CRYSTAL BASES AND COMPLETIONS OF SOME REPRESENTATIONS OF QUANTUM GROUPS

DIJANA JAKELIĆ

Introduction

In this paper we are concerned with bringing together two distinct notions of the representation theory of quantized enveloping algebras, those of crystal bases and completions.

The theory of crystal and canonical bases is one of the most remarkable developments in representation theory. It was introduced independently by M. Kashiwara [6, 7] and G. Lusztig [10] in a combinatorial and a geometric way, respectively. In this paper we follow Kashiwara’s approach. Roughly, a crystal basis of an integrable representation for the quantized enveloping algebra U_q (g) of a symmetrizable Kac-Moody algebra g is a pair consisting of a lattice of the module, called a crystal lattice, and a vector space basis of a quotient of the crystal lattice, called a crystal. It is actually a certain parametrization of bases of the module with a number of desirable properties and it encodes the intrinsic structure of the module in a combinatorial way. One of the most important combinatorial realizations of crystals is Littelmann’s path model [8, 9]. In [7], beside defining crystal bases of integrable representations, Kashiwara also defined the crystal basis of the quantization U^−_q (g) of the universal enveloping algebra of the nilpotent part of g by considering U^−_q (g) as a module for Kashiwara’s algebra B_q(g). Although the former was the main goal of [7], the latter provided a way to simultaneously consider the bases of all integrable representations, and the interplay of the two notions of crystal bases played a central role in the paper. Other examples of papers concerned with crystal bases or crystals of representations which are not necessarily integrable include [1], [5], [12], and [13].

A notion of completion was introduced by T. Enright [3] on the category I(g) of weight modules of a finite dimensional semisimple Lie algebra g that are U^−(g)-torsion free and U^+(g)-finite. Completion is an effective process of obtaining new representations from a given one, containing the original one as a subrepresentation. Enright used the completion functor for the construction of the fundamental series representations. The process of completion essentially depends on the U_q(sl_2)-representation theory. In [3] Enright also showed that Verma modules together with the projective covers of irreducible Verma modules, which we call T modules, exhaust all the indecomposable objects of I(sl_2). V. Deodhar [2] introduced negative powers of some elements of g and realized the completion functor via Ore localization giving a concrete model of completion and used it to prove Enright’s uniqueness conjecture arising from considering successive completions. Later, Y.M. Zou [14] showed that the above results, among others, can be carried over to the quantum groups setting.

The starting goal of this work was to study both crystal bases and completions of modules belonging to the category I (U_q(g)) and examine how they relate to each other. A natural approach when discussing crystal bases of these U^−_q -torsion free modules is to view them as B_q (g)-modules. On the other hand, in regard to completions we think of them as U_q (g)-modules. This aspect makes the situation more interesting and a synchronization of the two structures becomes essential. As there are number of points to take care of already for I = I (U_q(sl_2)), we mostly focus on this case. 1

We introduce a category ~I consisting of U_q -modules in I with a compatible B_q-structure and obtain a decomposition of every module in ~I into a direct sum of Verma and T modules which are simultaneously U_q and B_q-invariant (cf. Theorem 2.4). Due to this decomposition, we are able to introduce weight spaces into our consideration of crystal bases of modules in ~I even though these crystal bases arise from the B_q-structures. Thus, we get a setting resembling the one of integrable U_q-modules. We define a notion of a complete crystal basis and a completion of a crystal basis. In the process, we take advantage of a symmetric action of the Kashiwara operators ~e and ~f on crystal bases. However, unlike the case of modules where the completion of a module contains the module, one cannot expect a completion of a crystal lattice to contain the crystal lattice; this being indeed clear from the case of Verma modules. Our definition of completion of bases involves a very natural connection of crystal bases arising from B_q-structures with the ones arising from U_q(g)-structures. We prove that a crystal basis is complete if and only if its corresponding module is. We also show that every module in ~I has a crystal basis which can be completed and moreover a completion of the crystal lattice is unique. (cf. Theorems 3.5 and 3.6.)

The paper is arranged as follows. In Section 1, we set the notation and review relevant results on completions and crystal bases. In Section 2, we consider some natural B_q-structures on Verma modules and T modules, collect the desirable properties that a B_q-structure should have with respect to a U_q-structure in order to define the category ~I, and prove the simultaneous decomposition theorem for modules in ~I. In Section 3, we look into the crystal bases with which modules in ~I are naturally endowed via their B_q-structures, define complete crystal bases, show they correspond to complete modules, define a completion of a crystal basis, and prove the aforementioned Theorems 3.5 and 3.6. In Section 4 we give two constructions of the completion of a crystal lattice – one obtained by modifying Deodhar’s model of completion of modules and the other by applying an operator used by Kashiwara in [6] to construct the operators ~e and ~f.

Acknowledgments: My sincere thanks are due to V. Deodhar for many inspiring and useful discussions, and in particular for his constructive involvement in Section 2, and to A. Moura for reading through the manuscript and for valuable suggestions. I am also pleased to thank the Max-Planck- Institut für Mathematik in Bonn for its hospitality.

1. Preliminaries

1.1. Let (a_{ij} )_{1≤i,j≤l} be the Cartan matrix of a finite dimensional complex simple Lie algebra g and d_i unique positive integers such that gcd (d_1, . . . , d_l) = 1 and the matrix (d_ia_{ij} )_{1≤i,j≤l} is symmetric. Let q be an indeterminate and Q(q) the field of rational functions of q with coefficients in Q. Set q_i = q^{di} . The quantized enveloping algebra U_q (g) is the Q(q)-algebra with generators e_i, f_i, t_i, t^{−1}_i , 1 ≤ i ≤ l, and defining relations

t_it^{−1}_i = 1 = t^{−1}_i t_i, t_it_j = t_j t_i,

t_ie_j t^{−1}_i = q^{aij}_i e_j , t_if_j t^{−1}_i = q^{−aij}_i f_j ,

e_if_j − f_j e_i = δ_{ij} t_i − t^{−1}_i q_i − q^{−1}_i , 1−a_{ij}�

s=0 (−1)^se^{(s)}_i e_j e^{(1−aij −s)} i = 0,

1−a_{ij}�

s=0 (−1)^sf^{(s)}_i f_j f^{(1−aij −s)} i = 0 (i ≠ j) where e^{(n)}_i = e^n_i [n]_i!

, f^{(n)}_i = f^n_i [n]_i!

, [n]_i! = [1]_i[2]_i . . . [n]_i (n ∈ Z^+), and [n]_i = q^n_i − q^{−n}_i q_i − q^{−1}_i

(n ∈ Z).

Denote by U^+_q (g) (resp. U^−_q (g)) the subalgebra of U_q (g) generated by e_i (resp. f_i), 1 ≤ i ≤ l. Let U^0_q (g) be the subalgebra of U_q (g) generated by t_i and t^{−1}_i , 1 ≤ i ≤ l. Multiplication defines an isomorphism of Q(q)-vector spaces U^−_q (g) ⊗ U^0_q (g) ⊗ U^+_q (g) → U_q (g).

Denote by U_q (g)_i the subalgebra of U_q(g) generated by e_i, f_i, t_i and t^{−1}_i . Then U_q(g)_i ∼= U_{qi} (sl_2).

1.2. Let h be a Cartan subalgebra of g and Φ the root system of (g, h). Let {α_i}_{1≤i≤l} ⊂ h^∗ be a set of simple roots of g and {h_i}_{1≤i≤l} ⊂ h the corresponding set of coroots so that α_j (h_i) = a_{ij} . Let Q = �_l

i=1 Zα_i be the root lattice and P = {λ ∈ h^∗| λ(h_i) ∈ Z, 1 ≤ i ≤ l} the weight lattice for g. Also, set Q^+ =

�_l i=1 Z^+α_i and P^+ = {λ ∈ h^∗| λ(h_i) ∈ Z^+, 1 ≤ i ≤ l}. Denote by W be the Weyl group of Φ and by s_i the reflection with respect to the simple root α_i (1 ≤ i ≤ l).

For a U_q(g)-module M and λ ∈ P , we define the λ-weight space of M as M_λ = {m ∈ M| t_im = q^{λ(hi)}_i m, 1 ≤ i ≤ l}. M is a weight module if it is a direct sum of its weight spaces. If in addition there exist λ ∈ P and a nonzero vector m ∈ M_λ such that e_i · m = 0 for all i and M = U_q(g) · m, then M is a highest weight module with highest weight λ and highest weight vector m.

