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On normalizers of maximal tori
in classical Lie groups

A.A. Gerasimov, D.R. Lebedev and S.V. Oblezin

Abstract. The normalizer Ng(H¢) of a maximal torus Hg in a semisimple complex
Lie group G does not in general allow a presentation as a semidirect product of Hg
and the corresponding Weyl group Ws. Meanwhile, splitting holds for classical groups
corresponding to the root systems Ay, By, Dy. For the remaining classical groups corre-
sponding to the root systems Cy there still exists an embedding of the Tits extension of
W¢ into normalizer Ng(H¢). We provide an explicit unified construction of the lifts of
the Weyl groups into normalizers of maximal tori for classical Lie groups corresponding
to the root systems Ay, By, D, using embeddings into general linear Lie groups. For
symplectic series of classical Lie groups, we provide an explanation of the impossibility
of embedding the Weyl group into the symplectic group. Also explicit formulas for the
adjoint action of the lifts of the Weyl groups on g = Lie(G) are given. Finally some
examples of the groups closely associated with classical Lie groups are considered.

1 Introduction

Normalizer Ng(Hg) of a maximal torus Hg in a semisimple complex Lie group G allows a
presentation as an extension of the corresponding Weyl group W by Hg

1 — Hg — Ng(Hg) 2 Wo — 1. (1.1)

This extension does not split in general [CWW], [AH]. For the Weyl groups there is a well-
known presentation via generators and relations. To obtain the corresponding description of
N¢(Hg) one should pick a section of the projection p. A universal solution to this problem
was given by Demazure [D] and Tits [T2] in terms of the Tits extension W/Z of the Weyl
group W (for recent discussions of the Tits groups see e.g. [N], [DW], [AH]). One way to
understand the nature of the Tits extensions is via consideration of the maximal split real

form G(R) C G(C) of a complex semisimple Lie group G(C) [GLO].

In this note we consider the special class of classical Lie groups corresponding to the root
systems Ay, By, Cy and D, and provide an explicit description of the group Ng(H¢) and lifts
of the Weyl group which differs from the one proposed in [D], [T2]. We restrict ourselves to



the Lie groups of classical type due to the fact that by simple reasoning, the exact sequence
(1.1) is split for all classical groups except symplectic ones.

It is well-known that classical Lie groups may be defined as fixed point subgroups of
general Lie groups under appropriate involutions. In particular this allows us to express
generators of Weyl groups of the classical Lie groups via generators of the Weyl groups of
general linear Lie groups. The explicit lift of the latter Weyl group into the general linear
Lie groups is compatible with the action of the involution of the Lie algebra root data and
then provides a lift of the Weyl groups for the corresponding classical Lie groups. This way
we obtain sections of p in (1.1) for all classical Lie groups. In the case of orthogonal Lie
groups corresponding to series By and Dy, this provides an embedding of the Weyl groups
into the corresponding Lie groups while for symplectic groups we obtain an embedding of
the Tits extension. In any case this provides a unified construction of the lifts of the Weyl
groups of all classical Lie groups.

The fact that for Cy-series of classical Lie groups the considered construction provides
an embedding of the extension of the Weyl group by 2-torsion elements of a maximal torus,
called the Tits group but not an embedding of the Weyl group itself looks rather surprising in
this context. We propose an explanation for this phenomenon based on non-commutativity
of quaternions. The main argument is based on the known fact that while general linear and
orthogonal Lie groups are naturally associated with matrix groups over complex and real
numbers, symplectic groups allow description in terms of matrix groups over quaternions.
This leads to a modification of the standard notion of maximal torus by taking into account
the non-commutative nature of quaternions. As a consequence, the notions of normalizer
of maximal torus and the Weyl group are also modified. The standard Weyl groups of
symplectic Lie groups appear as subgroups of thus defined Weyl groups. The Tits extension
of the symplectic Weyl group then arises via construction of the universal cover of Aut(H) =
SOs5 by the three-dimensional spinor group Spinsg. Concretely this might be traced back to
the fact that that additional quaternionic unit y squares to minus one.

It is worth mentioning that the standard algorithm of the Gelfand-Zetlin construction
of bases in finite-dimensional irreducible representations fails in the case of symplectic Lie
groups. This fact obviously reverberates with the absence of the splitting of (1.1) in the
symplectic case. We believe that this is not an accidental coincidence and the issue may be
clarified using quaternionic geometry.

Let us note in this respect that the description of classical Lie groups in terms of matrix
algebras over division algebras might be generalized to other, non-classical Lie groups (see
e.g. [B] and references therein). We expect that the (im)possibility of embedding the Weyl
groups into the corresponding Lie groups may be elucidated in all these cases, generalizing
our considerations for symplectic Lie groups and quaternionic matrix algebras.

In this note we also consider the problem of the construction of a section of p in (1.1)
for unimodular linear groups SLgy1, special orthogonal groups SOy, pinor/spinor groups
Pingy, and Spin,,. Although these groups are not classical Lie groups in the strict sense,
they are related to classical Lie groups either via central extensions or via taking unimodular
subgroups. In the case of central extension the resulting section is apparently given by
a central extension of the corresponding Weyl group. Moreover the case of unimodular



subgroups is also covered by central extension of the Weyl group. We provide an explicit
description of maximal torus normalizers in terms of generators and relations in all these
cases.

The plan of the paper is as follows. In Section 2 we recall required facts on semisimple
Lie algebras and groups including normalizers of maximal tori (see also Appendix 10 for a
detailed discussion of classical Lie groups). In Section 3 we recall constructions of classical
Lie groups as fixed point subgroups of appropriate involutions of general Lie groups after
E.Cartan. In Section 4 the structure of normalizers of maximal tori of general linear Lie
groups is considered in detail including explicit lifts of the Weyl groups. In Section 5 we
present a construction of the lifts of the Weyl groups of the classical Lie groups in terms
of those for general Lie groups (see Theorem 5.1). In Section 6 we further clarify the
explicit formulas of the previous Section 5 by establishing connections between maximal
tori normalizers, the Weyl groups and their lifts for general linear groups and its classical
subgroups. In Section 7 the underlying reasons for the special properties of symplectic groups
are considered. In Section 8 we extend our analysis to the groups SLyi1, SOpi1, Pingy; and
Spin,, ;. In all these cases we construct explicit sections of p in (1.1) realized by central
extensions of the corresponding Weyl groups. Finally in Section 9 we compute the adjoint
action of the lifts of the Weyl groups on Lie algebra g = Lie(G) for all classical Lie groups.
Various technical details of the construction are provided in Appendix.
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ported by the RSF grant 16-11-10075. The work of the third author was partially supported
by the EPSRC grant EP/L000865/1. The third author is also thankful to the Max Planck
Institute for Mathematics in Bonn, where his work on the project was started.

2 Preliminaries on semisimple Lie algebras and groups

Let g be a complex semisimple Lie algebra and let h C g be the Cartan subalgebra of g,
so that dim(h) = rank(g) = ¢. Let II = {a;, i € I} C bh* be the set of simple roots of g,
indexed by the set I of vertexes of the Dynkin diagram T'. Let 11V = {a), 7 € I} C h be
the set of corresponding coroots of g. Let ® be the set of roots and let ®" be the set of
co-roots of g. Then let (IT, ®; TIV, &) be the root system associated with g, supplied with a
non-degenerate Z-valued pairing

(,): &xP®" — Z. (2.1)
Introduce the weight lattice,
Aw ={veb* : (y,a") €Z,Va’ € ®'} C b*, (2.2)
and define the fundamental weights w;, i € I by

Fundamental weights provide a basis of the weight lattice Ay and we have
¢
a =Y agmi,  ay = (a5 af), (2.4)

=1



where A = ||la;;|| is the Cartan matrix of g. The root lattice Ag C bh* is generated by
simple roots o; € I, i € I and appears to be a sublattice of the weight lattice Ay, so that
Ar C Aw. The quotient group Ay /Ag is a finite group of order

|Aw/Ag| = det(A). (2.5)

The co-weight and co-root lattices Ayj,, A}, C b in the Euclidean space (h =CY (, ))
are generated by the fundamental co-weights and simple co-roots, given by

¢ ¢
(g, @) = b4, w] = Zcﬂ-aiv : of = Zajk w) (2.6)
i=1 k=1
where C' = ||¢;j|| = (AT)7! is the inverse transposed Cartan matrix A.

The corresponding Weyl group W (®) is generated by simple root reflections,
si(aj) = Q5 — <Oéj, Oél\-/>Cki = O — G0, (27)

and its action in h* preserves the root system ® C h*. Each symmetry of the Dynkin diagram
[' = I'(®) induces an automorphism of ®, and the group Aut(®) of all automorphisms of the
root system ® C h* contains W (®) as a normal subgroup. Moreover, the following holds:

Aut(®) = W(P) x Out(P), (2.8)
with Out(®) being a group of symmetries of I'(®D).
Let {h; = ha,, €; = €q;, fi = €_q,, i € I} be the standard set of generators of g:
[his hy] =0,
[ir €3] = ages, i £] = —aify, (2.9)
[eiafi] = hy, [eiafj} =0, 1#7];

adl " (e;) = ad; "(f;) = 0. (2.10)

In the following a slightly modified presentation of (2.9) will be useful. Namely, the Lie
algebra g can be generated by {w, , e;, f; : i € I} subjected to the following relations:

l
@, e = 65, (@), [l = —=fidy, e fil = 05 apwy. (2.11)
k=1

Now let GG, be a connected compact semisimple Lie group of rank ¢, such that g. = Lie(G.,)
is the tangent Lie algebra at 1 € G.. Let G = G. ® C be the complexification of G, and let
g = Lie(G) = g.®C be its Lie algebra. Then the Lie algebra g. is generated by the following
elements:

Hk:th, Jk:fk—ek, Pk:Z(6k+fk), kel. (212)



In particular, the following relations hold:

L
[Jk, ij\/] = 6kjpk7 [Zw;-/, Pk} = 5kjjk; [Pk,Jk] = QZam(zwl\/) . (213)

i=1

Let Hg C G be its maximal torus, such that h = Lie(Hg), and let X*(H¢) be the group
of (rational) characters x : Hg — S'. Then the differential dxy at 1 € G of a character
X € X*(Hg) is a linear form on b; hence it provides an embedding X*(Hg) C b* as a
discrete subgroup (lattice), supplied with a scalar product (, ).

The dual X,.(Hg) C b of the lattice X*(H) is isomorphic to hz. Moreover, using the
above notations of the (co)root and (co)weight lattices we have

Ar C X*(Hg) C Aw, A} C X (Hg) = bz C Ay (2.14)

The adjoint action of maximal torus Hg on the complex Lie algebra g provides the Cartan
decomposition:

0=bco@o., g.={Xecg: ad(X)=ah)X, YVheb};
acd (2.15)
go = Ce,, g« = Cf,, aed, .
The root system ® and the lattice X*(H¢) (or its dual lattice X,(Hg) ~ bhz) determine

a unique (up to isomorphism) connected semisimple Lie group G. In particular, G is simply
connected if and only if X*(H) = Ay.

The center Z(G) of a complex connected Lie group G allows for the following presenta-
tion:

2(G) ~ Ny /X (Hg) ~ X*(Hg)/Ar, (2.16)

and the group Z(G) x Out(®P) is isomorphic to the group of symmetries of the extended

Dynkin diagram I'(®). More specifically, in the case of simply-connected G its center is
isomorphic to the quotient group (2.5):

Z(G) ~ Aw/Ar. (2.17)

In particular, for simply-connected complex Lie groups of types Ay, B,, C;, and D, we have
Z(A)~Z/(t+1)Z, Z(By) ~ 7/27, Z(Cy) ~ Z)2Z.

