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Abstract. A representation of a specialization of a g-deformed class one lattice gl,, -Whittaker
function in terms of cohomology groups of line bundles on the space QM (P’) of quasi-maps
P! — P? of degree d is proposed. For ¢ = 1, this provides an interpretation of non-specialized
g-deformed gl,-Whittaker function in terms of QM y(PP!). In particular the (g-version of) Mellin-
Barnes representation of gly,-Whittaker function is realized as a semi-infinite period map. The
explicit form of the period map manifests an important role of g-version of I'-function as a
substitute of topological genus in semi-infinite geometry. A relation with Givental-Lee universal
solution (J-function) of ¢-deformed gl,-Toda chain is also discussed.

Introduction

In the first part [GLO1] of this series of papers we have proposed an explicit representation of a g-
deformed class one lattice gl,, ;-Whittaker function defined as a common eigenfunction of a complete
set of commuting quantum Hamiltonians of g-deformed gl,, ;-Toda chain. Here “class one” means
that Whittaker function is non-zero only in the dominant domain. On ¢-deformed Toda chains see
e.g. [Et]. The case £ = 1 was discussed previously in [GLO3] (for related results in this direction
see [KLS], [GiL], [GKL1], [BF], [FFJMM]). A special feature of the proposed representation is
that g-deformed class one gl,,;-Whittaker function \Ifg“l(g) with 2 = (21,...,2¢41) and p =
(p1,...,pes1) € ZEF, is given by a character of a C* x G Ly, (C)-module Vp. The expression in
terms of a character can be considered as a g-version of Shintani-Casselman-Shalika representation
of class one p-adic Whittaker functions [Sh], [CS]|. Indeed our representation of g-deformed gl ;-
Whittaker function reduces, in a certain limit, to the Shintani-Casselman-Shalika representation
of p-adic Whittaker function. Note that the representation g-deformed Whittaker function as a
character is a g-analog of the Givental integral representation [Gi2], [GKLO] of the classical gl,, -
Whittaker function.

The main objective of this paper is a better understanding of the representation of g-deformed
gly 1-Whittaker function as a character. Below we will consider a specialization of the g-deformed
Whittaker function given by the trace over C* x GLy11(C)-module V,, j (in the case £ =1 there is
actually no specialization). Our main result is presented in Theorem 3.1. We provide a description
of C* x GLy41(C)-module V,, 1, as a zero degree cohomology group of a line bundle on an algebraic

version L'IP’e of a semi-infinite cycle L]P’K_A'_ in a universal covering LP' of the space of loops in P
We define E]P’K as an appropriate limit d — oo of the space QM (P?) of degree d quasi-maps
of P! to P* [Gil], [CJS]. In particular for ¢ = 1 this provides a description of a g-deformed gl,-
Whittaker function in terms of cohomology of line bundles over EIPﬂ_. A universal solution of
the g-deformed gl,,-Toda chain [GiL] was given in terms of cohomology groups of line bundles
over QM (X), X = G/B for finite d. We demonstrate how our interpretation of the g-deformed
gl,,1-Whittaker function is reconciled with the results of [GiLJ.



Using Theorems 3.1, we interpret a g-version of the Mellin-Barnes integral representation of
the specialized ¢-Whittaker function as a semi-infinite analog of the Riemann-Roch-Hirzebruch
theorem. The corresponding Todd class is expressed in terms of a g-version of I'-function. Anal-
ogously, the classical I'-function appears in a description of the fundamental class of semi-infinite
homology theory and enters the Mellin-Barnes integral representation of the classical Whittaker
function. We briefly consider an analog of the elliptic genus arising in the C*-localization on L]P’ﬁ.
We demonstrate that proliferation of fixed points of C*-action obstructs identification of the re-
sult as a topological genus of an extraordinary cohomology theory. Note also that the (g-version
of) I'-function which appears in our calculations of a semi-infinite analog of the Todd class was
considered as a candidate for a topological genus by Kontsevich [K] (see also [Li],[Ho]).

Let us stress that the C* x GLy41(C)-module V,, j arising in the description of g-deformed gl -
Whittaker function is not irreducible. It would be natural to look for an interpretation of V, ;. as
an irreducible module of a quantum affine Lie group. A relation of the geometry of semi-infinite
flags to representation theory of affine Lie algebras was proposed in [FF]. The semi-infinite flag
space is defined as X2 = G(K)/H(O)N(K) where K = C((t)), © = C|[[t]], B = HN is a Borel
subgroup of GG, N is its unipotent radical and H is the associated Cartan subgroup. The semi-
infinite flag spaces are not easy to deal with. An interesting approach to the semi-infinite geometry
was proposed by Drinfeld. He introduced a space of quasi-maps QMy(P!, G/B) that should be
considered as a finite-dimensional substitute of the semi-infinite flag space X% (see e.g. [FM],
[FFM], [Bra]). Thus, taking into account constructions proposed in this paper one can expect that
(g-deformed) gl,,;-Whittaker functions (encoding Gromov-Witten invariants and their K-theory
generalizations) can be expressed in terms of representation theory of affine Lie algebras (see [GiL]
for a related conjecture and [FFJMM] for a recent progress in this direction). The paper [GLO2]
deals with a relation of our results with the representation theory of (quantum) affine Lie groups.

The paper is organized as follows. In Section 1, explicit solutions of g-deformed gl,,,-Toda
chain (g-versions of Whittaker functions) are recalled. In Section 2, we derive integral expressions
for the counting of holomorphic sections of line bundles in the space of quasi-maps. In Section 3
we derive a representation of specialized ¢-Whittaker functions in terms of cohomology of holo-
morphic line bundles on the space of quasi-maps of P! to Pf. We propose an interpretation of
g-Whittaker functions as semi-infinite periods. In Section 4 the analogous interpretation of the
classical Whittaker functions is discussed. In Section 5, we clarify the connection of our interpreta-
tion of the g-deformed gl,, ;-Whittaker function with the results of [GiL]. Finally, in Section 6 we
consider an analog of elliptic genus arising after C*-localization on L'}P’ﬂ and its possible relation
with extraordinary cohomology theories.
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1  ¢-deformed gl, -Whittaker function

In this section we recall a construction [GLO1] of the g-deformed gl,, ;-Whittaker function \112[“1 (p, +1)

defined on the lattice Doy = (Pes1,15---sDeg1,041) € 71 We will consider only class one Whit-
taker functions satisfying the condition

[
I (p,, )

=0
outside dominant domain pyi1,1 > ... > pry1et1-

The g-deformed gl,, ;-Whittaker functions are common eigenfunctions of g-deformed gl,, ;-Toda
chain Hamiltonians:

gl _ o1=6iy—iy,1 S1=0ip—i. 1,1 F1=0i 1 —ip1
r (QZH) = Z (X, 2 X X, )Tir - T,y (1.1)
Iy
where the sum is over ordered subsets I, = {i; <ia < ... <1} C{1,2,...,£+ 1} and we assume

ir+1 = ¢+ 2. In (1.1) we use the following notations
T%f(gg_;'_l) :f(@+1)7 ﬁ5+1,k:pf+l,k+5k,ia Z7k: 17"'7£+17
Xi —1_ qpe+1,rpz+1,i+1+1, i=1,....1,

and )~(g+1 = 1. We assume ¢q € C*,|q| < 1. For example, the first nontrivial Hamiltonian has the
following form:

