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Abstract

In the pseudodifferential calculus on manifolds with singularities there appear oper-
ators in terms of Fourier and Mellin transforms. This gives rise to abstract Fourier-
Laplace transforms. We describe pseudodifferential operators and Sobolev spaces
with respect to such transforms. It is indicated how these techniques may be used
to get an index formula on manifolds with one-point singularities.
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Introduction

The concept of the conification of an operator algebra was introduced in Schulze
[17]. It applied earlier results of [16]. Roughly speaking, the conification is a pseu-
dodifferential calculus along the cone axis R, based on the Mellin transform, with
operator-valued symbols taking their values in the given operator algebra. The es-
sential key words in this context are Fuchs-type operators, conormal symbols, Mellin
quantization, kernel cut-off, meromorphic operator functions, weighted cone Sobolev
spaces, discrete and continuous asymptotics, Green operators. In particular, given
a closed compact manifold X, the conification of the algebra of pseudodifferential
operators on X gives rise to a cone algebra on the stretched cone XU =R, x X.

Let us comment in this connection on the role of the Mellin transform which
is the relevant integral transform here, whenever a new cone axis Ry 3 t appears.
We could always substitute the diffeomorphism r = logt of R, — R and pass to
the Fourier transform in the new coordinate. However in the original t-variable the
calculus needs the Mellin and the Fourier transform at the same time. The link
between the Mellin and the Fourier description of operators by means of Mellin
operator conventions belongs to the essential technical points of the calculus. Thus,
the coordinate change by r = logt¢ would destroy this relation, and it seems in fact
much more natural to employ the Mellin transform in its classical form, though
the elements of the Mellin pseudodifferential calculus have to be established and
accepted as a tool.

The advantage of using the Mellin transform in the analysis on manifolds with
conical singularities lies in the fact that it “quantizes” the covariable 2z as the Fuchs-
type derivative —t d/dt which is the only characteristic component in a local basis
of vector fields at the singular point. The basic geometric ingredient is the “germ”
of the diffeomorphism ¢t + logt at ¢t = 0 (or, more precisely, the behavior of this
diffeomorphism in an infinitesimal interval (0,¢), where € > 0).

More generally, consider an arbitrary diffeomorphism r = M(t) of the half-axis
T = R, onto the whole axis R, with M'(t) > 0 for t € T. We associate to M
an isomorphism F : L*(T,dm) — L*(R), where dm = 2r M'(t)dt, by changing
the variable in the Fourier transform. Then, we study the integral transform F' for
complex values of the covariable, too.

Similar considerations apply to the multidimensional case provided that the
mapping M under consideration does not mix up the variables.

The integral transform so obtained is easily verified to “quantize” the covariable
z as the derivative D = —ﬁ}(—t)%d/dt which keeps an information on the geometric
nature of the singular point in question via the “germ” of the diffeomorphism ¢
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Introduction 3

M(t) at t = 0. Tt is therefore to be expected that F' is the relevant integral transform
in the analysis on manifolds with one-point singularities, such as “conical points”,
power-like and exponential “cusps”, etc.

In the literature there exists a number of directions studying the analysis on
manifolds with one-point singularities under different aspects (cf., in particular,
Plamenevskii [14], Levendorskii [10], Maz’ya, Kozlov and Rossmann [12], et al.).
Melrose and Nistor [13] defined a “cusp” calculus on a manifold with boundary by
use of blow up techniques. They also described the Hochschild homology of this
algebra and various of its ideals and so deduced a pseudodifferential generalization
of the Atiyah-Patodi-Singer Index Theorem. In a recent paper of Schulze, Sternin
and Shatalov [19], asymptotics of solutions to differential equations on manifolds
with power-like cusps are studied. They also constructed an operator algebra on
such manifolds by use of non-commutative analysis (cf. [20]).

The aim of the present work is to develop the calculus of pseudodifferential
operators on a manifold with one-points singularities by use of the integral transform
F. Thus, our approach is similar in spirit to the cone calculus of [17].

We will restrict our attention to the local algebra at a singular point, for we
use the standard pseudodifferential operators away from the singularity. In this
situation, we introduce the notion of ellipticity and establish the Fredholm property
of elliptic operators. We then apply Fedosov's techniques to derive an index formula
for elliptic operators of order zero {cf. Fedosov and Schulze [8]).

Acknowledgments. The authors are greatly indebted to Professor Fedosov for
numerous discussions on his techniques.



Chapter 1

Abstract Fourier-Laplace
Transform

1.1 Fourier transform

Until further notice we assume that T = (a,b) is an arbitrary interval in the real
axis and r = M(¢) is a diffeomorphism of T onto R. To be specific, consider the
case where M'(t) >0 fort e T.

It is easy to see that, given any u,v € Cg,,,(T), we have

(u oM vo MHI)L?(R) = '2111- (U’U)L?(T.dm) , (1.1.1)
where dm (t) = 2« |M'(t)| dt. Hence it follows that u o M~! is of class L*(R), for
any u € L*(T,dm).

Thus, we may define the Fourier transform on L*(T,dm) (denoted by F in
contrast to the usual Fourier transform F) so as to make the following diagram
commutative:

L*(T,dm)

In other words,

F — j —irr M—l d
u(r) [ e (M(r)) dr

1 —iTM(t)

= — ¢

%/Te u(t)dm(t), 7 €R,

for any u € L*(T,dm).
The main property of the Fourier transform so defined is that Parsevals formula

remains valid.
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Lemma 1.1.1 [fu,v € L*(T,dm), then

(Fu, Fv)agy = (4,9) 12(7,4m) -
Proof. Indeed, applying Parseval’s formula yields

(Fu, Fv)pag) =27 (u oM vo M—I)Lﬂ(n) )

which gives the desired conclusion when combined with (1.1.1).
O
Hirschmann [9] defines regular F-transformson L*(T,dm) by requiring the Par-
seval formula as well as 3 properties more to hold. Then, he proves that any regular
F-transform is of the form F = F o (M™')", with M a diffeomorphism of T' — R.

1.2 Fourier-Laplace transform

If u € £(T), then Fu(7) is also well-defined for every complex value 7 € C. In this
way we obtain what will be referred to as the Fourier-Laplace transform. Namely,

1 —iz
Fu(z) = 2 /T e~ M) o (t) dm (1)
= F(eMOu)(r), z=r+iveC, (1.2.1)

where we first assume u € C%, (T).
Obviously, Fu(z) is an entire function in the complex plane and the restriction
of Fu(z) to the real axis coincides with the Fourier transform of u (i.e., Fu(7)).
Givenay € R, set I, = {z € C: Sz = v} and consider the “weighted Fourier

n -
transform” F,u = Fulr,.

Lemma 1.2.1 For any v € R, the transform F. eztends by continuity to a
unitary tsomorphism
F.: L}T,e"™dm) 5 L}(T,). (1.2.2)

Proof. If u € CZ_ (T), then

comp

sup (14 [2)Y [Fou (2)] < oo
zely

for all N =0,1,.... Now, applying Lemma 1.1.1 gives
(Fyu, Fav)pary = (F(e™u), F(e™v))

= (e"'Mu, e"’Mv)

Li(R)

L2(Tdm)

= (, v)L7(T,e7‘1Mdm)

whenever u,v € C% (T). Hence (1.2.2) is an easy consequence of the relation
between F' and the Fourier transform on R via the substitution r = M(t).

O



6 1 Abstract Fourier-Laplace Transform

1.3 Inversion formula

The following is actually an equivalent formulation of the Fourier inversion formula.

Lemma 1.3.1 The inverse of (1.2.2) is given by the formula

- 1 ) z
F©) =g [ M0 f(z)dz.

Proof. Indeed, given any u € L¥(T,e*dm), we have
Fou(r+1y) = Fuur (e”Mu)
= Fror (e"" u(M'l(r))) .
whence by Fourier's inversion formula
F2 (Fyu) (1)

= &—'TM(t) %1: A ciM(t)T-'F'rHT (e‘"u(M_l (T))) dT

= u.

This proves the lemma.

1.4 Properties

The Fourier-Laplace transform on L*(T,dm) is related to the derivative

1 1
D=——<-d/dt
M!(t) ¢ /
in the same manner as the usual Fourier-Laplace transform to the derivative D =

Ld/dt.
Lemma 1.4.1 For anyu € CZ__(T'), it follows that

comp

F (Du) (z) = z Fu(z).

Proof. Indeed, integrating by parts yields

Fy..(Du) = fT e~ #M(Y) ( Mrl(t)D‘“) |M'(2)|dt

= sign (M) fT (=Die MO wt
= 2 F,..(u),

as desired.
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It is therefore to be expected that the Fourier-Laplace transform F will prove
useful by studying “totally characteristic” differential operators, i.e., those of the
form A =37, A;(t)D’ with A;(t) smooth functions on T.

Yet another basic property of the Fourier-Laplace transform is that multiplica-
tion of u by the weight function e is interpreted under (1.2.1) as the displacement
of the reference line by iy.

Lemma 1.4.2 For any v € R, we have
F(e™u)(z) = F(u)(z +iy), z€C.
Proof. Indeed,
F M — —1zM(t) M (t) O d t
(€™Mu)(s) = [ MO (eMOu(e)) dm (1)
= F(u)(z+17),

as desired.

1.5 Sobolev spaces

We want to define weighted Sobolev spaces of functions on 7', based on the Fourier-
Laplace transform. Lemmas 1.4.1 and 1.4.2 shed some light on how we should begin.

Definition 1.5.1 Let s € Z, and v € R. Denote by H*"(T) the set of all
distributions u on T' whose derivatives up to order s are locally integrable with respect
to the measure dm and satisfy

. %
||'u||7{.,-,(T) = (/T e—?‘YM(t) Z 'DJU(t)F dm) < oo
=0

For integer s < 0, we could define the space H**(T) by duality and then, for
fractional s, by complex interpolation. However we derive a direct description of

the space H*7(T) so obtained, from the following lemma.

Lemma 1.5.2 Suppose s € Z. Then
. 3 _
o ~ ([ (1) 1Pu@Paz) s weren(),
-

where the equivalence of two norms means that their ratio is bounded uniformly in
u both from below and above by positive constants.
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Proof. For the proof, we transform the norm || - ”%t-»'r(T) by using the Fourier-
Laplace transform. Namely, Lemmas 1.2.1 and 1.4.1 imply
ey = Z f [Du)]} M dm
i=0

- g fh |Ft_,,Dju|2 dz
= J-Z;:, /I‘_, l.zjl"'t,_.zu2

dz.

Since

L) < 3 | < (L)

7=0
we conclude that

1 2\° 2 2 2\ 9
i (14 121%)" 1Fu(2)f dz < ullben Sjr_, (1+12%)" [Fu ()] de.

This is precisely the assertion of the lemma.
O
Since r = M(t) is a monotone function, there is no embedding H*" " (T) —
HY'V(T) for s’ < 8", ' < ~". However, we get an embedding theorem if we cut off
the functions in question at one of the bounds of T'.

Lemma 1.5.3 Let r = M(t) be a monotone increasing mapping of an interval
= (a,b) onto R and let w € C2(T') be equal to 1 close to a and 0 close to b. Then,

" 'l

w H"T(TY = W (T)
for all s < s", ' < A",

Proof. The proof is straightforward.
O

The following example was intended as an attempt to describe the weighted
Sobolev spaces K*7(X") of Schulze [17] in terms of a global integral transform.

Example 1.5.4 If T = R, and M(t) = logt, then

Fu(z) = /owt""'ut &
= Mu(—1iz), z € C,

M being the Mellin transform. The corresponding spaces H*?(R,) have proved
extremely useful in the cone theory (cf. Schulze [17}).

On the other hand, if 7 = R and M(t) = ¢, then F' = F is the usual Fourier-
Laplace transform on the line. Then, H*°(R) are the classical Sobolev spaces.
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Fig. 1.1: The graph of r = M(t).

We now combine these examples by considering a diffeomorphism r = M(¢) of

R, — R, such that
logt closeto t=0,

M(t) = { t close to t = oo,

see Figure 1.1. . _
Then, H*°(R,) are isomorphic (as normed spaces) to the spaces K*°(R, ) widely

used in the cone theory (cf. Schulze [17]).
O

1.6 Pseudodifferential operators

Lemmas 1.2.1 and 1.4.1 imply that FD = z F, defined, for instance, on all u €
L*(T,dm) with Du € L*(T,m). This leads to the notion of pseudodifferential
operators with respect to the transform F' via

opp.(a)u(t) = (F_y);2 Foe: (a(t,t, 2)u(t’))
— (2_;)-3./I‘ dz ‘/Tef(M(l)—M(!'))za(t’tl,z)u(tt) dm(t’), (161)

where a € C2(T x T x T'_,) (see Hirschmann [9]).
If a(t,t', 2) is independent of t’, then this reduces to

opg,(a)u(t) = (F_,);1, a(t,z) Fpou, for ue CZ (T).



Chapter 2

Elements of Pseudodifferential
Calculus

2.1 The Laplace-Beltram: operator on a manai-
fold with cusps

Consider the surface

S = {z= (21,3'2,23)! f(za) = Vz‘lz'*'z%: Z3 2 0}

in R? which is obtained by revolving the curve z; = f(z3) around the axis Oz;.