{ 2220 7/27, (€2 (2.18)

Z(Dg) ~
YALYA (el+2Z

Let Aut(G) be the group of all automorphisms of a connected complex semisimple Lie
group G. Its connected component can be identified with the group Int(G) of inner auto-
morphisms, which is isomorphic to the adjoint group:

Int(G) ~ G/Z(G). (2.19)
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The quotient group over the connected component is the group of outer automorphisms:
Out(G) = Aut(G)/Int(G) . (2.20)

In the case of simply-connected Lie group G, the following holds (see e.g. [L], Chapter V
Theorem 4.5.B):

Out(G) =~ Out(P). (2.21)

2.1 Normalizers of maximal tori

Given a connected semisimple complex Lie group G with a (fixed) maximal torus Hg C G
of finite rank ¢, let Ng = Ng(Hg) be the normalizer of the maximal torus and let us write

1 — Hg — Ng 2 Wg — 1. (2.22)

The quotient group W := Ng/Hg is finite and is isomorphic to the reflection group W (@)
associated with the corresponding root system ®g. The group Wg = W(®dg) allows a
presentation by simple root reflections {s;, i € I'} from (2.7) as generators subjected to the
following relations:

s? =1, (2.23)
Sis.si..-zs.sis....’ Z%]EI’
Hj,_/ L,j_/ (2,24)

where m;; = 2,3,4,6 for a;;a;; = 0,1,2,3, respectively. Here a;; = (o, ) is the Cartan

matrix entry (2.4). Equivalently these relations may be written in the Coxeter form:

57 =1, (si85)™ =1, i#jel. (2.25)
The exact sequence (2.22) defines the canonical action of W on Hg so that the corresponding
action on the Lie algebra h = Lie(H¢) is provided by (2.7):

Si(hj) = h]’ - <Oéi, &y)hz = hj — ajihi . (226)
This action preserves the scalar product (, ) in h, which allows to identify Weyl group
We = W(®g) with a subgroup in the orthogonal group O(h, (, ))

Let us stress that the situation is bit different in the case of non-connected groups. Thus
in the following we encounter an example of a non-connected group, the orthogonal group
Oy having two connected components. In this case, the quotient No,,(H)/H is larger then
the Weyl group Wy, defined by the generators and relations (2.23), (2.24) and contains the
outer automorphism of the root system of the simple connected Lie groups SOo;.

The important fact is that the exact sequence (2.22) does not split in general i.e. Ng is not
necessarily isomorphic to the semi-direct product We x Hg (for various details see [D],[T2],
[CWW], [AH]). Thus in general we may only pick a suitable section of the projection map
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pin (2.22). One such universal section for an arbitrary reductive Lie group was constructed
by Tits [T2]. Namely, [T2] says that for general (i, there exists a larger subgroup W2 C Ng
containing W as a quotient and fitting into the following exact sequence:

1 — H? — Wl — Wy —> 1 . (2.27)

Here Hg )~ (Z/27)¢ is the 2-torsion subgroup of the maximal torus Hg in the reductive
complex Lie group G. In case the group G is semisimple the Tits group W allows for the
following explicit presentation by the following generators [AH] (see the notations of (2.12))!

g = e2”i iel, (2.28)

and relations (compare with (2.23), (2.24)):

(51>2 :emhi7 5153 :5]517 @#]7
~—— S~——
mij mij (2.29)

Adg, (h) = si(h), Vhen.

Using this presentation we readily observe that the Tits group W/ is not only a subgroup
of the normalizer N¢, but is a subgroup of the corresponding compact group G. C G, and
more precisely of the normalizer subgroup Ng,(H.) of the maximal torus H,. in the compact
group G..

The true meaning of this construction is rather elusive; in [GLO] we have proposed some
underlying reasons for the existence of this Tits construction. Below we will follow another
direction and consider only the case of classical Lie groups GG. Recall that a complex classical
Lie group is a simple reductive Lie group allowing embedding in the general Lie group as
a fixed point subgroup of an involution. Equivalently the classical groups may be defined
as a stabilizer subgroup of bilinear forms. Essentially they are exhausted by the following
families of groups

GLi+1(C), O241(C), Spo(C), O(C), (2.30)

corresponding to the series A, By, Cy and D, of Dynkin diagrams. Let us stress that we dis-
tinguish the classical Lie groups per se from their various cousins like SL1(C), PSLy1(C),
Spin,, ;(C), the metaplectic group Mp,,(C) et cet.

In the case of classical Lie groups the results of [D], [T2], [CWW], [AH] might be formu-
lated as the following statement:

e In the case of the general linear group G Ly, 1(C) there is a section to the exact sequences
(2.22) and (2.27), so that Ngr,.,(c) (and the Tits subgroup Wy, ) contains the Weyl
group W (Ay) = War,,, associated with the root system Ay;

'In the following expressions we write the group elements as exponential of the linear combinations of Lie
algebra generators using the canonical exponential map exp : Lie(G) — G. Note that map has a non-trivial
kernel so that for instance in the case G = GLy41(C) we have e2™/i = 2™ = ¢2™hi = 1 for each i € I.
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e In the case of the orthogonal groups Ogy1(C) there exists a section to the corresponding
exact sequence (2.27), so that Wng contains a subgroup isomorphic to Wo,_ ,;

e [n the case of the symplectic group Spy,(C) no section of the corresponding exact se-
quence (2.27) exists.

3 Classical Lie groups via involutive automorphisms

The definition of classical Lie groups as simple Lie groups isomorphic to fixed point subgroups
with respect to certain involutive automorphism in GL,1(C) goes back to E. Cartan and
relevant expositions of the subject can be found in [H| and [L]. Below we recall the basics
of this construction.

Given the general linear group G L, 1(C) and a maximal torus Hy,; identified with the
subgroup of diagonal elements, let us describe its group of outer automorphisms Out(G Ly 1).
Given Dynkin diagram I'(Ay), let us choose a natural ordering of the set of its vertices
I ={1,2,...,¢}, and consider the outer automorphism of the root system induced by the
Dynkin diagram symmetry:

v I — T, t— L+ 11— (3.1)

It defines the automorphism of the set II4, of simple roots, and therefore can be extended
to an (outer) automorphism of the root system ®(A;). Thus the extended automorphism ¢
obviously preserves the lattice hz and can be lifted to the following involutive automorphism
of the Lie group G Ly, 1(C) (we keep the same notation ¢):

veog— (907, 9 € GLi(C), (32)
where 7 is the reflection at the opposite diagonal:

(97)ij = Govo—jiro—i, 9 = |lgi;]| € GLe1(C). (3.3)

Note that the automorphism ¢ respects the maximal torus Hy;1 C G Ly 1(C) given by invert-
ible diagonal matrices. Given the involutive automorphism ¢ € Out(G Ly, 1) we have a family
of involutive automorphisms still respecting the maximal torus Hyy ;. Such automorphisms
are obtained by combining ¢ with arbitrary inner automorphisms Ads € Int(G Ly 1), where
S € Nar,,,(c)(Heg) is subjected to the condition SS* € Z(GLyy). Each such § = Ads ot
defines the corresponding fixed points subgroups

Gy = (GLp1(C))7. (3.4)

Classification of the corresponding subgroups is due to E. Cartan (see [H] Chapter IX, and
[L] Chapter VII for details). A crucial fact following from his theory is that the requirement
of G being a simple reductive Lie group imposes strong restrictions on possible choice of
inner automorphism Ads. The corresponding list of simple reductive groups is exhausted by



the following cases

Osp1 = {9 € GLyy1 = 0p(9) =g},
Spyy = {g €GLy: 0Oc(g)=yg } ) (3.5)
Oy = {gGGng . Oplg) =g},

where 6 are the involutive automorphisms of general linear group
0o : g +— Sag'S;', (3.6)
with the diagonal matrices S given by
Sp = diag(1,—1, ..., 1) € GLyy1,  det(Sp) = (—1)*;
Sc = diag(1,—1, ..., 1,-1) € GLy,  det(Sc) = (-1)"; (3.7)
Sp =S¢ -1, n = diag(Id,, —Id,), det(Sp) = 1.
There is also the trivial case of 05 = id, which corresponds to the general linear Lie group

GLy11(C) itself. In the following we will use the term “classical group” in the narrow sense
by excluding the trivial case of general linear groups.

Let us note that the construction of classical Lie groups via involutive automorphims
described above differs from a more traditional one where instead of the reflection at the
opposite diagonal (3.3) the standard transposition is used. For instance elements of the
orthogonal subgroup Oy, 1 C GLyy1(C) are defined by the condition g = (¢*)~! where

(9 =955, 9= 9]l € GLe11(C). (3.8)

Although two constructions are equivalent (one may be obtained from another by adjoint
action of a certain group element of the general linear group) the construction (3.5) is more
convenient when dealing with symmetries of the Dynkin diagrams and abstract root data
[DS]. Thus in the following we use (3.5) as our basic definition.

4 The normalizer of maximal torus in GL, 4

In the case of general linear Lie groups G Ly the exact sequence (2.22) is split by simple
reasons. Indeed each element g € N induces an (inner) automorphism Ad, of the Lie
algebra gl,, ,(C), preserving the Cartan subalgebra b as well as the scalar product (, ) in it.
This defines a group homomorphism from N,y; into the orthogonal group O(hg, (, ), so
that its image is the Weyl group:

Ney1/Z(GLer1) — War,,, € 0pa(C) € GLea(C). (4.1)

This yields a canonical embedding of the Weyl group into the orthogonal group, which gives
rise to the homomorphism Wey,,, — GLp1(C).



This argument implies the following explicit presentation of the lifts of the simple root
generators s; € W(A4y) = Wey, 1< < { as elementary permutation matrices

Id;—1
Sll—>Sz:< ?é >€Ng+1, 53:1, (42)

satisfying the standard Coxeter relations
(5S> =1, li—jl>1, (88)° =1, li—jl=1, (4.3)
of the generators of permutation group Gy, .

The lifts S; of the generators s; of the Weyl group Wgr,,, should be compared with
the generators of the corresponding Tits group W} Lois defined as follows. For the reductive

group G L 1(C) the Tits group WgLHl C Ny,q is given by the extension
2
L— HA(C) —= Wiy, — W, — 1, (4.4)

where Hﬁ)l is the 2-torsion subgroup of the maximal torus Hyq. Let {eg, 1 <k < ({+1)}

be the bases of the coweight lattice of GLy.1(C) corresponding to the diagonal matrices with
only one non-zero element being a unit on the diagonal (it might be expressed through the

fundamental coweights as follows exr = p — p_;, see (10.14)). Then H ﬁ)l is generated by
the elements

Ty = ™o 1< k< ({+1). (4.5)
The group WgLZH is generated by (2.28) for the roots system A,

Id;—1
s=e= (U9 YeNn, @ = T, (45)

Id—;

together with an additional central element given by the product of all Ty,, k=1,... ¢+ 1.
Here we write down the matrix form of generators s; using the standard faithful representa-
tion of GLy.1(C). Comparing the matrix forms we arrive at the following relations:

This leads to another presentation of the Tits group.

Lemma 4.1 The elements
S, 1<i</ and T, 1<k<(l+1), (4.8)
satisfying the relations
S? =T =1, T, = Tk,
(S8 =1, Ji—j>1, (S9;)° =1, [|i—jl=1, (4.9)
STy, = Ts,k)Si

provide a presentation of the Tits group Wng-
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Proof : The only non-obvious relation in the last line of (4.9) follows from explicit matrix
computation:

TSI = z‘+1Sz'Tijrll = SiTiTiy1 = TiTi 1S, 1<i<l. (4.10)

O

In Section 3 we have introduced involutive automorphisms 6 € Aut(GLyy1(C)) (3.5),
(3.6), (3.7) defining the classical Lie groups. The involutions s do not act on the lift of
War,,, defined by the generators S; but do act on its extension given by the Tits group.
Explicitly we have

0p : S; P S2041-i, T; — Topq0-i,
9(] : S; — Sop_i, T, —> T2g+1_i, (411)
Op : S; P> S0, T — Topq1- .

Therefore, thus defined automorphism 0; € Aut(WgLHl) preserves the normal subgroup
HE = (T, 1<k <(+41).

Let us describe the action of involutions f; in terms of another set of generators of
Wi Loyqys WE introduce new elements given by

Id; 1
S; = T,ST, ' = TinST, = ( 5 ) , Si=(8)7. (4.12)
Id,—;

Lemma 4.2 The elements S;, S; € Wng satisfy the following relations:

(SiSj)g = (gzgj)g =1, SzSgSz = §]§l§] ) |Z _]| =1.

