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Titel: O 6~ a\qﬂbms iw Mirror Suamm*m}
Autor: Mﬂx}M Kon‘\'seu'\ol,, . Seite: 1
-Adresse: MPI' Qown

Mirror Symmetry gives a correspondence between symplectic and complex manifolds. We propose a
way to “explain” MS by identifying both moduli spaces of complex and symplectic manifolds with ¢; = 0
with the moduli space of A.,-algebras. Our guess leads to the following prediction: there should be a
kind of twistor correspondence from Lagrangian subvarieties on one side to complexes of holomorphic
vector bundles on the other side.

In Sections 1-3 we are trying to give more or less precise formulation of the Mirror Conjecture. This
part can be considered as a complement to the talk of Yu.Manin. In Sections 4-6 we show that Aq-
algebras arise naturally from complicated structures of MS. We hope that our point of view will lead to
the proof of the Mirror Conjecture in some future.

We want to mention that only few results here are proved rigorously.

1. Basic example. (After P.Candelas et al., see [Y])

Let V be a generic quintic in CP*. Denote by ng the “number” of rational curves of degree d on V
(see Sect.2 and talks of Yu.Manin and Y.Ruan for the meaning of quote-marks). Consider the following
generating function in variable t):

k
F(t)= ~t+ 3 nglia(e'®),  where Lia(z)=2:—3, Re(t) < to = —7.590...

da>1 ) k21

O'JIU‘

Here ¢ can be considered as a local coordinate on the moduli space of symplectic manifolds. We endow
V by 2-form tx(the pullback of the Fubini-Studi symplectic form on CP4).

On the other hand, let W = W(A) be 1- -parameter family of Calabi-Yau 3-folds obtained by the
resolution of singularities of

{(21 Lo T3 T4, $5)€P4|EI —A21222324=5—0}/(Z/5Z)3

where (Z/5Z)3 is the group of transformations z; — &z, €% =1, []& = 1 preserving the volume
element on the quintic. We have the variation of 4—dimensional Hodge structures H3(W(X); C) over one
(5n)!

parameter A. For example, one of the periods is Z (=) A~Sn,
The conjectured mirror relation between V and W is the following. Let us consider the trivial 4-
dimensional complex vector bundle with 4 linearly independent sections ey,..., ¢4 over 1-dimensional

base {t € C|Re(t) < to, 0 < Im(t) < 2x}. Introduce connection V by

él =82,é2=.Fl”(t)63,8.3=c4,é4=0, é; = a1
and the Hodge filtration 0 C {(e1) C (eje3) C (e1ezes) C (e1ezeseq). This gives a complex variation
of Hodge structures which is conjecturally egivalent (in some coordinates A = A(t)) to the variation
H3(W(X); C). One can show that ¢ as a function of ) is equal to the ratio of two periods.

2. Gromov-Witten invariants.

Let (V,w) be a compact semi-positive symplectic manifold. Semipositivity means that there exists an
almost complex structure on V compatible with w such that the canonical 2-form representing ¢, (V) is
non-negative. In this case we expect that invariants which we call Gromov-Witten invariants are defined.
These invariants depend on homology class 8 € H3(V;Z) and a pair (g,n) of non-negative integers
satisfying inequality 2 - 2g — n < 0,

Igng € Heven (Myn x V', Z) .

Here M, . denotes the coarse Dellgne-Mumford compactification of the moduli space of n-punctured
complex curves of genus g.
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Denote by X, ».s the space of equivalence classes of (C,z),...,2,,¢) where C is a smooth complex
curve of genus g, z; are distinct points on C and ¢ : C — V is a pseudo-holomorphic map (=the solution
of a generic perturbation of the Cauchy-Riemann equation). There is a natural map from A, .5 to
M, n x V" by associating with (C,z,,¢) the equivalence class of (C,z.) and the sequence of points
(¢(21 )¢ zn))

It seems that using results of M.Gromov, D.McDuff and Y.Ruan one can construct a natural compacti-
fication f,,mﬁ which a) maps to A_A,,n x V™ and b} has a finite Whitney stratification by even-dimensional
oriented strata. We define /I, ,,.5 to be the image of the fundamental class of Xy ..

3. Potential and related differential-geometric structures.

Here we consider semi-positive (V,w) as above. Denote by H := @H*{V; C) the total cohomology space
of V considered as a super-vector space and also as a complex flat super-manifold. Following E.Witten
[W] we introduce a function ¢ on H by the formula

ORI DI Z flm @18 @7,
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Here v denotes a non-homogeneous cohomology class on V, lyo__ is a zero-dimensional cohomology class
1on -.;‘:4-0,,,.

We expect that this series is absolutely convergent in some open domain in H if the cohomology class
[«] € h3(V,R) is sufficiently large.

Function ¢ must satisfy a remarkable system of non-linear differential equations of the third order,
Let us choose a base z, of the space H. Denote by g = (9ag), gap = [, @ Af the matrix of the Poincaré
pairing, (¢*P) = g~! will be the inverse matrix. For all o, 8,7,6
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We show now why this equation should be satisfied at point 0 € H (for simplicity). Third derivatives
8ap4® at zero point count number of rational pseudo-holomorphic curves in V passing trough 3 cycles
in V with the weights ezp(—area). Let us fix now 4 points z),...,z4 on CP! and 4 cycles Cy,...C4 on
V. We can count also the number of maps ¢ such that ¢(z;) € C;. This number will not change under
the permutations of indices and will not depend on the cross-ratio of (z;). As the cross-ratio tends to
infinity the curves must degenerate to 2 copies of CP! glued at some point. At the limit we obtain the
problem of counting pairs of maps ¢, ¢; : CP! — V with restrictions

$1(0) € Cy, é1(1) € Cy, ¢2(0) € Cs,¢2(1) € Cy, ¢1(00) = $a(00) .

It is the same as maps ¢; X ¢3 from CP! to V x V with certain restrictions on the values at 0, 1, 00. Using
Kinneth decomposition of the homology class of diagonal we reduce the question back to V. Hence we
obtain the equation at zero.

The equation above was studied by B.Dubrovin [D]. He discovered that it is a completely integrable
system, and it is equivalent to the following classical problem: find curvilinear coordinates in the standard
flat Euclidean space ™ in which the metric is be diagonal.

This equation can be reformulated as the condition of associativity of the algebra given by structure
constants Avﬁ : E‘r g 7‘60,31:‘1) In invariant terms it means that there exists a new commutative
associative multiplication on H (Quantum Ring) depending on the point of H.

Let us introduce a connection V on the tangent bundle to H by the formula V = Vo + A where Vg is
the standard trivial connection. One can deduce from the main equation that A is flat.

Now we are ready to formulate the general form of the Mirror Conjecture. Suppose that ¢;(V) = 0
and V carries at least one integrable complex structure compatible with w. For each such complex
structure we have a Hodge decomposition H = @HP?. We expect that all cycles I, .5 are Hodge cycles
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(algebraic cycles for the algebraic case [w] € H(V;Z)) of dimensions independent on A. It follows that
the restriction of V to the submanifold H!'! of H maps HP'% to HPtL.e4+1 @ QI(H!1).

We introduce filtrations @p<p, HP'? on the trivial bundles @, is axeaH?'* on H'''. Hence we have
flat connections and filtrations. One can prove using formal arguments with Hodge-Tate groups that
the equivalence classes of this variations of Hodge structures are not changing under deformations of the
complex structure on V used for the Hodge decomposition.

Mirror Conjecture. These variations of Hodge structures are algebro-geometric. Sometimes they are
Hodge structures on all cohomology groups of mirror manifolds.

We wrote sometimes because there are examples of rigid Calabi-Yau manifolds which can’t be dual to
projective manifolds.

In the case of quintic V in CP* the function & is the sum of 2 terms: the contribution of the maps to
points of V and the contribution of rational curves (and their multiple covers). We introduce coordinates
t;, i = 0,...3 in one-dimensional spaces H'*(V) and odd coordinates §;,7;, j = 1,102 in H3(V). In
these coordinates we have (up to adding a polynomial of degree 2)

Q(t‘)Ejlnj) = % Z t t)tk +iOZEJnJ +anL13(e"d)

itj+k=3 d>1

One can deduce from this formula the Candelas example.

4. Extended moduli spaces.

When we restrict the flat bundle to the subspace H!'! a lot of information will be lost. It seems very
reasonable to extend the moduli space of symplectic structures to the whole domain in H in which the
potential & is defined. Hence the the tangent space to the extended moduli space is equal to H = ®H*.

Now we want to construct some extended moduli space M for complex Calabi-Yau W containing
the ordinary moduli space Mod(W). The natural candidate to the tangent bundle to M at classical
points M od(W) should be equal to the direct sum GHP (W, AfT). This problem was already dicussed by
E.Witten (see his paper in [Y]).

