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Termination cf successive blowing-ups

a~ong exceptipnal curves in threefolds

Noboru NAKAYAMA
" "'\, ,

Introduction. Let X be a three-dimensional complex mani-

fold, C c X a closed compact smooth curve and let

~1 : X
1
~ X be the blowing-up of X along Cr-:~..::Then-' the

exceptional divisor -1
E

1
= 11

1
(C) is a ruled surface over C •

There exist at most one section C
1

of the ruling E
1
~ C

with 2(C
1

)E < 0 • We call this section by a negative section.
1

has a negative section C
1

' then let us consider the

blowing-up ~2: X2 ~ X1

sequence of blowing-ups

along C
1

• In this way, we·have a

~k-1
)0

~1
••• ~ X

1
----+ X ,

1-1.
J

- -1
and ' E .. -, 11" ! - (C \)

4 "'.' -, ~ •••~ • 1 I 1J ] ]'],-

prove that the

is just the blowing-up of X-·o.l 1 alcng:.C. 1
]r 1- "J-

fer 1 ~ j ~ k . The purpose cf this note is to

the exceptional ruled surfaces E. on X. (1 ~ i ~ k) and the
1. l.

negative sections Ci on Ei (1 ~ i ~ k) such that the

normal bundle N is semi-stable for same k , if C c X
Ck/~k

can be contracted to a point. In the case C =w 1 and

NC/ X = 0 ~ 0(-2) , M. Reid [5] has proved this and constructed

the flip at C. Recently T. Ando [1] also treated this problem.

The author is grateful to the Max-Planck-Institut für

Mathematik at Bonn far their hospitality.
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§ 1. Prelirninaries

Let E be a locally free sheaf of rank two on a srnooth

cornpact curve C.

Lemma (1.1). (1) If E is a serni-stable vector bundle, then

there exist no curves

2r < 0 .

r on the ruled surface JP (E)
c

with

(2) If E is unstable, then there exists a unique (up

to isornorphisrns) exact sequence

which satisfies the following conditions:

(i) Land Mare invertible sheaves on C ,

Proof. (1). Let 0(1) be the tautological line bundle on

JP~(E) with respect to the E. Then E is serni-stable if

and only if the line bundle 0(2) ~ n*(det E)-1 is nef on

JPC(E) ,where TI is the ruling JPC(E) ~ C . (1) is an easy

consequence of this fact.

(2). Since E is unstable, there exists an exact
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sequence satisfying (i) and (ii). Assume that there is another

sequence

o~ L' ~ E~ M' ~ 0

satisfying (i) and (ii). Since deg MI < deg (det E) , the

homomorphism L ~ E~ MI must be zero. Therefore L' ~ L

and MI c::! M • Q.E.D.

Definition (1.2). When E is unstable, we call the exact

sequence

O---+L~E~M~O

satisfying the above conditions (i) and (ii), the characteristic

exact sequence of E. Here we also define d+(E) = degcL ,

d- (E) : = degcM , and 0 (E) : = d+ (E) - d- (E) • When E is the
v

conormal bundle

we simply denote

respeetively.

of a curve

and ö(E)

c c X as in the introduetion,

+
by d-(C) and ö(C) ,

Definition (1.3)., A eompaet smooth curve C in a smooth three-

fold X is called an exceptional eurve, if there exists a proper

bimerornorphic morphism f: X ~ Z such that f(C) is a point

and that f is isomorphie outside C .

We have the following eriterion.

Proposition (1.4). Let C c X be a compact smooth curve in a
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smooth threefold. Then C. 1s an exceptional curve if and only if

there exists a coherent 0 - ideal J on a neighborhood of C
X

satisfying the following condition

(E) dim(5upp(Ox/J)) = , , 5upp(Ox/J)~~' C ,

and (J ~ °Gel/torsion is an ample vector bundle on c.
X

Proof. First we assume that C is an exceptional curve. Then there

exist two effective Cartier divisors S, and 52 on a neighbor

hood of C such,that (s·,. C) <0, (S2·'C) <:0, and dim(S, ns 2 )=, .

Let J be the ideal 0x ( - 5,) + 0x ( - S2) . Then we have

Thus J satisfies the condition (E) .