Proof : The relations follow from similar relations for the symmetric group (2.24), (2.23) and
(2.25). The latter (braid) relation can be checked using

Si = 8T; = Tiy18i, (4.14)
and the braid relation (2.29) in the Tits group. O
The action of the involutions s (4.11) may be written as follows
05(Si) = Saer1-i, 0c(Si) = Sa—i, 1<i<U,

- (4.15)
Op(S;) = Sa—i, 1<i<d, Op(Se) = S

Note that the two sets {S;} and {S;} of generators define two different embeddings of the
Weyl group Wey,,, into the Tits group Wi, .., (and thus in the normalizer Npy1) which

11



are interchanged by involutions 6. Let us stress that for example it is possible to find an
embedding Wegr,,, C GLy11(C) such that the image of Wy, ., 1s invariant with respect to
0o,,,- Indeed this fact is obvious in the case of the realization of the orthogonal subgroup
O¢+1 C GLy41(C) based on (3.8) because for S; defined by (4.2) we have S; € Opy1. The same
fact for the realization (3.5) follows from the equivalence of the two realizations. However the
resulting matrix expressions for the lifts of s; are more involved and require the use of complex
numbers while in our realization the matrix entries are elements of the set {—1,0,+1}. Thus
in the following we will use the pair {S;}, {S;} of lifts related by (4.15).

5 Classical groups and their Weyl groups

For each complex classical Lie group G = GL;1(C)% the corresponding involution fg €
Aut(G Ly 1) respecting the embedding Hyyy C GLy11(C) of the diagonal maximal torus Hyiq
naturally acts on the Lie algebra gl,,;(C), the corresponding root system ®¢,,,, normalizer
Nep1(Hpgr) of Hyyy and the Weyl group Wer,,, = Nepi(Hegp1)/Hepr. Both the maximal
torus Hg of G, normalizer Ng(Hg) and its quotient W = Ng(Hg)/Hg can be expressed
in terms of the corresponding objects of the underlying linear group GLy,;. Let us give
explicit expressions for the generators of the group of automorphisms Aut(®¢) of the root
systems and the corresponding Weyl groups in terms of the generators of the Weyl group of
the corresponding general linear Lie group.

Proposition 5.1 The following explicit description of the generators of the group Aut(®s)
of automorphisms of the classical Lie algebra root systems ®g and the corresponding Weyl
groups holds:

o For G = Oy one has Aut(®(By)) = W(P(By)), and the simple root generators
sPt e W(®(By)) can be expressed in terms of 5. € W (®(Ay)) as follows:

By _ _Agp Az JAze __ _Azp Az Ao
S1 = ST Sep15e T = Seq150 T Set1s

By _ Ay Aoy Ao Ay
Sy’ = Spi1-kSeik = StikSeii-k, 1<k <L

(5.1)
e For G = Spy, one has Aut(®(Cy)) = W(B(Cy)), and the simple root generators s €
W(®(Cy)) can be expressed in terms of sf‘”_l € W(®(Ag_1)) as follows:

Cy Az Cy _ Asp 1 A1 Agp 1 Agp 1
S10 =87 Sk = Spi kS ivk = SeikSen1k, 1<k <L (5.2)

e For G = Oy one has Aut(®(Dy)) = W(P(Dy)) x Out(P(Dy)). The simple root gen-
erators s°* € W(®(Dy)) together with the generator R € Out(®(Dy)) = Z/2Z can be
expressed in terms of 5.2 € W(®(Ay_1)) as follows:

)

Dy Agpq Aop1 Agp1 Agp .  Aop g Aoy q Agpq1 Agpa
S10= S Semr S e =S¢ Spp1 Sel1 Se
Dy _ Asp1 Ax1 _ _Asp1 Az .
S’ = Siti—kSe—14k = St—11kSeri—k, 1<k <L (5.3)
Aoy
R =s,%".
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Proof : We verify the assertion via case by case study in Lemmas 10.1, 10.4 and 10.7 in the
following subsections. O

The Weyl group W (A,) allows embedding into the Lie group GL,y; as was discussed in
Section 4. Therefore it is now natural to ask for a possibility to lift the presentations (5.1),
(5.2), (5.3) of Weyl groups W into the corresponding classical groups G' = G Ly 1(C)% via
the pair of lifts of the Weyl group Wy, ,, into the general linear group G Ly (C) considered
previously. For the Tits extension W2 Lo, the following result is easily checked.

Proposition 5.2 The explicit presentation for the Tits group Wi of the classical Lie group
G = (GLy11)% may be provided by replacement of all s;’s by $;’s in (5.1), (5.2) and (5.3).

Proof: We give the case by case verification in Lemmas 10.1, 10.2 and 10.3 by straightforward
computation using standard faithful representations (3.5). O

For the Weyl groups we can not expect such a simple answer. Indeed we know that
although for the groups Oy and Oy41, the corresponding Weyl groups allow embedding in
the corresponding classical group this is not so for Sp,,. So for the case of the Weyl groups
we have the following result.

Theorem 5.1 Given a classical group G with its mazimal torus He C G, let S;, S;, 1 <
i < C be the generators (4.2), (4.12) of the Tits group WELHI and let Ty, 1 <k < {41 be
the elements (4.5). Then the following holds:

o In the case G = Oy iy the generators SP defined by

ST = Sp4150Sei1 = SeSe1Se,

_ (5.4)
SP = Sev1-1Sk 1<k</,
are Op-invariant and generate a finite group isomorphic to W (B,) = Wo,,, , .
e In the case G = Oy the generators SP defined by
SP = SpSi-156415,
(5.5)

SY = Ses1-1Si-14k 1<k</,
are Op-invariant and generate a finite group isomorphic to W(Dy) = Wo,,.

o In the case G = Spy, the Tits group ng% is generated by Oc-invariant generators

Slc = Tfsfa
_ (5.6)
Skc = Ser1-kSe—14k 1<k</,
while the group of Oc-invariant combinations of S;, S;, 1 < i < £ generated by
gc = Sggg = TgTﬁ1 ,
1 0+1 (5.7)

SE = Ses1-1Se-14k 5 I1<k</,

is isomorphic to a proper subgroup of the Weyl group W (Cy).
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Proof: We propose the detailed proof of the assertion via case by case study in Propositions
10.1, 10.2 and 10.3 below. O

6 Description of fs-invariants

The explicit expressions for the generators of the Weyl and Tits groups of the classical
groups presented above implies some general relations between maximal torus normalizers,
Weyl groups and Tits groups for general linear groups G L1 (C) and their classical subgroups
G = (GLy1(C))%. In this section we prove a set of such relations. First let us note the
following property of the involutions 65 defining classical Lie groups G.

Lemma 6.1 The centralizer of the fixed point subset Hgfl in GLyy1(C) is Hyyq.

Proof We shall solve the set of equation for g € GLy.1(C)
gh = hg,  heHY,. (6.1)

Due to the obvious isomorphism H Zfl = Hj,, we may use the basic automorphism ¢ (3.3)
instead of fg in (6.1). Let Hyi 1 C GLgyq be the diagonal subgroup. Explicitly, elements
g € Car,,,(Hj, ) of the centralizer Cgy,,, (Hy, ) of invariant subtorus Hj,, C Hy,q satisfy
the conditions

Tigi; = G9ijTj, (6-2>

where
9= |91l h = diag(z1, 22,...,%e1), (6.3)
with the additional condition zs49_; = z; ' reflecting t-invariance of h. Since g does not

depend on x; and there are no universal z-independent relations between entries of h (al-
though they are subjected to quadratic relations x;x¢10—; = 1) we infer g;; = 0,4 # j i.e.
g€ Hpyyo O

As we already notice the definition of the Weyl group as a quotient of the normalizer
N¢(Hg) by Hg is not equivalent to the definition of the Weyl group via generators and rela-
tions (2.23), (2.24) for non-connected classical Lie groups. Precisely the group N¢(Heg)/He
for all classical Lie groups obtained as fixed point subgroups of the general linear group (we
exclude the case of trivial involution) may be identified with the group of automorphims of
the corresponding root system

Ng<Hg)/HG ~ Aut(q)g) . (64)
This group fits into the following exact sequence

1 — We — Aut(Pg) — Out(dg) — 1 (6.5)
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and we have
Aut(By) ~ W (By), Aut(Cy) ~ W(Cy), Aut(Dy) ~ W (Dy) x (Z/27). (6.6)

Let us stress that the notation Out(®¢) is natural for connected simple groups where indeed
this group is the factor of all automorphims over inner automorphisms. In the case of non-
connected groups the whole group Aut(®¢) is realized by inner automorphims (see a detailed
discussion of the group Oy in Section 10.4).

Proposition 6.1 Let 6 be the involution in GLyyy defining a classical Lie group G with
maximal torus Hg and the Weyl group Wq. Then the following isomorphisms hold

Hg—fl = Hg, (6.7)
(Net1(Hen))™ = Ne(He), (6.8)
(Wer,,,)" = Aut(dg). (6.9)

Proof : Any two 6-fixed elements of Hy,, define a pair of mutually commuting elements of
G. Thus we have an embedding HY +1 C Hg. By Lemma 6.1 any element commuting with
HY 41 shall be in Hyyy i.e. we have embedding Hg C Hyyy and taking into account that the

. . . 7%
elements of Hg are fg-invariant, we obtain Hg ~ H,¢,.

To establish (6.8), first note that elements g € (NgH(HL;H))GG are O-fixed elements of
GLy,, stabilizing Hy,, i.e. ghg™' € Hyy for any h € Hy, ;. It is clear that for any h € Hgfl
we have ghg™' € Hgfl. This defines an embedding (Nei1(Hp))’® € Ng(H). In the
following we use the fact that the involution 65 on the commutative group H,,; defines the
decomposition Hy. 1 = H{H_ into a product of commutative subgroups, so that for each

element h € Hyy; there exist unique hy € H. such that

h=hyh_ =h_h,, he = h,, pie = p~t. (6.10)
Using (6.7) we can make the identification H, ~ Hg.

Now we shall construct an embedding Ng(Hg) C Nyi1(Hp1)% ie. prove that any 6-
invariant element g € G Ly, stabilizing H also transforms h € Hy 1 into some other element
h' € H,. ;. This is trivial for elements of H, ~ Hg and thus we need to prove that gh_g*
is an element of Hy, ;. The element gh_g~! commutes with all elements in Hgfl C Hyyq due
to the fact that H, and H_ mutually commute and g stabilizes H,. Moreover for a given
g all elements gh_g~! mutually commute. By Lemma 6.1 this entails that gh_g=! C Hyy,.
Combining these two embeddings we obtain (6.8). To prove (6.9) let us compare two groups

Newi(Hpn)'/HY, . (Neyt(Hegr)/Hepr)” (6.11)

There is a natural map from the first group to the second one as each element in the 1.h.s.
coset defines an element of g € Nyy1(Hy41) modulo an element of H,; and therefore modulo
Hyy . Note that elements of the second group in (6.11) are defined by the condition

9" =g-h, 9 € Nepi(Heia), h € Hyya, (6.12)
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modulo right action of Hy.; on g. Due to involutivity of 65 we have
0
and thus
h = ht. (6.14)

Changing representative ¢ — § = gh, h € Hyyy for g in the coset Nyi1(Hyy1)/Hyy1 we may
also modify (6.12) as follows

g’ =g-hh® =g hh’h". (6.15)
Thus one can get rid of & in (6.12) if we manage to solve the equation
h? = hh, (6.16)
for any h. Using the decomposition

h_ =hyh_, (6.17)

and taking into account that h € H_ we can easily check that the equation (6.16) can
always be solved. Hence we conclude that two groups (6.11) are isomorphic and thus the
last statement (6.9) follows from the fact that the Weyl groups are given by the quotients

Wes,. . = (Nesi(Heer) /Hesr)’ = Newa(He )’ /HY = No(Hg)/He = Aut(®g).

