PERVERSE SHEAVES, KOSZUL IC-MODULES, AND THE QUIVER FOR THE CATEGORY O

MAXIM VYBORNOV

Abstract. For a stratified topological space we introduce the category of IC-modules, which are linear algebra devices with the relations described by the equation d^2 = 0. We prove that the category of (mixed) IC-modules is equivalent to the category of (mixed) perverse sheaves for flag varieties. As an application, we describe an algorithm calculating the quiver underlying the BGG category O for arbitrary simple Lie algebra, thus answering a question which goes back to I. M. Gelfand.

1. Introduction

1.1. Motivated by R. MacPherson’s cellular perverse sheaves, W. Soergel’s studies of the Bernstein-Gelfand-Gelfand (BGG) category O, and L. Saper’s L-modules we introduce here, in Section 2, an abelian category of IC-modules designed to be a derived-category-free model of the category of constructible perverse sheaves if the latter is Koszul (cf. 2.8.4 for the remarks beyond the Koszul case). In Section 3 we prove the following.

Theorem A. The category of Schubert-constructible perverse sheaves on a flag variety is equivalent to the category of IC-modules.

Moreover, we suggest a relationship between perverse sheaves and IC-modules for a much wider class of stratified spaces.

1.2. There exists a number of derived-category-free models of perverse sheaves. These include D-modules, cf. e.g. [24] (which actually predate perverse sheaves), gluing constructions [1, 29], and “quiver” presentations, cf. e.g. [30, 19, 11, 9]. We believe that our “elementary” construction has the advantage of being well suited for mixed perverse sheaves. We construct a natural functor from mixed perverse sheaves to mixed IC-modules which is an equivalence in our two main examples: flag varieties and simplicial complexes, cf. Section 6.

1991 Mathematics Subject Classification. 14F43, 17B10, 32S60. 1

2 MAXIM VYBORNOV

1.3. Let G be a complex simple algebraic group, g = Lie G its Lie algebra, B a Borel subgroup, and b = Lie B its Lie algebra. Let h be a Cartan of b, Φ the root system, and let W be the Weyl group. Let O_0 be a regular block the BGG category O, cf. [5, 6, 7], equivalent to Schubert-stratification constructible perverse sheaves on G/B, [2, 3]. The simple objects of O_0 are the simple g-modules with the highest weights w(ρ)−ρ where ρ =^1_2 � α∈Φ^+ α. If g = sl2, then O0 is equivalent

to the following category of linear algebra data

V_{0 b} � V_1 a�

with the relation b∘a = 0. This is the quiver of the category O_0 for sl_2. The question of finding such a quiver for arbitrary simple Lie algebra g goes back to I. M. Gelfand, cf. [18]. Seminal breakthroughs with implications for this question had been made in particular in [25, 2, 34, 4]. It is well known that the quiver has vertices labeled by the elements of the Weyl group W . If y, w ∈ W , then for every arrow from y to w there is an arrow from w to y. Moreover, the number of arrows from y to w is equal to μ(y, w) – the coefficient of the power^1_2 (l(w) − l(y) − 1) of the Kazhdan-Lusztig polynomial [25]. However, the relations between arrows were not known explicitly and were difficult to obtain algorithmically, except for a few small rank cases, cf. [23, 37].

In Section 5 we use IC-modules to encode the relations in the form d^2 = 0 and describe a computer-executable algorithm to calculate them explicitly. The algorithm is a refinement of an algorithm of C. Stroppel [37]. It works for arbitrary simple Lie algebra g, thus settling the Gelfand’s question for the category O.

1.4. We believe that IC-modules should also be useful for the study of Harish-Chandra modules and Soergel’s conjecture, cf. [36, Basic conjecture 1], as well as toric varieties, affine Grassmannians, and locally symmetric spaces, cf. Section 7.

Acknowledgment. I would like to thank Robert MacPherson, Ivan Mirković and Wolfgang Soergel for some crucial suggestions and observations. I am grateful to A. Beilinson, J. Bernstein, T. Braden, G. Faltings, O. Gabber, S. Gelfand, G. Lusztig, V. Ostrik, A. Polishchuk, A. Postnikov, C. Stroppel, and K. Vilonen for very useful discussions, and to MPIfM, IHÉS, and Universität Freiburg for their hospitality and support. The research was supported in part by the NSF Postdoctoral Research Fellowship.

2. Definitions and The d^2 = 0 Theorem

2.1. Setup. Our sheaves are assumed to be sheaves of finitely generated R-modules over a ring R. Unless indicated otherwise, R is assumed to be the field C, but many results are true for other ground rings.

Let X be a topological space equipped with a sheaf of rings and let X = � S∈S S be a partition of X into a finite disjoint union of locally closed strata. Let dim : S → Z_{≥0} be a dimension function such that dim S ≤ dim S^′ if S ⊆ S^′ and let us fix a perversity function p : Z_{≥0} → Z, cf. [22, 3].

Let L be a local system on S. Consider the IC-sheaf IC(S, L) = IC_p(S, L), cf. [21, 22, 3] corresponding to L and the perversity p on the closure S of the stratum S, and let

IH^∗(S, L) = IH^∗_p (S, L) = H^∗(IC_p(S, L))

be the hypercohomology of the sheaf IC_p(S, L). From now on we will omit perversity from the notation. Perversity is always assumed to be the middle one for algebraic varieties with algebraic stratifications. Notice that IH^∗(S, L) is naturally a graded H^∗(X)-module, where H^∗(X) is the cohomology of X with coefficients in R.