4
— Z(l — PPt T, (1.2)
1=1

gl
Hl e (Bg+1)

The main result of [GLO1] is a construction of common eigenfunctions of quantum Hamiltonians
(1.1):

gl gl gl

r (B@+1)‘1JZ1{J~F~-1»ZZ+1 (Bngl) = (Z H 2;) \Ijz1zi.1,zz+1 (BéJrl)- (1.3)
I icl,

Denote by P+ ¢ ZXEH1/2 4 subset of integers i, n = 1,...,04+ 1,7 = 1,...,n satisfying the

Gelfand-Zetlin conditions pgi1; > Prs = Pr+1,41 for & = 1,..., 4. In the following we use the

standard notation (n)! = (1 —¢)...(1 — ¢").

Theorem 1.1 Let sz,Si{t{
Pe+1,041 bY

Z£+1(Bg+1) be a function given in the dominant domain ppy11 > ... >

[ +1 p P
gl _ 2 : iPkyi—  iPk—1,i
\1’217-~~7ze+1(&+1) - H Zk ’ !

pk,ie,P(Z—‘—l) k=1

¢ k-1 14
11 T (s — prsen)s! (14)
o h=2 =1
. k g
IT 11 (Prt1,i — Prii)g! (Pri — Pht1i41)q!
h=1i=1

and zero otherwise. Then, \Ilg{{fl@“l(g“l) is a common solution of the eigenvalue problem (1.3).
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Formula (1.4) can be written also in the recursive form.

Corollary 1.1 Let Pyy1 be a set of P, = (e, ---spee) satisfying the conditions peiy1; > pei >
Pe+1,i+1- The following recursive relation holds:

P
gl i i i De
V() = DL Al >zm’”“ P Quir ey o PV (0,

P,EPry1,e

where

Qe+1,6(py, 1 0,l0) = :

(Pes1, — Pei)g! (Pei — Pes1,i41)q!
! (1.5)
-

Hpﬂz pﬂz—f—l .

JampN

7

Remark 1.1 The representation (1.4) is a g-analog of Givental’s integral representation of the
classical gly, 1- Whittaker function [Gi2], [JK]:

kK

7/}§[H1($1"" v$€+1) — / HHdtk’i e%fglu—l(t)’ (1.6)

where

/+1

V4 k
f9[z+1 — ZZ e ( Ztk ; Z te_1 z> _ Z Z (6tk+1,i—tk,i + etk,i_thrl,iJrl)’

i=1 k=1 1=1

A=A, ), @ii=teg1, t=1,...,04+ 1 and z; = ¢7, \; = y;logq. For the representation
theory derivation of this integral representation of gly, - Whittaker function see [GKLO]. The rep-
resentation (1.4) of the g- Whittaker function turns into representation (1.6) the classical Whittaker
function in appropriate limit.

As an example consider g = gly. Let p1 :=pa1 € Z, pa :=p22 € Z and p := p1,1 € Z. Then the
function

Z z{7zm+p2 P
lllzl 22(p13p2) = ) D1 Z D2, (]. 7)
| .
ety (P1 = D)gl (P = p2)q!
\Ijglﬁ@ (p1,p2) =0, p1 <p2,

is a solution of the system of equations:

{Q=@ )T+ T 0t (p1,p0) = (214 22) W2, (b1, p),

(1.8)
T\T0%2, (p1,p2) = 2122 V%2, (p1,p2).
Let us consider the following specialization of the g-deformed gl,, ;-Whittaker function
[ [
W (k) = U (k). (1.9)



Theorem 1.2 \Ilgkf,lgul(n, k) satisfies following difference equation:

{41

[ [
{TIO =21} el (k) = 08, (0, k), (1.10)
=1

where T - f(n) = f(n+1).
Proof: The proof is based on the explicit expression (1.4). Let P, be a Gelfand-Zetlin pattern

such that (pry1,1,---,Pe+1,041) = (0 + k, k,..., k). Then, the relations pey1; > pri > pet1,i+1 for
the elements of a Gelfand-Zetlin pattern imply pi;»1 = 0 and we have that

[ 0+1 ZZH-/C De,1 SPL1TPe-1 P11 k
g n, k) = ( Zk) +1 {4 1
1 (1K) }_[1 ‘ ; (n+k—pe1)g (Peg —pe-1,1)g! (P11 — k)4
’ (1.11)
/+1 Ne4+1

:(il;[lzf> 2 £ "'(rf)lq!'

|
nl+"'+né+1:n <n€+1)lZ‘

Introduce the generating function

[ [ 41 ok
g E p ‘
\I’z1{+1722+1 t k)= t" ‘IJZ1Z,+1,ZH1(n’ k) = H [Tm=o(1 Z_ tzig™)’
nez j=1 11m=0 i

where we use the identity
n

| o (1—xq Z::

Due to the fact that mﬁi‘“zw (n, k) = 0 for n < 0, the generating function \IIZIZHZH1 (t, k) is regular
at t = 0. It is easy to check now the following identity

/41

[ [
H(l =tz ) \I’g e+1ze+1(t’ k) \Ijg Z+1Z@+1( t7 k)
j=1

Expanding the latter relation in powers of ¢, we obtain (1.10) for the coefficients of vl (k)
O

Remark 1.2 The difference equation (1.10) for the specialized q- Whittaker function \Ilzgf,“ZHl (n, k)
can be derived directly from the system of equations (1.3) for the non-specialized q-deformed Whit-

. [ .,
taker function \I’gf,flyzeﬂ(pl,pg, ...yper1) and the condition

[
UL (P1,D2s o) = O
outside dominant domain p1 > ... > pyyq.
Lemma 1.1 The following integral representation for the specialized q-deformed gl, - Whittaker
functions holds

I+1 £+1

\Ilglurl(n,k) = (Hzf) met 7"H Ly(zit) (1.12)

=1 450

)



where

Proof: Using the identity

one obtains, for n > 0, that

\I/gl“l(n k) = ﬁzk dt " ﬁ ﬁ _ (1.13)
£ T : 2wt 1 — zitgm )
=1 2 i=1m=0 !

l+1 ni ng41
— (sz) 2 R 5 U
; E T '
n1),! n !
i=1 n1+...+ng+1=n( g (ne+1)q

For n < 0, we obviously have that \Iigl”l(n, k)=0 O

The corresponding integral representation for the classical gl,-Whittaker function is given by
the Mellin-Barnes representation for the gl,-Whittaker function

68, (o1,29) = efation /;“dA eirere) p(AZA) p(AZ A (1.14)
where o > max{Im\;, j=1,...,0+1}.
Remark 1.3 The expression
wire mk):(?iﬁ> > o n”-%ﬁl n>0
7777 o paie ' ey (n1)g! (ne+1)q! T (1.15)
U, (k) =0,  n<0

18 a g-analog of the Givental integral representation for the equivariant Gromov-Witten invariants
of X = P! [Gi3]

¢ 1
M) = /Hdtk:,l en” ), (1.16)

e k=1

where A = (A1, ..., \y1), T :=tgp11 and

4

¢
F(t) = thitn+ Y g (g — tra) — €1t =y efbriaion,
k=1 k=1

The representation (1.15) for specialized q- Whittaker function turns into (1.16) in appropriate limit.