O

Proposition 6.2 Given a classical complex Lie group G = (GLy1(C))%, the following
holds:

WE,.)' =wl. (6.18)

The explicit presentation for (6.18) may be provided by replacement of all s;’s by $;’s in
(5.1), (5.2) and (5.3).

Proof : To prove the assertion we use the following fact (see [GLO] Proposition 3.1). Let
G(R) be the totally split real form of G(C). Then

mo(No@) (H(R))) = Wee) (H(C)). (6.19)

The connected component of the trivial element of W&R) C Nem)(H(R)) is isomorphic

to RS, &) and we have the split exact sequence

1 — RN 5 Nogy (Ho(R)) — Wi (He(C)) — 1. (6.20)
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Thus we have

(Wt e (€)= (Niaa (B) (Hy) RE) (6.21)

while on the other hand
Wie)(Ha(C)) = (Nepa(R)(Hen)™ /(R . (6.22)

There is an obvious map
(N1 (R)(Hiy1))'6 /(R — (Npgr (R) (Hp) /RN (6.23)

and we have to show that it is actually an isomorphism. The obstruction to the isomor-
phism (6.23) is given by elements in Ny 1(R)(Hyy1), invariant with respect to 6 only up to
multiplication by an element A € Ré;gl and we shall consider such elements up to the right
action of Hy 1. As 0 has order two we have the equation

A-As =1, (6.24)

Now consider another representative g := g(@) in the same H, i-coset such that

i’ = gPe Q% = gAQ% . (6.25)
Thus we can choose a fg-invariant representative if we can solve the equation
Q = AQ% . (6.26)

and consistency of this equation follows from (6.24). Explicitly we have
Qev2-i = Aigi, Q = diag(qi, g2, -+ 1), A =diag(Ai, Ao, o+, M) (6.27)

where @), A € szol. A direct check shows that such equations are always solvable and thus
we have the isomorphism

0 0

(Nes (R)/ (Hey))'® / (RS o (Nogo (R)(Hen) /RS (6.28)
This completes the proof of (6.18). Note that the calculations above actually prove that the
first cohomology group of Z /27 generated by s acting in Rf{)l is trivial.

The explicit presentation for the generators of W2 is obtained in Lemmas 10.2, 10.5 and
10.9 in the following subsections. O

7 Why Spy, is different

According to Theorem 5.1 all classical Lie groups G except of symplectic type allow a lift
of the Weyl group Wy into the corresponding Lie group G. In other words, the exact
sequence (2.22) splits, so that the map p has a section. The splitting in these cases allows a
simple explanation: the corresponding Weyl group action in hg preserves the standard inner
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product, and therefore the Weyl group may be identified with a subgroup of O(f), which
immediately implies the splitting of the sequence (1.1) in the cases of GLy1 and Opyq. In
contrast, for symplectic groups the exact sequence (2.22) does not split and as a section
of p we encounter a non-trivial extension V[/é';)%+2 of the Weyl group Wsy,, , = W(Cp1)
introduced by Tits. Obviously the peculiarity of the symplectic series of classical Lie groups
begs for explanation. In this section we propose an explanation of this phenomena relying
on the properties of quaternion numbers H, the unique non-commutative associative normed
division algebra over R.

Recall that in the case of the classical Lie groups along with the standard approach to
the classification of the complex Lie algebras via root data, we may use another (Cartan’s)
approach based on the analysis of subalgebras of the general linear algebras fixed by certain
involutions. A closely related approach is based on the classification of normed division
associative algebras. The list of normed division associative algebras A is exhausted by the
algebras of real, complex and quaternion numbers; to these algebras we associate three series
of general linear groups:

The corresponding maximal compact subgroups

Oz+1(R) ) Uit USPeH ) (7-2)

may be defined as stabilizer subgroups of the standard quadratic form over the corresponding
division algebra A:

(w,2) = > aley =Y |zl®, €A (7.3)
=1 =1

Further complexification of the compact groups provides a complete list of the classical
complex Lie groups:

Op11(R) ®r C = O0p44(C), Upy1 ®r C = GL;41(C),

(7.4)
USpg_H ®R C = Sp2€+2((c) .

Actually the point of view based on matrix groups over non-commutative fields implies
some adjustment of standard definitions in the structure theory of Lie groups. An obvious
instance is the notion of the maximal torus: for matrix groups over non-commutative fields,
it is more natural to consider diagonal subgroups of general linear groups over A rather than
maximal commutative subgroup. Namely, given a normed division algebra A, let A* be its
multiplicative group of invertible elements; then H, = (A*)“*! will be the diagonal subgroup
of GLyy1(A). In the special case of symplectic groups the underlying normed division algebra
A = H is non-commutative and the corresponding diagonal subgroup of G L, (H),

Hy = \(H* X e X H*Z C GLg_H(H), (75>

{+1

is a non-commutative Lie group. The modification of the notion of maximal torus implies
the following modification of the definition of the Weyl group.
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Definition 7.1 Define the Weyl group Wer,,,(A) of GLi11(A) to be the group of inner
automorphisms of the diagonal subgroup Ha C G L1 (A).

Note that while in the commutative case the group of inner automorphisms of the diagonal
subgroup Hyy1 C GLgy is isomorphic to the quotient group Nyyi(Hpy1)/Hgyvq, for non-
commutative A this is not true.

Lemma 7.1 The group Wey,,,(H) allows the following description.:

Wer,(H) = &y x (SO3) . (7.6)

Proof : The group G L1 (H) acts on its diagonal subgroup Hy by conjugation, so let us find
the normalizer subgroup Ny = Ny (H)(Hy) which preserves Hy. The diagonal group Hy
is generated by one-parametric subgroups

) I, ;0 0
H! :{ v o0 ), deH*}cHH, 1<k<l+1. (7.7)

0 0Idgy

Let us pick a diagonal element Dy = diag(Idx_;, di, Idy—y) € Héﬂk). Then M € GLyy(H)
belongs to Ny if and only if it satisfies the following equations for each 1 < k < ¢+ 1:

MDy = D'M, for some D'=diag(ds,...,d;,,) € Hu. (7.8)
Explicitly using the matrix notation M = ||g;;||, the above equation reads
9i; = digij, J#k; gikde = digir., 1<, j,k<L+1. (7.9)

Now for each 1 < i < ¢+ 1 the former relation in (7.9) implies either g;; = 0, Vj # k, or
d; = 1. In the case g;; = 0, Vj # k we necessarily obtain from the latter relation in (7.9)
that g;; # 0, otherwise M has the i-th zero row and M ¢ GLyy1(H). In the case d; = 1
it follows from the latter relation in (7.9) that g;xdyr = g, which entails g;; = 0, since we
assume dj, # 1 so that Dy # Id,;. Taking into account that g;; are subjected to (7.9) for
each 1 < k < /+1, we deduce from the above that there is only one non-zero element in the
1-th row of M.

Since the matrix M is invertible its rows are linearly independent, so for different ¢
the non-zero entries ¢;; have different j’s. This defines the subgroup of monomial matrices
M1 (H) C GLpy1 (H) consisting of matrices with only one non-zero element in each column
and each row, and yields Ny = 9,1 (H). Clearly, the quotient group Ng/Hy is isomorphic
to the permutation group:

M1 (H)/Hig = Spi, (7.10)
so that Definition 7.1 reads

Were,(H) = Sy x Int(H) . (7.11)
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where Int(H) = H*/R* is the group of inner automorphisms of H (note that by Skolem-
Noether theorem all automorphisms of H are inner). The norm homomorphism induces the
following exact sequence:

1 — SUQ H R>O — 1 > (712)

Nm(q) = ¢q, Nm(H) = Ryy.

Taking into account R* = Z(H) NH* = R X py with gy = {41} being a group of roots of
1 in R, we obtain

Aut(H) = H*/R* = SU(2)/uz ~ SO;. (7.13)

Thus Aut(H) is identified with the adjoint group SOj5 of the group SU; of unit quaternions.
This complete the proof of (7.6). O

Let Autc(H) € Aut(H) be the subgroup of automorphisms preserving the subalgebra
C=R®R:y) CH.

Lemma 7.2 The following holds:
Autc(H) = (C*uC*y)/R*, (7.14)
and the following central extension splits

1 — C"/R* — Autc(H) — Gal(C/R) — 1. (7.15)

Proof : Consider the faithful two-dimensional representation H — Mats(C), g +— ¢:

P=ta, i=(0 %), a=(") k=(")) (7.16)

The norm homomorphism (7.12) is given by the matrix determinant:

qg=qotwun+ip+ke e, g =q7 = ¢+ +q+q;,
R Qo+ G2+ g3 ) X (7.17)
qg= , lq|* = det§ € Ry
—(QQ - Z(J3) qo — 1

Then elements z of the subalgebra C = R@ Re: C H are identified with the diagonal matrices

Z > Z = (; (_)>, 2] = 22 = det 2, (7.18)

while the general quaternion has a representation for a, b € C

a b
g— § = ( : ) det§ = |af? + |b]2. (7.19)
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Now a quaternion ¢ belongs to centralizer of subalgebra C C H if and only if ¢z = 2’ q for

any z € C, which reads:
az bz z'a Z'b
(—Ez &2) - (—Z’E z’a) ' (7.20)

Since z € C is arbitrary, either z = 2’ and b = 0, or z = z’ and a = 0. Obviously, the case
b = 0 corresponds to ¢ € C* C H*, and in case a = 0 we have ¢ € C*) C H*. Taking into
account that ¢ € R* implies (7.14). The second statement (7.15) follows from the fact that
7 acts by complex conjugation:

727t =z, (7.21)

and its image in the quotient group (C* U C*y)/R* is precisely the generator of Gal(C/R)
given by the complex conjugation. O

Recall that the standard Weyl group of the symplectic Lie group Spy,,, is given by
WSP25+2 = W(CZJrl) = 6E+1 X (Z/QZ)Z+1 (722)

Here Z/27Z in r.h.s. may be identified with the Galois group Gal(C/R) and thus allowing
via splitting of (7.15) an embedding

Wsp2z+2 C WGLZ-H (H) (723)

The quaternionic analog Wgr,,, (H) of the standard Weyl group has obvious obstruction
for the embedding into the general Lie group G L,y (H). Indeed this lift implies in particular
the transition from the adjoint action of quaternions on itself to its left action. On the other
hand we have the following standard exact sequence

™

1 —= R* —= H* — Awt(H) —~ 1 , (7.24)

or taking into account the identifications SU(2) = H*/Nm(H) (for the notations see (7.12))
and Aut(H) = SO;

1 " SU, — > SO4(R) —— 1 . (7.25)

The generator of jiy above might be identified with the square 5? of the quaternionic unity.
Indeed, the group Aut(H) ~ SOs acts in the subspace R? of purely imaginary quaternions

T =1z + Jgro + ks, (7.26)

via standard three-dimensional rotations. Then the section of projection m may be iden-
tified with the lift of the orthogonal rotations to the conjugation action of the unit norm
quaternions q € SUs;:

Ad, : & —qiq . (7.27)
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Let us pick a rotation given by the diagonal element

g = diag(—1,4+1,-1) € SO;3. (7.28)
Solving the equation gz = qzq~! for (7.28), that is
—uwy + jry — kry = q(uy + g + kas)q, (7.29)

we derive that ¢ = 7 and thus
g=93, §=-1 (7.30)

The fact that the square is equal to minus a unit element implies that indeed we have a
central extension with generator which may be identified with 72.

Now taking into account (7.11) we arrive at the following result.

Proposition 7.1 The quaternionic Weyl group Wey,,, (H) allows the extension WGLHI(H)

1 — ()™ — War,,, (H) — War,,, (H) — 1. (7.31)
The extended group WGLZ+1(H) allows a natural embedding
War,,,(H) C GLgy (H). (7.32)
The Tits group extension
L— (o)™ — W, — Wep,,,, — 1, (7.33)

is then obtained by restriction of (7.31) to the subgroup Ws,,,,., C War,,, (H).