From now on we assume that all strata are contractible unless explicitly specified otherwise, e.g. in section 2.5.

2.2. Definition. A mixed IC-module V is the following data:

(1) for every stratum S ∈ S, a Z-graded R-vector space (stalk) ⊕_{i∈Z}V^i_S on S, (2) for every pair of incident (i.e. one is in the closure of the other) strata S and S^′ such that S ≠ S^′, a boundary map

v(S, S^′) ∈ Hom^{(1,1)}_{H∗(X)}(IH^∗(S, V^•_S ), IH^∗(S^′, V^•_S′ )),

where Hom^{(1,1)} is the space of degree (1, 1) morphisms of H^∗(X)- modules IH^∗(S, V^•_S ) bigraded by the degree of IH^∗ and the degree of V^•_S . The data is subject to the

(2.2.1) Chain Complex Axiom: d^2 = 0,

where d is the degree (1, 1) map

(2.2.2) d = � S,S^′

v(S, S^′) : ⊕_S IH^∗(S, V^•_S ) → ⊕_S IH^∗(S, V^•_S ).

4 MAXIM VYBORNOV

The bigraded space ⊕_S IH^∗(S, V^•_S ) with the differential d is called the total complex of the IC-module V . Its cohomology is naturally bigraded.

2.3. A non-mixed IC module is defined exactly as above, except the stalks V_S are just (non-graded) R-vector spaces, and boundary maps

v(S, S^′) ∈ Hom^1_H∗_{(X)}(IH^∗(S), IH^∗(S^′)) ⊗ Hom_R(V_S, V_S′ )

and the differential d are maps of degree 1. The cohomology of the total complex has only one natural grading.

2.4. A morphism of IC modules is the collection of maps between stalks commuting with the boundary maps. The abelian category of non-mixed IC-modules of finite length (i.e. having a finite filtration with simple subquotients) will be denoted by A_S (X).

The category of mixed IC-modules of finite length will be denoted by A^{mixed}_S (X). It is a mixed category in the sense of [4, 4.1]. A mixed IC-module V is called pure of weight m if it is concentrated in degree −m i.e., V^i_S = 0 unless i = −m for all S ∈ S. We have the obvious functor v : A^{mixed}_S (X) → A_S (X) forgetting the mixed structure.

2.5. Local Systems. One could further generalize the definition of an IC-module to the case of non-simply-connected strata. In general, the stalk V_S is a local system on S, and the boundary maps are

v(S, S^′) ∈ Hom^1_H∗_{(X)}(IH^∗(S, V_S), IH^∗(S^′, V_S′ )),

where Hom^1 are the degree 1 morphisms of H^∗(X)-modules. (We consider here the non-mixed case to simplify the notation.) The Chain Complex Axiom and the total complex are precisely as above.

From now on we will consider non-mixed IC-modules unless explicitly specified otherwise, e.g. in Section 6.

2.6. Verdier duality. We will only consider here the middle perversity case in order to simplify the notation. For an IC-module V the stalks of its Verdier dual IC-module DV are defined as follows:

DV_S = V^∗_S ,

where V^∗_S is the dual vector space. Notice that

(V_S ⊗ IH^i(S))^∗ = V^∗_S ⊗ IH^{−i}(S) since according to [22, 5.3] we have IH^i(S) = (IH^{−i}(S))^∗. Now the boundary maps

dv^i(S, S^′) : V^∗_S ⊗ IH^i(S) → V^∗_S′ ⊗ IH^{i+1}(S^′) || || V^∗_S ⊗ (IH^{−i}(S))^∗ → V^∗_S′ ⊗ (IH^{−i−1}(S^′))^∗

of DV are dv^i(S, S^′) = (v^{−i−1}(S^′, S))^∗, where

v^{−i−1}(S^′, S) : V_S′ ⊗ IH^{−i−1}(S^′) → V_S ⊗ IH^{−i}(S)

are the boundary maps of V . The Chain Complex Axiom (2.2.1) for DV is obviously satisfied. We have constructed a contravariant functor D : A_S (X) → A_S (X). Clearly, D ∘ D = Id.

2.7. Denote the category of S-constructible perverse sheaves of finite length on X by P_S (X), cf. [3]. We present here a more precise formulation of Theorem A. The raison d’être of these notes is the following.

The d^2 = 0 Theorem. If X is a flag variety stratified by Schubert cells, or a simplicial complex stratified by simplices, then (i) the categories P_S (X) ≃ A_S (X) are equivalent, (ii) the total complex of an IC-module calculates the hypercohomology of the corresponding perverse sheaf.

Remark: The d^2 = 0 Thereom for simplicial complexes. For perverse sheaves on simplicial complexes constructible with respect to the triangulation we have

IH^∗(Δ) = C[δ(dim Δ)],

where Δ is a simplex and δ is a cellular perversity, [28, 32, 39]. The ICmodules in this case are simplicial perverse sheaves of R. MacPherson and the statement of the The d^2 = 0 Thereom is a theorem due to MacPherson [28], cf. [32, 38, 39] for an alternative proof.

