GENERALIZED “SECOND RITT THEOREM” AND EXPLICIT
SOLUTION OF THE POLYNOMIAL MOMENT PROBLEM.
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ABSTRACT. In the recent paper [13] was shown that any solution of “the poly-
nomial moment problem”, which asks to describe polynomials P, Q satisfy-

«@

ing f: PidQ = 0 for all ¢ > 0, may be obtained as a sum of some “re-
ducible” solutions related to “compositional right factors” of P. However,
the methods of [13] do not permit to estimate the number of necessary re-
ducible solutions or to describe them explicitly. In this paper we prove a
version of “the second Ritt theorem” about polynomial solutions of the func-
tional equation P; o W1 = P> o Wa for the more general functional equation
Py oWy, = P, o Wy = P3 o Ws, and on this base show that any solution of
the polynomial moment problem may be obtained as a sum of at most two
reducible solutions. We also describe these solutions in a very explicit form.

1. INTRODUCTION

About a decade ago, in the series of papers [2]-[5] the following “polynomial
moment problem” was posed: for a given complex polynomial P and complex
numbers a, b describe polynomials @) satisfying the system of equations

b
(1) /PidQ:a i >0.

Despite its rather classical and simple setting this problem turned out to be quite
difficult and was intensively studied in many recent papers (see, e.g., [3]-[6], [9],
113]-[20)).

The main motivation for the study of the polynomial moment problem is its
relation with the center problem for the Abel differential equation

) W bW + oo
z

with polynomial coefficients p,q in the complex domain. For given a,b € C the
center problem for the Abel equation is to find necessary and sufficient conditions
on p, ¢ which imply the equality y(b) = y(a) for any solution y(z) of (2) with y(a)
small enough. This problem is closely related to the classical Center-Focus problem
of Poincaré and has been studied in many recent papers (see e.g. [1]-[9], [23]).

The center problem for the Abel equation is connected with the polynomial
moment problem in several ways. For example, it was shown in [4] that for the
parametric version

d
= =y + a2y’
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of (2) the “infinitesimal” center conditions with respect to € reduce to moment
equations (41) with

P@):/}@ma

On the other hand, it was shown in [7] that “at infinity” (under an appropriate
projectivization of the parameter space) the system of equations on the coefficients
of p and ¢ describing the center set of (2) reduces to (1) with

Pe) = [p@d Q) = [a)de

Many other results relating the center problem and the polynomial moment problem
can be found in [7].

There exists a natural condition on P and @ which reduces equations (1), (2) to
similar equations with respect to polynomials of smaller degrees. Namely, suppose
that there exist polynomials P, Q, W with deg W > 1 such that

(3) P=PoW, Q=QoW,

where the symbol o denotes a superposition of functions: f; o fo = f1(f2). Then
after the change of variable w = W equations (1) transform to the equations

we)
(4) / P'dQ =0, i>0,
W (a)

while equation (2) transforms to the equation

di - -

(5) L= P(w)g + @ (w)g.
Furthermore, if the polynomial W in (3) satisfies the equality

(6) W(a) = W(b),

then it follows from the Cauchy theorem that (4) and therefore (1) holds. Similarly,
since any solution y(z) of equation (2) is the pull-back

y(z) = 5(W(z))

of a solution §(w) of equation (5), if W satisfies (6), then equation (2) has a center.
This justifies the following definition: a center for equation (2) or a solution of
system (41) is called reducible if there exist polynomials 15, Q, W such that con-
ditions (3), (6) hold. The main conjecture concerning the center problem for the
Abel equation (“the composition conjecture for the Abel equation”) states that any
center for the Abel equation is reducible (see [7] and the bibliography therein).

By analogy with the composition conjecture it was suggested (“the composition
conjecture for the polynomial moment problem”) that any solution of (1) is re-
ducible. This conjecture was shown to be true in many cases. For instance, if a,b
are not critical points of P ([9]), if P is indecomposable that is can not be repre-
sented as a composition of two polynomials of degree greater than one ([15]), and
in some other special cases (see e. g. [4], [18], [19], [20]). Nevertheless, in general
the composition conjecture for the polynomial moment problem fails to be true.

A class of counterexamples to the composition conjecture for the polynomial
moment problem was constructed in [14]. These counterexamples use polynomials
P which admit “double decompositions” of the form

(7) P=P oW, =P,oW,,
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where P;, Py, Wy, W5 are non-linear polynomials. If P is such a polynomial and,
in addition, the equalities

Wi(a) = Wi(b), Wa(a) = Wa(b)
hold, then any polynomial @), which can be represented as
Q =Fo W1 + Fo W2

for some polynomials E, F, satisfies (1) by linearity. On the other hand, it can be
shown (see [14]) that if deg W1 and deg W5 are coprime, then condition (3) is not
satisfied already for

Q =Wy + Ws.

