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§ 0.1. Introduction

In this paper we are going to study some differential­

geometrie properties of the moduli spaee of eompact eomplex mani­

folds of dim[ ~ 3 which admit non-flat metrics 9 with holonomy

graups H (g) * {O} and H('g) ~ SU (n). Such manifolds we will call

SU(n) or Calabi-Yau rnanifolds. Before stating the main results,

we will rnake several rernarks.

Rernark 0.1.1. It is not difficult to see that a rnetric an a compact

cornplex rnanifold whose holonorny HO~ {O} and H ~ SU(n), will be .

Kähler and Ricci flat. We will call it Calabi-Yau rnetric.

( See [2 ]) •

Remark 0.1.2. If M 1s a Calabi-Yau manifold, then from the theory

zeroes and no poles. This implies that

1s spanned by a holornorphic n-form

it follows

wo' which has na

Constructions of

and the fact that holonorny group

HO(M,n i
) = ° for 1< i <n

SU (n)

H c SU(n)

of invariants of the group

HO* {O} and

and HO(M,nn)

Calabi-Yau manifolds arebased on the solution of Calabi conjecture by

Yau. See [;5].
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Recently 5U(3) manifolds have attracted the interests

of physicists working on string theory and algebraic geometers

working on the classification of threefolds and on ,algebraic cycles.

Let me state the results that are contained in this paper.

In §1 the following theorem 1s proved:

Theorem 1. Let M be a Calabi-Yau (SU(n~3)) manifold, where

n = dimlIM. Let TI : X -+ S 3 0, TI -1 (0) = 1-1 be the Kuranishi family of M,

then 5 is a non-singular complex analytic space such that

di S d " H'(M 8) dl"m".,H'(()n-').ffia: = lmlI ,- = ~ U See also ['3].

More preeisely we have proved Theorem 1'. From Theorem "

follows Theorem

Theorem , I •

and our curvature computations are based on

Theorem , I Let M be a Calabi -Yau (SU (n ~ 3)) manifold. Let

(gaS) be a Calabi-Yau metric on M. Let E' (M,8) denote the

harmonie elements of H1 (M,0) with respect to (gaß)' let ~1 be,
any element of E (M,0), then there exists a unique power series

such that for Itl < E

• •• + + •••

a) ~ (t) € C
OO

(M, n 0 , 1 ca 0 )
M

b) a*~(t) = 0, where a* is the

adjoint operator of a with respect to (gaS).

1
c) a(J)(t) - 2[tp(t) ,tp(t) = 0 d) for each K i;;: 2 (J)K.L Wo = alflK,

where Wo E HO(M,nn) and Wo has no zeroes.
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Theorem 1 was first anounced by F.A. Bogomolov in [18]. Later

P. Candelas, G. Horowith, A. Strominger and E. Witten proved

theorem 1 under the assumption that

([ 17])

Theorem 1 was also proved by Tian independently. Next we are going

to describe the results in §2. So we need some definitions in order

to formulate the results.

Definition. A pair (M,L) where M is a Calabi-Yau manifold and

L E H2 (M,lR) will be called a polarized SU(n) manifold if

1 where 1 is a Kähler metricL = [Im gaß] , (ga"'S"') on M.

With [w] we will denote the class of cohomology of a form

w~ Frorn now on we will suppose that L is fixed.

Suppose that M ~ S is the Kuranishi family of polarized Calabi-

Yau manifold (M,L) , so may be after shrinking S we may suppose

for each
-1 there exists a unique Ricci-that sES on Ms = TI (s)

flat Kähler metric gaS(s) such that [Im g Cl.ß (S) ] = L. The last fact

follows from Yauls solution of Calabi's conjecture, Kodaira's

stability theorem, which states that small deformations of Kähler

manifold is Kähler and the fact that for. SU(n '= 3) manifolds

2H (X,Ox) = O. From h 2 ,0 = 0 it follows that M is an algebraic

manifold. Here we use the fact n63, since if n = 2, h 2 ,O = 1 •

Now· we can identify the tangent space at SES, Ts,S
with

1 where ]-I 1 (Ms ' Gs) is the harmonie part of H1 (Mg' G5) withJH (Ms,Gs )'

respect to gaS(5) and G 15 the 5heaf of holomorphic vector fields.
s
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Now we are ready to define Weil-Petersson metrie on S-the local

moduli space of (M,L).

Definition. Let 1
~1'~2 E T = lli (M ,8 ), thens,S s s

<~1 ' l.P 2 >·w.p. := J
Ms

Here we are using the usual Einstein's eonventions for summation.

In §2 we calculated the Weil-Petersson metric on the moduli

spaee of polar ized SU (n ~ 3) manifolds in terms of the standard

d Hn-2,2, .cup pro uct on 1.e.