2.8. Restrictions, relaxing remarks, and conjectures. We use only a limited number of properties (some are listed below) of the category of perverse sheaves in order to prove the Theorem. It is natural to conjecture that under these restrictions The d^2 = 0 Theorem holds. (Note that only the statement (ii) is in question.)

2.8.1. Assume that we have only finitely many strata S ∈ S. This assumption can be relaxed, but we will not pursue it here.

6 MAXIM VYBORNOV

2.8.2. For the purposes of this text we will assume that the strata are contractible. This assumption could be relaxed: The d^2 = 0 Theorem with a local system version of IC-modules is a tautology for a stratification with one stratum, for example.

2.8.3. Assume that the category P_S (X) has enough projectives i.e., every object has a projective resolution.

2.8.4. We assume that the category P_S (X) is Koszul i.e., it is equivalent to a category of finitely generated modules over a Koszul algebra. When the category P_S (X) is not Koszul one can still reconstruct it from the algebra Ext^∗_{PS (X)}(L, L), where L is the direct product of all simple objects in P_S (X) with the canonical A_∞-structure, cf. e.g. [27, Problem 2]. One has to take this A_∞-structure into account in order to generalize the IC-modules beyond the Koszul case.

2.8.5. For any two incident strata S ans S^′ and two simple objects L_1 = IC(S, L_S ) and L_2 = IC(S^′, L_S′ ) in P_S (X) we assume that we have the isomorphisms

Ext^i_{PS (X)}(L_1, L_2) = Ext^i_{D(X)}(L_1, L_2) = Hom^i_H∗_{(X)}(H^∗(L_1), H^∗(L_2)),

and Ext^i_{PS (X)}(L_1, L_2) = Ext^i_{D(X)}(L_1, L_2) = 0 for any two non-incident strata S ans S^′. Here Hom^i is the space of H^∗(X)-morphisms of degree i. In particular, the representation of the algebra Ext^∗_{PS (X)}(L, L) in the space ⊕_S IH^∗(S, L_S ) is faithful. One could generalize IC-modules using another faithful representation of the algebra Ext^∗_{PS (X)}(L, L).

3. Proof of Theorem A

In this section we prove The d^2 = 0 Theorem, and thus Theorem A, following a suggestion of W. Soergel. In fact our proof works for any stratified space with the restrictions 2.8 and one additional condition: R_X [dim X] is a simple object of P_S (X).

3.1. Let G be a simple algebraic group over C, B ⊆ P ⊆ G be a Borel subgroup and a parabolic subgroup, W_P the subgroup of the Weyl group W and let G/P be the corresponding partial flag variety, stratified by Schubert cells X_w, where w is a coset in W/W_P which we identify with the set of strata W_S of X. Denote by P_{Schubert}(G/P ) the category of Schubert-stratification constructible perverse sheaves on G/P .

3.2. Theorem. [34, 20] For any y, w ∈ W_S the natural map

Ext^∗_{D(X)}(IC_y, IC_w) = Hom^∗_H∗_{(X)}(IH^∗(X_y), IH^∗(X_w))

is an isomorphism of graded spaces. (Here Hom^i denotes degree i morphisms of H^∗(X)-modules.) Moreover, the left and right hand sides are isomorphic as graded algebras.

3.3. Koszul complex. In this subsection A = ⊕_{i≥0}A_i is an arbitrary Koszul algebra with semisimple A_0 = k. Let A^! be the quadratic dual algebra and let us consider the Koszul complex [4]

(3.3.1) · · · A ⊗^∗(A^!_2) → A ⊗^∗(A^!_1) → A → k.

Recall the construction of the differential from [4, 2.8]. Identify A ⊗ ∗(A^!_i) = Hom_{−k}(A^!_i, A). Let Id_{A1} = � a^′_α ⊗ a_α ∈ A^!_1 ⊗ A_1 under the canonical isomorphism Hom_{−k}(A_1, A_1) = A^!_1 ⊗ A_1. Observe that a_α (resp. a^′_α) is a basis in A_1 (resp. A^!_1). Then the differential

d : A ⊗^∗(A^!_{i+1}) → A ⊗^∗(A^!_i)

is constructed as follows: (df)(a) = � f(aa^′_α)a_α for f ∈ Hom_{−k}(A^!_{i+1}, A), a ∈ A^!_i.

Now, the entries of the Koszul complex are A-k-bimodules. Let k = � y k_y be a product of fields and let e_y be the identities in these fields (local idempotents). Let us fix e ∈ k to be such a local idempotent. We can multiply the Koszul complex by e from the right.

(3.3.2) · · · A ⊗^∗(A^!_2)e → A ⊗^∗(A^!_1)e → Ae → k_e,

where k_e is the field corresponding to e considered as a simple left A-module. This is a projective resolution of k_e.

Let M be a left module over A. Applying Hom( , M) to the complex (3.3.2) we get the complex

(3.3.3) · · · e(A^!_2) ⊗ M ← e(A^!_1) ⊗ M ← eM

calculating Ext^∗_A(k_e, M) with the differential d : e(A^!_i)⊗M → e(A^!_{i+1})⊗ M given by d(ea ⊗ m) = � eaa^′_α ⊗ a_αm for a ∈ A^!_i and m ∈ M.

