Running head: Spectral triples for Riemann surfaces 28th December 2007 Math. Subj. Class. (2000): 20H10, 57S30, 58B34 version 3.0

Zeta functions that hear the shape

of a Riemann surface

by Gunther Cornelissen and Matilde Marcolli

Abstract

To a compact hyperbolic Riemann surface, we associate a finitely summable spectral triple whose underlying topological space is the limit set of a corresponding Schottky group, and whose “Riemannian” aspect (Hilbert space and Dirac operator) encode the boundary action through its Patterson-Sullivan measure. We prove that the ergodic rigidity theorem for this boundary action implies that the zeta functions of the spectral triple suffice to characterize the (anti-)complex isomorphism class of the corresponding Riemann surface. Thus, you can hear the complex analytic shape of a Riemann surface, by listening to a suitable spectral triple.

Introduction

Let X denote a compact Riemann surface of genus g ≥ 2. By the retrosection theorem of Koebe-Courant (e.g., [3], p. 317) X can be represented by a Schottky group Γ: we can write X = Γ\(P^1(C) − Λ_Γ),

where Λ = Λ_Γ is the set of limit points of Γ and Γ is a free group of rank g, discrete in PGL(2, C).

Notice that, while the abstract group structure of Γ depends only on the genus g (i.e., the topology) of X, the way the Schottky group Γ is embedded in PGL(2, C) determines the complex structure on X through the Schottky uniformization. The limit set Λ_Γ ⊂ P^1(C) is in general not contained in P^1(R), except in the case of Fuchsian Schottky groups.

In complex analysis, it is well known that the dynamics of the action of Γ on the limit set endowed with Patterson-Sullivan measure encodes a lot about the structure of the

Riemann surface. Our purpose is to show that this action can be conveniently encoded by a notion from non-commutative geometry, namely a spectral triple ([11]) which provides the non-commutative analogue of a Riemannian manifold. As it will turn out, the spectral triple we will consider is commutative. But, as has been observed frequently, “even for classical spaces, which correspond to commutative algebras, the new point of view [of noncommutative geometry] will give new tools and results.” (Connes, [10], p. 1). We show that the isometry class of the boundary action is encoded in the zeta function formalism of the spectral triple.

Construction of the spectral triple At the topological level, we consider the commutative unital C^∗-algebra A = C(Λ).

It might be natural to consider the boundary operator algebra C(Λ) ⋊ Γ instead. However, by the non-amenability of the group Γ, the hyperfiniteness result of Connes implies that this algebra does not carry any finitely summable spectral triple ([9], Thms. 17 & 19, pp. 214–215). As we will indicate at the end of the proof of the main theorem, our construction can be extented to an AF-algebra that is Morita equivalent to a large subalgebra of the boundary operator algebra.

To retrieve the actual complex structure, we need to make the operator algebra act on a Hilbert space in a way compatible with a Dirac operator. The Hilbert space H is a particular GNS-representation of A. Its construction depends on chosing a state, and we make this choice in such a way that it encodes the metric action of Γ on Λ, expressed via the Patterson-Sullivan measure. More specifically, on certain elements of A related to words in a presentation of Γ, it gives the measure of the subset of Λ reached from that word in the representation of the limit set of Γ via word group completion (Floyd [18]). Finally, the Dirac operator D is composed from projection operators depending on the word length grading in a presentation for Γ. Let S_X denote the spectral triple so constructed (see Section 1 for details).

Proposition 1. If X is a compact Riemann surface of genus at least 2, S_X is a 1-summable spectral triple.

Zeta function rigidity The theory of finitely summable spectral triples comes with an elegant framework of zeta functions. Let A_∞ = C(Λ, Z) ⊗_Z C denote the dense involutive subalgebra of A = C(Λ) consisting of locally constant functions on Λ. For any a ∈ A_∞, one has the spectral zeta function ζ_{X,a}(s) := tr(a|D|^s).

Theorem 2. Suppose X_1 and X_2 are compact Riemann surfaces of respective genera g_1 and g_2, assumed both to be at least 2. Let S_i = (A_i, H_i, D_i) (i = 1, 2) denote the corresponding spectral triples as constructed above.

(i) If ζ_{X1,1A1} (s) = ζ_{X2,1A2} (s) for the respective units 1_{Ai} of A_i, then g_1 = g_2 and X_1 and X_2 are homeomorphic.

(ii) If g_1 = g_2, there exists a C^∗-algebra isomorphism ι : A_1 ∼= A_2 such that, if

ζ_{X1,a1} (s) = ζ_{X2,ι(a1)}(s)

for all a_1 ∈ (A_1)_∞, then X_1 and X_2 are complex analytically equivalent or antiequivalent (i.e., equivalent after complex conjugation) as Riemann surfaces.

In particular, the spectral triple S_X encodes the (anti-)complex analytic isomorphism type of X. To ease notation, we will henceforth suppress any reference to the isomorphism ι and identify the algebras A_1 and A_2 when they are isomorphic.

About the proof: by the analogue of Fenchel-Nielsen theory (cf. Tukia [35]), the abstract isomorphism of Schottky groups of X_1 and X_2 induces a unique homeomorphism of limit sets, equivariant with respect to the group isomorphism (the boundary map). We show that equality of zeta functions implies that this boundary map is absolutely continuous. For this, one has to trace through the representation of the limit set in the sense of Floyd ([18]) to deduce fairly explicit expressions for various zeta functions. We do this by computing traces in an explicit orthonormal basis for H. The first part of the theorem follows from this explicit computation of ζ_{X,1}(s) as

ζ_{X,1}(s) = 1 +

2g − 2 2g − 1 · (2g)^{3s+1} 1 − (2g − 1)^{3s+1}

, (1)

cf. Lemma 2.6.

For the second part, we apply an ergodic rigidity theorem for Schottky uniformization that we deduce from a theorem of Yue (cf. [39] p. 79; from the long history we also mention the names Mostow, Kuusalo, Bowen, Sullivan, Tukia). This says that there are only two alternatives for the boundary map: either the Patterson-Sullivan measures are mutually singular with respect to the boundary map, or the map extends to a continuous automorphism of PGL(2, C). Absolute continuity excludes the first case.