2 Counting holomorphic sections

In this Section we are going to provide an interpretation of the explicit expressions for ¢g-deformed
specialized class one gl,, ;-Whittaker functions in terms of traces of operators acting on the spaces
of holomorphic sections of line bundles on infinite-dimensional manifolds. For this aim, we first
consider an auxiliary problem of counting holomorphic sections on finite-dimensional manifolds
approximating the infinite-dimensional ones. The relevant finite-dimensional manifolds are spaces
of the quasi-maps of P! to G'Lyy1(C)-homogeneous spaces.

2.1 Space of quasi-maps

Let us start with recalling the general construction of the quasi-map compactification of the space of
holomorphic maps of P! to the partial flag spaces of complex Lie group G'L,,; due to Drinfeld. Let
aj, t =1,...,4, be a set of simple roots of the complex Lie algebra gl,, ;. To any ordered subset
of simple roots {a;,,...,q; } indexed by an ordered subset I” = {i; < ... <.} C {1,...,£}
one can associate a parabolic subgroup P C GLyy1. Namely, let B C GLyy1 be the subgroup
of upper-triangular matrices generated by Cartan torus and one-parameter unipotent subgroups
corresponding to positive simple roots. Then a parabolic subgroup P is generated by B and one-
parameter unipotent subgroups corresponding to negative roots —a; such that i ¢ I, In particular,
when r = £ one gets P = B, and the corresponding homogeneous space GLy11/B coincides with
the full flag space. On the other hand for a parabolic subgroup Py C GLyy associated to the first
simple root (i.e. I™ = {1} C {1,2,...,£}), the corresponding homogeneous space GLy /Py is
isomorphic to the projective space P!, Partial flag spaces GLy,1/P possess canonical projective
embeddings

m: GLyy /P —T =[] P, nj =+ (0+1—3H)!. (2.1)
jerr

The group H?(GLyy1/P,7Z) = Z" is naturally isomorphic to a sublattice of the weight lattice
of sl,,1 and is spanned by the weights w; indexed by I”. Let L;, j=1,...,r, be the line bundles
on GLgy1/P obtained as pull backs of O(1) form the direct factors P%~! in the right hand side
(r.h.s.) of (2.1). The lattice H?(GLyy1/P,Z) = Z" is generated by the first Chern classes c1(L;).

Let Mg(GLy1/P) be a non-compact space of holomorphic maps of P! of multi-degree d €
H?*(GLyy1/P,Z) to the flag space GLyy1/P. Due to (2.1), My(GLyy1/P) is a subspace of the
product of space Mg, (P"~1). Explicitly, each Mg, (P™ ') can be described as a set of collec-
tions of n, relatively prime polynomials of degree d, up to a common constant factor. The space
My, (Pmi—1) allows for a compactification by the space of quasi-maps OMy;, (Pmi~1) defined as a set
of collections of n, polynomials of degree d, up to a common constant factor. The space of quasi-
maps QMa(GLgy1/P) is then constructed as a closure of Mg(GLgy1/P) in [T; QMqa(P™). Thus
defined QM 4(GLyy1/P) is (in general singular) irreducible projective variety. A small resolution
of this space is known due to [La], [Ku].

On the space of holomorphic maps My(GLgy1/P) of P! to GLyy1/P, there is a natural action
of the group C* x G Ly, (and, thus, of its maximal compact subgroup S*! x Uy, 1). Here, the action
of GLy1, is induced by the standard action on flag spaces and the action of C* is induced by the
action of C* on P! given by (y1,y2) — (£y1,¥y2) in homogeneous coordinates (yi,y2) on P'. This
action of C* X GLy4; can be extended to an action on the space QM (G Lyy1/P) of quasi-maps.

In the following we consider a parabolic subgroup Py C GLyy1 associated to the first simple



root (and thus I = {1} c {1,2,...,£}. The corresponding homogeneous space GLg1/Pp is
a projective space Pf. The space of quasi-maps ! QMy(PY) is a non-singular projective variety
PEDE+)=1 A quasi-map ¢ € QMg(PY) is given by a collection

(ao(y) car(y) ... ag(y)),

of homogeneous polynomials a;(y) in variables y = (y1,y2) of degree d

d
.
ar(y) = Zak,jy{yg 7 k=0,...,0.
1=0

considered up to the multiplication of all a;(y)’s by a nonzero complex number. The action of
(€,9) € C* x GLgy1 on QM y(PY) is given by

€1 (ao(y) rar(y): - ae(y)) — (ao(®) rar(y®) ... ar(y®)),
41 {41 (2.2)

g: (ao(y):a1(y): ... ay)) — ( > gikara () - :ng,kakfl(y)),
k=1 k=1

where g = ||g;;|| and v* = (Ey1, y2).

2.2 Generating functions of holomorphic sections

Let O(1) be a standard line bundle on P¢+D(E+D=1 " The space of sections of the line bundle
O(n) := O(1)®" on QM 4(P") is naturally a C* x G Ly -module. We are interested in calculating
the corresponding character.

Let T € GLyy1 be a Cartan torus, Hy,..., Hyyq be a basis in Lie(T), and Ly be a generator of
Lie(C*). The equivariant cohomology of a point with respect to the maximal compact subgroup
G = S!' x Uyyq of C* x GLyyq can be described as

H}(pt,C) = C[A, ..., Ay1]® ® CH],

where Ay, ..., A1 and h are associated with the generators Hy, ..., Hyy1 and Lo respectively.

Let Lj be a one-dimensional G Ly i-module such that H; L, = kL, for : =1,...,£+ 1. Coho-
mology groups H*(QMy(P%), O(n)) ® L have a natural structure of C* x GLy, 1(C)-module. We
denote by Lx(n) = O(n) ® Ly the line bundles O(n) twisted by one-dimensional G Ly, 1-module L.

