.n Inetrics, TiIcorelll ].1 wa~ proved by
Klingenbcl'g [G]. For a different. proof and exposit.ioll 01' Klingellberg's result. thai also
covers the IlOIl-cOlllpact cfI.~e see [8].

Theorelll 1.-' will hc obt.aille<l f1.~ f1, corollary of Cl. lllore genera.l resnlt (Tlteorenl 1.2
below), where the Anosov hypot.!Iesis is replaced hy a lllltch wcaker Olle, nalliely the
exist.ellce of a. cOlltiIll,10llS illvariant Lagrangian sllbbllndle, i.e. lt cont.illuouS subbundle
E of T(T* 111) IE" sueb t.ha1. for a11 0 E ~(T t.lle fibl'e E( 0) is a Lltgl'il,ugia.ll subspace
of Te'T-1\1 allel E(tPt(fJ)) = drPl(E(O)) for allt. E R. It is weIl knowB t.ha.t. under the
Anosov hypothesis botli the st.a.hle aurl unst.a.hle subbulldles are Lagrangiall. "'·ie will
a.lso see (cL Rernark 2.()) t.hat Tlieorelll 1.2 extends 1.0 tile general sYlnplectie setting,
i.e. T-- N! is repla,ced hy all a1' hi t l'al'Y sy III 11 lect iC 111;\.1 J i1'01 d, (lV'1.lI, w) wi tli wll

-
1 exac t

and Ir is a.n opt.ica.l }-Imnilt.ollian [2] respeet. t.o a fixed La.gril.ngian distribution.
111 our last tll(~()relll (Theol'elll 1.;~ below) we sllll,lI pl'ove the sanH~ result. dl'oppiug

t.he cOlnpact.ness hypothesis hut (J,dding 1.wo a....slllnpt.ious: tohe sYllllnetry 01' the Hillllil­
t.oniau (i.c. the lllvariallce of IJ uilder tlie illvolut.iolL (q, p) ~ (q, -l')) iLlHl tha.t every
point in ~(T is non-wltudering. \Ve <10 not. kno\V whet.her t.he result st.ill holels wit.hout.
the HYllllllct.ry assullIption. The reClIrrCllce hypothesis is necessary as we shall see
t,hrougli an exalllpie.

Theorenl 1.2 SI/.P!JO.'iC t!w} rr i.'i (J n;!lu!nT mdue 01 11 J f.!w.f, EiT is cmnl}(lct. uud Uud
rPt IE" U(hl/.1L'i a conf.il/./WU8 ill.va/'iauf. LfI!/,/'auy;au suMm,ur/lr: E. Theu)
(0) E(O) n \1(0) = {O} tj() E ~(T'

(b) 7r(E(T) = J\1. In lmrf.icu!a/" 1\1 i.'i l:om!,ad..

(c) BiT couf.nins '11-0 crmj'll-.lJuf.e poinf.s.

Theorenl 1.3 SfJ.]JP08f; fhnf. rr is n Tf-.lJu!a'f" '/l(J.!ue nf JJ I !.lud. cve1'Y point. in E(T is

un1/,-w(t'fulc:1'I:uy, f.!wJ H 1:8 sY'lll'1l/.dric oud fhof. cPt h::" (uhl/.its (f. couf'iuuous invlLriant

Lagrangiun sublm.ndle. Tlwn,
(u) E(0) n \I (fJ) = {()} V() E E(T'

(b) 7r( E(T) = !l1.
(e) E(T conf.nius '/1.0 (;OuJu!laf.e po;nf.....
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As we lllellt.ioned before t.he rccurrence hypotlicsis is necessa.ry, even in the geodesie

flow case. COllsider t.he petI'aboloid 01' revolution z = :/;2 +y2. TIJe obvious cil'cle action

together with the field of t.lie geodesic Oow spa.n a. contillllouS inva.riant. Lagrangian

subhulldle but. t.here are cOlljugate points.

