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Burghelea-Haller to compact connected manifolds with boundary.

Keywords Hilbert complex, Symmetric bilinear form, Analytic torsion
2000 MR Subject Classification 58J52

1 Introduction

Let E be a unitary flat vector bundle on a closed Riemannian manifold M. In [19], Ray
and Singer defined an analytic torsion associated to (M, E) and proved that it does not
depend on the Riemannian metric on M. Moreover, they conjectured that this analytic
torsion coincides with the classical Reidemeister torsion defined using a triangulation on M
(cf. [15]). This conjecture was later proved in the celebrated papers of Cheeger [10] and
Miller [16]. Miiller generalized this result in [17] to the case when F is a unimodular flat
vector bundle on M. In [2], inspired by the considerations of Quillen [18], Bismut and Zhang
reformulated the above Cheeger-Miiller theorem as an equality between the Reidemeister
and Ray-Singer metrics defined on the determinant of cohomology, and proved an extension
of it to the case of general flat vector bundle over M. The method used in [2] is different
from those of Cheeger and Miiller in that it makes use of a deformation by Morse functions
introduced by Witten [23] on the de Rham complex.

Braverman and Kappeler [4, 5] defined the refined analytic torsion for flat vector bundle
over odd dimensional manifolds, and show that it equals to the Turaev torsion (cf. [11, 21])
up to a multiplication by a complex number of absolute value one. Burghelea and Haller
[6, 7], following a suggestion of Miiller, defined a generalized analytic torsion associated to a
non-degenerate symmetric bilinear form on a flat vector bundle over an arbitrary dimensional
manifold and make an explicit conjecture between this generalized analytic torsion and the
Turaev torsion. This conjecture was proved up to sign by Burghelea-Haller [8] and in full
generality by Su-Zhang [20].

Vertman [22] defined a different refinement of analytic torsion, similar to Braverman and
Kappeler, which applied to compact manifolds with and without boundary. Inspired by
this, in this paper, we extend the Burghelea-Haller analytic torsion to compact connected
Riemannian manifolds with boundary.

The rest of this paper is organized as follows. In Section 2, we recall the defini-
tion of Hilbert complex and some properties of it. Particularly, the Hilbert complexes
(Pmins Dmin) and (Zimax-Dmax)- In Section 3, we get some properties of the Hilbert com-
plex (Pmin, Dmin) and extend the Burghelea-Haller analytic torsion to the Hilbert complex
(Drmin, Dmin). In Section 4, we extend the Burghelea-Haller analytic torsion to the Hilbert
complex (Zmax; Dmax)-
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2 Fredholm complexes for compact manifolds

Let (M, g™) be a smooth n-dimensional compact connected Riemannian manifold with
boundary dM, which may be empty. Let (E,V) be a flat complex vector bundle over
M. The flat connection V extends to 5(M, E), which is E-valued differential forms with
compact support in the interior of the manifold M. Since V2 = 0, we have the de Rham
complex (Q5 (M, E), V). Assume that there is a fiber wise non-degenerate symmetric bilinear
form b on E. By [7, Theorem 5.10], there exists a complex anti-linear involution v : E — E
such that
v =idg, b(vz,y)=bx,vy), b(x,vz)>0, x,y€ E.

Then
prE®E—C, p(x,y)=bz,vy) (21)

is a fiber wise positive definite Hermitian structure on E. The Riemannian metric g”™
and together with the Hermitian metric p define an inner product in Qf(M, E) which we
denote it by hg ., we denote the L?-completion of Q4 (M, E) by L?(M, E). The Riemannian
metric g7™ together with the fiber wise non-degenerate symmetric bilinear form b¥ define
a non-degenerate symmetric bilinear form 34, on Qf(M, E),

Byn(w,m) = /MwA(*g®b)m w.n € (M, E). (2.2)

Then (3,5 extends to a non-degenerate symmetric bilinear form on L?(M, E), we still denote
its extension on L2(M, E) by 3,,. Then we have hy ,(w,n) = By.5(w,vn).

Consider the differential operator V and its formal adjoint V? with respect to the inner
product. The associated minimal closed extensions Vi, and anin are defined as the graph-
closures in L2(M, E). The maximal closed extension of V is defined by

vmax = (Vinin)* ) (23)

where * denote the adjoint operator with respect to the inner product in L2(M, E). We
denote Vﬁin and Vﬁax to be the adjoint operators of Vi, and V. with respect to 34
on L2(M, E). Let Zwin, @rﬁn be the domain of V y,in, Vﬁin respectively and let Diax, 27,
denote the domain of V.., V7, respectively. These extensions define Hilbert complexes

in the following sense, as introduced in [9].