We assume that f: Ry — R, is a positive C* function on the half-line R,
with f(0+) = 0. Then S has a singularity at the origin unless f'(0+) = co. We
will restrict our discussion to the case of singular points by requiring f§° % to be
infinite (see Figure 2.1).

In particular, if f(t) =P, p 2 1, then the origin is a conical point, if p = 1, and
a cusp, if p> 1.

N f(z) = A+

22

2
Fig. 2.1: This surface has a singularity at the origin, provided that f;° % =
00.

10



2.1 The Laplace-Beltrami operator on a manifold with cusps 11

Let us parametrize the surface by

4|
22
23

where ¢ runs over [0,2r) and { € [0, 00).
Then, the Riemannian metric on the smooth part of S is given in the coordinates

(t,®) by

i

f(t) cos ¢,
f(t) sin @,
1

dz} + dz} + dz3 = (14 (F/()%) dt* + (£(1))? dg?

or, in tensor form,

g = (9:1)::11%
( L+ (1)) 0 )
0 (f@) )

Note that this metric is degenerate at the singular point.
Denote by A the Laplace-Beltrami operator on the smooth part of S with respect
to the metric g. In order to compute A, we note that the inverse of the matrix (g;;)

is the matrix }
(gu‘) _ ( TrorE 0 )
0 A
0]
Then, a trivial verification shows that the Laplace-Beltrami operator is given in the

coordinates (¢, ¢) as

A = E 9;1/det g g* O

g ,7=1
1
= ¢+ —-——,a__.etg 0 (\/detgg“) o + 922622

1
= —_— (g—zE 612 + @ (al g22 a]_ + 82)
g22 \4n gn a1

where 0, = /0t and 0; = 3/0¢.

Since

922312 = (\/92 51 2 _ \/ )(\/92251)=
922 ga2 3\/92 g2z ( 1 )
== ’/ )3 = (v/92200) 0 V92201) ,
g1 ( n ' ] g 1\/911 ( 922 1)

we may rewrite this as

s = L (Lm0 e (67:) (va0r) + )

- ! . JOFO
YRk (1+(f'(t))2 U1 = T ey (f(t)a/‘%)w“)
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/ 1‘=M(t)
= t _df
™= Jto 7(o)
¢
to €

Fig. 2.2: Correcting r = M(t) away from a neighborhood of ¢ = 0, we arrive
at a diffeomorphism r = M(t) of R, onto R.

where Ay is the Laplace-Beltrami operator on the unit circle (the cross-section of S
close to the singular point).
We have thus arrived at a totally characteristic differential operator related to

the mapping r = M(?) of Ry — R, where
t do
M) = —
W=l 7@

with any fixed to > 0.

The important point to note here is the form of M. Namely, since M'(t) = ?%3
is positive for all ¢ > 0, it follows that the function r = M(¢) is monotonically
increasing and so one-to-one. However, the image of Ry by this function may

be different from R. While M(0) = f:; f‘w = —00, the case of power-like cusps
f(t) =17, p > 1, gives M(t) = 15 (t—p‘_—l - F‘T) and so the image of Ry by M is
0

(—-oo, -pi—“,,—]_r) Thus, the Fourier-Laplace transform of Section 1.2 needs making
0

more precise to apply in this situation. Namely, what is merely important for us is

the behavior of the mapping M close to the singular point £ = 0. Thus, we may

correct the mapping r = M(t) away from an infinitesimal interval (0,¢), € > 0, in

order to arrive at a diffeomorphism r = M(t) of the half-axis R, onto the whole

axis R.

2.2 Typical differential operators on manifolds
with singular points

When blown up, a manifold with singular points has locally the form of a cylinder
XP =T x X close to a singular point, where T = R, and X is a smooth compact
manifold of dimension n without boundary. Moreover, the “push-forwards” of the
vector fields on the manifold, which orlgmate from the singular point, splits into a
totally characteristic derivative D = 1d/dt along the half-axis T and smooth

M‘ (t) i
vector fields along the base X.
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The local algebra of pseudodifferential operators close to the singular point is
completely determined by the “germ” of r = M(t) at ¢t = 0. Our basic assumption
is the following: the “germ” of M at t = 0 can be represented by a smooth diffeo-
morphism of T' onto R, with a positive derivative. We continue to write r = M ()
for this representative.

Clearly, the form of r = M(¢) in an infinitesimal neighborhood of ¢t = 0 depends
on the geometric nature of the singular point in question. In particular, if M(¢) =
logt near ¢ = 0, then the singular point is a conical point. If M(t) = T—l—;t—,}_—l close
to t = 0, with p > 1, then the singular point is a power-like cusp. Yet another case
is M(t) = —et for t € (0,¢), that corresponds to exponential cusps, etc.

By the above, when constructing a local algebra close to the singular point, we
have to begin with typical differential equations on X© which are of the form

m

(M'()™ 3" A;(t) DPu(t) = f(t), t>0, (2.2.1)

7=0

where A;(t) € C2(Ry, Diff"™7 (X)), § = 0,1,...,m. We did not specify the variable
z in (2.2.1), keeping in mind that, for fixed ¢, the value u(t) is a distribution on X
and A;(t) act as differential operators with respect to the z-variables.

The relevant weighted Sobolev spaces in a neighborhood of the singular point
are defined as follows. Fix a family of order reductions A*(}), s € R, on X depending
on a parameter A € R. Now, for 5,7 € R, we let H*?(X") be the completion of
C%.. (R4 x X) with respect to the norm

comp

}
ey = ([ IA*R2) Pu@lon ) 222

Lemma 2.2.1 A function u € D'(R, x X) belongs to H*7(XP) if and only if
the “pull-back” t*u = u(M~'(log p)) of u under the diffeomorphism p — M~'(log o)
of Ry belongs to the corresponding cone weighted Sobolev space.

Proof. Indeed, if p = {9, then an easy computation shows that
d

& de (2.2.3)

k]

=

1

i M(1)
dM(

—
o n_ln‘
-

Nt

ol

whence

Fu(z) = M (t"u)(—iz), z2€C,

M being the Mellin transform (cf. Example 1.5.4). This gives the desired conclusion
when substituted in (2.2.2).
O
Since the derivative M'(t) is different from zero for t > 0, equation (2.2.1) is
equivalent to the equation

Au(t) = (M'(1))™™ f(t), t>0,
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where
m

A=Y A;(t) D’ (2.2.4)
i=0
From what has already been proved in Sections 1.4 and 1.6, it follows that
the operators (2.2.4) behave properly in the scale (2.2.2). Hence, when one treats
typical differential equations in a neighborhood of the singular point, there naturally
appears an additional scale of norms

||“||wm»(xl=) = ”(M')u““?i'-'r(xﬂ)u (2.2.5)
with parameters s, v, € R.

Lemma 2.2.2 Letw € CZ,(Ry). Then, for each real numbers s' < s”, 4" < v

and p' < y", we have a continuous embedding

y " ! ’ 4

w HH(XOY o H (X)),

Proof. This is obvious because of (2.2.2) and (2.2.5).

(]

We now return to the “transcedental” change of variables p = eM{*) used in the
proof of Lemma 2.2.1. The first equality of (2.2.3) shows that the “pull-back” of
the operator A under the diffeomorphism g — M~(log g) of R is the differential
operator .

t*'A = i t*A; (o) (lg i)J (2.2.6)
= ’ i dp)
so that t*(Au) = t'A (¢*u). Thus, we deduce that the operator A transforms, under
the change of variables t = M~'(log o), into a Puchs-type operator t!A. Conversely,
each Fuchs-type operator on Ry x X transforms, under the change of variables
o = eM®) into an operator of the form (2.2.4).

It is worth pointing out that ¢t = M ~'(log p) is a homeomorphism of the closed
semi-axis R, with the inverse o = eM®. Therefore, the coefficients t*A4; (p) =
A;(M~(log o)) of A are continuous up to ¢ = 0 if and only if so are the coefficients
of A. However, as the change of variables t = M ~(log g) is not smooth up to g =0
in general, the coefficients of ! A need not be smooth up to g = 0, even if so are the
coefficients of A. '

Another way of stating this observation is to say that topologically all the one-
point singularities are equivalent. However, having fixed a geometric type of the
singular point, we are allowed to use only those homeomorphisms of R, close to
t = 0 which preserve the geometric structure of the singularity.

2.3 Kernel cut-off

The Mellin calculus in the form developed by Schulze [17, 18] gives also a gen-
eral framework for the analysis on manifolds with arbitrary one-point singularities.
The basic idea is the following. Outside the singular point, one uses the standard

.



2.3 Kernel cut-off 15

pseudodifferential calculus and the standard Sobolev spaces. Near the singularity,
however, the analysis relies on the operators constructed by use of the transform F,
and the spaces H>7(XU).

More precisely, one considers the operators (2.3.1) on the semiaxis whose sym-
bols take their values in the algebra of all pseudodifferential operators on X.

In the sequel, let m,~v € R be fixed. Given any a € CR(R: xR, L™(X;T_,)),
we shall write a = a(t,?’, z), where z = 7 — ¢ indicates the variable in I'_,. For ¢,
t', z fixed, this a(2,t', 2) is a pseudodifferential operator on X.

Definition 2.3.1 Suppose that a € C2(R4 x Ry, L™(X;T_,)). The operator
opp, (a) with the symbol a on C2, (Ry x X) =C2 (R4, C®(X)) is

comp comp

1 o« . —Mi{tY)z ' ' /
P, (@) (1) = 75,5 /r s fo FMO-MENz o1 ¢ () dm(t)).  (2.3.1)

The right-hand side of (2.3.1) is to be understood as an iterated integral. We did
not specify the variable z in (2.3.1), understanding that, for fixed ¢/, the value u(t')
is in C*°(X) and that a(t,1, 2) acts as a pseudodifferential operator with respect to
the z-variables.

If X consists of one point, then (2.3.1) reduces to what has already been defined
in Section 1.6. In general, we have

0P y4s(a) = €M opp, (a(t, V', z — i8)) e™*M ), (2.3.2)

which is due to Lemma 1.4.2.
Like pseudodifferential double symbols, the double symbols in (2.3.1) are not
uniquely determined.

Example 2.3.2 It is immediate from integration by parts in (2.3.1) that

OPF ((z 8/32)’@) = Opp,, ((M(t) - M(t'))ja) .

Given any a € C2(R, x Ry, L™(X;T_,)), we will have a continuous map
opg,(a) 1 Comp(Ry x X) — C (R4 x X).

Smoothness of a up to zero yields the continuity of opg.(a) on the weighted Sobolev
spaces. The preceding Example 2.3.2, however, shows that the smoothness is not
necessary.

Proposition 2.3.3 Let a € C2(Ry x Ry, L™(X;T_,)). For each s € R and
wy,we € C,(Ry), there is a continuous extension

wy 0pp(a)ws : H™ (X)) — H-™(XO).
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Proof. See Schulze [17, 1.2.3].

a
We also mention the following results. The first of them shows that, just as in
the case of pseudodifferential operators, one has asymptotic summation of symbols.

Proposition 2.3.4 Let (m;),_, , be a sequence in R tending to —co, let a; €
C (R, >-<_]R+ Lmi(X;T_,)), and let m = maxm;. Then there exists a symbol
a € Ce(Ry X ]R+,£’"(X I_,)) witha ~ TR, a;, t.e., for any N € Zy there is a
J such that a — Z 1a; € CR(R, x Ry, L™ N(X;T_,)). Moreover, a is unique
modulo C2(Ry x Ry, L7°(X;T_,)).

Proof. See Schulze [17, 1.2.4].
O
Moreover, one obtains smoothing operators by a special analytic procedure that -
Schulze [17] calls “kernel cut-off.”

For the standard pseudodifferential operators, we may calculate the Schwartz
kernels in terms of the amplitude functions. For operators (2.3.1), we can analo-
gously write

opryau () = o= [ Ka) (1,4, M7 (M) M) u() dm(¥)

whenever u € CZ5,

(R4, C*®(X)), where
k() (1,,5) = FZh,_alt,t,2)

is interpreted in the distributional sense. Obviously, k(a) is a C* function of (¢,t') €
R, x Ry with values in D'(Ry, L™(X)). For fixed t and t/, the singular support of
k(a)(t,t',¢) is contained in the only point ¢o € Ry where M(g) = 0 (cf. Schulze
[17, 1.2.4]). Moreover, we have a(t,t',2) = F_,__ k(a)(,?,2).

Proposition 2.3.5 Assume thatw € C'comp(R+) is a cut-off function close to ¢
(i.e., w(s) =1 near s = ¢p). Given any a € CZ(Ry x Ry, L™(X;T,)), let

ay(t,t,2) = Feo, w(q)F:E,,zHca(t,t’,z)) :
as(t,',2) = Foms (1 = w()) F 7, _ a(t,t)2))
Then
+ L™(X;T_y)),
, £7°(X;T-5))

Proof. See Schulze [17, 1.2.4].
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2.4 Algebras without asymptotics

We are now able to describe an algebra without asymptotics on a manifold 90t with
singular points. We shall not attempt any discussion of the rigorous definition
of such a manifold. The important point to note here is the form of transition
diffeomorphisms close to a singular point - they have to preserve the geometric type
of the singularity. We shall instead deal from the very beginning with the “stretched
object” associated to 9M.