Next we assurne that there is an 0x - ideal J satisfying the

condition (E) . By considering the primary decomposition of J,

we have an 0x - ideal J 0 ~ J such that Supp (ox/ J 0), = e and

Supp (Jo/J)': ~ C. Hence there is an injection (J @ 0c(torsion) ---+

(J 0 ~ °c/torsion) , where rank (J @ 0c/torsion) = rank (J0 @ °C/torsion) ·

Therefore J
O

also satisfies the condition (E) . Let ~: V ~ X

be the blowing-up by the ideal J O ' i.e., V: = projanx( m Jg)
d,=O

we have an excep~~onal Carti~r divisor

. d d+'E : = Pro]an X ( e JO/J O ) . Let W be a component of E. If
d2:0

~ (W) is a point, then 0w @ 0v (-E) is ample, since 0v ( - E) is

~ - ample. If ~ (W) is not a point, then ~ (W) = C and W is also
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a component of' projc ( e Jg @ Oe/torsion) . Since (J 0 (i Oe/torsion)
d~O

i5 an ample vector bundle, 0w (j 0v ( - E) is also ample. Therefore

0E( - E) is an arnple inVertibl~ she~f.· Th~n"by ~he-contr~ction

criterion ·(cf. [2"], [3]),
f 4 ~ , •• r , ~... "_. r'" __ I • -

we have a'mo~phism v : V~ Z

such that v (E) is a point an"d~' v -"is an isomor'phi'sm:-"-

outside E. Therefore we have the contraction f: X~ Z

of e .

Q.E.D.

Lemma (1.5'). Let e c X be an exceptional curve.

then

v
(1) lf the conormal bundle Ne / x

2
le/lc i5 an ample vector bundle.

is se;mi-stable,

( 2 ) If is unstable, then +d (C) > 0 •

Proof. Take an ideal

integer k such that

J satisfying (E) and the maximal

J c r k
. Then we have an injection

C

By the condi tion ( E) , J/J n rk + 1
e is an ample vector bundle.

Therefore we have proved (1) and (2).

Let C c X be an~exceptional.curve such that

2
le/Ie is unstable. Let us consider the blowing-up

Q.E.D.
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11
1

: x
1
~ x, E

1
= 1l~1 (C) , and the negative section C1

corresponding to the characteristic exact sequence of

2
le/lc ·

2
Proof. Let 0 ~ L~ lc/le ~ M~ 0 be the character-

2
istic exact sequence. Assurne that le/le is arnpIe. Then frorn

the natural exact sequence

M

and the condition deg L > deg M > 0 , we see that

is also arnpIe. Next assurne that

deg M $ 0 . Take an 0x - ideal

2
le/Ie is not arnpIe. Then

J satisfying the condition

(E) for C~ X

J I : = Image (ll; J

Let us consider the 0x - ideal
1

~ 0x ) · Since J c I e ' we have
1 1

J I C 0x (- E1 ) . Take the maximal integer .9., such that
1

J I C 0x (- 9..E 1 ) and let J 1 : = J I ~ 0x (9..E 1 ) ~ 0x • We
1 1 1

shall prove that the J
1

satisfies the condition (E) for

C1~ x1 · Since (J ~ Oe/torsion) is ample on C ,

(JI ~ Oe /torsion) is also arnpIe on e
1

. Now we have a natural
1
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hornomorphism

J' ~ Oe ----+ 0X (- ~E1) @ 0C ~ 0e - M@ ~ •
1 1 1 1

Since deg MSO, this homomorphism must be zero. Therefore

J 1 =I C · On the other hand,
1

because

(J 1 @ Oe /torsion) is arnpIe,
1

J
1

(j Oe - (J I @ Oe ) Il} (OX (~E1) @ Oe )
1 1 1 1

- (J' @ Oe ) ~ M(j (-~) .
1

Therefore J
1

satisfies the condition ( E ) • Q.E.D.

Lemma (1.7·). Let e c X be an exceptional curve and let

J be an 0x - ideal satisfying the condition (E) for C c X .

Then it is impossible to construct an infinite descending

filtration I (k) (k 2= 0) of the defining ideal I
C

which satis

fies the following two conditions (a) and (ß) :

(a) I(k) is a coherent 0x - ideal for all k ~ 0

and J cf: n I (k)

=f= k~O '

(ß) I(k)/I(k+1) is an Oe -.invertible sheaf and not

arnple for all k ~ 0 .
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Proof. By (a) , we can take the maximal integer k such that

J c I(k) . Then we have an injection J/J n r(k+1) ~ I(k) /I(k+1) .

Since (J ~ 0c/torsion) is arnple, J/J n r(k+1) is also ample.

This contradicts to "(ß) • Q.E.D.
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§ 2. Termination

Let C c X be an exceptional curve such that Ic/I~

is unstable. Then we have the characteristic exact sequenee:

(e . 1 ) •

Let us consider ~1: X1 ~ X of (Bk) , E1 ' and C1 (see the

introduction). Then we have an exact sequence:

(e.2) •

~I

2Assume that I C II e is also unstable. Then we have the
1 1

charaeteristic exact sequence

(e.3) .

The following lemma is easily proved.

Lemma (2. 1 ) . (' ) If deg L < 2 deg M , then (e. 2) is iso

morphie to (e.3).