The Verma module M(λ) is the U_q(g)-module U_q (g)/J(λ) where J(λ) is the left ideal of U_q(g) generated by {t_i − q^{λ(hi )}_i , e_i| 1 ≤ i ≤ l}. M(λ) is the universal highest weight module of weight λ. The unique irreducible quotient V (λ) of M(λ) is finite dimensional iff λ ∈ P^+.

1.3. We recall the definitions and some properties of category I, completions, and T modules (cf. [2], [3], [4], [14]).

Let I (U_q(g)) be the category of U_q (g)-modules M satisfying: (i) M is a weight module, (ii) U^−_q (g)- action on M is torsion free, and (iii) M is U^+_q (g)-finite, i.e., e_i acts locally nilpotently on M for all i. Fix i ∈ {1, . . . , l}. Set M_n = {m ∈ M| t_im = q^n_i m} for n ∈ Z, M^{ei} = {m ∈ M| e_im = 0}, and M^{ei}_n = M_n ∩ M^{ei} . A module M in I (U_q(g)) is said to be complete with respect to i if f^{n+1}_i : M^{ei}_n → M^{ei}_{−n−2} is bijective for all n ∈ Z^+. A module N in I (U_q(g)) is a completion of M with respect to i provided: (i) N is complete with respect to i, (ii) M is imbedded in N, and (iii) N/M is f_i-finite.

Theorem. (cf. [2], [3], [14])

(i) Every module M in I (U_q(g)) has a completion C_i(M) with respect to i (1 ≤ i ≤ l) and any two such completions are naturally isomorphic.

(ii) Let w ∈ W and M ∈ I (U_q(g)). For any two reduced expressions w = s_{i1} . . . s_{ik} = s_{j1} . . . s_{jk} , there exists an isomorphism F : C_{i1} (C_{i2} . . . (C_{ik} (M)) . . . ) → C_{j1} (C_{j2} . . . (C_{jk} (M)) . . . ) such that F |_M is the identity.

Thus the process of completion depends essentially only on the U_q(sl_2)-representation theory and so we pay special attention to the case g = sl_2.

1.4. For brevity, write U_q = U_q(sl_2) and I = I (U_q(sl_2)). Denote the generators of sl_2 by e, f, t^{±1}.

Let n ∈ Z. The quantum Casimir element C = qt + q^{−1}t^{−1} (q − q^{−1})^2

+ fe acts on the Verma module M(n) as

multiplication by scalar c_n =^{qn+1+q−n−1}_{(q−q−1 )2} . Consider the left ideal I(n) of U_q defined by I(n) = U_q{t − q^{−n−2}, e^{n+2}, (C − c_n)^2}. The T module T (n) is defined as T (n) = U_q /I(n). It is an indecomposable module belonging to the category I and 0 → M(n) → T (n) → M(−n − 2) → 0 is exact.

Theorem. (cf. [3], [14])

(i) The M(n) (n ∈ Z) and the T (n) (n ∈ Z^+) are precisely all the indecomposable objects of the category I. Among these, the M(n) for n ≥ −1 and T (n) for n ∈ Z^+ are the complete ones. The completion of M(−n − 2) is M(n) for n ≥ −1.

(ii) Every module in I is a direct sum (not necessarily finite) of indecomposable ones.

1.5. In the subsections that follow, we recall the main results on Kashiwara’s crystal bases. (cf. [7].)

Let M be a finite dimensional U_q (g)-module. Fix an index i (1 ≤ i ≤ l). By the representation theory of U_q(sl_2), M =

�_{λ∈P}

0≤k≤λ(h_i )

f^{(k)}_i (Ker e_i ∩ M_λ). Hence, every element u ∈ M_λ can be uniquely written

as u = � k≥0 f^{(k)}_i u_k where u_k ∈ Ker e_i ∩ M_{λ+kαi} . The Kashiwara operators ~e_i and ~f_i are defined by

~e_iu = � k≥1 f^{(k−1)} i u_k and ~f_iu = � k≥0 f^{(k+1)} i u_k. It follows that ~e_iM_λ ⊆ M_{λ+αi} and ~f_iM_λ ⊆ M_{λ−αi} .

Also, if u ∈ Ker e_i and n > 0, then ~f_i^nu = f^{(n)}_i u.

Let A be the subring of Q(q) consisting of rational functions regular at q = 0.

Definition. ([7]) A free A-submodule L of M is called a crystal lattice if: (a) M ∼= Q(q) ⊗_A L, (b) L = ⊕_{λ∈P} L_λ where L_λ = L ∩ M_λ, and (c) ~e_iL ⊆ L and ~f_iL ⊆ L, 1 ≤ i ≤ l. A crystal basis of M is a pair (L, B) satisfying the following conditions: (i) L is a crystal lattice of M, (ii) B is a Q-basis of L/qL, (iii) B = ⊔_{λ∈P} B_λ where B_λ = B ∩ (L_λ/qL_λ), (iv) ~e_iB ⊆ B ∪ {0} and ~f_iB ⊆ B ∪ {0}, 1 ≤ i ≤ l, and (v) for b, b^′ ∈ B, ~f_ib = b^′ if and only if b = ~e_ib^′.

For λ ∈ P^+, consider the finite dimensional irreducible U_q(g)-module V (λ) with highest weight λ and highest weight vector u_λ. Let L(λ) be the smallest A-submodule of V (λ) containing u_λ which is stable under ~f_i’s, i.e., L(λ) is the A-span of the vectors of the form ~f_{i1} . . . ~f_{ir} u_λ, where 1 ≤ i_j ≤ l and r ∈ Z^+. Set B(λ) = {b ∈ L(λ)/qL(λ)| b = ~f_{i1} . . . ~f_{ir} u_λ mod qL(λ)} ∖ {0}. Then (L(λ), B(λ)) is a crystal basis of V (λ) (cf. [7], Theorem 2).

Since crystal bases are stable under direct sums, every finite dimensional U_q(g)-module M has a crystal basis.

1.6. Isomorphism of crystal bases is defined as follows:

Definition. Let (L_1, B_1) and (L_2, B_2) be crystal bases of finite dimensional U_q (g)-modules M_1 and M_2, respectively. We say that (L_1, B_1) ∼= (L_2, B_2) if there exists a U_q(g)-isomorphism φ : M_1 → M_2 which induces an isomorphism of A-lattices φ : L_1 → L_2 such that φ̄(B_1) = B_2 where φ̄ : L_1/qL_1 → L_2/qL_2 is the induced isomorphism of Q-vector spaces.

If (L, B) is a crystal basis of a finite dimensional U_q(g)-module M, then there exists an isomorphism M ∼= ⊕_j V (λ_j ) by which (L, B) is isomorphic to ⊕_j (L(λ_j ), B(λ_j )) (cf. [7], Theorem 3).

1.7. Kashiwara’s algebra B_q(g) (cf. [7], [11]) is the Q(q)-algebra generated by e^′_i and f_i, 1 ≤ i ≤ l, subject to relations

e^′_if_j = q^{−aij}_i f_j e^′_i + δ_{ij}

(1.1)

1−a_{ij}�

s=0 (−1)^s(e^′_i)^{(s)}(e^′_j )(e^′_i)^{(1−aij −s)} = 0,

1−a_{ij}�

s=0 (−1)^sf^{(s)}_i f_j f^{(1−aij −s)} i = 0 (i ≠ j).

(1.2)

For the case g = sl_2, write B_q = B_q (sl_2). Then the generators e^′ and f of B_q satisfy

(1.3) e^′f = q^{−2}fe^′ + 1.

For each P ∈ U^−_q (g), there exist unique R, Q ∈ U^−_q (g) such that [e_i, P ] = t_iQ − t^{−1}_i R q_i − q^{−1}_i

. Define

e^′_i ∈ End � U^−_q (g) � by e^′_i(P ) = R. Then, U^−_q (g) is a left B_q (g)-module where e^′_i acts as described and f_i acts by the left multiplication. Moreover, U^−_q (g) is an irreducible B_q(g)-module and U^−_q (g) ∈ O (B_q (g)), where O (B_q(g)) is the category of B_q(g)-modules M satisfying that for all u ∈ M, there exists r ≥ 0 such that e^′_{i1} e^′_{i2} . . . e^′_{ir} u = 0 for any 1 ≤ i_1, . . . , i_r ≤ l. Furthermore, O (B_q(g)) is semisimple and U^−_q (g) is the unique irreducible object of O (B_q(g)), up to isomorphism.