Definition 2.1. [9] Let the Hilbert spaces H;, i = 0,--- ,m, H,,11 = {0} be mutually
orthogonal. For each i =0,--- ,m, let D; € C(H;, H;1+1) be a closed operator with domain
2(D;) dense in H; and range in H;1. Put 9; = 2(D;) and R; = D;(%;) and assume

R; C Zi41, Diy10D;=0. (2.4)
This defines a complex (%, D.)

0— gy 2% g Pu .. 05t g Lo (2.5)
Such a complex is called a Hilbert complex. If the homology of the complex is finite, i.e.
if R; is closed and kerD;/imD;_; is finite-dimensional for all ¢ = 0,--- ,m, the complex is
referred as a Fredholm complex.

For a Hilbert complex there is a dual Hilbert complex

Dy Dy s Dg
0— %, — Dp1 — - — Yy —0 (2.6)
defined using the Hilbert space adjoints of the differentials D and Laplacian A; = D} D; +
D;_1Df ;. We can compute the cohomology groups of the Hilbert complex (2.5) using the
subcomplex (D* %, D..), where D> %; consisting of all elements = that are in the domain
of Al for all I > 0.



Proposition 2.2. [9, Theorem 2.12] The cohomology of the complex (D, Dy) is equal to
the cohomology of the complex (D* 9., D).

By [9, Lemma 3.1] we have the Hilbert complexes (Zmin, Vimin) and (Zmax, Vimax), where
Dmin = 2(Vmin) and Ziax = 2(Vimax). The following theorem [22, Theorem 3.2] is the
twisted setup of [9, Theorem 4.1].

Theorem 2.3. The Hilbert complexzes (Dmin, Vimin) and (Pmax; Vmax) are Fredholm with
the associated Laplacians Ayl and Agps being strongly elliptic in the sense of [12]. The de
Rham isomorphism identifies the cohomology of the complexes with the relative and absolute
cohomology with coefficients:

H* (@minavmin) = H*(M7 8Ma E)a

H*(Qmaxu Vmax) = H*(Mv E)

Furthermore the cohomology of the Fredholm complexes (Dmin, Vimin) and (Pmax, Vimax) €an
be computed from the following smooth subcomplezes,

( n (M,E),V), Q; (M7E):{WEQ*(M7E)U*(W):O}7

min min

(Qnax

(M,E),V), Q, (MvE):Q*(M’E)v

max

respectively, where we denote by [ : OM — M the natural inclusion of the boundary.

3 Ray-Singer symmetric bilinear torsion for (Zin,Vmin)

In this section we define the Ray-Singer symmetric bilinear torsion for the Hilbert complex
(Prmin, Vmin). This can be viewed as the extension of the Burghelea-Haller analytic torsion
to compact manifolds with relative boundary condition.

Proposition 3.1. The restriction of the non-degenerate symmetric bilinear form (g5 to
Dmin s non-degenerate.

Proof. Let © € Din, then there exist {x,} C Q4(M, E), such that z,, — z in L?(M, E)
and Vi, convergence in L2(M, E). Since v is a bounded operator, we get v(z,) — vz in
L2(M, E). By

V(vay,) = (Vv)a, + v(Va,) (3.1)

and Vv is a bounded operator, we get V(vz,,) convergence in L2(M, E). Then by definition
of Vinin, we get vz € Din. So that if for any y € Din, Bg.p(x,y) = 0, then by

hg pu(z,x) = Bgp(x,va) =0, (3.2)
we get £ = 0. Then the restriction of 3,3 to Zmin is non-degenerate. O
Proposition 3.2. The following identity holds

V#

min

= Viin T (7 (VV))". (3-3)

Particularly, the domain of Vi, equals .@ﬁn.