Proposition 2.4.1 For any manifold M with singular points S there 1s a smooth
manifold with boundary M such that:
1) M\ S is diffeomorphic to M\ OM; and
2) there is a neighborhood N of S in 9 and a collar neighborhood N ~ M x
[0,1) of OM in M such that N\ S is diffeomorphic to OM x (0,1).

Proof. We construct M by replacing, for every one-point singularity p € S, a
neighborhood N of p by {0,1) x X via gluing with any one of the diffeomorphisms
N\ {p} — (0,1) x X of which equivalence classes determine the structure of 9
close to p. We even get dM = UpesX,, the subscript p pointing to the dependence
of X on p.

a

We begin with definition of weighted Sobolev spaces K*7(M) (cf. Sections 1.5,
2.3). We shall say that a function or distribution is supported close to the boundary
of M if it vanishes outside the part of M that is identified with [0,1) x X. Fix a
smooth function w on M which is supported close to the boundary and equal to
1 in a smaller neighborhood of the boundary. Given a distribution u € D'(int M),
we can write it as u = u; 4 u; with ¥; = wu supported close to the boundary and
uz = (1 — w)u supported away from the boundary. We shall say that v € K>7(M),
provided that u; € H*7(XP) and u, € H (intM). It is easy to see that this
definition is independent of the particular choice of w. We can topologize K*(M)
as a Hilbert space, using the Hilbert space structures on H*?(X59) and H*(R'*").

In the sequel, we use the notion of the weight datum of an algebra without
asymptotics. By such a datum is meant any couple ? = (v, 8) of numbers v,6 € R.

For a weight datum ® = (v, §), denote by DL™>°(M, d) the set of all operators
Sp i CZmp(intM) — T'(int M) such that, for all s € R, there is a continuous
extension Sg : K*7(M) — K*4(M). ‘

Given any m and weight datum 0 = (¥, 6), let DL™(M,d) be the space of all
operators A : CZ, (int M) — D’'(int M) of the form A = Ap + Ar + Sg, where

comp

Ar is an operator based on the transform F close to the boundary, i.e., there are
functions o, 3o € C*° (M) supported close to the boundary of M, and a symbol
a € C2(Ry x Ry, L™(X;T_,)) such that Ap = ="M py0p,_(a) go;

Ar is a pseudodifferential operator supported away from the boundary, i.e., there
are functions @, %o vanishing in a neighborhood of the boundary of M, and
a symbol a € S™(int M) such that Ar = @ 0p£(a) Peo;
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Sr is an operator in DL~ (M, ).

The collection of all the spaces DL™(M,d) with m,v,6 € R is the algebra
without asymptotics. With the help of Proposition 2.3.3 it is easy to see that an
operator A € DL™(M,0) induces a continuous mapping

A K*(M) = K~™8(M)

for any s € R.

It is not so trivial that the algebra without asymptotics is an “algebra” in the
sense that, for all my,m,,4 € R, the composition of operators induces a continuous
multiplication

DL™ (M, d;) x DL™ (M, ;) — DL™ ™ (M, ),

where 9y = (v, 6), 92 = (§,¢) and D = (v, ¢).
It follows from the mapping properties that the operators in DL~ (M, d) form
an “ideal” in the sense that the above multiplication restricts to continuous maps

DL (M, 05) x DL™ (M, ;) — DL-*(M, D),
DL™ (M, ;) x DL-(M, 0,) — DL-°(M, ),

9; being as above.

Remark 2.4.2 I[fm =0, then DL°(M, ) is an algebra in the usual sense, and
DL~*(M, ) is an ideal in this algebra.

Finally, the important point to note here is the following relation between the
operators based on the transform F' and the usual pseudodifferential operators.

Proposition 2.4.3 Suppose g is an operator as above. Then, for any func-
tHONS Yooy Yoo € Coo,(int M), there is a pseudodifferential operator r € L™ (int M)
supported in the interior of M such that . YF Yo = Yr.

Proof. The reader should recognize that this assertion is none other than the
change of variables on the space of usual pseudodifferential operators.

a

Under the hypotheses of Proposition 2.4.3, if moreover supp @oo Nsupp Yoo = 9,
then Poo 71’F 1,[)oc e DL~ (M’D)'

From what has been said at the end of Section 2.2, it may be concluded that the
algebra DL™(M, ) is an extension of the cone algebra in the sense that, close to the
singular points, the pull-back of the cone algebra under the mapping ¢ s p = eM(t)
is a proper subalgebra of DL™(M, 0).

2.5 Asymptotics

In general, asymptotic expansions of solutions to equation (2.2.1) in a neighborhood
of the singular point seem to be controlled by the scale of norms (2.2.5), i.e., the
remainders, when cut off, lie in the spaces H*"*#(X"Y) with u large enough.
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In the last two sections of this chapter we will restrict the discussion to the
situation when the asymptotic expansions of solutions may be controlled by the
scale (2.2.2). Roughly speaking, this corresponds to the case where the standard
parametrix construction for elliptic operators A leads not only to a gain in the power
of (M'(t))~"! but also to a gain in the power of e, To ensure this, we need an
additional assumption on smoothness of the coefficients of A close to ¢t = 0, namely,
that A;(M~*(logp)) are C*™ up to p = 0, for j = 0,1,...,m. This assumption is
satisfied, in particular, if all the coefficients A; are constant in a small interval [0, €),
e> 0.

To begin with, we make more precise the definition of the spaces X*7(X") on
the infinite cylinder X© = R, x X. The analysis on X2 employs the transform F
and weights only near the base ¢t = 0. The weight factor e=2® in Definition 1.5.1
affects the space also for t — oco. It is advantageous to introduce another variant
of spaces on X that refers to the Fourier-Laplace transform and to weight factors
only near ¢t = 0. The idea is to multiply H*7(X®) by a cut-off function w and then "
to add (1 — w) H*(X"), where H*(X") is the usual Sobolev space on X© properly
interpreted '. Thus, for s,v € R, we set

K1(XO) = w MM (XO) + (1 — w) HA(XD),

with w a fixed cut-off function on R,. We topologize X*?(X") by the norm

lullgsmxay = inf  (lwwnlleagrs + 11 = @)uallyexo)) -

u=wuy +({1-wluz

It is easy to check that the space K*7(XD) is independent of the particular
choice of the cut-off function w up to an equivalent norm. Moreover, the topology
of K*7(XOP) is still induced by a Hilbert inner product 2.

Having disposed of this preliminary step, we can now return to spaces with
asymptotics. The following assertion is of basic interest in the analysis of the conor-
mal asymptotics of distributions on X© for ¢ — 0.

Lemma 2.5.1 Let w € C%,,(Ry) be a cut-off function with respect to t =
0, and let p € C, p € Z;. Then the Fourier-Laplace transform of the function
w(t) ePME (M (1)) extends to a meromorphic function in the whole complex plane

with ezactly one pole, of multiplicity  + 1, at p.

Proof. We first prove a reduced form of the lemma, namely, assume that both
p and g are zero.
For &z > 0, write
Fu(z) = —u(z),

z

IThe proper definition of H*(XY) should perhaps take into account the behavior of r = M(2)
for t — o0.

2In the same way, starting with %*7#(XO), we can define the spaces K*7#(X9) for all 5, v, u €
R.
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where u(z) = F (Dw)(z). Since Dw € Cg(R;), we conclude that u is an entire
function of z € C. Moreover,

1 o dw
w0 =L @
-1
= —w(0)

1

= .

Hence it follows that %u(z) is a meromorphic function with a single pole located at
z = 0 and of multiplicity u = 1.

For the general case, take z € C with §(z —p) > 0. An easy computation shows
that

Fo: (w(t) €™ (M(2)))
= —2-1; /UOO e M) (w(t) ePM () (M(t))“) dm(t)
= (10/02)" Fw (z — p)
) w( L u(z —
= (10/0z) (z — ( p)) .

By the above, the right-hand side here is a meromorphic function with a single pole
located at z = p and of multiplicity x + 1. Hence the lemma follows.

O

The proof above gives more, namely, given any point p € € and excision function

x(z) of p, the function x F (w(t) e'PM(t) (M(t))“) is rapidly decreasing on each weight
line ', uniformly in v on finite intervals.

Remark 2.5.2 [t is eastly seen from the proof that the difference
—i)¥ 1
i z—pp

Fov. (wlt) 0 (M(1))) - |

extends to an entire function.

Fix a cut-off function w € C;fmp(ﬁJ,.) with respect to t = 0. Given a point

p € C, it follows from Lemma 2.2.1 that the asymptotics
u(t, z) = w(t) MO (M(1))* uy(z)

lies in K*7(XD), for each y € Z4 and u; € H*(X), if and only if Sp < —y. We
want to introduce subspaces K27(X9) consisting of functions u € K*?(XP) which
have a gain in the weight up to elements of some finite-dimensional subspace of
asymptotics. To make this more precise we give the following definitions.

A weight datum = (v, (~1{,0]) consists of a number v € R and an interval
(—1,0] on the real axis. We consider finite weight intervals (i.e., those with 0 < I <
oo) as well as the infinite one (i.e., (~oc,0]).

By an asymptotic type associated with the weight datum 9 is meant any col-

lection as = ((p;, #5,£;));=0,1,.,s» Where
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Iz
-
P;
l
e "
ey — 1

Fig. 2.3: A carrier of an asymptotics for the weight datum d = (v, (-1, 0]).

¢ (p;) are complex numbers in the strip —y — I < Sp; < —7;
¢ (u;) are non-negative integers; and
¢ (Z;) are finite-dimensional subspaces of C*(X).

For the infinite weight interval, the value J = oo is also admissible. However,
we assume that each strip {¢’ < ¥z < ¢"} contains only a finite number of the points
(p;)- Thus, a condition on (p;) is Sp; = —oo when 7 — oo.

Definition 2.5.3 Given a weight datum 0, we denote by As(d) the set of all
asymptotic types associated with 0. Asymplotic types of such a kind are called dis-
crete.

By the above, when working with the spaces X*7(XUY), we have to consider
weight data ® = (vy,(—!{,0]). Fix such a datum.

Given any asymiptotic type as € As(D), we denote by 2, the finite-dimensional
space spanned by the functions

() MO (M0 esu(2)) s=04.,..7
p=0,1,..,45

where ¢;, € I;. (The cut-off function w(t) is kept fixed.)

From what has already been proved it follows that %,, C K**(X©), for all
s € R, and A,, N K#7H-0(XT) = B, where K* -0 XO) = N, L7 +H-¢(XO). The
elements of K*"*-%(XY) may be regarded as being flat of order ! — 0 relative to the
weight 7.

We endow 2, with the natural topology, and X*7"+-°(X%) with the topology
of projective limit of Hilbert spaces.

Definition 2.5.4 For s,y € R and as € As(?), let

Kot (X)) = 2, + £27H70(XO),
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We make K27(XY) a Fréchet space by giving it the topology of the sum of
Fréchet spaces. Obviously, K2Y(XP) is independent of the particular choice of the
cut-off function w up to an equivalent topology.

Remark 2.5.5 Spaces with asymptotics are also well-defined on a manifold with
one-point singularities if we either keep coordinates fized or else interpret the sub-
script ‘as’ associated with an asymptotic type ‘as’ as an equivalence class of possible
asymptotic types.

We finish this section by a brief discussion of operator-valued meromorphic
functions. Namely, for a discrete set D in the complex plane, we define meromorphic
functions h{z) € A(C\ D,L}(X)) whose values are classical pseudodifferential
operators on X.

The space L7(X) is endowed with its natural Freéchet topology, and A(C\ D, £)
is the space of £-valued holomorphic functions on C\ D. Clearly, A(C\ D, L%} (X))
has a natural Fréchet structure, again. '

Denote the points of D by (p;),_,, . We will assume that each strip {¢’ <
Iz < ¢"} contains only a finite number of points in D.

Furthermore, let us fix a sequence (g;) of positive integers and a sequence (L£;)
of finite-dimensional subspaces of operators of finite range in £~%°(X).

Every collection as = ((pj, £, £;));=0,,.. Will be called a (discrete) asymptotic
type for F-symbols.

Now M,,(C, L(X)) denotes the subspace of A(C\ D, L3(X)) consisting of
all functions h(z) such that

e for every D-excision function x(z) (i.e., x € C2(C) is equal to 0 near D
and 1 away from a neighborhood of D) we have x(z) h(2)|r_, € LG(X;T_,)
uniformly in - on finite intervals in R;

e h(z) is meromorphic with poles at p; of multiplicities 4; + 1, and the Laurent
expansion at p; is h(z) = Thlol;i(z — p;)~ ) + hj(z) with {; € £; and
h;(z) € A(N,L73(X)) for some neighborhood N of p;.

The space M,,(C,L7(X)) has a natural Fréchet topology. We will write it
simply M(C, L7} (X)) when D = §.

2.6 Algebras with asymptotics

Until further notice, we restrict our attention to a coordinate patch on X with

variable z and covariable £.
For m € R and a weight datum d = (v,8), we denote by DS™(XY,0) the
subspace of S™((R4+ x X)) x R™") consisting of symbols of the form

1
; _ M) 1l 6.
a( ’I,Tié) € a t?a:? M’(t)‘r’g b (2 6 1)

where a(t,z,7,£) € S™(XP x R*™).
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Since the weight factor e*="M{) is fixed for every m, we can endow each space
DS™(XP,v) with a canonical Fréchet topology. The elements of DS™(XUY,9) are
called degenerate symbols of order m.

