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DIVISION BY 2 ON ODD DEGREE HYPERELLIPTIC CURVES
AND THEIR JACOBIANS

YURI G. ZARHIN

ABSTRACT. Let K be an algebraically closed field of characteristic different
from 2, g a positive integer, f(x) a degree (2g+ 1) polynomial with coefficients
in K and without multiple roots, C : y> = f(x) the corresponding genus g
hyperelliptic curve over K and J the jacobian of C. We identify C with the
image of its canonical embedding into J (the infinite point of C goes to the
identity element of J). It is well known that for each b € J(K) there are
exactly 229 elements a € J(K) such that 2a = b. M. Stoll constructed an
algorithm that provides Mumford representations of all such a in terms of
the Mumford representation of b. The aim of this paper is to give explicit
formulas for Mumford representations of all such a when b € J(K) is given by
P = (a,b) € C(K) C J(K) in terms of coordinates a,b. We also prove that if
g > 1 then C(K) does not contain torsion points with order between 3 and 2g.

1. INTRODUCTION

Let K be an algebraically closed field of characteristic different from 2. If n and
i are positive integers and r = {ry,...,r,} is a sequence of n elements r; € K then
we write

si(r) =si(ry,...,mm) €K

for the ith basic symmetric function in rq,...,r,. If we put 7,41 = 0 then
Si(r1,. o yTn) =8i(r1y ey Ty Ti1)-

Let g > 1 be an integer. Let C be the smooth projective model of the smooth
affine plane K-curve

2g+1
v =fa) =[] @-)
i=1
where oy, ..., apg41 are distinct elements of K. It is well known that C is a genus

g hyperelliptic curve over K with precisely one infinite point, which we denote by
oo. In other words,

2g+1
C(K) ={(a,b) € K* | " = [] (a — as)}|_[{oo}.
i=1
Clearly, « and y are nonconstant rational functions on C, whose only pole is co.
More precisely, the polar divisor of « is 2(c0) and the polar divisor of y is (2g+1)(00).

2010 Mathematics Subject Classification. 14H40, 14G27, 11G10.

Key words and phrases. Hyperelliptic curves, jacobians, Mumford representations.

Partially supported by Simons Foundation Collaboration grant # 585711.
I’ve started to write this paper during my stay in May-June 2016 at the Max-Planck-Institut fiir
Mathematik (Bonn, Germany) and finished it during my next visit to the Institute in May-July
2018. The MPIM hospitality and support are gratefully acknowledged.

1



2 YURI G. ZARHIN

The zero divisor of y is Zfi Tl(ﬂﬂi) where
W, = (a;,0) € C(K) forall i=1,...,2g9,29 + 1.
We write ¢ for the hyperelliptic involution
1:C—=C,(x,y) = (z,—y), oo 0.

The set of fixed points of ¢ consists of co and all 20;. It is well known that for
each P € C(K) the divisor (P) + ¢«(P) — 2(c0) is principal. More precisely, if
P = (a,b) € C(K) then (P) + ¢(P) — 2(c0) is the divisor of the rational function
x—aon C. If D is a divisor on C then we write supp(D) for its support, which is
a finite subset of C(K).

We write J for the jacobian of C, which is a g-dimensional abelian variety over
K. If D is a degree zero divisor on C then we write cl(D) for its linear equivalence
class, which is viewed as an element of J(K). Elements of J(K) may be described
in terms of so called Mumford representations (see [5, Sect. 3.12], [13, Sect.
13.2, pp. 411-415, especially, Prop. 13.4, Th. 13.5 and Th. 13.7] and Section 2
below.)

We will identify C with its image in J with respect to the canonical regular
map C — J under which co goes to the identity element of J. In other words, a
point P € C(K) is identified with cl((P) — (o0)) € J(K). Then the action of ¢ on
C(K) C J(K) coincides with multiplication by —1 on J(K). In particular, the list
of points of order 2 on C consists of all 207;.

Since K is algebraically closed, the commutative group J(K) is divisible. It is
well known that for each b € J(K) there are exactly 229 elements a = 3b € J(K)
such that 2a = b. M. Stoll [8, Sect. 5] constructed an algorithm that provides
Mumford representations of all such a in terms of the Mumford representation of
b. The aim of this paper is to give explicit formulas (Theorem 3.2) for Mumford
representations of all %b when b € J(K) is given by

P = (a,b) € C(K) C J(K)

on C in terms of its coordinates a,b € K. (Here b*> = f(a).)