Proof. Let y € 9%

min’

then there exists z € L2(M, E) such that for any o € Py, we have

ﬂg,b (vminxv y) = /Bg,b(l'a Z) (34)



By Proposition 3.1, we have v € Zp,;,. Then

hgp (Vmin(v2),y) = hgu (VV)2 + vVinine, y)
= hg, ((Vv)z, y) +hgu (WVmin®, y) = hgu (VV)vve,y) + Bgs (Vimin®, )
= hgu (va, (Vo)v) y) + Byp(@, 2) = g (va, (Vr)v)"y) + By p(va, vz)
= hgp (va, (VV)v)"y) + hgu(ve, z). (3.5)

Then by definition we have y € 2(V and

mln)
Vind = (V¥)0)"y + Vi (3.6)
Since v? = Id, so that v(Vv) = —(Vv)v. Then by (3.6) we get

Viin = Vinin + (7 (V)" (3.7)
The proof of Proposition 3.2 is complete. O
We consider the operator
Bpret = (Vinin + vﬁm)Q = Vain Vi + Vi Vi, (3.8)
The domain of Ay, is the following,
D(Aprel) = {x € Donin N D |V € 2% and V%, 2 € @mm} . (3.9)

By (3.3), we see that the domain of Aé -1 €quals the domain of Al for all [ > 0. By Propo-
sition 3.2, Ap e has same leading symbol with Avel = (Vimin + Vi.)2 Then the spectral
of Ay el are discrete. Let A € Spec(Ay,re1), denote by Py a, .., the spectral projection of
Ap re1 corresponding to A, then

i -
POy s = 5o /C " (Dpra — 7)) da, (3.10)

with C'(A) being any closed counterclockwise circle surrounding A with no other spectrum
inside. The image of Pyy} a, .., 18 finite dimensional. In particular Ppyy a, ., is a bounded
operator in L2(M, E). Then by [13, Section 4, p.155] the decomposition

L2(M,E) =ImP\y A, ., ®Im (1 — Py, ) (3.11)
is a direct sum decomposition into closed subspaces of the Hilbert space L2(M, E).

Proposition 3.3. The decomposition L?(M, E) = ImPpay Ay 0 ©@Im(1— Py a,La) 9 Bgb-
orthogonal.

Proof. Let Ny be the multiplicity of the generalized eigenvalue A\. Then we have (Ap el —
N 2@ rentmPiny s,y = 0 80d Aprer = A D(Apre) NIm(1 = Py a,,,) — Im(1 -

Pia1.a,,.) has an everywhere defined bounded inverse. By the decomposition (3.11), for
Of(M, E) we have

Q5(M, E) = QG (M, E) NImPypy a0 @ (M, E) NIm (1 = Py, L) - (3.12)

In particular (Ap el — A) M

, )mImP{)‘}va,rel = 0 and Ab,rel . QS(M, E) n Im(l —
Py ap.a) = Q0 (M, E)YNIm(1— Ppyj A, ., ) is bijective. So the decomposition (3.12) is Gy -
orthogonal. In fact, for w € Qf(M, E)NImPy A, ., and n € Q5(M, E)NIm(1 - Py A, .0),
then there exists 7y, € Q5(M, E) NIm(1 — Pgy) a,,.,) such that

(Ab,rel - )\)NA NNy, = 1. (313)



Then we have
Bg7b (W7 77) = 69717 (wa (AbJeI - >\)N)\ nN/\) = ﬁg,b ((Ab,rel - )\)NA W, nN,\) =0. (314)

For x € ImPpy A, ., and y € Im(1 — Py a,,.,), there exist {z,} C Q5(M, E) and {y,} C
Q5(M, E) such that ¥, — = and y, — y. Since ImPpyy a, ., and Im(1 — Py A, ..,) are
closed subspaces of L2(M, E), so that for sufficient large n, 3y.(2n, yn) = 0. Then we have

Bgp(x,y) = T By (2, yn) = 0. (3.15)

The proof of Proposition 3.3 is complete. O
By the decomposition (3.11), we can decompose P,y as follows

Drmin = Dmin N IMP\y A, 10y D Pinin N Im(1 — P{)\}va,rel)' (3.16)

By Proposition 3.1 and Proposition 3.3, we get that the restrictions of 345 t0 Zmin N
ImPyyy A, and Dnin N Im(1 — P{)\}aAb,rel) are all nondegenerate. For any a > 0, let
Po,a), Aprel be the spectral projection of Ay, corresponding to the spectral with absolute
value in [0, a]. Then we have the (3, ;-orthogonal decomposition

Dnin = @min,[o,a] D -@min,(a,oo)a (317)

where gmin,[o,a] = Zmin N Imp[oxa]yAb,rcl and -@mim(a,oo) = ZDmin N Im(l — P[O;a],Ab,rd)' By
Proposition 3.1, we get that the restrictions of 343 to -@min,[o,a] and @min,(a,m) are all nonde-
generate. Since Vi, commutes with Ay re1, we get two subcomplexes (Zimin,[0,a)5 Vinin,[0,0])
and (Zmin,(a,00)> Vmin,(a,00)) Such that

