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l.Statements. The problem of description of functions that are given on
some part of the boundary of a domain anel can be extended holomorphically
to the entire domain has been considercd in the papers [2],[4],[6],[7],[5],[10],
[11],[12],[13],[15],[16], [17],[19],[20]. (It Is pressumed that the domain is not
conLained in the huH of holomorphy of the piece of thc boundary.) A survey
of almost all of these results can be found in [:3]. In all papers mentioned
above (with exception of Fock-Kuni theorem [10] and its generalization in
[2]) the description is rather con1plicated. Recently, however, in [6], we have
obtained a one-variable result sinülar to the spirit of the Fock-Kuni theorem
hut simpler both in its fonnulation and pfoof. Here the condition says that
the moment integrals (Le. integrals of the quotient of the function and the
monomials Z-k) should not grow to fast for with k (Theorem A).

The easy results of this spirit for several-dimensional case are obtained in
[7]. One can also apply one dimensional result from [6] (Theorem A) to the
thc sections in several-dimensional case (see Theorem C in [5])

"During the preparation of the manuscript the author was a visiting professor {.\t the
University of Osnabrück (Vechta, end of May) and at the Max-Planck-Institut fiir Math
ematik (June 1992). [use the chance to express my gratitude towards to prof. Pflug
for useful discussion and interesting questions that inspired the author for Theorem 2.
Moreover, 1 would like to express deep gratitude to prof. F. Hirzebruch for inviting me ten
times to Honn before. Unfortunately, 1 did not have any possibility to use these invitations
to visit the famous Max-Planck-lnstiut für Mathematik
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For the solution of this free boundary problen1 they tlscd to work with
some basis in aspace of holomorphic or hannonic functions. We managed
to find a very simple solution, using the complete system of functions (if we
used the basis, the answer would not be so easy).

Let n = {( : t/J(() < O} be a (Pb'" ,Pn)-circular domain in C n
, where

t I b · rl' I' (itP1 itp ) ()pi, . .. , Pn are na ura num ers, l.e. zEH Imp les Zle , ... , Zne n E H

for t E R. In particular, for PI = .. ,= Pn == 1 this circular domain is Cartan
domain. In addition to this, let n be convex and bounded and an E 0 2

•

Furthernlore letD c C n be a domain bounded by apart of the au and by a
hypersurface r E 0 2 dividing the domain n into two parts, the complement
of l> containing the origin. Let us consider the Cauchy-Fantappie differential
form

w(( _ z w) == (n -1)1 L.:Z=l(-l)k-lWkdw[k] 1\ d(
, (21I"i)n (w,(-z)n '

where dtv[k] = dWl 1\ ... 1\ dWk-l 1\ dtvk+l 1\ 1\ dwn, d( == d(I ... den,
(a, b) == alb l + ... anbn • Then grad1jJ = (*t, ,~). By Sard theorern
grad'ljJ =I 0 for alrnost all r on aOn where Ur == rU is a homothety of n with
o< r < 1. We will assume that gradt/J =I 0 on r. We denote

== (Iql + n - I)!1f(() ( grad'ljJ ) q (( d"")
Cq I (' d"l. ') W , gra lfI ,q. r gra 0/, '"

ak == L bq,~Cq~,
(p,'l)=k
(p,s).k

where

bq" = 1zqz'dV,

dV is tbe volume element in U.
vVe emphasize tbat the integral moments cq depend on fand r, but the

moments bq,6 depend only on n.
The quest ion is the following: When can a continuous function f on I.'

(we write f E C(r)) be continued to a function F being holomorphic in D
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(we write f E A(D)) satisfying F E C(D u r) and F Ir = f. In order to
simplify the formulation the extra condition f E L1(f) was added and we

will do so below as well. This produces 00 loss of generality since such a
condition holds on auy smaller hypersurface.

Theorem 1 For a funetion f E C(r) U L1 (1') to haue a holomorphie con
tinuation F E A(D) n C(D U f) wilh F Ir = f it is neeessary and sufficient
that the Jollowing two conditions are Julfilled:

1. f is a eR funetion on f

2. limk_oo {!äk ~ 1,

The most easy results obtained as the solutions of free boundary problem
are the eonsequenees of this theorem:

Let D1 E C be a domain bouoded by apart of the unit circle 11 = {z :
lzl = I} and a simple, smooth and open are l' connecting two points of 11
and lying inside the circle. We assume that 0 rt. 151 ,

Theorem A (Aizenberg) For a Junetion f E C(f) U L1(r) to have a h%
morphie eontinuation in D 1 it is necessary and sufficient that

(1)

where

Ak = i f~f~~(,k = 0,1,2, ...

