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GENERALIZATIONS OF THE MARKOFF-HURWITZ
EQUATIONS OVER RESIDUE CLASS RINGS

IOULIA N. BAOULINA

ABSTRACT. In this paper, we use evaluations of Gauss sums modulo p* to de-
rive expressions that allow us for a given generalized Markoff-Hurwitz equation
to determine the number of its solutions over Z/p*Z if the number of solutions
over Z/pZ is known. We also calculate the corresponding Poincaré series.

1. INTRODUCTION

Let R be a commutative ring. A Markoff-Hurwitz equation over R is an equation
of the type

2 2
x1+...+xn:bx1...xn7

where b € R\ {0} and n > 3. Markoff [21] used continued fractions to find all
integer solutions in the case b = n = 3 and Hurwitz [18] described the set of integer
solutions in the general case. For a history of the problem and related references
see [5]. Baragar [6] and Silverman [22] studied solutions to a Markoff-Hurwitz
equation when R is an order in a number field. Recently [4] we considered the
case when R = Z/pF7Z, where p is a prime and k is a positive integer. Using an
elementary algebraic-combinatorial approach, we obtained expressions that allow
us for a given Markoff-Hurwitz equation to find the number of its solutions over
Z/p*Z if the number of solutions over Z/pZ is known.
Carlitz [9] considered a generalized Markoff-Hurwitz equation

2 2
i+ +a,x, =bry -z, +c

where aj,...,a,,b € R\ {0}, ¢ € R, over R = GF(q) with odd ¢. He found the
explicit formulas for the number of solutions when n = 3 and when n = 4 (under
a certain restriction on the coefficients). Some generalizations of Carlitz’s results
can be found in [2] and [3].

In this paper, we study a generalized Markoff-Hurwitz equation in the case when
R = Z/qZ, that is, we consider a congruence of the type

(1.1) a i+ +a,22 =bx,---x, +c (mod q),

where n > 3, ¢ > 1 is an integer and ai,...,ay,b,c are integers satisfying
ged(ar -+ an,q) = 1. Let Ny(a,b,c) denote the number of solutions to (1.1) in
Z1,...,2Z, (mod g). For an integer z and an odd ¢, let (z/¢) denote the generalized
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2 IOULIA N. BAOULINA

Jacobi symbol. Cohen [10] investigated (1.1) when ¢ is odd and b = 0 (mod ¢). He
proved [10, Corollary 1] that

o (U Py o)y

n/2
N,(a,0,0) = dla d a
R n1 s~ %) :
=ty I if 21 n,
d?|q

where ¢ is the Euler function. For the case ged(c,q) = 1, Cohen [10, Corollary 2]
gave the formula

124, ...
ne1 s~ ( (5D 2an - an\ p(d) :
q Z( p )dn/Z if 2| n,
Ny(a,0,c) = i (n—1)/2 2
ne1l ((71) n CLl"'CLnC) o (d) ifQJ[n
“ o d A=)/ ’

where g is the M&bius function.
Throughout much of this paper we are particularly interested in the congruence
(1.2) a4 +a,x2 =br, -z, +c (mod p*),

where n > 3, p > 2is a prime, k is a positive integer, aq, ..., a,, b, c are integers with
ptai---a,. From now on, we assume that p { ¢. The result of Cohen mentioned
above yields

-)"2ay---a,
Ny (@,0,¢) = pn= — (W)p«zkl)(nl)l)/z
if n is even, and

_1 (n_l)/2a s ApC
N, (@,0,c) = = + <( ) . 1 )p(%—l)(n—l)/z
if n is odd. The special case

_1\/2,4, ...
. (M)pw—zw it 2] n,
B B j2
(13) Np(a,O,C) - (_1)(n—1)/2a1 ceeapc
| V2 2 g,
p

is due to Jordan [20] (see also 7, Theorem 10.5.1]). Carlitz [9, Theorem 1] showed
that if n =3 and p 1 b, then

(14) Nplabe) = p* +1+ ((j;) H(2)+(2)+ (;)) (b?c—flazas)p

Further, if n = 4 and p | (b*c? — 16a;1a2aza4) then [9, Theorem 3] yields

(1.5) Ny(a,b,c) =p>—-1 +1 <(a1a2> + <a1a3> 4 <a1a4) n (agag)

2 P D D D

() 1 (59)) (Yot - (L)
() (2)+ (%)= (%)) ()
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Also, if n = 4, p | (b%c® — 8ayazaza,) and (‘;—1) + (%2) + (%3) + (‘;—4) = 0 then [9,
Theorem 2] together with properties of Jacobsthal sums [7, Proposition 6.1.10 and

Theorems 6.2.1] imply that

pP—2p—1 ifp=3 (mod 4),

1.6 Np(a,b,c) =
(1.6) »(@,b,c) {p3+2(A+1)p—1 ifp=1 (mod 4),

where the integer A is uniquely determined by
(1.7) p=A%2+B?  A=-1 (mod4).