Thus the underlying reason for the appearance of the Tits groups in the case of the
symplectic Lie groups may be traced back to the extensions (7.24), (7.25). The non-triviality
of this extension is closely related with the basic ps-extension of the Galois group Gal(C/R)
characterizing quaternions. Actually the cohomology class measuring non-triviality of this
extension is directly related with the basic invariant characterizing the real central simple
division algebras. Indeed such algebras are characterized by the invariant taking values in
the 2-torsion of the Brauer group (see e.g. [S], [PR]), which coincides with the whole Brauer
group in case of R:

Br(R) = H?*(Gal(C/R),C*) ~ H*(Gal(C/R), ji3) == pis. (7.34)
The corresponding cohomology group describes the extensions of the form
1 —C"— A— Gal(C/R) — 1, (7.35)

and the case of the semidirect product C x Gal(C/R) with the natural action of Gal(C/R)
via complex conjugation corresponds to the trivial cocycle. The only other non-trivial case
corresponds to the algebra A = H of quaternions so that the lift of the generator o €
Gal(C/R) may be identified with the quaternionic unit 7, > = —1. This provides a link
between the non-trivial extension (7.25) and the construction of quaternions via the non-
trivial extension (7.35) (for more conceptual explanations of the relation between universal
po-extension of the orthogonal groups and the second cohomology of the Galois group of the
base field see [BD] and references therein). In particular this directly relates the fact that
72 = —1 in the algebra of quaternions with the unavoidable appearance of the Tits extension
of the Weyl group for classical symplectic Lie groups.
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8 Lie groups closely related with classical Lie groups

In this section we consider several examples of constructions of suitable sections in the
extensions (1.1) for the Lie groups closely related to classical Lie groups. Precisely we will
treat the cases of the unimodular subgroup SL,.; C G Ly of the general linear group, of the
groups Pingeyq, Ping, Spin,, ; and Spiny,. In all cases we provide an explicit construction
of sections of (1.1) realized as central extensions of the corresponding Weyl groups. Let
us stress that these sections differ from the Tits lifts (which are not central extensions of
the corresponding Weyl groups in general). Although the possibility to define sections via
central extensions is obvious for Pin groups (they are central extensions of the corresponding
classical orthogonal groups) it is a bit less obvious for unimodular and spinor Lie groups.

8.1 Construction of a section for G = Sy,

We will freely use the notations for root data of type A, defined in the Appendix. Recall
that the unimodular subgroup SL,y1 C GLy.q is defined as a kernel of the determinant map
thus fitting the following exact sequence:

det

%)
1 —> SLy1(C) —= GLyyq(C) C 1. (8.1)

The group center of the unimodular group is identified with the cyclic group: Z(SLy41(C))
Z./(¢ 4+ 1)Z generated by ¢ = ¢*™®/ . The image ¢(¢) belongs to the center Z(GLgy,) =
and is given by:

(C*

27

p(Q) = e

Pivi € Z(GLg (C)). (8.2)

In Section 4 we constructed a lift of the Weyl group Wegr,,, = W(A,) corresponding to
the root system A, to the group GL;y1. As the Weyl groups for SL,; and GLy. coincide
to construct a section of (1.1) for SL,1(C), we shall invert the homomorphims ¢ on the
subgroup Wqr,,, C GLgy1. Formally the inverse of ¢ may be written as follows

0 Hg) = g- [det V(detg)] . g€ GLa(C), (8.3)

where det™" is a multi-valued inverse of the determinant map det in (8.1), which can be
defined by

det OV 1 C* — Z(GLy),  detD(z) = emiPinlos) e (8.4)

To make this map single-valued we shall choose a branch of the log-function. Note that all
generators S; of Wgr,, (C) defined in (4.2) satisfy the relation detS; = —1. Thus we pick
log(—1) = ur and introduce the following lift of generators S; in SLy1(C):

g; = 6%272/'*‘1 Si, 1< < /. (85)

23



Proposition 8.1 The group W(Ag) generated by the elements (8.5) provides a central ez-
tension

I — Z(SLyy) —= W(A) —= W(A4) —= 1 | (8.6)

of the Weyl group W (A,) with the defining relations
azzg, foreach 1<k</;
oko; = 00, if my; =2, (8.7)
and 0,00 = 00,05, if My =3,

where ( = e*™ s the generator of the center Z(SLy1). The group W(A,) allows an
embedding in Nsr,,,(Hsr,,,) compatible with the exact sequence

1 — fv{SLz_‘_1 — NSLZ+1<HSLZ+1) — W(Ag) — 1, (88)

and the embedding Z(SLi) C Hsy,,, -

Proof . The element e 1741 is in the center of GL1(C) and its square is equal to (. The
relations (8.7) then follow from the relations (4.2) and (4.3) for the generators of the Weyl
group W(A,). O

8.2 Construction of a section for SO/,

The problem of lifting the Weyl groups W (B;) and W (D,) into special orthogonal sub-
groups is similar to that for SLyyy C GLgyy. In (5.4), (5.5) we introduced a lift of Weyl
groups W (By) and W (D,) to the corresponding orthogonal groups. It is natural to split this
construction into two parts depending on the parity of the rank.

In case of the odd orthogonal group the following sequence splits,

det

I —— SO41 — Ogpy 12 L, (8.9)

so that
02g+1 ~ Z(OQg_H) X SOQ(_H . (810)

Here the generator z of the center Z(Oqy1) = Z/27Z is given by (see Section 10.2 for
notations):

Z = ToBTlB o ‘TeB = ToBemw1v = —Idgy1 € Z(OZZ—H)? (8-11)
The Weyl group generators SZ (5.4) satisfy
det(SP) = —1, det(SP) =1, 1<k</, (8.12)
so that SP € (Ogpy1 \ SOgry1) and SZ € SOgyq, 1 < k < /.
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Lemma 8.1 The elements 0; € SOqy1 defined by
oy = 2S¢, op = SP, 1<k<{t, (8.13)

generate the group isomorphic to the Weyl group W (By).

Proof : Follows from the fact that 22 =1 in SOypy;. O

Note that here we follow the analogous construction for the case of the unimodular group
SLyi1 C GLgyy by using (8.11) as a lift of the generator of uy in (8.9).

In the case of the even orthogonal group generators SP (5.5) of W(Dy), they already
belong to SOy, due to det(SP) = 1, and therefore provide an embedding W (D;) C Nso,,.

8.3 Construction of a section for Ping

The group Pin(V) is a central extension of O(V'), which can be defined as follows. Let V' be
real vector space supplied with the standard quadratic form

dim(V)

=1

Let C(V') be the corresponding Clifford algebra, defined as a quotient of the tensor algebra
T(V) as follows:

e) =T(V) /(v = [lo]*-1). (8.15)

The standard Z-grading on the tensor algebra induces a Z/2Z-grading o : C(V') — C(V) of
the Clifford algebra, thus splitting it into the direct sum:

c(V) = Cc(V)* @ (V). (8.16)

Let T : C(V)) — C(V) be the transposition anti-automorphism of the Clifford algebra, defined
by (vy - vg)T = vy - vy for any vy, v9 € V. C C(V). Define the conjugation anti-automorphism
r — 7 =ax)" on C(V). The spinor norm is then given by:

Nm: C(V) — R*, r — Nm(z) = 2z, (8.17)

so that for all u, v € V' we have

(u,v) = %(Nm(u} + Nm(v) — Nm(u+v)> = (8.18)
I

Nm(v) = —v-v = —|jv[|* = —(v,0) .

Definition 8.1 (see [ABS]) The Clifford group I'(V') is the subgroup of the group of invert-
ible elements of C(V') that respects the linear subspace V-C C(V) i.e.

L) = {zeC(V)\{0})|aVa(z) CV} . (8.19)
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The action of I'(V') on V defined above respects the norm (8.18) and thus allows a homo-
morphism to O(V) for all u € V-.C C(V):

u— s,(v) = u-v-au)t =0 — QEZ’Z;u, VoeV. (8.20)

Moreover, since the orthogonal group is generated by reflections with respect to elements
u € V, the group I'(V) maps onto O(V). Clearly, R* C I'(V') acts trivially and this leads to
the following exact sequence:

™

1l — R* —= I(V) — O(V) —= 1 . (8.21)

Restriction to the subgroup of elements with norm in ps = {£1} results in taking a quotient
over the subgroup Nm(R*) = R., which yields the central extension Pin(V') of O(V):

e

1 112 Pin(V) — O(V) — 1 | (8:22)

where po = {£1} is a subgroup of the center Z(Pin(V')) of the pinor group Pin(V').
Taking into account (8.20), we may define a properly normalized lift @ of a simple reflec-
tion s, with respect to a vector u € V' into Pin(V) as follows
. u .9

=——-0, =1, Nm(@) =-1, VueVciV). (8.23)

vINm(u)[

Lemma 8.2 Let {e, ..., €am)} CV be an orthonormal basis. Let T, 1 < k < dim(V') be
reflections at €, € V and let S;, 1 < i < (dim(V') — 1) be reflections at simple oot €; — €;41.
Then the following elements of Pin(V') represent liftings of the reflections S;, T, € O(V):

T = é, (Te)? = 1, 1 <k <dim(V),

V2

Proof : One shall check that the action of the lifts 7; and S; on V' according to (8.20)
coincides with the action of T; and S;. Thus for 7; we have the following:

T(T) (W) = Te-v-alTe) ™ = & v (—éx)

= ék . (.1'1€1 + ...+ l’k€]€ + ...+ mdim(v)gdim(v)) . (_€k) = TkU .

(8.24)

Similarly the action of S; can be verified. O

Lemma 8.3 The elements (8.24) satisfy the following relations (compare with (4.9)):
TT, = =TT, i#j; &S5 = =88, |i—jl>1,
S:S;S = 55885, li—jl=1, (8.25)
TS = ~STiu,
and therefore provide a central extension of the Tits group WgL(V) (and of its subgroup

Wearwy generated by S;, 1 <i < dim(V) —1) by po € Z(Pin(V)).
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Proof : The relations can be easily checked by straightforward computation. For example
let us verify the 3-move braid relation: one has

€i€ir1 — €i€it2 T 41642 — 1
2 b
—€i€ip1 + €2 — €ip1642 — 1
5 )

SiSiy1 =

(8.26)
(Si8i+1>2 =

This implies the Coxeter relation (S;S;)® = 1 for |i — j| = 1, which is equivalent to the
3-move braid relation due to S; ' = S;. O

Now let us construct a lift of the generators of the Weyl group Wy into Pin(V). We
use a version of the embedding that is based on the expressions given in Theorem 5.1 for the

lift of Wo(vy to O(V). Note that the conjugated generators E? are expressed thorough S
and T according to (4.12) and the lift of the generators St and T/ is provided by Lemma
8.3. We will consider the cases of W (By,) and W (Dy) separately.

In the odd orthogonal group case we have O(V) = Ogy1. By (5.4), Weyl group W (By)
can be imbedded into the §pz-invariant subgroup (W5L25+1>03 via

SlB == SES£+1SE == Sg+1SgSg+1, Sk.B - Sg+17k§g+k 5 1 < k S g (827)
Using (4.12) and (8.24) we obtain the following:

SP = 88118, SE = S ToirSeixTorr, 1<k<{. (8.28)

In the odd orthogonal group case we have O(V) = Oy. By (5.5), Weyl group W (D,)
can be imbedded into the #p-invariant subgroup (W¢, )% via

SlD = SgSg_lgg_HSg , SkD = Sg+1_k§3_1+k , 1< k<{. (829)
Therefore, using (4.12) and (8.24) for the lift to Piny, we obtain

SP = 8811 TS TeaSe

N (8.30)
Sy = Seri—iTo—146Se—146 T4, 1<k <L

The subgroups in Pings,; and Piny, generated by the elements S and SP, respectively,
appears to be central group extensions of the corresponding Weyl groups.

Proposition 8.2 The elements of pinor group Pin(V') introduced in (8.28), (8.30) satisfy
the following relations for any i, j € I:

(SBY? =1, (SPY? = -1, 1<k<t,
B B B B
Si Sj :SJSZ s (lij:O,
SPSPSP = SPSPSY,  aa; =1,
SfoSfo = SfoSfo, a;jaz; = 2,

(8.31)
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and

(87 = ~1, SUSy = =8'S’, SISYSP = ~8/87S7,
SPSPSP = 8PSPSP . ajai=1, i,j#(1,3).