Remark. For each i, e^′_i(1) = 0 and e^′_i(f^p_i ) = q^{−(p−1)}_i [p]_if^{p−1}_i for p ≥ 1.

1.8. Let M belong to the category O (B_q(g)). Fix an index i(1 ≤ i ≤ l). Then

(1.4) M = ⊕_{k≥0}f^{(k)}_i Ker e^′_i .

Define Kashiwara’s operators ~e_i, ~f_i ∈ End (M) by

(1.5) ~e_i � f^{(k)}_i u � = � f^{(k−1)} i u, k ≥ 1 0, k = 0

~f_i � f^{(k)}_i u � = f^{(k+1)} i u,

for u ∈ Ker e^′_i and extend linearly.

Then ~e_i ~f_i = 1. Also, ~f_i ~e_i is the projection onto f_iM with respect to M = f_iM ⊕ Ker e^′_i .

Definition. ([7]) A free A-submodule L of M is called a crystal lattice if: (a) M ∼= Q(q) ⊗_A L, and (b) ~e_iL ⊆ L and ~f_iL ⊆ L, 1 ≤ i ≤ l. A crystal basis of M is a pair (L, B) satisfying the following conditions: (i) L is a crystal lattice of M, (ii) B is a Q-basis of L/qL, (iii) ~e_iB ⊆ B ∪ {0} and ~f_iB ⊆ B, 1 ≤ i ≤ l, and (iv) if b ∈ B such that ~e_ib ∈ B, then b = ~f_i ~e_ib.

Isomorphism of crystal bases of modules in O (B_q (g)) is defined analogously to isomorphism of crystal bases of finite-dimensional modules replacing U_q(g) by B_q(g) in Definition 1.6.

It will be clear from the context if we mean crystal basis in the sense of Definition 1.5 or in the sense of Definition 1.8. Otherwise, we will make the distinction.

Let L(∞) be the smallest A-submodule of U^−_q (g) containing 1 that is stable under ~f_i’s, i.e., L(∞) = A-span of {~f_{i1} . . . ~f_{ir} · 1| 1 ≤ i_j ≤ l; r ∈ Z^+}. Set B(∞) = {b ∈ L(∞)/qL(∞)| b = ~f_{i1} . . . ~f_{ir} · 1 mod qL(∞)}. Then (L(∞), B(∞)) is a crystal basis of U^−_q (g) ([7], Theorem 4). Moreover, any crystal basis of U^−_q (g) coincides with (L(∞), B(∞)) up to a constant multiple.

The relation of (L(∞), B(∞)) to (L(λ), B(λ)) is given by [7], Theorem 5.

2. U_q-modules with B_q-module Structure

In this section we are concerned with U_q-modules endowed with B_q-module structures which allow decompositions that are simultaneously U_q and B_q -invariant.

2.1. For λ ∈ P , we consider M(λ), the Verma module with heighest weight λ. If m_λ is a highest weight vector of M(λ), then M(λ) = U_q(g)m_λ = U^−_q (g)m_λ. Since U^−_q (g) is a B_q(g)-module, M(λ) has a natural B_q(g)-structure via composition of Q(q)-algebra homomorphisms

B_q (g) −−−−→ End � U^−_q (g)

�_Θ −−−−→ End (M(λ)) .

Namely, if φ_λ : U^−_q (g) → M(λ) is the U^−_q (g)-module isomorphism sending 1 to m_λ, then Θ(g) = φ_λgφ^{−1}_λ for g ∈ End � U^−_q (g) � . Hence, if f_i, e^′_i ∈ End � U^−_q (g) � , 1 ≤ i ≤ l, are defined as in 1.7, then f_i, e^′_i ∈ End (M(λ)) are given as follows: f_i · um_λ = Θ(f_i)(um_λ) = φ_λf_i(u) = f_ium_λ and e^′_i · um_λ = Θ(e^′_i)(um_λ) = φ_λe^′_i(u) = e^′_i(u)m_λ for u ∈ U^−_q (g). Using the same symbols for f_i and e^′_i in both cases should create no confusion.

Remark. The following conclusions are evident.

(1) e^′_i · m_λ = 0 for each i.

(2) f_i, e^′_i ∈ End (M(λ)) do not depend on the choice of a highest weight vector. (3) φ_λ : U^−_q (g) → M(λ) is also a B_q (g)-module isomorphism. (4) M(λ) ∈ O (B_q(g)).

(5) M(λ) is irreducible as a B_q (g)-module.

We emphasize Remark 2.1(5) at this point. For example, in sl_2-case, M(−n − 2) is a submodule of M(n)(n ∈ Z^+) with respect to the U_q-structure, but as B_q-modules M(−n − 2) ∼= M(n).

2.2. Next, we study the B_q-structure on T modules and therefore we consider g = sl_2. Let n ∈ Z^+. We aim to extend the B_q-action on M(n) embedded in T (n) to the whole of T (n).

Let z be a U_q-generator of T (n) of weight −n − 2 and let v be a highest weight vector of the Verma submodule of T (n) with highest weight n. Consider the U^−_q -decomposition

(2.1) T (n) = U^−_q · v ⊕ U^−_q · z.

We define f, e^′ ∈ End (T (n)) using (2.1) and f, e^′ ∈ End(U^−_q ) as follows. For u ∈ U^−_q , set

(2.2) f · uv = fuv f · uz = fuz e^′ · uv = e^′(u)v e^′ · uz = e^′(u)z.

The next assertion is easily seen.

Lemma. Equations (2.2) define a B_q-module structure on T (n).

Remark.

(1) Ker e^′ = Q(q)v ⊕ Q(q)z (cf. Remark 1.7). (2) T (n) ∈ O(B_q ).

We call the above standard B_q-structures on Verma and T modules.

2.3. We now consider the category I and collect together desirable properties that any B_q-structure must have with respect to the U_q-structure so that a synchronization of the two would be plausible.

Let M be in I and denote by M^c the generalized c-eigenspace of the quantum Casimir element C on M. Since M is U^+_q -finite and C is central, then M = ⊕_{r∈Z}M^{cr} where c_r =^{qr+1 +q−r−1}_{(q−q−1 )2} . Clearly, c_r = c_{−r−2}.

Definition. Let ~I be the category with objects all finitely generated U_q -modules M in the category I which are also equipped with a B_q-module structure satisfying the following conditions:

(a) f ∈ B_q acts the same as f ∈ U_q;

(b) If e · m = 0 for a weight vector m ∈ M ∖ f · M of weight n ∈ Z, then e^′ · m = 0; (c) If e · m ≠ 0 for a weight vector m ∈ M^{cn} ∖ f · M of weight −n − 2 for n ∈ Z^+, then there exist a Q(q)-subspace T of M such that (1) T is both U_q and B_q-submodule of M, (2) T ∼= T (n) both as U_q and B_q-module where T (n) is endowed with standard B_q-structure, (3) e · m = e · ~m for some U_q-generator ~m of T of weight −n − 2.

Morphisms are defined to be Q(q)-linear maps that are both U_q and B_q -morphisms.

The following lemma and proposition are immediate.

Lemma. Let M be in ~I, m ∈ M ∖ f · M, and p ≥ 1. Then

e^′f^pm = q^{−2p}f^pe^′m +

1 − q^{−2p} 1 − q^{−2} f^{p−1}m.

By the above lemma, the action of e^′ on M is determined by its action on M ∖ f · M. Proposition. (i) The modules M(r), r ∈ Z, and T (n), n ∈ Z^+, with the standard B_q-structures belong to ~I.

(ii) Finite direct sums of modules in ~I are also in ~I.

2.4. We next aim to show:

Theorem. Let M be in ~I. Then M = M^{(1)} ⊕ · · · ⊕ M^{(s)} for some s > 0, where:

(i) M^{(j)} is a U_q and B_q-submodule of M;

(ii) M^{(j)} is U_q -isomorphic either to M(r), r ∈ Z, or T (n), n ∈ Z^+;

(iii) M^{(j)} is B_q -isomorphic either to M(r), r ∈ Z, or T (n), n ∈ Z^+, with standard B_q-structures.

Proof. If follows from Theorem 1.4 and finite generation of M that M = N^{(1)} ⊕ · · · ⊕ N^{(p)} ⊕ · · · ⊕ N^{(s)} where, as U_q -modules, N^{(j)} ∼= M(r_j ) for some r_j ∈ Z for 1 ≤ j ≤ p, and N^{(j)} ∼= T (n_j ) for some n_j ∈ Z^+ for p + 1 ≤ j ≤ s.