In general there is no explicit formula for evaluating N« (a, b, ¢). The aim of this
paper is to find expressions that allow us to calculate Ny« (a,b,c) if Ny(a,b,c) is
known. Our main results in Section 3 are Theorems 3.1 — 3.3, in which we obtain
the desired expressions. In Section 4, we combine our expressions with the results
of Carlitz mentioned above to determine explicitly N,x(a,b,c) and Ngy(a,b,c) for
n = 3 and for n = 4. In Section 5, we compute the corresponding Poincaré series
and verify the Q-conjecture of Hayes and Nutt [16]. Poincaré series for more general
polynomials are discussed in Section 6.

Throughout this paper, we use the following notation. Let N;k, (@, b, c) denote

the number of solutions to (1.2) with p{ ;- x,, and NISS) (a,b,c) = Nyr(a,b,c) —
N (@,b,c). Let r be a nonnegative integer such that
|| (022 —4(n —2)" 2ay - ap).

For b%c"~2 = 4(n — 2)""2a; - - - a,, we use the convention r = co. Let

(= 20=0) i
0= ((_1)<n—3)/2~6(n_2)) if 2 4
p o

For any positive integer ¢, set {, = exp(27i/q).

2. PRELIMINARY LEMMAS

First we state our earlier result which will be useful in the sequel. We write |A|
for the number of elements of a finite set A.

Lemma 2.1. Let f € Z[xy,...,2,] be a nonzero polynomial, and let k, aq, ..., oy
be integers with k > 2 and 0 < aq,...,a, < [k/2]. For v € {k — 1,k}, let
Aa, be the set of n-tuples (ui,...,uy,) of integers such that 1 < wuq,...,u, <p”,
flur,...,uy) =0 (mod p¥), and for each j,

e .
P axfj(ul,...,un) if Oéj<[k/2},
o ‘
(e %C(Ul,...,un) Zf a]:[k/2}
Let
.Ag),)l/:{(ula-..,un) E'A(iW Zp|u1...un}7
Ag,y:{(ulw..,un)e/{@)y pTulun}
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If min{ay, ..., an} < [k/2] then

0 n— 0 * n— *
A =" AD L Msal = P MGl
Proof. See [4, Lemma 2.1 and Remark 2.2]. O

Next we recall a few facts about characters. The following lemma gives the
orthogonality relation for Dirichlet characters modulo p*.

Lemma 2.2. For integers x and y with pt z,

k) T —

ok .
X (mod p) 0 e —y),

i

where the summation is taken over all Dirichlet characters x modulo p*.
Proof. See [1, Theorem 6.16]. O

Since

> x@xy) = D x@x) - D x(@)X(y),
x (mod pk) x (mod pk) X (mod pk—1)
X - primitive

for k > 2, the next lemma is a straightforward consequence of Lemma 2.2.

Lemma 2.3. Let k > 2. Then for integers x and y with pt x,

e(p*) — (1) if pF | (2 —y),
> x@)xw) = —e@" Y if p*t | (2 — ),
X (mod p*) 0 if pP (e —y).

X - primitive

Let x be a Dirichlet character modulo p¥. The Gauss sum corresponding to x is
defined by

pk

G(x) = > x(@)C-

Gauss sums occur in the Fourier expansion of a primitive character.

Lemma 2.4. Let x be a primitive Dirichlet character modulo p*. Then for any
integer x,
k

x@) = C S s
p y=1

Proof. See [1, Theorem 8.20]. O

For a Dirichlet character y modulo p*, define
T = >,  x@ia)P (el -+ a1 — o).
1<z, ., wn <pk
In the following lemma we express T'() in terms of Gauss sums, under a certain

restriction on the coefficients. For convenience, we also use the notation 7 for the
Jacobi symbol ( )

P
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Lemma 2.5. Let x be a primitive character modulo p*. Assume that (%) =...=
(%) = (7‘:("72)). Then
p P

— — pk n

T(x) = x(a-- .;;)G(Xz) Zin—2(y) ;fy (G(X) + (W)G(Xn)> )

y=1

Proof. Note that y? is primitive. By Lemma 2.4

k

o G X2 — alzf wta, x2 —c
Xlayad + - +a,z; —c) = ;k >Zx2(y)€pk( b,
y=1
Hence
G) &
X c - al‘rf Cbnxi
TO) == 2 wGE X X(@3 - a)( ety
y=1 1<x1,...,x, <p¥k
G) & e
X c Z a;T;
=S eI Y (1+(ﬂ))x<x]><,,k v
y=1 j=lz;=1
ply
G(E) ¥ .
. _ —a
=005 e T x-am (600 + () 6tan),
At i P
pty
that is
x(a an)G(x? 2 e e c(n—2)y "
T(y) = X0 an)CO0) §= oz pky(G(x)Jr( (=2 )G(xn)> :
p = p
as desired. 0

Let k > 2, and let ¢ be a primitive Dirichlet character modulo p* of order o(p*)
normalized such that