We hope that the concrete examples considered in this paper will help in understanding the more general question of what type of geometric information is encoded in the zeta functions of a spectral triple, which are one of the main invariants associated to a (metric) noncommutative geometry. One of our sources of inspiration is the work of Consani and Marcolli ([13], [14]) on θ-summable spectral triples whose Ray-Singer regularized zeta functions reduce to classical zeta functions, and the fact that one can distinguish the isomorphism type of certain fake projective planes by associated spectral triples ([15], §5.1).

We will end the paper with a list of open questions.

Can you hear the shape of a Riemann surface? Theorem 2 fits into the framework of isospectrality questions, as coined by I.M. Gelfand for compact Riemannian manifolds. Vignéras ([37], [38]) and Sunada ([34]) constructed non-isometric surfaces with identical Laplace operator zeta function tr(Δ^s) (‘isospectral’). The work of Sunada, in particular, transports an idea from algebraic number theory due to Gassmann ([19]), where the same phenomenon is visible: there exist non-isomorphic algebraic number fields with identical Dedekind zeta function.

For the specific case of Riemann surfaces, Buser ([7], Thm. 13.1.1, p. 340) obtained a (finite) upper bound on the number of Riemann surfaces isospectral with a given Riemann surface, depending only on the genus of that surface, and work of Brooks, Gornet and Gustafson ([6]) shows this bound is of the correct order of magnitude.

As for Dirac operators instead of Laplace operators, Bär has constructed non-isometric space forms with the same Dirac spectrum ([1], Thm. 5).

For the case of planar domains, the problem of isospectrality was coined by Bochner, to quote Kac — quoting Lipman Bers — “can you hear the shape of a drum?” ([24], solved by Gordon, Webb and Wolpert [21]).

In this phrasing, Theorem 2 says you can hear the complex analytic type of a compact Riemann surface from listening to the noncommutative spectra of its associated spectral triple (that is, to the collection of the associated zeta functions). A main difference with respect to the classical isospectrality question is that in this case you do have to listen to tr(aD^s) for a dense subset of operators a ∈ A, and the eigenvalues of D themselves are not so interesting. For example, at the unit 1 ∈ A, we find the innocent zeta function quoted above in (1).

We note that in the completely different construction of a “conformal” spectral triple by Bär, the eigenvalues themselves are uninteresting, too ([2]).

Thus, the main point of our discussion is that the “spectral object” S_X determines the “conformal object” X, up to complex conjugation.

1. A spectral triple associated to a Kleinian Schottky group

1.1. The aim of this section is to introduce a finitely summable spectral triple S_X := (A, H, D) associated to a Schottky group Γ that uniformizes a compact Riemann surface X of genus g ≥ 2. Recall that a spectral triple is a noncommutative analogue of a Riemannian spin manifold, where A is a C^∗-algebra, H is a Hilbert space on which A acts by bounded operators, and D is an unbounded self adjoint operator on H with compact resolvent (D−z)^{−1} for z /∈ R, and such that the commutators [D, a] are bounded operators for all a in a dense involutive subalgebra A_∞ of A. Connes has shown [10], p. 544 that if (A, H, D) arises from a Riemannian spin manifold, then the distance element is encoded by the inverse of the Dirac operator. A spectral triple as above is p-summable for some p ∈ R^∗_+ if tr(|D|^{−p}) < ∞. It is finitely summable if it is p-summable for some p. On the other hand, it is called θ-summable if it is not finitely summable, but it satisfies the condition tr(e^{−tD2} ) < ∞ for t > 0.

1.2. Let Γ denote a Schottky group of rank g ≥ 2. As an abstract group, Γ is isomorphic to F_g, the free group on g generators. We think of Γ as being specified by an injective group homomorphism ρ : F_g → PGL(2, C). Let Λ = Λ_Γ denote the limit set of the action of Γ on P^1(C).

1.3 (Group completion and limit set). We recall what we need from Floyd’s relation between the group completion of F_g and the limit set Λ of Γ ([18]). Let Y_g denote the Cayley graph (with unordered edges) of F_g for a presentation of F_g in a fixed alphabet on g letters, and let Ȳ_g denote the completion of the Cayley graph as a metric space for the following metric. Let |w| denote the reduced word length of a word in the generators of F_g. The edge between two words w_1 and w_2 is given length min{|w_1|^{−2}, |w_2|^{−2}} (with |e|^{−2} := 1 for the empty word e). The group completion of F_g is by definition the space F̄_g := Ȳ_g − Y_g. It is a compact metric space. A different (finite) presentation for F_g leads to a Lipshitz equivalent group completion. Since F_g has no “parabolic ends” in the sense of Floyd, we have the following:

1.4 Lemma (Floyd, [18], p. 213–217). Given a point x_0 ∈ P^1(C) and an embedding ρ : F_g → PGL(2, C) as above, the following map is a continuous bijection:

ι_ρ : F̄_g → Λ

lim_i w_i → lim_i ρ(w_i)(x_0). □

Recall that a word w in the generators of F_g is reduced if no two consecutive letters are each others inverses. The following definition of inclusion describes the simple operation of extending words to longer words, without introducing cancellations.

1.5 Definition. Given a reduced word w in the generators of F_g, let i(w) respectively t(w) denote the initial, respectively terminal letter of w. For two reduced words w and v (or v a limit of such), we write

w ⊆ v if (∃w_0)(v = w · w_0) with t(w) ≠ i(w_0)^{−1}.

We write w ⊂ v if w ⊆ v and w ≠ v. For example, in the alphabet {a, b}, a ⊂ ab but a ⊄ b although a = b · (b^{−1}a).

Given ρ : F_g → PGL(2, C) and a word w ∈ F_g, define the subset of Λ of ends of w with respect to ρ to be −→w_ρ := {ι_ρ(v) : v ∈ F̄_g and w ⊆ v}.

1.6 Lemma. A = C(Λ) is the closure of the span of the characteristic functions χ−→_{w ρ} of the sets −→w_ρ for w ∈ F_g.

Proof. This is immediate, since Λ is a totally disconnected compact Hausdorff space, and the sets −→w form a basis of clopen sets for its topology.

We denote by A_∞ the dense involutive subalgebra of A spanned by the characteristic functions χ−→_{w ρ} .