For 1 ≤ j ≤ p, let m_j be a highest weight vector of N^{(j)}. It is clear that m_j /∈ f · M and e · m_j = 0. So by Definition 2.3(b), e^′ · m_j = 0. It then follows from Lemma 2.3 that N^{(j)} is stable under e^′, i.e., N^{(j)} is a B_q-submodule as well, and moreover it is equipped with the standard B_q -structure.

Now consider N^{(p+1)} which is U_q-isomorphic to T (n_{p+1}) and for simplicity let n = n_{p+1} and N = N^{(p+1)}. Let z be a U_q-generator of N of weight −n − 2 and let v be a highest weight vector of the Verma submodule of N with highest weight n. Note that z /∈ f · M, e · z ≠ 0, and z ∈ M^{cn} . So by Definition 2.3(c), there exist a Q(q)-subspace T of M which is both U_q and B_q-isomorphic to T (n) with standard B_q-action and a generator ~z of T such that e · z = e · ~z. Set w = z − ~z. Then e · w = 0 and w is of weight −n − 2.

Let R = ⊕^s_{j=1,j≠p+1}N^{(j)}. Then M = R ⊕ N. Hence w = w_R + w_N for some w_R ∈ R, w_N ∈ N, and e · w_R = 0 = e · w_N . Since w_N is of weight −n − 2, it is a linear combination of z and f^{n+1}v and since e · z ≠ 0, then w_N = αf^{n+1}v for some α ∈ Q(q). Consider z_0 = z − w_N = z − αf^{n+1}v. Then, z_0 also generates N and z_0 = w_R + ~z. Therefore N ⊆ R + T and so M = R + T . It is easily seen by weight consideration that the U_q -submodule R ∩ T of T cannot be isomorphic neither to T nor to Verma submodules of T since the corresponding weight spaces of T and N have the same dimension and R + T = R ⊕ N. Hence R ∩ T = {0}, and so M = R ⊕ T as U_q-modules.

Therefore, we can replace N^{(p+1)} in the direct sum we started with by T . Denote T by T^{(p+1)}. Now we replace in the same way one by one the U_q-submodules N^{(p+2)}, . . . , N^{(s)} by U_q -submodules T^{(p+2)}, . . . , T^{(s)} with standard B_q-module structure such that M = N^{(1)} ⊕· · ·⊕N^{(p)} ⊕T^{(p+1)} ⊕· · ·⊕T^{(s)}. This proves the theorem. □

Corollary. Let M be in ~I. Then:

(i) Ker e^′ = ⊕_{r∈Z}(Ker e^′ ∩ M_r);

(ii) Ker e has a Q(q)-basis consisting of weight vectors of the form f^ku where k ∈ Z^+ and u ∈ Ker e^′.

3. Completions of Crystal Bases of Modules in the Category ~I

Now we consider crystal bases in the sense of Definition 1.8 for modules in ~I with any B_q-structure. Since every module in ~I has completion belonging to ~I, as well as a crystal basis, it is natural to examine the interplay between these two concepts. We aim to define a notion of completion of crystal bases of modules in ~I that will be compatible with the notion of completion of modules.

3.1. Let m, n ∈ Z^+. Recall (cf. [7]),

f^{(n)}f^{(m)} = � n + m n � f^{(n+m)}

(3.1)

[n] ∈ q^{−n+1}(1 + qA) for n ≠ 0

(3.2)

[n]! ∈ q^{− n(n−1)2} (1 + qA)

(3.3) � m n � ∈ q^{−n(m−n)}(1 + qA)

(3.4)

where � m n � = [m][m − 1] . . . [m − n + 1]

[1][2] . . . [n] for n > 0 and � m 0 � = 1.

Denote by A^× the units in A. The next lemma is immediate and it holds for crystal lattices both in the sense of Definition 1.8 and in the sense of Definition 1.5.

Lemma. Let L be a crystal lattice of a module M and let ~L = q^raL for some r ∈ Z and a ∈ A^×. Then ~L is also a crystal lattice of M. If r > 0 then ~L � L, while if r < 0 then ~L � L. If r = 0 then ~L = L.

3.2. The following proposition is an analogue of a statement for crystal bases of finite dimensional modules, i.e., in the sense of Definition 1.5. We give a proof for reader’s convenience.

Proposition. Let M and M^′ be in O (B_q (g)) and let φ : M → M^′ be a B_q (g)-module isomorphism. If (L, B) is a crystal basis of M, then (φ(L), φ(B)) is a crystal basis of M^′, where φ is the induced map L/qL → φ(L)/qφ(L).

Proof. Consider the decompositions of both M and M^′ as in (1.4) and ~e_i and ~f_i defined as in (1.5). It is plain that Ker e^′_i � �_{M ′} = φ �Ker e′_i � �_M � and both ~e_i and ~f_i commute with φ. Thus, φ(L) is a crystal lattice of M^′. The restriction φ � L : L → φ(L) is an A-module isomorphism, and so the induced map φ : L/qL → φ(L)/qφ(L) is a Q-vector space isomorphism. Hence φ(B) is a Q-basis of φ(L)/qφ(L). Clearly both ~e_i and ~f_i commute with φ. □

For λ ∈ P , let m_λ be a highest weight vector of the Verma module M(λ) and let φ_λ : U^−_q (g) → M(λ) be a B_q(g)-module isomorphism such that φ_λ(u) = um_λ. Let L^{(λ)} be the A−span of {~f_{i1} . . . ~f_{ip} ·m_λ| 1 ≤ i_j ≤ l; p ∈ Z^+} and B^{(λ)} = {~f_{i1} . . . ~f_{ip} · m_λ| 1 ≤ i_j ≤ l; p ∈ Z^+}, where m_λ = m_λ + qL^{(λ)}. Since (L(∞), B(∞)) is a crystal basis of U^−_q (g), it immediately follows:

Corollary. (L^{(λ)}, B^{(λ)}) is a crystal basis of the Verma module M(λ). Every crystal basis of M(λ) is a nonzero scalar multiple of (L^{(λ)}, B^{(λ)}).

Example. If g = sl_2 and r ∈ Z, then any crystal basis of the Verma module M(r) is of the form (L^{(r)}, B^{(r)}) where L^{(r)} = ⊕_{k∈Z}+ Af^{(k)}m_r and B^{(r)} = {f^{(k)}m_r| k ∈ Z^+} for a highest weight vector m_r.

3.3. Henceforth, we concentrate on the U_q (sl_2)-case. We consider T modules. Recall that � L(∞)^{⊕2}, B(∞)^{⊕2} � is a crystal basis of U^−_q ⊕ U^−_q , where L(∞)^{⊕2} = L(∞) ⊕ L(∞), B(∞)^{⊕2} = (B(∞) × 0) ∪ (0 × B(∞)) ⊂ L(∞)^{⊕2}/qL(∞)^{⊕2}, L(∞) = ⊕_{k∈Z}+ Af^{(k)} · 1 and B(∞) = {f^{(k)} · 1| k ∈ Z^+} where 1 = 1 + qL(∞). The next corollary follows immediately from considering the map ψ_n : U^−_q ⊕ U^−_q → T (n) given by (u_1, u_2) → u_1v + u_2z which is a B_q-module isomorphism where U^−_q ⊕ U^−_q is equipped with the obvious B_q-structure.

Corollary. Let z be a U_q -generator of T (n) of weight −n − 2 and let v be a highest weight vector of Verma submodule of T (n) with highest weight n. Set

L^{{n}} = � ⊕_{k∈Z}+ Af^{(k)}v � ⊕ � ⊕_{k∈Z}+ Af^{(k)}z � and B^{{n}} = {f^{(k)}v mod qL^{{n}}|k ∈ Z^+} ∪ {f^{(k)}z mod qL^{{n}}| k ∈ Z^+}.

Then (L^{{n}}, B^{{n}}) is a crystal basis of T (n). Moreover, if (L, B) is any crystal basis of T (n), then there exist z and v as above such that (L, B) is of the form (L^{{n}}, B^{{n}}).

The following theorem now easily follows from Theorem 2.4, Corollary 3.2 and Corollary 3.3.

Theorem. Let M be a module in the category ~I. Then M belongs to the category O(B_q ) and there exist unique integers r_1, ..., r_m and unique nonnegative integers n_1, ..., n_t such that M has a crystal basis (L, B) which is a direct sum of crystal bases of the form (L^{(ri)}, B^{(ri)}), for i = 1, ..., m, and crystal bases of the form (L^{{nj }}, B^{{nj }}), for j = 1, ..., t. Furthermore, any crystal basis of M is isomorphic to (L, B).