Notice that polynomial solutions of (7) are described by the following statement
which is a bit more general form of the so called “second Ritt theorem” (see Sec-
tion 2 below): if Py, Po, W1, Wy are polynomials satisfying (1), then there exist
polynomials U, V', where

degU = GCD(deg Py, deg P»), degV = GCD(deg W7, deg W),

and polynomials o1, 09 of degree one such that up to a possible replacement of P;
to P, and W7 to Wy either

Pi=Uoz"oo;t, Wy =0102°R(z") oV
Py, =Uoz°R"(2) 00yt Wy =0202"0V,
where R is a polynomial and GCD(s,n) =1, or
P1:UoTnoafl7 Wi=o010T,,0V,
P,=UoTyo00,", Wy=090T,0V,

where T,,, T, are the Chebyshev polynomials and GCD(m,n) = 1.

It was conjectured in [16] that actually any solution of (1) can be represented
as a sum of reducible ones and recently this conjecture was proved in [13]. More
precisely, it was proved in [13] that non-zero polynomials P, Q) satisfy system (1) if
and only if () can be represented as a sum of polynomials @); such that

(8) P:ﬁjOWj, Qj:QjOWja Wj(a’):Wj(b)

for some polynomials ]5j, Qj, Wj.
In general, a polynomial P may have many compositional right factors W;. For
example, if P =T, then for any divisor d of n the equality

Tn = Tn/d © Td

holds. Therefore, an important problem is to prove or disprove the existence of
a number s such that any solution of the polynomial moment problem may be
obtained as a sum of at most s reducible solutions, and somehow to describe these
solutions. However, the methods of [13] do not permit to solve this problem and
this fact makes a practical use of representation (8) rather difficult. In the paper
we eliminate this defect and show that the number of different W; necessary for
constructing any solution always may be reduced to one or two. As a corollary
of this result and the second Ritt theorem we obtain a very precise description of
solutions of the polynomial moment problem. Our principal result is the following
theorem.
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Theorem 1.1. A non-zero polynomials P, Q satisfy system (1) if and only if either
there exist polynomials P, Q, W such that

P=PoW, Q=QoW, and W(a) = W(b);
or there exist polynomials Q1, Q2, R, W, U such that
P=Uocz"R"'"(:Z")oW, Q=Q10z" oW +Qa0z"R(2")0W,

and
W"(a) =W"™(b), R(W"(a)) =0,

where n > 1, GCD(m,n) = 1; or there exist polynomials U, W and Chebyshev
polynomaals Ty, Ty, Thm such that

P:UOTanWa Q:QloTnOW+QZOTmOVV7

and
where n > 1, m > 1, and GCD(m,n) = 1.

Our main technical tool for proving Theorem 1.1 is the decomposition theory of
polynomials. In more details, we prove a version of the second Ritt theorem for the
equation

(9) P:P10W1:P20W2:P30W3

and on this base show that if a polynomial P has three compositional right factors
W1, Wy, W3 such that W;(a) = W;(b), 1 < ¢ < 3, then there exists a polynomial W
such that W is a common compositional right factor of at least two of Wy, W, W3,
and W(a) = W(b). This permits to reduce in a recursive way the number of sum-
mands in the representation @ = > @Q; of a solution of the polynomial moment
problem to one or two. Notice that our analogue of the second Ritt theorem seems
to be interesting by itself and to the best of our knowledge is new.

The paper is organized as follows. In the second section we recall the description
of polynomial solutions of equation (7) and prove some other related results. In
the third section we establish an analogue of the second Ritt theorem for equation
(9). Finally, in the fourth section on the base of the results obtained we prove
Theorem 1.1.

2. POLYNOMIAL SOLUTIONS OF Py oWy = Py oWy

2.1. The second Ritt theorem. In this subsection we collect some results con-
cerning polynomial solutions of the equation

(10) P10W1:P20W2.

For more detailed account of the theory of decompositions of polynomials we refer
the reader to the classical paper [21] as well as to the recent papers [12], [24] and
the bibliography therein.

Polynomial solutions of equation (10) may be described by means of two theorems
given below. The first one provides conditions implying that a solution of (10) can
be obtained from a “smaller” solution by the operation of composition.
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Theorem 2.1. ([10], [22]) Let Py, Py, W1, W3 be polynomials such that (10) holds.
Then there exist polynomials U, V, A, B,C, D, where

degU = GCD(deg Py, deg P,), degV = GCD(deg Wy, deg Wa),

such that

P =UocA, Po,=UoB, Wi =CoV, Wo=DoV,
and
(11) AoC =BoD. O

Notice that since the monodromy group of a polynomial of degree n contains
a cycle of length n, Theorem 2.1 follows from the fact that for a permutation
group G of degree n, containing a cycle of length n, the lattice of imprimitivity
systems of G is isomorphic to a sublattice of the lattice of divisors of n (see e.g.
Theorem 2.3 of [11]). In particular, Theorem 10 remains true for any “double
decompositions” (10) of a meromorphic function with a single pole on a Riemann
surface into compositions of meromorphic functions. Besides, it extends in an
obvious way to polynomial solutions of the functional equation

(12) P10W1:P20W2:P30W3

(see Theorem 3.1 below).
The second theorem, known as “the Second Ritt theorem”, describes solutions
of (10) which cannot be reduced to solutions of smaller degrees via Theorem 2.1.