Let. 11S relllark tha.t our result.s a.lso inclucle t.he I'esults of A. Knauf in [7], who uses

idea~ silllilar t.O ours in t.he pronf of Theorenl l.a. 1

In [10] t.he secolld (l,llt.hor showed t.hat if the geodesie lIow Oll (L COll1pact. surface

Al is expansive, tolien l.here a.re 110 conjugate point.s. Reca.lI tha.t a. How 'Pt : X -t X
on a. COlllIHlCt. lllet.ric space (X, d) is sa.id t.o be expa,lJsive i1' given E > 0 thel'e exists
ii > 0 such tha.t if t.here is an hOllleolllorphislll 7 : R -t R, 7(0) = 0, such that

for all t E R, t.liell Y = <pr(:l:) wliere I T. 1< E. Anosov f10ws are expansive f1ows.
Resliits a,na.logous 1.0 Theoretll 1.1 also hold fol' COllvex expa,nsive Hallliltonialls with

two degrees 01' 1'ret'~dolll [~)].

\rVe are very grate!'111 t.o Ivl. Bialy, Ivl. Brunclla., R. rVlitl~ItS, L. Polt.erovich (tlld

ta the pal'ticipa.lll.s of tlle DYl1a,lnica.l Systen1s Selllillal' itl. fvloll1.evideo for lllllnerous

conversa.tiollS. \Ve (tlso t.ha.nk B. I"':leincr [01' poilltillg out a lllistake ill a. previous

version o[ the lnallllscript..

2 Proof 0/ Theorem 1.2

The Theorelll will he (-l. cOllsequellce 01' Proposi tiolls 2.1, 2.:.{ emd 2.4 below.

Let tPt be (j, How Oll a cOlllpact, ll111,llifold IV. \Ve will SllY tha.I; C C I,V is Cl. codillJell­

8io11 one t,1'fl.11SVersaJ cyde, ir C is fl, dosed COllllccted SlllOOt.h strat.ified sllbllianifold

(iu tlJe sense of \Vltituey (rq), sllch t.hat cPt is tra.nsversal t.o C a.t. every poiut, tlle

top rIinleusioHaJ st.l'a.ta lta."i eod i lliellsioll Olle i II HI, aBrI edl 1. lle 01. her strata.." have

codilllE:llSioll 2: :) ill Hf.

Proposition 2.1 Let JI !Je u f!am,iUoniuu on I/u; s;tjwpled;ic w.uuifoltl (N 2
71 ,w) 'Wdlt

wll
-

1 c:r:uct. Tlu:'/I Ihe lIu'lll iltoJl iau .flom of }J rcsl:,.icfcd to {J. COUl1J(f.ct regula1' enc;I'!JY
levd has '/10 (;odiuu;nsiou (J'/I C tnl1l.'i'/H;rsul cyd(~.

Renlurk 2.2 'rVe observe t1lat Scll\Vartzlllil,lIll [11] showed tllat. Harllilt.ollian f10ws Oll
a synlplectic Illalli 1'old lV lIfl,vt': HO sIlW01.!I cross sect.iolls Oll J\r. Howevcr t.hey IllflY have

thenl on ellergy levels (t.a.k(·~ i-\. sYlnplect.ic suspension); llevertiJeless if w u
-

1 is eXö,ct

this call1lOt happell eitller Cl.'i t1w proposition shows. Our arguillellts are CL variatioll of

SchWeutZI llfl.ll II 's a.rglllIH~llts and we illcltHle t.heln 1'01' t.lle sake of cOlnpletenes~. Note

tha.t i11 tobe case of (T- J1rI, wu) wtiere Wo is t.I1e st.a.nda.rd sy 111plectic fon1l, W;:-l is 0.1 ways

exo.ct. n1ol'eover if (T- !I'[, w) is a. trHTisfred cot.iwgeJJfr hlll/elle, i.e. w = Wo + 7r*11, where

'11 E J['2(111, R), thell W,.l-l is eXflct, provided n 2: :t

1'Ve t.hank t.he I'eferee für c:allillg OHr f1t.t~llt.ion t.o I\II<\llf's poper.
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Let ~(T he a. conlpact. regular energy level. Let A dellot.e t.be Lagrallgiall-Grassrnallll
bundle over ~(T 1 i.e. ror each () E E(T' tlte fibl'e 1\ (0) cOllsists o[ all Lagrangian sub­
spaces o[ ToT'" 11'1. Let i\k denote the subhundle wbose fihre at 0 is the sllbsct of A(O)
given by aU La.grangiall :·;ubspaces that have intel'sect.ion with V( 0) of dilnension k.
Now set Av = Uk>1 Ak . TlJell Av is a. elose<! stl'at.ified sulHlla.nifold where each strata.

A 1 1· .- k{k+I) ['I ) 4]k HIS CO( llllenSlon '2 ,:",' •

COllsider now tllf~ indllced flow, <p; : A ---+ A, given by cP~(O, E) = (,pt(8),dcPt(E)).