The paper is organized as follows. In Section 2 we recall basic facts about
Mumford representations and obtain auxiliary results about divisors on hyperel-
liptic curves. In particular, we prove (Theorem 2.5) that if g > 1 then the only
point of C(K) that is divisible by two in the theta divisor © of J (rather than
in J(K)) is co. We also prove that C(K) does not contain points of order n if
3 < n < 2¢g. In addition, we discuss torsion points on certain natural subvarieties
of © when J has “large monodromy”. In Section 3 we describe explicitly for a given
P = (a,b) € C(K) the Mumford representation of 229 divisor classes cl(D — g(c0))
such that D is an effective degree g reduced divisor on C and

2cl(D — g(o0)) = P € C(K) C J(K).

The description is given in terms of collections of square roots r; = v/a — ; (1 <
i <2g+ 1), whose product Hff{l 7; is —b. (There are exactly 229 choices of such
collections of square roots.)

This paper is a follow up of [1] where the (more elementary) case of elliptic curves
is discussed. (See also [11, 14].)

Acknowledgements. I am grateful to Bjorn Poonen and Michael Stoll for
useful comments.
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2. DIVISORS ON HYPERELLIPTIC CURVES

Recall [13, Sect. 13.2, p. 411] that if D is an effective divisor of (nonnegative)
degree m, whose support does not contain oo, then the degree zero divisor D—m/(co)
is called semi-reduced if it enjoys the following properties.

o If 99, lies in supp(D) then it appears in D with multiplicity 1.
e If a point @ of C(K) lies in supp(D) and does not coincide with any of 27,
then ¢(Q) does not lie in supp(D).

If, in addition, m < g then D — m(c0) is called reduced.

It is known ([5, Ch. 3a], [13, Sect. 13.2, Prop. 3.6 on p. 413]) that for each
a € J(K) there exist exactly one nonnegative m and (effective) degree m divisor
D such that the degree zero divisor D — m(o0) is reduced and cl(D — m(o0)) = a.
(E.g., the zero divisor with m = 0 corresponds to a =0.) If

m>1, D:Z(Qj) where Q; = (a;,b;) € C(K) forall j=1,...,m

Jj=1

(here @; do not have to be distinct) then the corresponding
m

a=cl(D—m(x)) =) Q; € J(K).
j=1

The Mumford representation ([5, Sect. 3.12], [13, Sect. 13.2, pp. 411-415, espe-
cially, Prop. 13.4, Th. 13.5 and Th. 13.7] of a € J(K) is the pair (U(z), V(z)) of
polynomials U(x),V(z) € K[z] such that

m

Uz) = ][ (& —a5)

j=1
is a degree m monic polynomial while V(z) has degree < m = deg(U), the polyno-
mial V(z)? — f(z) is divisible by U(z), and each Q; is a zero of y — V(z), i.e.,

bj = V(G,j), Qj = (CLj,V(CLj)) S C(K) for all j=1...m.

Such a pair always exists, is unique, and (as we have just seen) uniquely determines
not only a but also divisors D and D — m(oc0).

Examples 2.1. The case a = 0 corresponds to m = 0, D = 0 and the pair (U(z) =
1,V(z) =0).
The case
a=P=(a,b) eC(K)C JK)
corresponds to m = 1, D = (P) and the pair (U(z) =z —a,V(x) =b).

Conversely, if U(x) is a monic polynomial of degree m < g and V(z) a polynomial
such that deg(V) < deg(U) and V (x)? — f(z) is divisible by U(z) then there exists
exactly one a = cl(D — m(c0)) where D — m(oc0) is a reduced divisor such that
(U(x),V(x)) is the Mumford representation of cl(D — m(c0)).

Let P = (a,b) € C(K), i.e.,

a,be K, b* = f(a) = H(a— a;).

i=1



4 YURI G. ZARHIN

Recall that our goal is to divide explicitly P by 2 in J(K), i.e., to give explicit
formulas for the Mumford representation of all 229 divisor classes cl(D — g(oc))
such that 2D + ¢+(P) is linearly equivalent to (2g + 1)oo.

The following assertion is a simple but useful exercise in Riemann-Roch spaces
(see Example 4.13 in [7]).

Lemma 2.2. Let D be an effective divisor on C of degree m > 0 such that m < 2g+1
and supp(D) does not contain co. Assume that the divisor D — m(o0) is principal.

(1) Suppose that m is odd. Then:

(i) m = 2g + 1 and there exists exactly one polynomial v(z) € K[x] such
that the divisor of y—v(x) coincides with D—(2g+1)(00). In addition,
deg(v) < g.

(ii) If 20; lies in supp(D) then it appears in D with multiplicity 1.

(iii) If b is a nonzero element of K and P = (a,b) € C(K) lies in supp(D)
then (P) = (a, —b) does not lie in supp(D).

