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A LARGE SIEVE INEQUALITY FOR QUARTIC CHARACTERS
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ABSTRACT. In this paper, we prove a large sieve inequality for quartic Dirichlet characters. The result is
analogous to large sieve inequalities for the quadratic and cubic Dirichlet characters.
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1. INTRODUCTION

The large sieve was an idea originated by J. V. Linnik [16] in 1941 while studying the distribution of
quadratic non-residues. Refinements and extensions in various directions of this idea were made by many
[1-9,11,12, 16, 18,20-27]. Large sieve results for Dirichlet characters with a fixed order are particularly
useful in analytic number theory. We refer the readers to [10], Section 7, for some early large sieve-type
results on general r-th order characters. Let (a,)nen be an arbitrary sequence of complex numbers, D. R.
Heath-Brown’s quadratic large sieve [12, Theorem 1] states that for any € > 0,

2

(1.1) S Z*an(%) < (MNYF(M +N) Y P,

m<M |[n<N n<N

where the asterisks indicate that m, n run over positive odd square-free integers and (-) is the Jacobi symbol.

Similar to (1.1), Heath-Brown also established the following large sieve inequality involving the cubic
symbols [13, Theorem 2]:
2

* * n
1.2 — 2/3) c 2
(1.2) ST Y a, (m)3 < (M+N+(MN) (MNY S anl,
meZw) neZw] N(n)<N
N(m)<M |[N(n)<N
where the asterisks indicate that m,n run over square-free elements of Zw],w = exp(27i/3) that are con-
gruent to 1 modulo 3 and (;-)3 is the cubic residue symbol.
Using (1.2), S. Baier and M. P. Young [3, Theorem 1.4] proved the following large sieve inequality for
cubic Dirichlet characters:
2

* *
T Y awxm
Q<g<2Q x (mod q) | M<m<2M
X3:X0

< (QM)Emin{Q5/3—|—M,Q4/3+Q1/2M7Q11/9+Q2/3M,Q+Q1/3M5/3+M12/5} Z* |(Lm|27
M<m<2M

where the star on the sum over x restricts the sum to primitive characters and the asterisks attached to the
sum over m indicates that m runs over square-free integers.

Date: January 19, 2011.



2 PENG GAO AND LIANGYI ZHAO

It is our goal in this paper to prove a large sieve inequality for quartic Dirichlet characters. First we prove
the following theorem involving the quartic symbols.

Theorem 1.1. Let M, N be positive integers, and let (a,)nen be an arbitrary sequence of complex numbers,
where n runs over Z[i]. Then we have

2

* * n
1 n 3/4) c 2
(13) Sl Y (o) | < (M N QIN) UN)T YT fanl?,
mezli] | nezli] N(n)<N
N(m)SM |N(n)<N
for any € > 0,where the asterisks indicate that m and n run over square-free elements of Z[i] that are
congruent to 1 modulo (1+1)* and (==)4 is the quartic residue symbol.

Next we shall establish the following large sieve inequality for quartic Dirichlet characters.

Theorem 1.2. Let (am)men be an arbitrary sequence of complex numbers. Then

(1.4)

* *
> X S amx(m)
Q<q<2Q x(mod q) |M<m<2M
x*=x0,x>#x0

< (QM)Emin{Q”‘l+M,Q11/8+Q1/2M,Q5/4+Q2/3M,Q+Q1/2M+M17/7} Z* |am|2,

M<m<2M

where the star on the sum over x restricts the sum to primitive characters and the asterisks attached to the
sum over m indicates that m runs over square-free integers.

Following the techniques of [12,13], Theorem 1.1 is proved via recursive uses of the Poisson summation
formula. Theorem 1.2 follows, after some transformations, from Theorem 1.1. We note that (1.3) is used in
the (6.18). Mark that the characters involved in the second line of (6.18) are actually quadratic, since they
are squares of the quartic symbol. Therefore, it is conceivable that the bounds in (1.4) can be improved if a
large sieve inequality for quadratic characters in Z[i] is available.

Finally, we wish to mention that it is highly conceivable that these theorems will find applications in the
study of families of L-functions involving quartic characters, analogous to those results in [3] and [17].

1.3. Notations. The following notations and conventions are used throughout the paper.
e(z) = exp(2miz) = ™=,

e(z) = exp (27mi(z + 2)).

f=0(g) or f < g means |f| < cg for some unspecified positive constant c.

2. PRELIMINARIES

2.1. Quartic symbol and the quartic Gauss sum. The symbol (), is the quartic residue symbol in
the ring Z[i]. For a prime 7 € Z[i] with N(m) # 2, the quartic character is defined for a € Z[i], (a,7) =1
by (£), = aN =1/ (mod ), with (2), € {#£1,+i}. When nla, it is defined that (£), = 0. Then the

quartic character can be extended to composite n with (N(n),2) = 1 multiplicatively.

Note that in Z[i], every ideal coprime to 2 has a unique generator congruent to 1 modulo (1 + )3
([15, Lemma 7, page 121]). Such a generator is called primary. Recall that the quartic reciprocity law states
that for two primary primes m,n € Z][i],

(@) :(ﬁ) (—1) (VN )=D/HN (m)~1)/4),
ns4 m7/4
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Observe that a non-unit n = a + bi in Z[i] with a,b € Z is congruent to 1 modulo (1 +4)? if and only if a = 1
(mod 4),b=0 (mod 4) or a =3 (mod 4),b =2 (mod 4) by Lemma 6 on page 121 of [15].

For n € Z[i], n =1 (mod (1 +)3), we set
T\ ~(TT
srm= 3 ()G
where here and after
(2.1) e(z) = exp (2mi(z +2)) .
The quartic Gauss sum g(n) is then defined to be g(n) = g(1,n).