Our guess is that @H? (W, AT} can be interpreted as total Hochschild cohomology of the sheaf Ow
of holomorphic functions on W.

The usual definition of Hochschild cohomology needs an associative algebra A and blmodule over it.
The second Hochschild cohomology of A with coefficients in A classifies infinitesimal deformations of A.
One can define HH also for graded differential algebras as well. We can replace now the sheaf of algebras
Ow by the sheaf of differential algebras (% Eg) This sheaf has cohomology only in degree 0. Let us
pass to the differential algebra of sections, i.e. global &-forms.

Theorem. There exists a natural isomorphism HH(Q%*(W), 8) = @B (W, A1T)

Another approach to the definition of Hochschild cohomology of the sheaf O of holomorphic functions
on algebraic manifolds was developed by M.Gerstenhaber and D.Shack.

The main question now is to give some interpretation in terms of deformations of ell Hochschild
cohomology groups of differentail graded associative algebras.

5. Ae-algebras and their deformations.

Aco-algebras were introduced by J.Stasheff in 1964 in [S]. We will give two equivalent definitions.

First definition.Let (z;,£;) be a set of indeterminates divided into two parts (even and odd variables).
Denote by A := C{z.,£.) the completed free associative algebra generated by z.,£.. A consists of all
(infinite) formal linear combinations of monomials. We consider A as Z/2Z-graded algebra.

By definition Aeo-algebra is continuous map D : 4 — A satisfying conditions:

(1) deg(Df) =degf + 1 mod 2,
(2) D(f9) = D(f)g + (~1)*%/ £ D(g),
(3) D*=0.
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It is enough to define D on generators because we have super-Leibniz rule 2). For example let A be an
associative algebra and cfj be the structure constants of A in some base. We define 4 to be generated
by pure odd indeterminates &; and define D by D&, = ):cfjfjf,-. The associativity of A is equivalent to
the condition 3). :

We will say that two A, -algebras (A, D) and (A’, D') are equivalent if there exists a continuous
isomorphism between Z/2Z-graded algebras A and A’ identifying D and D',

Second definition. Let A be Z/2Z-graded vector space. The structure of A.-algebra on A is the
infinite sequence of linear maps my. : A®* — A satisfying (higher) associativity conditions:

(1) m? =0, (we can consider m; as a differential and (A, m,) as a complex),

(2) my(my(a®b) = ma(my(a) @ b) + ma(a ® m,(b)}, {1y is a morphism of complexes),

(8) ma(mi(a)@d®@c) Lt maz(a@m(b)®@c)xm3(a@b@my(c)) £ m(ma(a®@b®c) =

= mz(ma(a ®b) ® cj — ma(a ® ma(b®c)), (m; is associative up to homotopy),

(4) and so on...

One can pass from the second definition to the first one by defining the space of generators to be A”
with the reversed parity and D on generators to be equal 3~ mj.

It is very easy to see that infinitesimal deformations of a differntial graded algebra considered as an
Aco-algebra is equal to total Hochschild cohomology of A.

We expect that the formal moduli space of A, -algebras near Calabi-Yau manifolds is smooth.

There are several reasons to beleive that the moduli M of A,,-algebras are relevant for the situation
of Mirror Symmetry:

(1) on the tangent space to M at each point there exists a natural associative commutative multipli-
cation (cup-product on Hochschild cohomology), )

(2) there exists a natural bundle with flat connection on M with the fiber equal to the periodic cyclic
homology of A.,-algebras (see [G]),

(3) any finite-dimensional A,-algebra with some additional data (a scalar product compatible with
all higher multiplications) gives cohomology classes of M, , (see [K]).

Now we describe natural Ao-structure arising in the framework of symplectic geometry.

6. Fukaya’s A, -category.

At the end of last year Kenji Fukaya introduced an A.-category for semi-positive symplectic manifolds
for the purposes of Donaldson invariants of 4-manifolds. First of all, A.-category is not a category in
the strict sense. It consists of objects, the space of morphisms between any two objects and a ladder of
(bigher) compositions of morphisms. The axioms are such that the set of morphisms of any object into
itsell will be A, -algebra (second definition).

Let (V,w) will be semi-positive symplectic manifold with sufficiently large [w]. Objects of A.-category
F(V,w) are Lagrangian submanifolds of V. Morphisms are defined only when Lagrangian submanifolds
are in general position, F(£, £') := C%"' with Z/2Z-grading arising from the Maslov index.

The differential on F(L, £’) will be a modified Floer differential. The matrix coefficient of differential
associated with two intersection points py,py € £L N L' is the number of pseudo-holomorphic dises ¢ :
D — V with

#(=1) = p1, ¢(1) = p2, ¢(upper boundary) C £, ¢(lower boundary) C £’

counted with the weight exp(—area of D).

Higher multiplications are defined analogously using maps from polygons to V.

One can show (not rigorously) that the cap-product on the Hochschild cohomology of this category
coinsides with the quantum multiplication on the ordinary cohomology H(V, C).

We don’t know at the moment any mathematical definition of an A-algebra A(V,w) such that
Fukaya's category is equivalent to the A-category of modules over it. Also we expect that one has
to extend in some way F(V,w) (fro example, consider local systems over Lagrangian submanifolds) and
obtain an equivalence between (extended) F(V,w) and the derived category of coherent sheaves on the
dual complex manifold W.
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Confcrmal Field Theories in Two Dimensions and their W-Algebras

Conformal quantum field theories in two dimensions have been invented

to describe aspects of nature, but they already have multiple uses in mathe-
matics. Almost by definition, they contain the theory of. projective highest
weight representations of Diff(S1)_and of the group-of continuous maps from
S1 to any compact Lie group G, but even in this case only they explain in a
simple way why the characters are modular functions.-Concerning.finite simple

‘groups, the monster has been constructed as automorphism group of such a

theory. In topology, they provide invariants of 3-manifolds and knots. In
algebraic geometry, they allow much insight into Calabi-Yau manifolds, as
has been shown by the discovery of mirror symmetry.
Quantum field theories often are defined by functional integrals. Those
integrals can be computed numerically, though this is very expensive and the
existence of the relevant limits often remains an open problem. They also
can be characterized axiomatically. Systems satisfying the axioms can be
constructed in favorable cases, though to some extent their relation to the
integral expressions remains guesswork.
Let us start with the second approach. First, consider one dimensional
functional integrals, i.e. integrals over spaces C(ta.tb) of continuous
functions defined on closed intervals [ta,tb] of the real line. The image
space of the functions is arbitrary. The integrand should be local in the
sense that

I(f13) = 1(f,) I(f,3)
where fije C(ti,tj), t€ t,&t3, and f,,, f,5 are the restrictions of f,,
to the respective intervals. Formally, this yields
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t,) £1,€ Cltst,) fo3 € Clty,ty)

f1plty)=x faglty)=x

The two integrals on the right are functions of x. When the .last one takes
values in a space V, then the previous one naturally takes values in the
‘dual space V*. Let us assume that the functional integrand is invariant
under translations of the real axis, such that V does not depend on t2.

If we also have invariance under an orientation change of the real line,
then V and V* can be identified. In physics this is often the casg/but not
always. )

When we specify functions of f13(t1) and f13(t3) in V and V*, resp., the
equation above yields the following natural axioms for one dimensional
functional integrals: We have a category with one object (corresponding to
the points of the real line). The arrows are the non-negative real numbers t
(corresponding to the intervals), with their additive semigroup.structure.
Another category has V as single object, the arrows are the linear maps of V.
The functional integral is a_funoﬁor from the first category to the second.

This formulation immediately generalizes to higher dimensions. For two
dimensional functional integrals we consider the category which has one
dimensional closed manifolds as objects (including the empty one) and two
dimensional manifolds with corresponding boundary components as arrows.

A new feature is the possibility of any number of .boundary components.

The corresponding function spaces obviously should be tensor products of
the basic functions space V corresponding to a single circle. Thus the
second category has as objects the tensor product powers of V and as arrows
the corresponding linear maps. Again we get a functor which should satisfy
some obvious properties,

In general, functional integrals in n dimensions require the glueing of
bounded submanifolds along pieces of the boundary, such that one has to
consider submanifolds of codimension 1,2, etc. However, for conformally
invariant theories in two dimensions, this is not necessary anq.the frame- "
work sketched above is adequate (G. Segal, unpublished notes).

In this case, the arrows joining two circles form annuli with a complex
structure. Their semigroup is the complexification of Diff(S1). The

PRSI
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categories have to be extended to allow for projective representations.