(2) Suppose that m = 2d is even. Then there exists exactly one monic degree
d polynomial u(z) € K|x] such that the divisor of u(x) coincides with D —
m(o0). In particular, every point @ € C(K) appears in D —m(co) with the
same multiplicity as 1(Q).

Proof. Let h be a rational function on C, whose divisor coincides with D — m(o0).
Since oo is the only pole of h, the function h is a polynomial in x,y and therefore
may be presented as h = s(x)y — v(z) with s,v € K[z]. If s = 0 then h has at oo
the pole of even order 2 deg(v) and therefore m = 2 deg(v).

Suppose that s # 0. Clearly, s(z)y has at co the pole of odd order 2deg(s) +
(29+1) > (2g+1). So, the orders of the pole for s(z)y and v(z) are distinct, because
they have different parity and therefore the order m of the pole of h = s(z)y — v(x)
coincides with max(2deg(s) + (2g 4+ 1),2deg(v)) > 2g + 1. This implies that m =
2g + 1; in particular, m is odd. It follows that m is even if and only if s(x) = 0,
ie., h = —v(z); in addition, deg(v) < (2g+1)/2, i.e., deg(v) < g. In order to finish
the proof of (2), it suffices to divide —v(z) by its leading coefficient and denote the
ratio by u(z). (The uniqueness of monic u(z) is obvious.)

Let us prove (1). Since m is odd,

m = 2deg(s) + (29 + 1) > 2deg(v).

Since m < 2g + 1, we obtain that deg(s) =0, i.e., s is a nonzero element of K and
2deg(v) < 2g + 1. The latter inequality means that deg(v) < g. Dividing h by the
constant s, we may and will assume that s = 1 and therefore h = y — v(z) with

v(z) € K[z], deg(v) <g.

This proves (i). (The uniqueness of v is obvious.) The assertion (ii) is contained
in Proposition 13.2(b) on pp. 409-10 of [13]. In order to prove (iii), we just follow
arguments on p. 410 of [13] (where it is actually proven). Notice that our P = (a,b)
is a zero of y —v(z), i.e. b—w(a) = 0. Since, b # 0, v(a) = b # 0 and y — v(x) takes
on at ¢(P) = (a,—b) the value —b — v(a) = —2b # 0. This implies that ¢«(P) is not
a zero of y — v(x), i.e., t(P) does not lie in supp(D). O

is semi-reduced. See [13, the penultimate paragraph on p. 411].
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Corollary 2.4. Let P = (a,b) be a K-point on C and D an effective divisor on
C such that m = deg(D) < g and supp(D) does not contain co. Suppose that the
degree zero divisor 2D + 1(P) — (2m + 1)(c0) is principal. Then:

(i) m = g and there exists a polynomial vp(x) € Klx] such that deg(vp) < g
and the divisor of y — vp(x) coincides with 2D + 1(P) — (2g + 1)(c0). In
particular, —b = vp(a).

(ii) If a point Q lies in supp(D) then +(Q) does not lie in supp(D). In partic-
ular,

(1) none of 2; lies in supp(D);
(2) D — g(o0) is reduced.
(iii) The point P does not lie in supp(D).

Proof. One has only to apply Lemma 2.2 to the divisor 2D + +(P) of odd degree
2m+1 < 2¢g+1 and notice that «(P) = (a, —b) is a zero of y—v(x) while ¢(20;) = 2T;
foralli=1,...,2g9+ 1. (I

Let d < g be a positive integer and ©4 C J be the image of the regular map

d
C' = J, (Qu-- Q) = Y Qi C J.
i=1

It is well known that ©4 is an irreducible closed d-dimensional subvariety of J that
coincides with C for d = 1 and with J if d = g¢; in addition, ©4 C ©441 for all
d < g. Clearly, each ©4 is stable under multiplication by —1 in J. We write © for
the (g — 1)-dimensional theta divisor ©4_1.

Theorem 2.5. Suppose that g > 1 and let
01/2 =271C cJ

be the preimage of C with respect to multiplication by 2 in J. Then the intersection
of C1/2(K) and © consists of points of order dividing 2 on J. In particular, the
intersection of C and Cy 5 consists of oo and all 2;’s.