Let Afldz(g, q), be the character of the C* x GLyi-module V, g = H°(QMy(PY), Li(n)) ,
n >0,
d) Lo © A,
A k;(ga Q> = Trvn,k,dq € B

n,
where we assume that ¢ € C*, |g| < 1. This character can be straightforwardly calculated as follows.
The space V,, g = HO(QMy(P’), Li(n)) can be identified with the space of degree n homogeneous
polynomials in (¢ + 1)(d + 1) variables ay;, for k =0,...,£ and i = 0,...,d. Define

Vid = ®peoVn,k,d>

)

'The compactification of Mg4(P*) by the space QM 4(P*) of quasi-maps arises naturally in the linear sigma-model
description of Gromov-Witten invariants of projective spaces [W].



and the grading on V4 is defined by the eigenvalue decomposition with respect to the action of an
operator D
tP Vi k,d — t" Vi k,ds teC".

The action of the subgroup (C* x T') C G(C) = C* x GLy4 is given by

ep)‘iHi : (ao(y) s ai(y) s ... aey)) — (eAlao(?/) reMai(y) eAZHW(y))’ (2.3)
where

d
.
ar(y) = > ap;vlys 7, k=0,...,¢
7=0

The action of the generator Ly of C* is as follows

qLO : a5 — qj af.j- (24)

Proposition 2.1 For the C* x GLy11-character of the module V,, 1 4, the following integral repre-
sentation holds

41 {+1 d

P dt 1
A (z,q) = Tr groe Hifli — ( zk> j{ — —_ 2.5
n.k Vi k,d 21;[1 Y] i 2mutntl nHljl;IO (1—tqgizp) (2:5)
where z = (21,...,2041) and zy, = e,
Proof. A simple calculation gives us that
@ P 0+1 41 d 1
D L NH; k
Ak (g,t,q) = Trvhdt q 06 = (HZl) H Hm (26)
i=1 m=1j=0

The projection on the subspace of Vj, 4 of the grading n with respect to D can be realized by taking
a residue,

Ty Lo O _ dt D Lo P\ 97
Va1 € S 2mtntl veat 4 € ) (2.7)

This gives us the integral expression (2.5) O

2.3 Equivariant Euler characteristic of line bundles on QM (P")

Characters (2.5) of the space of holomorphic sections can be related to equivariant holomorphic
Euler characteristics of line bundles on QM (P¢). First we recall the standard facts about line
bundles on projective spaces. Line bundles O(n) on projective spaces PV are equivariant with
respect to the standard action of Un41 on PN. The U N+1-equivariant Euler characteristic of O(n)
is given by the character

N o o
XUN+1(]P)N’O(n)) = Z (=)™ Tr gy 0(n)) € Al e Mic Uy (2.8)



Cohomology groups of @(n) on projective space PV have the following properties (see e.g. [0SS])

dim H™(PY,0(n)) = 0, m#0,N,
dim HY (PN, 0(n)) = 0, n>0, (2.9)
dim H(PY,0(n)) = 0, n<0.

Taking into account (2.9) the expression (2.8) reduces to

P P
XUpN 11 (PN, (’)(n)) = Tr HO(PN O(n)) (& AiHi + (—1)N Tr HN (PN ,0(n)) (& AiHi . (2.10)

We have QM y(P¢) = PEDE+H)=1 and | thus, for n > 0, we can identify Afﬁ(g, q) with equivariant
holomorphic Euler characteristic of Lx(n)

P
d .
An,z)c(&a q) = Tr gooma@).cainy €00 MM = xa(QMa(P), Li(n)),  n >0,

where G = S' x Uyy;. The equivariant Euler characteristic of a holomorphic vector bundle on
the projective space possesses a canonical holomorphic integral representation. According to the
Riemann-Roch-Hirzebruch (RRH) theorem, one can express the Up.i-equivariant holomorphic
Fuler characteristic of a Uy, 1-equivariant vector bundle £ on PN as follows

P
ANiH; _

XUN+1 IP) g Ty Hm (PN g) =

OMZ

(2.11)
<ChUN+1 (5) TdUN+1 (TPN) ) [IPNDv

where H; are generators of the Lie algebra gly, 4, TPV is the tangent bundle to P, Chy, L (E)
is a Un y1-equivariant Chern character of & and Tdy,, () is a Un1-equivariant Todd genus of £
[A].

The tangent bundle 7PV to the projective space PV is Uy 1-equivariantly stable-equivalent to
O(1)2W+1) a5 the following lemma shows.

Lemma 2.1 The following relation holds in Uy, 1-equivariant topological K -theory KUNH(]P’N)

[TPM] @ [0] = [O(1)]**Y, (2.12)

where [£] is a class of a vector bundle € in Ky, (PV).
Proof. For a tangent sheaf to the complex projective space PV we have the Euler exact sequence
(see e.g. [GH])

0— O — 01+ 7PN ¢ (2.13)
The maps (2.13) are explicitly Uy 1-equivariant and, thus, we obtain the relation (2.12) in Uy 41-
equivariant K-groups of PV O

Lemma 2.1 and the fact that the Todd class depends only on stable equivalence class of a vector
bundle allows us to rewrite RRH-theory on projective spaces as follows

(BY,€) = (Chuy,, (€) Tduy., (O1)FN+D [PV]). (2.14)

XUN+1

10



In the following we will consider only the case of line bundles and thus we take & = O(n), n € Z.
The pairing of the cohomology classes with the fundamental class entering the formulation of RRH-
theorem can be expressed explicitly using a particular model for the cohomology ring H* (P, C).

The cohomology ring H*(PY,C) is generated by an element 2 € H?(P",C) with a single relation
N+1 _
x =0

H*(PV,C) = C[z] /=" 1. (2.15)

The Up41-equivariant analog of (2.15) is given by

N+1
HT*JN-H (PE7C) = (C[.f] ® C[)‘la o 7)\N+1]6N+1/( H (.%' — )\j)),
j=1
which is naturally a module over H[*JNH(pt7 C) = C[A1, -+, An41]®V+1 where Gy is the permu-

tation group of a set of N + 1 elements. The pairing of an element of H, ?}N+1 (PN, C) represented by

P(x,\) with a Uy, 1-equivariant fundamental cycle [PV] can be expressed in terms of the integral

P, A)

(P, [PY]) = o~ o T @A)

9

where the integration contour Cj encircles the poles x = A;, j = 1,...,(N + 1). The pairing for
H*(PN,C) is obtained by a specialization Aj =0, =1---,(N+1). The equivariant Chern
character and Todd class can be written in terms of this model of H[*JNH(]P)N ,C) as follows (see
e.g. [H])

ChUN+1(O(n)) = ™%, TdUN+1 (O(l)GB(NJrl)) - H 1-— 6_(961%')'
j=1

Therefore we have the following integral representation of the equivariant holomorphic Euler char-
acteristic (t =e™, zs=¢eY, i=1,...,N +1):

XUxs1(2) = (Chyy,, (O(n)) Tdy,,, (O(1)2N D) [PV])