The complexification of the Lie ‘algebra of Diff (51) decomposes into two

copies of the Yirasoro algebra, corresponding tg holomorphic and anti-
holomorphic vector fields in neighbourhoods of S1 Both contain natural
rotation generator: LO’ LO’ which give a grading on V., To get a good
Timiting behaviour Fur infinitesimally small annuli, the Spdctra of L0 and

Lé must be bounded “rom below.

.Arbitrary 2-manifolds can be constructed by glueing annuli to a standard

sphere with three removed circles. We remove circles of the Riemann sphere
around 0,99, and z, and consider the map VxV—>V indexed by z, which is
given by the fur tor of the conformal theory. This functor can be considered
as a map

v x ¢F = GL(Y).

More precisely, the resulting linear transformation of V is unbounded, but
range and domain can be described easily. If the circle around 0 is filled,
then z can be taken to zero, which yields an identification of V with
certain operators on V., With this identification; the.map VxV— V can be
regarded aé an operator product expansion (OPE). The representation of
DiffC(S1) on V together with.the‘OPE give a complete description of the
conformal theory.

The subspace Vh 1 of V which is invariant under the anti-holomorphic part
of Diff (S ) is called the space of holomorphic fields. The OPE of holo-
morphic fae]ds is again holomorphic. The corresponding restriction of the
OPE is called W-algebra. It takes the form

Y( kez 7Dk

Invariance under L0 yields k= h(3V )-h( f)ﬁh$¥), where Lofﬂ etc.
Thus the sum over k is bounded from below.
By translational invariance one finds

V(z) X(z') = %(z-z‘)k ?k(z') .
Taking z and z' to the unit circle from opposite sides yields distributional
limits. The two distributions resulting from the choice of the sides agree
for z # z' and are linear combinations of derivatives of Dirac's delta
d1str1but10n The difference defines a Lie bracket of ?9 z) and'/f z'),
which is in one-to-one correspondence with the singular part of the OPE.
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A special case are the affine Kac-Moody algebras, which have the form
. o] e €. o J 2
(5,2 3,0 T = 7,0 @) Jtamz) v 0 &2,

Together with such a Lie algebra, the OPE of holomophic fields defines
a so-called normal ordered product

:f?V: = }LB .

_The remaining ng can be obtained from normal ordered products of derivative

fields. The Lie bracket of normal ordered products can be calculated in |
terms of the Lie brackets of their factors. In most cases of interest, a]ﬁ,
of Vho] is generated by a finite dimensional subspace Vsimp]e in terms of
derivatives and normal ordered products. The action of the diffeomorphisms
on Vsimp]e is uniquely determined in terms of the grading by"LO, such that
the complete holomorphic part of the conformal theory is determined by the

grading of a .basis of V and the finitely many structure constants

which describe the Lie z}gzlia of these basis elements. One obtains a
conformal theory, when these structure constants are compatible with the:
Jacobi identity of the Lie bracket. '

The generators of DiffC(S1) themselves yield a holomorphic field T with
h(T)=2. Its Fourier components satisfy the Virasoro algebra. If, one adds
one additional simple field of grade 6, the Jacobi identities only allow
a finite number of solutions for the structure constants. For grade 8 e.g.
there are 9 solutions, one of which yields a central extension of the
Virasoro algebra with c=-3164/23.

The space V can be considered as a representation space for the W-algebra
Vho] and its anti-holomorphic counterpart. In many cases, the W-algebras
only have finitely many irreducible representations, which yields a finitely
reducible V. Such conformal theories are called rational. The characters

of their representations are traces of qLO over irreducible subspaces of V.
They can be related to the image of the complex torus.of modulus 7 under
the functor of the conformal theory, where g=exp(27iT). As a result, the
characters of a rationa1‘theory form a representation of -the modular group,

Xi(%{%) =Ja(zg)1j XJ(T)’ @3)?&(2@

(Nahm 1990). This explains the behaviour of the characters of the affine
Kac-Moody algebras and of the Virasoro algebra.
The resulting representation of the modular group together with its special




Autor: /V %'é“"‘ Seite: §

corresponding functional integrals (Freed and Gompf 1991).

basis allows the construction of topological quantum field theories in three
dimensions. Here one has a category of closed 2-manifolds with arrows given
by topological 3-manifolds, and a functor to a category of finite dimensional
vector spaces, which carry representations of the mapping class groups of the
corresponding 2-manifolds. The functor can be explicitly evaluated by con-
structing the 3-manifolds by Cerin twists around knots in S3 and using the
corresponding elements of the m@ﬁu1ar group (Witten 1989). For SU(2) Kac-
Moody algebras, the results agreé with perturbative evaluations of the

For a large class of ratifonal:conformal theories, the characters have
expressions of the form A/ | ;Ej qum+b1m

i mk>0 »
(Nahm et al. 1993). - (ady e lady
Here the rxr matrix B labels the theory and the vectors bi the representationg.
For the representation of the W-algebra in V, , itself, one has b=0. Apart
from some power of q, these characters are modular functions. In particular,

this yields .
c= Uiy, J;- 7?(1—jj)23?3 .

Here c is given by the central extension of Diffc(51) and is rational for

(), =(1-0)...(1-q")

rational theories. Thus conformal theories yield identities for the Rogers
dilogarithm L. The arguments 11e in the number field generated by the
matrix elements of the representation of the modular group. Since conformal
theories yield invariants of 3-manifolds, one can hope for an interesting
duality between their dilogarithm identities and the cliassification of
3-manifolds by their hyperbolic volume (Thurston 1982), which also is given
by a sum of positive values of a- dilogarithmic function.
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NEW METHODS IN MODULAR FORMS AND JACOBI FORMS

N.-P. SKorUPPA

The following three theorems represent typical examples of recent applications of the theory
of modular forms or Jacobi forms to other parts of mathematics or to physics.

Theorem [E-S]. Let ¢ be one of the values of the table below, and let H. the associated set of
rational numbers. Then there exists a set of holomorphic functions {. » (h e H ) deﬁned on the
upper half plane, which satisfy the following conditions: -

(1) the functions .5 are non-zero modular functions for some congruence subgroup «f
SL(2,Z), and the space of functions spanned by the £, (h € H.)is an u'reduc:ble
SL(2,Z)-module via the action (A,£(r)) — £(AT),

(2) for each h € H, one has £, »(7) = O(g~%/**) as Im(r) tends to infinity, where q¢ = e*™*"
and € = ¢ — 24 min H,,

(3) for each h € H, the function q~(h=91)¢,  is periodic with period 1, and its Fourier
coefficients are rational numbers. '

Moreover, up to multiplication by scalars, the functions " (h "€ H c) are uniquely determined -
by these three conditions.

¢ H,
—% —~1—1-{O 9,10,12,14,15,16,17,18,19}
- ?, -1.7{0 27,30,37,39,46,48,49,50, 52,53, 55,57, 58, 59, 60}
—32‘;‘ %{0 54,67,81,91,94,98,103,111,112,1186,
118,119,120, 122, 124,125,129, 130,131, 132, 133}

et |

Theorem [S). If a positive fundamental discriminant D =1 mod 8 is a congruent number, i.e.
the area of a right triangle with rational sides, then v4(D,r) = v_(D,r), where r denotes any
solution to r? = D mod 128 and

vg(D,r) = #{(a,b,¢) €Z* | ¥* - dac = D, b* < D, +a > 0,
b+ r

a=3 mod 32, 3¢ = b—;-i mod 32}.

Theorem [C-S-Z]. Denote by ¢(m) the number of modular elliptic curves with conductor <
m, counted up to isogeny (i.e. the number of newforms of weight 2 on To(m') with rational
e:genvalues under all Hecke operators, where m' runs through all positive integers < m), . Then,

for m < 1000, one has
m3/?

The first theorem is the answer to a typical problem of physicists working in conformal field

' theory: Each c-value of the given table represents the central charge of a rational model of a

certain W-algebra, and the sets H, represent the sets of conformal dimensions.of these models

(cf. W. Nahm’s talk at this Arbeitstagung). It is in general difficult to compute the conformal
characters of a given rational model of a W-algebra directly from physical informations. However,
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one knows that they satisfy the “axioms” (1) — (3) given in the theorem. Thus the theorem
actually states that, for the three specific models considered here, the conformal characters are
uniquely determined by the central charge and the set of conformal dimensions. (Is that true
in general, say, if one restricts to “generic” W-algebras ?) Moreover, the proof of the theorem
gives explicit, closed formulas for the conformal characters [E-S].