Theorem 2.2. ([21]) Let A, B,C, D be polynomials such that (11) holds and
(13) GCD(deg A,deg B) =1, GCD(degC,degD) = 1.

Then there exist polynomials 01,09, u, v of degree one such that, up to a possible
replacement of A to B and C to D, either

(14) A=voz"oort, C=o0102°R(2") o p,
(15) B=voz*R"(2)o0;", D=o0502"op,
where R is a polynomial and GCD(s,n) =1, or

(16) A=voT,o0;", C=010T,o0pu,
(17) B=voT,o0,", D=oy0T,o0pu,
where T,,, T, are the Chebyshev polynomials and GCD(m,n) =1. O

Notice that in distinction with Theorem 2.1 the proof of Theorem 2.2 essen-
tially uses the fact that the functions in (10) are polynomials, and reduces to the
calculation of the genus g of the curve

(18) A(z) = B(y) =0,

since the condition GCD(deg A, deg B) = 1 implies that this curve is irreducible,
and that, in case if g = 0, it may be parametrized by polynomials.
Is is convenient to combine Theorem 2.1 and Theorem 2.2 as follows.
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Theorem 2.3. Let Py, Py, W1, W be polynomials such that (10) holds. Then there
exist polynomials U,V, A, B,C, D, where

degU = GCD(deg Py, deg P,), degV = GCD(deg Wy, deg Wa),

such that
P=UocA, Po,=UoB, Wi =CoV, Wo=DoV,

and, up to a possible replacement of A to B and C to D, either
(19) A=z"o00;', C=0102°R(z"), B=2°R"(2)o0,"', D=o0902",
where R is a polynomial and GCD(s,n) =1, or
(20) A= T,o07"', C=010Ty,, B=T,o00,", D=0y0T,,
where T,,, T, are the Chebyshev polynomials and GCD(m,n) =1. O

Notice that although above theorems give a description of polynomial solutions
of equation (10), they do not immediately imply a similar description of polynomial
solutions of equation (12) since the functions U,V from Theorem 2.1 are different
for different pairs of equations appearing in (12).

Let us mention the following well known corollary of Theorem 2.1.

Corollary 2.4. Let Py, Py, W1, W5 be polynomials such that (10) holds. Assume
additionally that deg Py = deg P». Then there exist a polynomial v of degree one
such that the equalities

Pi=Popu, Wi=p"'oW,

hold. In particular, if Py, W1 are polynomials such that P, o Wy = 2™, then there
exists a polynomial 1 of degree one such that

P = ZdOM, Wy = ;U/_l ozn/d

for some d|n. Similarly, if Py o Wy =T, then there exists a polynomial p of degree
one such that
P1:Tdo,u, W1:,U710Tn/d

for some d|n.

Proof. The first part of the corollary follows directly from Theorem 2.1. The second
part follows from the first part since for any d|n, the equalities

" :zdozn/d, Tn :TdOTn/d

hold and hence the equality P; oWy = T;, (resp. P, oW; = 2™) implies the equality
ProWy =Tgo0T,q (vesp. PLoW; = 2% 0 z"/d), where d = deg P,. O

2.2. Double decompositions involving Chebyshev polynomials or powers.
In this subsection we provide a description of solutions of (10) in the case where
one of polynomials involved is a Chebyshev polynomial or a power. Since this
description is closely related to Theorem 2.2, it is convenient to keep the notation of
this theorem and to use the letters A, B, C, D instead of the letters of Py, Py, Wy, W5,
writing (10) in form (11). Recall that two polynomials U, V are called linearly
equivalent if U = p oV ov for some polynomials p, v of degree one.

We start from collecting some basic properties of the Chebyshev polynomials.
First, it follows easily from the formula

(21) T, (cos p) = cosngp
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that if n > 2, then T,, has exactly two finite critical values 1 and —1, and local
multiplicities of T}, at preimages of these points are 1,1,2,2,...2 and 2,2,...,2, if
niseven, and 1,2,2,...2 and 1,2,2,...,2, if n is odd. Furthermore, this property
characterizes Chebyshev polynomials up to the linear equivalence. Indeed, any
polynomial P of degree n which has only two finite critical values c;, ¢ and local
multiplicities at P~*{c;}, P~{ca} as above satisfies the equation

n?(y —e1)(y — e2) = (¥')*(z — a)(z — b),
where a, b are distinct complex numbers and y(b) is equal either to ¢; or to ¢3. On
the other hand, (21) implies that that T, satisfies the differential equation
(22) (P =1 = ()2 -1, y(1)=1
Therefore for appropriate polynomials u, v of degree 1 the polynomial po Pov also
satisfies the equation (22) and hence po P ov =T, by the uniqueness theorem for
solutions of differential equations. Notice that this characterization of Chebyshev
polynomials implies in particular that T, is not linearly equivalent to z™ unless
n=2.