(gmin; Vmin) = (@min,[o,a]a Vmin,[O,a]) ©® (-@min,(a,oo)a Vmin,(a,oo)) . (318)

Proposition 3.4. The inclusion (Pmin,{0}> Vinin,{0}) — (Zmin; Vmin) induces an isomor-
phism on cohomology. In particular, the subcomplex (‘@mim(am),vmmy(m)) is acyclic for
any a > 0, and

H* (-@min,[o,a] ) vmin,[(),a]) ~ H* (-@min7 vmin)~ (319)

Proof. By Proposition 2.2, in order to compute the cohomology of (Zwin {0}s Vinin,{0})
and (Zmin, Vmin) we need only to compute the cohomology of (D> Zpin {0}s Vimin,{0}) and
(D Diminy Vimin)- Then it only needs to prove the inclusion

(Doo@min,{o}a vmin,{O}) - (Doogmina vmin)

induces an isomorphism of cohomology groups. Since Apyel : D™ Pin — D Pin, then
Ay rel induces an isomorphism

Aprel 1 D= Dinin/ D™ Drnin 503 — D™ Drnin /D> Drnin, {0} - (3.20)

So it induces an isomorphism on cohomology group
Apyer : H* (Dmgmin/Dm9m1n7{o}, Vinin) — H* (Dm.@min/Dm@mim{o}, Viin) - (3.21)
For [z] € H* (D‘X’@min/D“.@min,{o},Vmin), we have © = 2 + D> Dy 0y With Vyinz €
D*® Dnin f0y- Then by Aprez = Vi Viinz + Viin Vi, 2 and VI Ay = Ay ,aVE

we get Ap ye1z — VminVﬁinz € D*° Prin,{0}- Then by d:ﬁl;ition we rg; Aprer[z] = 0. Sinrlll(lzl(;
(3.21) is an isomorphism, we get
H*(D* Din /D™ Prmin {0} > Vinin) = {0}
So that H*(Zmin {0}> Vmin,{0}) = H*(Zmin, Vmin). In particular for any a > 0, we have
H*(Prmin,[0,a]> Vinin,[0,a]) = H " (Pmin, Vinin)

and the subcomplex (Zmin, (a,00), Vmin,(a,00)) 18 acyclic. O



For a finite dimensional complex vector space V', we define
detV = A™V. (3.22)

Then for the complex (Zmin,[0,a]» Vimin,[0,q]), We define the complex determinant lines

n

Y
det (-@min,[o,a]7vmin,[07a]) = ® (det (-@min,[o,a],k))( Y (323)
k=0
and
n Nk
detH™" (gmin [0, a]a min, [0 a] ® detH mln ,[0 a]vvmin,[o,a]))( Y . (324)
k=0

Let —@min,[o,a],k = Din J[0,a] N Lk(M E) and the induced nondegenerate symmetric bilinear
form denoted by buin,[0,0],k- Then by buin [0,q,x and (3.23), we get a nondegenerate sym-

metric bilinear form on det(Zuin,[0,0]> Vimin,[0,a)) and denote it by bdet(Dmin.j0.0))- BY the
canonical isomorphism (cf. [14] and [1, Section la)])
detH™ (-@min,[o,a]vvmin,[o,a]) = det (@min,[o,a]a vmin,[O,a]) (325)

and the isomorphism (3.19), we get a nondegenerate symmetric bilinear form on the deter-
minant line det *(Zmin,[0,a]» Vinin,[0,a]) = d€tH*(Zmin, Vinin) and denote by baet (2
For the subcomplex (Zmin,(a,50)s Vimin,(a,50)), We define the Laplace operator by

min,[o,a])'

— #
Ab7rel7(a,oo) - Vmin,(a,oo)vmim(a’(w) + vmln,(a Oo)vmin,(a,oo)' (326)

Where Vﬁm . is the adjoint of Viin (a,00) With respect to the induced nondegenerate
symmetric blhnear form on Zyin,(a,00)- For 0 < k < n, let Ay el (a,00),k e the restriction
of Ap rel,(a,00) 10 Z(Ap rel,(a,00)) N L3?(M, E). Since Ap e has the same leading symbol with

Arel, then the following regularized zeta determinant is well defined:
0 —s
det’ (Ap rel,(a,00),k) = XD (— s Tr [(Ab’ml’(am)’k) }) . (3.27)