Let ~((), E) (~r 1t lt=o ,p;(0, E). The followillg Proposit.ion can be faund in [2, Pl'opa-
't' 'I (' 1 :-. ') ')] 1 [4]Si Ions .), .~,....... aUf .

Proposition 2.3 A .., ...."1/.'///,(; II ; T* A1 ---+ R 1:8 COU'IJ(;:r:. The mx/' 0 'I' Fdd ~ 'is t'1'UUS'lJCr8'J.!

to 1\ v (lud ,//wn:O"f1(:r, Uu;n; t::t;isl",:; U IJ7unlu:'I' '" > 0 sO UU/./. fol' uny (0, E) E AV '//Je

halJt:,

whe1'c (h.st is nuy disl,fI:l1f:r- !nudio'f/. cOUl])(t./.ible wil,h I,he l,o]Jol0!lY oJ T 1\.

Proposition 2.4 AS8U'/JU: J] : T" 1"1 ---+ R 1:8 cOll.m::/; (J./uf ld E c ToT" Al be (l
Lo.!J1'o.uginu SUbS])(f.Cf:. Ij tl,pt (E) n V (cPt(f))) = {O} 10/' 1. E [0, (J.L then tltc seglll.cnt

{tPt (fJ) , 1. E [0, an dor;,.:; not Ilfnu; em/ju!Ju/'c l)()ints, i.e. l/u: set. oJ 1, E [0, n] such thal
d<pt(:I:) E V(4Jt(O)) COfJ.si.sf.s uf./T/"..,f. oJ on,; jJ01>nl,jo.,. f/.ll uO'/l-zr:.,.o:1: E ToT .. ft1.

Proof of TheorerlJ 1.2:
\<\Te explaill 1l0W Itow t.o derive Theorem 1.2 frollI Propositions 2.1, 2.:.~ and 2.4.

Find; we observe:

Rell1ark 2.5 Sllppose t.lIa.!, t1lere exists a cont.iIluollS inva.ria.nt. Lagl'fl,ngiall sllbbundle
E of T(T* J1tJ) IE",. ThelI, there exists a.not.lIer olle E, srl.tisfyiug' J'V.H (0) E E(0), for
aU 0 E E(T' .lust. set J~(0) = {.IV H(O)} + (E( 0) n To'E n ). TllUs frOll1 uow Oll we shall
a.."'Slll11e witllOut loss of gellera.lit.y that. .l'v fl(O) E E(O).

\,Ve c1a.iIn th;:d, t.o prove 'TII(~orellll.2, i1. sllHiCt-~s t.o show Propert.y (a,), t.lla.t iS l for
all f) E ~(T, ,E(O) n \1(0) = {O}.

Proof o[ f,he dil.illl: 1'0 show t.hat. 1T"(L:(T) = 1H ohsel've tlHd. if for iLlI () E E rr ,

E(O) n \1(0) = {O}, t.lien 7r I~", is a. sul.)Jnel'SiOll. Illdeed, wlten tl1ro IT/J E", is not
surjectivc, .1\1 IJ(O) E V(O) a.lIrI tllen E(O) n \1(0) ~ {.I\111(O)} :f:. {O}. Tlien sinee
1r(E(T) is COlllpacl'l il. is opml a.nd closed a1lrl t.llllS 7r(E rT ) = 1'1. Also if for a.1I 0 E Ea )

E(O) n \1(8) = {O}, thell by Proposition 2.4, ~(T does 1l0t. cont.aill cOlljllg;ü,e point.s
concludillg t.lle prüof or the c.Ia.inl.

Now not.e t.lIaJ. a. cOIlf.illllolls Lagra'llgia.ll subbulldie E is a. cOlltiIlllOllS sect.ioll,
E : L(T ---+ Al of l.ile bllndlt~, 1\ ---+ L(T' SlIppose 1l0W t.hat E is illvarill,llt. Tll1ls we call
llllifonnly approxinw,t.e E b.y (I, COO-sectioll E, so tllil.t. the IIla,ps

4



(1)

() -+ «(),E(())),

are also IlniforInly dose (uote tliat. l1t It;:::o E(1JtO) = «0, E{O))). By the Transversalit.y

Theorelll ([5, p. ;~8]) we can cllOose E, so thai. E is t.ransversa.1 t.o Av . On the ot.her

hand, if E is sl1fficient.ly close to E in tohe way described above, it follows froDl

Proposition 2.:l t.hat t.llere exist a. nUlnber .,.1> 0 so t.haJ., if (0, E(fJ)) E Av, then

. cl" ,
(h .•;f.(r1t. 1,;:::0 E(1JtO),T(o,E(()))1\V) > .,'.