It should be noted that the theorem, or rather the functions which it characterizes, may
deserve more interest as one might expect at the first glance. First of all, it is possibly only
the prototype of a whole series of analogous theorems for other rational models of W-algebras.
Secondly, it is known by examples that conformal characters are very special modular functions
with remarkable features. Sometimes they have analytic expressions which lead to identities of
Roger-Ramanujan-type, which in turn are closely related to identities for the dilogarithm (cf.
[N-R-T] for such examples). The modular functions €. 4 characterized by the theorem appear to
be promising in this respect too: among some other remarkable features they have for instance
interesting product expansions [E:S]. In this sense, the first_theorem is perhaps_only a tiny _
indication of new methods which may come up in the future in “the interaction of conforma.l ﬁeld
theory and modular forms. e

The second theorem is, in a different statement, known as Tunnell's theorem [T] Tunnell
gave easily computable, necessary conditions for a number 1) to be a congruent number. The ~
criterion given here is different from Tunnell’s. It is a prototype of an infinity of analogous
theorems which can be produced systematically in an algorithmic way as we shall indicate below
(cf. [S4] for more details).

The third theorem, as stated, is, of course, not really a theorem: one would have to make
precise the “~”. What it means (stlll vaguely) is that if you plot the graph of ¢(m) then it just
looks very close to the graph of the function on the right ha.nd side of the approximate identity.
For more precise information cf. [C-5-Z].

There is one point which is common to all three theorems: there is no conceptual proof for
them, or, to state it more precisely, in all three cases the assertions are reduced to problems
which have to be solved computationally.

For the third theorem it is obvious what has to done for proving the statement: compute the
newforms of weight 2 on Tp(m') = ( Z’z g) N SL(2,Z) for all m' < m. The approximate
identity was indeed obtained exactly like this (as a side result of an a.]gorlthmlc pro_|ect of
tabulating all newforms in a glven range [C-S8-Z)).

The first theorem is reduced, using several more or less deep theorems from the representatlon
theory of SL(2,Z)and from the theory of modular forms, to essentually the problem of computing
a basis for the space of all modular forms of weight £ = k(c) on a certain subgroup I' = I'(c)
(or rather a certain subspace of this space which is cut out by certain representation theoretic
considerations [E-S]).

The second theorem is reduced, following Tunnell’s original reasoning, to the problem of
finding explicit formulas for the values L(f, D,1). Here f is the unique (normalized) cusp form
of weight 2 on T'4(32), and L(f, D, s) is the L-series of f twisted by D, i.e.

L(f,D,8) = as(r)xp(n)n"",
n=1

where the ay(n) are the Fourier coefficients of f, and where xp(n) is the quadratic character
mod D which, for any odd prime p, satisfies xp(p) = usual Legendre symbol “D over p”. Indeed,
the standard compactification of the Riemann surface To(32)\% (£ = upper half plane in C)
equals E(C) for a certain elliptic curve E defined over Q (a Weierstrass model of E is given by
y? = z% — z). Translating the question of D beeing a congruent number or not into an equation
it is not hard to show that this question is equivalent to the question whether Ep(Q), the set
of Q-rational point on the twisted elliptic curve Ep, is infinite 'or not. A well-known theorem
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Ep. By Eichler-Shimura theory one has L{Ep,s) = L(f, D, s). Thus, the problem is reduced to
finding formulas for L(f, D, 1).

At this stage Jacobi forms come into play (in contrast to Tunnell’s original theorem where he
used modular forms of half integral weight). We sketch the main features of this theory.

Denote the space of cusp forms of (integral) weight k on [g(m) by Si(T'o(m)), and let S
be the space of Jacobi (cusp) forms of weight k, (integral) index m > 0 and signature €. The
members of §f . are called “holomorphic” for € = —1 and “skew-holomorphic” for € = +1. (For
a precise definition of Jacobi forms cf. any of {S1] up to [S4].) The main point needed here is that
Jacobi forms are functions in two variables, having a Fourier development, where the Fourier
coefficients Cy(D,r) of a Jacobi form ¢ € S§  are indexed by discriminants D and integers r
satisfying De > 0 and r? = D mod 4m, and where these coefficients depend on r only modulo
2m. As for modular forms on I'g(m) one has Hecke operators T'(1) (I = 1,2,..., ged(l,m) = 1)

newform if it is an eigenform of all T'({) and if it is uniquely determined (in 5§ ,, respectively
Sk(To(m))) by all its eigenvalues. One has the following two basic theorems:

Theorem [S-Z]. For each newform ¢ € Sim = S;"mGBS;m there exists a newform f €

S2k-2(To(m)) which has the same eigenvalues under all Hecke operators T(l) and vice versa.
Theorem [G-K-Z). Let ¢ € Sk and f € Sax_2(To(m)) be newforms with the same set of

eigenvalues under all Hecke operators T(!). Then, for any fundamental discriminant D and any
integer r such that r> = D mod 4m, one has

leo(D, ) = ek, m):j,”l', |DI¥=3/2 L(f, D, k - 1)

with a constant c(k,m) depending only on k and m and |¢|*, |f|* denoting Petersson scalar
products.

(For a proof of the latter theorem for the case € = =1 cf. [G-K-Z, Corollary 1 in sec.IL.3];
for the case € = +1 use [S3, Proposition 1) from which the asserted identity can be deduced
analogously to the reasoning in [G-K-Z]). ,

These two theorems suggest that Jacobi forms are very similar to modular forms of half-
integral weight. Indeed, there is a very close relationship and various theorems concerning
modular forms of half-integral weight can easily be translated to Jacobi forms: for instance, the
last theorem is nothing else but an adaption of Waldspurger’s theorem to Jacobi forms. The
point in using Jacobi forms instead of modular forms of half integral weight is that the latter
have certain technical deficiencies which make them hard to use in general: For instance, a really
satisfactory analogue of the one before the last theorem is only known for essentially squarefree
m; it is not even clear in general how many modular forms of half intgeral weight in given space
“lift” to a given newform. In contrast to this Jacobi forms are quite easy and natural tu use:
one might view them too as a “new method” in modular forms.

Returning to the congruent number problem, we see from the preceeding considerations that
the question for the values L(f, D,1) is reduced to the question for formulas for the Fourler
coefficients Cy(D,r) of the (unique) newform in 53 32.

Summing up, we have seen that the proofs of the three theorems stated in the beginning are

finding closed formulas for them.

For presenting a last “new method” we sketch how one can arrive at explicit formulas for the
Fourier coefficients of modular forms and Jacobi forms. This method is based on an idea which
is, as far as it concerns modular forms, not at all new: The idea is due to Manin [M1], [M2]. It

_ls_mnghly_thg_mmmm forms can_be characterized by their periods, and hence that

acting on Sf ., and one has the notion of a “newform”: A Jacobi form (or modular form) is called -

in each case reduced to the problem of computing certain modular forms or Jacobi forms or

(Coates-Wiles) shows that E(Q) infinite implies L(£p,1) = 0, where L(Ep, 3) is the L-series of
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there must be formulas expressing the Fourier coefficients of of modular forms in terms of their
periods: a prototype of such a formula is the “Manin reciprocity law” ([M2]). This idea was
taken up by many authors (key word: “modular symbols”). Modular symbols have been used
to create the tables [Cr] and parts of the tables [C-S-Z}, periods of special modular forms have
been computed in [K Z), [A], interesting formulas for the action of Hecke operators on modular
symbols have been given recently in [Z], [Me].

For simplicity assume I' = Tg(m) and k¥ = 2. Consider the following exact sequence of
I'-modules (with respect to the obvious actions)

0— V5 gPy(Q)] X5 ¢ — 0.

We set
Co(P) = ker (Ho(F V) Ho(r C{PI(Q)]))

where Hg(I‘ W), for any I'-module W, is the space of I'-co-invariants of W Let g be the dlagona.l
matrix with diagonal entries —1 and +1. Since I is normalized by ¢ the natural action of g on
elements of C[P1(Q)] induces an involution.on Co(T): denote.by.Co(T)* the. corresponding *1. .
eigenspaces. '

There is an obvious action of the Hecke operators T'(!) on Co(I'), which can be described
explicitly in terms of representatives of co-invariant classes by simple formulas. Furthermore,
there is an obvious notion of integration of holomorphic or anti-holomorphic modular forms
along elements of Co(T'). This integration defines a perfect pairing between Sx(I') @ Si(T') (the
second space denoting the space of anti-holomorphic cusp forms) and Co(I') [S4, Theorem 2].
On Si(T)® Sx(T) we have the perfect pairing defined by taking wedge products and integrating
along T'\H, and on Co(T") we have the (via integration along co-invariants) dual pairing p#ro.
Using this “intersection number” one has the following theorem:

Theorem(S5]. Let g € Co(I'), let e.= +£1. Then the association

-y Vo e

o= > (T()oo)#ro) ¢
=1

defines a Hecke-equivariant map Lgo: Co(T)¢ — S§5(T'). There exist co-invariants op such that
L,, is an isomorphism. C e

This theorem is a simple formal consequence of the fact that integration along co-invariants
defines a perfect pairing and the most basic facts from Hecke theory. It is meaningless with
respect to the problem of computing modular forms as long as there are no explicit formulas for
the intersection numbers p#ro. Fortunately, such explicit formulas do exist: roughly, they can
be obtained by constructing suitable (non-holomorphic) kernel functions k, for the functional
f + the integral of f along ¢ € Co(I') and computing the integrals of these kernel functions
along co-invariants [S5).