Theorem 3.5. The symmetric bilinear form on det H*(Pmin, Vmin) defined by

s=0

e —1)kk
bdetH* (Drmin,[0,a] H det Ab rel,(a,00), k:))( ) (328)
k=0
is independent of the choice of a > 0.
Proof. Let 0 < a < ¢ < oo. We have
(@min,[(],c]a vmin,[O,c]) = (gmin,[o,a]a Vmin,[O,a]) @ (gmin,(a,c]a vmin,(a,c]) (329)

and

(@min,(a,oo)a vmin,(a,oo)) = (-@min,(a,c]a vInin,(a,c]) 2] (-@min,(c,oo)v vmin,(c,oo)) . (330)

Then we have

det’ (Ab,rel,(a,oo),k) = det’ (Ab,rel,(a,c],k) - det’ (Ab,rel,(c,oo),k) . (331)
Particularly,

n

_1\k
11 (det’ (Boreraors)

k=0

ki Nk ki Kk
H det Ab rel,(a,c], k))( R ! H (detl (Ab,rel,(c,oo),k:))( R . (332)
k=0 k=0



Applying [7, Lemma 3.3] to (3.29), we get

n

—1)*k
bdetH(-@min,[O,a]) ’ H (det/ (Ab,rel,(a,c],k))( ) = bdetH(@miu,[O,c])’ (3'33)
k=0
The proof of Theorem 3.5 is complete. O

Definition 3.6. The symmetric bilinear form defined by (3.28) is called the Ray-Singer

symmetric bilinear torsion on detH*(Zumin, Vinin) and is denoted by b?ASL B.gTM bB) sl

Remark 3.7. By Theorem 2.3, we have
det H* (Zmin, Vinin) = detH*(M,0M, E). (3.34)

So that b( M, E,gTM bE) rol CAN be viewed as the extension of the Burghelea-Haller analytic
torsion to compact manifolds with relative boundary condition.

4 Ray-Singer symmetric bilinear torsion for (Zyax, Viax)

In this section we define the Ray-Singer symmetric bilinear torsion for the Hilbert complex
(Pmax, Vimax). The steps are the same as Section 3. The proofs of main results in this section
are also the same as in Section 3. It can be viewed as the extension of the Burghelea-Haller
analytic torsion for compact manifolds with absolute boundary condition.

Proposition 4.1. The restriction of By, to Pmax 5 nondegenerate.

Proof. We first recall that for o € L2(M, E), if there exists n € L2(M, E) such that for any
¢ € Q5(M, E),

m (07 vt¢) = hg,u(n, 9), (4.1)

then 0 € Pnax and Viyaxo = 0. If 0 € Pnax, then for vo € L2(M,E), and for any
¢ € Q5(M, E) then vo € Q§(M, E), we have

hgyu (vo, V' (v9)) = hgu (VH(v9),va) = By (VH(ve), 0)
= Bgp (¥ (VE) = (Vv*)" ¢,0) = By (v (Vi) ,0) = By (Vv*)" ¢, 0)
= Bgb ((Vtgﬁ) ,vo) = hg ((Vl/*)* ¢,vo) = hg (( ) }),0) — hgu ( ,(Vv)” ¢)
= hgu(0,(V'®)) = hgp (V" (V") vo,v¢) = hg (0, ¢) — hgu (v (Vv*)vo,ve)
= hgu(d,n) = hgu (V" (Vv ) vo,v9) = By p(d,vn) — hgu (v* (V) vo,vé)

= 6g,b(7/¢a 77) —Ng,u ( (VV ) vo, Vd)) = hg,/L (I/d), V”]) - hg.,u (V* (VV ) vo, V¢)
= hg, (vn—v* (Vv )vo,vp). (4.2)

Then by definition we get vo € Znax. Then by the same reason in Proposition 3.1, we get
that the restriction of 344 to Zmax is nondegenerate.
The proof of Proposition 4.1 is complete. L

Proposition 4.2. The following identity holds
v#

max

= Vi + (V) 1. (4.3)

Particularly, 9%, equals the domain of Vr,

max-*



Proof. For & € Dyax, by (4.2) we have vx € Dyax and

Vimax(¥®) = v (Vmaxz) — v* (V) va. (4.4)
Let y € 97, then there exists z € L2(M, E) such that for any € Ziay, we have
Bg.b (Vmax®, y) = Bgp(x, 2). (4.5)
Then

hg,# (vmax(yx)a y) = hg,/_t (vaaxx - l/* (VV*) vr, y)

— hg,# (l/vmaxﬁr7 y) - hg# (I/.’E, (VV*)* yy) = m — hg’# (l/(E, (VI/*)* Vy)
= hgu(ve,z) = by, (va, (Vv*) vy) . (4.6)