Further, (21) implies that Chebyshev polynomials satisfy
(23) T.(—2)=(-1)"T,(2), n>1.
In particular, if n odd, then
(24) T (2) = 2zE,(2?)
for some polynomial E,,. Notice that for n odd, T,, satisfies the identity
(25) T,=00zE2(2)007",
where 8 = 2z — 1. Indeed,
2B, (2%) 00022 =T, 0Ty =TooT, =00T>?=00z2FE*(2)02?
implying the equality
2E,(2*) 00 =00 2E%(2)
which is equivalent to (25).
Finally, observe that T,, may not be represented in the form

(26) Tm=00z°R(z")opu, s$>0, n>2
where R is a polynomial and o, u are polynomials of degree one, unless n = 2.
Indeed, if ¢ is a critical point of the polynomial z°R(z™), then for any i, 1 <i < n,
the number ¢, where ¢ is nth primitive root of unity, also is its critical point. On
the other hand, formula (21) implies that all critical points of T}, are on the real
line. Therefore, all critical points of z° R(2") = ot o T, o u~t
line implying that n = 2 and g = +z. In particular, if
(27) T, =00T,0u,

for some polynomials of degree one o, i, then 4 = wz and 0 = W™z, where w = +1.

also are on a single

Proposition 2.5. Let A, B,C, D be polynomials such that (11) holds.

a) If D = 2", then there exist a polynomial o of degree one and polynomials S, U,
degU = GCD(deg A, deg B), such that

(28) A=UozV00™ !, C=002°8(z"), B=Uoz"°S"°,
where s > 0 and e = GCD(deg C, deg D),



8 F. PAKOVICH

b) If A = 2", then there exist a polynomial o of degree one and polynomials S, V,
deg V = GCD(deg C,deg D), such that

(29) C:ZS/GS(Zn/B)o‘/’ B:ZSSnOO'_l, D:UOZn/eOVv’
where s > 0 and e = GCD(deg A, deg B).

Proof. 1t follows from Theorem 2.1 taking into account the second part of Corollary
2.4 that it is enough to prove the proposition under the assumption that polynomials
A, B, C, D satisfy (13). Furthermore, for n = 1 the proposition is obviously true so
we may assume that n > 2.

Suppose that D = z". Then it follows from Theorem 2.2 that for polynomials
A, B, C, D either (14), (15) or (16), (17) holds. Furthermore, for n > 2 the only first
case is possible since for such n polynomials z™ and 7;, are not linearly equivalent.
Observe now that the equality

2" =0902"op

implies the equalities
oy =waz, p=pz «,peC.
Therefore, if (14), (15) holds, then setting
U=v, o=o01, S(z)=pR(S"2)

we obtain (28).
On the other hand, if n = 2 and (16), (17) holds, then taking into account that

the equality
2

22 =090Thopu=o090600z%0p
implies the equalities
op00=az, pu=pz «opfeC,
and using identity (25), we can rewrite (16), (17) in the form
A=(vob)oztoo?, C =010 (2E,(2%) 0 B2),
B=(vof)ozE? oz/a, D = (aff*z) 0 2*
and hence (28) holds for
U=vol, o=01, S(2)=pE,(3%).
Similarly, if A = 2" and (14), (15) holds, then v = az, a € C, and setting
S =a'/"R, V=u o=o,,
we obtain (29). On the other hand, if n = 2 and (16), (17) holds, then
vof=az, op=02z «p€cC,
and writing (16), (17) in the form
A=z20/az/B, C = pzo En(2%) op,
B=zaFE2 o0 ooyt D= (0y00)0z%0p
we conclude that (29) holds for
o=0900, V=u, Siz)=vaE,. O
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Proposition 2.6. Let A, B,C,D be polynomials such that (11) holds. Assume
additionally that deg C' is not a divisor of deg D, and deg D is not a divisor of
degC.

a) If C = T,, then there exist a polynomial p of degree one and a polynomial U,
deg U = GCD(deg A, deg B), such that either

(30) A=Uoe™T, s, B=UoTygopu, D=p""ocl,,
where d = GCD(deg C,deg D) and € = £1, or
z+1 z+1

(1) A=U-R(*12), B=Uoczop D=p'osR() 0Ty,

2

where R is a polynomial,

b) If B = T,,, then there exist a polynomial i of degree one and a polynomial U,
degU = GCD(deg C,deg D), such that either

(32) A=e"T,op, C=p"'oT,,0U D=ecT, 40U,

where d = GCD(deg A, deg B) and € = £1, or

(33) A=T,p0(2zR*(2) —1)op, C=p"'oz”0lU, D=zR(z*)oU,
where R is a polynomial.