N—+1
2%27{ HN+1 ) g(l—e (@=Xi))
N+1

1 1
- L4 — (2.17)

n+1 _ .
2w Jo, t Pl tz

where in the last expression the integration contour Cj encircles the poles t = z;l, j=1,...,0+1.
The integral representation (2.17) can be obtained directly using a particular realization of (Uy1-
equivariant) K-theory on PV (see e.g. [A]). The K-group K(PV) is generated by a class t of the
line bundle O(1) satisfying the relation (1 —¢)V*! = 0. We have the following isomorphisms for
(Un1-equivariant) K-groups of projective spaces

N+1

V) =Cltt 227 ST -tz). (218)
j=1

KPY)=C[t,t7 ]/ a -V, K

11



The equivariant analog of the pairing with the fundamental class of PV in K-theory is given by

1 dt R(t)
R,[P")g = —— S L\ —
(&, [P D 2m jg t HN+1(1 —tz)) (2.19)
Co /
where R(t) is a rational function representing an element of Ky, (P") and the integration contour
Co encircles the poles ¢ = z;° Liji=1,...,(N+1).
Using the representation of the pairing (2.19) one can represent RRH expression for the Euler
characteristic as

N+1
Wa(e) = (0@ B =50 § o II; . (2.20)

This reproduces the representation (2.17).

Now we would like to apply the integral representation for equivariant Euler characteristic to
the S! x Upyi-equivariant line bundle Ly (n) on QM (PY).

Consider the S' x Uy, 1-equivariant cohomology of the projective space P(Vig41)(a+1)) where the
vector space V(i 1)(dy1) = @?2 @fnzo Vjm has the structure of an S L_module with an action given
by

e Vi — ™ Vi, dimVj,, =1, 6¢€ S8,
and each Vi, = Vi, @ Vo, @ ... Vg1, is standard Uqi-module. Then for the G = ST x Upy1-
equivariant cohomology of P(V(/41)(441)) we have an isomorphism

/+1

HEIXUZH(P(V(K—l-l)(d—i—I))) = Clz, A h/H H x —\j —hm), (2.21)
7=1m=0

where z is a generator of H*(P(V(y41)(4+1)), C). The pairing with the S 1 x Uypy1-equivariant fun-
damental cycle [P(V(s41)(a4+1))] can be expressed in the form of the contour integral

(PO, P(Vigsnyasn)]) = — fc H“lﬂ(x?h) e my (2.22)
m=0 m

where the integration contour C' encircles the poles x = A\j +mh, j=1,...,0+1, m=0,1,...,d.

Specializing to the action of G = S x U1 on QMy(P?) ~ PEDEHD-1 described in Section
2.1 we obtain

{41

—mh —\;
Cha(Ly(n)) = enm+k(>\1+...+>\g+1)’ Tdg (T]P)(ﬁ-l—l) (d+1)— H H R ey
i=1m= O
Let g=e€" t =e %, and z; = €, 1 <i < {+1, then
XG(QMa(PY), Ly(n)) = (Cha(Lx(n)) Tdg(TREDED-1) [ph))
l+1 ( {4+1 d 33 )\ mh)
nx—i—k A1+ +)\(+1 — —
e T m -

/41 {+1 d

- _(H k) f 2mt”+1 H H 1—tzq

1=

12



For n > 0 one has the identity
P
Xc(QMa(PY), Li(n)) = Try, , q*0e N

Deforming the contour for n > 0 we obtain the following integral representation for the character

P £+1 g AL 1
Lo, MNH; _ k
Ty eaa™e N (HZ1> j{ 2mytntl H H (1 —tzig™)
i=1 =0 i=1m=0 ¢

which coincides with (2.5).

Remark 2.1 Without a restriction n > 0, the integral representation for the equivariant Fuler
characteristic can be represented as a difference of two terms

Xa(QMa(PY), Li(n)) =

k k
i=1 =0 2mtn i=1 m=0 (1 tzlqm) paie e 2m tm Pl (1 tZqu)

This decomposition corresponds to the decomposition (2.10)

XG(QM(PY), Ly(n)) =

Loe

AiH;

=T (oM, (Bt) L4(n)) 4" € T e @ -1 (Qua(P) La(m) G

(0)

Remark 2.2 In the limit ¢ — 0 one has an integral representation for a character X(n,k) of an

irreducible finite-dimensional representation Vi, o = Sym"C* @ Ly, of GLpyq:
{41

(O) _ /\1H1+...+)\g+1Hg+1 . ( k;) dt 1
X (2) = trv, 06 B .HZ% omtntl ALy — g
=1 =0 =1

/41

(2.24)

where z; = exp \; and the GL({ + 1)-module V,, 0, n > 0 is realized as a zero cohomology space
HO(P", Ly,(n)).

3 K-theory of EIP& and ¢g-Whittaker functions

In this section we establish a direct connection between g-deformed class one specialized gl,, ;-
Whittaker functions and geometry of the space E]P’E+ defined as an appropriate limit of QM 4(P%)
when d — 400. Geometrically the E]P’ﬁ should be considered as a space of algebraic disks in P*
(see [Gil] for details). In general, let LX = Map(S!, X) be the space of free contractible loops
in a compact Kahler manifold X. There is a natural action of S 1 on LX by loop rotations. The
universal covering LX can be defined as a space of maps D — X of the disk D considered up to a
homotopy of the map preserving the image of the boundary loop S 1'c D. The group of covering
transformations of the universal cover LX — LX is isomorphic to m2(X). Let LX, C LX be a
semi-infinite cycle of loops that are boundaries of holomorphic maps D — X. For X = P’ define

an algebraic version E]P’Z+ of LIP!, as a set of collections of regular series

a;(z) :a¢,0+ai,1z+az’,2z2+--~ , 0<i<Y,

13



modulo the action of C*. The topology on this space should be defined by considering EIP’ﬁ as
a limit of QM (P*) when d — oco. This space inherits the action of G = S' x U(¢ + 1) defined
previously on QM y(P?). In the following we do not define appropriate topology rigorously leaving
this for another occasion. Instead we define the limit d — +o0o on the level of cohomology algebra
H*(QM4(P"),C) and the space of holomorphic sections of line bundles on QM4(P). Let us take

the limit d — +o0o of the character Agldi(g, q) given by the integral expression (2.5). The limit of

Agf’l) (z,¢q) can be interpreted as a character of a C* x GLyy;-module V), i, o defined as follows. Let
Vi,0o be a linear space of polynomials of infinite number of variables a;,, ¢ = 0,...,£, m € Zxo.
Let Lo be a generator of Lie(C*), T' € GLyy1 be a Cartan torus and Hy,..., Hyyq1 be a basis in
Lie(T). Define the action of Ly and H; on the generators a;,, as follows

Lo: ajm — m a;m;

i H; DQim — et Q5.m

This supplies Vi oo with the structure of a C* x GLyq1-module. Now the linear subspace V), j.0o C
Vi,0o is defined as a subspace of polynomials of the variables a;,, i = 0,...,¢, m € Z>q of the
total degree n.