For a Koszul ring we have an algebra isomorphism [4, Theorem 2.10.1] Ext^∗_A(k, k) = (A^!)^{opp} which induces an isomorphism of k-k-bimodules (with switched left and right action) Ext^i_A(k, k) = A^!_i, and the isomorphism

⊕_y Ext^i_A(k_e, k_y) = Ext^i_A(k_e, k) = eA^!_i,

8 MAXIM VYBORNOV

where k = � y k_y.

Rewriting the complex (3.3.3) we get

(3.3.4) · · ·⊕_y (Ext^2_A(k_e, k_y)⊗_k yM) ← ⊕_y(Ext^1_A(k_e, k_y)⊗_k yM) ← eM.

3.4. Flag varieties. Now let us apply this general machinery to our situation. Recall that perverse sheaves on X = G/P are modules over a Koszul algebra A and k = � y∈W_S ky where WS is the set of Schubert

strata, cf. [4]. Let e be the idempotent corresponding to the open Schubert stratum. Then, as a simple perverse sheaf k_e = C_X [dim X] is the shifted constant sheaf on the variety X. Due to [4, Corollary 3.3.2] we identify

(3.4.1) Ext^i_A(k_e, M) = H^{i−dim X} (M)

and in particular,

Ext^i_A(k_e, k_y) = IH^{i−dim X} (X_y)

where X_y is the Schubert cell corresponding to the idempotent y ∈ k.

Thus we can rewrite the complex (3.3.4) as follows

(3.4.2) · · · � y (IH^{1−dim X} (X_y) ⊗_k yM) ← � y (IH^{0−dim X} (X_y) ⊗_k yM)

with the differential d : � y (IH^i(X_y) ⊗_k yM) → � y (IH^{i+1}(X_y) ⊗_k yM)

obtained as follows: d(c_y ⊗ym) = ( � c_y ·a^′_α ⊗a_αym) for c_y ∈ IH^i(X_y), m ∈ M and c_y · a^′_α is the action of Ext^1_A(k, k) on ⊕_yIH^i(X_y).

Lemma. The category of left A-modules is equivalent to the category of left k-modules M equipped with the action of the basis a_α of A_1 in such a way that the sequence of maps (3.4.2) is a complex i.e., d^2 = 0.

Proof. For an A-module M (3.4.2) is a complex by construction. Suppose we are given a left k-module M equipped with the action of the basis a_α of A_1. Consider the degree one map d from ⊕_y(IH^∗(X_y) ⊗_k yM) to itself as in (3.4.2), and consider

d^2(c ⊗ m) = � (c · (a^′_αa^′_β ) ⊗ a_β a_αm)

for c ∈ ⊕_yIH^∗(X_y), m ∈ M. Since Ext^2_A(k, k) = (A_1 ⊗ A_1)^∗/R^⊥ where R ⊂ (A_1 ⊗ A_1) is the set of relations of A and the representation of Ext^i_A(k, k) in ⊕_yIH^∗(X_y) is faithful by the Theorem 3.2 we see that d^2 = 0 if and only if � a_βa_α ∈ R ⊂ (A_1 ⊗ A_1). □

The complex (3.4.2) calculates the hypercohomology of M considered as a perverse sheaf due to the fact that the complex (3.3.2) is a projective resolution of k_e and the formula 3.4.1. The d^2 = 0 Theorem is proved.

3.5. Example: P^1 [31]. Let X = P^1 stratified by two strata X = S_0 ⊔ S_1 where S_0 = C^0 = pt, and S_1 = C^1. We have IH^∗(S_0) = IH^∗(pt) = C[0], where C[0] is the complex with zero differential and one-dimensional space in position 0, and IH^∗(S_1) = IH^∗(P^1) = C[1] ⊕ C[−1], where C[1] ⊕ C[−1] is the complex with zero differential and two onedimensional spaces in positions −1 and 1. Now the spaces Hom^1_H∗_{(P}1_)(IH^∗(P^1), IH^∗(pt)) and Hom^1_H∗_{(P}1_)(IH^∗(pt), IH^∗(P^1)) are one dimensional. We will schematically depict a non-zero element of the these spaces as C[0] ↗ C[1] C[−1] and C[0] ↘ C[1] C[−1] respectively. Now we see that an IC-module may be depicted as the following diagram V_0 a ↗ ↘ b V_1 V_1 degree : −1 0 1 with the relation d^2 = 0 i.e., b∘a = 0. Thus the category of IC-modules in this case is isomorphic to the category of quiver representations

V_{0 b} � V_1 a� with the relation b ∘ a = 0.

4. Some combinatorics of Schubert varieties We start with some well known combinatorial preliminaries. In this section X = G/B is a full flag variety associated to a simple algebraic group G over C.