Definition. We call the crystal basis (L, B) from the previous theorem a standard crystal basis of M.

Evidently, the integers r_1, ..., r_m and n_1, ..., n_t depend only on M and not on (L, B). Every crystal basis of an indecomposable module in ~I is obviously a standard crystal basis.

3.4. For M in ~I, recall the decomposition M = ⊕_{k≥0}f^{(k)}Ker e^′ (see 1.8). By Corollary 2.4, Ker e^′ = ⊕_{n∈Z} (Ker e^′ ∩ M_n). Thus we bring the weight spaces of M in the picture and have:

(3.5) M = � k≥0 n∈Z f^{(k)} (Ker e^′ ∩ M_n) .

For a crystal lattice L of M, set L_n = L ∩ M_n. Then L = ⊕_{n∈Z}L_n. Also, set L^e = {m ∈ L | em = 0} = L ∩ M^e and L^e_n = L^e ∩ M_n = L ∩ M^e_n.

Lemma. Let M be in ~I and let L be a crystal lattice of M. Then ~f^{n+1}(M^e_n) ⊆ M^e_{−n−2} and ~f^{n+1}(L^e_n) ⊆ L^e_{−n−2} for n ∈ Z^+.

Proof. Let m ∈ M^e_n. By Corollary 2.4, m = � k≥0 f^{(k)}u_k where f^{(k)}u_k ∈ M^e and u_k ∈ Ker e^′ ∩ M_{n+2k}.

Thus ~f^{n+1}m = � k≥0 ~f n+1f (k)u_k = �_{k≥0} f (n+1+k)u_k ∈ M_{−n−2}. Furthermore, utilizing (3.1) and commutation relations,

e ~f^{n+1}f^{(k)}u_k= 1 �_{n+k+1} n+1 � ef^{(n+1)}f^{(k)}u_k = 1 �_{n+k+1} n+1 � � f^{(n+1)}e + f^{(n)} q^{−n}t − q^nt^{−1} q − q^{−1} � f^{(k)}u_k = 0

for all k ≥ 0. Therefore ~f^{n+1}m ∈ M^e, and so ~f^{n+1}(M^e_n) ⊆ M^e_{−n−2}. In addition, since ~f(L) ⊆ L, then ~f n+1(Le_n) ⊆ Le_{−n−2}. □

Definition. Let L be a crystal lattice of a module M in ~I. We say L is complete if ~f^{n+1} : L^e_n → L^e_{−n−2} is bijective for all n ∈ Z^+. A crystal lattice ~L of the completion C(M) of M is said to be a completion of a crystal lattice L of M provided

(i) L^e ⊆ ~L and ~L ⊂/ L; (ii) ~L ∩ M = ~L ∩ L;

(iii) ~L/(~L ∩ L) is a crystal lattice of C(M)/M (to be precise, its image under ~L/(~L ∩ L) → C(M)/M).

Remark. (i) Unlike the case of modules where C(M) contains M, one cannot expect ~L to contain L. If we consider crystal lattices of a reducible Verma module and its irreducible Verma U_q - submodule, denoted by L_1 and L_2 respectively, although L_1 is isomorphic to L_2, when talking about completions we are interested in their exact relationship and indeed L_2 ⊈ L_1. Moreover, we observe that there is no p ∈ Z such that q^pL_2 ⊆ L_1. In fact, the actions of the Kashiwara operators ~e and ~f on L_1 and L_2 are different, i.e., ~e_M ≠ (~e_{C(M)})|_M and ~f_M ≠ ( ~f_{C(M)})|_M .

(ii) Condition (iii) in Definition 3.4 is a very natural connection to expect between crystal lattices and completions. Also, we note that C(M)/M is a finite dimensional U_q -module, thus condition (iii) gives a connection between crystal lattices arising from the B_q-structures, i.e., in the sense of Definition 1.8, with crystal lattices arising from the U_q -structures, i.e., in the sense of Definition 1.5.

(iii) The condition ~L ⊂/ L, i.e., ~L is not properly contained in L, follows from condition (iii) in the case that L is a crystal lattice of a module M that is not complete.

Proposition. Let L be a crystal lattice of a module M in ~I and let ~L be a completion of L. Then ~Le_{−n−2} = Le_{−n−2} for all n ∈ Z+.

Proof. Let n ∈ Z^+. We note that since C(M)/M is a finite dimensional U_q -module, then (C(M)/M)^e_{−n−2} = 0, and so C(M)^e_{−n−2} = M^e_{−n−2}. Now, by Definition 3.4(ii), ~L^e_{−n−2} = ~L ∩ C(M)^e_{−n−2} = ~L ∩ M^e_{−n−2} = (~L ∩ M) ∩ M^e_{−n−2} = (~L ∩ L) ∩ M^e_{−n−2} = ~L^e_{−n−2} ∩ L^e_{−n−2}. Hence, ~L^e_{−n−2} ⊆ L^e_{−n−2}. The claim now follows from Definition 3.4(i). □

3.5. Let (L, B) be a crystal basis of M. Set B_n = L_n/qL_n ∩ B where L_n/qL_n = {m mod qL | m ∈ L_n}. Then B = ⊔_{n∈Z}B_n. Also set B^e_n = (L_n/qL_n)^e ∩ B where (L_n/qL_n)^e = {m mod qL | m ∈ L^e_n}. Lemma. Let M be in ~I and let (L, B) be a crystal basis of M. Then: (i) ~f^{n+1}(B^e_n) ⊆ B^e_{−n−2} for n ∈ Z^+;

(ii) If L is complete, then ~f^{n+1} : B^e_n → B^e_{−n−2} is bijective for all n ∈ Z^+.

Proof. Part (i) of the Lemma follows from Lemma 3.4 and from B being invariant under ~f. It is easily seen from Corollary 2.4 that B^e_n is a basis of (L_n/qL_n)^e, thus implying part (ii). □

Let φ : ~L/q ~L →

~L/(L ∩ ~L) q � ~L/(L ∩ ~L)

� be the induced Q-epimorphism from the canonical A-epimorphism

φ : ~L → ~L/(L ∩ ~L).

Definition. A crystal basis (L, B) of M in ~I is said to be complete if the crystal lattice L is complete. A crystal basis (~L, ~B) of C(M) is a completion of a crystal basis (L, B) if

(1) ~L is a completion of L, (2) � ~L/(L ∩ ~L), φ( ~B) � is a crystal basis of C(M)/M,

The next theorem verifies that the above definition of completeness for crystal bases is compatible with the notion of completeness for modules.

Theorem. Let (L, B) be a crystal basis of a module M in ~I. Then (L, B) is complete if and only if M is complete.

Proof. Let M be complete and let n ∈ Z^+. Then f^{n+1} : M^e_n → M^e_{−n−2} is bijective. Since M is in ~I, its weight spaces are finite dimensional. Hence, (3.6) dim_{Q(q)} M^e_n = dim_{Q(q)} M^e_{−n−2}.

L is a crystal lattice of M, so there is an A-basis of L that is also a Q(q)-basis of M. This basis is made up of weight vectors of the form f^{(k)}u where k ≥ 0 and u ∈ Ker e^′. If a nonzero sum of such vectors is annihilated by e, then also each of them is (see Theorem 2.4 and Corollary 2.4). Thus, a Q(q)-basis of M^e_n is an A-basis of L^e_n. By (3.6), rank_A L^e_n = rank_A L^e_{−n−2}. Now, since A has the invariant dimension property and since ~e ~f = 1 on M, then ~f^{n+1} : L^e_n → L^e_{−n−2} is bijective. The converse is true since f is injective on M, and the above steps can be reversed for a fixed n. □ Example. The modules T (n) for n ∈ Z^+ and M(n) for n ≥ −1 are complete, so their crystal bases defined in 3.3 and 3.2, respectively, are complete by the theorem. This can also be seen directly from the Definitions 3.4 and 3.5.

Corollary. A complete crystal basis (L, B) of a module M in ~I is a completion of itself. Furthermore, L is the only completion of itself.