Set J{ := {O E L;(T: E(O) n \1(0) i= {O}} = E-1(A\I). Suppose tlJat ]( is not

eInpt.y, theu if E is sufficien t.ly dose to E, the set ]~-I"(A \I) is also uot elll pty. Illdeed,

if E is sufficicIltly dose t.o E, it. fullows thaI, E an<! E are hOlllotopic. '''',Je will see in

Proposit.ion :t:1, tlta.t. if ]\' is llOt. eillpt.y, t.llt~re exists a. closed curve, a : 8 1 -+ I:(T, so

tlt;l.f, E 0 (\' : SI -+ A has positive illtursectiOll llUlllber wit.ll Av (i.e. positive MitsIov

index). It fo11ows t.ben, t.IIa.!. E(E(T) 1l11lsl, illt.ersect 1\ \I ot.henvise the intersect.ion

llurnber would he zero.

Next. not.e t.Ilat ire = E- 1(1\ \') is !lot elnpt.y, it is a, c10sed strati ried snblllcUli fold

of codilnensioll olle wit.h lo\\' diIllensional strata,s 01' codilnellsioll 2: :l. i\1oreover on

accollnt, 01' eq nat.ion (1) 1 <Pt is t.rallsversa.1 t.o C. Thcll if t11e set I{ is not Clnpty, tllere
exists a codilileilsioll 0lJ(~ f.ra.llsversil.l cycle cOlltra.dict,iIlg Pl'oposiLiOlI 2.1.

o

Relnark 2.6 Let (lV'Lu lW) he a sYlllplect.ic 11li1,llifold wHh W,,-l exact.. Vve eudow N
wit.h a. Lagrallgia.Il distribut.ioll n: i.c. a. sect.ion of t.lle La.grallgian-GrasslnanI1 bundle

over N. SuPPOSt~ IlOW II is (tU optic;d Hcl.lnilt.olliall Oll JV respect to 0' (2) (optical

Halll iItOll icUlS II a1. 11 rally generalize COll vex Hanli hOll ia.ns Oll cof.allgent l:nlll<lles). Tilen

if on SOHle COl11pact. reglll ar ellergy level of J-l, t.lle Ha.l11i l1.oni all ftow of H, aclI11i tos

a cOllti11110US invariant Lagrallgia.1l suhhulldie E, t.hen E ewd Cl' 1I1USt. be trallsversa1.

The proof is exac1.ly as tll(-~ prool' of Tlleorenl 1.2 ahove, sillc(~ Proposition 2.:3 also Ilold

in t.liis general sd.t.illg. \,Ve also note j,!J(I.t. if J-I is opt.icilJ: proper a.nd botlnded 1'1'0111

helow, t. hen llecessari IV w n
-

l is exact rOt" 'I/. 2: :{. IIldeed, si Ilce optical I-I alni1tOll ians

are open, alld tlle iIldex 01' a lIoll-degellerate crit.ica! point 01' an opt.ica.l Harniltonian

does not. exceed '/I. [:~] l it. follows frOl11 i\1orse theory tha.t lV lias the hOlll0t.Opy t.ype of

a CVv-colnplex wi t,h dillleilsion ::; '/I. TllllS JI'L7I-'i (Jl1, R) = () for n, 2: :l aBri therefore

any c10scd 2n - 2-fonll is exact.

Next., we prove P!"opositiolls 2.1 auf! 2.4.

Prau! o[ Pl'o/HJsit,ioll 2.1: \Ve first. show:



Lenllna 2.7 J/)( is u Cl} 11Ccl.O'1' }l'cll! on (l cOT1t/md '/IU/ui/oll! !tV J and n is a 1JoI1l1fl,f~

/0 'nu, such 111, al ){ is c:r,act. wilh rcspcd in n (i. c. i x n is C:Ul cl) ! t.h cu X has uo

cOl!i-11I,ensiou aue t,'l'unslIcTsnl cydcs.

p1'fJOf: If X had a codilllensioll Olle tra.nsversa.l cycle C, tben

(J # 1ix n = f 'lI = 0,
c luG

since C is a. cycle. Tliis cOIlt.rlldicl.ioll pl'oves tlle lellllllit..