10 MAXIM VYBORNOV

4.1. Cohomology ring. Let us denote C = H^∗(X). Recall that C = H^∗(G/B) = S(h)/S_+(h)^W .

Let B^− be the opposite Borel. Denote by Y_w = B^−wB/B the opposite Schubert variety associated to w ∈ W , and denote by σ_w the class [Y_w] in H^{2l(w)}(X). It is well known that the ring H^{2l(w)}(X) is generated by the classes σ_{si} , i = 1, . . . , r, where s_i are reflections with respect to simple roots and r is the rank of g = Lie G. Moreover, we have the following Chevalley’s formula, cf. [14], for multiplying the Schubert classes in C = H^∗(X)

(4.1.1) σ_{si} · σ_w = � α∈Φ^+ l(ws_α)=l(w)+1

⟨ω̌_i, α⟩

(α_i, α_i) (α, α) σ_{wsα} ,

where ω̌_i is the i-th fundamental coweight, and α_i is the i-th simple root, and ⟨ω̌_i, α_j⟩ = δ_{ij} .

4.2. Let s_i, i ∈ {1, . . . , r} be a simple reflection in W and let C^{si} be the algebra of invariants of s_i. It is a subalgebra of C. We have the following description, explained to us by A. Postnikov: C^{si} = span{σ_w|ws_i > w, w ∈ W }.

Moreover, for any s_i, i ∈ {1, . . . , r} we have (4.2.1) C = σ_{si} · C^{si} ⊕ C^{si} 4.3. Now let us denote V_w = IH^∗(X_w).

It is a graded C-module. Due to Soergel, we have the following inductive description of V_w. Take a reduced decomposition w = s_1 . . . s_l Denote C_{s1...sl} = C ⊗_Csl ⊗ . . . C ⊗_Cs1 C.

The action of C of the leftmost tensor factor C equips C_{s1...sl} with a C-module structure. By [34, 35] we know that (4.3.1) C_{s1...sl} = V_w ⊕ � y<w V^{n(y)}_y

as a C-module.

Example. Type A_2.

(1) w = s_1s_2: C_{s1s2} = V_w, (2) w = s_1s_2s_1: C_{s1s2s1} = V_w ⊕ V_{s1} , and C_{s2s1s2} = V_w ⊕ V_{s2} .

4.4. The C-module C_{s1...sl} has a basis (4.4.1) a_l ⊗ · · · ⊗ a_1 ⊗ 1, where each a_i = � either 1, or σ_{si} .

In particular, dim C_{s1...sl} = 2^l. This basis is homogeneous: deg a_l ⊗ · · · ⊗ a_1 ⊗ 1 = deg a_l + · · · + deg a_1, where deg 1 = −1 and deg σ_{si} = 1. We know the action of σ_{si} , i = {1, . . . , r} on this basis by induction, the decomposition 4.2.1 and the the Chevalley’s formula (4.1.1).

4.5. We can now give a description of IC-modules purely in terms of combinatorics of the ring C = H^∗(X). Recall that for each w ∈ W we have a graded C-module V_w = IH^∗(X_w) whose combinatorial description is given in 4.3. Now a stalk of an IC-module M on X = G/B is a vector space M_w for every w ∈ W , and for every pair of y, w ∈ W we have boundary maps m(y, w) ∈ Hom^1_C (V_y, V_w) ⊗ Hom(M_y, M_w) subject to the usual Chain Complex Axiom (2.2.1). Let us denote this category of IC-modules by A_{Schubert}(G/B).

4.6. Localization. By the Beilinson-Bernstein Localization Theorem (used in in [2] to prove the Kazhdan-Lusztig conjecture [25], cf. [26, 13]) and The d^2 = 0 Theorem we obtain Theorem. The categories O_0 ≃ P_{Schubert}(G/B) ≃ A_{Schubert}(G/B) are equivalent.

5. Quiver algorithm Let us keep the setup of the previous section. Using Theorem 4.6 we can calculate the relations between the arrows of the quiver for the category O_0 in the following way.

12 MAXIM VYBORNOV

5.1. For y, w ∈ W we have exactly μ(y, w) arrows from y to w. Let us denote them by a^1_{y,w}, . . . , a^{μ(y,w)}y,w . (Note that μ(y, w) could be 0.) If we have a basis in the vector space

Hom^1_H∗_{(X)}(IH^∗(X_y), IH^∗(X_w)) = Hom^1_C (V_y, V_w)

given by matrices

(5.1.1) A^1_{y,w}, . . . , A^{μ(y,w)}_{y,w} ∈ Hom^1_C (V_y, V_w)

with respect to some homogeneous bases in V_y and V_w, then all the relations between the arrows are encoded by the equation d^2 = 0 or more precisely the linear relations between paths of length 2 going from y to w are the matrix elements of the matrix � z∈W i∈{1,...,μ(z,w)} j∈{1,...,μ(y,z)}

a^i_{z,w}A^i_{z,w} ∘ a^j_{y,z}A^j_{y,z} = 0,

where ∘ is the matrix multiplication.

5.2. Thus, all we need to get the relations are the matrices (5.1.1) spanning Hom^1_C (V_y, V_w).

Algorithmically, it is enough to find homogeneous bases in V_w for w ∈ W with the explicit action of the generators

σ_{si} , i = {1 . . . r}

of C. Then we can take all linear maps of degree 1 between V_y and V_w and solve a system of linear equations to find those linear maps which commute with the action of (the generators of) C.

5.3. We will find a homogeneous basis in V_w by induction on the length of the element w ∈ W .

Step 0. First of all, if w = 1, then V_1 = C.