We use the symbol DST (X, D) to denote the subspace of DS™(X®, ) induced

(XY x R") in the same way. As usually, we set

DS™(X5,2) = N,, DST (XY, ).

By definition, each symbol a € DST (XY, ) can be written in the form (2.6.1),
where @ € S™(X" x R'*"). Write & ~ %; X @m-;, with x an excision function and
dm-j € C2(X" x R™) homogeneous of degree m — j.

Definition 2.6.1 Given an a € D m(XO9,0), by the principal inner symbol of a
is meant

(@)t 2,7, ) = IO G (t . (),g) {50

Since M(t) —» —oo as t — 0, the principal inner symbol itself cannot control the
behavior of @ at t = 0. For this purpose, we may invoke the component a,,(t,z, 7, )
because it is well-defined up to ¢ = 0 and captures the behavior of o2(a) away from
t=0.

A symbol a € DSF(XD,0) is said to be elliptic if am(t,z,7,£) # 0 for all
(t,z,7,£) € XU x (R“’“ \ {0}). The important. point to emphasize here is that the
ellipticity of a degenerate symbol subtends the non-singularity of &,, up to t = 0.
By the above, every elliptic symbol a € DST(XP, ) is also elliptic in the sense of
symbol algebra on the interior of XU. Therefore, a has a Letbniz inverse in this
algebra, which is unique modulo §~°((R4 x X) x R™*"). The crucial fact is that
we can ensure the existence of a Leibniz inverse within the class DS;™ (X, 0).

Under ellipticity, we want to associate with the Leibniz inverse of a a continu-
ous mapping between weighted Sobolev spaces on XU. We first demonstrate these
techniques by example of those degenerate symbols which are polynomial in 7.

Example 2.6.2 Let A be of form (2.2.4). We have A = opz(a) with a unique
symbol a € DST(XY, ), for each weight data ® = (,7). In this case,

op(a)(t,z,7,8) = Z o7 (AL, z,E) (ﬁlﬁ T) . (2.6.2)

Fix a cut-off function w on Ry, so that w(t) =1 for ¢t < @ and w(t) =0 for t > A,
where 0 < ¢ < A < oo. Then ¢y = w and @ = 1 — w give the partition of unity
on the semiaxis subordinated to the covering Iy = {0,24), I = (3a,00). We now
choose 9, € C2(R,) (v = 0,00) such that supp, C I, and %, = 1 near supp ¢,.
Since the operator A is local, it is a simple matter to see that A = Ay + A, where
Ao = poopr(a)io, A = Poo0p£(a)Po. The operator Ao, is “supported” away
from the singularity ¢ = 0, so it extends to a continuous linear operator K*(X") —
K2=m(X1), for each s,y € R, provided that the coefficients A; are independent
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of t for ¢ > 0 large enough. The next task is to rewrite A as a pseudodifferential
operator with respect to the transform F', thus making Ay more prepared to act in
the weighted Sobolev spaces close to t = 0. However, a trivial verification shows
that, for every v € R, we have A = opp_ (k) on CZ, (R; x X), where

comp

h(t,z) = Z Aj (2.6.3)

=0

Thus, the operator A; = woopp, (k)1 extends to a continuous linear operator of
K>7(X8) — K2-m7(XY), for each 3,7 € R.
0

For arbitrary degenerate symbols, it is no longer possible to obtain a precise
representation just as in Example 2.6.2. When studying arbitrary symbols we had
to look for such a representation only modulo “smoothing” operators.

To each symbol a € DSTF(XY,0), we may assign a pseudodifferential operator
A = opzr(a) which is well- deﬁned on distributions supported in the interior of X0,

Fix an open covering Ip U I, of the semiaxis Ry, where Iy = [0,2A4) and
Io = ( a,0) (0 < a < A < ). Let (¢,),=000 be a partition of unity on R,
subordma.ted to this covering, and let ¥, € C2(R,) satisfy suppv, C I, and
1, = 1 in a neighborhood of supp ¢,.

Since the operator A is pseudo-local, we see at once that A Ao + Ae modulo
smoothing operators in Ry x X, where

Ao = yoopg(a) o,
Aoo = ‘Pooop?( )llwboo

Our next goal is to find a suitable reformulation of the operator Ay in terms of the
transform F.

Theorem 2.6.3 Given any a € DST(XP,0), there ezists an F-symbol h(t,z) €
C(Ry, M(C, LT (X)) such that, for each v € R, we have

ops(a) = F=MME) opr (k) (mod LRy x X)) ) (2.6.4)

Proof. Cf. Egorov and Schulze [4, 8.1.3].
J

Summarizing, we have

opz(a) = MM 4 0p . () Yotes 0pr(a) Yo (mod L7°(Ry x X)), (2.6.5)

for each ¥ € R. Moreover, Proposition 2.3.3, when combined with bounded-
ness properties of pseudodifferential operators in Sobolev spaces, shows that the
right-hand side of (2.6.5) extends to a continuous linear operator of K*7(X") —
K2=m8(X0), for each s € R, provided « is independent of ¢ for ¢ > 0 large enough.

We are now in a position to describe our algebra with asymptotics on a man-
ifold with singular points. By the above, we are interested in a simple edition of
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this algebra based on the spaces with asymptotics of Section 2.5. In order to get
asymptotic results, it is necessary to put some restrictions on the symbols in ques-
tion. The requirement on a is that a(M~!(log p), z, 7, £) is smooth up to o = 0 (cf.
(2.6.1)). Such is the case, in particular, if @ is independent of ¢ close to ¢ = 0.

The algebra with asymptotics on a manifold with singular points starts with
operators of the form (2.6.5), where the Fourier symbol a(¢, z, 7, £) and the F-symbol
h(t,z) are compatible in the sense of Theorem 2.6.3. Qur operator convention (2.6.4)
does produce at once smoothing errors of different kind under changing h(t,z) or
the cut-off functions. It is worth pointing out that if we add to A(t,z) a symbol
ho(t,z) € CE(Ry, Moo(C, L3°(X))) whose poles do not meet the reference line
I'_,, then the equality (2.6.4) is still true. In this way we obtain what we shall call
the smoothing F-operators, by analogy with smoothing Mellin operators (cf. Schulze
[18, 1.4.3]). Since the parametrix constructions for the typical elliptic differential
operators (2.2.4) lead to smoothing F-operators, it is adequate to have them from
the very beginning in the class.

To describe more precisely the smoothing F'-operators, we need the notion of a
weight datum for an algebra with asymptotics. By such a datum we mean any triple
0 = (9,6, (—{,0]) consisting of real numbers v,6 € R and a weight interval (—I, 0],
>0

The smoothing F-operators with respect to a weight datum ® = (v, 8, (—1,0]),

l=1,2,..., are defined to be operators of the form
-1
Sp =MW §™ (iM) OPF; (B, (2.6.6)
=0

with hj(z) € Ma,,(C, L37(X)), where hj(2) has no poles on the weight line I'_,,
and y —j £ 45 < vy forall j =0,1,...,1 = 1. The latter two conditions en-
sure, by Proposition 2.3.3, that ¢y Srip extends to a continuous linear mapping of
K27(XB) = K=5(X0), for each s € R.

Remark 2.6.4 The absence in (2.6.5) of smoothing F -operators with meromor-
phic symbols allows actions on spaces with arbitrary weights v € R, in contrast to
what we obtain by adding an operator of the form (2.6.6), which contains meromor-
phic ingredients and hence natural restrictions on the weights.

The only point remaining concerns the smoothing errors produced by (2.6.4)
under changing the partition of unity (¢,),_o ., on the half-line R,. These are
known as the Green operators and defined via their mapping properties.

For an operator A € L(K*Y(XU) = K*¥(XD)), we can define the transpose
A’ as an element of L(K™~(X5) = £~*=7(X"Y)) via the non-degenerate pairings
K*Y(XP) x K=*=7(X") — C induced by the inner product in K%°(X). Namely,
we require (Au, §)goo(x0y = (1, A’g) o0 (x0y to hold for all u,g € CZ, (XD).

Since we are again aimed at the analysis near t = 0, we shall replace KZ:?:S(XD)
and K2277(XP) by subspaces S2,,(XP) and S_,)(XO) respectively, where

as’ as'

Sip(X9) = w K (X7 + (1 - w) S(X7),
Si(X0) = w KZT(X9) + (1 -w) S(X9),
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Here w(t) is a cut-off function and S(XP) = S(R;,C®(X)). 1t is easily seen that
these new spaces are independent of the concrete choice of w.

Definition 2.6.5 An operator G € N,egL(K*7(XP) — K24 X)) is said to
be a Green operator with respect to a weight datum 0 = (v,6,(—!{,0]), tf there are
asymptotic types as’ € As(6,(—1,0]) and as” € As(—~,(—1,0]) such that

G € Nuer LK™ (XD)— 88, (XDY),
G € Nueg LIK"5(XP) =S (XD).

as’

These operators can be characterized in the following way: G is a Green operator
with asymptotic types as’ and as” if and only if G is an integral operator with a
kernel in S8, (X)®.S.. 0 (XO).

The difference between a smoothing F-operator and a Green operator is that
the former preserves the asymptotics of the argument function and adds specific
ones, whereas the latter forget the original asymptotics and produces new ones.
The reason for taking { — 1 as the upper summation bound in (2.6.6) is that
e(-mM(1) ejM(‘)opF.,ﬁ(h,-) is a Green operator with respect to a weight datum v =
(7,6, (—1,0]), provided that j > [.

We leave it to the reader to carry over the above local results to the whole
manifold X by using a familiar argument invoking a partition of unity on X.

To complete the construction of the algebra with asymptotics on a stretched
manifold M, we can argue just as in Section 2.3. Given any m € R and weight
datum D = (v,6,(—0,0]), let DL™(M,d) stand for the space of all operators A :
C (int M) — D'(int M) of the form

comp
A = o Aptho + Yoo AF oo + 00 SF o + G, (2.6.7)

where

Ar is an operator based on the transform F' close to the boundary, as in the right-
hand side of {2.6.4);

Ar is a pseudodifferential operator of order m in the interior of M, which differ
from Afr, close to the boundary, by a smoothing operator;

Sr is a smoothing F-operator close to the boundary, as in (2.6.6); and

G is a Green operator with respect to the weight data 9, defined via its mapping
properties.

The collection of all the spaces DL™(M, D), with m € R and weight data d =
(7, 6,(—1,0]), is the algebra with asymptotics. As follows, K27(M) is an adequate
choice of domains for the operators in this algebra.

Proposition 2.6.6 I[f A € DL™(M,0), then for each asymptolic type as’ €
As(v,(—1,0]) there is an asymplotic type as” € As(8,(—1,0]) such that A has a
continuous extension

A: K2I(M) = K270 (M) (2.6.8)

att

for any s € R.
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Proof. Cf. Theorem 1.4.42 in Schulze [18].

O

To see that the algebra with asymptotics is an “algebra” in the sense of Section
2.3, we refer the reader to Schulze [18, 1.2]. It is worth mentioning that the operators
w0 Sribo + G form an “ideal” in this algebra.

By the above, if the mapping t — o = eM® is C* up to t = 0, then the
algebra DL™ (M, ) just constructed is an eztension of the cone algebra with discrete
asymptotics (cf. Schulze {18, 1.2]) in the sense that, close to the singular points, the
pull-back of the latter under the mapping g is a proper subalgebra of the former.

The symbol 6#(A) controls the interior ellipticity of operator (2.6.7). However,
there is yet another symbolic level given by the principal conormal symbol o3 ~°( A)
(elsewhere this is referred to as the operator pencil). For the typical differential
operators (2.2.4), this is defined by 0%(A) (z) = T, A;(0)2?. For the operators A
on the right-hand side of (2.6.5), we have 03 °(A) (z) = h(0, 2). In the general case
(2.6.7), also the component hg(z) of Sr invests to the principal conormal symbol,
thus giving 67 °(A) (z) = A(0,z) + ho(z). Given any fixed z € I'_,, the principal
conormal symbol is a pseudodifferential operator along the base X, of order m. In
this way we obtain a family of operators o °(A) (z) : H*(X) — H™(X), s € R,
parametrized by z € '_,.

Definition 2.6.7 An operator A € DL™(M, D) is said to be elliptic if:
1) the interior symbol of A is elliptic up tot = 0;
2) o7 °(A) (z) : HY(X) = H*™(X) is an isomorphism for each z € T'_, and
s eR.

It follows from the elliptic theory on closed compact manifolds that, in condition
2), we may require a3 °(A) (z) to be an isomorphism for any one s € R.
The key result in the algebra DL™(M, ) can be then formulated as follows.

Theorem 2.6.8 If A € DL™(M,0) is elliptic, then for each asymptotic type
as’ € As(y,(=.,0]) there is an asymptotic type as” € As(6,(—1,0]) such that the
operator (2.6.8) is Fredholm.

Proof. See Schulze [18, 1.2.2].