1.7 Definition. Let μ_Λ denote the Patterson-Sullivan measure on Λ (cf. [29], [32]). Its main property is scaling by the Hausdorff dimension δ_H of Λ:

(γ^∗dμ)(x) = |γ^′(x)|^{δH} dμ(x), ∀γ ∈ Γ.

We define a state τ : A_∞ → R by

τ(χ−→_{w ρ} ) := � Λ χ−→_{w ρ} dμ_Λ = μ_Λ(−→w_ρ).

The above lemma shows that τ extends uniquely to a state on A. We define the Hilbert space H to be the GNS-representation of A arising from this state τ, that is, the completion of A/I with respect to the inner product ⟨a|b⟩ := τ(b^∗a), where I is the linear subspace of elements a ∈ A with τ(a^∗a) = 0.

1.8 Definition. We now take our inspiration from the construction of Christensen and Ivan in [8]. The subalgebra A_∞ of A = C(Λ) is a limit of finite dimensional subspaces A_∞ = lim −→ A_n with A_n the span of the characteristic functions of sets of ends of reduced words of length ≤ n. This filtration is inherited by H. We denote by H_n the term of the filtration of H corresponding to A_n, that is, H_n = η(A_n), where η : A → H is the linear map defined by the projection A → A/I.

We let P_n denote the orthogonal projection operator onto H_n. We define the Dirac operator to be D := λ_0P_0 + � n≥1 λ_n(P_n − P_{n−1}),

where λ_n = (dim A_n)^3. Note that Q_n := P_n −P_{n−1} is the projection onto the graded pieces, identified with the orthogonal complements H_n ⊖ H_{n−1}, which correspond to words of exact length n. The choice of λ_n arises from the fact that we then arrive at 1-summability (Proposition 1):

1.9 Proposition. The triple S_X = (A, H, D) is a 1-summable spectral triple.

Proof. The ∗-operation is complex conjugation, and since D is real, it is self-adjoint. For a ∈ A_n and for any m > n, multiplication by a maps A_{m−1} and A_m into itself. Therefore, a commutes with the projections P_m and P_{m−1} and so [Q_m, a] = 0. Hence

[D, a] = n� i=0 λ_i[Q_i, a] is a finite sum (we set P_{−1} = 0 for convenience). Thus, the commutators of D with elements in the dense subalgebra A_∞ of A are bounded.

Moreover, one has dim A_n ≥ n + 1, hence the 1-summability (and compact resolvent):

tr((1 + D^2)^{−1/2}) = 1 + ∞� n=1 (1 + λ^2_n)^{−1/2}(dim H_n − dim H_{n−1})

≤ 1 + ∞� n=1 (1 + λ^2_n)^{−1/2} dim H_n ≤ 1 + ∞� n=1 (1 + λ^2_n)^{−1/2} dim A_n

≤ 1 + ∞� n=1 (dim A_n)^{−2} ≤ 1 + ∞� n=1 (n + 1)^{−2} ≤ 2,

where we used λ_n = (dim A_n)^3 in the second-to-last inequality. This proves the proposition.

1.10 Remark. A recent deep theorem of Rennie and Várilly ([30], Thm. 7.5) allows one to decide whether a given spectral triple is associated to an actual commutative Riemannian spin manifold. For the purpose of this paper, since we are mostly interested in the zeta functions, we do not consider any additional structure on the spectral triple. In particular, our Dirac operator is only considered up to sign, since the sign does not play a role in the zeta functions, while for [30], the sign provides the essential information on the K-homology fundamental class. It is possible that our construction may be refined to incorporate the further necessary properties of an abelian spectral triple to which the reconstruction theorem can be applied. In that case, it seems that the underlying metric geometry should probably relate to the existence of quasi-circles of limit sets of Schottky groups as in [5] — see also the next remark.

1.11 Remark. Notice that our construction provides a 1-summable spectral triple on the limit set, regardless of the actual value of its Hausdorff dimension (which can be greater than one). Thus, the metric dimension seen from this construction will be in general different from the actual metric dimension of the limit set embedded in P^1(C). It would be interesting to see if the 1-summable spectral triple on the limit set extends to a topologically 1-dimensional quasi-circle containing Λ (Bowen [5]). In the metric induced by the embedding in P^1(C), the quasi-circle need not be rectifiable (when the Hausdorff dimension of the limit set exceeds 1), but the existence of 1-summable spectral triples is compatible with the topological dimension being one in all cases.

2. Boundary isometry from the spectral zeta function

In this section we study the effect of equality of zeta functions on metric properties of the limit sets. Since we are dealing with two Riemann surfaces X_1, X_2, we will now sometimes index symbols (H, D, ζ, λ, . . . ) by the index of the corresponding Riemann surface and will do so without further mention. If there is no index, we refer to any of the two Riemann surfaces.

As was already observed by Connes for the spectral triple associated to a usual spin manifold, only the action of A on H, or of D on H, doesn’t capture interesting (metrical/conformal) information about the space, it is the interaction of the action of A and D that is important ([10], VI.1). For our purposes, this interaction will be encoded in the framework of zeta functions of spectral triples. The zeta functions are ζ_a(s) := tr(a|D|^s), a priori defined for Re(s) sufficiently negative, but then meromorphically extended to the whole complex plane with poles at the dimension spectrum of the spectral triple (see [11], p. 219).

2.1 Theorem. Let X_1 and X_2 be compact Riemann surfaces of genus at least 2. If ζ_{a,X1} (s) = ζ_{a,X2} (s) for all a ∈ A_∞, then g_1 = g_2 and

∀η ∈ F_g : μ_1(−→η_{ρ1} ) = μ_2(−→η_{ρ2} ).

2.2 Remark. As was indicated in the introduction, equality of zeta functions should be understood as follows: both the algebras A_1 and A_2 of X_1 and X_2, respectively, have a unit. If the zeta functions for this unit are equal, then we will conclude from this that the Riemann surfaces have the same genus. Therefore, the algebras A_1 and A_2 are isomorphic via the homeomorphism Φ : Λ_1 → Λ_2 induced from the Floyd maps in the triangle

Λ_1

Φ � F̄_g

ι_{ρ1} � � � � � ι_{ρ2} � � � � �

Λ_2

It then makes sense to interpret the expression ζ_{X1,a}(s) = ζ_{X2,a}(s) for elements a ≠ 1 in A_∞.