The kernel functions which show up in these considerations show also up as the basic compo-
nents of the so-called theta kernels which yield the correspondance between Jacobi and modular
newforms mentioned above [S2]. Analyzing this more carefully one obtains a theorem for Jacobi
forms which is analogous to the last one, i.e. one obtains maps from Co(I'g(m)) into Sz, which
can be explicitly described using the intersection number of co-invariants, and among these
there exist maps which are surjective [S4], [S5]. Thus, this theory yields explicit formulas for the
Fourier coefficients of Jacobi forms too, which maybe used, e.g., to produce explicit formulas for
the values L(f, D,1) for newforms f on any given [o(m).

To give a flavour of the kind of explicit formulas for the intersection numbers p#ro let

Q(X.Y) be a binary, integral, indefinite quadratic form whose discriminant is not a perfect
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square, let Ay denote the two (real) roots of the equation Q(X, 1) = 0, and denote by oq be the
coinvariant such that, for any f € §3(T), the integral of f and f along og equals the integral
of w:= f(r)Q(7,1)dr and & along I'g\7, where v is the hyperbolic line in the upper half plane
connecting Ay to A_, and where I'g is the stabilizer in I of this line. Then, for ¢ = og, one has

p#tro = const. - Z Lh#Z,

Zelrz,

where const. is an easy constant depending only on T, where Z; = (A4} — (A-) € CP1(R)},
where I'Z; is the orbit of Z; under the natural action of I' on C[P(R)], where Z, € C[P1(Q)] is
a representative of the co-invarinant class p, and where we use

Zi#Zy = = E men, sign(s — r), Zy = Z me(r), Zs = Z n,(8) € QPl(R)].

r,seR r€P (R) s€P, (R)

The latter is the natural intersection number that one would associate to Z;, Z; viewed as formal
linear combinations of hyperbolic lines in the upper half plane. It is easy to check that the sum
in the formula for p#ro is finite. A similar formula for the intersection number p#ro holds trie
if Z; € C[P1(Q)] is a representative of o; however, in this case the sum in the above formula for
p#ro is no longer finite and has to be “renormalized” [S5].

Finally we mention that the above reasoning can be performed for any group I' which admits
a reasonable Hecke theory and for arbitrary integral weight [S5]. By specializing the resulting
formulas for the Fourier coefficients of modular forms one reobtains the formulas given in [M2],
[K-Z)], [A], [Z], [Me]. It is also possible to use the above ideas to produce closed formulas for
modular forms of half integral weight.
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Let n:M—B be a fibration of complex manifolds equipped with hermitian metrics and
compact fibre Z. Analytic tcrsion forms are forms modulo 3- and 3 -coboundaries on B,
associated to hermitian holomorphic vector bundles E on M. The degree zero part of
these forms (thus, a function on B) is equal to the complex Ray-Singer torsion of the
fibres, which is a regularized determinant of the Kodaira-Hodge Laplacian {RS].

The main motivation for the investigation of the analytic torsion forms is the
construction of ,a direct image in hermitian K-theory. This K-theory was developed by
Gillet and Soule in t:= context of Arakelov arithmetic geometry. We will briefly
discribe this theory, but the main results presented here are discribed in terms of
complex differential geometry.

I) Hermitian K-theory

Let X be a complex manifold with hermitian metric g. Let A(X) denote the space of real-.
forms on X which are sums of forms of type (p,p) and let 3,7 be the holomorphic and
antiholomorphic derivation operators. We define

A(X):=ACO/(Im 3+ Tm) )

Let E be a holomorphic vector bundle with hermitian metric h. Then there exists a
unique hermitian holomorphic connection ¥V or E. Let £ denote its curvature. For a
Chern-Weil polynom P, we denote by

P(E.h) := P(- 7 Q) € A(X)

the Chern-Weil form which represents the corresponding characteristic class. For a
short exact sequence Z£:0»E'-»E-*E"~0 equipped with arbitrary metrics h’,h,h" let
P(£.,h,h',h") € A(X) be the Bott-Chern secondary class, which was defined axiomatically
in [BGS1]. In particular,

;?- P(z.h.h' h")=P(E,h)-P(E',h")-P(E",h").

The group Ko(X) of virtuel hermitian vector bundles is then defined as the Quotient of
the free abelian group generated by the triples (E,h,n) (where n is in X(X)) by the
relation

(ELh',n)+(E"h",n") ~ (Ehn'+n"+Ch(E,h.0'h"))

for each exact sequence £. We will denote by F(E.h.h') the Bott-Chern classes
associated to the very short exact sequence 0+E-E-=0Q.

II) Analytic torsion forms

Now let n:M-=~B be a Kahlerian fibration of complex manifolds and let (E,h) be a
hermitian vector bundle on M. Let @ be the Kihler form on M and g7Z be the
restriction of the Kahler metric to the compact fibre Z. Suppose that the direct image
sheaves Rrn E have constant dimension, i.e. that they are locally free. The sheaves
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theorem. Let now ®,0' be two Kahler forms on M and h,h’ two metrics on E. Let

Rz E at xéB are given by the cohomology H(Zx,E) in the fibre. For this situation,

~
Bismut and the author constructed analytic torsion forms Ty € A(B) with the
following two properties:

Theorem 1 (Bismut,K. [BK]): Let hR74E pe the via Hodge theory induced metric on
Rn,E. Then the following double transgression formula holds

2 TroEh )=ch(Rr EhRTAE). f Td(TZ,gTZ)ch(E,h).

This theorem is a reﬁned. "hermitian” version of the Grothendieck-Riemann-Roch

gTZ g'TZ and hR74E n'RnyE pe the corresponding metrics. The principal result of [BK
is the following

Theorem 2 (Bismut,K.): The following anomaly formula holds

Ty, 0 EN)-Tr oEh) = hRa,EhRTE hRrE)

. if (Td(TZ.8TZ,g TZ)ch(Eh) + Td(TZ.g TZ)Ch(E,h,h"))
modulo - and -coboundaries.

The difficult part is the description of the dependance on @. In particular, one noticg

that T depends only on gTZ and not on the full Kahler, metric on M. Following Gillet
and Soulé [GS1], one may now define a direct image

1 K(X) = K(Y)
setting ‘

mi(E.hn)= 3 DiRIn EhRTE 0) + (0,0,Tr o(Eh)+ ( TA(TZ,gTZ))).
Let f:B — pt be the projection of B to a point. The exact sequence
0% TZ<TM S n+TB& (

associates a Bott-Chern class Td(TM.TB,gTM,gTB) to the Todd polynomial. Bismut and
Berthomieu proved the following result

Theorem 3 (Bismut,Berthomicu [BB]): The following formula holds

Tfor,w(Eh) +f Td(TM,TB,g TM,gTB)ch(E h)
= Tf o(Rn, B hRﬂ*E) + f Td(TB,gTB) Ty o(E.h)

This result was obtained by an "adiabatic limit" technique, i.e. by multiplying the
metric on B by a constant K and investigating the behaviour of the analytic torsion
when K tends to infinity. Theorem 3 gives the composition rule in degree 0 for the
direct image described above.
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IIT) Application to Arakelov arithmetic geometry

We shall give only a brief introduction to the constructions of Gillet and Soule inl
arithmetic geometry. Details may be found in [S]). Let X be an arithmetic variety, ile. a .
regular scheme, quasi-projective and flat over Z, smooth over the generic point Q. Let
X := x»C be the fibre at infinity. We equip X with a Kahler metric. Gillet and Soulé
constructed an intersection theory (x)Q of (x,g) using Green currents on (X,g).| Let
CH(x)Q denote the classical Chow Lhenry and let H(X) be the Dolbeault cohomology.
Then there is an exact sequence 4

HEO %0 CHOOB (kerddn ACX)).