o

\-\Te cOlllplet.e HOW t.he proof of Proposition 2.1. The exaet,lIess hypothesis ilnplies

W
11

-
1 = dA, wllere /\ is a 2n-:1-fol'l11. Take i\. vecto!' field )" sO 1.1 l(1,1. w;s:(:V(:/:L.J'V H(:,:)) =

1 foI' all:1: E [1- 1 (a). Thell dCllOt.illg){ = .J'VH 1 we Iw,ve

'iX1:1~(~) IH-l(rr)=~.
/I I~-l

Hence defining t.he voll une fOrIn n := 'il~(W /\ ... /\ w), it. follows that--..--
11

i .\' n = w /\ ... /\ W = dA ..'\ --..--
n-J

Hence )( is all eXilct v(~ctor field Oll H- 1(a) wi t.il respec1. 1.0 the vn] urlle fonn n. By
t.he previous lellllllll. ./'V H IH-l(rr) lias 110 codilnell:-;ioll OIlG trallsver:-;aJ cycle.

o

Before provillg Proposition 2.4 we reca.ll hrieHy t.lle lillear equat.ion aud the R,icceüi
equat.ion C\~sociat.ed wit.h 11.

Fix a Rie1l1Cl.llllia.ll llwt.l'ic Oll J\r/ 1 tllen ToT* Pd splits as Cl. direct Sllill of two La.­
grangian subspaces: tlle vert.icCl.I Sll hspace V (0) an<! t.he horizontal sl1 bspace H (0)
giveu by tohe kernel 01' the COllllt-:c1.inll lllal>. Bot.iI sllbspaces call be callollic::a.lly iden­
tified wit.h T1f (B)JH. Let. E C ToT"' 111 l)(~ il. SUbSPiiCt~ of diIllcllsion '11 anel wil.1J t]le
property E n \I (0) = {(}}. 'fllen E is t.he graph 01' SOllle li lIear lllilV S : H(0) ---+ \I ({}).
It, Cil.1l be easil.y cllecked t.luLl', E; is La.grangii\.ll if allf! only if S' is SYllllllctric wit.11
respect. to the inner prodllcl. givclI hy tlle Riemnlauiall llwt.ric.

'Ta.ke (J E T'" 111 a.nd :/: = (h, '[)) E loT- kl = IJ (0) ffi \I ((J) = Trr(B) 111 EB T1t(B)A1. Now
cOllsidel' a viLl'iiLt,ioll



such tha.t for each .5 E (-c-:, t), 0'8 is a. solution oi' tbe Hallliltoniall H such that.
0'0(0) = °allel ~:, l.'l=tl 0'.'1(0) = :1:. Then if we write (h(t),v(/.)) = d<pt(v) we have that
h anel v verify tbe following linear eqUit.tioll

(2)

where cova,riant derivatives a.re evaluated along 7r(ün(/.)), aud f{Ilp, JII)(1' JlfJq and Jiqp

are linear operators on T1f ((}) ft1, t.hat in local coordina.tes coillcide with the nw.trices

f . - '. I I,,·' ,<' . ( (')1 H ) ( ;)2 H ) (f/2 H) -I ( ;)2 H) 1\.1 . ... . J1 " .' t' -o !)cu tl cl. (CI I \ cd. 1ves -n'~ , -:;--;:;-, ~ a,ll( ~).-, . 1\ 01 (.ovel PT) I S IJOSl ,I ve
( 1"UJij (11'. UfJj U!JiOfJj ( 1/'UPj

definite if H is convex.
Next we wi 11 derive the Riccati eql1ht.ioll. Let E !Je Cl, La,gril.ngial1 SI1 bspace of

TeT*/l1. SllPPOSC fnr I. ill SOlllC illterval (-f1 t), dcPt(E) n \!(rP/(f))) = {O}. Thcll we
ca.u write dc/>t(E) = .tjFoJlh 8(1.)1 wlJere 8(t.) : IJ(<p,(O)) -t \!(c/>t(O)) is a sYlllllletric
tHap. Tltat is, if :/: E E l.1Jell

dljJ,(:l:) = (h(t.),S(t.)h(t.)).