Proof. By the previous theorem, (L, B) being complete implies M = C(M). It is obvious that a crystal basis of a complete module satisfies Definitions 3.4 and 3.5 for being a completion of itself. Now assume ~L is another completion of L. Then ~L = ~L∩C(M) = ~L∩M = ~L∩L, thus ~L ⊆ L. The desired conclusion follows from the condition ~L ⊂/ L. □

3.6. The rest of the section is devoted to the proof of the following theorem.

Theorem. A standard crystal basis (L, B) of any module M in ~I has a completion. Moreover, there exists a unique standard crystal lattice which is a completion of L.

By Theorem 3.3, every module M in category ~I has a standard crystal basis, thus it has a crystal basis that can be completed as in the above theorem.

We first prove:

Proposition. A crystal basis (L, B) of any indecomposable module M in ~I has a completion. Furthermore, L has a unique completion.

Proof. By Theorem 3.5 and Corollary 3.5, in order to show existence, we need to consider only Verma modules in ~I which are not complete. Let M be a Verma module with highest weight −n − 2 for some n ∈ Z^+ and let L be its crystal lattice. Then L = ⊕_{k≥0}Af^{(k)}m_0 for some highest weight vector m_0 of M and L is clearly not complete. Since M has a completion C(M) and f^{n+1} : C(M)^e_n → C(M)^e_{−n−2} = M^e_{−n−2} is bijective, there exists ~m in C(M)^e_n such that f^{(n+1)} ~m = m_0. Let ~L = ⊕_{k≥0}Af^{(k)} ~m and ~B = {f (k) ~m + q ~L| k ∈ Z+}. Then (~L, ~B) is a crystal basis of C(M) and we claim it is a completion of (L, B).

It follows from subsection 3.1 that

L = ⊕_{k≥0}Af^{(k)}f^{(n+1)} ~m = ⊕_{k≥0}A � n + 1 + k k � f^{(n+1+k)} ~m = ⊕_{k≥0}Aq^{−k(n+1)}f^{(n+1+k)} ~m.

The last equality is a consequence of the elements of 1 + qA being units in A.

We have L^e = Am_0 ⊆ ~L, ~L ∩ L = ⊕_{k≥0}Af^{(n+1+k)} ~m, and ~L/(~L ∩ L) = ⊕^n_{k=1}Af^{(k)}m where m = ~m + q(~L ∩ L). Thus the conditions (i)-(iii) of Definition 3.4 are satisfied. It is now easy to check condition (2) of Definition 3.5.

Uniqueness follows from parts (i) and (ii) of Definition 3.4. □

Remark. (i) Considering the lattice ~L from the proof of previous proposition, notice that ~L ∩ M = ⊕_{k≥0}Af^{(n+1+k)} ~m which is a proper A-submodule of the crystal lattice L = ⊕_{k≥0}Aq^{−k(n+1)}f^{(n+1+k)} ~m of M, i.e., in order to complete L to a crystal lattice of C(M) that is invariant under Kashiwara operators ~e_{C(M)} and ~f_{C(M)}, L has to be made “thinner” as an A-lattice in a particular way.

(ii) Using the proof of the previous proposition, we can also see the following. Let n ∈ Z^+ and let M = M(n) be the Verma module with highest weight n and M^′ its unique Verma submodule. Let L be any crystal lattice of M and L^′ any crystal lattice of M^′. Then, there exists r ∈ Z^+ such that L/(L ∩ q^{−r}L^′) is isomorphic to a crystal lattice of the irreducible U_q -module M/M^′.

3.7.

Proposition. Direct sum of completions of crystal bases is a completion of direct sum of crystal bases.

Proof. For i = 1, 2, let (L_i, B_i) be a crystal basis of M_i and (~L_i, ~B_i) its completion. We claim that (~L_1, ~B_1) ⊕ (~L_2, ~B_2) is a completion of (L_1, B_1) ⊕ (L_2, B_2). Since both crystal bases and completions of modules in ~I respect direct sums, (~L_1, ~B_1) ⊕ (~L_2, ~B_2) = (~L_1 ⊕ ~L_2, ~B_1 ⊔ ~B_2) is a crystal basis of C(M_1) ⊕ C(M_2) = C(M_1 ⊕ M_2). Condition (i) of Definition 3.4 is evident since (L_1 ⊕ L_2)^e = L^e_1 ⊕ L^e_2 ⊆ ~L_1 ⊕ ~L_2. Furthermore, ~L_1 ⊕ ~L_2 ⊂/ L_1 ⊕ L_2. By definition, ~L_i ∩ M_i = ~L_i ∩ L_i. Clearly, for i ≠ j,

M_i ∩ ~L_j = 0. Therefore, (~L_1 ⊕ ~L_2) ∩ (M_1 ⊕ M_2) = (~L_1 ⊕ ~L_2) ∩ (L_1 ⊕ L_2), so condition (ii) is satisfied, as well. Next,

(~L_1 ⊕ ~L_2)/ � (~L_1 ⊕ ~L_2) ∩ (L_1 ⊕ L_2) � = (~L_1 ⊕ ~L_2)/ � (~L_1 ∩ L_1) ⊕ (~L_2 ∩ L_2) � ∼ = ~L1/(~L1 ∩ L1) ⊕ ~L2/(~L2 ∩ L2).

On the other hand,

C(M_1 ⊕ M_2)/(M_1 ⊕ M_2) = � C(M_1) ⊕ C(M_2) � / � M_1 ⊕ M_2 � ∼ = C(M1)/M1 ⊕ C(M2)/M2.

Condition (iii) now follows from crystal lattices respecting direct sums. Furthermore, it is easy to see that φ̄(~B_1 ⊔ ~B_2) = φ̄(~B_1) ⊔ φ̄(~B_2) proving condition (2) of Definition 3.5. □

Lemma. Let M be a module in ~I and suppose L_i, L^′_i, i = 1, . . . , k, are crystal lattices of indecomposable submodules of M such that L_1 ⊕ L_2 ⊕ · · · ⊕ L_k = L^′_1 ⊕ L^′_2 ⊕ · · · ⊕ L^′_k. If ~L_i, ~L^′_i are the completions of L_i, L^′_i, respectively, then ~L_1 ⊕ ~L_2 ⊕ · · · ⊕ ~L_k = ~L^′_1 ⊕ ~L^′_2 ⊕ · · · ⊕ ~L^′_k.

Proof. It suffices to consider the case when M is a generalized eigenspace of the Casimir element with eigenvalue c_n. If all of the L_i are complete, then so is L_1 ⊕ L_2 ⊕ · · · ⊕ L_k and we are done using Proposition 3.7 and Corollary 3.5. To simplify the notation we consider only the case when k = 2, L_1 is a crystal lattice of a Verma submodule of M with highest weight n, and L_2 is a crystal lattice of a Verma submodule of M of highest weight −n − 2. The proof of the general case is similar, but with more involved notation. It is clear that either L^′_1 or L^′_2 is a crystal lattice of a Verma submodule of M with highest weight n, so we assume it is L^′_1. Furthermore, it is then obvious from the condition L_1 ⊕ L_2 = L^′_1 ⊕ L^′_2 that we must have L_1 = L^′_1 = ~L_1 = ~L^′_1. Let v ∈ Ker e^′ ∩ M_n and u, u^′ ∈ Ker e^′ ∩ M_{−n−2} be such that L_1, L_2, L^′_2 are the A-spans of f^{(i)}v, f^{(i)}u, f^{(i)}u^′(i ≥ 0), respectively. Clearly u^′ = af^{(n+1)}v + bu where a, b ∈ A. Since u ∈ L^′_1 ⊕ L^′_2, then b ∈ A^×. Let m, m^′ be the unique elements in C(M) such that f^{(n+1)}m = u and f^{(n+1)}m^′ = u^′. Then ~L_2 = � i≥0 Af^{(i)}m and ~L′_2 = �_{i≥0} Af (i)m′ by the proof of Proposition 3.6. Also, f (n+1)m′ = f (n+1)(av + bm). Since M is

U^−_q -torsion free, then m^′ = av + bm ∈ ~L_1 ⊕ ~L_2 and m = b^{−1}(m^′ − av) ∈ ~L^′_2 ⊕ ~L^′_1 proving the lemma in this case. □

3.8. It is convenient to have the following definition.

Definition. Let M_1, M_2 be modules in ~I and let (L_1, B_1), (L_2, B_2) be crystal bases of M_1, M_2, respectively. We say that (L_1, B_1) is strongly isomorphic to (L_2, B_2) if there exists a B_q -isomorphism φ : M_1 → M_2 such that

(i) φ induces an isomorphism of the crystal bases (L_1, B_1) and (L_2, B_2); (ii) φ is weight-preserving; (iii) φ(Ker e|_{M1} ) = Ker e|_{M2} .