Theorem 3.1 Let \Ifg“l(n,k:) be a specialization (1.9) of the solution of q-deformed Toda lattice
defined in the Theorem 1.1. Then the following holds.

\Ijg[eﬂ (n’ k) — Xn,k(&)a (3.1)
where P
. () Lo . M\H; Ai
Xnk(2) = dlggo A(zq)=Try, , q™0e M0, 2z = e,

Proof: For the function x, x(2) = limg_. A dij (z,q) the following integral representation holds:

n1

/41 {41 oo

dt 1
Xnk(2) = (21:[125) 7{_0 pyray Tglg m = (3.2)
£+1 dt l+1
= ( 1_11: zf) jézo 727” el ]:[1 Fq(tzm).

The relations (3.1) follows directly from the explicit integral expression (3.2) and Lemma 1.1. The
representation in terms of the trace over V, i o, follows from the statement of Proposition 2.1 with
obvious modifications for d — +oo O

(d)

For n > 0 we can identify the character A, with the equivariant Euler characteristic expressed
through Riemann-Roch-Hirzebruch formula

X(@ME), £4(m) = [ Cha(L(n) TaG(TOMa(P)) (3.3

Taking the limit d — +oo we obtain formal Riemann-Roch-Hirzebruch formula for xo(LPY, L (n)).
Using the description (2.18), (2.19) of the equivariant K-groups of projective spaces and taking the

14



limit d — 400 in the integral representation of the Euler characteristic (2.23) one obtains the
following integral representation for the equivariant Kuler characteristic of line bundles on [,IP’ﬂ

l+1 /+1 oo

dt 1
¢ _ k -
XG('CP—i-v['k(n)) - (H’ZJ> f 2mytntl HH (1 —tqui)
j=1 C =1 j=0
(3.4)
0+1 gl
— k )
- < H Zj) f 2my tntl Tq(tz),
j=1 & i=1
where the integration contour C encircles all poles except ¢t = 0 and
S|
T (y) = .
= M5

Porblem 3.1 Define an equivariant (co)homology theory for [ZIP’Z+ in such a way that Chern and
Todd classes Che(Lx(n)), Tde(T LPY) make sense and the expression

- Che(Ly(n)) Tda(T LPY)
1s well-defined and is equal to
\I,g[Hl(n k) = _<ﬁzk> fdtbrlr (t2) (3.5)
S 1 & dmgnt T '

Remark 3.1 The conjectural relation above provides a description of the specialized q-deformed
gl 1 - Whittaker function as a semi-infinite period

WO (k) = Che(Lk(n)) Tda(TLPL),  n>0. (3.6)
LPY

The K-theory of the semi-infinite spaces £IP’i is closely connected with a quantum version of K-
theory of projective spaces proposed in [GiL]. The generating function F'(n, z,q) of the correlation
functions in K-theory version of Gromov-Witten theory with the target space P obeys the following
difference equation [GiL)]

l+1

{ [Io- Zz‘Tfl)} F(n,z,q) = ¢"F(n,z,q), (3.7)

i=1

where T'- f(n) = f(n 4+ 1). The specialized g-deformed gl,, ;-Whittaker function satisfies the same
equation (3.7) ( see Lemma 1.1 and relation (1.10)). Therefore the Whittaker function can be
considered as a correlation function of some special operator singled out by the class one condition

(i.e. the condition \Ilg[”l(n, k) = 0 for n < 0). We provide some information on this operator in
the Section 5.

15



4 Quantum cohomology and Whittaker function

In the previous Section we proposed a description of g-deformed class one specialized gl, , ;-Whittaker
function in terms of a semi-infinite version of Riemann-Roch-Hirzebruch theorem. This expresses
the ¢-Whittaker function as a semi-infinite period. Its classical (i.e. non-deformed) counterpart
can be also expressed in terms of a semi-infinite period. In this Section we provide this conjectural

representation 2.

We start from recalling the notion of quantum cohomology. The quantum cohomology QH*(X)
of a compact symplectic manifold X can be defined in terms of semi-infinite geometry of a universal
cover LX of the loop space LX. One of the descriptions is given by a Morse-Smale-Bott-Novikov-
Floer complex constructed in terms of critical points of an area functional on LX. Its cohomology
groups (interpreted as Floer cohomology groups FH*(LX) of LX) are isomorphic to the semi-
infinite cohomology H>/ 2+*(LX) arising naturally in the Hamiltonian formalism of a topological
two-dimensional sigma model with the target space X. In the following we will use an equivariant
version of quantum cohomology QH*(P*) of projective spaces considered in [Gil] (see also [CJS]
for a non-equivariant version).

We have defined the universal covering LX of the loop space LX as a space of maps D — X
of the disk D considered up to a homotopy preserving the image of the boundary loop S L' cD.
The group of covering transformations of the universal cover LX — LX is isomorphic to the
image I' C Hy(X) of the Hurewicz homomorphism 7o (X ) — Ha(X) where H2(X) denotes integral
homology modulo torsion. Let r be the rank of I" and C [F] o~ C[uiﬁl, ...,uF'] be its group algebra.

As a vector space the quantum cohomology QH*(X) of X as a vector space is isomorphic to
the ordinary cohomology H*(X, C[u!,...,u;f!]), over the group algebra C[I] ~ Cluil, ... ufr].
Let S' act on the loop space LX by loop rotations. For the corresponding S'-equivariant quantum

cohomology we have the following isomorphism of vector spaces:

QHL(X) = H*(X,Clui,...,u"|(h) ),

T
where we use the identification
=1 (pt,C) = H*(BS*,C) = C[h],
and the standard localization of the equivariant cohomology HY, (pt) with respect to the maximal
ideal generated by A is implied.

The quantum cohomology space QHg, (X) has a natural structure of a module over an algebra
D generated by u; = exp Ty, v; = —h0/07;, i = 1,...,r. More precisely, QH, (X) as a linear space
over C(h) is generated by solutions of the system of linear differential equations

Vif()=0,  f(@)=(A@) fo(2),-- -, fu(D),  n=dimH(X), (4.1)
where the flat connection V =}~ dr;V; provides an action of v; on QH, (X).

The D-module QHg, (P%) is of rank one. It is generated over D by an element f, satisfying
the relation (v'*! —u)f, = 0 i.e. the quantum cohomology can be represented as QH*(P!) ~
D/ (v — ). Explicitly we have the differential equation for the generator f,(7)

((-ng) om0 o2

Whittaker functions naturally arise in the description of Gromov-Witten invariants of flag spaces. In the mirror
dual description they expressed in terms of periods of top-dimensional holomorphic forms on non-compact Calabi-Yau
spaces [Gi2]. Thus, the possibility to express Whittaker functions as semi-infinite periods leads to a formulation of
the mirror symmetry as an identification of two period maps - semi-infinite and finite ones.
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The representation (4.1) arises after transformation of (4.2) to the matrix differential equation of
the first order.