Proof. We make the convention that all words are reduced.

Let X be a Riemann surface of genus g ≥ 2 and S_X its associated spectral triple. Suppose given an element a = χ_U in A_∞. We can assume U = −→η for a given word η of length |η| = m, since any a is a linear combination of such.

We now construct an orthogonal basis for H. First, we prove a lemma about ends of words.

2.3 Lemma. Let w_1, w_2 denote two words. If −→w_1 ∩ −→w_2 ≠ ∅, then −→w_1 ⊆ −→w_2 or conversely −→w_2 ⊆ −→w_1. In particular, if we set max{w, v} to be the largest of the words w and v (if they are comparable in the order ⊆) and ∅ otherwise, we find that

−→w_1 ∩ −→w_2 = −−−−−−−−−→ max{w_1, w_2}

with the convention −→ ∅ = ∅, see Figure 1.

e

−→w 1 −→w 2 w1 w2

Figure 1: Illustration of Lemma 2.3

Proof. If this were not the case, then there is an end that lands in the nonempty intersection and starts from both segments w_1 and w_2, leading to a loop in the Cayley graph Y_g, but Y_g is a tree, so this is impossible, see Figure 2 (as usual, we identify the limit set Λ topologically with F̄_g, by Floyd’s Lemma).

F̄_g

−→w_1

−→w_2 x_0 w_2 w_1

Figure 2: A forbidden situation.

It is then easy to find a basis for the individual spaces H_n.

2.4 Lemma. The functions χ_w for |w| = n for a linear basis for H_n, and

⟨χ_w|χ_v⟩ = μ(

−−−−−−−→ max{v, w}).

Proof. The characteristic functions χ−→_w for |w| = n give a linear basis for H_n: they are linearly independent as their supports are disjoint, and they generate the space since for any word u of length |u| < n one has

χ−→_u = � |w|=n u⊂w χ−→_w .

Indeed, by the previous Lemma, all occuring χ−→_w have disjoint support, and their union � −→

w equals −→u . Now ⟨χ−→_{w 1} |χ−→_{w 2} ⟩ = τ(χ^∗−→_{w 1} χ−→_{w 2} ) = μ_X (−→w_1 ∩ −→w_2),

and the previous lemma applies.

2.5 Lemma. For all n > 0, we have

dim A_n = dim H_n = 2g(2g − 1)^{n−1}.

Proof. The space A_n is spanned by the linear basis χ−→_{w ρ} with w a word of exact length n, since as in the proof of Lemma 2.4, all functions corresponding to shorter words are dependent on these functions. An easy count gives the result: we pick the first letter from the alphabet on g letters or its inverses, and consecutive letters with the condition that they differ from the terminal letter of the word already constructed.

We now construct a complete orthonormal basis for H inductively, by adding to a basis of H_n suitable elements of H_{n+1} in the style of a Gram-Schmidt process. Initially, we set |Ψ_e⟩ = χ_Λ and |Ψ_w⟩ := 1 � μ_X (−→w ) χ−→_w (|w| = 1) (2)

for w running through a set S of words of length one (viz., letters in the alphabet, and their inverses) not equal to one (arbitrarily chosen) letter. Set I_1 := S ∪ {e}; then {|Ψ_w⟩}_{w∈I1} is an orthonormal basis for H_1 by Lemma 2.4.

Now suppose {|Ψ_w⟩ : w ∈ I_n}

is our inductively constructed basis for H_n, where I_n is an index set.

For every word w of length n, choose a set

V_w = {wa : a ∈ S_w}

where S_w consists of a choice of 2g − 2 letters among the 2g − 1 letters of the alphabet that are not equal to t(w)^{−1}, the inverse of the terminal letter of the fixed w. That is, we leave out one arbitrarily chosen letter from the possible extensions of w to an admissible word of length n + 1. Let I_{n+1} = I_n ∪ � |w|=n

V_w.

Figure 2 has an example in the length ≤ 2 words in the Cayley graph Y_2 for g = 2.

We claim that {χ−→_w }_{w∈In+1−In} is a basis for H_{n+1} ⊖ H_n. The functions are linearly independent since their supports are disjoint. Hence it suffices to check dimensions. But

dim(H_{n+1} ⊖ H_n) = 2g(2g − 1)^{n−1}(2g − 2) = |I_{n+1} − I_n|.

Figure 3: Black dots form a possible I_2 ⊆ Y_2

We define {|Ψ_w⟩}_{w∈In+1} as the Gram-Schmidt orthonormalisation of {|Ψ_w⟩}_{w∈In} ∪ {χ−→_w }_{w∈In+1−In} .

We recall that this means we choose an enumeration of the words in I_{n+1} − I_n : I_{n+1} − I_n = {w_1, . . . , w_r} and set inductively for i = 1, . . . , r |Ψ_{wi} ⟩ =

|ϕ_{wi} ⟩ ‖ϕ_{wi} ‖ (3) with |ϕ_{wi} ⟩ := χ−→_{wi} − � w∈I_n∪{w_1,...,w_{i−1}}

⟨Ψ_w|χ−→_{wi} ⟩|Ψ_w⟩. (4)

Then indeed, ⟨Ψ_v|Ψ_w⟩ = δ_{v,w}, for all |v|, |w| ≤ n + 1. Set I_∞ = � n≥0 I_n.

We use the complete basis {|Ψ_w⟩}_{w∈I∞} of H to compute the trace of a trace-class operator T in the form tr(T ) = � ⟨Ψ_w|T Ψ_w⟩. With T = aD^s, we have tr(aD^s) = 1 + � w ⟨Ψ_w|a � n≥1 λ^s_n(P_n − P_{n−1})Ψ_w⟩.

Now the projector P_n − P_{n−1} onto H_n ⊖ H_{n−1} is � r∈I_n−I_{n−1}

|Ψ_r⟩⟨Ψ_r|, so we get

(P_n − P_{n−1})|Ψ_w⟩ = � r∈I_n−I_{n−1}

|Ψ_r⟩⟨Ψ_r|Ψ_w⟩ = δ_{|w|,n}δ_{r,w}|Ψ_r⟩ = δ_{|w|,n}|Ψ_w⟩.