(i)n-4 J
M

<u,v>

n(n-2)

= (-1) 2 U A V, E Hn-2 ,2u,v

In order to simplify the computation of the eurvature tensor

of the Weil-Petersson metrieR - -
aß' l-I\.l

loeal coordinates
l' K

(t , .•. ,t ) in S

(h -) we need to find II good ll

l-I\.l

so that

h - = <5 - + Eh - -t°t:ß + (higher order terms)
l-IY l-I\.l l-Iv,aß

In §2 it is proved that such a coordinate system exists and so

{h -}, i.e. the Weil-Petersson metric is a Kähler metric. Let
l-IV

me describe how one fixes such "good ll coordinate system which we

call IIKodaira-Spencer-Kuranishi" local in S. Let

be a basis in E 1 (M, 8) and let

{n . }
\.l

v = 1, ... ,K
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be the power series with the properties stated in Theorem 1 1
, then

1 Kit is proved in §2, that (t , ... ,t) will be a good loeal eoordinate

system, namely the following lemma is proved.

Lemma. Let (h -)
aß

be the Weil-Petersson metrie on S, then with

respeet to Kodaira-Speneer-Kuranishi loeal coordinates the following

formula is true:

(*)

+ (terms of order ;;:3)], where and
2A Tl (ul\v)=a

= n (u) 1\ n (V)a a and

denote the eohomology elass of in Hn - 2 ,2 c Hn (M,<!:), where

E is the harmonie projeetion. From this lemma we derive the following

theorem

Theorem 2. a) The following formulas are true for the eurvature tensor

R - - of the Weil-Petersson metrie on the moduli space of SU(n~3)
aßd.lV

manifolds

R - ­
aß,\-Iv

o if a.:t: l..l or v:t: ß

n(n+1)

Ra13 ,a.13 = + (-1) 2 (i)n-2af (A2 na .lW
O

] 1\ (A 2
Tl

ß
.lw

O
]

b) The biholomorphie seetional curvature of the Weil-Petersson

rnetrie onfue moduli spaee of SU(n~3) manifolds 1s negative.
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The proof of the lemma is based on the following two observations.

Observation 1.

where

This formula says that in case of SU(n) manifold we do not need

Calabi-Yau metric in order to define Weil-Petersson metric. We on1y

need the polarization class since if JwtAW
t

= JL n , then we have a

1 ~ 1 n-1
canonical isomorphism a : H (M,0) ---> H (n )a(~) = ~~wo . On

n (n+ 1) n-2
Hn~1,,1 we h~ve a canonical metric; <a,b> = (-1) 2 (i) JaA6.

M

This is so since if n ~ 3 all elements of Hn - 1 ,1 are primitive

and Hn - 2 ,0 ~ HO{M,nn-2) = 0 .

be the disc define byc SObservation 2. Let D
Cl

0.-1 __ 0, to:.+ 1O, ••• ,t =
K

O, ••• ,t = ° Let M
0:.

---> D
Cl

be the

such that

restriction of the Kuranishi family on

holomorphic form on

D . Let
Cl

w be the
to:.

Jw A w = fwOAwO ' then
t Cl tU

co
w as C n-form on

tU
can be

(**)

(***)

expressed i~ the following way

n 1(1-1)

w = W + I (-1) 2 Al~ (to:.) ~ Wo ' where Al~a(ta) E
t Cl 0 1=1 0:.

r(M,Hom(A l n A,0,A1nO,1)) and Al~o:.(to:.) (u
1

A... Au
l

) =

From observation 1 and 2 it follows that

TI (n -1 ) dw dw ß
ha-S(t,t) = (-1) 2 (i)n-2(Mf t

a
A t \

\ dta dt ß )
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From (***) Theorem 2 follows almost directly.

Remark 1. It is a weIl known fact that the moduli space of

marked polarized K3 surfaces is 50(2,19)/50(2) x 50(19)

From observation 1 it follows that the Weil-Petersson metric is

the Bergmann metric on 50(2,19)/50(2) x 50(19). (5ee also [11]).

50me historical notes. The purpose of introducing of invariant

metric on the moduli space (in case of Riemann surfaces on the

Teichmüller space), is to ~rovide information on the intrinsic

properties of the space. The Weil-Petersson metric has successfully

filled this role in case of Riemann surfaces of genus g ~ 2 .

Ahlfors was the first to consider the curvature of the Weil-

Petersson metric in case of Riemann surfaces, i.e. on the

TeichmUller space. 5ee [1 ]. He obtained singular integral

formulas for the Riemann curvature tensor. As an application he

found that the Ricci, holomorphic sectional and scalar curvatures

are all negative. Royden later showed that the holornorphic sectional

curvature is bounded away from zero. Trornba gave a complete forrnula

for the curvature ,of4Weil-Petersson metric on Teichmüller space and

found that the .general sectional curvature is negative. See [.14].