Chapter 3

Index formula

3.1 Overview

Let » = M(t) be a diffeomorphism of an interval T = (e, b) onto the whole axis R.
We assume that M'(t) > 0 forallte T.

In this chapter we consider a special case of F'-pseudodifferential operators on
the cylinder X© = T x X, whose base X is a smooth compact manifold of dimension
n without boundary. These operators have the form

1\? : ;
_ (L1 (M) -M(t") / '

(Au)(t) (%) /Pczz /Te a(t, ) u(t’) dm(t'), (3.1.1)
when defined on functions u € Cg,,(T,C(X)). The weight line I' may be any
horizontal line I'_, = {z € C: Y2z = —v} in the complex plane. We may assume
without loss of generality that [ coincides with the real axis 'y (cf. (2.3.1)).

The operator-valued symbol a(t, z} is assumed to satisfy the following condi-
tions:

o a(t,z) € C2(T,L7(X;T)) is “sufficiently” smooth up to the endpoint ¢t = a
of T in the sense that a(M~1(log p), z) is C* up to o = 0;

e a(t,z) is independent of ¢ close to the endpoint ¢ = b of T', more precisely,
a(t,z) = a(b—, z) for t € (C,b), with a < C < b;

e for ¢t € [a,c), with ¢ < ¢ < C, the symbol a(t, z) admits an analytic contin-
uation to some strip {z € C: |3z + v| < ¢} and on each line ['_5 it is a
parameter-dependent pseudodifferential operator of order m on X, uniformly
mpBely-ey+e,e<e.

As described above, operators (3.1.1) are of great importance for the calculus
of pseudodifferential operators on manifolds with singular points. Here we restrict
our attention to the model case where the singular manifold is an infinite cylinder
and the operator may be written globally via the F-transform. Since the symbol
behaves well close to the endpoints of T', it follows from Proposition 2.3.3 that A

28
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-1 b4+11
a < c C
| _R

Fig. 3.1: The symbol of an elliptic operator induces a Fredholm family on
the cotangent bundle, which is invertible away from a compact set.

extends to a continuous linear operator A, : H*”(XP) — H*~™7(X?), for each
s € R.

Throughout this chapter we assume that m < 0. In particular, we need the
following concept of elliptic operators of order 0 (cf. Definition 2.6.7).

Definition 3.1.1 An operator A of order 0 is called elliptic if its symbol satisfies
the following conditions:
1) for each t € T, the symbol a(t, z) is a parameter-dependent elliptic operator
on X with parameter z € I';
2) a(t,z) is invertible for each t € [a,c) and each z in the strip {z € C :
Q2 + 7| < €}, and
3) a(b—,z) =1, where 1 stands for the identity operator on X.

When compared with Definition 2.6.7, this includes the additional assumption
3) which is connected with the ezit condition on the infinite cylinder X© (cf. Schulze
(18, 1.2.3]).

We prove in Section 3.5 that ellipticity implies the existence of a parametriz for
A, i.e., an inverse up to smoothing operators of trace class. The important point to
note here is the form of the parametrix, which is again an elliptic operator of order
0. Thus, the kernel and the cokernel of the operator A, are actually independent of
s. Moreover, a familiar argument of functional analysis yields that the mapping A,
is Fredholm for each s € R. Hence, for every elliptic pseudodifferential operator A
of order zero, we may defined its indez via ind A = dim ker A, — dim coker A,.

In order to evaluate the index of A, a basic observation is that the ellipticity
conditions imply that the Fredholm family a(t, z), parametrized by (¢,z) € T x T, is
trivial outside a compact set in T'XT' ! (see Figure 3.1). Therefore it defines an index
bundle inda € K omp(T x I'), where Kcomp means K-functor with compact support
(cf. Atiyah and Singer {3]). The Chern character of this bundle is represented by a
closed differential from of compact support, and we prove the following result.

YThat is, a(t, z) is invertible.
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Theorem 3.1.2 For any elliptic operator (8.1.1), we have

ind A = /./Txl" (ind a). (3.1.2)

The proof of {3.1.2) follows the scheme developed in Fedosov‘[5]. [t consists in
comparing three expressions:

¢ analytical index
indA=tr(1 - PA)—tr(1— AP),

where P is a parametrix of A up to a trace class operator;
o algebraical index
inda=tr(l—poa)—tr(l —aop),

where p is a formal complete symbol of P and o means a composition of formal
complete symbols (Leibniz product); and

e topological index given by the right-hand side of (3.1.2).

The most important step is transition from the analytical index to the alge-
braical one, or, using the terminology of Fedosov [5], the Theorem on a Regularized
Trace of Product. The transition from the algebraical index to the topological one
is based on the machinery developed by Fedosov [6]. Namely, we prove that

inda = — ././Txr tr (poda A poda + dpo A da), (3.1.3)

2m

where po(t, z) is a point-wise parametrix for a(t, z), such that both 1—pga and 1—apy
are trace class operators, for any (t,z) € T x I, and py = a™! outside a compact
subset of 7' x T'. Then, (3.1.2) is a consequence of the fact that the integrand in
(3.1.3) represents the Chern character of ind a in terms of a and pg (cf. Fedosov [6]).

Let us mention some particular cases of Theorem 3.1.2. f T =R, M(t) = ¢
and a(t,z) = 1 away from a finite interval in R, then (3.1.2) follows from the
Atiyah-Singer theorem on the index of a family of elliptic operators (cf. [3]) and the
Atiyah-Singer Index Theorem (cf. [1, 2]). This formula goes back to the work of
Luke {11]. Yet another case corresponds to T = R, and M (t) = logt (i.e., conical
singularities). In this situation the Atiyah-Singer theorem for families is no longer
applicable, and formula (3.1.2) is due to Fedosov and Schulze [8] (cf. also Rosenblum
[15] for another proof).

3.2 Trace estimates for remainders

In the sequel, we need a special order reduction A*(A) on X which admits an analytic
extension in A to the strip [SA + 4} < 1 and in s to the whole complex plane C. To
construct such an order reduction, we consider the function

(14 ¢?)F = ef los1+¢)
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for |3¢| < 1 and s € C, assuming that the branch of log(1 4 ¢?) in the strip {¥¢| < 1
is real at ¢ € I'g. Since 1+¢? = 14 (R()? — (3¢)? + 2 R¢ ¢, the function (1 +(2)F
is well-defined and holomorphic in ¢, belonging to the strip (| < 1, and in s € C.

Lemma 3.2.1 For any R > 0 there exists a constant c, depending only on R,
such that

1+ ) <c(l+ (DT
whenever |I(] < 1 and |Js| < R.

Proof. Indeed, since arg(1 + (?) < = for all ¢ in the strip |I¢| < 1, we get
(L4 = CFoasei-Fastee)
< ST+,

as desired.
O

Now, letting A denote the Laplace-Beltrami operator on X, we set
A(z) = (14 (z+17)? = Q)% (3.2.1)

for |82+ 4| < 1 and s € C. A complex power is understood in the sense of elliptic
theory (cf. Seeley [21]). This family is holomorphic in z and s belonging to the
mentioned strips.

Let us return to the symbols a(t, z) of operators (3.1.1) under consideration. In
what follows, we tacitly assume that these symbols are “sufficiently” smooth up to
t = a and independent of ¢ close to the endpoint b of 7.

Lemma 3.2.2 Let a(t,z) € C2(T,L™(X;T)), where m <0, and let a(b—,z) =
0. Then

IF wcalt, 2)llcaxy S c(L+ (P T (14 215, jeZy,
forz€T and ( € T_5, 6 <0, with ¢ a constant depending only on j and b.

Proof. The integral

1

Fyca(t,z) — f e~ Mq(1, 2) dmi(t)

2r Jr
= oMl —

J, e a(M (05 0),2) %
converges in the upper half-plane ¢ > 0. Moreover, for ¢ > 0, we have

1 : :
Fica(t,z) = aFtH((D’a(t,z)), j=12,...,

where F_(D%a(t, z)) is holomorphic for S¢ > 0.
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Thus, if ¢ € [_s with & < 0, then
| Femcall, 2)ll cz2xy)

< ¢~ M -6 d -1(] dp
S A (oge),z)llc(m(x))-? (3.2.2)

where C' € T is such that a(t,z) = 0 for t > C. We now invoke the condition
that, for fixed ¢ € T, the derivative D’a(M~(log p), z) is a parameter-dependent
pseudodifferential operator of order m < 0 on X. Hence it follows that

1D a(M " (log o), 2)llcqzacxyy < const (5,C) (1 +|2[)%

for all p € (0,e™©)] and z € T (cf. Shubin [22]). Substituting this estimate into
(3.2.2), we obtain the desired conclusion.
]

A slight change in the proof actually shows that if m < =%, then Fica(t,2)
is a Hilbert-Schmidt operator in L*(X) and its Hilbert-Schmidt norm || - || satisfies

1 Fucalt, 2)llz < const (7, 8) (1+[¢[7)7F (1 + |2|2)1§i, j € Zy, (3.2.3)

forallzeTand ( €T_s 8 < 0.
Finally, if m < —n, then the operator Fy_ a(t, z) is of trace class in L?(X) and
its trace norm || - ||; satisfies an estimate

[ Fomcalt,2)|; < const (5,6) (1+ <)% (1 +|2[)™F, € 2, (3.2.4)

whenever z € I"and ( € T'_g, 6 < 0.
Given any two symbols a(t, z) and p(t,z) in Cio(T, L(X;T)), we set
& k k
K=, H(a/az) p(t,z) D*a(t,z), K =12,... (3.2.5)

k=0

poa

(in this way we obtain what is known as the Leibniz product).
We will write an operator opp, () simply op (a) when no confusion can arise.
With these notations the main result of this section is as follows.

Theorem 3.2.3 Let

a(t,z) e C2(T,L™(X;T)), m<0,
P(taz) € CIO;:(Ta ﬁm(x; I‘))a w <0,

and let both a(t,z) and p(t,z) vanish at t = b. Then, for K large enough, the
operator R = op{p) op(a) —op (p o a|x) as an operator in the space H*7(X") is
of trace class.

Proof. Choose a partition of unity (@, ¢;, #) on T in such a way that

¢a=1 on (a,c), suppéa C (a,c");
supp ¢; C (¢, c);
¢»=1 on (cb), suppgy C (c"b),
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a cdc'de b

Fig. 3.2: The partition of unity (¢., @i, ¢s) on 7.

where a < ¢ < " < " < ¢ < b. It follows that the supports of ¢, and ¢, do not
meet each other (see Figure 3.2).
Then any operator op (a) may be represented as the sum

op(a) =3 op(¢.a),

14

the symbols ¢,(t) a(t, z) and ¢;(t)a(t, z) being holomorphic in z belonging to the
strip {z € C: |8z + 4] < ¢}. Hence it follows that the operator Rg is the sum

Rk = op(dup) op(d,a) — op ((4up) © (¢,0)|k), (3.2.6)

HyV

and we consider several cases according to the values of g, v.

Case 1 (g, v # a) In this case the supports of symbols ¢,p and ¢, a are bounded
away from ¢t = 0. The F'-calculus of such operators on the interval 7' may be reduced
to the usual Fourier calculus of pseudodifferential operators on the whole real axis
by the change of variables t = M~!(r). Indeed, equality (3.1.1) transforms to

Au(M™Yr)) = 2%'/11(& /:: e g (M7 (r), 2) u(M T (#")) dr', r ER,

and the Leibniz product of two symbols becomes

poalk = 3 (0102 p(M(r),2) (5 9/3r)a(M(7),2),

k=0

which is the usual composition rule for Fourier pseudodifferential operators. The

symbols
$u(M71(r)) p(M~1(r), 2),
¢ (M~ (r))a(M7(r), 2)
have compact supports in r, so the theorem follows from the usual calculus of pseu-
dodifferential operators (cf. Fedosov [5]).
Case 2 (4 = b,v = a) In this case (¢,p) o (¢.a)|x = 0, for the supports of ¢,
and ¢, do not meet each other. Consequently, we need to prove that the operator

op (¢sp) op ($aa) = op ($sp) da0p (a)
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is of trace class .

The operator op (a) is bounded in H®Y(XU9), for its order m is non-positive,
and hence it suffices to prove that op (#sp) ¢a belongs to trace class. To this end,
we represent it as a composition

HO(XO) B HOe(XO) o HOY(XTY, (3.2.7)

with some integer s > 21 and some € > 0, and show that both operators in (3.2.7)
are Hilbert-Schmidt operators. The second operator is an embedding.

The following lemma is a kind of the Rellich Embedding Theorem for the spaces
H»(XO).

Lemma 3.2.4 Ifs > %‘—1 and € > 0, then the embedding
CH(XT) = 10X,

when considered on the subspace of functions u € H*7+<(XY) whose supports belong
to an interval (a, A| C T, is a Hilbert-Schmidt operator.