Thus, we rewrite the above as

tr(aD^s) = 1 + � n≥1 � w∈I_n−I_{n−1}

λ^s_n⟨Ψ_w|aΨ_w⟩.

If we denote by c_n(a) = � w∈I_n−I_{n−1}

⟨Ψ_w|aΨ_w⟩,

we can write ζ_{a,X} (s) = tr(aD^s) = 1 + � n≥1 λ^s_n c_n(a), Re(s) ≪ 0.

2.6 Lemma. If ζ_{a,1}(s) = ζ_{a,2}(s) for a = 1 = χ_Λ the identity of A_1, respectively A_2, then g_1 = g_2.

Proof. We know that λ_n = (dim A_n)^3 = (2g)^3(2g − 1)^{3n−3}. By orthnormality, we find that

c_n(1) = � |w|∈I_n−I_{n−1}

⟨Ψ_w|Ψ_w⟩ = � |w|∈I_n−I_{n−1}

1 = 2g(2g − 1)^{n−2}(2g − 2).

Hence we find for a = 1 that

ζ_1(s) = 1 + � n≥1 λ^s_nc_n(1) = 1 + (2g)^{3s+1}

2g − 2 2g − 1 � n≥1 (2g − 1)^{(3s+1)(n−1)},

and thus ζ_1(s) = 1 +

2g − 2 2g − 1 · (2g)^{3s+1} 1 − (2g − 1)^{3s+1}

. (5)

For a = 1, the condition ζ_{a,1}(s) = ζ_{a,2}(s) is thus equivalent to

2g_1 − 2 2g_1 − 1 · 2g_2 − 1 2g_2 − 2 · � g_1 g_2

�_{3s+1} = 1 − (2g_1 − 1)^{3s+1} 1 − (2g_2 − 1)^{3s+1} for Re(s) ≪ 0

If we let s tend to −∞, the right hand side tends to 1. However, unless g_1 = g_2, the left hand side tends to zero for g_1 > g_2 or to infinity for g_1 < g_2. This finishes the proof that g_1 = g_2.

As mentioned in the remark above, we conclude from this lemma that the algebras A_1 and A_2 are isomorphic via the induced Floyd homeomorphism Φ : Λ_1 → Λ_2. This makes the condition ζ_{a,1}(s) = ζ_{a,2}(s) meaningful.

2.7 Lemma. If ζ_{a,1}(s) = ζ_{a,2}(s), for all a ∈ A_∞, then c_{n,1}(a) = c_{n,2}(a) for all a ∈ A_∞.

Proof. The equality ζ_{a,1}(s) = ζ_{a,2}(s) is equivalent to � n≥0 (c_{n,1}(a) − c_{n,2}(a)) λ^s_n ≡ 0

for Re(s) ≪ 0. Here, λ_n is the same for the two Riemann surfaces, since it only depends on their genus and those have just been shown to be equal in Lemma 2.6. Now since all λ_n are distinct positive integers, we also have an identically zero Dirichlet series � N≥0 ~c_N N^s ≡ 0 for Re(s) ≪ 0

with ~c_N = c_{n,1}(a) − c_{n,2}(a) if N = λ_n for some n, and ~c_N = 0 otherwise. Now clearly ~c_N = 0 for all N, by the identity theorem for Dirichlet series (e.g., [23], 17.1).

2.8 Lemma. For a = χ−→_η and w a word of length n < |η|, we have that

⟨Ψ_w|aΨ_w⟩ = μ(−→η ) · κ

where κ depends only on measures μ(−→v ) of certain words v of length |v| < |η|.

Proof. This holds for w a word of length one, since by definition (2) and Lemma 2.4, we have ⟨Ψ_w|aΨ_w⟩ = μ(−→w ∩ −→η )

μ(−→w ) = �_{μ(−→η )}

μ(−→w ) if w ⊂ η;

0 otherwise.

We then use induction on the word length of w. By construction of Ψ_w (looking at the definitions in Formulæ (4) and (3)) it suffices to prove that for w, u of length ≤ n, we have that ⟨χ−→_w |aχ−→_u ⟩ is of the required form μ(−→η ) · κ where κ depends only on measures μ(−→v ) of certain words v of length |v| < |η|: Ψ_w is a linear combination of such terms. Now

⟨χ−→_w |aχ−→_u ⟩ = μ(−→w ∩ −→η ∩ −→u ) = � μ(−→η ) if w, u ⊂ η 0 otherwise,

since η is longer than w and u. This proves the claim.

Computing c_{m−1}(χ−→_η ) as a linear combination of terms of the form ⟨Ψ_w|aΨ_w⟩, we find from Lemma 2.8 (now indicating the representation ρ, since we will soon vary it) :

c_{m−1}(χ−→_{η ρ} ) = μ(−→η_ρ) · κ, (6)

where κ only depends on μ(−→v_ρ) for |v| < m.

We need one more technical observation, namely that κ ≠ 0 in (6) or, what is the same: 2.9 Lemma. c_{m−1}(a) ≠ 0 for a = χ−→_η with |η| = m.

Proof. Recall c_{m−1}(a) = � w∈I_{m−1}−I_{m−2}

⟨Ψ_w|aΨ_w⟩. The terms

⟨Ψ_w|aΨ_w⟩ = � |Ψ_w|^2 · χ−→_η dμ ≥ 0

are all positive, but some might be zero. It therefore suffices to prove that at least one of them is non-zero, and for this, it suffices to find w such that the support of Ψ_w intersects −→η . But if x ∈ −→η , then there is a word v of length m − 1 such that x ∈ −→v , too, since � |v|=m−1

−→v = Λ.

Then χ−→_v (x) ≠ 0, but, as {Ψ_w}_{w∈Im−1−Im−2} is a basis for H_{m−1} ⊖ H_{m−2}, we have

χ−→_v (x) = � w∈I_{m−1}−I_{m−2}

a_wΨ_w(x)

for some coefficients a_w, hence there exists w of length m − 1 such that Ψ_w(x) ≠ 0.

2.10 Proposition. For all η ∈ F_g, μ_1(−→η_{ρ1} ) = μ_2(−→η_{ρ2} ).

Proof. We prove this by induction on the word length of η ∈ F_g If |η| = 0, we find −→η_{ρi} = Λ_i for i = 1, 2, so the identity holds. If it holds for all words of length < m, let η denote a word of length m.