For ged(s,n) = 1, we have
S
g(rs,n) = <E)4g(r’ n).

It’s easy to see that the above equality in fact holds for any s when (H) is a primitive character.

4

It’s well-known that for square-free n’s,

l9(n)| = V' N(n).

Suppose n = £1 (mod (1 +4)?) with no rational prime divisor, so (n,7) = 1. Let x,, be a multiplicative
character on Z[i]/(n), we define

(22) = Y e (g )

1<z<N(n)

Now we specify x, to be (;)4. On writing x = yfi + yn, where y varies over a set of representatives in Z[i]
(mod n), with 7 being the complex conjugate of n, it’s easy to see that

TOm) = Y (?)46<Z+z>:(2)49(”)'

y (mod n)
It follows that for (nq,n9) =1,

(X)) = (N<”2))4 (N(”l));(xmw(xm),

ni n2

and that if n is square-free

[T(xn)| = VN(n).
Similarly, we have for n square-free

I70é)l = VN ().

2.2. Primitive quartic Dirichlet characters. The classification of all the primitive cubic characters of
conductor ¢ coprime to 3 is given in [3]. Similarly, one can give a classification of all the primitive quartic
characters of conductor ¢ coprime to 2. Every such character is of the form m — (), for some n € Z[i],
with n =1 (mod (1 + i)3), n square-free and not divisible by any rational primes and N(n) = q.

3. STRATEGY FOR THE PROOF OF THEOREM 1.1

Our proof of Theorem 1.1 uses the ideas in [12,13]. We first estimate

* * n
>.= X > a(y)
1 m/4
mEZi] nezlil
M<N(m)<2M | N<N(n)<2N
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We further simplify notation by supposing that the coefficients a,, are supported on such integers n € Z][i]
satisfying N < N(n) < 2N. We begin by defining the norm

B1(M,N) = sup {Zl : Z lan|? = 1} .
Therefore, we need to show
Bi(M,N) <. (MN): (M +N+ (MN)3/4) .

Introducing a smooth weight function, we have

N(m) *
Zl < ;exp (—27T Mm ) zz: an (%)4 ,
N<7V€(ngl]§2N

the sum being over all m € Z[i] for which m =1 (mod (1 +)3). If we now expand the above expression we
obtain sums of the form

(3.1) Tznexp (—%W) (%)4@4

We note the following analogue of Lemma 2 of Heath-Brown and Patterson [14]. As the proof is similar, we
omit it here.

Lemma 3.1. Let x be a character of modulus f # 1, not necessarily primitive. Then, for w <1, >0,

9(’[1}7)() = Z X(a)e—QwN(a)w < E(X)w_l +N(f)1/2+5,

a=1 mod (1+4)3
(a,f)=1

where E(x) = 1 if x is principal, 0 otherwise. The implied constant depends only on €.
Lemma 3.1 implies that each of these sums in (3.1) are O (N(n1n2)1/2+5), provided that the character

involved is non-principal. Since n; and ngy are square-free, (ﬂ) 4 (@) 4 is principle only if ny = ny. It follows

m m
that

Zl <. N°¢ <MZ lanl* + N > |an1an2|> < N° (M +N?)> Jan|*.

ni,n2

We therefore have
(3.2) Bi(M,N) <. N° (M + N?).
This will be the starting point for an iterative bound for By (M, N).

Similar to the proof of [12, Lemma 1], using the duality principle (see for example, [19, Chap. 9]) and the
quartic reciprocity law by considering the case for n = a + bi with a =1 (mod 4),b =0 (mod 4) or a = 3
(mod 4),b =2 (mod 4) (and similarly for m), we can establish the following lemma.

Lemma 3.2. We have B1(M,N) < 2B1(N,M). Moreover, there exist coefficients al,,al with |a,| = |ai| =
lan| such that

2 2
* * n * * , (m
> > oa(n), =2 X > (),
meL[i] n€eZ[i] meZ[i] neZ[i]
M<N(m)<2M | N<N(n)<2N M<N(m)<2M | N<N(n)<2N

meZli] nezi)
M<N(m)<2M | N<N(n)<2N
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Our next lemma is a trivial modification of Lemma 9 of [12], which shows that the norm B; (M, N) is
essentially increasing.

Lemma 3.3. There is an absolute constant C > 1 as follows. Let My, N > 1 and My > C M log(2M;N).
Then

Bi(M;,N) < By (Mz, N).
Similarly, if M,N1 > 1 and Ny > CNylog(2N1M). Then
Bl(M,Nl) < Bl(M,NQ).

Next, we define

BZ(MvN) sup{z2 : Z|an|2 = 1}7

where
2

a2 o0 T w®),

meZli] n€Zli
M<N(m)<2M |[N<N(n)<2N

the summation over m running over all integers of Z[i] in the relevant range.

It follows directly from Lemma 3.2 that
(3.4) Bi(M,N) <2By(M,N).
For the other direction, we have the following.
Lemma 3.4. There exist X,Y > 1 such that XY < M and
Bo(M, N) < (log M)3MY2X 12y =3/2 min(Y By (X, N), X B, (Y, N)).