D+ = ¢ it 2|k,
(L4 p*D ¢ ?%pk—l) =l if 21 k.
Then every primitive character x modulo p* has the form x = 97 with p1 j.
Lemma 2.6. Let k > 2. For any integer j with p{j,
PRI ()G if 2|k,
PG ()G 2tk
Proof. See [15, Corollary 2.1]. O

G) =

Lemma 2.7. Let k > 2. For any integer j with p{j,

Glwin) = ()60,
Proof. Observe that 1 = 17 (P=1/2_ Applying Lemma 2.6, we deduce the asserted
result. (]
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Lemma 2.8. Let k > 2 and let j be an integer with p { j. Assume that (%) =
ce = (“—) = (76(";2)). Then

p
T(7) =2"p*" /27 (") (4(n — 2)"2ar -+ - ap)

1 if2 |k
X {(;)nﬂ(n;Q) (%)ni(an)(pfl)Q/zL if21k.

Proof. Appealing to Lemmas 2.5 and 2.7, we obtain
5J - n j 1,27 p* . . n
y=1

B gnfli/jj(al o aﬂ)gn@j)g@%)
= o

pk

(ZW(” 2) cy+<10n_2 )Z( a2 kJ>

y=1
2N (gD ()G ()G ()
pk

(e s (e n)

that is
1) T = TP e BCATNAETCWT ),
Note that

VT (=25) = P ()7 (j),
W (= (n = 2)) = D=1 (0 - 2)" )P ()" (7).
Combining these relations with Lemma 2.6 and (2.1) and using the fact that
; P = (%)i(”’l)z/‘ﬂ we deduce the desired result. O

Lemma 2.9. Let k > 3 be odd. Then for integers x and y with p*~* | (x —y) and
pta,

k

o(p®) . §
> (D@ = () (0

- )Z-(p—1>2/4pk—<3/2>(p —1).

Proof. Since p*~1 | (z

— ), there exists a positive integer ¢ such that
r=y(1+p" 1) =y1 +p* )" (mod p").
Note that

_ 1 gy ptnr2 _ .
(1+pt* 1)/2+p72 P’ =1+p* 1 (mod p*).
Thus, for any integer j,

(h=1)/2

. _. o (k—1)/2 _ p+1 ,_ —j —j
W)l (y) = 77 (1 p T =t ) = G, =G
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Hence
INE N p(p*) (—t 2
T Qroen=3 (e -Gy
Since ) i _:_y
ph—1 =yt (mod p),
we have (—t) <—y) ((x _ y)/pkﬂ)
and the asserted result follozvs. Y b 7 -

An immediate consequence of Lemmas 2.3, 2.8 and 2.9 is the following.

Lemma 2.10. Let 2 <k <r+ 1. Assume that (%1) =...= (%) = (@) and
p1b. If kn is even then

ongk (kn—2)/2 (o, _ 1 if k<
LY e = e, T
o(p*) —2ngrtiplrtn =22 f | = 41,

x (mod p*)
X - primitive

If kn is odd then
b2c" % —4(n—2)""2%ay

1 = = .
DY x(b2)T(x)=< . >~2"9’“p(’“ D72,

©(p*) p

X (mod p")
X - primitive

3. EXPRESSIONS FOR Nk (a, b, c)
First we show that the difference N(g)(d, b,c) — pnle(fll(a, b, ¢) vanishes for
P P
all k > 2.
Lemma 3.1. Let k > 2. Then NIES)(EL, b,c) — p"ilNIES),l(EL, b,c) = 0.

Proof. For v € {k — 1,k}, let Nég)(&,b, ¢) denote the number of solutions to the
congruence

(3.1) a2+ +a,x2 =bx,---x, +c (mod p”)
in T1yeey T (mOd pu) such thatp\xlxn and
20121 = bxows -z, (mod p[k/Q]%

2a9x9 = bryx3 -2, (mod p[k/z]),

(3.2)
20,%, = br1Te - Tp—1 (mod p[k/z]).
By Lemma 2.1
N (@,b,¢) = p" NG (@,b,¢) = N (@,b,¢) — p" NG, (@0, ).
It is readily seen that for each solution (z1,...,2,) to the system of congru-
ences (3.2) with p | #1---2, we have p | 1, ..., p | x,. But since p 1 ¢, none

of these solutions satisfy (3.1). Therefore, ]\7;2) (a,b,c) = Ngg),l(&,b, c) = 0, and
the result follows. (]
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Next we show that in many cases N;‘k. (@,b,c) — p”’lN;,c,1 (@, b, c) also vanishes.

Lemma 3.2. Let k > 2. Then N* (@,b,c) — "’1N*k 1(@,b,c) =0 except possibly

when (%):...:(%):(C(" 2) ptband k <r—+1.