Proof. As in Proposition 2.5 we may assume that condition (13) holds. Further-
more, the requirement imposed on degrees of A and C implies that n > 2. If D =T
(resp. A =Ty), then it follows from Proposition 2.5, taking into account the equal-
ity 7o = §02? and the requirement imposed on degrees of A and C, that (31) (resp.
(33)) holds. For n > 2 the proposition is proved in the paper [24], Lemma 3.16.
Below we give an alternate proof. Denote the polynomial defined by the equality
(11) by F.

Suppose that C = T,,. Observe that in order to prove the proposition it is
enough to show that F' is linearly equivalent to a Chebyshev polynomial. Indeed,
in this case the second part of Corollary 2.4 implies the equalities

1

A=vi0T,00, T,=0'oT, o, B=vioTy,ou D=p‘toT,ouvs,

where v1, v5, 0, i are polynomials of degree one. Therefore, vy = wz, 0 = W™z,
where w = £1 and hence (30) holds for ¢ = w™.

If (16), (17) holds, then F' clearly is equivalent to a Chebyshev polynomial.
Otherwise, taking into account that z" and T}, are not linearly equivalent for n > 2,
we should have (14), (15). As it was observed above the equality

(34) T =0102°R(z")op

implies that n = 2. Hence m is odd and T, = zE,,(2?). Further, since zE,,(2?)
has no terms of degree m — 1 and 0, it follows from equality (34) that o1 = «az,
w= Pz, a,p € C. It follows now from (14) and (34) that

F=voz?0z*R(z")opu=voz?oz/aoT,o0z/fou=

=voz/atol toTyoT,0z/Bou
implying that I is linearly equivalent to a Chebyshev polynomial.
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Suppose now that B = T},,. Again we only must show that F'is linearly equivalent
to a Chebyshev polynomial, and in case if (16) (17) holds this is obviously true.
Otherwise, we should have (14), (15). Furthermore, the equality

T =voz’R"(2) ooy *
implies that n = 2 for otherwise T;,, would have critical points of the multiplicity
greater than 2. Therefore, deg A = 2. In particular, A has a unique finite critical
value ¢, and m is odd. The calculation of the genus g of curve (18) (see e.g. Lemma
8.2 of [12]) shows that for such A and B the equality g = 0 holds if and only if
¢ = =x1. In its turn, the equality ¢ = +1 implies that A = +£T5 o 01_1 for some
polynomial o7 of degree one. Furthermore, since (18) may be parametrized by the
polynomials

ézdlon, ﬁZiTg,
any other polynomial parametrization C, D of (18) such that

degC =degC, degC = degC,

has the form

C'Z(j'olu7 D:Dou,
where 4 is a polynomial of degree one. Therefore, F' is a linearly equivalent to a
Chebyshev polynomial. O

3. POLYNOMIAL SOLUTIONS OF PjoW; =Py oWy = P30 W3

As it was mentioned above Theorem 2.3 of [11] implies immediately the following
generalization of Theorem 2.1 to the equation

(35) P10W1:P20W2:P30W3.

Theorem 3.1. Let P, W;, 1 < i < 3, be polynomials of degrees p;,w;, 1 < i < 3,
respectively such that (35) holds. Then there exist polynomials U, V, W, and P;, W;,
1 <4 <3, where

degU: GCD(plva»pS), degV:GCD(w17w27U)3),
such that R .
P=UoPF, W;=W;oV, 1<i<3,
and o o o
P10W1=P20W2:P30W3. U
Theorem 3.1 reduces the problem of describing of solutions of (35) to the case
where
(36) GCD(p1,p2,p3) =1, GCD(wy, w2, ws) = 1.

Notice that if the degree of one of P;, Py, P; is one, then (35), (36) imply that the
degree of one of Wy, Wy, W3 is also one, and vice versa. It is easy to see that in
this case solutions of (35) have the form

po(UoV)=(uolU)o(Vov)=(UoV)oy,

where U,V are arbitrary polynomials and p, v are polynomials of degree one. So,
below we will assume that polynomials P;, W;, 1 <4 < 3, are non-linear.

The following statement essentially is proved in [24], Lemma 3.22. Since however
the formulation given in [24] uses some additional restrictions on n, s, 7, § we provide
an independent proof.
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Proposition 3.2. Let F, R, R be polynomials and d, v be polynomials of degree
one satisfying the equality

(37) F=2°R(z")=602°R" 07,

where nt s and nts. Then either 6(0) =0 and v(0) = 0, or F s linearly equivalent
to a Chebyshev polynomial Ty of odd degree.