Proof. To handle ), we write each of the integers m occurring in the outer summation of (3.3) in the form
m = ab*c®*d, where a,b,c =1 (mod (1 +7)3) are square-free, and d is a product of a unit, a power of 1 + 4,
and a fourth power (so that d can be written as d = u(1 + i)’e* where u is a unit, 0 < j < 3 and e € Z[i]).
We split the available ranges for a,b,c and d into sets X < N(a) < 2X,Y < N(b) < 2Y,Z < N(c) < 2Z
and W < N(d) < 2W, where X,Y, Z and W are powers of 2. There will therefore be O(log® M) possible
quadruples XY, Z, W. We may now write

ZQ < > ZQ(X,Y, Z,W)
XY, Z,W
accordingly, so that
3
22 < (log M)Zz(X, Y, Z,W)
for some quadruple X,Y, Z, W. However,

Svzmey Y| Y w (P9 ()
2 ) 9 ) — ‘ ‘ n n 4 n 4 )
b,c,d a€Z[i] neZ[i]
X'<N(a)<2X' |N<N(n)<2N
where X' = X'(b,¢,d) = M/N(b?c®d). It is easy to see that X < X’ < X, and hence by Lemma 3.2

ZQ(X, Y, Z,W) <Y Bi(X',N)D an? < YZW  max {By(X',N) : X < X' < X} |an|?,
b,c,d n n

since there are O(W'/4) possible integers d.
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In the same way we have

Soaramey Y| Y w2 (2)

,b,d c€EL[i] nez[i]
Z'<N(c)<2Z' IN<N(n)<2N

s}

EEPRCOIC

=2 X > —

ab,d  ceZ[i] nezli AN/
Z'<N(c)<2Z' IN<N(n)<2N

* * (ab2d> c
=2 > > (£)
abd  celli] nezli] o Jg N4
Z'<N(c)<2Z' IN<N(n)<2N

< Y Bi(Z'\N)Y an|?

a,b,d

< XYW max {By(Z',N): Z < Z' < Z} > |an|?,

where Z' = Z'(a,b,d) = M/N(ab?*d). As Y < MY/2X 12732\ =1/2 we see that
Bo(M, N) < (log M)3MY2X 12 7-3/2W V4 min(ZB, (X, N), XB1(Z, N)).

The assertion of the lemma now follows on replacing Z by Y above. (|

As in [12], we introduce an infinitely differentiable weight function W : R — R, defined by
—1 e 1 5
(3.5) W(z) = exp (m) ; if 5 <z <3,
0, otherwise.

We now have

(3.6) o< W (AIJEZL)) Y a (%)4 :
mezli] nezli]
N<N(n)<2N

where we recall that we can drop the conditions on a,, on the inner sum above of the right-hand side expres-
sion by supposing that the coefficients a,, are supported on square-free integers n = 1 (mod (1 +)3) € Z[i]
lying in the range N < N(n) < 2N.

Expanding the sum on the right-hand side of (3.6), we obtain

< G, Q Ny (o T
Zg Z men2 Z}W< M ><n1)4<n2)4

ni,n mEZ[i

We set

Y -Toim= 3w & (5E) (3), (),

(n17n2):1 mGZ[l]

and define

Bs(M,N) :sup{z:3 : Z|a”|2 = 1}.

Similar to [12, Lemma 7; 13], we have the following
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Lemma 3.5. Let € > 0 be given. Then there exist positive integers Ao > Ay such that
M N
AL’ Ay

We complete the chain of relations amongst the various norms by giving the following estimate for
B3 (M, N) in terms of By(M, N).

Lemma 3.6. Let N > 1. Then for any ¢ > 0 we have

Bs(M,N) < MN* ' max {By(K,N): K < N*/M} + M~'N*H N" K727“By(K,N),
K>N2/M

Bo(M,N) <. N°Bs (

where K runs over powers of 2.

This bound uses the Poisson summation formula and is the key in the proof of Theorem 1.1. Note that
it does not cover the case in which N = 1/2, say, for which we have the trivial bound

(3.7) Bs(M,N) <. M, (N<1).
Section 4 will be devoted to the proof of Lemma 3.6.
4. PROOF OF LEMMA 3.6

Our proof of Lemma 3.6 requires the application of the Poisson summation formula. We shall write

=), G,

which is a primitive character (on the group (Z[i]/(ninz2))*) to modulus ¢ = nyng, provided that ny, ne and
2 are pair-wise coprime and n; and no are square-free.

Lemma 4.1. With the above notations we have

£, (57 v - XS () () (2), 27 ()

meZ[i mEZ[z

//W (x + yi))e ((\/ii”)>dxdy,

—0o0 — 00

where

for non-negative t. Here €(z) is defined in (2.1) and g(n) is the Gauss sums defined in Section 2.1.

Proof. This lemma is analogous to Lemma 10 in [13] and the proof is very similar. The differences include
we need to start with the Poisson summation formula for Z[i], which takes the form.

3 =3 [ [ s (2 o

JEL[i] kEEZ] “ro o

We omit the details of the rest of proof as it simply goes along the same lines as the proof of Lemma 10 in
[13]. O

Our next result will be used to separate the variables in a function of a product, which is Lemma 12 of
[12].
Lemma 4.2. Let p: R — R be an infinitely differentiable function whose derivatives satisfy the bound

p(k)(x) <pa fa| ™

for |z| > 1, for any positive constant A. Let

o0

po(s) = [ plo)e e, p(9)= [ p(-a)a*1a
0

0
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Then p4(s) and p_(s) are holomorphic in R(s) = o > 0, and satisfy
p1(5), p_(s) < Is| A,

in that same domain, for any positive constant A. Moreover if o > 0 we have

o+i00 otico
1 1
ple) = 2mi / p+(s)z~*ds and p(—z) = i p—(s)x~*ds

for any positive x.

We are now ready to prove Lemma 3.6.