Proof. For v € {k —1,k}, let N;.(a,b,c) denote the number of solutions to the
congruence (3.1) in z1,...,z, (mod p”) such that ptz; ---z, and (3.2) holds. By
Lemma 2.1

(3.3) N (@, b,¢) = p" ' Nji(a,b,¢) = N (a,b,c) — p" ' N1 (a, b, c).

Observe that N;k (@,b,c) = N;k,l(d,b,c) = 0 for b = 0 (mod p). Further, when

ptay - xy,, the system of congruences (3.2) can be rewritten as

(3.4) 20,22 = --- = 2a,22 = bxy---x, (mod plF/?),

n
For any integers x1,...,z, with p{ 21 - - -z, for which (3.1) and (3.4) hold simul-
taneously, we have

(3.5) (n—2)ajx3 =c¢ (mod pl*/?)), ji=1,...,n

Consequently, ]\_f;k (@,b,c) = N;k_l((z,b, ¢) = 0 except possibly when (%) =...=
(%) = (@) and p 1 b.

Now assume that (%) =...= (%) = (C(” 2)) p{band x1,...,z, are integers
with pt -2, satisfying (3.1), (3.4) and (3.5). We have
(g 22+ -4 a,z2 —c)> =b*2? .22 (mod p*1).

Multiplying both sides by (n — 2)"ay - - a, Z 0 (mod p), we obtain

(n
(3.6) (n—2)""%a,---a, (Zn:((n —2)az; —c) + 2(;)2

= H(((n —2)a;az? —c)+c¢) (mod p*t).
In view of (3.5),

n

<Z((n —2)a;z; —c) + 20) =4 + 402((11 —2)a;a5 —c¢) (mod P

Jj=1 J=1

and
H n—an —c)+e) ="+ 12 n—Z)ax —c) (mod p*~1).
j=1 j=1

We can now rewrite (3.6) in the equivalent form
n
(b*c""2 —4(n —2)""%a,---a,) (c2 + cZ((n - 2)aja:? - c)) =0 (mod p*1).
j=1

By (3.5), this is only possible if p*~! | (b2c¢"~2—4(n — 2)"2a; - - - a,,), or, equiva-
lently, if k < r+1. Therefore we have established that N* (@,b,c)=N* ee1(@,b,e)=0

except possibly when (%) =...= (“p") = (°("p 2) ), )[b and k < r+ 1. The as-

serted result now follows from (3.3). O
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We are now ready to determine N, (a, b, ¢) in the case p | b. We obtain immedi-
ately from (1.3) and Lemmas 3.1 and 3.2 the following.

Theorem 3.1. Assume that p | b. If n is even then

1" 2¢q, .-
N, (@, b,c) = pFn=1 — <();1an)p((2k_l)(n_l)_l)/2'

If n is odd then

—_1(n=1)/24 ...
N (a,b,c) = pF=1 4 <( ) S a1 anc)p(Qk—l)(n—l)/Q.

Remark. Under the condition p | b we have N, (a,b,c) = N, (a,0,c).

It remains to calculate the difference N*, (@, b,c) —p" " 'N*._,(@,b,c) in the case
P P

a _ _ QAp _ C(’I’L*Q)
() =-=(%)=(F52)ptb,2<k<r+1.
Lemma 3.3. Let 2 < k <r+1. Assume that (%) =... = (“7”) = (C(nTTQ)) and

ptb. If n is even then

2n—19kp(kn—2)/2(p _ 1) ka <r,

* (= n—1 nr* -~ _
Npk (CL, b; C) -p Npk—l(aa b, C) - {_Qn—19r+1p((r+l)n—2)/2 ka =r41.

Ifn is odd and k # r + 1 then

2 1pkn=2/2(p 1) if2 |k and k <,
N (a@,b,¢) —p" "Ny (a,b,¢) = p (p=1) 2]k <
0 otherwise.

If n is odd, r > 0 and b*>c"~2 # 4(n — 2)" " 2ay - - - a, then

b2 % —4(n—2)""2%a;---an, > r+1

Naa(@,b,¢) — p" N (@, by c) = (_1)T< 1;

« 2n710r+1p[((r+1)n71)/2] )

Proof. For v € {k — 1,k}, let N;u (@, b, c) denote the number of solutions to the
congruence
(g 23+ +a,22 —c)* =b*2? .22 (mod p*)

n

inzy,...,2, (mod p¥) such that ptxy ---z,. It is readily seen that

N2 (@,b,¢) = N (@, b, ¢) + N (a, —b, ¢) = 2N75 (@, b, ).
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Further, by Lemma 2.2,

V 1
N;k(&,b,c) = ) Z Z X(b%f...xi)x2(a1x%+...+%x2_c)
1<zy,..., xngpk X (mod p*)
plzy Ty,
1 —
= %0( k) Z Z X(b2m%xi)x2(a1$%—|—_’_anxi_c)
1<@1 ...,z <p* X (mod pk—1)
plry-Tn
1

1<z, ;20 <p* x (mod p*)
X - primitive

- 1
:pn_lN;k—l(@ab7 C) + k Z X2(b)T(X)