Proof. Set f = deg F' and write
§=oaz+pB, y=az+5,

where «, (3, &,ﬁ e C.
Assume that 8 # 0. Then equality F(ez) = €°F(z), where ¢ is nth primitive
root of unity leads to the equality

(38) Z*R" oyoez 4w (2°R" 07) = wy,

where wy, we are non-zero complex numbers. Clearly, the function
U:(S*loF:zgﬁﬁoy

has at most (f —1)/2 + 1 zeros and the equality attains if and only if

(39) n=2 s=1,

and R is a polynomial with no multiple roots such that R(0) # 0. Furthermore, it
follows from (38) that the number of ws /wi-points of U also is at most (f —1)/2+1.

By the Riemann-Hurwitz formula, the preimage U~'{ay,as,...,a;} of the set
of all finite critical values aj,as,...,ar of a polynomial U of degree f contains
(k — 1)f + 1 points. Therefore, the preimage U~ '{a,b} of arbitrary points a,b
contains at least f+1 points and the equality attains if and only if U has no critical
values distinct from a, b. Thus, the assumption 3 # 0 implies that F' = joU has only
two finite critical values and local multiplicities of F' at preimages of these values
are 1,2,2,...2 implying that F' is linearly equivalent to a Chebyhsev polynomial
T of odd degree.

Further, if 8 = 0, then wy = 0 in equality (38) implying that the linear function
k =y oezo~y ! transforms the set of zeros of the polynomial 25RP to itself. Any
linear function transforming a finite set of points of the complex plane to itself is
a rotation. Furthermore, since all roots of the polynomial Z*R" distinct from zero
have the multiplicity which is divisible by n while the multiplicity of zero is not
divisible by 7 we conclude that x£(0) = 0 implying B=0. O

In order to lighten the notation below we will call a pair a polynomial B, D by “a
right Ritt pair of the exponential type” (resp. by “a right Ritt pair of the dihedral
type”) if the degrees of B, D are coprime and, possibly after switching B and D,
equalities (15) (resp. (17)) hold. Left Ritt pairs are defined similarly.

Our main result related to equation (35) is the following one.

Theorem 3.3. Let P;,W;, 1 < i < 3, be non-linear polynomials of degrees p;, w;,
1 <4 < 3, respectively satisfying (35) and (36). Then at least one P;, 1 <14 < 3, is
linearly equivalent to a Chebyshev polynomial or to a power, and at least one W,
1 <4 <3, is linearly equivalent to a Chebyshev polynomial or to a power.

Proof. Applying Theorem 2.3 to the equality
PioW; =P,oW,;
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we can find polynomials X;,Y7, Ay, By, C1, Dy such that
(40) degX1 = GCD(])l,pg), deg Y1 = GCD(wl,wg),

(41) Pr=X104A1, P,=X10By, Wiy =C10Y1, Wo=D; oY,

(42) AyoCy =ByoDy,
and either (19) or (20) holds.
Similarly, applying Theorem 2.3 to the equality
ProW; =P3oWs
we can find polynomials X5, Y5, As, Bo, Cy, Do such that
(43) deg X5 = GCD(p1,p3), degYy = GCD(wq,ws),

(44) P =Xy0A;, P3=Xy0B;, Wy =Cy0Y;, W3=Ds0Y5,

(45) Ay 0Cy = Byo Do,
and either (19) or (20) holds.
Finally, applying Theorem 2.3 to the equality
PyoWy =P30oW;s
we can find polynomials X3, Y3, Az, B3, C3, D3 such that
(46) deg X3 = GCD(p2,ps3), degYs = GCD(ws,ws),

(47) Py =X30A3, P3y=X3z0B3, Wy=C30Y3, W3=D3o0Y53,

(48) Az o0 C3 = Bz o Ds,

and either (19) or (20) holds.
Set x; = deg X;, a; = deg A;, 1 <i < 3. Notice that (36) implies that

(49) GCD(zs,z;) =1, 1<i,j<3, i#].
Suppose at first that for at least one of equalities (42), (45), (48) condition (20)

holds for some m,n > 1. Changing if necessary the numeration of P;, W;, 1 <i < 3,
without loss of generality we may assume that

(50) Ay =Tmop, Cr=p; 0Ty, Bi=T,opus, Di=py"oT,

where py, po are polynomials of degree one, GCD(n, m) = 1, and the number m is
odd.
Consider the equality

(51) P1:X10A1:X20A2.

Since x1,xo are coprime, if aj|ag, then zo = 1 and hence P;, Ps form a left Ritt
pair. Similarly, if as|a;, then 21 = 1 and hence Py, P, form a left Ritt pair. In both
case at least one of Py, P, Pj is linearly equivalent to a Chebyshev polynomial or
to a power. On the other hand, if a; t as, as 1 a1, then applying Proposition 2.6, a)
to (51) and taking into account that m is odd and z, x5 are coprime we conclude
that Pj is linearly equivalent to a Chebyshev polynomial. Analyzing now in the
same way the equation

(52) Wy=C30Ys=DioY;
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we conclude that at least one of Wy, Wy, W3 is linearly equivalent to a Chebyshev
polynomial or to a power.