Let n c C n be a bounded convex n-circular domain. We assume dq(fl) =
maxo Izql·

Theorem B (Aizenberg-Kytmanov) For a /unetion fEe (f) ULI (r) to
have a h%morphie eontinuation in D as above it is neeessary and suffieient
that

1. f is a eR junetion on r

2.
(2)



Let D be a domain in C n
, r c aD a hypersurface of dass Cl, transversal

ta thc zn-dircction. Write O'I Z = {'z} x CZn , wherc 'z = (zt, ... ,zn-t).
Assume that, for all 'z E C n - I

O'I Z n D is connected and not empty. Then
O'I Z n l' is not empty.

The following theoretn, proved with the help of Theorem A, generalizes
the well-known classical Hartogs theorem: if f E A(Dd and can be holornor
phically extended on Zn in the domain D ~ Dt, then f E A(D). In Theorem
C we consider a function f E C(f) n C R(f).

Theorem C (Aizenberg-Rea) Let f : DUr ---+ C be a function which is
holomorphie lVith respecf. to the Zn -val'iable and, when 1'estricted to D n O'IZ '

is continuous up to r n OIZ' Let f E C(r) n CR(r), then f is holomorphie
in D with respect Lo all variables.

This forrnulation can be improved using the methods of [14], [18]. Let
1\1 = {'z : D n Q, Z i= 0}, and N c Atl, Vve call N nu for any U open in M,
apartion of N.

Theorem 2 Let f be a continuous CR Junction on r slich Jor all'Z E Pi its
restrietion on l' n atz can be holomorphically extended with respect to Zn in
the domain D n Ot z as a Junction continuous up to rn O't z • 1/ any portion 0/
N is not pluripolar in C~-I J then f can be hol01norphically extended in D as
a Junction oJ all the variables: There exists F E A(D) n C(D U f) such that
F\r = f.

In case when f(' Z, zn) for the fixed 'zEN can be holornorpbically ex
tended on Zn for tbe whole C Zn it is sufIicient to require that N is not pluripo
lar (and not any of its portion).

Corollary 1 Let f E C(f) n CR(f) and JOT'Z E N the restrietion 0/ f on
rn fr,Z can be holomorphically extended in the C.zn. IJ N is not pluripolar in
C~z-I, then f can be extended Jrom r in M x C Zn as a holomorphic function,
where M = {'z : f n CYI Z =J. 0} C C~z-t.

2, Proof oi Theorem 1 and Corollaries. We call Pn weighted homogeneous
polynomial of degree k if it is homogeneous of degree k with respect to

I/Vt I/r>n
Zl , ••. , Zn .
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(3)

Any function 4> E A(f!) has adecolnposition in f! into aseries of weighted
polynomials (see [8], p.56)

00

fjJ(z) = L P.dz),
k=1

uniformly convergent on compact subsets of n, and thc ,Pk Me pairwise
orthogonal in L2 (O). Hence, if 1> E h2(O) = A(O) n L2 (O), then

00

114>lll~(n) = L IIPklll~(n)
k=O

(4)

and furthermore, a function 4> E A(f!) belongs to L2(0) if and only if the
series at the right hand side in (4) is convergent. Besides out the convergence
of thc series (3) in L2(0) in1plies its uniform convergence on thc compact
subsets of f!. Therefore, the sum 4>(z) belongs to h2(O) for any apriori given
series (3), convergent in L2 (O).

We consider the function

<I>(z) = 1J(()w(( - z,gra#), (5)

which is holOlllorphic in thc origin. For z being sufficiently elose to the
ongin J(grad1f', ()I > I(gradtP, z)l, wherc 4> E r. Thereforc,

1
------=
{gl'ad1f' 1 ( - z) n

and it follows from (5), that in some neighbourhood of thc origin

<I>(z) = (n ~ 1)! L cqZ
q

= (n ~ 1)! L pk,/(z),
ql ,...,q"~O .1.=0

where

pk,/(z) = L cqZ
q

(p,q):::::k

It follows from thc results of [7) that the mentioned above in the for
mulation of Theorem I a holomorphic extension exists if and only if 1) is
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satisfied and t.he fllnction cf>(z) eXLcnds holomorphically from a. neighbollr
hood of thc origin into n. Consider a weight.ed homothety n~ = {w : Wj =
rPjzj,where zEn}, 0< r < 1. For 4> E A(n) it is necessary and sufficient
that for any r the function c}) E h2(n~), i.e. the series

00 00 00

I: II pk,Jlli2(of) = I: 1·2(k+lpDIIPk.JlIi2(O) = r 2lp1 I:(r2)'tak
k=O k=O k=O

convergeg.
We havc proved that the requircd holomorphic extension of 4> i8 equivalent

to 2). 0

One can prove that there exists a basis in A(n) consisting of weighted
homogeneous polynomials, due to Gramm-Schmidt procedure (ln [1] it was
proved for n = 2 and was used to establish an isomorphism between A(n)
for different n). Furthermore, one can use the decomposition of clJ in this
basis, but in this case one can obtain the analogue of Theorem 1 which is
not much more complicated both in the formulation and in the proof. 'rhus,
in this case it is easier ta use the completc system and not the basis.