Proof of Lemma 3.6. In the notation of Lemma 4.1 we have
_ N(m)
ZB(M, N) = Z Apq Ay Z w (M) X(m)
(’nl,’nz)zl mEZ[Z]
We proceed to evaluate the inner sum using Lemma 4.1, whence
_ Up) ny -1 - N(/ﬂ)M _
(4.1) (M,N) = M e (> () () W (YR £
23 kezZ:[z’] (m%=1 P\ S \n2 )y \na / N(ninz)

where

Note by the law of quartic reciprocity, we have

(”2) (”1> = (—1)((N()=D/H((N(n2)=1)/4)
1 4 n9 4

Sy ={n€Z[i]: N < N(n) <2N,n square-free,n = a + bi,a,b € Z,a =1 (mod 4),b = 0 (mod 4)},

Now we let

and
So={n €Z[i]: N < N(n) <2N,n square-free,n = a + bi,a,b € Z,a = 3 (mod 4),b = 2 (mod 4)}.

We can then recast the inner sum in (4.1) as

>

(nl,n2)21
= Z e Z e ¥ Z N Z .9 Z
(’nl,’n2):1 (’nl,’ng)zl (nl,ng)zl (nl,ng)zl (nl,nz)zl
n1€S1,n2€851 ni1€S1,n2€82 n1E€S2,n2€85, n1€Sa,na€S2 n1€Sa,na€S2
_/=1\ ~( [ Nk)M ) _ = =1\ ~ [ [ Nk)M )\ _
= Z C’nlc’ng <> W ( > X(k) — 2 Z C'n,lc/nz _ W N X(k),
(n1,n2)=1 na /)4 N(n1n2) (n1ma)=1 ng )4 N(TLNIQ)

where we let ¢/, = ¢, if n € Sy and 0 otherwise. Due to similarities, it suffices to estimate
_ -1\ — N(k)M \ _
VY Y (G W ( ) ()
kEZ[i] (n1,n2)=1 "2 /4 N(ning)

Note that k¥ = 0 may be omitted if N > 1, since then N(ning) > 1 and x(0) = 0, the character being
non-trivial. We may now apply Lemma 4.2 to the function p(z) = W(x), which satisfies the necessary
conditions of the lemma, as one sees by repeated integration by parts. We decompose the available k into
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sets for which K < N (k) < 2K, where K runs over powers of 2, and use 0 = ¢ for K < N?/M, and 0 = 4+¢
otherwise. This gives

ZS < MY (KM)™/? / lp4 (o +it)]|S (o + it)|dt,
K

where

-1\ _ . s ;= s
S(s) = Z Z b, b, (n2>4 x(k)|, with b, = ¢, N(n)*/2, b, =¢,N(n)*2
1

K<N(k)<2K |(n1,n2)=

We use the Mobius function to detect the coprimality condition in the inner sum of S(s), giving

<> > > bubn, < ) x(k)

d K<N(k)<2K |d|(n1,n2) 4

(kY . [~k
=3 3 an(n> dz;bn <n>4 < 52612

d K<N(k)<2K |dn

'S

by Cauchy’s inequality, where

K<N(k)<2K | d

and satisfies the bound

Sy < 232 (K,N)Y |bnl? < Bo(K,N) > d(n)]an|*N(n)" " <. NTT77'By(K, N).

d|n n
So can be treated similarly. It follows then
S(s) < N9 1By (K, N),

and since
/ oo +itldt <. 1,

we infer that

23 <e MY (KM)~7/2NT+"1B,y(K, N).
K
This completes the proof of Lemma 3.6. g

5. THE RECURSIVE ESTIMATE AND THE PROOF OF THEOREM 1.1

Lemmas 3.4, 3.5 and 3.6 allow us to estimate By (M, N) recursively, as follows.

Lemma 5.1. Suppose that 3/2 < £ < 2, and that
(5.1) By(M,N) <. (MN)? (M +NE (MN)3/4) .

for any € > 0. Then
By(M,N) <. (MN) (M + NOE=6)/(4s-1) (MN)3/4) .

for any e > 0.
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Proof. By the symmetry expressed in Lemma 3.2 the hypothesis (5.1) yields
Bi(M,N) <. (Mf +N+ (MN)3/4) (MN):.
It follows from (3.2) that the above estimation is valid with £ = 2. We now feed this into Lemma 3.4, whence
(5.2) Bo(M,N) <. (MN)*2MY2X =12y =32 min(Y f(X, N), X f(Y, N)),
where
f(Z,N)=Z5 4+ N + (ZN)%/*.
If X > Y we bound the minimum in (5.2) by Y f(X, N), whence
By(M,N) <. (MN)2*MY2x /2y —3/2 (YX§ FYN + Y(XN)3/4) .
Here we have
MY2X 12y =312y X€ « MEY13¢
since X < MY ~3. On recalling that ¢ > 3/2 > 1/3 and Y >> 1 we see that this is O(M¢). Moreover
M1/2X_1/2Y_3/2YN _ M1/2X_1/2Y_1/2N < M1/2N.
Finally
M1/2X_1/2Y_3/2Y(XN)3/4 _ M1/2X1/4Y_1/2N3/4 < M3/4N3/4 < M1/2N+M3/2 < ]\4’1/2]\/'_'_]\4'57
since & > 3/2. It follows that
(5.3) By(M,N) <. (MN)* (M1/2N + Mf)
when X > Y.

In the alternative case we bound the minimum in (5.2) by X f(Y, N), whence
By(M,N) <. (MN)?*MY2x~1/2y—3/2 (XYg + XN+ X(YN)3/4) .

Here

MYPXIRY BRXYS <« MYRXYPYV? <« M o< ME
since £ <2 and XY <« M. Moreover

M1/2X_1/2Y_3/2XN — M1/2X1/2Y_3/2N < M1/2N
since we are now supposing that ¥ > X. Finally

Ml/QX—l/Qy—S/ZX(YN)3/4 — M1/2X1/2Y_3/4N3/4 < Ml/?y—l/4N3/4 < M1/2N3/4 < M1/2N+ Mf,

as before. It follows that (5.3) holds when ¥ > X too. It will be convenient to observe that (5.3) still holds
when M < 1/2, since then By(M, N) = 0.