Assume now that for all equalities (42), (45), (48) up to a possible replacement
of A; to C; and B; to D;, 1 < i < 3, condition (19) holds. Then without loss of
generality we may assume that

Av=z"om, Bi=pt o2 R(z), €= 2" Ri(:)o s, Dy=pitos",

where p1, po are polynomials of degree one, R; is a polynomial, and n, s; satisfy
GCD(n, s1) = 1. If a1]as or as|a;, then we conclude as above that at least one of P,
Py, Pj is linearly equivalent to a Chebyshev polynomial or to a power. So assume
that a1 { ag, as 1 a;. In particular, this implies that n > 1. Applying Proposition 2.5,
a) to (51) and taking into account that z1,zo are coprime we conclude that

(53)  Xi=po IRy Xy =po2M08, Ay=0""0z2Ry(z") 0,
where §, p are polynomials of degree one, Ry is a polynomial, and d = GCD(n, s3).
Notice that n t so since otherwise aj|as.

By the assumption either
(54) Ay =2"0 v, Cy= l/fl ) zgﬁ(zﬁ), By = 2R o Vo, Dy = 1/51 o zﬁ,
or

(55) Ay =2°R"ouy, Co=v7t02", By=2"0vy, Dy=uvy"02"R(z")

where R is a polynomial, v, v4 are polynomials of degree one, and GCD(7,s) = 1.
Assume that (54) holds. Then it follows from (53), (54) that
(56) 2 Ry(2") = 6o 2 0,
where v = vy o uy ', Since n > 1, the polynomial in the left part of equality (56)
has no term of degree ag — 1 implying v(0) = 0. On the other hand, it follows from
n{ sy that s > 0 implying 6(0) = 0. Therefore,

P, = X50 Ay :uoz"/d0<5ozﬁou1

is linearly equivalent to a power.
Further, if (55) holds, then it follows from (53), (54) that

22 Ry(2") =60 2°R" 0,

where y = vy o uj . Moreover, 7 { 8 since GCD(7, 8) = 1. Therefore, if Ay is not
linearly equivalent to a Chebyshev polynomial of odd degree, then by Lemma 3.2
the equality 6(0) = 0 holds, and
P :XQOBQZ/,&OZn/dO(SOZﬁOVQ

is linearly equivalent to a power. On the other hand, if A5 is linearly equivalent to
a Chebyshev polynomial of odd degree, then applying Proposition 2.6, a) to (51)
we conclude as above that P; is linearly equivalent to a Chebyshev polynomial.

Similarly, applying Proposition 2.5, b) to equation (52) and taking into account
that y1,y3 are coprime we conclude that
(57) Cs=jy 02 RY(2) ok, Yas=rTo2"0u, Y =2%/Ry(2"/¢) o,

where k, v are polynomials of degree one, R3 is a polynomial, and e = GCD(n, s3).
Furthermore, either

(58) Asg=z"om, C3= nyto zgﬁ(zﬁ), Bs=2°R"o n2, D3 =mny'o 2",
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or

(59) Az =zR'on, Cy=n'02", Bs=2"0ony, Dz=n;" 02 R(z"),

where R is a polynomial, 71, 72 are polynomials of degree one, 7 > 1, and 1 1 3.
Assume that (58) holds. Then it follows from (57), (58) that

29 Ry(z") =0 Z R o7,

where v = poony L If C5 is not linearly equivalent to a Chebyshev polynomial of
odd degree, then by Lemma 3.2 the equality x~*(0) = 0 holds, and

W3=D30Y3:772_102"0/1710,2”/501/

is linearly equivalent to a power. On the other hand, if Cj is linearly equivalent
to a Chebyshev polynomial of odd degree, then we conclude as above that Wy is
linearly equivalent to a Chebyshev polynomial.

Further, if (59) holds, then it follows from (57), (59) that

2 Ry(2") =y 027 0T,
where v = pz on; " implying as above that £~!(0) = 0. Hence
Wa 203OY3:nflozﬁon_1oz"/eoz/
is linearly equivalent to a power. [J

Remark. Notice that Theorem 3.3 reduces the study of equation (35) to the study
of the equations

(60) Z"oA=Boz"=UoV
"oA=BoT,=UoV
T,0A=Boz"=UoV
T,0oA=BoT, =UoV,

and using Proposition 2.5 and Proposition 2.6 one can obtain a description of
solutions of these equations in the spirit of Theorem 2.2. For examples, one can
show that any solution of (60) has the form

U=ERy(H), V=R RN (),
ryrgm T2 rinm _Mmn_ rirgn rin _mn_
A=z hoy RO (2™ Ry(z i R (2™))), B =zt R Ry(:M% R,
where R;, R are polynomials, GCD(r;,m) = 1, GCD(rqo,n) = 1, and dids =
GCD(n, m). However, we do not need this more precise version of Theorem 3.3 for
our purposes.