Remark 2.6. The case g = 2 of Theorem 2.5 was done in [2, Prop. 1.5]

Proof of Theorem 2.5. Suppose that m < g — 1 is a positive integer and we have
m (not necessarily distinct) points @1, ... Q@ of C(K) and a point P € C(K) such

that in J(K)
2> Q;=P.
j=1

We need to prove that P = oo, i.e., it is the zero of group law in J and therefore
>j=1 Qj is an element of order 2 (or 1) in J(K). Suppose that this is not true.
Decreasing m if necessary, we may and will assume that none of Q; is oo (but m
is still positive and does not exceed g — 1). Let us consider the effective degree
m divisor D = 3770, (Q;) on C. The equality in J means that the divisors 2[D —
m(oo)] and (P) — (00) on C are linearly equivalent. This means that the divisor
2D + ((P)) — (2m + 1)(c0) is principal. Now Corollary 2.4 tells us that m = g,
which is not the case. The obtained contradiction proves that the intersection of
C1/2 and © consists of points of order 2 and 1.

Since g > 1, C C © and therefore the intersection of C and C; /5 also consists of
points of order 2 or 1, i.e., lies in the union of oo and all 2;’s. Conversely, since
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each 20; has order 2 in J(K) and oo has order 1, they all lie in C; /5 (and, of course,
in C). O

Remark 2.7. Tt is known [12, Ch. VI, last paragraph of Sect. 11, p. 122] that the
curve Cy /o is irreducible. (Its projectiveness and smoothness follow readily from
the projectiveness and smoothness of C and the étaleness of multiplication by 2 in
J.) See [4] for an explicit description of equations that cut out C /2 in a projective
space.

Corollary 2.8. Suppose that g > 1. Let m be an integer such that 3 < m < 2g.
Then C(K) does not contain a point of order m in J(K). In particular, C(K) does
not contain points of order 3 or 4.

Remark 2.9. The case g = 2 of Corollary 2.8 was done in [2, Prop. 2.1]

Proof of Corollay 2.8. Suppose that such a point say, P does exists. Clearly, P is
neither co nor one of 2;, i.e., P # «(P). Let us consider the effective degree m
divisor D = m(P). Then the divisor D —m(o0) is principal and its support contains
P but does not contain ¢(P).

If m is odd then the desired result follows from Lemma 2.2(1). Assume that m
is even. By Lemma 2.2(2), the support of D — m(co) must contain ¢(P), since it
contains P. This gives us a contradiction that ends the proof. O

Example 2.10. Let us assume that char(K) does not divide (2g + 1). Then for
every nonzero b € K the monic degree (2g+1) polynomial #2971 452 has no multiple
roots and the point P = (0,b) of the genus g hyperelliptic curve

C:y? =29t 42
has order (2g + 1) on the jacobian J of C. Indeed, the polar divisor of rational
function y — b is (2g+ 1)(oc0) while P is its only zero. Since the degree of div(y —b)
is 0,
div(y — b) = (29 + 1)(P) — (29 + 1)(o0) = (29 + 1)((P) — (0)).
This means that the K-point
PeC(K)cC JK)

has finite order m that divides 2g + 1. Clearly, m is neither 1 nor 2 (since P # oo
and y(P) = b # 0), i.e., m > 3. If m < (29 + 1) then m < 2g and we get a
contradiction to Corollary 2.8. This proves that the order of P is (2g + 1).

Notice that odd degree genus 2 hyperelliptic curves with points of order 5 =
2 x 241 are classified in [3].

Remark 2.11. If char(K) = 0 and g > 1 then the famous theorem of M. Raynaud
(conjectured by Yu.l. Manin and D. Mumford) asserts that an arbitrary genus g
smooth projective curve over K embedded into its jacobian contains only finitely
many torsion points [9].

The aim of the rest of this section is to obtain an information about torsion
points on certain subvarieties ©4 when C has “large monodromy”. Let us start
with the following assertion.

Theorem 2.12. Suppose that g > 1 and let N and k be positive integers such that
1< N, N+k<2g.
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Let us put

o = [
N+ = IN + k]
Let Ko be a subfield of K such that f(z) € Ko[z]. Let a € J(K) lies on Oqy ., -
Suppose that there exists a collection of k (not necessarily distinct) field automor-
phisms
{o1,...,01} C Aut(K/Ky)

such that Zle oi(a) = Na or —Na. Then a has order 1 or 2 in J(K).
Proof. Clearly,