We are now ready to use (5.3) (with a new value for €) in Lemma 3.6, to obtain a bound for B3(M, N).
We readily see that

max {By(K,N) : K < N*/M} <. N* (M‘1/2N2 + M‘5N25)

and
> KBy N) <. N (MPANT2 4 AN
K>N2/M
Thus, if N > 1, we will have

83(Ma N) <<5 N5E (Ml/QN + M1—§N2£_1) '
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When this is used in Lemma 3.5 we find that when N/Ag > 1,

M N
By (A, A) <o N (MYEN 4 MITENETIATTIALTH) < N (MUAN + MITENETIAGS)
1 2

< NP <M1/2N+M1’5N25’1> _

Note that when M > N, we have M'/2N < (MN)?/* and when M < N, we have (M N)3/4 < M'-¢N%-1
since £ > 3/2. Thus we conclude that

By(M,N) <. N ((MN)3/4 n Ml—fN%—l) ,
provided that N/Ay > 1. In the alternative case (3.7) applies, whence
By(M,N) <. (MN)® (M +(MN)34 4 M“EN?H) :
In view of Lemma 3.3 and (3.4) we may now deduce that
By(M,N) < By (M',N) < By(M',N) <. (M'N)% (M' + (M'N)¥4 4 M’1*5N25-1) ,
for any M’ > CM log(2M N). Note that when M*~1 < N8~7 we have
(MNY?/4 < MI=6N2E-1,
We shall now choose
M’ = C'max {M, N<Sf-7>/<4f—1>} log(2MN),
so that when M > N(®&-7/(4¢-1) e have
M + (M'NY* + M N% -1 <« (MN)® (M + (MN)3/4) ,
while when M < N®&=7/(4-1) we have
M+ (M'NY + MPTEN%E-L < (MN) (N<8577>/(4571> i N(S&?)(lf@/(%fl)N%l)
< (MN): NOE-0)/(16-1),
We then deduce that
Bi(M,N) <. (MN) (M + (MN)3/4 4 NO=6)/ (45—1>) .
Lemma 5.1 now follows. 0
We now proceed to prove Theorem 1.1.

Proof of Theorem 1.1. We note that it follows from (3.2) that the estimation given in Lemma 5.1 is valid
with & = 2. We further observe that

T <é
for &€ > 3/2. Therfore, the infimum of the fraction above is 3/2. We therefore arrive at the following bound
Bi(M,N) <. (MN)® (M +N3/2 4 (MN)3/4) :
for any € > 0. Using Lemma 3.2 we then have
By(M,N) <. (MN)* min {M + N3/2 4 (MN)¥4 N + M3/2 + (MN)3/4}
<. (MN)® (M + N+ (MN)3/4) ,

where the last estimation follows since when N < M, N3/2 = N3/4N3/4 < (MN)3/* and similarly when
N > M, M?3/? < (MN)3/*. This establishes Theorem 1.1. O
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6. THE QUARTIC LARGE SIEVE FOR DIRICHLET CHARACTERS

We now proceed to prove Theorem 1.2. Tt is easy to reduce the expression on the left-hand side of (1.4)
to a sum of similar expressions with the additional summation conditions (¢,2) = 1 and (m, 2) = 1 included.
Thus it suffices to estimate

2 2

* * *
> 2 > amx(m) > > amxa(m)
QR<q<2Q  x (mod q) M<m<2M n€Zli] M<m<2M
(¢,2)=1 x*=x0,x%#x0 (m,2)=1 Q<N(n)<2Q (m,2)=1
n=1 (mod (1+4)%)

!/

2

1 *
Ly Y am)|
n€eZli M<m<2M
Q<N(m)<2Q | (m2)=1
n==1 (mod (144)%)

/

where the apostrophe indicates that n is square-free and has no rational prime divisor and y,(m) = (%) 4
is the quartic residue symbol. We shall use this notation for all n € Z[i] and m € Z.

6.1. Definition of certain norms. In the following, we shall estimate the expression in the last line of
(6.1). We begin by defining a norm corresponding to the double sum in the last line of (6.1) by
2

/! *

Bi(Q.M) = sup Jlan | Y S anxm()]
(am) nezfi] M<m<2M
Q<N(m<2Q | (m2)=1

n==1 (mod (144)%)

laml* = lam/?,
m

and where by convention we suppose that (a,,) is not identically zero.

where

We further define a norm By(Q, M) in the same way as B;(Q, M) except removing the condition that n
has no rational prime divisor. Similarly, we define a norm B3(Q, M) by further removing the condition that
n is square-free.

We now use the function W(x) defined in (3.5) to see that

_ N(n *
Ba@ ) < sup lan 2 X W (S50) | 2 @)
(am) nezli] M(<m§2M
m,2)=1

Expanding the sum on the right-hand side, we obtain

* N(n
E Ay Oy E W< ég)
M<mi<2M n€Zli
M<mo<2M
(m1m2,2):1

) o (), )

As in [12], it turns out that we may restrict our attention to the case in which m; and mg are coprime. We
define another norm By (Q, M) corresponding to the above sum with the restriction (mq,m2) = 1 included
by

_ * _ N(n _
BaQM) = sl 3 a5 W (S5 ) v (005, (0
(am) M<my,ms<2M neZfi
(myim2,2)=1
(ml,mg):1
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Moreover, we define a norm C} (M, Q) dual to B1(Q, M) by

* !
C1(M, Q) =sup [[ba] 72 > b Xn (m)
bn) M<m<2M nezli]
(m2)=1 | Q<N(n)<2Q

n==1 (mod (144)%)
By the duality principle, we have

Furthermore, we define a norm Cs(M, @Q)) by extending the summation over m in the definition of Cy (M, Q)
to all integers m with M < m < 2M. Trivially, we have

(6.3) C1(M,Q) < Ca(M, Q).