Later Scott Wolpert gave another formulas for the curvature

tensor of the Weil-Petersson metric on the Teichmüller space of

Riemann surfaces of genus g ~ 2 . From his formulas S. Wolpert

showed that the holomorphic sectional and Ricci curvatures are

-1
bounded above by 2TI(g-1) and the scalar curvature is bounded

-3(3g-1)
above by . 4* . S. Wolpert showed that the curvatures are

governed by the spectrum of the Laplacian. See [16]. J. Royden
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also obtained similar results. Later S. Wolpert used his

calculations of the curvature tensor of the Weil-Petersson

metric to get some information of the global structure of the

moduli space of Riemann surfaces.

Siu generalized the formulas of S. Wolpert in case of

algebraic manifolds with Ricci < 0 and complex dimension ~ 2 .

See [12]. Nannacini used siuls method and obtain similar to Siuls

formulas in case of SU(n~2) polarized manifolds. See [9 ]. In

his introduction' of [12] Siu announced that Royden also obtained

some formulas for the curvature tensor of the Weil-Petersson metric

on the'moduli space of compact complex manifolds with dirn ~ 2 and

Ricci < 0 . Roiso was the first to introduce Weil-Petersson metric

in case of dirn;;;: 2, [7 ], [4 ].

Recently the author found: some applications of the results

of the present paper. Narnely:we proved the global Torelli theorem

for complete intersections of SU(n~3) manifold8. The proof i8

based on the observations that the Discs D defined in Observation
Ci.

2 are tota~ly geodesie submanifolds. After allowing certain

singularity we may construct a complete moduli space of SU(n~3)

manifolds with respect to Weil-Petersson metric. We

also use some results of A. Beauville on the image of

Diff+(M) = {group of diffeomorphisms preserving the orientation of

complete intersections in F N , if dim~M ~ 3} in

n
AutH (M,X) . See [3 ].

The author wants to thank Max-Planck-Institute for Mathematics

in Bonn for financial support and excellent conditions for work '

during the preparation of this article. The author wants to thank'

S.T. Yau and Tian for informing me about the results of Tian.
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§ 0.2 Conventions on some relations

0.2.1.a. 1 n
(z , ••• ,z) will denote a system of local coordinates

on a compact complex manifold.

A' I\. i
K0.2.1.b.

1 1 1,
A.. Adzn that if i 1

i K
dz 'A .. t\dz .' A.. Adz means < .. <

i i
Kthen dz 1 , ... , dz are omitted.

0.2.2 Given a Hermitian metric on a complex

manifold, we say that it is Kähler if

(0.2.2.1)

Ametrie is Kähler if and only if we can find normal coordinates

at each point, i.e. holomorphic coordinates such that at the point

the metric tensor has the development h - ;;;: Ö - + 0 ( It I2 ) . I f the
aB aß

metric is Kähler and real analytic, one can introduce a set of

canonical coordinates at a point which are·.~characterizedby the

property that the power series for h ­a.ß cantains no terms which

are products only of unbarred (ar only of barred variables). In

terms of canonical coordinates

(0.2.2.2) h - ;;;: Ö - +' 1R Y '8 + 0 (I t I3)a.ß aß 2 a8,y'8 t t

are unit 'tangent vectors, the holomorphic

where

and

h - - is the Riemann curvature tensor. Ifaß,yö
1 K(n ,.·.,n )

1 K(E.; , ••• ,E.; )

bisectional curvature in direction E.;,n is given by:

(0.2.2.3)
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and the holomorphic scetional curvature in direction ~ is given

by

,( 0 . 2.2 . 4)

So we have proved in § 2 that Kodaira-Spencer-Kuranishi coordinates

are normal coordinates. So we apply (0.2.2.3) and (0.2.2.4) in

order to get Theorem 2.
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§1. The Kuranishi space of a SU(n) manifold M is unobstructed

1.1. Remark a) From now on we will suppose that M is an SU(n)

manifold with a fixed Calabi-Yau metric (gaS)' i.e. gaß is a Kähler,

Ricci-flat metric on M.

b) If l..P is any element of Hj (M,AKe), then by El.P we will denote

the harmonic part of l.P and by mj (M,A~0) all harmonic tensors on

M whch are elements of Hj(M,AKe) with respect to the Calabi-Yau

metric.

c) For any point

( 1 n).z , ... , Z ln

x E M from now on we will chose the local coordinates

U 3 x in such a way that

where

I
1 n

Wo U = dz A ••• A dz

is the holomorphic form without zeroes on M.

McX
1.2. Theorem. Let M be a SU(n) manifold and let ~ ~TI be the

o E S
Kuranishi family of M, then

a) S is a non-singular complex manifold

b) dim~S = dim~H1 (M,0).

Froof: Let us first remember hqw the Kuranishi family is defined.

We define a* to be the adjoint of a with respect to the Calabi-Yau

metric, 0 to be the Laplace operator, and G to be the Green

operator. Let {n\J I \J = 1 , ... ,m} be a base for E 1 (M, e). Kuranishi

proved that the power series solution of the equation

1 -
l..P(t) = n (t) + 2" a*G[l..P(t) ,l..P(t)]
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rn
where n- (t) - \ t n" has a unique convergent power series solution.