¢(p*) (o )
X - primitive
Hence
1
N;’C(aabv c) an_lN;kfl(@’@ c)+ = Z X(b2)T(X)~
2(p) .
x (mod p”)
X - primitive
The required expressions now follow from Lemma 2.10. (|

Corollary 3.1. Let

3 if 2| n, (%)::(%):(@) and
V"2 =4(n—2)"2ay - ap,

4 if 24n, (2) == (%) = (422 and

k > b20n72 — 4(n o 2),”72011 .

r+2 if(%):...: %>:(@) and
bQCn_Q ?é 4(” - 2)n—2a1 *Qp,

2 otherwise.

fr2n () =-=(3)= (@) and b*c"~? = 4(n —2)"2ay - - - a,, then

Nyi(a,b,c) = (p" ' + Hp”/Z)Npkfl (@,b,c) — 9p(3"_2)/2Npk72(é, b, c);
if 24 n, (%) =...= (“?) = (@) and b*c" 2 = 4(n —2)""2a; - - - a, then
N,.(@,b,c) = p" 'Ny-1(a,b,¢) + p"Npyr—2(a,b, ¢) — p*" ' Npe-s(a, b, c);

otherwise
Ny (a,b,c) = pnilek—l (@,b,c).

Appealing to Lemmas 3.1, 3.2 and 3.3, we obtain the following results.
Theorem 3.2. Let n be even and ptb. If (%) =...= (a?") = (6(711.%2)) and k <r
then

pE-D(m=2)/2 _ gk-1
- pn2)/2 ¢

Ny (a,b,c) = p*=D=VN (a,b, ¢) + 2" pEn=2/2(p — 1)
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IF(a)=-=(%)=(“2), r>0andk>r then
(r—=1)(n—2)/2 _ gr—1
~ _ o (k=1)(n—1 ~ n—1, ((2k—r)(n—1)+r)/2 P
Npk(a’ b,c) _p( A )Np(a7b7c)+2 p(( (n=+n/ p(n=2)/2 _ ¢
_ gn—1,((2k—r—1)(n—1)+r-1)/2 | prnA2 g
p p—D2 _g
In all other cases
Nyi(a,b,c) = p(kfl)("fl)Np(EL, b, c).
Theorem 3.3. Let n be odd and ptb. If (%) == (a?") = (c(”;m) and k <r
then
[k/2)(n—2) _
— —1)(n— — n— n—1)— n—2)— p
Nyw (@b,¢) = p* =V TIN, (@, b, o) 427 DT ) s —
L= =() = , T 18 odd an > r then
If (2) (%) (C("p‘?)) is odd and k h
(r—=1)(n—2)/2 _ 1
— —1)(n— — n— —r n— r— p
Ny(@,b,¢) =p*=DI=DN, (a5, ¢) 427 Lp(=rD(n=Dr—1)/2 A
_ gn=1p((k-r-1)(n-1)4r-1)/2 prHbn=2)/2 _ 1.
pn—2 -1
If(2) = = (@) = (422 > 0 s even and k > r then
P P P
_ (k=1)(n—1) AT (= n—1, ((2k—r)(n—1)+r—2)/2 prn2/2_1
Npk(a,b,c) =p Np(a,b,c) +2"""p (p—1)- 21

b2 2 —4(n—2)""2a1-an

In all other cases
Ny(a,b,¢) = pk=D=D N, (a,b,c).
4. EXPLICIT FORMULAS FOR Nk (a,b,c) WHEN n = 3 AND WHEN n = 4

In this section, we use the expressions obtained in the previous section together
with the results of Carlitz [9] to determine explicitly N, (a) for n = 3 and for n = 4.
Combining (1.4) with Theorem 3.3 leads to the following.

(a—3) = (9) and k < r then

Theorem 4.1. Letn =3 and pfb. If (%) = (%) = (% ¢

p

b, c) = P2 ap?Rl k2 4p2k—[k/2]—1_

<z%)’ r is odd and k > r then

N, (a,b,c) = P2 apPhl g p2he2 4p2k7((r+1)/2) _ 4p2k7((r+3)/2).
( ,r >0 1is even and k > r then

N, a, b, C) :p2k + 4p2k71 +p2k72

+ ( (tPe— 4“1“2“3)/pr) (E) - 1) g2k (+2)/2)
p P
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In all other cases

Nt = e () +(2)+ (5] (5)) (Fo ) e

Similarly, by combining (1.5) and (1.6) with Theorem 3.2, we arrive at the fol-
lowing results.

Theorem 4.2. Let n = 4 and p t b. Assume that p | (b?>c?* — 16a1az2a3a4). If
() =(2)=(%2)= (%)= (%), p=1 (mod 4) and k <7 then

p p p p

Ny (@,b,c) = p* + 3pPh=1 — 3ph=2 _ p3h=3 _ g 2k—1,

If (%) = (%) = (%") = (%“) = (%), p=3 (mod 4) and k < r then
- _ 3k _ o 3k—1 3k—2 _  3k—3 2%b—1/ .Pki1 — (D!
Nyi(a,b,c) =p 3p +11p p + 8p (p—1) P .