dntr) S = < 7= <g (N+k) -dnyr <29<29+1

Let us assume that 2a # 0 in J(K). We need to arrive to a contradiction. There is a
positive integer r < d(y.x) and a sequence of points P, ..., P. of C(K)\ {oco} such
that D := Z;zl(Pj) —r(00) is the Mumford representation of a while (say) P; does
not coincides with any of W; (here we use the assumption that 2a # 0); we may
also assume that P, has the largest multiplicity in D say, M among {Py,...,P,}.
(In particular, none of P;’s coincides with ¢P;.) Then o(D) = Z;Zl(alpj) —1r(00)
is the Mumford representation of o;a for all I € {1,...,k}. In particular, the
multiplicity of each o;P; in CTI(D) does not exceed M; similarly, the multiplicity of
each 1y P; in 1oy(D) also does not exceed M for every I. This implies that if P is
any point of C(K) \ {oo} that does not lie in the support of D then its multiplicity
in ND + . (Zle al(D)) is a nonnegative integer that does not exceed kM; in
addition, the multiplicity of P in ND + Zle 01(D) is also a nonnegative integer
that also does not exceed kM. Notice also that P; lies in the supports of both
ND 4 (Zle O'Z(D)) and ND + ¢ (Zle ol(ﬁ)) and its multiplicities (in both
cases) are, at least, NM.
Suppose that Zle oi(a) = Na. Then the divisor

k T k r
504 (Yo < (e | 32 (St | vt e

=1 j=1 1=1 \j=1
is a principal divisor on C. Since
mi=7r(N+k) < (N+E)-dniw <29 <29+1,

we are in position to apply Lemma 2.2, which tells us right away that m is even
and there is a monic polynomial u(z) of degree m/2, whose divisor coincides with

ND + ngll O’l(D). This implies that any point @ € C(K) \ {oo} appears in
ND +. (Zle O'Z(D)) with the same (nonnegative) multiplicity as ¢Q). It follows
that Q = «P; appears in ND+. (Zle Ul(ﬁ)) with the same multiplicity as P;. On
the other hand, since ¢ P; does not appear in ND, its multiplicity in D+ Zle O’l(D)

does not exceed kM. Since the multiplicity of P; in ND 4 ¢ (Zle al(D)> is, at

least, N M, we conclude that NM < kM, which is not the case, since k < N. This
gives us the desired contradiction.
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If Zle o1(a) = —Na then literally the same arguments applied to the principal
divisor

k r k r
ND+Y oi(D)=N|Y_(P) | +D_ [ D (P) | —r(N +k)(c0)
=1 j=1 1=1 \j=1
also lead to the contradiction. O

2.13. Let Ky be a subfield of K such that f(z) € Ko[r] and Kj the algebraic
closure of Ky in K. We write Gal(Kj) for the absolute Galois group

Gal(K()) = Aut(K(]/K)
of Ky. It is well known that all torsion points of J(K) actually lie in J(Kj).
Let us consider the following Galois properties of torsion points of J(K).
(M3) If a € J(Kp) has finite order that is a power of 2 then there exists o €
Gal(Kj) such that o(a) = 3a.
(M2) If b € J(Kp) has finite order that is odd then there exists 7 € Gal(Kj) such
that 7(b) = 2b.
(M) Let a,b € J(Kj) be points of finite order such that the order of a is a power
of 2 and the order of b is odd. Then there exist 01,09 € Gal(K) such that

o1(a) = —a, o1(b) = 2b; o2(a) = 5a, g2(b) = 26.

Theorem 2.14. (i) Suppose that g > 2 and J enjoys the property (M3). Let
us put
dey = [29/4] = [9/2].
Let a € J(K) be a torsion point that lies on ©4s).
If the order of a is a power of 2 then it is either 1 or 2.
(ii) Suppose that g > 2 and J enjoys the property (M2). Let us put

d(z) = [29/3].
Let b € J(K) be a torsion point of odd order that lies on ©4(s).
Then b is the identity element of J.
(iii) Suppose that g > 3 and J enjoys the property (M). Let us put
die) = [29/6] = [9/3].
Let ¢ € J(K) be a torsion point that lies on © 4.
Then the order of ¢ is either 1 or 2.

Remark 2.15. In the case of g = 2 an analogue of Theorem 2.14(i,ii) was earlier
proven in [2, Cor. 1.6].

Proof of Theorem 2.14. Since all torsion points of J(K) lie in J(Kp), we may as-
sume that K = Ky and therefore Gal(Ky) = Aut(K/Kp). In the first two cases
the assertion follows readily from Theorem 2.12 with N = 3,k = 1 in the case
(i) and with N = 2,k = 1 in the case (ii). Let us do the case (iii). We have
¢ = a+ b where the order of b is odd and the order of b is a power of 2. There exist
01,02 € Gal(Ky) = Aut(K/Kj) such that
o1(a) = —a, o1(b) = 2b; o2(a) = 5a, g2(b) = 26.