This results in a central extension of the Weyl group Woevy by pe € Z(Pin(V)):

1 U2 Wo(v) —_— Wo(v) — 1 . (833)

Proof : Relations in the first lines of (8.31), (8.32) follow from € = 1 and ¢; - ¢; = —¢; - ¢
for ¢ # j. The other relations may be verified by writing explicitly from (8.24):

€ + €it1

€0 — €042 1
SlB = —= .S, T = ,
’ ! \/§

V2

(8.34)
gp — fmié + €r—1€042 1+ €0€041 — €p+1€042
L= )
2
In particular, one can verify in a straightforward way that
€0—2€r + €r€o11 + €rp1€043 — €1_2€043
SPSySy = — —SPsPsP. (8.35)

2
The other 3-move braid relations from the last lines of (8.31), (8.32) follow by (8.25). O

8.4 Construction of a section for Spin,
In this section we describe a lift of the Weyl group Wo(yy into the spinor group Spin(V)

combining the results of previous Sections 8.2 and 8.3 with the constructions of Section 5.
The construction will be compatible with the following commutative diagram:

fly =————— iy
) @ ) det
1 — Spin(V) — Pin(V) — puy —— 1 (8.36)
det H
1 —— SO(V) OV) — pup — 1

Note that the elements of Spin(V) C Pin(V) are singled out by the condition that they
are represented by a product of even number of elements @ € Pin(V), or equivalently,
Spin(V) = Pin(V) N C(V)". Moreover, we have an epimorphism Spin(V) — SO(V). As
we have already managed to construct the inverse image under ¢ : SO(V) — O(V) of the
generators of the corresponding Weyl groups we can use (8.23) to lift generators (8.13) and
generators SP of W(D,) into the corresponding spinor groups. We again consider the cases
of odd and even orthogonal groups separately.
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Lemma 8.4 Introduce the following elements «SN'Z-B € Sping,,
SE =288  SP=8F 1<k<u, (8.37)
where SP are given by (8.28) and
Z =€ ... €y € Pingpyq, (8.38)

is a lift of the central element » = TPTE--- TP € Z(SOqy1). Then (8.37) satisfy the
following relations:

(SP)?2 = (-1, (8PP = -1, 1<k<[,
‘iB‘é‘;B = S;B‘ng ) Qij = 07

SPSESPSP = SPSPSPSE.

(8.39)

Therefore, (8.37) generate a central extension of Weyl group W(By) by Z(Sping,,,) = po:

1 —— Z(Sping,,) — W(B)) — W(B)) —= 1 . (8.40)

Proof : By (8.25) one has 287 = SP%, Vi € I, therefore using (8.31) one finds out,
(SP) = 2(8P) = 22 = (-1)". (8.41)

The same argument implies the remaining relations in (8.39). O

The even orthogonal group case is already covered by Proposition 8.2 as the elements
SP entering (8.32) are already in Spin,,.

9 Adjoint action of the Tits groups W/}

In this section, we compute the action of the elements S¢ € W2 in the corresponding Lie
algebras g = Lie(G) for classical Lie groups G, including G = GLy;. Given a classical
group G, the calculation of the adjoint action can be done using the appropriate faithful
representation. We provide an explicit description of the action using the description of the
groups WZ from Sections 4 and 5 above. Note that the resulting formulas easily follow from
the explicit expressions for Adg,, ¢ € I obtained in [GLO].

Proposition 9.1 The adjoint action of the Tits group WE on the Lie algebra g = Lie(GQ)
via homomorphism (2.29) is given by

sie; 87 = —fi, Sifis = —e, (9.1)

$i 6]‘5 1 - €j, 32 jéi_l = fj> Q35 = O, (92)

)
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1

5;€5S; =

. 1
A |a]!

 Jayl!

(_1)\%‘\

1

|:6i7 [ .. [61‘, ej] .. H s
N ——

laij]

Uil U £ 0],
—_——

la]

(9.3)
it

Let us emphasize that we keep the ordering I = {1,...,¢} of the corresponding set of
vertices of the Dynkin diagram for each classical G, and use the explicit realization of the
Cartan-Weyl generators ¢(e;), ¢(fi), @ € I via the standard faithful representation ¢.

Proposition 9.2 (The case A;) The adjoint action of the elements S; € Wi, (4.2) for

ie{l,..., 0} is given by

Ad5i<6j) -

and

Adsz(f]) =

\

fj: 1:]
’ , (9.4)
adei(ej)7 1—j=-1
—ad,(ej), i—j=1
€j, Z:j
” T (9.5)
—ady(f;), i—j=-1
adfi(fj)? 1—g=1

Proposition 9.3 (The case B;,) The adjoint action of the elements SP € I/Vgoﬂ+1 (5.4)

forie{l,... 0} is given by

( fj7 Z:J
€5 |Z_j| >1
Ad _B(e-) = —1 di s (96)
o SEU ey, i—j= -1
|a]!
[ ade,(e;) L= =
and
( eja Z:j
fj7 |Z —]| >1
Adgz(f;) = 1 a (9.7)
o ‘auyladfi Z](fj)7 i—j=-1
ij
\ _adfi(fj>7 =] =



Proposition 9.4 (The case C,;) The adjoint action of the elements SE € Wg,,, (5.7) for

i€{l,..., 0} is given by

Adsg‘ (ej) =

and

Adge (f5)

\

(-0, i=]
i— 4> 1

i—j=—1" (9.8)

i=
Jis

ad " (f;),
(_1)|aij|

|agj]!

i—jl>1

i—j=-1 "

ad,"(f;), i—j=1

Proposition 9.5 (The case D;) The adjoint action of the elements SP € W{, ~(5.5) for

ie{1,2;3,...,4} is given by

AdsiD (ej) =

and

AdsiD(fj) =

(i i=J
e, a; =0, i)=17j
. wi=0, i) #] (9.10)
—ad,(ej), a;=-1, i<}
L ade,(ej), a;=-1, i>]j
€, 1=17
—fi i) =7, ui)=3j
fis aij =0, (i) #J (9.11)
ady,(f;),  ay;=-1, i<j
—ady,(f;), ay=-1, i>]

10 Appendix: General linear and classical Lie groups

10.1 General linear group GL;1(C)

Let gl,.1(C) = gl(V) be the Lie algebra induced by endomorphisms ¢ : V. — V of the
complex vector space V =~ C! via the commutator Lie bracket:

(1, P2] = P10P2 — P01,

(10.1)
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where o is a composition of linear maps V' — V. Let b C gl,,,(C) be its maximal commuta-
tive subalgebra. Choosing a basis {e1,...,ep41} C V of vector space V' we identify gl,,,(C)
with the Lie algebra of matrices with basis e;;, 1 < 4,7 < £ + 1 defined by the following
endomorphisms:

€ij : V—)V, €k’—>5ik5ja 1<k</?i+1. (102)
The corresponding Lie brackets is given by
[eij, ekl} = 5jkeil - 5ilekj . (103)

The Cartan subalgebra b1 C gl,,,(C) is identified with a subalgebra of diagonal matrices.

Fix an orthonormal basis {e1,..., €41} C b* in the Euclidean space (h* ~ C**; ()
and identify b and h* via the standard scalar product (,) on C**!. Thus we can consider
the diagonal entries €; := ey as functions on b, so that they provide a (complex) linear
coordinate system on . Then any linear functional A € h* has the form

A= )\161 + ...+ )\g+1€g+1. (104)

The general linear group G'L,;1(C) is isomorphic to the group of invertible rank ¢ + 1
matrices, and maximal torus Hyy1 C GLg1(C) is identified with the subgroup of diagonal
matrices. The diagonal entries of ¢, = tx(g), g € Hy1 provide coordinates on the maximal
torus Hyy1 and generate the group of (rational) characters

X*(Hy1) = Hom(Hyyq, C*) = b} = 72 (10.5)

Namely, any A € h* gives rise to a homomorphism

e Hyw — CF, ey 2 = 2rAR e h;
\ (10.6)
et =1Lt
The elements A € b} consisting of A € h* with integral components (A1, ..., \gy1) € Z5 are
called the weights; they span the weight lattice:
AW = ZEl PD...PH Z€g+1 ~ hz . (107)

The adjoint action of Hyy; in Lie algebra gl,,,(C) provides the Cartan decomposition of
gl,.1(C) with respect to Hyiq

g[f-f—l(C) = b @ @ (g[f-‘rl)ijv
aij €2(Ar) (10.8)

(0l)ij = {X €l + ady(X) = ay(W)X, Vhe b} = Cey, i#],
where the corresponding root system ®(Ay) of type A, reads
®(A) = {ay; = —¢, i#j} C by (10.9)
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The simple root system 14, C @, (Ay) is given by

HA = 10y = € — €11 C () (Ag),
= ) RN (10.10)
o (Ay) = {Oéij =€ —¢€j, Z<]} C by,

and the root lattice is

Let X.(Hpy1) = Hom(C*, Hyy1) be the group of co-characters (i.e. one-parametric sub-
groups) in the maximal torus:

X, : C" — Hy,y, t — diag{t™,... t"}. (10.12)
The group of co-characters X,(Hy, 1) ~ bz = Z*+! is dual to X*(H,,,) via
eA(xZ(t)) — puhtetagaden — gla¥ N (10.13)
The dual basis in by is referred to as fundamental co-weights:
pL=en+...+em, (p), @) = 6, 1<k,i<l+1, (10.14)
that span the co-weight lattice:
Ay ={heb: Nh)€Z, YAXEAw} =Zp] &...®ZLp/,. (10.15)

The lattice A}, can be identified with the kernel of the map exp : h — Hpyq, so that
Heon = bH/A), .
The determinant map det : GLyy1(C) — C* may be defined as a unique homomorphim
such that
041 041

det : eigl tie — ei§1ti_ (10.16)

We have the following exact sequence

T det

1 — SLy1(C) —= GLyy(C) C* 1, (10.17)

where SLgy1(C) is the unimodular subgroup. Its Lie algebra sl,;; has the standard faithful
representation given by the following homomorphism of associative algebras:

¢ U(sl1(C)) — End(C),
Cb(Xai) = €ii+1, ¢(X—az-) = —€i+1,i, ¢(hai) = €ii — Citli41,

where e;; are the matrix units (10.2). The Lie algebra sl,;; may be identified with the Lie
subalgebra of matrices with zero trace in gl,,, so that

(10.18)

gl = sl @ C. (10.19)
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The Lie algebras sl,; and gl,,; share the Dynkin diagram I'4, with the set of vertices I of
size ¢, the reduced root system ®(A,) and the Weyl group Wy,. However, in the case of sl;4
its rank is equal to the rank of the root lattice, contrary to the gl, ; case. More precisely,
let {e1,...,€¢41} be an orthonormal basis in C**!. Then the fundamental weights py, of gl,_,
are linear forms defined by pg(ha,) = 0k (see (10.7), (10.14)):

Define a collection of vectors in R,

61—|—...—}—€g+1‘
(+1 ’

Ag

€' = € — 1<k<i+1, (10.21)

which span a codimension one Euclidean subspace, due to ef‘f + ...+ e?jl = 0. Then the
simple roots and fundamental weights of sl can be written as follows:

Ay A, Ay A k

Q= € — €t w, " = pp — Der1 = efe—i—...—i—e‘,?@. (10.22)
(41
The Cartan matrix A = HaiA}‘*H with a;; = (a;-”, (a))4¢), and its inverse A™! = Hcf;’fH take
the form:
s 10 . o ¢ =1 =2 .2
oL =1 2(0-1) 2(6-2) .. 22 2
-1 2 . .
_ 1 (-2 2(0-2) 3(£—2) ... 32 3
A= RS At = — 10.23
0 . . =10 ’ £+ 1 ( )
Do -1 2 1 2 22 32 .. (—1)2¢-1
0 02 2 3 .. -1 ¢
In these terms one obtains the following expressions for the coroots and coweights:
A A A A A A A
hit = (") = Z<O‘je7 (aiz)vije)v = Zaijz(wjl)va
jel jel
(10.24)
(@) =) citlal)), i€l
je€I
10.2 The case of type B, root system
The Lie algebra sos,,1 can be identified with the #z-fixed subalgebra:
50001 = {X €9l 1 (C) 1 X =0p5(X)},  0p(X) = —SpX"S5", (10.25)

Sp = diag(1,—1, ..., 1) € GLys1,

where 7 is the transposition along the opposite diagonal (3.3). This provides the faithful
representation,

O 8094 — 9[2e+1((c)7 (10.26)

34



given by the following presentation of the Chevalley-Weyl generators hy, = o/,
of s09041 in terms of the generators of gly,, ,(C):

dler) = V20epoi1 + eryresa), O(f1) = V2(er1e + erra);
dler) = eop1—koro—k + Cophprirks  O(fr) = Coyo—nori—k + Copith itk s
1<k</;
¢(h1) = 2(ew — €£+2,e+2) )

O(hi) = (€rp1—kot1—k + €ovbork) — (€rpokiro—k + €414k e414k) 5

1< k</.