Proof. Suppose first u € C2(T, C®(X)) has a compact support in the interval
(a, A]. Since

1 f " G MU-M0) Diy(t) dim(t)

J izM(A)F —
|27 e u(z)| o

1A |
> / SMA-MOY | Diy(4) dm(t) for Sz > —6,

IA

we deduce that €M) Fu(z) is an entire function rapidly decreasing in each half-
plane &z > —4, where 6 € R. '

The norm of u(t) in the Sobolev space H*7*¢(XU) is equal to the L*-norm of
A*(2) Fu(z) on the line I'_,_.. Here A®(z) is the order-reducing family given by
(3.2.1). The norm of u(t) in H*?(X"Y) is equal to the L2-norm of the restriction of
Fu(z) to the line I'_,. Applying the Cauchy formula to the function e*M{4) Fy(z)
in the half-plane Sz > —+ — ¢, we see that the restrictions of Fu(z) to I'_,.. and
I'_, are connected by the Cauchy integral

F ! i WRY 3.2.8
WO =g [ o P, (3.28)
for( eT'_,.

Setting v = FZ._, A*(z) Fu, we rewrite (3.2.8) in the form

-y

1 £ilz—OM(4)
./1: ——— A7(2) Fv(2)dz, (€Tl.,.

Fu(() = — —

T 2
2This is referred to as the pseudolocality property.
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This operator acts between L®-spaces on the lines I'_,_, and T'_, and its Hilbert-
Schmidt norm is equal to the L?-norm of its Schwartz kernel

eHz=OM(4)

K(G2) =

A™(z)
which is an operator-valued function.
For s > 7, we may estimate the Hilbert-Schmidt norm of the operator A~*(2)

in L*(X) by
—a

A=l < 1L+ + i) F L, zeT,,
(cf. (3.2.3)). Hence it follows that

eZaM(A)

(R¢ — R2)? + €2
for ( € 'y and z € T'_,_,. Integrating this over ®( and Rz and using that

s+ 3 < —2, we obtain that the L*norm of K((,z) is finite, whence the lemma
follows.

1K (¢ 2z < 11+ (R — ie)?|~*+5

a
To prove that the operator P in (3.2.7) is a Hilbert-Schmidt operator, we use
the fact that the product @s(t) #,(t’) vanishes on the diagonal ¢t = t’. So, writing

es'(M(t)—M(t’))z — (M(t) _ M(tl))—l\"(_i a/az)Kei(M(t)—M(t‘))z

for any K € Z, and integrating by parts, we represent P as an integral operator

Pu(t)ézlw/;‘dz/]"

X G MO-MENs g (134 (1) (18/92)p(t, z

(M(t) - M(t)*
where v = VM'e™"™u belongs to L*(T, L*(X)) if u € H*(X"Y). The inclusion

Pu € H*7*(XY) for a non-negative integer s means that, given any j = 0,1,...,s
and any differential operator A; of order s — j on X, we have

VMie~rtIM A DI py e LT, LA(X)).

M/(t)e™ W) (1) dt',

This operator, when acting on v = VM’e~"u, has the Schwartz kernel
p g

1
K(t,t) = ﬂ_/p /M’(t)e'(‘”")M(t)

D (0 g0 0) TP ) VAP
(3.2.9)

and we are going to estimate the L?-norm of this kernel. More precisely, our objective
is to prove that

K(t,t)|[3 dtdt’
JL @15 diat’ < oo,
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the integration being in fact over ¢ € (¢”,C) and t' € (¢, ).
To do this, we observe that

Di MO-ME)z 2 45 M-M()z

and

(M) -M(t"))z HM()-M(1"))

le |=e

for z € T'. Moreover,

|| D} (¢b(t) A; (18/02)F p(4, 2))|

the constant being independent of ¢ € [¢”, C] (cf. (3.2.3)). Taking into account that
#5(t) $a(t') vanishes in a neighborhood of the diagonal { = ¢/, we may estimate the
Hilbert-Schmidt norm of the integrand in (3.2.9) as

w-K+
oy (LT
M(t) e~ MO )7 ( =/ M (¥
VA e T e — arpr V)
(1+ =)=
(1 +[M(t) - M)
up to a constant, uniformly in z € I', (¢,t') € (¢”,C) x (a,¢") and j < s.

If K is large enough, then the integral of (3.2.10) over z € ' converges and we
obtain '

wo—-K
< eonst (5,C) (1 + [z) 7T,

< M'(i) e—cM(!)

M) (3.2.10)

! i —eM(¢ 1 1{ 41
”K(tvt )”2 S const (I() VM (t)e M (1 + |M(t) _ M(t')I)K M (t)

for all (t,%') € (¢",C) x (a,c"). Thus, for the L*-norm of |K(t,t')||2 we obtain an

estimate
K(t, 12 dtdt’
MXT ” ( )”2

g o e~2eM(2) ’
< const (K) j dM(t)/a O dM (')
M(C) M(c") e—2e
= const (K / - dr
const (K) M{c™) "w (14 |r—r'|)%K r
< 00,

provided that I > 1. This proves Case 2.

Case 8 (p,v = a,1) This is the most difficult case. Here we will make use of the
fact that both ¢,(t)p(t,2) and ¢,(t)a(t, z) are holomorphic functions in the strip
{z € C: |8z + 4| < €}. To shorten notation, we omit the factors ¢,(t) and ¢,(¢)
including them into p(¢, z) and a(t, 2).

For u € C,..(T,C*(X)), we have

comp
Au(t) = op(a)u(t)
- L M():
= 3 F_,e a(t,z) Fu(z)dz,
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where ['_s may be any horizontal line with y —¢ < f < y+¢€. Givenany ( € C
with S¢ > —p8, it follows that

1 1 .
F,..Au = —HC=M W g4 2) dmi(t )F d
¢ Au .["_p( Le a(t,z)dm(t) u(z) dz

or o
1
- z_wfr_ﬁ, Fa(( — z,2) Fu(z) dz

(cf. Lemma 3.2.2). In much the same way for F(PAu) we obtain

FiwPAu= —— A K ]F _ Fplw=( O Fa((— 25 Fu(z) dz, (3231

(@)

with Sw > —§ > —f. Analysis similar to that in the proof of Lemma 3.2.2 shows
that the integral in (3.2.11) converges.
Now, using the Taylor formula, we write

K-1

Fp(w—(,0) = Y 7 (0/02)*Fp(w — (,2) (¢ = 2)* + RecFp (( — 2)F, (3:2.12)

k=0
where

1 (1-0)K-1 .
i):n;{Fp(w—(;,(,z)='/;J (173)1—)|F(6/32)Ap(w—@z+9((—z))dﬂ. (3.2.13)

By Lemma 1.4.1, the regular terms in (3.2.12) after substitution into (3.2.11) and
integration over ( give

1

o

Ji_ @/92)Fp(w = (,2) (¢ = 2)* Fa(¢ — =, 2)d¢

_ 1 k k
-5/ _ F(0/02)'p(w—,2) FD*a(C — 2,2)d(
=Fpu_: ((Blaz)kp(t, z) D*a(t, z)) ,
thus resulting in op (poa|x)u. Hence the operator Rk corresponds to the remainder
term in (3.2.12), i.e.,

FgHwRKU =

1 .
5L fr-& dC./r_p R Fp(w—(,(,z) FDXa(( - z,2) Fu(2) dz.
(3.2.14)
If K > 1, then the function FD¥a (¢ — 2, 2) is holomorphic in ¢ belonging to
the half-plane ¢ > -8 — 1, for a(M~(logp),z) is C* up to p = 0 (cf. (3.2.2)).
Hence it follows that the integration line I'_s may be shifted arbitrarily within the
strip |C¢ + 4| < €. Thus, the assumption Sw > —§ > —f is needed no longer, and
the only requirement remaining is Sw > —é. It will be convenient to take

~§< Sw< —B. (3.2.15)
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To prove that (3.2.14) belongs to the trace class, we again represent it as the
composition of two Hilbert-Schmidt operators

HOM(XO) 25 Wt XO) o HOM(XO)

for some s > ﬁifl, which may be taken as an even integer, and some ¢ > 0. The
second operator in this sequence is an embedding. By Lemma 3.2.4, the weight

gain € is necessary to have a Hilbert-Schmidt embedding. Now, we choose 8 = ¥,
Sw=-—-y—cand y+ €< § <v+e¢in(3.2.15).

Lemma 3.2.5 Suppose s is a non-negative even integer. Then the operator
Ry + H*Y(XO) - HovHe(XO)
is a Hilbert-Schmidt operator provided K is sufficiently large.

Proof. The assumption that s is an even integer serves only to simplify the
proof. Using representation (3.2.14) for Rg, we have to evaluate the Hilbert-Schmidt
norm of the operator between L2-spaces on the lines I'_, and T'_,_,, whose Schwartz
kernel 1s

!
(20

I((@,z) —/I‘_g AN (w)RgFp(w — (¢, z) FD¥a (¢ — 2,2)dC.

To estimate the Hilbert-Schmidt norm of the integrand, we invoke Lemma 3.2.2.
Namely, we have

A (w)ReFp(w - (,(,2) FDXq (¢ — z,2)|2
< ||A*(w) Ry Fp(w — ¢, C;?)Hz IFD*a (¢ - 2,2)||ceax))
< const (§) (1+ ¢ — 2[*)7% |A*(w) R Fp (w = (,(, 2)]l2

with arbitrary large j.
In view of (3.2.13) our next goal is to evaluate the norm

1A% () F(8/82)Kp(w = ¢,z +0(C — 2)) o (3.2.16)

Denoting z + 8({ — z) by v and putting s = 2N, N € Z, we may rewrite A*(w) by
the binomial formula as
Nw) = (1+@w+0) =8 = (v+iy)" + (w+in)?)"

. NI : Y :

= X U A v i) (o i)™,
i+itk=N VALY

Finally, applying inequality (3.2.3) for the operator A%(v) F(8/82)%p(w — (,v) of

order w — I + 2z yields -

1A% () F(8/62) p (w — ¢, )2 < const (§) (1 + hw — ()% (1 + o)t
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provided w — K +2i + 3 < 0, with j an arbitrary positive integer. This enables us
to derive a rough estimate of (3.2.16), namely

I4°() F(0/02)p (w = ¢,z +0(¢ = )l
< const (j,5,7) (1+ w = ()% (1 + [o) = (1 + |l

where @ — K + s + § is supposed to be negative.
We next write w as w = (w — () + ({ — z) + z and apply the binomial formula
to arrive at

(14wl < const (s) (14 Jw— ¢ +1¢ - =) (1+[2)E.
These rough estimates result in the following estimate for the kernel K (w, 2)

1
V€ (w, )l < const (i,,5,7) [ do

X f , (1 + |z|2)%
Pos (14w — ¢2)F(1 4+ [¢ = 2|2)3(1 + |2 + 6(¢ — 2)[?)3

¢, (3.2.17)

where ¢, 7 are arbitrary positive integers and & > 0 may be made larger in magnitude
at the expense of K.
The needed Hilbert-Schmidt norm is

d / 2|2 de.
j w [ K w23z

Taking 2 large enough, we may integrate over w € I'_,_, thus arriving at the follow-
ing estimate of the above integral

. (1+]22)°
| 40 /r_, 4z /r-, (TF1C = 2P (1 412 + 00 — )

up to an unessential constant.
We first consider the region |¢ — z| < ];J Then

1
mr-y < b
1 < 22k
(+z48(C—2)PF =  (1+][zP)¥

and

1 |z|
d <[ —E___g4
/r_, ‘ ./(GF_,g:](—zI(li-l (14 |z|?)k- (= Py (L4 |2[?)F ?

which is convergent for & large enough. On the other hand, for |{ — z| > l%l, we
estimate

1
A1l +00C—PF =
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and

(L)
./r_., '/(Er-o -2zt (14 ¢ — 22y ‘
1
<2 1 °d
S A e e
1 ©  df
< 27-1 —_—
s2 ./r_ﬁ(1+|z|2)"“" 4 L1497

which converges if j is large enough. It follows that the Hilbert-Schmidt norm of
Ry is finite.
a

To complete the proof, it remains to observe that the functions of the type Rxu
are supported in a finite interval (0, A] C T because p o a|x vanishes for ¢ close to
b, independently of z. Thus, Lemma 3.2.4 may be applied implying that Rx is of
trace class.

Case 4 (¢ = a,v = b) Here we have a pseudolocality property similar to Case 2,
but the proof runs in a slightly different way. Again we have (¢qp) o (dpa)|x = 0, so
we need to show that the operator op (¢.p) ¢sop (a) is of trace class. As the symbol
a(t, z) vanishes for ¢ close to the endpoint b of T', we may assume that ¢, has a
compact support in the interval 7. Since op (@) is bounded in H®7(XD), it suffices
to prove that op (@.p) #» belongs to the trace class. But the multiplication operator
u — ¢pu may be regarded as an F-pseudodifferential operator with a holomorphic

symbol, so we are under the assumptions of Case 8. This proves the theorem.
a

3.3 Regularized trace of product
Given any two operators A = op (a) and P = op (p) with

a(t,z) € Cg(T,L™(X;T)), m <0,

p(t,2) € C(T, L7(X;T)), w <0,

satisfying a(b—,2) = 0 and p(b—,z) = 0, we define the regularized trace of the
product PA by
trg PA =tr (PA—-op(poalx)). (3.3.1)

Theorem 3.2.3 shows that the regularized trace of PA does exist if the number
K is sufficiently large.

Theorem 3.3.1 The regularized trace of the product is independent of the order,
that is
trg- PA =trg AP. (332)

Proof. We are going to consider several cases corresponding to those listed in
the proof of Theorem 3.2.3.