If (%) = (%) = (%") = (%4) = (%), p=1 (mod 4) and k > r then
N k(a, b7 C) — p3k + 3p3k—1 _ 3p3k—2 _p3k—3 _ 8p3k—7‘—1 _ 8p3k—7“—2'
If (%) = (%) = (%3) = (%) = (@) p=3 (mod 4) and k > r then

I3 J

Npk (a7 b, C) :p3k o 3p3]€71 4 11p3k572 - p3k‘73
4 gphT A G VA gpPh—r2. P - (_1)7'.
p+1 p+1
In all other cases
1
N k(a b C 1 a1a2 a1a3) n <a1a4) + (U,Qa3)
2 p p
20y

(&
( 4) (a3a4)) (‘;l)P3k 2(p - 2)——(:;1)p3k—2
((p> () () 5 () (e s

Theorem 4.3. Let n = 4 and p { b. Assume that p | (b*c* — 8ajazazas) and

(5)+ (5) + () + () =0 Then

No(abe) = P -2 = ifp=3 (mod4),
' P24+ )Pt - pR S ifp=1 (mod 4),

where the integer A is uniquely determined by (1.7).

Next we evaluate the number Ny(@, b, c) of solutions to (1.1), under a certain
restriction on ¢. If ged(ag - - anc, q) = 1 and each prime divisor of ¢ divides b
then, by the remark following Theorem 3.1, N, (@, b, c) = N,(@, 0, c). Hence by [10,
Corollary 2],

net (D)™ 2ay - an\ p(d) .
q 12( y )dn/2 if 2| n,
N,(a,b,c) = dla
qg\W, U, - (_1)(n71)/2a1,_.anc /,LQ(d) £ 9
o d )qonm i 21n

dlg

Using Theorems 4.1 — 4.3, we can easily obtain expressions for Ny(@, b, ¢) in some
other cases.
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Theorem 4.4. Let n = 3 and q > 1 be an odd integer coprime with a1, az, as

and c. Write ¢ = q19293q4qs, where q1, g2, g3, qa, g5 are pairwise coprime positive

integers satisfying the following conditions:

(a) each prime divisor of q1 divides b;

(b) b and g2q3qaqs are coprime;

(¢c) if p is a prime dividing qo then (%) = (%) = (%3) = (;)7 p* | q2 and
p || (b?c — 4araza3);

(d) b%c — 4ajasas and q3qsqs are coprime;

(e) if p is a prime dividing q3qaqs then

<a1)+<a2)+<a3>+(c) _(b2c—4a1a2a3) g ZC]]Z:Z:;,
22 as ey _ (Ve daazaz .
p p p p P o
Then
o) - 5 (i) (0 wagp
i da|g2 2
(3 ) (v ) e
d% d4 qg )
d3las dalas

where v(ds) denotes the number of distinct prime divisors of dy. In particular,
if ged(b,q) = ged(b?c — 4ajaszasz,q) = 1 and for each prime p dividing q we have
(%) + (%) + (%) + (§) = —2- (Festanns) then

p p P P
Ny(a,b,c) = ¢*(q).

Theorem 4.5. Let n =4 and g > 1 be an odd integer coprime with a1, as, as, a4
and c. Write ¢ = q19293q4qs, where q1, g2, q3, qa, g5 are pairwise coprime positive
integers satisfying the following conditions:

(a) each prime divisor of q1 divides b;

b) each prime divisor of qaqs divides b%c? — 8aiazasay;

) each prime divisor of quqs divides b*>c*> — 16ajasa3a4;

) if p is a prime dividing g2qsqs then (%) + (%2) + (%") + (%4) =0;

) if p is a prime dividing q2 then p — 1 is a perfect square;

) if p is a prime dividing q3qs then p =3 (mod 4);

g) if p is a prime dividing g5 then (%) + (22) + (%) + (%4) =—4- (%)

Then ? ? P
Ny(a,b,¢) =¢° (dz| (s ) P ) s 105 )
(B (m @) (E @)

where a(dy) denotes the sum of divisors of d4. In particular, if for each prime p
dividing q we have p | (b*c? —16a1az2a3a4), p = 3 (mod 4) and (%) +(2)+ () +

P )
(%4) =—4. (%) then

Ny(a,b,c) = *(q).
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5. POINCARE SERIES

Let f € Z[x1,...,x,] be a polynomial and let ¢, denote the number of solutions
to the congruence f(z1,...,,) =0 (mod p¥). The generating function

oo
Pr(t) =1+ ct?
k=1

is said to be the Poincaré series of f. Borevich and Shafarevich [8, p. 47| raised the
question of whether Py(t) is always a rational function. Igusa [19] and Denef [12]
gave an affirmative answer using completely different methods. Both proofs are
nonconstructive and don’t show how to express Py (t) as a quotient of two polyno-
mials.