If now n is an n-circular domain (Reinharclt domain), then it is also
a (1, ... , 1)-circular domain and Theorem 1 can he applied. In this case
bq,s = 0, if q =!= s, aod, consequently,

ak = I: bq,q ICq1
2

.

Iql=k

On the other side

and the number of terms in the right hand side of (6) is equal to

(k+n-l)!
k!(n - 1)! '

(6)

therefore in this case condition 2) from Theorem 1 is equivalent to 2)
from Theorem B, hence Theorem B i8 a consequence of Theorem 1. More
precisely, both of this theorems are based on the results of [7], hut Theorem
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1 i8 true for a wider dass of domaiTls, and therefore it indudes Theorenl B.
On tbe other hand for n = 1 Theorem B also implies Theorem A, since in
thi8 case

but, of course, tbis i8 not the way to prove Theorcnl A, becausc thc direct
proof i5 easy and elementary. Probably, Theorem 1 (and Theorem B) are thc
luost natural generalization of Theorem A for thc several dimensional case.

3. Proof of Theorem 2. Let us denote D_ = K} \Dl, where K 1 i8 the unit
disc in C, and J)I the domain from Theorem A. We observe that condition
1) in Theorem A means, that the Cauchy type integral

F_(z) = ~1f(()d(
21ft r (- z

extends holomorphically from thc domain D_ 3 0 into K1 and Theorem
A can be generalized as follows (cp. with Corollary l' from [6])

Theorem A' Let a sirnple smooth curve r belong to aD, D c C, and D_
be a one side neighbourhood 01 r J lying out 0/ D (i.e. an open are r c 8D_
and D nD_ = 0). For f E C(r) nL1(r) to be holomorphieally extendable in
D to a /unetion F E A(D) nC(DUr), F Ir = f it is necessar'y and sufficient
that the Cauchy-type integral F_(z) is h%morphieally extendable from D_
over r in D.

One can give an equivalent fonnulation of Theorem C, substituting the
condition of holomorphy in Zn in Dn Cil z by the condition of extendability of
the Cauchy-type integral from evcry curve rn QIZ •

Without lass of generality of thc proof we assurne that f E C(f), since
we could provide the proof for a farnily of slightly smaller pieces of the hyper
surface ff and, respectively, the srnaller domains D(f), for f. -4 O. Therefore,
we can consider that f E C( /IZ ) for 'z E M, where /' Z = r n QI Z ' Consider
the Cauchy-type integral

F+(z) = _1. j I('z,()d(
- ?'frZ { - Z

.. 11 "YI~ l., n

7
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and a domain D_ bcing a one side ncighbourhood of f, lying at thc
converse side of D with respect to r. Thcn (ep., e.g. with [9], Appendix
5.4; and [5]) F+ is holomorphic with respect to all variables in D+ = D

and in D_, respeeti vc1y. NOW, by mcans of Theorem A', for fixed 'zEN
F_('z, zn) extends holomorphically with respect to Zn from D_ n a,z into
the donlain D n atz. Let N be a maximal subset of M with thc dcseribed
property of holomorphic extension, N C N c M. For'zEN denote by
\-\1('z) the InaxiInal subdomain of D n Q't z where the holomorphic extension
F_('z, zn) is possible, (or one of them, in case of multivalued extension). Let
W = U'ZEM W('z), and WO - open kernelof W. Then, by Hartogs theorem
F_ extends holomorphically into Wo. lf D \ Wo is not empty, then there
exists an open set U c M such that for all 'z E U the domain D n a,z is
bigger than the domain Wo n atz. This is also true for a portion of the set
N in U. Furthermore, taking [18] into consideration one ean show that this
portion is pluripolar in C~;l, which contradicts with the promise of Theorem
2. Hence, D = Wo. Using the generalized formula of Sokhotskir-Plemelj ([3],
[6], [5]) we obtain that F+(z) E C(D u r) anel F+ - F-lr = /, therefore
f+ - }'-- gives the required holomorphic extension of f from r into D.

One can give an equivalent formulation of Theorem 2, where instead of
the condition of holomorphic extension of f from r with respect to Zn one
can presume the extension of Cauchy-type integral F_('z, zn) fronl D_ n atz

into D n atz. (See Theorems A and A'.)

Lev Aizenberg
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Russian Academy of Seiences
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660036 Krasnoyarsk, Akademgorodok
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