4. PROOF OF THEOREM 1.1
We start by proving the following statement.
Proposition 4.1. Let P and P;, W;, 1 < i < 3, be polynomials such that
P=P oWy =P,oWy=P;0W;s
and

(61) W1 ((Z) = Wl(b), Wg(a) = WQ(b), Wg((l) = Wg(b)
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Then there exist distinct i1,12, 1 < 41,12 < 3, and polynomials W;,, Wi,, W such
that

Wi, =W, oW, Wi, =Wy, oW, and W(a)=W(b).

Proof. 1t follows easily from Theorem 3.1 that without loss of generality we may
assume that conditions (36) hold. Furthermore, in view of condition (61) the poly-
nomials W;; 1 < ¢ < 3, are non-linear implying by (36) that the same is true for
the polynomials P;, 1 < i < 3. Finally, observe that if w;, 1 <14 < 3, is a divisor of
wj, 1 < j < 3,14 # j, then the theorem is true. Indeed, in this case it follows from
Theorem 2.1 that the polynomial W is a polynomial in W; and we may set i; = 1,
io = j, W = W;. Thus, in the following we may assume that w;, 1 < i < 3, is not
a divisor of w;, 1 < j < 3, unless ¢ = j.

We will keep the notation of Theorem 3.3. By Theorem 3.3 without loss of
generality we may assume that either Wy = T,, or Wy = z". If Wy = T,,, then
Proposition 2.6, a) implies that there exists polynomials §;, i = 2,3, of degree one
such that either

(62) Wi = 6; 0 2R;i(2%) 0 T,y 0,

where R; is a polynomial, or

(63) Wi =6;0T,.

If for at least one i, i = 2,3, equality (62) holds, then we must have
Tinj2(a) =Ty a(b)

since otherwise (61), (62) imply equalities
Ty(a) = Ta(b), aR;i(a®) = bR;(b*),

where a = T}, /2(a), b= T, /2(b), which are clearly impossible. Therefore, if for at
least one i, i = 2,3, equality (62) holds, we can set iy =1, i =i, W = Ty /2. On
the other hand, if for both ¢, ¢ = 2, 3, equality (63) holds, then an easy calculation
(see e.g. [17], p. 281) shows that the statement of the proposition is true.

Suppose now that W; = 2™. Observe that we may assume that the right Ritt
pair Cs3, D3 from (48) is of the exponential type. Indeed, the degree of at least one
of C3, D3 is odd. Therefore, if the pair Cs, D3 is of the Chebyshev type, then as in
the proof of Theorem 3.3 we conclude that either W5 or W3 is linearly equivalent
to a Chebyshev polynomial, and in this case the statement of the proposition is
already proved. So, assume that C'5 = po 2" where u is a polynomial of degree one
(the case of switched C3, D3 may be considered similarly).

Applying Proposition 2.5, a) to the equality P; o Wy = Py o Wy we conclude that
there exists a polynomial S and a polynomial § of degree one such

(64) Wy =002°5(z").

Since Wy = (3 o Y3, this implies that for any primitive nth root of unity ¢ the
equality

6t oC30Y3(ez) =% oC30Y53
holds and therefore by Corollary 2.4

0 toCs=cf"1o0C50n, Y3(ez) =7y 1o Y3
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for some polynomial v of degree one. Since C3 = p o 2", the first of the equalities
above implies easily that v(0) = 0 and then the second equality implies that

Y3 =2°F(2"), Wa=C30Y3=poz"F"(z")
for some polynomial F' and e > 0. It follows now from (61) that
a"=b"=¢, a°F"(c)=b"F"(c).

Therefore, either GCD(n,7e¢) = d > 1 and a? = b¢, or F(c) = 0. In the first case
we can set i1 = 1,i5 = 2, W = 2%, In the second case Y3(a) = Y3(b) = 0 and we
can set i1 =2,io =3, W =Y;. O

Proposition 4.1 permits to reduce the number of reducible solutions in the repre-
sentation QQ = Zj Qj, where @Q); satisfy (8), to one or two. Indeed, in the notation
of Proposition 4.1 we may replace the sum of two reducible solutions Q;, Qi,,
1 <iy,i9 < 3, by the unique reducible solution

(Qil © Wi] + Qiz © iz) oW
and continuing in the same way we will eventually represent Q = > y Q; as a sum of

only two reducible solutions. Furthermore, if Q) itself is not reducible, then Theorem
2.3 implies that, possibly after switching W7 and Wa, either

Wi=0102°R(:z")oW, Wy=0g902"0W,

or
Wi=oc10Tyn oW, Wy=o00T,0W,

where W, R are polynomials, 1, 05 are polynomials of degree 1, and GCD(s,r) = 1.
Moreover, it easy to see that in the first case the equalities

Wi(a) = Wa(b), Wa(a) = Wa(b)
imply that ¢ = W"(a) = W"(b) is a root of R.
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