Step 1. By induction, suppose that we already have homogeneous bases with the explicit action of (the generators of) C in V_y for y < w. Take a reduced decomposition w = s_1 . . . s_l. It is easy to see from Theorem 3.2 that

Hom^0_C (V_y, V_w) = � C, y = w 0, otherwise

From that and the decomposition 4.3.1 we can find matrices (with respect to the induction-assumed basis in V_y and the basis (4.4.1) in C_{s1...sl} ) spanning the space

Hom^0_C (V_y, C_{s1...sl} )

by considering degree 0 maps between V_y and C_{s1...sl} and making sure they commute with the action of the generators of C by solving a system of linear equations. Applying these matrices to the inductionassumed basis in V_y we get a homogeneous linearly independent system of vectors v_1, . . . , v_m in C_{s1...sl} spanning the subspace Y = � y<w V^{n(y)}_y .

Step 2. Now we have a C-module U = C_{s1...sl} with the basis (4.4.1) which we will number in an arbitrary way as x_1, . . . , x_2l , and its Csubmodule Y = � y<w V^{n(y)}_y

with the basis v_1, . . . , v_m which we know in terms of the basis x_1, . . . , x_2l :

v_i = � k α^k_i x_k.

We need to find a basis in the C-module U/Y with the explicit action of (the generators of) C. This is a problem of computational commutative algebra algorithmic solutions to which are well known, cf. e.g. [16, Chapter 15].

Step 3. Proceeding by induction we find a homogeneous basis in V_w, for all w ∈ W .

5.4. Remark. In order to improve the performance of an actual computer realization of this algorithm, one should use a number of shortcuts. For example, instead of using the module C_{s1...sl} to extract a basis in V_w, we could use C ⊗_Cs V_w′ , where w = w^′s and l(w) = l(w^′) + 1. (I am grateful to T. Braden for this and other suggestions.) The details of the realization and computational results will appear elsewhere.

5.5. Remark: one quiver = all quivers. Recall the Koszul agebra A underlying the category O_0 ≃ P_{Schubert}(G/B) from [4] and 3.4. The algebra A is generated over A_0 by A_1 and it is quadratic, that is the ideal of relations is generated by an A_0-A_0-bimodule

Rel ⊂ A_1 ⊗_{A0} A_1.

14 MAXIM VYBORNOV

The quiver of the category O_0 in this language is just a choice of basis in A_1 (arrows) and a choice of basis in the subspace Rel (relations between arrows). Once we have a basis in A_1 and a basis in Rel we can obtain any other bases in A_1 and Rel by linear transformations.

6. Weight filtration and the functor H

In this section we construct a functor H from mixed perverse sheaves to mixed IC-modules.

6.1. Let P^{mixed}_S (X) be a mixed category of mixed perverse sheaves. Examples of such categories include [4, 4.4, 4.5] and [39, 10]. Let v : P^{mixed}_S (X) → P_S (X) be the degrading functor.

By [4, Lemma 4.1.2], cf. [3], every object A ∈ P^{mixed}_S (X) has a unique finite decreasing weight filtration W_• = W_•A such that W_mA/W_{m−1}A is a pure object of weight m.

6.1.1. Suppose that we have a functor K : P^{mixed}_S (X) → C^b(Vec) to the category of bounded complexes of (graded) R-modules such that for A ∈ P^{mixed}_S (X) the cohomology of K(A) is the hypercohomology of A and the weight filtration of A induces a decreasing filtration

(6.1.1) K(A) = K(A) ⊇ · · · ⊇ K(W_mA) ⊇ K(W_{m−1}A) · · ·

on K(A), and moreover, the cohomology of K(W_mA)/K(W_{m−1}A) is the hypercohomology of W_mA/W_{m−1}A.

6.2. Assuming the statement of The d^2 = 0 Theorem, one could take the total complex of the corresponding (non-mixed) IC-module corresponding to v(A) as the complex K(A) for A ∈ P^{mixed}_S (X). In particular, we can do it for simplicial complexes and flag varieties. We will fix this choice of K for the rest of this section.

Consider now the first term E^1 = E^1(A) of the spectral sequence associated to the filtration (6.1.1). One could look at E^1 as a mixed IC-module. Indeed, for A ∈ P^{mixed}_S (X) the stalks of the corresponding IC-module V = H(A) are determined from the formula

H^i (K(W_mA)/K(W_{m−1}A)) = � S V^{−m}_S ⊗ IH^i(S)

and the boundary maps of V are the differentials of E^1. The total complex of V constructed in this way is precisely the diagonal complex of E^1.

Thus we have constructed a functor H : P^{mixed}_S (X) → A^{mixed}_S (X). Observe that the spectral sequence degenerates at the second term and so the total complex of the IC-module H(A) calculates the hypercohomology of A for A ∈ P^{mixed}_S (X). In other words we have the following

Theorem. Assuming the statement of The d^2 = 0 Theorem, the total complex of the mixed IC-module calculates the hypercohomology of the corresponding mixed perverse sheaf.

6.3. Let ~P(G/B) be the mixed category of mixed perverse sheaves considered in [4, 4.4]. Let ~A(G/B) be the subcategory of the category A^{mixed}(G/B) with coefficients in Q_l consisting of objects V such that

V^i_S = 0 unless dim S = i mod 2.

Then the functor H : ~P(G/B) → ~A(G/B) provides the mixed version of the equivalence established in Section 3.