Recall that the map Φ^∗ : A_1 → A_2 is such that Φ^∗(χ−→_{w ρ1} ) = χ−→_{w ρ2} .

We apply the expression (6) to both Riemann surfaces, substituting ρ = ρ_1 and ρ = ρ_2, respectively. Since κ ≠ 0, this is a genuine formula for μ(−→η_ρ). The equality c_{m−1,1}(χ−→_{η ρ1} ) = c_{m−1,2}(χ−→_{η ρ2} ) is our assumption, and for the second factor on the right hand side we can inductively assume that the measures on the occuring words of length < m agree in both representations. Hence we find indeed μ(−→η_{ρ1} ) = μ(−→η_{ρ2} ).

This proposition finishes the proof of Theorem 2.1.

3. Rigidity from boundary isometry

We now prove Theorem 2 from the introduction:

3.1 Theorem. If X_1 and X_2 are compact Riemann surfaces of respective genus g_1, g_2 ≥ 2, such that ζ_{X1,a}(s) = ζ_{X2,a}(s) for all a ∈ A, then X_1 and X_2 are complex analytically equivalent or anti-equivalent as Riemann surfaces.

Proof. From Theorem 2.1, we find that X_1 and X_2 have the same genus g ≥ 2. We consider the two Schottky groups Γ_1 and Γ_2 corresponding to X_1 and X_2, respectively. Let ρ_i : F_g → PGL(2, C) denote the corresponding embeddings of the abstract group F_g (so ρ_i(F_g) = Γ_i), and let α := ρ_2 ∘ρ^{−1}_1 denote the induced group isomorphism Γ_1 → Γ_2. We consider the map Φ : Λ_1 → Λ_2 as in the diagram of the proof of 2.1: x ∈ Λ_1 can be written as ι_{ρ1} (lim w_i) for some Cauchy sequence lim w_i in Y_g. We then define Φ(x) := ι_{ρ2} (lim w_i). As was remarked before, by Floyd’s Lemma 1.4, Φ is a homeomorphism of Λ_1 onto Λ_2.

3.2 Lemma. Φ is α-equivariant.

Proof. Given γ ∈ Γ_1, we can find g ∈ F_g such that γ = ρ_1(g). For x = ι_{ρ1} (lim w_i), we find that γ · x = ι_{ρ1} (lim gw_i). Hence

Φ(γ · x) = ι_{ρ2} (lim gw_i) = ι_{ρ2} (g) · ι_{ρ2} (lim w_i) = ρ_2(ρ^{−1}_1 (γ)) · Φ(x) = α(γ)Φ(x).

So we do find that Φ is α-equivariant.

This means that Φ is a boundary homeomorphism in the sense of Fenchel-Nielsen, see Tukia [35], 3C.

By Theorem 2.1, the equality of zeta functions implies that Φ is an isometry. Indeed,

μ_2(Φ^∗(χ−→_{w ρ1} )) = μ_2(χ_{Φ(}−→_{w ρ1 )}) = μ_2(χ−→_{w ρ2} ) = μ_1(χ−→_{w ρ1} ),

where we use the definition of Φ in the second equality and the proposition in the third. Thus, since {−→w_{ρi} } is a basis for Λ_i, we find that μ_2 ∘ Φ^∗ = μ_1.

Now recall the following ergodic rigidity theorem:

3.3 Lemma (Chengbo Yue). Let Γ_1 and Γ_2 be geometrically finite subgroups in two simple, connected and adjoint Lie groups G_1 and G_2 of real rank one, such that Γ_1 is Zariski dense in G_1. Let α : Γ_1 → Γ_2 be a type-preserving isomorphism. Then there exists a homeomorphism ϕ : Λ_{Γ1} → Λ_{Γ2} which is equivariant with respect to α. If ϕ is absolutely continuous with respect to the Patterson–Sullivan measure, then α can be extended to a continuous homomorphism G_1 → G_2.

Proof. This is literally Corollary B from [39], apart from the fact that the extended homomorphism G_1 → G_2 can be assumed continuous, but this follows by looking at the statement of Theorem A from which the corollary follows.

We want to apply this corollary with G_1 = G_2 = PGL(2, C) and Γ_i our Schottky groups, so let us check the conditions: Both Schottky groups are geometrically finite subgroups of PGL(2, C); PGL(2, C) = PSL(2, C) is a simple and connected adjoint real-rank-one Lie group; and finally:

3.4 Lemma. A noncommutative Schottky group is Zariski dense in PGL(2, C).

Proof. Since the group operations on such a Schottky group are induced from the algebraic operations on the algebraic group PGL(2), the Zariski closure Γ̂ is itself an algebraic subgroup of PGL(2). Assume Γ̂ is a strict algebraic subgroup of PGL(2). Let Γ̂_0 denote its connected component of the identity. The group of connected components Γ̂/Γ̂_0 is finite, and Γ∩Γ̂_0 is a finite index subgroup of the free group Γ, hence free of the same rank g; and its Zariski closure is connected. It suffices that this group has full Zariski closure, hence we can assume without loss of generality that Γ̂ is connected. However, if Γ̂ is connected of dimension ≤ 2, then it is solvable (cf. [4], IV.11.6), and a solvable group cannot contain a free group of rank g ≥ 2 (since the composition series of Γ̂ would descend to one for Γ). On the other hand, if dim Γ̂ = 3, then since PGL(2) is connected, we have Γ̂ = PGL(2).

Since F_g has no parabolic points, we know that the equivariant boundary homeomorphism Φ is unique and type-preserving (Tukia, [36], p. 426), hence it coincides with the boundary homeomorphism ϕ in Yue’s result. Since all conditions are satisfied, we can apply the result (replacing ϕ by Φ) to both the isometry Λ_1 → Λ_2 and its inverse, we find that α extends to a continuous group automorphism PGL(2, C) → PGL(2, C). Now recall that the automorphisms of PGL(2, k) over a field k have been classified by Schreier and van der Waerden (cf. [31], see also the supplement to [17]): the outer automorphisms are induced from field automorphisms of k. Now all continuous field automorphisms of C fix R. We conclude that there is an isomorphism Γ_1 → Γ_2 of the form

γ_1 → gγ^σ_1 g^{−1}

for g ∈ PGL(2, C) and σ ∈ Aut(C/R), that is, Γ_1 and Γ^σ_2 are conjugate in PGL(2, C). Now note that Γ^σ_2 uniformizes the curve X^σ_2 :

(P^1(C) − Λ_Γσ_2 )/Γ^σ_2 = � (P^1(C) − Λ_{Γ2} )/Γ_2

�_σ = X^σ_2 .