P
A smooth map m:x-9 induces a direct image = *:a{(x)Qn»CH(Q’ )Q- Gillet and Soule
constructed characteristic classes 15:%0()()-‘- (ﬁ-l(x)Q, which verify the properties

A :

o(BELN)=PED)- 2=
and A A
P(E,h,n)-P(E,h’',n)=P(E,h,h").
" The Chern character induces an isomorphism

A A

Sh:Ko(XPQ= CH(®Q.
Gillet and Soule posed the following conjecture in [GS1]:
Conjecture (Arithmetic Grothendieck-Riemann-Roch): The folowing diagram

commutes
'ﬂ'l

Koo — Ko(Y)
C'I.T/(})l l a -
CHog I CRerg

TdA is here a particular complicated characteristic class (see [GSI] and [K1]). Up |to
now, one knows by the work of Bismut, Lebeau, Gillet and Soulé that this conjectyire is

true for the restriction to CH1(9’ )Q
Theorem (Gillet,Soule [GS2]):For aeKo(X)

21(r) 0)=r, (Eh(@)TAA(TZ W TZ)) (1)

Let 8(r,E,h,gTZ):=éh(n1 a)-n,(Ch(a)TdA(TZ,gT2)) for a=[(E,h,n)), E as in Theorem 1[2,3,

be the possible error of a Grothendieck-Riemann-Roch theorem. Then we find the
following reformulation of the theorems 1 and 2: :

Theorem 1': The error term lives in the image of the map a:H(Y)- C?-I(D’ )Q»
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6€a(H(Y)).
Theorem 2': The error term is independent of the metrics h,gTX.
The Theorem 3 describes the composition rule for the direct image in degree 1.
IV} Analytic torsion forms for torus fibrations

Firbrations where the fibres are tori give a particularly nice setting for the torsipn
form construction. It turns out in this case that one may construct the torsion forms
even when the fibration is not kahlerian. This is a very strong generalization. W
construct the torus fibrations in the following way:
Let =:F—=B be a holomorphic n-dimensional hermitian vector bundle over a complek
manifold B and let A be a lattice generating the underlying real vector bundle FR.
Assume that local sections of the lattice are holomorphic seétions of F. Then the

fibration F/A-~B is a holomorphic torus fibration. We construct the torsion forms

T(F/A,gF) only for the trivial line bundle 0 on this fibration. In this situation,

(&) Rx, 0= AF*

as complex vector bundles, but not as hermitian holomorphic vector bundles. Via [(*),
F* is equipped with an exotic holomorphic structure. We assume the volume of F/A| to
be constant equal to 1, so that (*) is an isometry. Using the classical formula

- Cn
e
ch(AF*)= o

one notices that the following theorem is the analogue of theorem 1:

Theorem 4 ([K21): Let F -be ‘equipped with the holomorphic structure constructed
above. Then .

3 €a =
= T(FIA.gF)= o Fgb).

This result is a generalization of some result of Atiyah on 2-tori [A]. The analogue jof
Theorem 2 is an easy consequence of the axiomatic definition of Bott-Chern classes:

Corollary 5 ([K2]): Let gF.g'F be two hermitian metrics on F. Then
TEA,gF) - TE/AgF) = Td-1F,gF g F)cnB.gF) + Td-L(E gFen(F.gF.gF). mat ).

Theorem 4 is proven by explicitly double trangressing the Euler class of F using
Epstein zeta functions. Sullivan proved that this class is zero in rational cohomolggy
[S]. Bismut and Cheeger transgressed the Euler class in real cohomology when
investigating eta invariants of SL(2n,Z) vector bundles [BC]. The case considered here
is a bit more sophisticated because not only the metric but also the complex structure
is not nessecarily compatible with the flat structure.

The result gives in particular interesting forms on moduli spaces of 2n-tori.




.
Y
( N

Autor: K. K& Ll Seite: {

V) References

[BB] A. Berthomieu, J.-M. Bismut, Quillen metrics and higher analytic torsion forms,
to appear

[BC] J.-M. Bismut, J.Cheeger, Transgressed Eule: classes of SL(2n,Z) vector bundles,
adiabatic limits of eta invariants and special values of L-functions, Ann. Scient. Ec.
Norm. Sup., 4e serie, t. 25, 1992, p. 335-391

[BGS1) J.-M. Bismut, H. Gillet, C. Soulé, Analytic tars‘fcj;n and holomorphic determinant|
bundles, I, Comm. Math. Phys. 115 (1988), 49-78

[BGS2] J.-M. Bismut, H. Gillet, C. Soulé, Analytic torsion and holomorphic determinant
bundles, 11, Comm. Math, Phys. 115 (1988), 79-126

[BK] J.-M. Bismut, K. Kohler, Higher analytic torsion forms for direct images and
anomaly formulas, J. Alg. Geom. 1 (1992), 647-684

[F] G. Faltings, Lectures on the arithmetic Riemann-Roch theorem, Ann. of Math,
Studies 127, Princeton 1992 : ’

[GS1] H. Gillet, C. Soulé, Analytic torsion and the arithmetic Todd genus, with an
appendix by D. Zagier, Topology 30 (1991), 21-54

(GS2) --, An arithmetic Riemann-Roch theorem, Invent. Math. 110 (1992), 473-543
[K1] K. Kohler, Equivariant analytic torsion on P"C, to appear in Math. Ann.
[K2) K. Kohler, Analytic torsion forms on torus fibrations, to appear

[RS] D. B. Ray, I. M. Singer, Analytic torsion for complex manifolds, Ann. Math. 98
(1973), 154-177 .

[S] C. Soulé, D. Abramovich, J.-F. Burnol, J. Kramer, Lectures on Arakelov geometry,
Cambridge studies in adv. math. 33, Cambridge University Press 1992

[Su) D. Sullivan, La classe d'Euler reelle d'un fibré a groupe structurale SLp(Z) est
nulle, C. R. Acad. Sci. Paris, Serie A, 1975, 17-18







Titel: S.b A PlQC*\ <., DCl w 0\\ASO - T\j P e ‘-)_r\ VA C'&v\+3
Autor: chj b R/ A ' Seite: 1
Adresse: DC’ \;.oh('t_w-ev\'\' OC H &t'ﬂ»\e M('Jshf 5 .

MM CL\ N Gornn §ta1—t‘, Univers ?'t_ﬂ

4—\.

“':l. 2. Yhe mfl\j ?0‘51 é\roﬂnov OLS&\UPd Q{cd‘ W\U\CL\ c')(' e ra‘ﬂ-’"j

Eaost Lans\:\t‘] M1 45824 - USA
1o ¥ f"a(l\j g'dls . fhers cue 'ffuo Twspo»::hm*‘ EeuTy 5
mathematios . Oue was Me spectacnlar~  suceess ‘1’; Donaldocn gaug
\‘&e..,w.j’u&id\ produted e dfeentabl  muamints fe smooth 4-
manideld. Anoiler way e Weodulon  of Gremer ey

“+ Sbn«):a\f('_‘-..; 9‘ec,>w1€|'r3 ) wL\{gL Y Pr“)d“c':"g 53._,...\3195\‘“..'_ 1‘;.\\,@(\'4};‘
oC ‘a'-lu'fr'-vfp\’“'c CLUAaVey Cae \ac CoLMfecl Om"" o A a\wxo;,‘\" Coﬂ-i?(‘:t
M‘\'W:L‘\Cl bu‘l'n\ c. S& vv\PLe(__kL Q*?‘wcfu.v'e_ N 2n 'e\v; 'e\-‘.\ ori ¢

FO‘PC"' [G-l, Gﬁ‘»mo\/ eé'ta\o\:s\«ec{ "a{ \MLM‘(, \Qf&))??he’) O@ ﬂ\{

w\ocim.\(‘ Spaie of Fgeu‘do... Q@lumo(?\'\\;_ CM\.IQS. US‘;\S €.;
iabadhs! Coond *e"w‘j' e ?r"f"ed, "“q"‘j wAlevesTt. the crzumg

A \nevvxa.tlza u.t.; QE&‘:"U«F{. o{' | érdmoJ t;‘ Sbw-s\o.\f'c't: f'&ﬂorj “

‘\\_.') S‘Tf‘or\j YQ—SCW\L;lRV\U?_ —"\‘0 Dc -

o Jouse H?w,j, let',

oot ik fos teney € B L () The o oumpachiesy
Coc bort camty aw Ublenbeck bubblag off) (i) Beth s,
Ry e bordsn clasy o o Baely dumeomnal  weduls
sprl wwrde aw irfaile diensona ~antfold { gaur €qui~
valzvne  cloany & comwnechons o~ Moy (3 V) whee 54