For example, any two standard crystal basis of a module in ~I are strongly isomorphic. Proof of Theorem 3.6. By Definition 3.3, a standard crystal basis is a direct sum of crystal bases of the form (L^{(ri)}, B^{(ri )}), for i = 1, ..., m, and crystal bases of the form (L^{{nj }}, B^{{nj }}), for j = 1, ..., t, where the integers r_i and n_j depend on M, i.e., these are the highest weights of Verma and T modules present in a decomposition of M. The first claim of the theorem now follows from Propositions 3.6 and 3.7.

We now prove the uniqueness of completion of L. Since L is a standard crystal lattice of M, then L = L_1 ⊕ · · · ⊕ L_k for some crystal lattices L_i, i = 1, ..., k, of indecomposable U_q-submodules M_i of M such that M = M_1 ⊕ · · · ⊕ M_k. If ~L_i denotes the completion of L_i, then ~L_1 ⊕ · · · ⊕ ~L_k is a completion of L. Let ~L^′ denote another standard completion of L. Then ~L^′ is a crystal lattice of

C(M) = C(M_1) ⊕ · · · ⊕ C(M_k), thus it is a direct sum of standard crystal lattices L^{′′}_i , i = 1, ..., k, of indecomposable submodules M^{′′}_i of C(M) such that C(M) = M^{′′}_1 ⊕· · ·⊕M^{′′}_k and such that L^{′′}_i is strongly isomorphic to ~L_i, i = 1, ..., k (up to reordering). Since L, L^{′′}_1 , ..., L^{′′}_k are standard crystal lattices and L^{′′}_1 ⊕· · ·⊕L^{′′}_k is a completion of L, it is easily seen that there exist crystal lattices L^′_i, i = 1, ..., k, strongly isomorphic to L_i, i = 1, ..., k, respectively, such that L^{′′}_i is a completion of L^′_i and L = L^′_1 ⊕ · · · ⊕ L^′_k. The conclusion now follows from the previous lemma. �

4. Constructions of Completions of Crystal Lattices

We now construct a completion of a crystal lattice modifying Deodhar’s construction of completion for modules in ~I. By Theorems 2.4 and 3.5 and Proposition 3.7, it suffices to consider crystal bases of Verma modules M(−n − 2) for n ∈ Z^+.

4.1. We start by recalling Deodhar’s construction (cf. [2], [14]). Denote by A (U_q) the category of U_q(g)-weight modules that are U^−_q -torsion free. For M in A (U_q), let S_M be the set of formal symbols S_M = {f^{−r}m| r ∈ Z^+, m ∈ M}. Define an equivalence relation ∼ on S_M by f^{−r}m ∼ f^{−k}m^′ iff f^km = f^rm^′. Set D(M) = S_M / ∼. Then D(M) has a vector space structure. For z ∈ U_q and r ∈ Z^+, there exist u ∈ U_q and s ∈ Z^+ such that f^sz = uf^r. Now, for f^{−r}m ∈ D(M) and z ∈ U_q , define z · f^{−r}m = f^{−s}um. This action makes D(M) a U_q -module.

Any nonzero element v ∈ D(M) can be uniquely expressed as f^{−n}m (n ∈ Z^+, m ∈ M) where n is minimal with respect to this property. This expression is called the minimal expression for v. Clearly, f^{−n}m is a minimal expression iff m /∈ fM. Also, v ∈ M iff n = 0 in the minimal expression for v.

Set C(M) = {v ∈ D(M)| e^kv = 0 for some k > 0}. Theorem. (cf. [2], [14]) Let M be a a module in the category I. (i) C(M) is a completion of M.

(ii) Let v ∈ D(M) ∖ M be a weight vector such that tv = q^av for some a ∈ Z and let v = f^{−n}m be the minimal expression for v. Then v ∈ C(M) iff the following two conditions are satisfied: (a) a = n − j for some j > 0, and (b) e^kf^{k−j} m = 0 for some k ≥ j.

The next corollary gives basis vectors for the completion C(M) of an irreducible Verma module M. Corollary. Let M be the Verma module with highest weight −n − 2 for n ∈ Z^+ and let m_0 be a highest weight vector of M. Then the completion of M is C(M) = ⊕_{k≥−n−1}Q(q)f^km_0.

Proof. Applying Deodhar’s construction on M = ⊕_{k≥0}Q(q)f^km_0, we obtain D(M) = ⊕_{k∈Z}Q(q)f^km_0 because f is injective and f^{−r}f^km_0 = f^{k−r}m_0 for r, k ∈ Z^+. Since M ⊂ C(M), we need to consider only f^{−k}m_0 for k > 0. By Theorem 4.1(ii), f^{−k}m_0 ∈ C(M) iff (a) −n − 2 + 2k = k − j for some j > 0, and (b) e^pf^{p−j} m_0 = 0 for some p ≥ j. This is equivalent to k < n + 2 (p = j = n + 2 − k). □ 4.2. It is convenient to introduce the following formal notation. Set [−k]! = [−1] . . . [−k] and

f^{(−k)}m = f^{−k}m [−k]!

for k > 0 and m ∈ M. Then [−k]! = (−1)^k[k]! and f^{(k)}m = f^km [k]!

for k ∈ Z and m ∈ M.

For i, k ∈ Z^+ and m ∈ M,

(4.1) f^{(i)}f^{(−k)}m = f^i [i]!

f^{−k}m [−k]! = f^{i−k}m [i]![−k]! = [i − k]! [i]![−k]!

f^{(i−k)}m.

Thus, C(M) = ⊕_{k≥−n−1}Q(q)f^{(k)}m_0 = ⊕_{i≥0}Q(q)f^{(i)}f^{(−n−1)}m_0, where we follow the notation of Corollary 4.1.

4.3. We now construct directly from the crystal lattice of an irreducible Verma module a crystal lattice of its completion. Lemma.

(a) If i ≤ n, then 1 = 1 1 + q^{−(i−n−1)} a^∗ for some a^∗ ∈ A^×.

(b) If i > n, then q^{i−n−1} = 1 1 + q^{−(i−n−1)} a^∗ for some a^∗ ∈ A^×.

Proof. (a) For i ≤ n, 1 + q^{−i+n+1} ∈ A^×.

(b) For i > n, 1 1 + q^{−(i−n−1)} = q^{i−n−1} q^{i−n−1} + 1

, so let a^∗ = 1 + q^{i−n−1} ∈ A^×. □

Proposition. Let M be the Verma module with highest weight −n − 2 for some n ∈ Z^+ and let m_0 be a highest weight vector. Then

(i) the A-module ~L generated by � 2q^{n(i−n−1)} 1 + q^{−(i−n−1)} f^{(i−n−1)}m_0| i ≥ 0 � is a crystal lattice of C(M);

(ii) ~L is a completion of the crystal lattice L = ⊕_{k≥0}Af^{(k)}m_0 of M.

Proof. (i) By Corollary 4.1, C(M) is a Verma module with a highest weight vector f^{(−n−1)}m_0. Thus, a crystal lattice of C(M) is of the form ~L = ⊕_{i≥0}Ar(q)f^{(i)}f^{(−n−1)}m_0 for r(q) ∈ Q(q). Utilizing (3.3), we have the following:

f^{(i)}f^{(−n−1)}m_0 = (−1)^{n+1}

[i − n − 1]! [i]![n + 1]!

f^{(i−n−1)}m_0

= (−1)^{n+1}

[i − n − 1]!

q^{− 1}2^{[(i−1)i+n(n+1)]}(1 + aq) f^{(i−n−1)}m_0 for some a ∈ A.

Case 1: i ≥ n + 1

f^{(i)}f^{(−n−1)}m_0 = (−1)^{n+1} q^{− 12 (i−n−2)(i−n−1)}(1 + a^′q) q^{− 1}2^{[(i−1)i+n(n+1)]}(1 + aq) f^{(i−n−1)}m_0 for some a^′ ∈ A

= a^∗q^{(i−1)(n+1)}f^{(i−n−1)}m_0 for some a^∗ ∈ A^×. Case 2: 0 ≤ i ≤ n

f^{(i)}f^{(−n−1)}m_0 = (−1)^{n+1}(−1)^{n+1−i} q^{− 12 (n−i)(n+1−i)}(1 + a^′q) q^{− 1}2^{[(i−1)i+n(n+1)]}(1 + aq) f^{(i−n−1)}m_0 for some a^′ ∈ A

= a^∗q^{ni}f^{(i−n−1)}m_0 for some a^∗ ∈ A^×.