The (S x Uy, 1)-equivariant analog of quantum cohomology QH*(PY) allows for a similar rep-
resentation with the differential equation (4.2) replaced by

I+1

{ H <_h887_+>\k> - 67} fe(T,A,h) = 0. (4.3)

Lemma 4.1 The general solution of (4.3) is given by a linear combination of the integrals

v e A A
f(a)(Tv)‘ah):/ d)‘ en HFLTF< h )7 azl)"'7n (44)
Ta k=1

with a suitable choice of integration contours ,.

Proof: Note that the function

{41
(Ak — A). (4.5)
obeys the difference equation
l+1
[T =) QAN = (=D QM —h, ). (4.6)
k=1
Therefore, the function
£ = [axe¥ Qoan (4.7
gl

satisfies (4.3) provided the choice of the contour v allows for an integration by parts. The contours
can be chosen is such a way that the total derivatives do not give a contribution into the integral
(4.4) 0

A particular choice of y in (4.7) gives us a special solution of the equation (4.3)

o+100

Fulm A B) = / a\ e Hh (A’“_A), (4.8)

0 —100

where o is such that ¢ < min{Re);,j =1,...,¢+1}. This is a unique solution of (4.3) exponen-
tially decaying when 7 — +oc.

Remark 4.1 In the case of £ = 1, the differential equation (4.2) is equivalent to an eigenvalue
problem for the quadratic Hamiltonian of the slo-Toda chain. The solution given in the integral
form (4.8) coincides in this case with the Mellin-Barnes representation of the gly- Whittaker function
(1.14) for xo =0 and 1 = 7.
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Replacing formally I'-functions by infinite products over their poles one has for f.(7, A, k) the
following expression

{+1 oo

TX 1
/daze /h Hnm (4.9)

7j=1n=0

This formal representation can be interpreted using the model for cohomology of QM (P) dis-
cussed n Section 2.3. Naively (4.9) can be considered as an integral over LP} of exp(rw/h) where
w is an element of the second S* x Uy, 1-equivariant cohomology of CIP’ﬁ. Recall that we define EIPﬁ
on the level of cohomology as a limit of QM y(PP*) when d — +o0o. However a correct regularization
for (4.9) is given by (4.8) and, thus, a geometric interpretation of (4.8) implies some modification of
LPY . We attribute the difference between (4.9) and (4.8) to the fact that the proper interpretation
of [,}P’(i as d — +oo limit deserves more care in this case and does not coincide with a straightfor-
ward limit d — +o0o on the level of cohomology. Let us denote the corresponding hypothetically
modified limit by LIP’Q

Porblem 4.1 Find the space L}P’ﬂ and construct equivariant (co)homology for LIP’ﬂ in such a way
that the integral

¢
/L ) e/ we Hgy,, (LPL,C)
+

is well-defined and is equal to f.(T,\, k) given by (4.8).

5 Sl-localization

In this Section we calculate the equivariant Euler characteristic xg(QMg(P?), Li(n)) for G = S* x
Uyy1 using Borel localization for S'-action. This yields a direct relation between our construction
of ¢-Whittaker functions and the results of [GiL].

The character (2.23) can be calculated using an equivariant localization as follows. We have
a compact Lie group G = S' x Uy, acting on a projective space X = QMy(P’) = P+ -1,
Recall that QM 4(P) is defined as a set of (¢ + 1) polynomials each of degree d considered up to
common constant factor

(a0(y),a1(y), .. ar(y)) ~ (pao(y),pai(y),...pauly)),  peC,

where

d
ar(y) = Z ari i vy ' k=0,...,¢
i=0

The action of an element ¢ = e of S! on ay,j is given by
q: arj — ¢ ax;.

The line bundles £j(n) are equivariant with respect to the action of S'. Let X* "' X be a set of
Sl-fixed points. It is a union of smooth components Y;. The Bott localization formula gives the
following expression for the equivariant Euler characteristic (2.23) (see e.g. [BGV])

X OMa(P), Li(m) = 3 /YChG(Ek](ETQ&[);;dG(TE)y (5.1)
v;exst " '
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where the sum runs over all components Y; in X5' , Ny, is the normal bundle of Y; in X, Chg(Lk(n)),
Tdg(Y;) are equivariant Chern character and Todd class, and Eg(Ny;) is the equivariant Euler class

Of./\[yi.

It is easy to infer that the subvarieties Y;, i = 0,...,¢ in QMy(P?) are isomorphic to the
projective spaces P¢ and are defined by the equations

Yi={ar; =0,j#i}, i=0,...,0

To calculate the action of S! on the normal bundle to Y; we consider the intersection of Y; with
open subsets Uy, , = {ak,; # 0} of Q/\/ld(]P’Z). Natural coordinates on Uy, , are

gr,j = araj/akvi’ (Thj) 7é (ka i)’
and the intersections Y; N Uy, , = {ak,; # 0} are defined by the equations
&ri =0, r# k.

Thus one can take a collection of coordinates &, j, j # 7 as a local section of the dual to the normal
bundle Ny,. The action of S on Ny, can then be found by considering the action on section §rj

ér,j - qj _zgr,j .

Similarly, one can show that ¢ € S' acts on the restriction of the line bundle O() on Y; by
multiplication on ¢™*. The fixed point formula (5.1) reduces to the following explicit expression

XG(QM(PY), Ly(n)) =

/ dt " 1
T Tq6+1 i 701
j=1 i=0 7 Co 2madd II;Z : Hm omi(1 =tz ) [T;2 L —tz])

where the integration contour Cy encircles the (¢ 4+ 1) poles defined by the equations t = zj_l
j=1,...,0+1.

Lemma 5.1 The following identity holds for n >0

% dt 1 B
c 2mntl HZ+11 (1 _ tz]q )

qnl 1
= : , (5.2)
Z/ 27TZtn+1 Z-f—l tzqu_z) Hg—&:-i(l o tZ])

m=0 m;éz(

where the integration contour C' encircles poles defined by the equationst = z;lq_i, j=1,...,0+1,

i=0,...,d and the integration contour Cy encircles (£ + 1) poles defined by the equations t = zj_l,

j=1,...,0+1.

Proof: We have that

% dt 1 _jé/ dt 1
4 d - ¢
¢ Zmitmt HJE m=o(1l —12;q™) 2mtn H i Hm o1 —tzg™ )
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where the integration contour C; encircles (¢ 4+ 1) poles defined by the equations ¢t = zi q '
j=1,...,0+ 1. Making the change of variables ¢t — tg~* in the r.h.s., we obtain that

f dt 1 B
c At Hé-i-i (1 —tzjq )

d d
Z/ 5 Cii+1 1 17d : o qu/ 5 Cii—i—l 1 17d . —
i—0 7/ Ci 2Tt IG5 Lo —tz™) = Co <M 15 [0 (1 — t259™ )

a

We are going to consider a continuation of the expression (5.2) to ¢ € C*, |¢| < 1 and the limit
d — 0.