- L 'v v
v=1

And this ~(t) satisfies

1
2[~(t),~(t)] = 0

if and only if

JH[lP(t),~(t)] = o.

Let { ßAI~ = 1 , •.. , Z} be an orthonormal base of 11
2

(M, G) and let

<,> be the inner product in

Then

t
I-I[ lP (t) ,4> (t)] = L < [~ (t) ,4> (t) ] , ßv> ßv

A=1

Hence JH [lP (t) ,lP (t) ] = 0 iff < [4> (t) ,4> (t)], ßv> = 0 for A = 1, ... ,T.

Since A = 1, ... ,T. Since lP(t) is a power series in t so is

<[~(t) ,lP(t)],ß > = bv (t) · Thus b (t) is holornorphic in t forv v

A = 1 , ... , T and . It I < E. Then Kuranishi proved that S is

defined as follows

S = {tlltl < E, bA(t) = 0, A = 1, ... ,T}

Wehave a farnily X~ S such that it is locally cornplete and

n- 1 (0) = M. Frorn all this it follows that if we prove that for each

nv ,v = ~ , ... ,r, there exists apower series (convergent)

~v(t) n" t + v:&=2= \J lP2 '"--' + ••• +
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such that:

a)

b) ~v(t) fulfills the following equation

then b (t) s 0
V

and so 8 is an open subset in 1
E (M,0), i.e. 8

is an non-singular manifold of dimension equal to the 1dirn H (M,0).

80 we need to prove that for each

we can find apower series

1n E]H (M,G)v v = 1, ... ,z

o

~v(t) =

such that

n tv + ••• + VtK
~K + •• •

a)

b)

Lemma 1.2.1. Let + ••• + be

convergent power series such that

a) a*~ (t) = 0v b)

Proof: ~ (t ) - E~ (t ) = G0 ~ ( t ) = G Ca*a + ä a*)~v (t) = Ga*ä~ (t) .
V\)\) v

This is so since a*~ (t) = o. Frorn the equality
\)
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and from

Q.E.D.

From all these fact it follows that we need to solve by

induction the following equations:

3t.P2
1

[(l)1 ,t.P 1 ] , where 3*t.P 0== 2" ==2

(* )

3tPN+ 1
1

+ [tPN- 1 ,tP2 ] [ t.P1 ' tPN ] )== 2" ( [tPN ' tP 1 ] + ••• +

where a*tPN+ 1 = o.

The solutions of (*) is based on the following lemmas

Lemma 1.2.2. Für eaeh n EE1 (M,8) n.lWO is a harmonie form of type

(n-1,1).

Proof: Let and
1 n= dz A·••• Adz , then

now elearly

== ~(-1)~-1n-_~ d-a dA~ d n~ Z A... A Z /,.. • .A Z

a

Next we need to prove that
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The proof of this fact is based on the following fact

(**) (ä"*c.p) A B
p' q

From the formula

see [8 ] •

and from the Bochner principle, that on any Ricci flat compact eom-

plex manifolds any holomorphic tensor is parallel, we get that

~Wo = O. See [8 ]. So

From this formula we get that

Q.E.D.

Lenuna 1.2.3. 1For eaeh. n EE (M,0) we have that if

I ~ -0 dn u = En_ dz ~ ---, then
o Clz'~

I Cl c.p~ =·0
~=1 ~ Ci

VCJ. = 1, ... ,n.

Proof: We know that Tl.L Wo is a harmonie form on a Kähler manifold

so
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On the ether hand

= ~(-1)~-1Tl_~ d-a d 1 dA~ d ~L. Z A Z A ••• A Z A ••.• A Z
. a

So

a(Tl .L Wo Iu) =I ~ a\J 4J~)d z- Cl" d z 1 " •.• " d z\J" ••• "dz \J - 0 •
a. a

From here ~ La ~~ = 0
~ -a

Q.E.D.

Lemma 1.2.4. Let ~,1J.! E r(M,nO,1 ~ 8) = r(M,Hom(,Q1,O,no,1)) and

where lP A 'PE r(M,Hom(A 2n 1 ,O,A2nO,1)) and

(~ A 'f) (u A v): = ~(u) A 'fI(v).