. \é'\“a““ SLM"“-LQ CL\'\A \/ \? A 5(3\-%3‘_1[1‘3\.; W\o.v\rlb\fl‘ %‘LDP

"‘e\.ﬁ u'\' (2 ‘ W = |
VAo P e ) exqmagl..i.l [ Llw'\g QOMUlUg\_’) reuzc-rsj Q}.*

l)c:rl\ a ‘-eaur ! f Y
\-e\-l ? » C ‘j va.Cl Svmplfdm\. ?ewv»e‘h*j . Tb Cu.flf\l/\ e"P[d'{—
pPowees o Gfumov mor\ﬁ ‘_ "v‘- v ovnatua !l e:;t:ll-:l\‘sl-\ &

Dc"\a"l‘gom —t ee \‘MUM\‘am+. -At'fuc\ll\.a yadiow ) Sumpla Q””“"S
-



Autor: V.. 4 bion \Q\J‘('A.V\ Seite: 2

OC Do\na.\c\bom +‘~j\‘>-{. :V\UCIA\‘CLV\-\-'S _‘Qa"e “\m“d\ﬁ ba.em Uvaec\ 13,:)

Gre.mox./ G HC.DU\‘@ o PFOV‘Q, MOk—v\\j '\‘Vv;h?cn uv\_\_ %Mmj
B Squmpledlt Geometry 167, tmr)  Tme) (Ms)

Ancten mstivofion Lo Lonaldsan Tpe Gromou it iand]
5 Gem vorlla dillewed  Soarces . Thewe voa Comowy Miver
Cymmety  Phenomenon & walhenatica | -Q«,sm and algebm
geomalry veldtlg  He wuwben of wlonal canver W o«
Calaloi = Yau  3-Fold b the vanichow of Hodgy shucties
s B o, ohich G anefun Calaby -Vau 3-GCM H]
T core oF o wmivvon Sywwm ity phenomens 1> Wotew' s
“epolsgical  Gowmedal wvattarl called B perd  covelatal,
;P which o Laa.ac_ci cu Bu mawmbee of Rtonal cunvey
Twil. A\**hcwu)\\ icve sbwmz\r:3 appatetly  conmcemg The
Complax  shrudtues; Ake e wanigfion of Hodse dfradumel
physicishs prechict g K- peid  coreloden Rudlon ghould
ouly depend en e Sqmgledic studive . Uatil o 1
wathemateal  Louwndation  <bill  vemains t Ye edfeblished
hS 5 oove oF N goaly, oF ¥l talk
Hee  we oTvoduce Two Vsnaldsen T

\jp& Gmmd\/
— iy '
\wuam‘am'\'s @ ad ;Q_‘ 2v:twr\-‘“"-"—1\j ; Qe Caw r[n:n]{ n\od'

§_ v COL,L\:‘T\:Lﬂ \{\,Q unw\\aa,\ c)'C Rp\ow\ar\)‘m; Curvl i:
\QC_L\JC.O-‘l\ﬂ "‘ipeohla\\}\a , M v 0130 e C’Nﬁ_\’c‘u« 0}" \’L\L

Mol \\‘CiiT.j ndolved . WS 5 v .
1) iwuslued | v Cawdt Sewe C-\';[L'C“\'tg tra 'Qy-mul‘d'

(

'




9

14 kN
\/‘

Autor: VOM\L.; L?uav\ Seite: 3

e fwomant 0 The Glloacilyg 5 a vough dehilon of @,
We il expladn wran il & e talk o veadin can R
dow IR,

Yecoll Hiat « Syeapledtic anilelel V. w) sew--‘-‘-yosi"h
Howmso ke ang AL T iSage of r—lw.w;cé?;
Lomamorphim N, mv) = K (V. 2) and 3-n s, (V)4 <o,
2n padionlar £ deve a o 6, (V) v aluays
Sem,‘_.x)o;‘,t.:u&, ta-

anitld . Ly A sV, Z2) ok WA >D . Chooe o
.

9,(2'(\!4\\‘0 ‘taww.c\ a.\w\o:ﬁ' Ccsmyl.ﬂ.z S_\—f‘uct-’{-— J—. or "“"“j

d,,-- -, d.¢& H..'C\/, Z) sach ot C"\n-j Al £ 2hn-2 auel
2Dk~ . deg A =. 20 (A4) tr)~6 . choor « Yo mitsi
cycle  reyresetiig A (bl densted laLj ). We can |
dehne  an fvx‘tZ(s,oA QCAJ‘“’) A, - de) a>s Qf,owk:

() Theu ate anly Pactely, " MW;M—@,}M o
sp'ku.‘u \\;\'/{4:&3) itz eseching A, - |

2) \o eoch Such T‘SPL‘&Q . Wl (aw associuln

o \w\u\\‘h'\))i\‘((‘hj fwx(f)
Thew |, we debue B

(A B Y= Swmcd)

(A3,
Z—F(A,')',ud ("(lz"’o{() v :“CthwV\CLCV\"' “’C J .{?\-QV\*-Q @

-

\v\uou\‘uv\'\' Q‘C CW . A) . C(.Qm:tﬂd LV) Q-(A ,W) . \’:""rw'b‘w‘vrt

'T]"\CO"':-“" /% . \:Q,+' C-\/, 2N ‘& en SReway — Y@%ff\;/-‘?.. %i“p"df‘

“C e s A \)O\‘FL\ c;’p Sew/\\“—-\qos.“{'l\\f{ ngv\))hc"j,_'g_ é'huft‘u&i, |'L,¢

4




Autor: \/onﬁLu:. l?uam : Seite: ¢

—S‘Q(A,Wo) = @(Az wi) .

On T ollen Bud ¥o ot corelalion huchon
é VG eun i T newbed of ﬂ&lQMO,FL‘; vaaps P,
@V Wil arked ok Alhews & wbo o dhechinica |
\ssue of v.\.,\\i—.'f,\ coven wmapt. We Rave ¥o pectirloe
e ’&-’eﬁuga on o L =9, Fllewing &« bevet
deknifion of B

TL\ecfevm B Ler (V,w) ke o sewn- (,m:*we Sepmplell
maniteld . Lex AszCV) Z) oith cVA)50 . Fic o ser
o cidtimct poih Cwarked powits) =, .- . Choeose
grne T and 90 Reany o acs (V) 2), Bk

2 (2h_c\67dC): 2(CCA) +h) T axe ol Eoite
Mmj \Qe(“'&x‘&,ci 'Qc,\ow\cr?\h\u W\OLFS 'E Sz-—-? \/ u-\‘n\
-C(Cf\.)% IVV\ (A, ) Ne Coana CLQ-‘\VLL ¥ - )?O '—\1’ CorQl&Jr—om
P EE(A"} gy (i des 2. 7)) © ke it
'Y'\LA.UUL\J-Q/\ O’C Swc .C

—\—"\w V‘\\&W\EM V) \V\C{.?-h?.ev\g[gm+ c’)(:’ i’&n CL\O(‘CQ ap -
3,9 and He wprestatie Fo We dendte it by

3 e Aie) . Fo Rk more , ]p Wy v a !bﬂ\ ar’

L (a0 e

\_\oes+u~‘2 Symapl lehc Shudtines, . E’LAu,)-imw
Naly Yoot we éwl\j s ure cV)HA)z o Q_aua_ -.mcluqu

Be e of Calab, —fyqu W‘ﬁv(clo




Autor: YOM\ Lo pu‘w\ Seite: 4~

D
Ke Ce rence > N

ng N G"‘G”‘O\J, p wdo - Q‘a\OMOf‘)\‘\\'Q Curved iw S\,N'Plrr:"-
wanile\ds | 2aveck . malh. 82 30F -343 (1945)

['M\-) . Mcbucq ) Exaw\?\es cyC Sbw\\,l.orj't:- Zhoactloed )
Tovent . wath, §9. 13-36(128F)

[HQ‘],D, MCDV\Q’ , E“‘)D g Wmcds - S\gMplec‘h;
qpomelry  Bull. AMS Vel 23 no 2 Ok, @90

IIMB‘] D . F{cDu\;q:) Qoﬁ'\\ona\ e ~d mlf‘c\ %mylf,c é
t ~vnonidelds T Amen, Math . Soc (1991)

[M6] D Me Dt Ledtves on Soupledhic & - mmandeld;
C]P‘PA S @ - Sc\noa,gl Nl‘c.e =07 2 «‘&Pr-fn"‘_

[Mf] D. ‘MCDvx'R" S‘%Mpl?d’l:— w\a.b\rjbu) ..JJL (omtact
Tg_lp-Q_. bOu\AA rren /: L\VQV\"" . M‘l\ s 103 5 Q’ )- 6?,
C\9291)

IHF] D. Ho rr\‘son/ H\;ro«‘ Sco ke eTf\o and v \;m\
Coaaved ow Gra,:v{\?t 2 - Qolc{_,) A 3(4&:\.2 ‘pv.‘)r WO, ,
= w\o'fr\'e\‘o.w ) . Qr? ?ﬁw'\‘

[EA] \/- ‘2‘/‘“" . TQ \DG\L’ﬁfu‘\‘ 0 - "’""OJ-Ql and Dov\a[c[.ww
’T\jp{ \.-vxw)u\‘th A Gromod feueunj ; QrePﬁ;;]-

YU\){], [ U—»’\"}'\Iw/ lToPg\oﬁ;ca\ q\‘a wa w\oc(—U_s Covnam,

/

matk, phys. 1E (988D 4.