€k, fk:ke]

(10.27)

The representation (10.27) implies the following presentation of the type B, root system in

terms of the root system of type Ay

By Ay Age .
Q" = Qi T oL, iel.

Explicitly, the symmetry of the Dynkin diagram of type Ao, is given by

L i 204+1—1, ie{l,2,...,20},

Az Az

Q; » Qopiq -

Then (10.28) reads

By Aoy Az

a;" = apt s+ ()

Introduce the Euclidean space R**! with a standard orthonormal basis {ei, ...,
on by the involution ¢ as follows:

L R R%H, € —> —€p10 ;.
Consider the t-fixed Euclidean subspace RY C R?*! spanned by
B
€' = €rr1k + t(€r1-k) = €p1-k — €er14k 1<k<d,

then the root data of type By is given by

B B
OéBZ _ EBe By Ele—i-...—i-%‘Z
1 1 1 == 2
B, _ By By
O[ = € — € B[_ Bg Bg
1<k</t
=7 1<k</;

d(B)) = {:l:EBZ + €5t ieB‘} :
The simple co-roots and fundamental co-weights are determined via

P @) = (@B =) = 4.

(a J

(10.28)

(10.29)

(10.30)

62g+1}, acted

(10.31)

(10.32)

(10.33)

(10.34)



and have the following form:

(af")v = 2P

Bp\V B B
BV 5. B (wi‘) =€'+...+¢€",
(ak ) =€ T €1 .
iel (10.35)
1< k<t
OV(By) = {Fe L€, +2€°}.
The Cartan matrix A = ||agé|| = ||<04f£, (afe)\/)H and its inverse A~! = ||¢;;|| are given by
2 -2 0 .. 0 Loe-1 .. 321
Ly e Sle-1 321
- S -1 — oo
A=, o> A I
.. 2 :
R R I o2 .o221
0 .. 0 -1 2 11 L1
(10.36)
B Bp\V B Bo\V\ (_By\V By B\
hi* = (O‘z‘ Z) = Z<%‘Zv (O‘z‘ Z) >(wj£) = Zaz‘f(wjé) ,
jel jeI
(wiBé>V = ZCZ']‘(O(JBZ)V, 1€ 1.
jel
Lemma 10.1 The Weyl group W (By) is isomorphic to a subgroup in W(Asg) via
B Age Agy A Ao Ay A
) 31:: Sejszﬁzlsej :Aseﬁlisg REIISE (10.37)
Sk = Sei1-aSerk = SetkSetioks 1<Kk <L

Proof : For 1 < k </ given A = )\161B o+ /\gef by straightforward computation one has

st = A = O (@) ) pa = X = (A & =l )6 —ely)
=X = (= M) (6 —ey)
= e A ety el A e
= NP A e el (10.38)
— M = = MR = M€ — = el

A A A A
= A - <)‘7 (aéjli—k)\/%‘bzaéﬁifk - <>" (aéjf;)\/)/\zeafji

= st ().
Similarly, for £ =1 one has
sz()\) = A - <)‘? (Oéle>v>Beale = A - <)‘7 26}18K>Bz61BZ
= —Alef‘[ + )\265" + ...+ )\gGZBZ
(10.39)

_ Az Az Az Az Aoy Az
= A€ o A — A6 A€ — Aol — o — Nyt

_ A2 JAxp A2
= sp 50180 ()
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: Az Aze A2e Az Az
since s, *"s, (s, > simply swaps €, < ¢,75. O

The Lie group Osy1 may be presented as 0g-invariant subgroup of GLgs1:
Osp1 = {g€GLysr = g=4g""}. (10.40)
Let us describe the corresponding Tits group W§2 o1, 1D terms of generators of WgLW.
Lemma 10.2 Let $8 = e27 i € I be the Tits generators (2.28). Then the following hold:
1. The Tits group W§, | is isomorphic to a subgroup of Wi, =~ wvia

2B qAz gAze Ay B sAze oAy
57 = 5,725,705, 50 = Sy kSt 1<k (10.41)

2. The elements (10.41) belong to the Op-fixed subgroup (WgL%H)eB.

3. Presentation (10.41) matches with (10.37) due to

Adgsly = 57 (10.42)

Proof : (1) Since 32 € SOq.1, 1 € I, one might verify (10.41) using the standard faithful
representation ¢ : SOgp11 — GLoyy1. For i = 1, we have

Ide—1
O(sF) = p(e3) = ( 010 ) = B3 885, (10.43)
Ide_1
and similarly, for 1 < k < ¢ we obtain
Idg g
0-1
-B\ __ ZJe\ 1 Id _ sAe oAz 44
P(sy) = ¢lez2) = W = P(50{1-x501k) - (10.44)
’ Ide g
(2) From (4.11) one reads
Op © & &2, ., 1<i<20+1, (10.45)

and using the Tits relations (2.29) one infers that (10.41) are #p-invariant.
(3) Follows by (2.29) and (10.37). O

By analogy with the general linear group case, there is another way to lift simple root gen-
erators s € W(B,) into the Tits group W4, . Recall that W{, — contains the following
elements:

(10.46)



Lemma 10.3 The following elements belong to the fixed point subgroup (WELNH)GB :

SP = Sp180Sii1 SP = Ser1kSerr, 1<k<{; (10.47)
TP = Tpoy Ty = ™4, 1<i<l  and TP := Top, '
where TP has det(T¥) = —1 and generates the center Z(Wgﬂﬂ) = lia.
Proof : The explicit action of 5 on generators (10.46) gives (4.15):
05(Si) = Sors1, 0p(S:) = Say1i, 05(Tk) = Torroi - (10.48)
Using (4.13) this implies that (10.47) are invariant under 5. O
Corollary 10.1 The elements (10.41) and (10.47) can be identified via
SE=TPsP,  SP=TPs8, 1<k<t. (10.49)

Proof : By straightforward computation using faithful representation (10.40) one finds

o(SP) = ( *

Identifying this with (10.43), (10.44) one deduces (10.49). O

[ =]
oo
OO

> ; o(SP) = Iday—3 ) : (10.50)
Ids 4 L

Proposition 10.1 The elements SP € Wg;m, i € I defined in (10.47) satisfy the relations
(2.23), (2.24) of type By:

(8PP =...= (P =1,
10.51
SZBSJBSZB = SJBSzBSgBa Z,j €I such that Q5 = —1’

SBSBSBSE — gBGBGBGE.

Proof : One might prove (10.51) b applying faithful representation (10.40). Alternatively,
since the relations (10.51) are exactly the relations (2.24), they can be derived from (2.29)
using substitution (10.49). For the first line of (10.51) we have:

(SlB)2 _ ToleBToleB _ (TOB)2(81B)2 _ emhl _ e27rz(eu—ee+2,e+2) _ 17 (10.52)
and since $8TP = TP |8 we derive

(8¢) = TP T8 = TP (30)° = (TPT2)* = 1. (10.53)
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For 7,5 € I such that a;; = 0, since sBTB TB B we have
SPSP = TPsPTPsP = TPsPTPsP = SPSP (10.54)
and similarly, since $2T.F = TP sP, we obtain
SBSBSEGE _ TBIBTEBTEBTED _ (TBTPY23E bbb 1055,
= 555PsPsP = SBeBgBgh '
The 3-move braid relation for ¢, j = ¢+ 1 we have:
SBS S8 =T BT+13z+1TB 57 = TBTHIS TiSEASB
= TB(ﬂiﬂszSEHSB TB(T£1)2 i1533i1 = TBT+13z+1TB5 SH-I (10.56)
Tz+13z+1TBT315B5?+1 = 1+1SBS+17
since Tj185, = $8,TF. O
10.3 The case of type C; root system
The Lie algebra sp,, is identified with the 6o-fixed subalgebra of gl,,:
spyy = {X €gly, 1 X = 0c(X)} C gly, 0c(X) = —ScX7S;!,
2 =4 ’ be ¢ (10.57)

Se = diag(1, -1, ..., 1, —1),

where 7 is the matrix transposition with respect to the opposite diagonal (3.3). This provides
the standard faithful representation:

O Spy — gly. (10.58)
given by the following presentation of the Chevalley-Weyl generators h;, e;, f;, 1 € I:
d(h1) = ew — epy1.041,
O(hi) = (Coy1—kr1—k + Coph1,04k—1) — (Cr42—k,42—k T Covhitk) ;
1<k<Y, (10.59)
dler) = eper1, dlex) = €rp1—k oro—k + €orh104k, 1<k <C,
o(f1) = e, O(fr) = errop o41-k + €ogbprr—, 1<k<L.
The representation (10.59) yields the following presentation of the type C;, root system:
oft =202 Q= e b apl, 1<k<(. (10.60)

Consider the root system of type As,_; endowed with the automorphism ¢ of its Dynkin
diagram:
Lo i 20—1, ie{l,2,...,20 —1};

Aoy Age—1
«; Qg s

7

(10.61)
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so that (10.60) reads
aft = a?“” - L(af”’l), alt = afj‘f_lk + L(afj‘f_lk) , 1<k <e. (10.62)

Introduce the Euclidean vector space R?¢ with orthonormal basis {61, cee e%}, supplied with
an action of involution

v R¥* — R¥*, g — —eg, 1<i<20. (10.63)
Consider the (-fixed Euclidean subspace RY C R, spanned by
EZ»C[ = €p4+1—i + L(€g+1,i) = €p+1—i — €pti, 1 S 1 S (. (1064)

Then the root data of type C; reads

c c
ozlf = 2€1£ Cy C, Cy
Cy Cy Cy i = €& Tt e
1€1;
1<k</t
c c c c
(5", (@;)") = ((a;")", @) = 0y, (10.65)
c c
(@) = O e
2
(Oé]?e)v — EISZ _Ggf:[’ (wc’g)\/ — 6[?[ + _|_€€C’€
:
l<k<; 1<k</.
The Cartan matrix A = H(ajce, (af)V)| and its inverse are given by
2 -1 0 .. 0 ¢ e=1 311
—2 2 -1 . 21021 321
- 303 331
o .0 A oot
ht = (o) = Dl (af))my = D af @)Y, = e
jel Jjel Jel

Lemma 10.4 The Weyl group W(Cy) is isomorphic to a subgroup of W (Ag_1) via

Cy A Cp  Agpn Asp 1 Agp 1 Agea
51 = 5 ; Sk = Sep1_kSe—itk = Se1pkSeriks L <KL (10.67)

Proof : For k =1 given \ = )\1610‘ +...+ )\ZEZCZ one has
c c c c c
s = A = (A (7))l = A = (A ") 2¢
= —)\16108 + /\265“ + ...+ )\ZE?Z
= Al A — M€ M = Doy — = Mg

_ ()
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For 1 < k < ¢ the computation reproduces the one from Lemma 10.1. O

The symplectic Lie group Sp,, may be identified with the fo-fixed subgroup of G Lo:
Spoy = {9€GLly : g = 990} C GLy . (10.69)