By definition we have y € 2(V .,) and
Vinax = Vinaxy = (V) vy, (4.7)
The proof of Proposition 4.2 is complete. O

Let Ap abs = Vﬁaxvmax + VmaxVﬁaX. By Proposition 4.2, Ay abs has the same leading
symbol with Aups = (Viax + Viiax)?, so the spectral of Ay abs are discrete. For any a > 0, let
Pl0,a],Ay . De the spectral projection of Ay aps corresponding to the spectral with absolute
value in [0, a]. Then we have the decomposition

L2(M,E) = ImPy 4, Apane B (1= Pg oy A, ) 5 (4.8)

and Im Py o) A, ..., IM(1 = Pl 4,2, ....) are closed subspaces of L?(M, E). Then by the same
proof in Proposition 3.3, the decomposition (4.8) is (4 -orthogonal. By (4.8), we have the
Bg,p-orthogonal decomposition of P ax as

-@max = @max,[o,a] 3] @max,(a,oo)v (49)

where @max,[o,a] = Dmax N ImP[O,a],Ab.abs and @max,(u,oc) = Dmax N Im(]- - P[O,a],Ab,abS)
By Proposition 4.1, we get that the restrictions of 85 t0 Ziax,0,a] a0 Diax,(a,00) are
nondegenerate. Since Vyax commutes with Ay max, we have the following decomposition of
the complex (Zmax; Vimax),

(—@ma)u vrnaux) = (Qmax,[o,a]a Vmax,[o,a]) 7] (@max,(a,oo)v v1“1"13)(,((1,00)) . (410)
By the same proof of Proposition of 3.4, we have

Proposition 4.3. For any a > 0, we have

H* (-@max,[o,a]vvmax,[ota]) = H” (-@maxa Vmax) . (4'11)
Let @max7[07a]7k = @max7[0’a] N L%(M, E) Let

n

1k
det (@max,[o,a]avmax,[o,a]) = ® (det (@max,[o,a],k))( Y (412)
k=0
and
" ik
detH* (@max,[o,a]7 Vmax,[O,a]) = (detHk (@max,[o,a]7 Vmax,[O,a]>>( Y (413)
k=0



be the determinant lines of (Zmax,[0,a], Vimax,[0,a]) a0d H*(Zmax,[0,a]> Vimax,[0,a]) TesPectively.
Then we have a canonical isomorphism (cf. [14] and [1, Section 1a)])

det (@max,[o,a] ) Vmax,[O,a]) = detH” (@max,[o,a] ) Vmax,[O,a]) . (414)

Let bg,,., 0.4,k denote the induced nondegenerate symmetric bilinear form from g, then
by (4.12) and (4.14) it induces a symmetric bilinear form on detH*(Zmax,0,a]; Vimax,[0,a])
and denote it by byet 1+ (2,

Let V¥

max,(a,00)
bilinear form on (Zmax,(a,00)> Vmax,(a,00)), and define

max,[O,a])'

be the adjoint of Vix (a,00) With respect to the induced symmetric

_ - -
Ababs,(a,00) = Vimax,(a,00) Vinax, (a,00) T Y max, (a,00) ¥ max,(a,00) (4.15)

For 0 < k < n, let Apabs (a,00),k De the restriction of Ay b (a,00) 10 Z(Ap abs,(a,00)) N

L3 (M, E). Since Ay abs has the same leading symbol with A,ps, then the following regular-
ized zeta determinant is well defined:

0
det’ (Ab7abs7(a,oo),]g) = exp <_ %

Tr {(Ab,abs,(apo)?k)s}) . (4.16)

s=0
By the same proof of Theorem 3.5, we have

Theorem 4.4. The symmetric bilinear form on det H*(Pmax, Vmax) defined by

n Nk
bdetH*(@max'[ova]) H (det, (Ab,abs,(a,oo),/c))( Dk (417)
k=0

is independent of the choice of a > 0.

Definition 4.5. The symmetric bilinear form defined by (4.17) is called the Ray-Singer
symmetric bilinear torsion on det H*(Zmax, Vmax) and is denoted by bg@ B,gTM bE) abs’

Remark 4.6. By Theorem 2.3, we have
det H* (Dmax; Vmax) = detH* (M, E). (4.18)

So that b?]&[ B,gTM bE) abs CAIL be viewed as the extension of the Burghelea-Haller analytic
torsion to compact manifolds with absolute boundary condition.
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