3.2 Regularized trace of product 41

Case 1 (pt,v # a) The assertion reduces to the theorem on the regularized trace
of the product of Fourier pseudodifferential operators (cf. Fedosov [5]).

Case 2 (4 = b,v = a) or Case 4 (£ = a,v = b) For P = op(¢,p) and A =
op(¢.a), we deduce by Theorem 3.2.3 that both PA and AP are of trace class.
Lidskit’s Theorem now shows that the traces of PA and AP coincide.

Case 8 (p, v = a,1) Using (3.2.14) with § = y and —§ < Sw = =8 (cf. (3.2.15)),
we get

tre PA = trR;\

[« / trRxFp(z - (,¢,z) FD¥a(( - 2,2) dz, (3.3.3)

the second equality being a consequence of tr Ry = tr F_, Ric F'_, - . The function

R Fp(z-(,(,2)= R FDp(z-(,(,2)

¢
has a pole of the first order at ( = z (for p(M~!(log o), z) is smooth up to p = 0).
So, we may move the lines I'_, and I'_s within the strips {z € C: |¥z + 7| < €}
and {z € C: |Q¢ + 7| < €}, provided that —§ remains smaller than —~.

Moreover, we may shift I'_s crossing I'_,, but then we must take into account
the residue at ( = z. It is equal to

1 .
— f tr R FDp(0,z,2) FDXa (0, 2) d=.
Ty

271

By (3.2.13), we have
Rk FDp(0,2,2) = —K—'FD(B/Bz) p(0,z),

so the residue is equal to

1 K
= jr trFFD(B/Bz) p(0,2) FD¥a (0, 2) dz.

However, for I > 1, this integral vanishes because
FD¥a(0,2) = f 19 pr-tgy 2yt
’ T 10t
1 K-1 K=1
= - (D*'a(b—,2) — D" 'a(a+,2))

O w

Hence it follows that, for i > 1, integral (3.3.3) does not depend on the position
of the lines I'_, and T'_; within the strips {z € C: |Sz+ 4| < ¢} and {z € C:
| + 4| < €}. A similar assertion holds for the integral

1

trg AP = (—2—7‘:3“5

jr & /F _ trRxFa(z~ (,¢,2) FD¥p(C — 2,2)dz.  (3.3.4)
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Our goal is to prove that (3.3.3) and (3.3.4) are equal. To this end, we consider

the families
a,(t,z) = a(t,2)A(2),
ps(t,z) = p(t,z) A%(2),

where s is a complex parameter ranging in the half-strip
{seC: Rs <0, |Ys]| <R},

R > 0. Let A, and P, be the corresponding operators on the cylinder X©. The
estimates used in the proof of Theorem 3.2.3 show that both trg P, A, and trx A, P,
are holomorphic functions of s belonging to the above half-strip. Thus, it is sufficient
to prove the equality

try P, A, = trx A, P,

for Rs close to —oo.
We are reduced to verifying (3.3.2) for operators A and P of sufﬁcwntly large
negative order. For this purpose, we write

KDY= (.00)
S— FD S L pp(a/0:) k
~ = (FDpe =00 = & i FD@: o~ ) (¢ - 21
and_then
_ L tl‘FDp(Z—C,C)FDG(C*—Z,Z)
i PA =~ ju “f P dz
1o tr FD(8/02)p(z — (,2) (( = 2)* FDa ({ — 2, 2)
+ X b S TRk d-

(3.3.5)

Each summand in (3.3.5) makes sense if both a and p have large negative orders.
and —§ < —~ are fixed.

Interchanging z and ( in the first integral and using the equality tr FDp FDa =
tr ' Da F Dp for trace class operators, we obtain

7T2

tr FDa(z — (,{) FDp({ — z,2)
'/1:'—1 C,[_6 (€ = 2)? dz. (3.3.6)

The remaining summands in the right-hand side of (3.3.5) may be transformed
as follows. We introduce the new coordinate v = 2 — ( ranging along the line I'_, 15,
thus obtaining

/ f tr FD(8/9z)'p(z — (,2) (( = 2)* FDa(({ — 2,2)
T_s | g (¢ —2)?

zk vzv" al—v,z
=(_l)kjr dv - (a/a ) FDP(;z) FD ( ) )

—7+4é

dz.
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Now, integrating by parts with respect to z and permutting F Dp and F Dp under
the trace sign, we get

2

k _ k
/ dv/ tr (8/0z)*FDa(-v,z)v FDp(v,z)dz
Fevts oy

___/ dC trFD(B/Bz)"a(z—C,z)(Cz— Z)kFDP(C—Z,Z)dz

P (=t C—y (C - z)

_ tr FD(9/02)¢a (= = ¢, 2) (¢ — 2)* FDp(( — 2,2)

= ) d¢ - = 2)° dz, (3.3.7)

the last equality being obtained by shifting both the lines of integration towards the
vector i(y — 6).
Summing up (3.3.6) and (3.3.7) for k = 0,1,..., K — 1, we arrive at the equality

trg PA = —

1 tr Rx FDa(z - (,(,2) FDYp(¢ - z,2)
(2r)? fr_, d6 /r (-2 dz.

This expression coincides with the corresponding expression (3.3.4) for trx AP ex-
cept that the lines I'_, and I'_s are interchanged. To complete the proof it remains
to note that, as we have seen, we may interchange I'_, and I'_s not affecting the
value of the integral.
B
It is worth pointing out that Theorem 3.3.1 remains valid for all operators A
and P of zero order, whose symbols are equal to 1 for ¢t € T' close to the endpoint b
of T'. Indeed, we can write
A=op(a)+1,
P=op(p)+1

with some symbols a(t, z) and p(¢,z) vanishing for t € T close to b. Then, an easy
computation shows that

trk PA = trg op (P) op (a),
trxk AP = trx op(a)op(p),

so the desired conclusion follows from Theorem 3.3.1 applied to the operators op (a)
and op (p).

3.4 Algebraical index

First we introduce an algebra of formal symbols on T, define elliptic symbols and
introduce an algebraical index of elliptic elements. Then, constructing a parametrix
and applying the theorem on a regularized trace of product, we prove that the
analytical and algebraical indices coincide.

A formal symbol is a formal power series

a(t,z) =S K a;(t, 2),
=0
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where the coefficients a;(t,2) € C2(T, L™ #(X;T)), m < 0, satisfy the following
conditions:

o (8/0z) aj(t,2) € C(T, L™ 3~%(X;T)) for all k = 0,1,.. ;

e a;(t, z) is “sufficiently” smooth up to t = 0 in the sense that a;(M~'(log g), 2)
is C® uptop=0;

e fort € (C,b), ag(t, 2) is independent of ¢t while a;(t,2) =0if j > 0.

The powers of a formal parameter h serve to order the series terms. Let us
define the product o of two symbols by

m . v
poa= Z ht+_1+k

t,5,k=0

= (0/02)" pi(t,2) Drasl, 2).
It is easy to check that the formal symbols form an associative algebra with the
unit e(t,z) = 1 consisting of the leading term only. We denote this algebra by A.
Introduce a trace ideal T in this algebra, consisting of those formal symbols
a(t,z) for which m < —n — 1 and all the components a;(t, z) vanish at the point
t =a and for t € (C,b). A trace for a € T is defined by

00 2
tra= 3 A (~2—17~F) ‘[Fdz L tra;(t, z) dm(t).
=0

This is a formal series with constant coefficients and the exponents of A ranging
from —1 to +o0.

Lemma 3.4.1 If one of the formal symbols p and a belongs to the ideal I, then
tr poa=traop.

Proof. Use integration by parts.
O
A symbol a € A is said to be elliptic if there exists a symbol p such that both
l—poaand 1 —aopbelong to 7.
Such a symbol p is called a (formal) parametriz of a. In particular, for leading
terms po and agp we obtain
1 - PoGo € I,

1—aopo € Z. (3.4.1)

The following construction is well-known (see for instance Fedosov [7]).

Lemma 3.4.2 Let there exist a function po(t,2) satisfying (8.4.1). Then, for J
large enough, the symbol '

; .
p = Yizoll—pooa) opo
= pooXi_o(l—aopy), (34.2)

the powers being understood with respect to the product o, is a parametriz of a.
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Proof. By direct calculation we have

l1—poa = (1—pyoa)tUth,
l—aop = (1—aopy)°WU+l),

where the exponent o(J + 1) means the (J+1)-th power with respect to the product
o. Clearly, the formal symbols on the right belong to T if J is large enough.

0
Given any elliptic symbol a € A, we define the algebraical indez of a by

inda=tr(l—poa)~-tr(l —aop). (3.4.3)

By definition, inda is a formal power series in A with constant coeflicients.
It turns out, however, that all the coefficients, with the possible exception of a
constant term, vanish, so we can treat it as a number. Moreover, the algebraical
index is independent of the particular choice of the formal parametrix p. All these
properties are standard consequences of the stability of the index.

Lemma 3.4.3 Suppose a()) is a family of elliptic symbols in A and p(A) is a
family of formal parametrices for a(X). Then,

tr (1 — p(A) oa(A)) —tr (1 — a(A) o p(A))
is independent of \.

Proof. An easy computation shows that

(1—poa) = (1—poa)o(poa)+(1—poa)o(l—-poa)
= ((1~poa)o(poa))— (1 —poa)o(poa)—(poa)o(l-poa),

where “prime” means the derivation in A. Thus,

tr(l —poa) =(d/d\)tr((1 —poa)o(poa))—2tr((1—poa)o(p'oa+poa’)).
Similarly,

tr(l—aop) = (d/d\)tr((1 —aop)o(aop)) —2tr((1—aop)o(a’op+aop)).
Since

tr((1—poa)o(poa))
tr((1 —poa)o(p'oa))
tr((1 —poa)o(poa’))

tr(po(l—aop)oa) = tr((1 —aop)o(aocp)),
tr(ao(l—poa)op) = tr((1—aop)o(aoyp’)
tr(po(l1—aop)oa’) = tr({1—aop)o(a’op)

i

)’
)

both expressions tr (1 — poa)’ and tr (1 — a o p)’ coincide, and the lemma follows.
O
In particular, given two parametrices p; and p; of the same elliptic symbol a,
we consider the linear homotopy p(A) = (1 — A)p1 + Ap2, A € [0,1], which gives a
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family of parametrices. Then, Lemma 3.4.3 implies that the index does not depend
on the choice of a parametrix.
Now, for a real A > 0, we define a homomorphism H()A): 4 — A by

H(Na(t,z) = f} N hai(t, Az).

j=0

It is a simple matter to see that H(A) is in fact a homomorphism of the algebra A,

ie., HO)(poa) = (H(\p) o (H(N)a).
Lemma 3.4.4 [fa € T, then
tr H(A)a = H(}) tra,
where H()) acts on formal series with constant coefficients by replacing h by Ah.

Proof. The lemma follows by the change of variables z + . Indeed,

tr H\a = é,v'hi—‘ (%)Q/Fdsztraj(t,,\z)dm(t)
= iio)\j"lhj" (%)2 /Fdz ./T tra;(t, z) dm(t)
= }}.()\) tra,

as required.
a

We are now in a position to show that the algebraical index is actually inde-
pendent of the parameter k.

Lemma 3.4.5 The formal series ind consists of the constant term only.

Proof. For A > 0, we consider the family a(A) = H()A)a of elliptic symbols.
Then p(A) = H(A)p is a family of parametrices since

1-H(A)poH(AN)e = H(A)(1-poa) €
1—-H(Mao H(MNp €

1
=
S—
—~—

—
|
=]

o
=

Hence

inda(A) = trH(A)(1 —poa)—tr HA)1 —aop)
= H()) inda.

On the other hand, ind a(}) is independent of A, by Lemma 3.4.3, which com-
pletes the proof.
a
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3.5 Analytical index

The following result has encountered so many often that it can be attributed to the
mathematical folk-lore.

Lemma 3.5.1 A closed densely defined operator A : H® — H* in Hilbert spaces
is Fredholm if and only if there exists an operator P : H' — H° such that both
1 — PA and 1 — AP are operators of trace class. Moreover,

ind A = tr (1 — PA) — tr (1'— AP). (3.5.1)

Proof. Necessity. The equality dim coker A = d means that there are elements
fi,-.., fa such that each element f € H' can be uniquely written in the form
f = Au+ Y% c;fj, where u is orthogonal to ker A. The operator A : (ker A)! &
C* — H', given by

d
(u,e1,...,¢4) = Au+ Z ¢if;,
Jj=1

is densely defined, closed and has the inverse operator defined on the whole space
H'. By the Open Mapping Theorem, the inverse operator A™! is bounded. Hence
it follows that there is-a constant ¢ > 0 such that ||u||ge < c|Au||y: for each
u € D(A) N (ker A)L. Therefore, the range im A of A is closed and so we have the
orthogonal decomposition H' = ker A* @im A, where A* stands for the adjoint of A.

From the a priori estimate written as (A*Au,u)go < 5 (u,u)po, we deduce
that the range of A* is closed. Thus, we have the orthogonal decomposition H? =
ker A @ im A*, whence the Fredholm property of A* is obvious.