Proof: We have:

2tp A 'fl u =

lPl u L
i dz~ a

'fIl u I lP~
-\l 0 and= lP_ ~ , = dz 0i az j

~ oz ·v

i I i dz~, 'P
j

L 'fjdz\llP = lP_ = -
~ 11 \l V

From these fermulas we get:

\(_1)i+j-2(fni \uj \11 i j)d 1 d Ai= L '+" 1\ T -T AlP Z 1\ ••• /\ Z 1\ •••

i<j
Aj n

Adz A ••• A dz •
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Let us compute the coefficient of 2a (lP 1\ qt.L wO) in front of
1 i /\ . .

dz 1\ •• • I\dz 1\ •• • dz JI\ •• • I\dz~ • So we have

(1.2.4.1)

1 i I\j ~
1\ dz 1\ ••• I\dz 1\ ••• I\dz 1\ •• • I\dz ], where

1
n

i - a 11'1
1J

a.qtidzva 1 lP 1 (a i lP_ ldz = Li 1 -
~=1 1J v=1 v

1J i ~
aO. qt1Prom a (lP .L Wo l = a(qt.LW

O
) = 0 .. L a. lP = I o.

i= 1 1 i=1
1

So from these formulas and (1.2.4.1) it follows that:

(1.2.4.2)
n n 1+j i j i j 1 I\j n\' ( I (-1) [lP a.qt -qt a.c.p ]I\dz 1\. • .I\dz 1\ ••• l\dz
L 1 1

j = 1 i= 1

PrOfi the definition of [c.p,IJI], i.e.

(1.2.4.3)

and (1.2.4.2) we get that

Lemma 1.2.5. Let tpi E r (M, Horn (n 1 ,0 , n° , 1) ) for 2:;a i :;a N and

a)
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then

Proof:

Clearly we' have:

(1.2.5.1)

=
N-1

~(K~O ([3IflN- K ,IflK+ 1 ] - [IflN- K ,3IflK+ 1 ]) •

8 ]) and

we get

(1.2.5.2.)
N-1

.lä( \' [ ]) =
2 K~O ~N-K'~K+1

+ l. [ [tp i ' ~ j ] , ~K] + [[ tpK ' tp i ] ,~ j] + [ [tp j , tpK] , <P i ] )
i>1 ,j>1 ,K>1

i*j*K
i+j+K=N+1

if N+1 = 3K) . From (1.2.5.2.) and Jacobi identity we get that
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Q.E.D.

1.2.6. Now we are ready to solve the equations (*) on page 4. We

will solve thern inductively.

Induction hypothesis • Suppose that for any 2 ~ K ~ N, we have

K-1
a) 3q>K = ~ ( . L [<PK- 1 ,lPi ] )

1.=1

b) 3*q> = 0K

c) q>K .L Wo = a\fK and so a(q>K .L wO) = o•

we rnust find lPN+1 such that

b) 3*~N+1 = 0

c) and rnoreover

Frorn lemma 1.2.4. it follows that

1.2.6.1. d ( L (lP· A <ik') .L wO)
i+k=N+1 1. .

Frorn lemma 1.2.5. it follows that

1- N
1 • 2 • 6 • 2. 2a(.I [lPN_ i + 1 ' q> i ]) .L w0 =

1.=1
aa(L (q> i /\ <.P

K
) .L wO)" = o.

i+K=N+1
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From Hodge theorem, the fact that M is a Kähler manifold we get

1.2.6.3.

From Hodge theorem and the fact that M is a Kähler rnanifold

we get

1.2.6.4.
11 111

= ~qr + i)*qr
o N+1 0 N+1

where

Define

111

a* qrN+ 1 ;;;; Cl qrN+ 1 and so 3*'Cl·qr = 0N+1 since

1.2.6.2.

Wo* C f(M,,,n S ) d * > 1 . . .~ 1l an <Wo ,wO = pOlntwlse, 1.e.

Cl
=

ClZ
1

Clearly from the fact that

v w* = 0
Cl 0 (Bochner pr~nciple)

we get imrnediately that

ä* (a'iiN+
1

.lWÜ) =:=' (ä*a'iiN+
1
,.l wO) = o. (For more details see

lemma 1.2.2.). So

1 N
= 2 ( . L [4>N + 1- 1 ,4> i ] )

~=1

The theorem is proved.

Q.E.D.
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We have proved the following theorem:

Theorem 1.2 I. Let M be a SU (N) manifold and let Tl EJH 1
(M, G) ,

then there exists a convergent power series.in norms defined in

[ 8 ]

() ~ t2 K
4'. t = nt + 4'2 + . . . +4'K t +...

such that

1 )

2)

3)

4)

4'. E [(M,rl°,1 ~ G)
1.

tp . .L Wo = Cl If' .
1. 1.

8tp(t) = ~[tp(t) ,tp(t)]

Remark. It i.s proved in [8 ] that if lP(t) fulfills 1) ,2) & 4),

then 4>(t) E COO (M,nO,1 ~ G).

[
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§2. Computations of the curvature tensor of the Weil-Petersson metric

2.1. Definition. We know that the tangent space T at the points,S

sES , where S is the Kuranishi space, can be identified with

E
1

(M ,0 ) . ]i1(M ,0 ) is the harmonie part of H
1

(M,G ) with
5 s s S 5

respeet to Calabi-Yau metrie gaS(s)
-1

where theon Tl" (5 ) = M ,

eohomology elass [ [mg
aß

(s) ] = [ [mgaß (0) ] • We know that gaS (S') is

the unique Kähler Rieei-flat metrie sueh that

[Im(ga~(5))] = [Im(ga~(O))] = L

see ~15].