7. Further directions and final remarks

7.1. A combinatorial challenge. The basis in V_w we constructed in 5.3 is very non-canonical: it depends on the reduced decompositions of w we choose for each w, and on the way we number our bases. However, once we have found one basis in V_w we can obtain any other basis by a (grading-preserving) linear transformation.

It would be very interesting to construct a distinguished homogeneous basis in the C-module V_w for all w ∈ W independent of any choices. The basis in question should specialize to the basis of Schubert cycles when the variety X_w is smooth, and the formulas for the action of C should generalize the Chevalley’s formula (4.1.1).

7.2. Moment graphs. In [12] T. Braden and R. MacPherson give another construction of a module structure on IH^∗(X_w) and IH^∗_T (X_w), where the latter is the T -equivariant intersection homology. One could use their techniques to compute with IC-modules. It would also be very interesting to define T -equivariant IC-modules, perhaps related to T -equivariant perverse sheaves and singular blocks of O.

7.3. Parabolic and singular case. In Section 5 we have considered only the full flag variety and the regular block of the category O_0. However, the algorithm goes through without change for a parabolic flag variety G/P and the corresponding regular parabolic block of the category O. The parabolic Chevalley’s formula is known, cf. [17]. The quiver for a singular block can be obtained by Koszul (and thus quadratic) duality from the corresponding parabolic quiver, cf [4].

16 MAXIM VYBORNOV

7.4. Harish-Chandra modules. In fact, in [18, Section 1] I. M. Gelfand asks for a quiver describing (a block of) the category of Harish-Chandra modules over an arbitrary simple group. Harish- Chandra modules reduce to category O in some cases [8]. We hope that our methods will provide an answer to that question as well, and help prove Soergel’s Langlands duality conjecture, cf. [36]. (There are even more general representation categories, related to arbitrary Coxeter systems, for which the theory partially goes through, cf. [15].)

7.5. Toric varieties. First we introduce the relative IC-modules. Let D(X) = D^b_c(X) be the bounded derived category of constructible sheaves on X. We could define a relative version of IC-modules by using another ∂-functor D^b_c(X) → D^b(A), where A is an abelian category, instead of hypercohomology. A good example of such a functor would be the derived functor Rf_∗ : D^b_c(X) → D^b_c(Y ) associated to a map f : X → Y .

It would be interesting to look at the relative IC-modules related to the Koszul category of perverse sheaves on toric varieties studied in [10]. Let X be a toric variety with the action of the torus T and let μ : X → X/T be the quotient map. The relative IC-modules with respect to μ would still have vector spaces V_σ as stalks at each face σ, and elements of the space

Hom^1_{μ∗RX} (μ_∗IC(σ, V_σ), μ_∗IC(τ, V_τ ))

for any two faces (T -orbits) σ and τ as boundary maps, satisfying the d^2 = 0 axiom. (Here μ_∗ is the functor between derived categories, and R_X is the constant sheaf on X.) The objects μ_∗R_X , μ_∗IC_σ, and μ_∗IC_τ have a very nice combinatorial description, cf. [10, 1.3].

7.6. Affine Grassmannians. The d^2 = 0 Theorem trivially holds for the semisimple category of G(O)-equivariant perverse sheaves of C-vector spaces on the affine Grassmannian G(K)/G(O). It would be interesting to prove an analogous result for a suitable Koszul category of perverse sheaves of vector spaces over a field of positive characteristic.

7.7. Saper’s L-modules. In a remarkable recent paper [33] L. Saper introduced the notion of L-modules, in order to prove a conjecture of Rapoport and Goresky-MacPherson. It seems that L-modules should be related to IC-modules on the (compactifications of) locally symmetric spaces. It would be very interesting to understand the relationship between these structures and perverse sheaves.

7.8. Generalized H-modules. If we take the usual homology instead of intersection homology in the definition of IC-modules, we will get the usual triangulation-constructible sheaves on simplicial complexes, cf. [24, 28, 39]. Thus we have a machine transforming a homology theory into an abelian (or, more generally, A_∞) category of “sheaves.” It would be intriguing to consider IC-modules with an arbitrary (generalized) homology theory H instead of intersection homology.

References

[1] A. Beilinson, How to glue perverse sheaves, K-theory, arithmetic and geometry (Moscow, 1984–1986), 42–51, LNM 1289, Springer, Berlin, 1987.

[2] A. Beilinson and J. Bernstein, Localisation de g-modules, C. R. Acad. Sci. Paris Sér. I Math. 292 (1981), no. 1, 15–18.

[3] A. Beilinson, J. Bernstein, and P. Deligne, Fasceaux pervers, Analysis and topology on singular spaces, I (Luminy, 1981), 5–171, Astérisque, 100, Soc. Math. France, Paris, 1982.

[4] A. Beilinson, V. Ginzburg, and W. Soergel, Koszul duality patterns in representation theory, J. Amer. Math. Soc. 9 (1996), no. 2, 473–527.

[5] J. Bernstein, I. Gelfand, and S. Gelfand, Structure of representations that are generated by vectors of higher weight, Funckcional. Anal. i Prilozhen. 5 (1971), no. 1, 1–9.