Hence X_1 and X^σ_2 are isomorphic Riemann surfaces, so X_1 and X_2 are complex analytically equivalent or anti-equivalent, the former case arising when σ is trivial, and the latter case arising when σ is complex conjugation.

3.5 Remark. The statement that two hyperbolic compact Riemann surfaces of the same genus are isomorphic if and only if the boundary map S^1 → S^1 induced from the isomorphism of their fundamental groups, seen as Fuchsian groups of the first kind, is absolutely continuous in Lebesgue measure is originally part of Mostow’s rigidity theorem (cf. Mostow [27] 22.14, p. 178). An easy proof for this case is in Kuusalo [25], and Bowen has given another proof using Gibbs measures in [5]. For more general Möbius groups (whose limit set is not necessarily the full boundary of the symmetric space, such as Schottky groups, and in higher dimensions), there is the work of Sullivan ([33]) and Tukia ([36], [35]). The typical ergodic rigidity theorem in this setting is that an absolutely continuous boundary map is identical to the restriction of a Möbius transformation on the limit set. What happens outside the limit set, however, depends on other considerations (cf. [35], Marden [26]). See, e.g., Tukia ([36]), Section 4D for a 3-dimensional example of an isomorphism of Schottky groups with absolutely continuous boundary map, that does not extend to a Möbius map outside the limit set.

However, in the case when Λ_1 is not contained in a geometric circle (i.e., in the image of S^1 under a Möbius transformation), Theorem 3.1 follows more easily from [36], Theorem 4B2, which shows that Γ_1 and Γ_2 are conjugate by a Möbius transformation of the real two-sphere.

3.6 Remark. The construction cannot be extended to the crossed product boundary operator algebra C(Λ) ⋊ Γ, since Connes by hyperfiniteness result [9] (in particular, Thms. 17 and 19 on pp. 214–215) the hyperbolic growth of the group Γ (g ≥ 2) prevent this algebra from carrying finitely summable spectral triples. However, C(Λ) ⋊ Γ can be identified with a Cuntz–Krieger algebra ([16]), which has a standard AF-subalgebra ~A. This has a maximal abelian subalgebra that can be identified with our algebra A ([16], 2.5). One can construct a conditional expectation E from ~A to A. Thus, the construction of the spectral triple extends to this AF-algebra ~A by using an unfaithful state τ ∘ E that is zero outside A and equals our state τ on A. Since this construction, however, is just a “factorisation” through the above commutative spectral triple, it doesn’t give a lot of new information.

4. Remarks and Questions

4.1. An interesting question (e.g., in the light of Arakelov geometry) is how to generalize the result to the case of p-adic Mumford curves ([20], [28]). See [15] for some results on trees, inspired by earlier work on non-finitely summable spectral triples for tree actions by Consani and Marcolli [13].

4.2. Is there such a theory for Fuchsian uniformisation instead of Schottky uniformisation? In the noncompact case?

4.3. There are other ways of looking at Riemann surfaces from the point of view of noncommutative geometry. For example, as a commutative conformal manifold, it carries the non-commutative differential geometry of “quantized calculus”, whose Fredholm module determines the conformal isomorphism type of the surface (Connes, Donaldson, Sullivan, N. Teleman [10], IV.4.α). Also, Consani and Marcolli ([14]) have constructed θ-summable, but non finitely summable spectral triples from the boundary action, where the Hilbert space is a symmetrized version of the L^2-space of the boundary that should have Hausdorff dimension < 1. There is the work of Bär ([2]) mentioned before. All of these constructions are rather different from the one in this paper. In particular, our spectral triple is finitely summable, so better suited to tools such as the local index formula of Connes and Moscovici ([12]). Nevertheless, the question arises whether the Consani-Marcolli spectral triple hears the conformal shape of the Riemann surface. Bär’s spectral triple does enjoy this property.

4.4. Does our spectral triple S_X carry a real structure? Does it then arise from a commutative spin manifold ([22], [30])? Can one enhance S_X by additional classical structure, so this structure determines the complex analytic structure of X completely (not only up to complex conjugation)? Notice that in our construction we work only with the absolute value of the Dirac operator, and we use zeta functions that do not see the sign. In order to relate it to spectral triples coming from a Riemannian manifold one would need to first enrich it with a sign (which gives the fundamental class in K-homology) and then with a compatible real structure. It seems that the information on the sign will be needed to reconstruct completely the complex structure.

4.5. Since special values of the spectral zeta functions are just 0-Hochschild homology, it is interesting to compute higher characteristic classes of the spectral triple and relate them to the actual geometry of the original Riemann surface. This is especially tempting in arithmetically interesting cases, such as modular curves.

4.6. Can Theorem 2 be extended to an injective functor from the category of Riemann surfaces with complex analytic morphisms (up to complex conjugation) to a category of spectral triples?

References

[1] Christian Bär. The Dirac operator on space forms of positive curvature. J. Math. Soc. Japan, 48(1):69–83, 1996.

[2] Christian Bär. Conformal structures in noncommutative geometry. J. Noncommut. Geom., 1(3):385–395, 2007.

[3] Lipman Bers. Finitely generated Kleinian groups. An introduction. Ann. Acad. Sci. Fenn. Ser.

A I Math., 13(3):313–327, 1988.

[4] Armand Borel. Linear algebraic groups, volume 126 of Graduate Texts in Mathematics.

Springer-Verlag, New York, second edition, 1991.

[5] Rufus Bowen. Hausdorff dimension of quasicircles. Inst. Hautes Études Sci. Publ. Math., (50):11–25, 1979.

[6] Robert Brooks, Ruth Gornet, and William H. Gustafson. Mutually isospectral Riemann surfaces. Adv. Math., 138(2):306–322, 1998.