This implies that

01(C)+0’2(C) = O'l(ﬂ) +01(b)+02(a) +0’2(b) = —a+2[1+5a+2b = 4(a+b) = 4C,
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i.e., o1(c) + o2(c) = 4c. Now the desired result follows from Theorem 2.12 with
N=4k=2 O

Example 2.16. Suppose that ¢ > 1 and K is the field C of complex numbers,
{ou,...,a0411} is a (2g + 1)-element set of algebraically independent transenden-
tal complex numbers and Ko = Q(a,. .., qsg41) where Q is the field of rational
numbers.. It follows from results of B. Poonen and M. Stoll [6, Th. 7.1 and its
proof] and J. Yelton [14, Th. 1.1 and Prop. 2.2] that the jacobian J of the generic
hyperelliptic curve

2g+1

C:y? = H(x—ozi)

i=1
enjoys the following properties.

Let us choose odd integers (2n; + 1) and (2n9e + 1) and nonnegative integers mq
and my. Suppose that a,b € J(Ky) be points of finite order such that the order of
a is a power of 2 and the order of b is odd. Then there exist 01,09 € Gal(Ky) such
that

o1(a) = (2n1 + 1)a, o1(b) =2"1b; oa(a) = (2ne + 1)a, o2(b) = 2™2b.
This implies that J enjoys the properties (M3), (M2) and (M). It follows from
Theorem 2.14 that torsion points of J(C) enjoy the following properties.

(i) Any torsion point a € J(C) that lies on ©,/5 and has order that is a power
of 2 actually has order 1 or 2.
(i) Any torsion point b € J(C) of odd order that lies on ©4/3 coincides with
the identity of J.
(iii) Let g > 3. Then any torsion point ¢ € J(C) that lies on ©4/3 has order 1
or 2.

Notice that B. Poonen and M. Stoll [6, Th. 7.1] proved that the only complex
points of finite order in J(C) that lie on C = ©; are points of order 1 or 2. On
the other hand, it is well known that J is a simple complex abelian variety. Now a
theorem of Raynaud [10] implies that the set of torsion points on the theta divisor
© = O4_1 (actually, on every proper closed subvariety) of J is finite.

3. DIVISION BY 2
Suppose we are given a point
P =(a,b) e C(K) C J(K).
Since dim(J) = g, there are exactly 229 points a € J(K) such that
P =2a€c J(K).
Let us choose such an a. Then there is exactly one effective divisor
D =D(a) (1)

of positive degree m on C such that supp(D) does not contain oo, the divisor
D — m(c0) is reduced, and

m < g, (D —m(c0)) = a.
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It follows that the divisor 2D + (¢(P)) — (2m + 1)(o00) is principal and, thanks to
Corollary 2.4, m = ¢ and supp(D) does not contains any of 203;. (In addition,
D — g(c0) is reduced.) Then the degree g effective divisor
g
D=D(a) = (Q;) (2)
j=1
with Q; = (¢;,d;) € C(K). Since none of @; coincides with any of 20;,
Cj 7’5 (6%} VZ,]
By Corollary 2.4, there is a polynomial vp(z) of degree < g such that the degree
zero divisor
2D + (u(P)) — (29 + 1)(c0)
is the divisor of y — vp(z). Since the points ¢(P) = (a, —b) and all Q;’s are zeros
of y —vp(x),
b= —vp(a), dj =vp(c;) forall j=1,...,9
It follows from Proposition 13.2 on pp. 409-410 of [13] that

2g+1 g
H(a:—ozi)—vp(a:)zzf(m)—vp( (r—a Hm—c] . (3)

In particular, f(x) — vp(z)? is divisible by

IIxf@ (4)

Remark 3.1. Summing up:

g
D=D(a)=> (Q;), Qj = (cj,vp(c;)) forall j=1,....g
j=1
and the degree g monic polynomial up(z) = H?Zl(x — ¢;) divides f(z) —vp(x)2.
Then (see see the beginning of Section 2) the pair (up,vp) is the Mumford repre-
sentation of a if
deg(up) < g = deg(up).

This is not always the case: it may happen that deg(vp) = g = deg(up) (see
below). However, if we replace vp(x) by its remainder with respect to the division
by up(x) then we get the Mumford representation of a (see below).

If in (3) we put = «; then we get

g
va(ozl) = (a; —a) H a;—c) |,

ie.,

g
vp(a)? = (a — ay) H(Cj — ;) forall i=1,...,29,2g+ 1.
j=1
Since none of ¢; — «; vanishes, we may define
’UD(OtZ') ’UD(OtZ')

=T = g = (—1) (5)
? 1(¢j — i)
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with
r?P=a—q; forall i=1,...,2g+1 (6)
and
al-:afrf, cjfai:rffaJrcj forall i=1,...,2¢9,2g+1;5=1,...,9g

Clearly, all r;’s are distinct elements of K, because their squares are obviously
distinct. (By the same token, r;, # +r;, if j1 # j2.) Notice that