[6] J. Bernstein, I. Gelfand, and S. Gelfand, Schubert cells and the cohomology of a flag space, Funkcional. Anal. i Prilozhen. 7 (1973), no. 1, 64–65.

[7] J. Bernstein, I. Gelfand, and S. Gelfand,. A certain category of g-modules, Funkcional. Anal. i Prilozhen. 10 (1976), no. 2, 1–8.

[8] J. Bernstein and S. Gelfand, Tensor products of finite- and infinite-dimensional representations of semisimple Lie algebras, Compositio Math. 41 (1980), no. 2, 245–285.

[9] T. Braden, Perverse sheaves on Grassmannians, Canad. J. Math. 54 (2002), no. 3, 493–532 [10] T. Braden, Koszul duality for toric varieties, preprint, 2003, math.AG/0308216.

[11] T. Braden and M. Grinberg, Perverse sheaves on rank stratifications, Duke Math. J. 96 (1999), no. 2, 317–362.

[12] T. Braden and R. MacPherson, From moment graphs to intersection cohomology, Math. Ann. 321 (2001), no. 3, 533–551.

[13] J.-L. Brylinski and M. Kashiwara, Kazhdan-Lusztig conjecture and holonomic systems, Invent. Math. 64 (1981), no. 3, 387–410.

[14] C. Chevalley, Sur les décompositions cellulaires des espaces G/B, Proc. Sympos. Pure Math., 56, Part 1, 1–23, AMS, Providence, RI, 1994.

[15] M. Dyer, Modules for the dual nil Hecke ring, preprint.

[16] D. Eisenbud, Commutative algebra. With a view toward algebraic geometry, Graduate Texts in Mathematics, 150. Springer-Verlag, New York, 1995.

[17] W. Fulton and C. Woodward, On the quantum product of Schubert classes, math.AG/0112183.

18 MAXIM VYBORNOV

[18] I. Gelfand, The cohomology of infinite dimensional Lie algebras: some questions of integral geometry, Actes du Congrès International des Mathématiciens (Nice, 1970), Tome 1, pp. 95–111. Gauthier-Villars, Paris, 1971.

[19] S. Gelfand, R. MacPherson, and K. Vilonen, Perverse sheaves and quivers, Duke Math. J. 83 (1996), no. 3, 621–643.

[20] V. Ginzburg, Perverse sheaves and C^∗-actions, J. Amer. Math. Soc. 4 (1991), no. 3, 483–490.

[21] M. Goresky and R. MacPherson, Intersection homology theory, Topology 19 (1980), no. 2, 135–162.

[22] M. Goresky and R. MacPherson, Intersection homology. II, Invent. Math. 72 (1983), no. 1, 77–129.

[23] R. Irving, Projective modules in the category O, preprint, 1982. [24] M. Kashiwara and P. Schapira, Sheaves on manifolds, Springer-Verlag, Berlin, 1990.

[25] D. Kazhdan and G. Lusztig, Representations of Coxeter groups and Hecke algebras, Invent. Math. 53 (1979), no. 2, 165–184.

[26] D. Kazhdan and G. Lusztig, Schubert varieties and Poincaré duality, Geometry of the Laplace operator, pp. 185–203, Proc. Sympos. Pure Math., XXXVI, Amer. Math. Soc., Providence, R.I., 1980.

[27] B. Keller, Introduction to A-infinity algebras and modules, Homology Homotopy Appl. 3 (2001), no. 1, 1–35 (electronic).

[28] R. MacPherson, Lectures at MIT, 1993.

[29] R. MacPherson, and K. Vilonen, Elementary construction of perverse sheaves, Invent. Math. 84 (1986), no. 2, 403–435.

[30] R. MacPherson and K. Vilonen Perverse sheaves with singularities along the curve x^n = y^m, Comment. Math. Helvet. 63 (1988) 89–102.

[31] I. Mirković and M. Vybornov, Perverse cells in projective spaces, preprint, 2003.

[32] A. Polishchuk, Perverse sheaves on a triangulated space, Math. Res. Lett. 4 (1997), no. 2-3, 191–199.

[33] L. Saper, L-modules and micro-support, preprint, 2001, math.RT/0112251. [34] W. Soergel, Kategorie O, perverse Garben und Moduln über den Koinvarianten zur Weylgruppe, J. Amer. Math. Soc. 3 (1990), no. 2, 421–445.

[35] W. Soergel, Combinatorics of Harish-Chandra modules, pp. 401-412 in: Proceedings of the NATO ASI 1997 in Montreal on Representation Theories and Algebraic Geometry, edited by A. Broer, Kluwer (1998).

[36] W. Soergel, Langlands’ philosophy and Koszul duality. Algebra–representation theory (Constanta, 2000), 379–414, Kluwer, Dordrecht, 2001.

[37] C. Stroppel, Category O: quivers and endomorphism rings of projectives, Represent. Theory 7 (2003), 322–345 (electronic).

[38] M. Vybornov, Constructible sheaves on simplicial complexes and Koszul duality, Math. Res. Lett. 5 (1998), no. 5, 675–683.

[39] M. Vybornov, Sheaves on triangulated spaces and Koszul duality, preprint 2000, math.AT/9910150.

Dept. of Mathematics, MIT, 77 Mass Ave, Cambridge MA 02139, USA E-mail address: vybornov@math.mit.edu