[7] Peter Buser. Geometry and spectra of compact Riemann surfaces, volume 106 of Progress in Mathematics. Birkhäuser Boston Inc., Boston, MA, 1992.

[8] Erik Christensen and Cristina Ivan. Spectral triples for AF C^∗-algebras and metrics on the Cantor set. J. Operator Theory, 56:17–46, 2006.

[9] Alain Connes. Compact metric spaces, Fredholm modules, and hyperfiniteness. Ergodic Theory Dynam. Systems, 9(2):207–220, 1989.

[10] Alain Connes. Noncommutative geometry. Academic Press Inc., San Diego, CA, 1994.

[11] Alain Connes. Geometry from the spectral point of view. Lett. Math. Phys., 34(3):203–238, 1995.

[12] Alain Connes and Henri Moscovici. The local index formula in noncommutative geometry.

Geom. Funct. Anal., 5(2):174–243, 1995.

[13] Caterina Consani and Matilde Marcolli. Spectral triples from Mumford curves. Int. Math. Res.

Not., 2003(36):1945–1972, 2003.

[14] Caterina Consani and Matilde Marcolli. Noncommutative geometry, dynamics, and ∞-adic Arakelov geometry. Selecta Math. (N.S.), 10(2):167–251, 2004.

[15] Gunther Cornelissen, Matilde Marcolli, Kamran Reihani, and Alina Vdovina. Noncommutative geometry on trees and buildings. arXiv:math.QA/0604114, to appear in proceedings volume “Traces in Geometry, Number Theory and Quantum Fields”, 2006.

[16] Joachim Cuntz and Wolfgang Krieger. A class of C^∗-algebras and topological Markov chains.

Invent. Math., 56(3):251–268, 1980.

[17] Jean Dieudonné. On the automorphisms of the classical groups. With a supplement by Loo- Keng Hua. Mem. Amer. Math. Soc.,, 1951(2):vi+122, 1951.

[18] William J. Floyd. Group completions and limit sets of Kleinian groups. Invent. Math., 57(3):205–218, 1980.

[19] Fritz Gassmann. Bemerkungen zu der vorstehenden Arbeit von Hurwitz (Über Beziehungen zwischen den Primidealen eines algebraischen Körpers und den Substitutionen seiner Gruppe). Math. Z., 25:665–675, 1926.

[20] Lothar Gerritzen and Marius van der Put. Schottky groups and Mumford curves, volume 817 of Lecture Notes in Mathematics. Springer, Berlin, 1980.

[21] Carolyn Gordon, David Webb, and Scott Wolpert. Isospectral plane domains and surfaces via Riemannian orbifolds. Invent. Math., 110(1):1–22, 1992.

[22] José M. Gracia-Bondía, Joseph C. Várilly, and Héctor Figueroa. Elements of noncommutative geometry. Birkhäuser Advanced Texts: Basler Lehrbücher. [Birkhäuser Advanced Texts: Basel Textbooks]. Birkhäuser Boston Inc., Boston, MA, 2001.

[23] Godfrey H. Hardy and Edward M. Wright. An introduction to the theory of numbers. Fifth edition. The Clarendon Press, Oxford University Press, New York, 1979.

[24] Mark Kac. Can one hear the shape of a drum? Amer. Math. Monthly, 73(4, part II):1–23, 1966.

[25] Tapani Kuusalo. Boundary mappings of geometric isomorphisms of Fuchsian groups. Ann.

Acad. Sci. Fenn. Ser. A I, (545):7, 1973.

[26] Albert Marden. Isomorphisms between Fuchsian groups. In Advances in complex function theory (Proc. Sem., Univ. Maryland, College Park, Md., 1973–1974), pages 56–78. Lecture Notes in Math., Vol. 505. Springer, Berlin, 1976.

[27] George D. Mostow. Strong rigidity of locally symmetric spaces. Princeton University Press, Princeton, N.J., 1973. Annals of Mathematics Studies, No. 78.

[28] David Mumford. An analytic construction of degenerating curves over complete local rings.

Compositio Math., 24:129–174, 1972.

[29] Samuel J. Patterson. The limit set of a Fuchsian group. Acta Math., 136(3-4):241–273, 1976. [30] Adam Rennie and Joseph C. Varilly. Reconstruction of manifolds in noncommutative geometry. arXiv:math.OA/0610418.

[31] Otto Schreier and Bartel L. van der Waerden. Die Automorphismen der projektiven Gruppen.

Abh. Math. Sem. Univ. Hamburg, 6:303–322, 1928.

[32] Dennis Sullivan. The density at infinity of a discrete group of hyperbolic motions. Inst. Hautes Études Sci. Publ. Math., (50):171–202, 1979.

[33] Dennis Sullivan. Discrete conformal groups and measurable dynamics. Bull. Amer. Math. Soc.

(N.S.), 6(1):57–73, 1982.

[34] Toshikazu Sunada. Riemannian coverings and isospectral manifolds. Ann. of Math. (2), 121(1):169–186, 1985.

[35] Pekka Tukia. On isomorphisms of geometrically finite Möbius groups. Inst. Hautes Études Sci.

Publ. Math., (61):171–214, 1985.

[36] Pekka Tukia. A rigidity theorem for Möbius groups. Invent. Math., 97(2):405–431, 1989. [37] Marie-France Vignéras. Exemples de sous-groupes discrets non conjugués de PSL(2, R) qui ont même fonction zéta de Selberg. C. R. Acad. Sci. Paris Sér. A-B, 287(2):A47–A49, 1978.

[38] Marie-France Vignéras. Variétés riemanniennes isospectrales et non isométriques. Ann. of Math. (2), 112(1):21–32, 1980.

[39] Chengbo Yue. Mostow rigidity of rank 1 discrete groups with ergodic Bowen-Margulis measure. Invent. Math., 125(1):75–102, 1996.

(gc) Mathematisch Instituut, Universiteit Utrecht, Postbus 80.010, 3508 TA Utrecht, Nederland, email: cornelis@math.uu.nl (mm) Max-Planck-Institut für Mathematik, Vivatsgasse 7, 53111 Bonn, Deutschland, email: marcolli@mpim-bonn.mpg.de