2g+1

H ry = b, (7)

because
2g+1 2g+1
b = H(a—ai): H r2.) (8)
i=1 i=1
Now we get
vp(a —r?)
Ty = )
(P —a+tc)
ie.,
g
riH(T?—a—l—cj)—vD(a—r)—O forall i=1,...2¢,2¢9 + 1.
j=1

This means that the degree (2g 4+ 1) monic polynomial (recall that deg(vp) < g)

he(t) =t [[(#* = a+¢;) = vp(a—17)

=1
has (2¢ + 1) distinct roots 71, ...,T29+1. This means that
2g+1
he(t) = ] (¢ —r2).
i=1

Clearly, tl_[?:l(t2 — a+ ¢j) coincides with the odd part of h,(t) while —vp(a — t?)
coincides with the even part of h,(t). In particular, if we put ¢ = 0 then we get

2g+1

29+1 H Ty = _UD b7

ie.,

2g+1

[[r= 9)

i=1
Hereafter

r=rp:=(ry,...,reg41) € K29+t
Since
si(r) = Si(’l"l, e 7T2g+1)

is the 7th basic symmetric function in r1,..., 72441,

2g+1
h( t2g+1+ Z 752g+1 i_ t2g+1+z t2g+1 i +b.
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(Since
2g+1

SZngl H ri = —b,

the constant term of h.(t) equals b.) Then

g
t][# —a+c) —t29“+§ $q;(r)t29+1-27
Jj=1 Jj=1

—UD a—t2 ZSQJ 1 t2g 25+2 +b.

It follows that

g
H(t—a—i—cj)—tg—i—ZsQJ Y9I,
j=1

j=1

a—t ZSQJ 1 tg J+l —b.

This implies that

g
Z szj,l(r)(a — t)g_j+1 —b. (10)
i=1

It is also clear that if we consider the degree g monic polynomial

g
Up(t) = up(t) = [J(t - ¢))
j=1

then
Up(t) = (=1)7 | (a —t)9 ZSQJ Ya—t)977| . (11)

Recall that deg(vp) < g and notice that the coefficient of v(z) at 29 is (—1)9s1(r).
This implies that the polynomial

Ve(t) :=vp(t) = (=1)?s1(r)Ur(t) =

ZSZJ 1 — )97 — b — s () a—t9+ZsQ] Y(a —t)? =

g
> (s2j41(r) = s1()s2; (1)) (a — ) (12)
Jj=1

has degree < g, i.e.,

deg(V;) < deg(Uy,) = g.

Clearly, f(z) — Vi(x)? is still divisible by Uy(x), because up(z) = Ur(z) divides
both f(x) —vp(x)? and vp(x) — Vi(x). On the other hand,

d; =vpl(e;) =Ve(ey) forallj=1,...9,
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because Uy(x) divides vp(z) — Vi(x) and vanishes at all ¢;. Actually, {c1,...,¢q}
is the list of all roots (with multiplicities) of Uy(z). So,
g
Z Qj), = (¢j,vp(cj)) = (¢, Valej)) Vi=1,....9.
j=1

This implies (again via the beginning of Section 2) that the pair (Uy(x), Ve(z)) is
the Mumford representation of cl(D — g(c0)) = a. So, the formulas (11) and (12)
give us an explicit construction of (D(a) and) a in terms of r = (r1,...,,72541)
for each of 229 choices of a with 2a = P € J(K). On the other hand, in light of
(6)-(8), there is exactly the same number 229 of choices of collections of square roots
va—a; (1 <i<2g) with product —b. Combining it with (9), we obtain that for
each choice of square roots \/a — a;’s with ]_[29Jrl va—a; = —b there is precisely
one a € J(K) with 2a = P such that the corresponding r; defined by (5) coincides
with chosen /a —a; for all i = 1,...,2g + 1, and the Mumford representation
(Uy(z), V() for this a is given by formulas (11)-(12). This gives us the following
assertion.

Theorem 3.2. Let P = (a,b) € C(K). Then the 2%9-clement set
M p:={acJ(K)|2a=PcC(K)CJK)}
can be described as follows. Let Ryja p be the set of all (2g + 1)-tuples v =

(t1,...,%2941) of elements of K such that
2g+1
v =a—oa; foral i=1,...,29,2g+ 1; H v, = —b.
i=1
Let s,(t) be the ith basic symmetric function in tq,...,vag41. Let us put

Ucz) = (—1)7 | (a — x)! +ZSQJ (a—x)977 |,

g
Ve(a) = (s211(x) — s1(x)s2;(x)) (a — )77,

j=1
Then there is a natural bijection between Ry,o p and My o p such that v € Ry /o p
corresponds to a. € Mo p with Mumford representation (Ue,Vi). More explic-
itly, if {c1,...,cq} is the list of all g roots (with multiplicities) of Uc(x) then v
corresponds to

a. =cl(D —g(0)) € J(K), 2a, =P

where the divisor
g
D =D(a;) =Y (Q; = (¢, Ve(¢j)) € C(K) forall j=1,...,9
j=1

In addition, none of a; is a root of Uy(x) (i.e., the polynomials Ue(x) and f(x) are
relatively prime) and

=

(o)

t; = Sl(t) + (—1)9 (al)

forall i=1,...,2¢9,29g+ 1.