There are, however, certain classes of polynomials for which the correspond-
ing Poincaré series can be computed by elementary means. Goldman [13], [14]
derived explicit formulas for the Poincaré series associated with strongly nondegen-
erate forms and with certain algebraic curves. The case of a diagonal polynomial
flry,. ... xy) = alx‘fl—im ta,zd+c, whereay, ... ,an,c € Z, dy,...,d, €ZF, was
treated by Wang [23] (for ¢ = 0 and p t a1---a,) and Han [17] (for
ptai---apd;---d,), and more recently by Deb [11] (for an arbitrary diagonal
polynomial). Recently [4], we calculated explicitly Py(t) for a Markoff-Hurwitz
polynomial f(z1,...,2,) =2% + -+ 22 —bxy---x,, where b € Z and n > 3.

Hayes and Nutt [16] presented a further conjecture: Py(t) can be written as
Pr(t) = Q1(t)/Q2(t), where Q1 (t) and Q2(t) are polynomials in Z[t] (possibly with
common factors) and Q2(t) is a product of polynomials of the form 1 — p™¢* with
m,s € Z, m >0, s >1and m < ns. They called this assertion the Q-conjecture
and proved it in a number of cases. Note that the Q-conjecture holds for the special
classes of polynomials mentioned above.

Now consider the case f(x1,...,2,) = ay23 + -+ + a,x2 — bxy -+ -z, — ¢, where
a1,...,0n,0,¢c € Z, n > 3. Assume that p > 2 and ptay - - - anc. Matching up with
our previous notation, we have

o0
Pp(t) =1+ Np(ab,c)t.

k=1
It is well-known that a power series represents a rational function if and only if
the sequence of its coefficients eventually satisfies a linear recurrence relation with
constant coefficients. In this case, the denominator is completely determined by
the recurrence. The coefficients of the numerator polynomial are determined by
the values of the initial terms prior to the recursion. Thus, in view of Corollary 3.1,
P¢(t) has the form

_ R(t)
PO = =m0 — o)
if 2 | n, (%) =...= (%") = (@) and b2c" "2 = 4(n —2)"2ay - - ap,
_ R(t)
PO = e
if 24 n, (%) == (%) = (@) and b2c" "2 = 4(n —2)"2ay - - - a,, and
Py(t) = )

S l—pnlt
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otherwise, where R(t) € Z[t]. We see that the Q-conjecture holds in this case.
Further, for b = 0 (mod p), we have N,x(a,b,c) = Np(a,0,c), in view of the
remark following Theorem 3.1. Thus, combining the result of Han [17, Theorem 5.3]

for diagonal polynomials with (1.3), we deduce that in the case p | b

n/2

-1
{— (M)Z,m—z)/% it2]n,
R(t) = 14 (Np(@,0,¢) —p" )t = b
(71)(77,71)/2(11 PN anc
1+ ( oDt i 24,
p

The results of Section 3 allow us to determine R(t) in other cases.

Theorem 5.1. If n is even, (%) =...= (‘%) = (@) and b*c"% = 4(n —
2)"2ay - -a, then

R(t) = (1+ (Npy(a,b,c) — p"il)t)(l — Op %) 2 (p — )82

If n is odd, (?1) == (a?”) = (C(nJZ)) and b*c" ™% = 4(n — 2)""2ay - - - a,, then
R(t) = (1+ (Np(@,b,c) —=p" )t (1 = p"t*) + 27 1p" " (p — 1)¢°.
(%)== (%)= (C(n;2)), b2eh2 £ 4(n—2)""2ay---a, andr > 0 then

R() =1+ (Ny(@.b.) = p )t = (1) 2 2gr il /s

" ((b20”2 —4(n—2)"2ay - an)/pr>n(r+1)
p

r—=2 )

Zo Gipin/2t if 2 | n,

=

(r=2)/20
STopittB if24n.

Jj=0

+ 27;—1pn—1(p _ 1)t2 .

For all other cases,
R(t) =1+ (Np(a,b,c) — p”_l)t.

6. FURTHER (GENERALIZATIONS OF MARKOFF-HURWITZ EQUATIONS

In this section, we consider a more general congruence

d

(6.1) ayxi + -t azd =bx, -z, + ¢ (mod pb),

where p > 2 is a prime, ay, ..., a,, b, c are integers, dy, . . ., d,, k are positive integers,
ptaj---apcdy---dp, n > 2. Assume in addition that at least one of the following
conditions holds:

(a) p | b;

( )ng(dJud]mp 1) Jf (lnd ajl 1 —ind (led]'Z) for some jl,jQ S {1, . ,n};
(©) p[((D/dy) + +(D/d ) = D);

(d) pt ((D/dy)+---+ (D/dy) — D) and

(
ged(dj,p—1) 1 (inda;((D/d1) + -+ -+ (D/dn) — D) —ind e¢D/d;)
for some j € {1,...,n};
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()

bDC(D/d1)+...+(D/dn)7D(B)D/dl (2)D/dn

dl dn
D D (D/d1)+++(D/dn)—D
#DD(f‘i"i_i_D) ! alD/dl_..aE/dn7

dy dp
where ind z denotes the index of the integer z # 0 (mod p) with respect to a fixed
primitive root modulo p and D = lem [dy, ..., d,].