Now, we introduce an operator R by being A='on im A and 0 on ker A*. Then,
R: H' — H° is a bounded operator and a trivial verification shows that 1 — RA
and 1 — AR are orthogonal projections onto ker A and ker A* respectively.

Finally, from what has already been proved it follows that the spaces coker A
and ker A* are isomorphic, whence

indA = dimker A — dim ker A”
tr(1 — RA) — tr (1 — AR),

as required.

Sufficiency. Suppose P : H! — H® is a bounded operator, such that both
1—PAand 1 — AP are of trace class. Then, PA and AP are Fredholm operators,
because they differ from the identity operators by compact operators. Since ker A C
ker PA and im A D im AP, the Fredholm property of A follows.

On the other hand, the equality (3.5.1) is fulfilled for the operator P = R and is
independent on the particular choice of P, for the operators (P — R)A and A(P — R)
are of trace class and have the same traces. This completes the proof.

a

The operator P is called a parametriz (or regularizer) of the operator A. This
notation is sometimes used for the operators P with the weaker property that both
1 — PA and 1 — AP are compact.
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In the sequel, by the analytical indez of A we mean the right-hand side of (3.5.1).
We are going to compare the analytical and algebraical indices.

Given an operator A = op(a) of the form (3.1.1), we may treat its symbol a(t, z)
as a formal symbol consisting of the leading term only.

Lemma 3.5.2 If A = op(a) is an elliptic operator of order 0, then there exists
a formal parametriz for a.

Proof. The ellipticity conditions listed in Definition 3.1.1 imply that there
exists a symbol po(t, z) such that both 1 — ppa and 1 — apy belong to Z.

Indeed, for t € T close to the endpoints of T, a™! exists by definition. An
important point to note here is the so-called spectral invariance of the subalgebra of
parameter-dependent elliptic operators on X. This implies that if a(t, z) is invertible
within the (larger) algebra of pseudodifferential operators on X, then it is also
invertible within the subalgebra of parameter-dependent elliptic operators. Thus,
there is a segment [c, C] CC T such that a~'(¢, z) is a parameter-dependent elliptic
pseudodifferential operator of order zero on X, for all t € T away from [¢, C].

For t € [¢,C], the symbol a(t, z) is parameter-dependent elliptic, with the pa-
rameter z € I'. This implies, in particular, that a(t, z) is also invertible for |z| > R,
provided R is large enough.

Asfort € [¢,C] and |z] < R, it follows from the parameter-dependent ellipticity
of a(t, z) that this symbol has a parametrix r(¢,z) € C2(T, L°(X;T)) on X.

Now, we pick a C'* function ¢ on T x I" which is equal to 1 in a neighborhood
of the rectangle [¢,C] x [— R, R] and vanishes away from a compact subset of 7' x T'.
For (t,2) € T x I, define

polt, 2) = $(t, 2) r(t,2) + (1 = $(t, 2)) (1, 2). (35.2)

Then,

l—pa = ¢(l—ra) € I,
l—apy = ¢é(l—ar) € I,
i.e., po satisfies (3.4.1). By Lemma 3.4.2, the function po(t, z) may serve as a leading
term of the formal parametrix given by (3.4.2). This proves the lemma.
O

Thus, for elliptic operators A = op(a) of order zero, the algebraical index is
well-defined. :

To compute the analytical index of A, we need an operator parametrix P in-
verting A up to trace class operators. To this end, given a formal symbol p(t,z) =
TR0 b p;(t, 2), we introduce the notation

J-1
p|J=ij, J=1,2,....
=0
Theorem 3.5.3 Let A = op(a) be an elliptic operator of order zero and let p be
a formal parametric (3.4.2) of the symbol a. Then, for J large enough, the operator
P = op(p|;) is an operator parametriz of A and

indA = tr(l— PA)—tr(l — AP)

= tr(l—-poa)—tr(l —aop). (3.5.3)
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Proof. Denoting p|; by r and taking N sufficiently large, we obtain

1 —op(r) op(a) = op((1 —roa)ln)—(op(r)op(a) — op(r o aln)),
1 —op(a) op(r) = op((1 —aor)|n)—~(op(a)op(r) —op(aor|y)).
By Theorems 3.2.3 and 3.3.1, the operators

op(r)op(a) — op(r o a|n),
op(a)op(r) —op(a o r|n)

are of trace class and their traces are equal.
On the other hand, an easy computation shows that

roaly = L (0/05)" ; D¥a,
k=0 j=0
1
poaly = Y, k—(ﬁ/@z) pi DFa,
+k<J-1

hence, for N > J, the difference op(r o a|n) — op(p o a|s) is a finite sum of terms

op ((9/02)"p; D*a),

withj+ k> N,5<J—-1land k< N-1. If N> n+1, then this operator is of
trace class since its order is less then —n — 1 and its symbol vanishes for ¢t € T away
from the segment [c, C].

The same is true for op(a o r|{y) — op(a o p|s), which is the sum of

op ((8/02)" a D*p;)
withj+ k>N, j<J—-land k<N -1

Moreover, the traces of such operators are equal.b Indeed, integrating by parts
yields

/dz/ tr )* p;(t, z) D¥a(t, z)) dm(t)
/F dz ]T ((a/az) a(t, z) D*p;(t, 2)) dm(2).
Thus,

tr(l— PA)—tr(l— AP) = trop(l—roa)|y—trop(l —aor)ly
= trop(l —poa)ls—trop(l —aop)ly
= tr(l—poa)ly —tr(l —aop)s,

which is precisely the algebraical index.
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3.6 Topological index

Following Fedosov (5], we introduce yet another algebra which allows one to simplify
significantly various calculations with non-commutative differential forms.

We will use a real variable 7 instead of z = 7 +¢y. An element a of our new
algebra A is an operator-valued non-homogeneous differential form of even degrees

on 7' x R. Thus,
a(t,7) = ao(t,7) + ay(t, 7)dt A dr, (3.6.1)

where ag(f,7) and ay(¢,7) are pseudodifferential operators on X of non-positive

orders. )
A product 6 of two elements p,a € A is defined by

péa:p/\a—i—-;-dp/\da.

One immediately checks that this product is associative.

Any function a(t,7) € C2X(T,L™(X;T)), m < 0, may be considered as an
element of A consisting of 0-component only. Thus, for functions ¢ and p we have
three products:

e pa is the usual point-wise operator product of functions;
e poa=pa—+h (0/0r)pDa+...is a product in A as formal symbols; and
® pda = pa+ %dp A da is a product in A.

We may also consider the powers of a function a with respect to any of these
products, using the notations a?, ¢ and a® to distinguish the three possibilities.

One can verify a simple rule to pass from the o-product to the 6-product of
functions:

o keep the terms of degree < 1 in h, then alternate the derivations 3/0t and D,
and then write dt A dr instead of h 'M}—(:)

This rule remains true for any number of factors ¢, o...0a; and ;6. .. da;.
Similarly to Z we introduce a trace ideal 7 in A. It consists of forms (3.6.1)

where ag and a, are operators of order m < —n — 1 with regard for a parameter

7 € R, vanishing at the point ¢t = a and for ¢ € (C,b). For a € T, we define a trace

by
wa = L [[
ra = -— ra
21 TxR

1
— /f tra; dt A dr,
2 JJTxR

the orientation of T X R being given by the form dt A dr.

The trace property tr pda = tradp is obviously satisfied if either a or p belongs
to 7. '

When using this definition of trace, we have the following formula, of which the
right-hand side will be referred to as the topological indez.
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Theorem 3.6.1 For any J > 1, we have
ind A = tr (1 — po6a)’U+V — tr (1 — adpe)?V+Y), (3.6.2)
where po is the leading term of the parametriz of a.

Proof. We begin with the algebraical index formula (3.5.3) taking

J
p = 3 (l—pooayop
i=0
J -
= pUOZ(l_aopO)Ja
=0

with J large enough. Then

l1—poa = (1—pyoa)l*t)
l1—aop = (1—aopy)°U+h,

whence
ind A = tr (1 — po o a)°*) — tr (1 — a o pp)°V+Y, (3.6.3)

According to Lemma 3.4.5, we need to extract the constant term in (3.6.3). It
follows that we may calculate both (1 — pp 0 @)°/*") and (1 — @ 0 py)°/+V) keeping
merely the terms of degree < 1 in A.

We have

l-ppoa=1—pya—h(8/0r)poDa—...,

“dots” meaning the terms of higher degree in h. By induction, one easily arrives at
the equality

(1= pooa)’* = (1 - pa)’*!
J
(2 1 — poa)’ (8/07)p Da (1 — poa)’™?
— Y (1-poa) (8/87)(1 - poa) (1 = poa)' D(1 — poa) (1 — poa)")
t4it+k=J~1
o (3.6.4)

The sum 3;, ;4 x=s-1(") on the right of (3.6.4) may be written as

J

> (8/97)(1 - poa)’ D(1 — poa)’ ™ (3.6.5)

j=0

or
J

> (1 = poa) (8/07)(1 = poa) D(1 — poa)’~’.

i=0
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Using “integration by parts”, we can transform the latter expression to the form

D (1 = poa)’ (8/07)(1 — poa) (1 — poa)’™

J
- 5; D(1 - Poa)j (0/07)(1 — poa) (1 — poa)J—J
_ X_j (1 = poa)’ D(8/37)(1 — poa) (1 — poa)’ . (3.6.6)

If J > 1, all the written terms belong to the trace ideal T for they contain a
factor 1 — poa € Z or its derivatives.

Let us now write down the constant term of the trace of (1 — py o a)°(J+1),
We represent the second sum in the right-hand side of (3.6.4) as the half-sum of
expressions (3.6.5) and (3.6.6). We may drop the first sum in (3.6.6) for the complete

derivative in ¢ vanish under integration. Then, permutting cyclically the factors
under the trace sign, we obtain

OpoOa  O?
J —— — — —
"o f/“ ( T4+ 1) {1=poc) (af ot otor (p"“))

3 J ) »
- _Z( 3 (1 pOa) at(l poa) a (l—pga.))(l-pga)" ’)dtdr.
Since
omos_ & 10wds_10mds 10w 1 ¥
Br ot oY T 3% a0 20t or 209 2™°Biar
and
Opo Oa 3p0 da
(a'r at ot 3T)thdT
= —d'p()/\ da,

9 . o ;0
(1= 5 1=p0a) = (1= (1 =pua) ) de A
= —d(1—poa)’ A d(1—poa),

we get, for the constant term of tr (1 — pp 0 @)°*V) the expression

1 _/f 1
271 TxR 2

J
" ((J +1) (1= poa)’ dpo A da — Y d(1—poa) A d(1-poa) (1 — poa)""')

=0

3*po 8%
- _ J
27rz //Txn 5 tr ( (J+1)(1—poa) (3t31‘a+p06t6 )) didr.

(3.6.7)
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A similar expression can be written for the constant term of tr (1 — a o pg)°/+1)
by interchanging a and po. Note that

&po | 9"po po
o) _ g\ _ EPRY
tr ((1 poa) 3107 a) = tr (a (1—poa) ata'r) = tr ((1 apo)” a ata'r) ,

%a 0% 0%a
tr ((l—pga) Po Bta‘r) =t (po(l apo) ata‘r) =t ((1 apo) ator Po) '

Hence it follows that the last integral in {3.6.7) does not change under permutation

of a and pg. Thus, taking the difference of (3.6.7) and the corresponding expression
obtained by intercha.nging a and pg, we find

indA = — /f
271 J JTxR 2

X (tr ((J + 1) (1—poa)’ dpo A da — i d(1—poa)’ A d(1—poa) (1 — poa)‘]'j)

—tr ((J+ 1) (1—apo)’ da A dpy — id(l—apo)j Ad(1—apo) (1 — apg)J'j)) .

(3.6.8)

Taking into account the rule for passing from the o-product to the 6-product
one easily recognizes formula (3.6.2) in (3.6.8). In particular, we obtain that the
right-hand side of (3.6.8) or (3.6.2) is independent of J, provided J is large enough.

Using the 6-product, we prove now that (3.6.2) is valid for J 2> 1. Indeed,

tr (1 — poda)®*+Y) — tr (1 — adpy)°¢+Y
= (tr (1 — poda)®’ — tr (1 - aépo)a“’)
— (br (1 = poda)*’5(poda) — tr (1 — adpo)*/8(adpo)) .
However, by the associativity of the o-product, we have
tr (1 — poda)®6(peda) = trped(l — adpy)®/da
= tr(1 — adpy)*’(adpy)

for J > 1. The last equality is due to the fact that (1 — adpy)®’ € I for J > 1, and

hence a cyclic permutation of factors under the trace sign is possible. The proof is
complete.

a
For J =1, formula (3.6.8) becomes

mdA—é; .//;‘xx ((1=poa)dpo A da) — tr ((1—apo)da A dpo)
for '

trd(l—poa) Ad(l—poa) = trd(l—apo) A d(1—apo)
= 0.
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Integrating by parts in the first summand yields

t — d d = - /j tr(d(1—
[ tr(=poa)dpo A da) [ tr(d(1=poa) A poda)
= // tr (dpo A apoda + poda A poda) .
TxR
On the other hand, the second summand may be transformed as follows:
—tr ((1—apo)da A dpo) = tr(dpo A (1—apo)da) .

So, (3.6.8) for J =1 gives formula (3.1.3).
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