6.2. Comparison of the norms. For the proof of our Theorem 1.2, we need the following lemma on the
norms defined in the previous section.

Lemma 6.3. Let Q,M > 1 and C be a sufficiently large positive constant. Then we have the following
inequalities:

(6.4) C2(M, Q) < (QM)* (M +Q7/*);

v—1
(6.5) Co(M,Q) < MeQ /v Z Co(7MV,Q)Y?,  for each fized positive integer v;

3=0
(66) Bl(Ql,M) < Bl(QQ,M), Zle,M 2 1 and Q2 2 CQl 10g(2Q1M),
(6.7) By (Q, M) < (1og2Q)*QY2X 2B (XQ°, M), for some X with1 < X < Q;
(6.8) Bs(Q, M) < (log2Q)*Q'Y2X 2By (XQ°, M), for some X with1 < X < Q;

Q M i A2
(6.9) B;(Q, M) < M*®By ACAL ) for some A1, As € N with A5 > Aq;
1 Az

(6.10) Bi(Q, M) < Q+ QM= *max {B3(K,M): K < M*Q '} +Q'M® Y~ K ?By(K, M),
K>M*/Q

where the sum over K in (6.10) runs over powers of 2.

Since the proofs of (6.5)-(6.10) are essentially the same as those of (31)-(36) of Lemma 4.1 in [13], we
omit the proofs here.

We note that it follows from (6.2)-(6.5), we have
(6.11) Bi(Q, M) < (QM)* (Q'7M/"M +Q1+/(4)

for any v € N.
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6.4. Estimating C5. In this section we prove (6.4). Recall Co(M, Q) is the norm of the sum

2

/

(6.12) > > bnxn(m)|

M<m<2M nezlil
Q<N(n)<2Q
n=41 (mod (141i)3)

where the apostrophe indicates that n is square-free and has no rational prime divisor.

The sum in (6.12) is obviously bounded by

(6.13) <Y W( )

mEZ

2

an

where the weight function W is defined as in (3.5). Expanding out the sum in (6.13) we get

> busbus D2 W (37 ) o Yoy (m):

ni,na EZ[’L] MmeZ
Q<N (n1),N(n2)<2Q
n1,ne==+1 (mod (144)3)

I

Now we extract the greatest common divisor A of ny and nq, getting
/

T m
Z Z bnlAbngA Z W (M) anyn2 (m)
N(A)<2Q ni,ng €L[] mEZ
A=+1 (mod (1+4)?) N(A)<N(n1) N(n2)<N(A) (m,N(A))=1
n1,m2==%1 (mod (1+z) )
(n1,m2)=1
(n1n2,AA)=1

/

Now we write § = (n1,7z) and change variables via ny — dny, ng — ong to get
i

!/ —
> > > b 83D,, a5
N(A)<L2Q N <2 N(A) n1,n2€Z[H
A==+1 (mod (144)%) §=+1 (mod (144)3) N(&A)<N("1) N(ng)<N 5
(N(6),N(A))=1 n1,ne==%1 (mod (144)%)
(6.14) (N(n1).N (n2))=1
(nlng,&?AZ)zl

m — =
X Z W (M) Xn1Xn2X§(m)v
mEZL
(m,N(A))=1

/

)

where we use that for m € Z, xsx5(m) = x3(m) = X3(m). Next we remove the coprimality condition in the
sum over m by the Mdbius function, getting

>oow (%) X X X3 (M) = D D)Xy Xy X3 (D) D W (1\7/1) X Xon X (),

mEZL I|N(A) mEL
(m,N(A))=1
M = hM
mDX X, X D=7 2 W ()
l|NZ(A) ! 20 lN(TLl’/lQ(S) th lN(TLlTLQ(S)

_ rh
X Z Xanng(T)e (N(nlngé)) )

r (mod N(nin2d))

which by the Poisson summation formula is

(6.15)
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where

When h = 0, the expression in (6.15) vanishes unless n; = ng = 6 = 1. Hence, the contribution of h = 0
to (6.14) is

/
(6.16) < MQF > lba|? < MQ®||bn .
Q<N(A)<2Q
A=+1 (mod (1+4)%)

In the sequal, we assume that h # 0. The sum over r in (6.15) can be computed by writing r =
r1N(n26) + roN(n1d) + r3N(ninz) to get

Z X Xonp X3 (7)€ <]\7(7;};25)>

r (mod N(nin2d))

= > Xni (r1N (n20))e (J\:(l:l)> Do Xn(rN(md)e (J\;Q(QZQ))

(617) r1 (mod N(n1)) r2 (mod N(ng2))

) Z X3(rsN(ning))e <]\T[3(§)>

rz (mod N (§))

= X, (0) X2 X5 (=) X (N (n20)) X, (N (718)) X5 (N (n1712)) 7 (X, )T (X2 ) T (X5),
where 7(x) is defined as in (2.2).