Throughout this section, N, (a,b,c) denotes the number of solutions to (6.1)

in x1,...,2, (mod p*), N;‘k (@,b,c) denotes the number of such solutions with

pta -z, and N;SS) (a,b,c) = Npk(a,b,c) — N (@,b,c). By the same type of
reasoning as in Section 3, we can obtain linear a recurrence relation for N« (@,b,c)
and calculate the corresponding Poincaré series.

For a fixed k > 2 and v € {k — 1,k}, let N\ (@,b,¢) and N, (a,b,¢) denote the
number of solutions to the system of congruences

ax + -4 a,z =br, -2, + ¢ (mod p¥),
aydyz ! = bagxs -, (mod plF/2),

(6.2) anngrl =brir3---x, (mod p[k/2]),

andnx'ydznil = bxixe- - Tp—1 (mod p[k/Q])’

in z1,...,2, (mod p”) with p | &1---z, and p t x1---x,, respectively. From
Lemma 2.1 we deduce that

N (@,b,c) —p" TN (@,b,¢) = N (@,b,¢) —p" NG, (@0, 0),
Ny (@, b,c) —p"_lN;k_l(&, b,c) = ]\_f;k (a,b,c) — p"_ll\_f;k_l(é, b, c).

By employing the same type of argument as in the proof of Lemma 3.1, we see that
N;g)(d, b,c) = NGO (@,b,c) =0, and so Nég)(d, b,c) = p"‘lNIEg)_l(&, b, c) for k > 2.

pk—l

Next we calculate N (a, b, c) fpnle;k,l (@,b,c). When ptzy - - x,, the system
of congruences (6.2) can be rewritten as

(6 3) alx;ll +"'+anxg,n Ebzl...xn+c (IHOd pu)’
. aldlmfl =...=a,d,z% =bxy---x, (mod p[k/Q]).

Observe that (6.3) yields the congruences

D D , D

(6.4) (d—l + -+ T fD)avx'{lj =c - (mod p*/2y, 1< j<n.
n j

It follows easily that if at least one of the conditions (a) — (d) holds then N;k (@,b,c)=
N;k_l(a, b,c¢) =0, and so N (@,b,c) = p"‘ll\f;,‘,_l(c’t7 b,c) for k > 2.

Now suppose that none of (a) — (d) holds. Hence the condition (e) holds. If
Npi-1(a,b,c) = 0 then we are done. Assume that Nye-1(a,b,c) # 0 and z1,...,z,
are integers with p { z1 - - - z,, satisfying (6.2). Then

..:L’D

b )P = PP gl

(apzP + - 4 a,zd —c k=1,

(mod p
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Multiplying both sides by (dQ R dQ — D)(D/d1)+"'+(D/d”)a?/dl -~-a5/d", we
obtain
(dB L dg D)(D/d1)+ +(D/dn)—D D/d1 ... gD/
1

D b
< ( . n—D)ajasjj—c-dj>+cD>
- D D/d; p g,
D . _ D/d; D k-1
j||1<(d1 + 4 D) a;"x; ) (mod p" 7).

j
Further, using (6.4), we find that

D D (D/dy)+++++(D/d)—D
DD(dil+...+d77D> ! aP/d .. gD/
D/d; D\ D/dn
_ 1D (D/d1)+ -+(D/dn)—D (= [k/2]
=0 (dl) (dn) (mod p=0).

In view of the condition (e), the latter is not true if k is sufficiently large. Thus
N;k (@,b,c) = N;k,l (a,b,¢) =0and N, (a,b,c) = p"_lN];‘,c,1 (@, b, c) for sufficiently
large k.

The results may be summarized as follows.

Theorem 6.1. For sufficiently large k
Ny (a,b,c) = p" ' Nye-1(a, b, c).

In particular, if at least one of the conditions (a) — (d) holds then the number of
solutions satisfies the above recurrence relation for all k > 2.

Taking into account the fact that N,(a,b,c) = p"~! if ged(d;,p—1) = 1 for some
j and p | b, we obtain

Corollary 6.1. Let p > 2 be a prime and

f(x1,... zn) = a2 + - +a, 2% —bx, -z, —c
where the integers ay,...,an,b,c,dy,...,d, satisfy the above conditions. Then the
Poincaré series Py(t) is a rational function of the form
R(t)
Py(t) = T—p1¢’

where R(t) € Z[t]; in particular, if ged(d;,p — 1) = 1 for some j and p | b then
R(t) =1.

Finally, we notice that the Q-conjecture of Hayes and Nutt [16] holds for this
class of polynomials.
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