Let us describe the Tits group WSTpN, which is the extension of the Weyl group W (Cy) (10.67),
and identify it with the fixed point subgroup in W2 Log"

Lemma 10.5 Let 5¢ = e2” i € I be the Tits generators (2.28). Then the following hold:

1. The Tits group WSYE)% 15 isomorphic to a subgroup of Wg;L% via

.C Aoy .C LAy 1 Aoy
7 = 8,71, Sp = S0 S e 1<k <L (10.70)

2. The elements (10.70) belong to the Oc-fived subgroup (Wi, )%e.

3. Presentation (10.70) matches with (10.67) due to

Adgely = s,  iel. (10.71)

Proof = (1) Since $¢ € Spy, i € I, one might verify (10.70) using the standard faithful
representation ¢ : Spy, — G Lgy. For i =1, we have

Idg—1
o) = ot = (07 ) =t (10.72)
Idg 1
and similarly, for 1 < k < ¢ we obtain
Idg g
1 Bl A A
B(35) = dlex’r) = Mos = B(8,7 80 (10.73)
10
Idg g
(2) From (4.11) one reads
<Az LAgpq .
Oc - Ly — Syt 1<i<2/, (10.74)

so that using (2.29) the expressions (10.70) are §o-invariant.
(3) Follows from (2.29) and (10.67). O

By analogy with thegeneral linear group case, there is another way to lift simple root
generators s{ € W(Cy) into the Tits group W, . Recall that W, = contains the following
elements:

N (10.75)
S; = 133 = 8T, Si = Tip18i = 515, 1 << 20,



Lemma 10.6 The following elements belong to the fixed point subgroup (WGTLZZ)QC :

S¢ = TuSy = Ty1 Sy, SP = SeiiSe1pn, 1<k <
) (10.76)
TE = Topa-iToi = ™, 1<i< /.
Proof : The explicit action of 6 on generators (10.75) gives (4.15):
0c(S;) = Sor_i, 0c(Si) = Sai, Oc(Tr) = Torrp1—k - (10.77)
This implies that (10.76) are invariant under 6. O
Corollary 10.2 The elements (10.70) and (10.76) can be identified via
S¢ =359 S =185 1<k<t. (10.78)

Proof : By straightforward computation using faithful representation (10.69) one finds
Ide—y 1
ost) = (0 ) = e,
Idg—1
ek (10.79)
o 1
o(Sy) = ldak—s

Idg_k

Identifying this with (10.72), (10.73) one deduces (10.78). O

Proposition 10.2 The elements S¢,i € I of the Tits group WSszg satisfy the following
relations:

(SIC)Q = TIC = emhlc’ (520)2 - = (SEO)Q — 1,
S¢SY = 89S djel suchthat aj;=0,;
o _ coac ’ (10.80)

(S7'8y)" = (SyS7)* =1,
and they generate the whole Tils group Wg;)%.

Proof : One might verify (10.80) using the standard fathful representation (10.69). Alterna-
tively, similarly to the proof of Proposition 10.1 the relations (10.80) can be deduced from
(2.29) and (10.78). O
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10.4 The case of type D, root system

The Lie algebra soq, is identified with a subalgebra of gl,, as follows:
509y = {X € g[% : X = QD(X)} - g[gea OD(X) = —SDXTSlsl, (10 81)
Sp = diag(1, 1, ..., (=1)% (=D)L (=1, ... 1), '

where 7 is the matrix transposition with respect to the reverse diagonal (3.3). This provides
the standard faithful representation:

¢ s09 — glyy, (10.82)
which implies the following presentation of the Chevalley-Weyl generators h;, e;, fi, i € I:

d(h1) = (er—10-1 +ew) — (eoq1041 + €r42,042)
d(hi) = (Coy1—kr1—k + Corh—1,04k-1) — (€r42—k,e42—k T Cothitk) 5
1<k</,
p(e1) = er1041 + €opr2, (10.83)
Plex) = erpi—k e42—k T Cogh—14k, 1<k <L,
O(f1) = err1o-1+ eryap,

O(fe) = €rro—k,tr1-k + €rrhprn—, 1<k <L.

The representation (10.83) yields the following presentation of the type D, root system:

D, Ay Age—1 Age—1
ot = a2 + 20, + o, (10.84)
D, Ay, 4 Az 1l<k</( '
Q- = Q1 T Y g4k >t

Consider the root system of type As,_; endowed with the automorphism ¢ of its Dynkin
diagram:

L:od— 20 —1, ie{l,2,...,20 —1};

10.85
a?zz — a";;f;l. ( )
so that (10.84) reads
Dy Age—1 Az Age_1 Agg—_1
apt =t +ap T  at Fat),
N ) ! (10.86)
= i + (et L<k<t.
Introduce the Euclidean vector space R?* with orthonormal basis {61, cee 624}, supplied with
an action of involution:
L R¥* — R¥* g —eg, 1<48<(20). (10.87)
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Consider the (-fixed Euclidean subspace RY C R?*, spanned by

Dy _ Asa Age—1\ . Az Agp—1 .
€ = € T L(EE_H_Z-) = €415 — €oti 1<i</. (10.88)
Then the root data of type D, reads
( D D D
(alDe:€2De+€1Dz D, €1Z+€22+--.+€gl
wl - 2
Dy | Dy Dy
ayt =€ — €y, 2 5 (10.89)
D D D
L 1<k </ \wk‘:ek‘—i—...—f-eﬂ, 2< k</{,
D, Dgyvy Dgyv Doy
(o 7<wj ) = () y W >_5ij7
. D D o :
and the Cartan matrix A = |[{a;*, (;*)")|| and its inverse are given by
2 0 -1 0 .. 0 £oe=2 =2 31
4 4 2 2 2
=2 ¢ =2 31
0 2 -1 0 1 1 2 2 "2
b 52 52 99 321
_ | 11 2 <1 -1 I
A= _ , AT = ch'j | = SR : ;
0 - 0 3 3 3 321
1 1 2 221
0 -1 2 —1
0 0 —1 2 3 3 1 111 (10.90)
D, Dgyv D, Doyvy__v Dg(__Dg\v
hit = (o) = E <ij , (@) >w3 = Q5 (wj ),
Jjel Jel

w,’ ZCD‘Z(@DZ)V, iel.

ij J
jeI

Lemma 10.7 The Weyl group W(Dy) is isomorphic to a subgroup of W (A1) via

Dy, _ Agpq Agp1 Agp1 A1 Agpq Asp1 A1 Ageq
517 = 5 Se-1 Ser1 Se =5 Ser1 Se—1 Se ’
b N A N ) (10.91)
. 20—1 20-1 20—1 20—1
Sk’ = Spi1kSeo1ik = Se—1ikSetks 1<k <L

In particular, one has s = Sf”’lsZDesgAM’l, so that Out(®(Dy)) = <S?2£71> ~ 7,/27.

Proof . For 1 < k < ¢ the proof literarily follows similar statement of Lemma 5.1. For k =1
given A = \jel* + ...+ )\gef" one has

s = A = (A (@) )par = X = (A & e ), (6 + &)

= —)\2€1DZ - )\1652 + )\3€3DZ + ..+ )\gEfZ

o Agpq Asyp Age—1 Agp_q

= ey T A€, — A — Aagy (10.92)
Agp_q Agp_q Azp_q Agp_q

Tl ey Ay e Ay

_ Aoy Asp oy Aspy Asp g
=S¢ Sp1 Se S (A,
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: Agg_ Agp
simply swaps €, 7" <> €,75 '

The orthogonal group Oy, may be identified with the fixed point subgroup of the general
linear group as follows:

Agp1 Aop 1 Agp1

: Agg—1
since Sf 8671 S€+1 SZ

Agpq Agp 1
and €,°] €y - O

Oy = {g€GLy: g =g} C GLy. (10.93)
The group Oy is not simply connected and there is the following exact sequence:

det
1 — SOy Oy {£1} — 1, (10.94)

with the non-trivial action of {£1} on SOs.

Lemma 10.8 The even orthogonal group allows for the following decomposition:

Ide—1
Oy = SO9 U Sy - SOy, Se:( 0 9% )7
Id, 4 (10.95)

D D
Ang: Oéle<—>042£.

so that Adg, represents the symmetry of the Dynkin diagram of type D,. Moreover, Oy has
a structure of a semidirect product: Oy = SOqp x Out(SOq).

Proof : We have
(HGLQZ)QD = HOQZ = HSPQZ - (HGLQ[)HC; (10-96)

hence Hp,, = Hso,,. It is convenient to pick z(—1) = M, € Oy as a representative of section
z : {£1} = Oq, since it represents the outer automorphism of SOqp. O

Lemma 10.9 Let sP = e3> i € I be the Tits generators (2.28). Then the following hold:

1. The Tits group W, , is isomorphic to a subgroup of Wi, = via

.D sAoe—1 fAze—1 ¢ Ase—1\ 1 Aze—1y\—
31 = SZ—Mi 134 2 1<S€-Ei 1) 1<S€_2ti 1> 1’ (1097)

D Ag 1 Az
Sk = SepioaSe-1gky 1<k <L

2. The elements (10.97) belong to the Op-fized subgroup (W ).

3. Presentation (10.97) matches with (10.91) due to

Adgply = s, iel. (10.98)

45



4. The Tits group Wgy fits into the following exact sequence:
1 — Wi, —= W5, — Out(2(Dy)) —= 1, (10.99)

that actually splits, so that Wg , = Wip  x Out(®(Dy)).

Proof : (1) Since P € SOy, i € I, one might verify (10.97) using the standard faithful
representation ¢ : SOy — G Lgy. For i = 1, we have

Id,_
. . “o0-1 0 gy s
P(s7) = plex) = 100 0 = $(5,%7), (10.100)
010 0
Id,_2
and similarly, for 1 < k < ¢ we obtain
Idg—g
iy N
. ™ LAgpq . _
o5k) = o(ert) = e | = enat . 00
10
Idg—g
(2) From (4.11) one reads
Op :  §2 s S 1<i< 2, (10.102)

so that (10.97) are fp-invariant.
(3) Follows from (2.29) and (10.91).

(4) The element R = §, represents R € Out(D,) from (10.91); it is not a reflection
at any root of ®(Dy), that is Adg,|y = s¢ ¢ W(D,) due to (10.91). Moreover, by (2.21)
Out(P(Dy)) = Out(SOy) one obtains (10.99). O

By analogy with the general linear group case, there is another way to lift simple root
generators s € W (Dy) into the Tits group Wy, . Recall that W/, contains the following
elements:

Ty = e™"k 1<k <2/
_ (10.103)
Si = Tis;y = 8T, Si = Tiy1si = 5715, 1< <20,

Lemma 10.10 The following elements belong to the fixed point subgroup (WGTL%)gD :
SP = SeSe-15e415
SP = Sp1 wSe14k l<k<{; (10.104)

TP = Tp1-iTyyi, 1<i</,

)

Proof : The explicit action of - on generators (10.103) gives (4.15):

Op(S:) = Sai, Op(Si) = Sar—i, Op(Tk) = Tory1—k - (10.105)

This implies that (10.104) are invariant under 6p. O
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Corollary 10.3 The elements (10.97) and (10.104) can be identified via

SP = TP SP =TPs), 1<k<U{. (10.106)

Proof : By straightforward computation using faithful representation (10.93) one finds

Idg 2

Id, (10.107)

Identifying this with (10.72), (10.73) one deduces (10.78). O

(2

Proposition 10.3 The elements SP, i € I from (10.104) satisfy the relations (2.23), (2.24)

of type Dy:
(SPY? = (SPy? = ... = (sP)? =1,
Sz'DSJD = SJDS?, i,j €I suchthat a; =0, ; (10.108)
SiDSJDSz‘D = SJI‘DSZ'DSJI-D, i,j €I such that a;=—1.

Proof : One might verify (10.108) using the standard faithful representation (10.93). Al-
ternatively, similarly to our proof of Proposition 10.1 the relations (10.108) can be deduced
from (2.29) and (10.106). O
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