Proposition 5.1 The specialization (1.9), (1.12) of the q-deformed gl - Whittaker function can
be written in the following form

VI (0, k) = (Lo(2) L2), [Pk, (5.3)

where
~ 1
L(z,t) = — = | | Talatz)),
H+1 T2 (1 — tzq*) jl_[1

£+1 7” ni 1
a0 = (I19) S o

and the pairing (, )i is the standard pairing (2.19) on Ky,,,(P*) taking values in Ky, , (pt).

The representation of the Whittaker function given in Proposition 5.1 establishes a direct con-
nection with the results of Givental-Lie [GiL]. In [GiL] the function (5.4) was interpreted as a
universal solution of the reduction (1.10) of g-deformed gl,,;-Toda chain. Indeed, the function
I, 1:(2,t) satisfies the eigenvalue problem

/41

(1 - ZiT_l) In,k(§> t) = qn In,k(§7 t)a (55)
1

+

J

modulo the relation HZH(I — tz;) = 0 holding in Ky,,,(P‘) and is uniquely determined by the

normalization condltlon
/+1

Lix(zlg=o = (T 5) ¢ nzo.
j=1

The solution I,, ;(2,t) is universal in the sense that taking the pairing

1 dt In,k(gv t) f(t)
(Ink(2), )k = —%C 7 m7 (5.6)

with arbitrary f € Ky,,, (P) one obtains a solution (5.6) of the g-deformed reduced gl ;-Toda
chain (1.10).
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6 Semi-infinite Todd genus and ¢-Gamma function

In the explicit expression for the cohomological pairing on EIP’?F conjectured in Problem 3.1 the ¢-
Gamma function I'y plays the role similar to the Todd genus in the analogous pairing for underlying
finite-dimensional space P‘. The S'-localization discussed in the previous section reduces the
pairing of the Chern and Todd classes on EIF’?F to the paring of some cohomology classes on P’.
It is an interesting problem to interpret the resulting cohomology classes on P! in terms of some
geometric objects on P!. For example in an analogous case of S'-localization of K-theory on the
loop space LX, the elliptic genus of X arises. The corresponding elliptic cohomology is an instance
of an extraordinary cohomology theory. In this Section we discuss the result of S'-localization on
[,IP’ﬂ from the extraordinary cohomology perspective. We demonstrate that an intrinsic non-local
nature of the C*-localization on E]P’ﬁ obstructs a straightforward relation with the formalism of
extraordinary cohomology theories and corresponding multiplicative genera. Let us remark that
classical I'-function was considered as a candidate for a topological genus by Kontsevich in [K].
Also a kind of I'-genus also appeared in obviously related context in [Li], [Ho] (see also [CGil],
[CGi2] for a discussion of formal groups in a quantum version of cobordism theory).

We first recall standard facts on multiplicative topological genera and formal group laws corre-
sponding to complex oriented cohomology theories (see e.g. [BMN]). The Hirzerbruch multiplica-
tive genus is a homomorphism ¢ : Q* — R of the ring of complex cobordisms Q* = Q*(pt) to a
ring of coefficients R. One has a Thom isomorphisms Q* ® Q = Q[z1, z2, - |, deg(x;) = —2i and
the topological genus ¢ is characterized by its values on generators xz; that can be represented by
Pontryagin-Thom duals to complex projective spaces P'. Equivalently ¢ defined over Q can be
described in terms of a one-dimensional commutative formal group law

fo(z,w) = ep(logy(2) + logy(w)), (6.1)

expressed through the logarithm function

lo S 2"t
g, (2 Z ,

and its inverse e, (u). For instance rational cohomology and K-theory correspond to additive and
multiplicative group laws

fu(z,w) =2z +w, fr(z,w) =z 4+ w — zw.

To a genus ¢ one associates a multiplicative sequence {®,,(¢;)}, deg(®,,) = n of cohomology classes

00 N T
Py=Y ®u(ci) =] 7
n=0 j=1

_ ep(z))’

and a map
X — o(X) =(®(TX),[X]), dim¢ X = N.

Here 7 X is the tangent bundle to a manifold X, [X] is the fundamental class in the homology of
X and (, ) is a standard pairing. The classes x; are defined in terms of Chern classes ¢; of 7X
using a splitting of 7X

N N
c(X) =1+ ci(X)=]] @+
i=1 j=1
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In the case of additive and multiplicative group laws we have respectively that

P,,(z)=1, log@H(z) =z, ep(u) = u;

n
xj _
P,y (z) = H 1—7;*%" log,, (2) = —In(1 — 2), eop(u) = 1—e™ ™.
j=1
Note that P,, (x) defines the Todd class of 7X. For example, the equivariant Riemann-Roch-
Hirzebruch theorem for a line bundle £ (n) on P can be represented in the following form

XUpss (B L(n)) = (Chyey)(Lr(n)) Tdy ey (TP, [P]) (6.2)
/+1 1
_ nx+k(AM—+...4+Xe41)
T om ?{dm ¢ H 1 —eri—z
Co =1
/+1
— L dx enw+k(>‘1++)‘l+1) 1 .
2 ] o (T — Ai)
Co =

Here ey, (x) is the exponent corresponding to K-theory (see the Remark 2.2).

Using the conjectural relation in Problem 3.1, the S' x Uy ;-equivariant Riemann-Roch-Hirzebruch
theorem for a trivial line bundle on EIP’ﬂ_ can be represented in the form similar to (6.2) fork =n =0

/+1 oo

X5t (LP £0(0)) = 27”% 11 H 1_ htmh—=z +mh z = (6.3)
j=1m= 01
{41
2m f{ H e%
where C' encircles all the poles x = X\j +mh, j =1,...,({ + 1), m € Z>o and we used a notation
1 - nh—u
e, (u; h) = = nl;[O(l—e ). (6.4)

However, despite a similarity of (6.2) and (6.3) the difference in integration contours does not allow
directly to interpret e, (u;h) as a topological genus corresponding to a extraordinary cohomology
theory on P’. The way to transform (6.3) into an integral over the contour Cy was discussed in
Section 5. As a result the integration contour in (6.3) can be replaces by Cj at the expense of
multiplying the integrand by the correction factor Ipo(z,e™") (see (5.4) for explicit expression for
I, 1 (z,e7")). Now we have an expression for the equivariant Euler characteristic on EIP’?F in terms
of the pairing of cohomology classes on P‘. However this correction factor appears to spoil the
multiplicative property of (6.4). The underlying reason for this is the appearance of an infinite
number of copies of P! as components of fixed point set in S'-localization. Thus, the situation is
very much different from, for example, the elliptic genus (see e.g. [Se]) where the fixed point set of
S1 acting on LX is simply X itself. It is conceivable that the failure to interpret S'-localization on
[,IP’ﬂ in terms of an extraordinary topological genus implies actually the existence of a meaningful
quantum version of the an extraordinary cohomology theory formalism.
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