By rneallS of the equal.ioll (2) we obta.in:

Since this works 1'01' every :/: E E we nhtaill tllt~ Ricca.t.i eqllat.ioJl:

Proof of ProposiUol1 2.t1:
Take t.he synllnet.ric I Ilap S' (l.) t.hat gi ves d<p1 (E) a.s Ci. graph anel let (h(t.), v(t.))

represeut dfjJt(:I:) (:1; E ToT*j\1). Sl1ppose h(c) = 0 for SOHle c E [O,a]. Suffices to
show that. 11.(1) =I () for all I. E [0 1 a] differnnt froll1 C. COllsider V(1.) a fcl.1nily of lluear

isonlOrpllislllS sat.isfyi ng

f" = (H IJI , + H,."S') )/:

V(O) =;.d.

lf we ta.ke w such tl\clJ. (w, S'(O)u...') E E il-lId defille

h1(t.) = }/ (f. )u.:,

vdt) = S(t.)Y(t.)w,

we get -USillg eqlla.t.ioll (;))- 1,IICi.t. (11.],"01) is a SOIIlt.ioll 01' l.he eqllat.ion (2). Since dc/>t
preserves t.he synlplectic fonn we gel;

< hU), "171(1.) > - < 11(1.), 11. 1(/,) >= - < v(c), V(c)w >

7



allel heuce

< }/*(l)S'(t.)h(t.),w > - < }/*(t)v(i,),w >= - < }/(c)*v(c),w > .

Therefore
v(t.) = S(t.)h(t.) + (l/*)-I(t)V(C)"v(c).

Since

we get

anel bence

Since h(c) = nwe ohtain

< }/- 1 ( t )h (t. ), y (c)" () (c) >= 1t < 11N' (},' • ) - 1 (u )Y ((;r 1) ( (~ ), (}/o") - I (u) Y ((;)*v(G) > du .
..

Theu the eonvexity 01' J1 illiplie~ t.hat h(t.) 1= 0 for alll. E [0, a] difFerent froln c auel
heuce there a.re llO cOlljuga.te poilltS alnug the segnleu1..

3 Proo! of Theorem 1.3

Let fr : T- 1"1 --t R he Cl. convex (-Iculliltollian and let ePt denote the Row a.ssociated
t.o IJ. Let){ C T* 1"1 he (\.11 arhitrary COll11ected cPrillVil,ria,lIt sll1.nua.nifold. Sllppose
a continuou~ invariant Lil-lIgril-llgiiLll snhlnllldle E is glvell Oll );, i.e. for eaclJ 0 EX,
E(O) is Lagrangiall, 0 --t E(O) i~ cOlltill1l011S a.n<! E(rPt(fJ)) = d<pt(E(O)).

For cil,eh con 1. i lillons c1()s(~d Cll rve n : [0 ,T] -+ ); we Cilll <Ieh Ile t II(~ f\1 ill-Ilov index
of 0' 1 11. (Cl'), n." t.lle nil as Inv iIl dex of thc cu rve I. --t (O'U), E(u(t. ))) i 11 t he Lagrallgi i\,ll­
Gra.:-;smalll1 hlllldie ([t, 2,4,8]). This illdex dehlles in tllrn an elenlellt I' E fJl(){, Z)
caJlcd thc Maslov c1il,SS of t:lle pair (.\", E).

\~'e will sa.y tlIiI.t. a. COll1.iIl1IOUS c10scd Cllrve n : [0, T] -+ )( is i\. l>.';ellr!o-orbit. of l.be
Hanlilt.onian How <Pt if for a.11 tu E [0, Tl where

there exists t: > () such t.lIat



für t, E (-f., f) (for tu = 0 or tu = T we take the cont.illllOlI~ periodic ext.ension of 0' to
the real line).

The followiIlg lenlllla i~ an iIl1portallt. consequellce 01' the convexity of Hand can

be fOHnd in [2, 4, 8].

Lenll11a 3.1 lf ()' : [0, T] -+ ); is (L closctl pscutlo-orbit, the7/. 11,(0') 2:: O. At[o.,.eovcr if
thcl'e (;;rists smf/.(; ll) E [O,T] 101' which E(cr(tu)) n V(O'(i,o)) f:. {OL /.hc'/l Jf'(O') > O.

Definition 3.2 Suppose )( i~ invaria.nt. lIuder t.he involutiou ('l,]J) -+ ('l, -1')' For
a curve 0' : [O,T] -+ ~}{1 a(t.) = ('1(1'),1'(/.)), let ö : [O,T] -+ X be the curve ö(t.) =
(q(T - t), -p(T - t)).