Using quartic reciprocity and the identity

following from the definition of the quartic residue symbol, we get the identities

GO (V) = (S (B — (2= w3
NV = (M) (R0 (VY vy

and

n m n

T (N ()2 (N () = (N(m))(m’”) - (N(m’) = xn(N(m)),

valid for all m,n € Z[i] with m,n = 41 (mod (1 +i)3). We use them to simplify the last line of (6.17),
obtaining

1 2

T () (M) (B
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Now, changing ns — 7ia, the contribution of h # 0 to the sum in (6.14) takes the form

wOLQ =M Y > T T Mo em

/

N(A)<2Q NO<FE5 I|N(A) h#£0
A==1 (mod (14i)?) §==+1 (mod (1+l) )
(N(8),N(A))=
! = hM n1 2
Wl e — 1,
X z;ZH (lN(n1n26)> CA8,Lhn1 CALS LMo (n2)4
ni,n2

%<N(n1),]\7(n2)§ 5

n1,n2=*1 (mod (1+4)®)
(N(n1),N(nz2))=1
(nlng,&iAA):1

where
N(9)

— 7(Xn) 7
bnas and CIA,&,l,h,n = Xn(D)Xn(h) (n)4 N(n) bras-

._ B N\ 7(xn)
ca,shn = Xn([)Xn (h) ( n >4 N(n)

n
We now estimate the sum over ny and ny directly using (1.3). We denote the inner sum in the definition of
Sw (M, Q) above to be U(A, 4,1, h) so that

U(A, 6,1, h) = 3 WM. ¢ m)’
5 Uy by - lN(TLlTlQ(S) A0,L,h,m1 €A 5,1 hng N9 4'

ni,n2€L[)
%<N("1)7N("2)§%
ni,me=%1(mod (144)%)
(N(n1),N (n2))=1
(nlng,&?AA)zl

To separate the variables nj,ns, we remove the coprimality condition (N(n1), N(n2)) = 1 in the standard
way using the Mobius function to obtain

’ —~ hM )
U(A,d,l,h) _ Z M(|€/|) Z w (lN(nmyS)) CA,(S,l,h,rnclA,S,l,h,ng <n;> :

e ez ni,ng€L[4) 4
e=1(mod 4) Ny <NV (m1).N(n2) < misy
n1,m2==+1 (mod (144)%)
e'|N(n1),e’|N(n2)
(nlng,égAZ):l

Due to the presence of ( )4 and the restrictions that ni,no are square-free and have no rational prime
divisors, we can recast the above as

/ ! —~ hM n1 2
U(A,6,1,h) = > (N (e)) > w <lN(nn(5)> CAL8..hn1 CA 5,0,k ms (n)
e€zlil n1,n2€Z[] 12 2/4
e=1(mod (1+414)°) <N(ni1),N(n2)<
(N(e),N(6A))=1 N(f:fng ill(mod ?1+ )(jA)
elni,eln
(n1n27;EAZ2):1

!/

- ¥ N(5)> 7(xe) (xe) (6)2

1(N(€)xn () (DX n(e) (h) ( N(e)

c€Zli] 4 N(e) N(e) \e/a
e=1 (mod (1+z) )
(e)<N(6A)
(N(e),N(6A))=1
! = hM n 2
([ e — / m\"
X Z (lN(nlngeeé)) CA,&IJL,@JMCA,(S,Z,}L,@,TLQ <n2>4

nl,TLQEZ[i]
N(gm) <N(n1),N(n2)< N(i?A)
n1,ma==%1 (mod (144)%)
(ning,eed6 AN)=1
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xsinen =) (F) (B) (R () 2o

C/A,é,l,h,e,n = Xn (D)X, (h) <N1i§)>4 <N£€)>4 (Nin)>4 (é)i (>(<,:LL))bn6A6'

Next observe that we may freely truncate the sum over h for

Q%1 e _.
|hl < W(QM) = H

since W has rapid decay. More precisely, if we let Sw(M,Q) = Sy (M, Q) + E where Si;,(M,Q) is the
contribution to Sy, (M, Q) from 0 < |h| < H, then E < (MQ)~1%9||b|2.

where

and

]

=

It remains to bound Sy, (M, Q) and we have

/ ’ 1 1
N(A)<2Q N ()< 2% UN(A)

A=+1(mod (149)%) 541 (mod (144)%)

(N(8),N(A))=1

<3 Nte) S UA G e b)),

e€Z[1) 0<|h|<H

e=1 (mod (14”-)3)

N(e)< s
(N(e),N(6A))=1
where
’ = hM 2
U'(A,d,l,e,h) = s hM . my?
(A, 6,1,e,h) Zez['] (lN(nmzee(s)) CAL8,0,h,en1 CA 8,1 h,e,no (n2)4
ni,n2 i
Nmy <N (m1),N(n2)< 1234y

ni,me==%1 (mod (144)?%)
(ning,eed6 AA)=1

We now remove the weight W in U'(A,d,l,e,h) by applying Lemma 4.2 to the function p(z) = W(x), which
satisfies the conditions of that lemma, as one sees by repeated integration by parts. We may assume h > 0

here, since the contribution of the negative h’s can be treated similarly and satisfies the same bound. We
use 0 = € to see that

IN(eeA)\° [
U'(A,d,l,e,h) <. (}S\f[)) / lp+ (e +it)||V (e +it)|dt,
where
/ , ny 2
Vi) = > AN
n1,ngEL[H]
5wy <N (), N (n2) < xiday
n1,ma==%1 (mod (144)%)
(nina,e@d6AA)=1

with

dn = casihenN(n)* and dj =cu 51 p.nN(n)"
Note that d,,, and dj,, depend on A, 4,1, h,e,n and s, and

N(esA)\ /= N(esA)\'/**
|dn‘ < ((62)) ‘bneA5|7 |d;1| < < (Q )> |bﬁeA3‘ .
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Now, using the Cauchy-Schwarz inequality and the estimate (1.3) upon noting that this estimate remains
valid if the summation conditions m,n =1 (mod (1+i)?) therein are replaced by m,n = +£1 (mod (1+1)3)

2
and (), replaced by (%)4, we bound V(e + it) by

V(e +it)
1/2 2\ 1/2

2
<[ X > ()