.')

Titel:  Sucb varieties o{— ’Wloa(ql{ _Spaces.
‘Autor: Fvams OQOoRT C 5 ’ Seite: 1
Adresse: nf th. Tust. eortdmath.fuy. MO

Buea pesilaon &
WL ~3508 TA uTkET /Tl Methunxlands

V\/{ Cmsiden maelad, Spaces «lyv(/\a«c CavVes  an g

ab«fada\ Varitties. Tﬁus: have fﬁa(cu//w/l‘*j Propvhas:

= & bt an alydravcad <loScd falt

M’(j(e() {-"’ cl. C( Cis w&& Nm S—lhﬁq.,e_“/ thcl &{;Mf
«M(&) 12 c(Cleéxl.a Yl {flw[)/,sav. Allf

‘h.qcc car e

ﬂ(’«) {x (m)\ X is AV bimX =g )i A2 x* polet f

Mj Deligne. ﬂ«m(w\ww({m J.. 7)) c./q
, u‘)J 5qtau< [:wm-»\a.() Wuhﬁc../l—l_.m

@Q"_ﬁi‘i‘: ‘f‘ ﬁxk én Z-c:of/fj‘i zgm itred. /&
\n«'f‘ (5 & ﬂmrp {.w M
1D Zc:v‘? a& (shav(a)w f»f\m&)z

@Tﬁ\ DM%J«[D_U. <hqv(&)=o r=pyo; 2%M 523
ey wljor = (dm }(D

@ct\qr‘(ﬂl) Pro, Aeb&oV,. _{Q( ;\)1 X[(J[Q): o}

Tf ([«], {Mo} e:J)MV Ly(-1) 4 Vo 1S gl 1

OJM &pw €5 .[Dl_] 323, VPe My 3 Téicw(.}
dim 1

.l (alse 2 (01}, P‘P‘)

o [(use AT ) 3, 3zc_,,4@e 2 Crmplh | Ao T e g1
'[f‘][vf 19 (~3d) % temeth  Bomplh dmt-d.
€c (], “na2 [F: f:hwwu/éﬁ Ckvu/"Mv()’

@ (1t U/Vv\'t/ol}/ﬂ"-k, @ - sweffitnh ) Wl
s Spgcn | Sec [F] Page 925 (Y=)'5 is acestal,

<lass M & :
(gwcs{-:cm - '-:i;l (13§¢c/)¢43 (Wicvq,)M Ha. (?J-f?




Autor: —'F- Oort Seite: 2
AR Y Acept a, a ek wtﬁ_,_,,, (e?).
A(4,07,@) =5 A'(AoF, i

(f‘”‘f 1@\ e Nt %w{w\r—« -7 O’U\WMR fohy Mormen o
awvww v Co'/‘—dmo{% JvY - _

) Con < (Namn ginl ommmnietin, wrtdd):
e A a‘léba?) ar i () hay W Pohe g

Vp, dce®, E&;i_Hgf}e'ﬁéﬁafj7 f

(]Cﬂf‘fﬂ” M(??‘ J-”’H/‘KHA (6)70‘&%./1 w K
welr, ainke *
D (ons oo o empubishn ) (] = p)"
$-f
(2 1-th Chury clm “, MM . bwatde
(J—&As praves (1) ’) 53, [v.]= a),l e AlAOE ®).
@H,m A, @tﬁ; {(XJ l X{r](&)"’ (2/r) ot is s
S preas a4 ‘r—t Y Yl'\n/I-\f\caM b«-’ Mevba, Py 3oy
see (0] ‘/A/ML.M Priogm AM,W) is Bnan,
J?GHFJ [, ={@) | wPiEx Lt nel &AWdf

.Tf( b‘lmwo«pm T hhuny 40, h[Loj)

( i, Lot wbw)

(hare € Swper Rngatar - - .
‘Vul\kw{"’\\ 5‘(‘44"‘) =-) 0 ) J,'

) o () 3 - [4]- <, P Ao ),
hire 15 4 Sty Bt e A5, %, 22€@

OQ‘&} VP) V"/‘“’MP%’( od £ 6 '\./( i it ble

(- ) (€.0) : j)‘? o ¥ nrf.zw,,-l,a.

T[\(If L) 3=9 Vl’ Vo < l/i e U ititduuhle.

() Onestin What s T, (0w, C_u4 @F, , ic. cowves wiif
"fwba.p:&n,.,\ L B—»&vw,(? ) l’\-w( e, QYIS Mk

%Aﬂ>j =>‘3(J“) [ J>-?J -3,




Tretd: G, Z{C'/";-

@_651\ ('K—& Teked C-W\]cbwvu.() j=3)6/L 53C “43@@
be A a1 K Aprreeiphe L 4 B =T
’&4/5:WG&WWHW&M,M{=2.

Compmtinny in (K] vgaoia Mot TS cmlot baae
2 - AL o A "—wurom.w/i-, Ay,

Tt (j'-.i/cl«\w&:p) Every Smyovni, b (fﬁ(}/j(/‘qjaﬂ}
T has climn = |
I, 'VV"(C-\MVe hNoek W }C‘Aaﬂk) ! W/f{-( (3;3);.
@(l(,./)_%: %?\<QLJ@‘9:.{3(JH)"3=:“
(hr) M Q) Vo< A8 Fp , dim(Vp=2)=m,
(4-3) Q_"‘j zZc uq.',@'c =) clim 2 <M. () _
(4:4) T vherp bvmed fin dim 2 if chav(i)=o
(4.3) ¢ sherp treun M Am B lewaéE‘

2 c»«j"@q-.z

Dla s by (323) .
?.‘w‘nvpﬁ/la(, + cuqJ”@ﬁ; | damy 2 = m % [2J€Z[%_]C”4['1

M Has trne, (1.3) wotd folow -

/s

.ACV\\UWQC“ W\Mi’)
. W Ao dew Qeev 4 ?.F«W} f-v\ IR, Mwy AiSenSBmm |
. A Cyanthyvn Tadar d‘alq) ?.Mﬁuu, , T Helsura T. E'*(rdsl\/,

paa—

a4 u.~+. L {—m S f"\ﬂ\'m.. A A dlasb .




G

Autor: Seite: £|

Seme  Cileyature -

Di S. :Duqi' -~ /4 b’l"\‘\-ﬂo‘( n M"Vh‘% L./W—pﬁ/l{
Ak vara i JT ety . D« i ], )I(/,c?:f} qosS—hof
D2 S Dt - ahvmhy My by
?Pa.u J'I‘\"Mm"—»wrﬁ, R“‘*—U 4{7 QA.“., B‘wwq?f
Vel 0,93 -3 Pumsn PR g6(ra83) , ANS.
ED T Eicdnhl 4 F 00t — Commmichad mbyst, rf a bl
Spacs v abdian vmishy (b sppem).
F C Fabw - Chvwo‘fww,&vpmrfwm
. H'\D Hots Ao bordon e (—vﬂnn M 132 (’79!))
H T Harris - Rt vl A My Tiean TCA 47
VAT g 26 TV Vo telas 1y
LY m-t.u £ Foot - /Lr*«-w*; S gk 0,
” 3 l}lwn\fM lok/vﬁf A gy bt
N sk Spacs Uf Cuty . (Paars Lgyata
Al T.KShs f\uv.}\\) Vet T 23t-3¢d Pr136,Birukiss, rds.
Oz TF. 0¢tt — m LAl R '\/Lw'ﬁ/‘\
Pd'CW\q, . {Few ,G f)bu/j ngl
N ?.A/wm‘ff,oa/t - Ny 7 b vmaichiss .
R, Natde 112 ((90) | 13-
O Fooove — Jubvany tuy c/[ il Spacr, Yt
20 (q34) qr-iu

24 N. Koblif? - -&-kc \/‘M\ ’1‘&—';}:/[1: {'M-.A, Nt
fomalics V‘F rvaag B, el Z\fL vty [l falds
Comp os. Lail. 31 (1935 ), uy =28

”

Va

HoPc 4’(«5{ c‘-n\j«(-vﬂ : _3 A c Bonwn ) 1373‘ Lo