Let <+>1 ' <+>2 E T S =. lli
1

(M 0) then
5, 5' 5 '

2.1.1.

2.2. Lemma. (-1 )

n (n + 1 )
n

JWs 1\ WSJ = f vol (ga]' (5)) '.and w~, is a holomorphic n-forrn on M
s

.

Proof: Frorn Vw = 0 (Bochner is prineiple) => V (w 1\ W ) = O. On the
s s s,

ether hand V(vOl(gas(s)) = 0, so we may assurne

(2.2.1) W
S

Frern (2. 2 • 1) and ~-- = ~-- (See [9 ]) it fellows that
aß ßa

<<+>1'<+>2>
~ w.p.

= (-1)

n(n+1)
2

Q.E.D.
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2.3. Let us define locally

0~ = dz et
+ l. <f>r::J. (t) dzlJ

lJ

where

Cl = .1, ••• , n

and

<f>(t)
2

= <f> 1t + '+'2 t +... + t n +<f>n •••

1 )

2)

3)

1'+'1 E E (M,G)

4) = a'l'J
1

for i ~ 2

Clearly for each t {G~}

suppose that

is a basis for 1 0
Qt' lu . Of course we

2.4. Lemma.

1 u
= dz A. •• A dz •

(See also [ 19 ] and A. Weil,

Collected work vol. 2.)

Proof: Since l.P(t) E r (M,Horn(st 1 ,0 ,QO' 1)), then for each K::;;; n

K > 0 we can define

where
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Next we have the following formula

(2.4.1.)

K(K-1)
n 2 K 1" . n

+ L(-1) A ~~dz A••. Adz =
K=1

K (K-1 )

I
\ 2 K I= Wo U~ + L(-1) (A ~~wo) U

Formula (2.4.1) follows from the definitions of AK~(t) and

1- n
8t "···"8t ·

Proposition 2.4.2.

K(K-1) K(K+1)
2 - K 2 K+1

( - 1 ) d (A ~.lw0) + (- 1 ) a (A ~~w0) = 0 •

Proof: So it is enough to prove

From dt,p(t) it follows that

(2.4.2.1.)

since

(2.4.2.2.)

we get

a a
--.-A ••• A--,-

1 1
az 1 az K
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From (2.4.2.1) and (2.4.2.3) we get

Next we must compute K K+1
(-1) a(A tO.lWO) = ?

Suppose that i
1

< i
2

< ••• < 11 -
1

S j < i 1 < ••• < i
K

K (il-1)+ .. +(j-1)+ .•+(~-1)+(l-1)+(j-1)+(K+1) i
1

i
=(-1) ?L(-1) ~ A•• AdjtO ~A •• A

J
. A 1\

i K 1 i 1 j ~ n
A•• AtO Adz A •• Adz A •• Adz A •• Adz A •• Adz .

From ~a tP
j = 0j

and (2.4.2.6) we get that

(2.4.2.7)
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From (2.4.2.5) and (2.4.2.7) we get that

Q.E.D.

From 2.4.2 it follows that

Remark 2.4.9.

A •• A

Since

° .

and for all

Q.E.D.

K AK~ are globally defined

tensors it follows that

(2.4.9.1)
n

wt = Wo + 2 (-1)
K=1

is also globally defined. From (2.4.1) it follows that w
t

is a

andholomorphic n-form on Mt' since dW t = °
(n,O) on Mt .

Remark 2.5. Let {noJ be a basis of lH·
1(M,0) . Let

is of type

+ •• + + ••

be an element of r(M,nO,1 0 O) such that

a) a*~ (ta) = °a

b) atP (ta) 1 a a= 2[tPa (t ),tPa(t )]a

c) ~a,K.lWO = dtP K VK ~ 2a,



then
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1 K
(t , ... ,t) will be a loeal eoordinate ·system in S . From

Theorem 1.2' we know that exists for eaeh CI. • We will

eall such coordinates Kodaira-Spencer-Kuranishi coordinates. From

now on we will fix these local coordinates.

2 .6 • defines a dise D in Sand we have a family of
a.

SU(n) manifolds over D TI : X ---> D . Let
CI. a CI. CI.

be the holo-

morphic n-form on defined by (2.4.9.1), i.e.

(2.6.1)

then we have:

(2.6.2)

Proof of (2.6.2): Let f w A w . If we prove that
M tCl. tU

at each point, then (2.6.2) will be proved. From

(2.6.1) it follows that:

(2.6.2.1)

So

·Cl CI. f - J - I a 1
2J I a 2( 2 • 6 • 2 • 2) f (t I t ):;: w o.l\w = wOl\w

O
+ t (n l.w

O
) 1\ (n 11u

O
) +0 ( t I ) .