Let. 0 ~ X dellot.e t.be ~et. (Ir uon-\\'Cl.ndering poi IIts 01' q,t iu X,

Proposition 3.3 SIIP/)OS(; /.hcn; (~:r.i.r.;fs 0 E n so 1.1/f1.t. E( 0) n V (0) i= {()}. Then I,here

c:r:'i.sts (/. c!oscr! l's,;ur!o-o'/'bif. n : [0, T] -+ )( so 1.1/(/./. u( ()) = 0 uud 1.1/.'1/.s wif.h /1,( 0') > 0
by LCI/1.71W, 3.1, IJ in udddiofi J} /s sym,'/// dl'ic all rl ):: is 'i fJ. (J(J.'l'iuul. uu(!f;r /.hc iuvolnl,ion

(q, p) -+ (q, -lJ),. I.h (;'fI n t;fI n I,,; dlOSr;1I so /.lIa/. ll-' is also (J jJscudo-orbif..

Proo!: (cL ahn [8]) By Pl'oposi t.iou 2.:3 tollere exi~:d,s f > 0 ~o that. 1'01' a.ll t E
(-2f.,2t:) and I, i= 0 we ltave r!<fJt(E(O)) n \I(cP'(O)) = {O} iUld the are of trajectory

q,t(O), I, E (-2t, 2<::) is in a flow !IOX. Let. UI alld U'J. be lIeighhorllood~ in )( of cP((lJ)
aud q,_((0) re~pcct.ivdy so t.hat E dnes 1101. 1.ouch the vCl'tlcal 1101l-trivia.Ily 1'01' auy

point in t.heln. Since 0 E n l.herf~ exist.s .~ > nallel 'lI E U1 so that. r/>A'fJ) E U'2' COllncct
now cP((O) wit.h "lI by a. patiI 11 cou1.ailled ill U1 , and 1J,~(I/) \vith cf;-t(fJ) hy a path 1'2

contailwd in U'2'
COllsidel' the dosed cltrve er oht,aillcd lIy joining t.he followinß sequcuce 01' piLlbs:

{cPt(fJ): tE [-f,fn, 11, {ePt("/): tE [O,s]}, /'2' eIert.rly u is (t, psclldo-orbit through
f) as desired.

If f/ is sYll1uletric (\.lid .\ is invariant 1I1Htcr t.he involution (q, p) -+ (fJ, -7)), then
if (i is an orbit of cPt, ß is also a.n orhit.. Then Cl. sln<1.11 lllOdificat.ioIl of t.IIe argulnents
above shows thaI. the ClIl've ()' I,; i 1.1 1 he cllOSCIl so thai. r)' is also a pselldo-orbit. (cL [8]).

o

PJ'OO[ oE Theon-nlJ 1. .:1:
First. not.e t.hat if H is cOllvex aud SYlIlIllctric, t.hCll 7T(~(T) is c10sed evell if ~(T is not

cOlnpact.j indeed 7T(I: rr ) = U- 1(-00, rr], wltere (j : 11'1 -+ R is given by U( q) = H( '1,0).
Beuce as in t.he pl'oof nf TIJ('~orell1 1.2 1 we only have 1.0 show tllil.tE(IJ) n \1(0) = {O}
for all 0 E ~rr. Sl1ppose thai. 1'01' SOllH:l 0 E ~(T, E(O) n \1(0) i= {O} a.lId we will derive
a. cOllt.radictioll. B.y Proposition :L:3 t1l(~l'e exists a. clnsed pselldo-orhit 0' through 0 so



that 11'(0') > O. Let (}'-1(1.) = n(T - f.) a.nd observe t.hat. rr- 1 an<:! i.Y a.re hOillOt.opic/
whcre (1' is the curve defilled in Definit.ion 3.2. 'rhus () < 1/'(0') = -IL(O'-I) = -Il(a).
But. sinee O' is also Ci. psel1do-orhit. (cf. again Propositioll :3.:{) it has non-negat.ive

fvIa:-;lov index (Lellnna :t 1) whieh i5 a. cOIlt.radict.ioll.
o

Rell1ark 3.4 'rite argllll1ellt. above also shows thal if tlte Ilon-wallderillg set n ~ L:;a

touclles t.he zero seet.iOIl of T* AI then 1Jt IE ... does not {-\rhnit Cl. contillllOUS invetriant
Lagrangi a.n S11bh1111die.
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