(4.2)

Hence, for r(q) = q^{−n(n+1)}, we have by Lemmas 3.1 and 4.3

~L = ⊕_{i≥0}Aq^{−n(n+1)}f^{(i)}f^{(−n−1)}m_0 = � ⊕^n_{i=0}Aq^{n(i−n−1)}f^{(i−n−1)}m_0 � ⊕ � ⊕_{i≥n+1}Aq^{(n+1)(i−n−1)}f^{(i−n−1)}m_0 �

= ⊕_{i≥0}A q^{n(i−n−1)} 1 + q^{−(i−n−1)} f^{(i−n−1)}m_0 = ⊕_{i≥0}A

2q^{n(i−n−1)} 1 + q^{−(i−n−1)} f^{(i−n−1)}m_0.

(ii) Evidently, L^e = Am_0 ⊆ ~L, ~L ⊂/ L, and ~L ∩ M = ⊕_{j≥0}Aq^{j(n+1)}f^{(j)}m_0 = ~L ∩ L. Next,

~L/(~L ∩ L) = ⊕^n_{i=0}Aq^{−n(n+1−i)}f^{(−n−1+i)}m_0 where m_0 = m_0 + ~L ∩ L

= ⊕^n_{i=0}Aq^{−n(n+1)}f^{(i)}f^{(−n−1)}m_0 by (4.2).

Since q^{−n(n+1)}f^{(−n−1)}m_0 (in fact, its image under ~L/(~L ∩ L) → C(M)/M) is a highest weight vector of C(M)/M, then ~L/(~L ∩ L) is a crystal lattice of C(M)/M. Thus, ~L is a completion of L. □ Remark. (i) The above proposition gives the basis vectors of a crystal lattice of C(M) in a closed form. However, if we remove the A^×-multiples from the given basis vectors of ~L, they come down to (4.3) � q^{n(i−n−1)}f^{(i−n−1)}m_0 for 0 ≤ i ≤ n q^{(n+1)(i−n−1)}f^{(i−n−1)}m_0 for i > n

and they generate the same crystal lattice ~L.

(ii) If we start with the lattice from Proposition 4.3 and apply f^{(n+1)} to its highest weight vector, we get:

f^{(n+1)} � 2q^{−n(n+1)} 1 + q^{n+1} f^{(−n−1)}m_0 � = 2q^{−n(n+1)} 1 + q^{n+1}

[0]!

[n + 1]![−n − 1]!

m_0 = a^∗m_0 for some a^∗ ∈ A^×.

In other words, m_0 ∈ ~L.

4.4. In the last subsection, we show how an operator defined by Kashiwara in [6] can be applied to a certain A-lattice in order to deform it to a crystal lattice of the completion.

We consider the A-lattices L in M = M(−n − 2) and L^♯ in C(M) where L = ⊕_{k≥0}Af^{(k)}m_0 and L^♯ = ⊕_{k≥−n−1}Af^{(k)}m_0. Note that L is a crystal lattice of M, but L^♯ is not its completion. Actually, L^♯ is not even a crystal lattice since ~e(L^♯) ⊈ L^♯ where ~e denotes the Kashiwara operator on C(M). However, we will directly transform L^♯ to a completion of L.

Let △ = qt + q^{−1}t^{−1} + (q − q^{−1})^2fe − 2 be a central element of U_q and consider the action of qt△ on C(M). For k > 0, f^k△ = △f^k, thus △f^{−k}m_0 = f^{−k}△m_0. Hence △f^{(k)}m_0 = f^{(k)}△m_0 = � q^{−n−1} + q^{n+1} − 2 � f^{(k)}m_0 for k ≥ −n − 1.

Now, qt△f^{(k)}m_0 = � q^{−n−1} + q^{n+1} − 2 � q^{−n−1−2k}f^{(k)}m_0 = � (q^{−n−1} − 1)q^{−k}

�_2 f^{(k)}m_0. We define (qt△)^{12} ∈ End � C(M) � as follows: (qt△)^{12} f^{(k)}m_0 = q^{−k}(q^{−n−1} − 1)f^{(k)}m_0 for k ≥ −n − 1 (cf.[6]).

Thus, (qt△)^{− 12} ∈ End � C(M) � is defined by

(4.4) (qt△)^{− 12} f^{(k)}m_0 = q^k(q^{−n−1} − 1)^{−1}f^{(k)}m_0

for k ≥ −n − 1. Let S_n ∈ End � C(M) � be given by

(4.5) S_n = � q^{−n−1}(qt△)^{− 12} , on C(M)_ℓ for ℓ ≤ −n − 2 id, on C(M)_ℓ for ℓ > −n − 2.

Proposition. Let L = ⊕_{k≥0}Af^{(k)}m_0 be a crystal lattice of the Verma module M with highest weight −n − 2, and let L^♯ = ⊕_{k≥−n−1}Af^{(k)}m_0. Then q^{−n(n+1)}S_n(qt△)^{− n2} L^♯ is a completion of L.

Proof. We note that q^{−n−1} − 1 = aq^{−n−1} where a = 1 − q^{n+1} ∈ A^×. It follows from (4.4) that (qt△)^{− n2} L^♯ = ⊕_{k≥−n−1}Aq^{nk}(q^{−n−1})^{−n}f^{(k)}m_0 = ⊕_{k≥−n−1}Aq^{n(k+n+1)}f^{(k)}m_0. Also, for k ≥ 0,

(4.6) S_nf^{(k)}m_0 = q^{−n−1}q^k(q^{−n−1} − 1)^{−1}f^{(k)}m_0 = q^ka^{−1}f^{(k)}m_0. Therefore,

q^{−n(n+1)}S_n(qt△)^{− n2} L^♯ = S_n � ⊕_{k≥−n−1}Aq^{nk}f^{(k)}m_0 �

= � ⊕_{k≥0}Aq^{(n+1)k}f^{(k)}m_0 � ⊕ � ⊕_{−n−1≤k<0}Aq^{nk}f^{(k)}m_0 � . Hence, q^{−n(n+1)}S_n(qt△)^{− n2} L^♯ is the A-lattice generated by the same vectors as in (4.3). Therefore, it is equal to the crystal lattice ~L from the Proposition 4.3 which is a completion of L. □

References

[1] V. Chari, D. Jakelić, and A. Moura, Branched crystals and the category O, J. Algebra 294 (2005), 51-72. [2] V. Deodhar, On a construction of representations and a problem of Enright, Invent. Math. 57 (1980), 101-118. [3] T.J. Enright, On the fundamental series of a real semisimple Lie algebra: their irreducibility, resolutions and multiplicity formulae, Ann. of Math. 110 (1979), 1-82.

[4] D. Jakelić, Structure of T modules and restricted duals: the classical and the quantum case, Comm. Algebra 31 11 (2003), 5343-5354.

[5] S.-J. Kang, M. Kashiwara, and K. Misra, Crystal bases of Verma modules for quantum affine Lie algebras, Compositio Math. 92 (1994), 299-325.

[6] M. Kashiwara, Crystalizing the q-analogue of universal enveloping algebras, Comm. Math. Phys. 133 (1990), 249- 260.

[7] M. Kashiwara, On crystal bases of the q-analogue of universal enveloping algebras, Duke Math. J. 63 No.2 (1991), 465-516.

[8] P. Littelmann, A Littlewood-Richardson rule for symmetrizable Kac-Moody algebras, Invent. Math. 116 (1994), 329-346.

[9] P. Littelmann, Paths and root operators in representation theory, Ann. of Math. 142, No. 3 (1995), 499-525. [10] G. Lusztig, Canonical bases arising from quantized enveloping algebras, J. Amer. Math. Soc. 3 (1990), 447-498. [11] T. Nakashima, Extremal projectors of q-boson algebras, Comm. Math. Phys. 244 (2004), 285-296. [12] T. Nakashima and A. Zelevinsky, Polyhedral realizations of crystal bases for quantized Kac-Moody algebras, Adv.

Math. 131 (1997), 253-278.

[13] S. Zelikson, Structures cristallines pour une classe d’indécomposable de U_q (sl_2), Bull. Sci. Math. 123 (1999), 527-561.

[14] Y.M. Zou, Completions of certain modules over quantum groups, Comm. Algebra 23 7 (1995), 2401-2428.

Department of Mathematics, University of Virginia, Charlottesville, VA 22904

E-mail address: dj7m@virginia.edu