~ t tCl. MO a. a.

Let A E r(M,Horn(T*(M)0~, T*(M0~)) , where locally
tCt.
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(2.6.2.3) A (dzK) = dzK
+ L<p" (ta) !Sdz lJ K = 1 , ••• ,n

t
a a lJ

dz KA (dzK) = + LlP (ta)~dzlJ .
ta. u p

From the definition of it follows that

(2.6.2.4)

Let us fix t
a , where t

a
is any point of D . We want to find0 0 a

Taylor series expression of
Cl -a f A in the form:f(t ,t~) = w w

to; '0;
'/M

O
t

0; -a a -a 2 -0.
f(t ,t ) = f(to,t O) + (t-t

O
)f

1
(to,t

O
) + •••• In order to get

this expression we notice that

(2.6.2.5)

So we have

(2.6.2.6)

From the definition of At we get that

(2.6.2.7)

This is so since A = id + (tn + tn ) + •••• From (2.6.2.7) and
t 0. a

(2.6.2.6) we obtain that
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I
1 e_ TI I CX CX \' ~-1 l.I -y-(2.6.2.8) w =8 I\ •• A0 1\ •• 1\0 CX +(t -t

O
)L(-1) n -a0 l\.

t
CX U t~ t~ t o U a,y tg

So from (2.6.2.8) it follows that

Here
1

stands for an element of H.·(M Q,8 a) . So we get that:
t o t o

( 2 • 6 • 2 • 10 ) f (t a
, t a) ~ (t~ , t~) + It Cl-t~ I~f1 (t~, t~) +0 ( (ta-t~) 2) •

af(t.a.,tal"j .From (2.6.2.10) q --~~--~

at.a. ·t·a.=.to,
. 0

= 0 .

Q.E.D.

Lemma 2.7. Let (h -(t,t» be the Weil-Petersson metric, then
lJV

-
h -(t,t) ::::

l.Iy-
(-1 )

n(n-1) ----
2 2 dWtlJ dwtv

(i)n- I A
M cftP dt 'J

M . Moreover
t lJ

on(n-1,1)is a form of type

Proof: Lemma 2.7 follows from lemma 2.2, ,Remark 2.6 and

dWtlJ

dt lJ

::::

This is proved by Griffiths in [19]. So from the last equality

we get 2.7.
Q.E.D.
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n(n+1)

Lemma 2.8. h~v(t.t) = (_1)2 (i)n-2(k(n~iWo)+(nviWo)+

+4t~tv(f[A2n ~wo]A[A2n ~wo]) + (terms of higher order ~ 3 in
M~. v

~ v -~ -v 2 2t ,t ,t ,t )] , here [A n~iwO] and [A nv~wo] denote the

2 2
c~asses of cohomology of [A n~~wO] and [A-nv~wO] in

n-2 2 n . 2 2
H ' c H (M,!r) , namely [A n~~wO] = [E(A nl-l.lwo)]

Proof: From (2.4.1) and the fact that

(t v) t V ( v) 2 ( v) 3
~v = n + ~- 2 t + ~ 3 t +v v, v, we get that

(2.8.1)

Clearly we have:

+ ••• + + •••

So

(2.8.1)

3
- ~ 2An ~w - A nvLwO) + ... ·v , v

So we have



(2.8.2) h -(t,t) =
~v

(-1 )
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n(n+1) --
2 2 dWt~ wtV

(i)n- f ---- A' --- =
1.-1 dt ~ dtv

= (-1)

n(n+1)

2 (i)n-2[f(n ~wO)A(n ~wo)+2t~f(~ '2~wO)A(n ~wo) +
M ~ v M ~, v

-VI ~ V 2 2'
+ 2t (n lwO)A(~ 2lwO)+-4t t J(~ 2lwO-A n lwO)A(~ ZLwO-A n 2lwO)

M ~ v, M ~, ~ V, '\.l,

+ (terms of order ~ 3 ) .

Sinee (lPv , KJ.w O) = dtp K for K ~ 1 and the faet that for.:·any
\l,

~ n~~wO is a harmonie form by 1 .2. 2 and so d(nv~wO) = 0 =

= d(n~J.wO) = a(n~~wo) we get that for any 'r,o. and K ~ 2

(n ~wO)A(lP ~wo) = d«n J.wO)A~ ) andT a,n T a,n

(2.8.3)

(tp K.lWO)A(n ~wO) =d(tp KA(n ~WO}} •
0., T 0., T

From Stroke's theorem and 2.8.3 we get that

(2.8.4)

= fd(tp KA(n ~WO} = 0
M a, T

Next we must prove that

(2.8.5)

2 2= f E (A n ~wO) A ]-I (A n J.w O) , where E is the harmonie
M ~ v
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projection with respect to Calabi-Yau metric.