4

(6 18) n1 €Z[i] ) n1 EZ[i] ) no €Z[1] )
’ Nk <N ()< wi3ny Nom NS 5En (7w <N S vidn
n1=#1 (mod (144)%) n1=+1 (mod (144)*) no==1 (mod (144)*)
(n1,e886AA)=1 (n1,e866AN)=1 (2,680 AA)=1
N(edA)\i7% '
< (QM)45 < (Q )> Z |ben|2-
Q/N(e)<N(m)<2Q/N(e)
n==1 (mod (144)%)
(N (n),N(e))=1

Since

/ lp+ (0 +it)|dt < 1,

— 00

we deduce that

! li / 1
SynQ) < M@ Y wor S N
N(A)<2Q N(O< &5 IIN(A e€Zli]
A=+1 (mod (1+4)?) S=+1 (mod (1+z)3) e=1 (mod (1+z) )
(N(8),N(A))= N(e)< wtsay

(N(e),N(6A))=

N(eSA)\ 772 /
> (M9 2 fenl”
0<|h|<H Q/N(e)<N(n)<2Q/N (e)
n==1 (mod (144)3)
(N(n),N(e))=1

/

£ I ! 1
< QMME(QM)® > N(A)TiE > o 5/4+25 >l

N(A)<2Q N <L UN(A)
A=+1 (mod (1+4)%) §=+1 (mod (144)3)
(6.19) (N(9),N(A))=1
1 1 1 9
% Z N (e)3/4+2¢ Z [ben]
e€Zi] Q/N(e)<N(n)<2Q/N(e)
e=1 (mod (1+’L) ) n=+1 (mod (1+i)%)
N(e)< wrehy (N (n),N(e))=1

(N(e).N(5A))=1

7/44+2¢ 8¢ ! 2 ! 1
< QUHE(QM) D D S O

Q<N (n)<2Q e€L[i]
n==1 (mod (144)3) e=1(mod (144)%)
eln

/
< Q7/4+25(QM)95 Z |bn|2
Q<N(n)<2Q
n==1 (mod (144)%)

Combining (6.16) and (6.19), we deduce that (6.14) and hence (6.12) is bounded by
< (QM)* (M +Q7/) b,
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which implies the desired bound (6.4).

7. COMPLETION OF THE PROOF OF THEOREM 1.2

We start with (6.11) with any v > 2 (as one checks easily that v = 1 does not lead to any improvement)
as an initial estimate. From (6.7) and (6.11), it follows that

BQ(Q,M) < (QM)EQl/QX—l/Q(X1+3/(41)) +X1—1/1)M)

for a suitable X with 1 < X <« Q. The worst case is X = @ which shows B2(Q, M) also satisfies (6.11).
Repeating the argument, we have

B3(Q7 M) < (621\4)E (Q1+3/(4U) + Ql—l/vM) )
Combining this with (6.10), we obtain

By(Q, M) < Q+(QM)%QM‘Qmax{KH?’/(‘*”)+KH/”M : K§M4Q_1}

+(QM)9€M6Q_1 Z K—2—5(K1+3/(4v) +K1—1/1;M)
K>M*/Q

< Q+ (QM)IOE(Q73/(4U)M2+3/7J + Ql/vM374/v)’

where the sum over K runs over powers of 2. From this and (6.9), we deduce that

Q . Q —3/(4v) M 243 /v Q 1/v M 3—4/v
B3(Q, M) < N (QM) ((Al) <A2> + (A1> (Az)

for some positive integers A;, Ay with A2 > A;. From this and the trivial bound
B1(Q,M) < B3(Q, M),

we deduce that
(7.1) Bi(Q. M) < Q + (QM)* (Q—3/(4U)M2+3/v n QI/UM3—4/U) .
Combining (7.1) with (6.6), we deduce that
(7.2) B1(Q, M) < (OM)* (Q O3/ 248/ Q1/UM3—4/U)
if Q > CQlog(2QM). We choose Q := max(Q'te, M4~4/7). Then (7.2) implies that
(7.3) B1(Q. M) < (QM)* (@ + Q"M /" 4 ArT/7).

It’s easy to see that the choice v = 2 is optimal and a further cycle in the above process does not lead to

an improvement of our result. Combining (6.11) with v = 1,2,3 and (7.3) with v = 2, we obtain our final
estimate

(74) Bi(@, M) < (QM)EmiH{QZ +M,Q% +Q2M, @ +Q§M,Q+Q5M+M1?}.

which together with (6.1) (noting that the last expression in (6.1) is < B1(Q, M) by the law of quartic
reciprocity) implies Theorem 1.2. a
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Calculating the right-hand side of (1.4) for various ranges of @) and M, we obtain that it is bounded by
M if Q < M7,

Q7/4 if M4A/7 <Q< ]\44/57
Q1/2M if M4/5 < Q < M8/7,
Q1/8 it M8/T < Q < M2A1T,
< QM) lam]|*
QQ/BM if M24/17 < Q < M12/7,

Q5/4 it M12/T < Q < MOS/35,

M17/7 if M68/35 < Q < M17/7,

Q it M/7T < Q.

For convenience, we enclose a table displaying the estimates for By (Q, M) that we get for various ranges.
This table should be read as follows. If the fractions o and 3 are the (n— 1)-th and n-th entries, respectively,
in the first row, and the term T is the n-th entry in the second row, then the estimate B1(Q, M) < (QM)<T
holds in the range M < Q < M”.

Range | 4/7 | 4/5 [ 8/7 | 24/17 [ 12/7 | 68/35 | 177 | o0

Bounds | M | Q74 [ QY2 [ QU8 [ Q23 Q5 | M| Q

It can be easily checked that (6.11) with v > 3 does not lead to an improvement of (7.4).
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