=
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Proof. Actually we have already proven all the assertions of Theorem 3.2 except
the last formula for v;. It follows from (4) and (5) that

6= (-1 o VDo (@) _1)gUD(ar)(0<z‘)
uD(ut)(o‘i) Ue(a)
It follows from (12) that
Up(ay)(7) = (=1)?s1(0)Ue(2) + V().
This implies that
(—1)9s1(v)Ue(0vs) + Ve(aa) _
Ut(ai)

v = (71)9

Corollary 3.3. We keep the notation and assumptions of Theorem 3.2. Then

2g+1

29 -s1(r) = (-1)7 Y

i=1

In particular, if char(K) does not divide g then

(D)7 T V()

si(v) = 2

On the other hand, if char(K) divides g then

2g+1 ‘/t(

Oél') -
Z;wa)fu

Proof. Tt follows from the last assertion of Theorem 3.2 that

2g+1 2g+1 V}(Oll)
si(v) = i = s1(v) + (=1)¢ =
EDILEDY ( ¢ - })>

This implies that

ie.,

O

Corollary 3.4. We keep the notation and assumptions of Theorem 3.2. Let i,1 be
two distinct integers such that

1<i,1<2g+1.
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Then
o + (M)Q A (Vr(ai))z
_ (—1)g l U, (a7) i ACH)
Sl(t) ) X (Vr(a,i) B Vr(al)) .
U (ai) U. (o)
Proof. We have
) Ve(a)
B Ue(ai)’ =sie) + () Ue(au)
Recall that
T :a_ai#a_al:tlz.
In particular,
Velay) |, VA
t; # vy and therefore Ut((z )) £ Ur((zzg
T 7 s 1

‘We have

a5 + (165) - ()

This implies that
e (5 - ) - (o () ) - (e ()

This means that
2 2
Ve (ou) _ _ Ve (o)
(_1)9 (al+ (Ur(az)) ) (Ch"‘ (Ur(az‘)) )

s1(t) = =57 % Ve(on) _ Ve(on)
Ur(ai) - Ut(oq)

O

Remark 3.5. Let v = (v1,...,v941) € Ry/pp with P = (a,b). Then for all
1=1,...,29,2g+1
(—‘Ci)2 = 'CZ2 =a—Q;

and
2g+1 2g+1
[T (o) = (-1 [ = (-0 =0
i=1 i=1
This means that
—t=(—t1,...,~Ttogq1) € Ri/2,(p)

(recall that ¢«(P) = (a,—b)). It follows from Theorem 3.2 that
U_i(z) = Ue(z), Voelz) = —Vi(2)
and therefore a_, = —a,.

Remark 3.6. The last assertion of Theorem 3.2 combined with Corollary 3.4 allow
us to reconstruct explicitly v = (v1,...,t9441) and P = (a,b) if we are given the
polynomials U (z), Vi(z) (and, of course, {a, ..., aggt1}).
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Example 3.7. Let us take as P = (a, b) the point QW11 = (a2g+1,0). Then b =0
and tog41 = 0. We have 2g arbitrary independent choices of (nonzero) square roots
t; = (/g1 — o with 1 <4 < 2g (and always get an element of 9, /5 p). Now
Theorem 3.2 gives us (if we put @ = aggy1,b = 0) all 229 points a, of order 4 in
J(K) with 2a, = 29411. Namely, let s; be the ith basic symmetric function in

(t1,..

., tag). Then the Mumford representation (U, V;) of a, is given by

g

Ue(@) = (=1) | (azgs1 — 2)7 + Y 59 - (azgs1 — )77 |,
=1

g
Ve(x) =Y (52541 — s1895) (azg 41 — )77
=1

In particular, if apg41 = 0 then

(1]

(10]

(11]
(12]

(13]

vy =+v—q; foralli=1,...,2g,

g
Ue(z) =29 + z:(—l)js%xg_j7
j=1

Ve(@) = Y (52541 — s1825) (—2)? 7.

j=1
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