Proof of 2.8.5.: We know that

K(K-1)

(2.8.5.1) Wt~ = Wo +'2(-1) 2 AK~~(t~) = Wo + t~n~~wo +

( ~) 2 ( 2) + o( (t~) 3)+,. t ~~,2~WO - A n~~wo

and dw = 0 , so we get that each coefficient, which is a
t~ .'

complex valued form, in front of (t~)N must be closed, namely

2 - 2
d(~~,2~wO - A n~~wO) = a(~~,2~wO) - a(A n~~wO) = 0 • This is so

- 2
since a(~ 2~wO) = aW = 0 a(A-n ~w ) = 0 . Prom Hodge theorem

~, ~,2' ~ 0
1 1

and the fact that M is a Kähler variety, i.e. Dd = 2 Dä = 2 Da

we get that

(2.8.5.2)

since ~ ~wO = a~ 2 and so EdW 2 = 0 ·
~,a~, ~,

So we have

(2.8.5.3)

where f 2 is (n-1) cornplex valued form on M. Prom (2.8.5.3)
lJ,

and Stoke's theorem (2.8.5) follows

Q.E.D.

(2.8.5) proves lemma 2.8.

Q.E.D.
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Cor. 2.8.6. The Weil-Petersson metric on the moduli space of

SU(n ~ 3) manifolds is a Kähler metric,. moreover h - are real
~\)

1 K 1" Kanalytic functions with respect to (t , .. ,t ,t , .. ,t ) .

Proof: It is a weIl known fact, that if (g -)
~v

is a Hermitian

metric on a eomplex manifold

we ean find loeal coordinates

M and if around any point

1 K( t , ... , t) s ueh that

m E M

g -(t,t) = 8 - + Ih - _·t(lt ß + (terms of order ~ 3 )
~v ~v ~\),aß

where h - - are eonstants, then g -(t,t) will be a Kähler
~v,aß ~v

rnetrie. Cor. 2.8.6 follows directly from 2.8 using this eriteriurn.

Q.E.D.

Theorem 2.9. a) We have the following formulas for the curvature

tensor of the Weil-Petersson metrie on the moduli space of

SU(n ~ 3) manifolds

(2.9.1) R = 0
ctß,~v if ct * ~ or ß * V

n(n-1)

Ra"ß,aß = +(-1) 2 (i)n-2Sf[A2T]a.lWo]A[A2T]e.lWo]

b) The biholomorphic seetional curvature of the Weil-Petersson

metrie on the moduli spaee of SU(n ~ 3) manifolds is negative.

Proof cf a): From lemma 2.8 and the fact that Weil-Petersson

metrie i5 a Kähler metrie we get that

(2.9.1.1) R -ß -
. Cl ,~v

R - ­
aß,aß

= 0 if ct * ~ or ß * v

n(n-1)

= +(-1) 2 in-2sk[A2T]a.lWo]A[A2T]S.lWo]
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So 2.9.a is proved.

Q.E.D.

Proof of 2.9.b. From the definition of biholomorphic 'sectional

curvature it fellows that we need to prove that for any two

vectors 1 K(E; , ••• ,E;. ) and 1 K(n ,.··,n ) we have

(2.9.1.2) +.8 \R - _cCtFß a-a 0
L aß,aß~ s n n < •

Proof of (2.9.1.2): First we will prove that for any

~ are primitive classes of cohomology with respect to the

polarization class L = [Im(gaS)] . So we need to show that

2[A n~~wo] can not be represented as, i.e.

(2.9.1.2.1)

Suppose that (2.9.1.2.1) holds then from the formula

(2.9.1.2.2)

Follows that w is not a primitive class of cohomology, this
tl!

contradicts the fact that w is a form of type (n,O) on
t ll

is a primitive form. Notice that we use the factM ,..and so w
t ll . t ll

that L is (1,1) class of cohomology for all M
t~

Sö-'we-have pr~~ed that the subspace E cEn - 2 ,2 which is

spanned by is contained in the space of all primitive
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cla5ses of cohomology of type (n-2,2) , which we will denote

by H~-2,2 . From this fact and the following -formula:

(2."9.1.2.3) if a E E n - 2 , 2 , then

n(n+1)
a = (-1) 2 (i)n-4 a

it follows that the Herrnitian form on Hn - 2 ,2
o

(2.9.1.2.4)

n(n+1)

<a,b> = (-1) 2 (i)n-4 J a"b = Ja" *·b
M

is definite positive and 50 cornparing (2.9.1) and (2.9.1.2.4)

we get that

t·S L R -ß -ßsa~ßnanß = +8 L c;ClnClH -ß~ßnß
-..I Cl ,0. ' Ct

n(n+1)

= 8, (-1 ) 2 (i) n- ~ It;Cln -(k [A 2T\~.LWO]A[A~n ß.lWo] )~ßii ß) < 0

where

Q.E.D.
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