(2) If deg L ~ 2 deg M , then deg M ~~'deg M, and
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deg L
1

~ deg L - deg M . Here deg M =: deg M1

(or equivalently deg L
1

=: deg L - deg M) , if

and only if (e. 2) is split.

Defini tion (2.2). Let C c: X be an:' exceptional' curve .---

C is called of type 5 , if IC/I~ is a semi-stable vector

2bundle. C is called of type P (resp. type N) , if lC/Ic

is unstable and ample (resp. not ample). C is called of~

L , if there exist two prime divisors 51 and 52 on a neigh

borhood of C such that C is just the scheme-theoretic

intersection 8 1 n 52 . ~

Lemma (2.3). If C is of type P , then one of the following

conditions are satisfied:

(i) C
1

is of type 5,

(ii) C1 is of type P and C2 1s of type I ,

(iii) C1 is of type P and 0 < o(C 1 ) < o(C) .

Proof. Assume that C1 is not of type 8 . Then by (e.2) ,

d+(C) - (C) (2 . 1 )C1 is of type P . If < 2d , then by Lemma

- ( 1 ) , C2 is just the intersection of E2 and the proper

satisfied. If

transform E'
1

of E1 on X2 . Therefore the condition (ii) i8

d+ (C) 2: 2d- (C) , then by Lemma (2,1) - (2), we

have
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Therefore the condition (iii) 1s satisfied. Q.E.D.

Proposition (2.4). 1f C 1s of type P and of type I , then

there is a positive integer k such that Ck is of type 5.

Proof. Let 8
1 and 52 be prime divisors with 51 n 8 2 = C .

Then 8 1 and 52 are srnooth surfaces near e , and

I /1 2 ;;:: °e(-8 1 ) (D 0C( - 8 2 ) .C C

(Fig 1)

Assume that (8
1

• C) > (8
2

• C) • Then we have

d+ (C) = - (52 • C) = - (C) ~1 > d- (C) = - (51 • C) = - (C);2 • Let us

consider the

form of 5.
1.

1-1
1

: X 1 ~ X

on X
1

for

and let

i = 1,2

8~
1.

Then

be the proper trans-

C
1

is just the

cornplete intersection 5' n E21'
and

- Oe (-E 1) {D ° (-SI)
1 C1 2
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5'
1

(Fig. 2)

Here we have

d + (C 1) ;;;; max (0 (C) , d - (C) )

d-(C
1

) ;;;; min (o(C) , d-(C))

Therefore Ck is of type 5 for some k. Q.E.D.

Lemma (2.5). If C 1s of type N, then one of the following

conditions are satisfied:

(i) C
1

is of type 5,

(ii) C
1

is of type P ,

(ii1) C
1

1s of type N and 0;::·· d-(C,)'>< d-.(C) ,

(iv) (e.2) 1s split.
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Proof. Assume that C
1

is not of type S . Since C is of

type N, we-have d-(C) SO". Therefore d+(C) > 2d-(C) by

Lemma (1.5) - (2). Hence by Lemma (2,1) - (2), we have

d-(C) S d (C 1) . Here the equality holds if and only if (e.2)

is split. Q.E.D.

Proposition (2.6). There exist no pseudo-exceptional curves

C c X of type N such that C
k

satisfies the condition

(2.5) - (iv) for all k.

Proof. Assume the contrary. Let Dk be the effective divisor:

on X
k

• Then we have

Let Ei. be the proper transforrn of E.
~

for i ~ k .

Then by the condition (2.5) - (iv), we can prove that

for Ii - j I ~ 2 and that all the double curves

E! n E! 1 are disjoint from each other for i S k - 1 . Further
~ J.+

the negative section Ck on Ek has no intersections with

E! (i ~ k- 1) .
J.
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(Fig. 3)

Therefore -0
.k

is relatively nef over x and

( - D ) • ek k
::::: -

Let I (k) be the ideal (1l1 ~ ••• o·llk+ 1 ) *OX ( - Dk +1) ,. Then we
k+1

have an infinite sequence of descending filtration lek) of

r
e

:::;: r(O) • By the fonnula (*)k+1 ' we have r(k) /r(k+1) a

(1l1:0 ... 0 llk+1) * (Oe @ 0x ( - Dk + 1 )) • Hence by (**) k+1 '
k+ 1 k+ 1

the filtration r(k) satisfies the condition (1.7) - (S) . Thus

by Lemma (1.7;), we have

satisfying the condition

general point and let H

n lek)
~ J for any o - ideal J

k~O
~ X

( E) for C c X . Let x E e be a

be a general smooth divisor on a

neighborhood of x in X such that H n e :::;: {x } and this inter-

section is transversal. Then H:K : ::::: ll* ll* H is also a smooth
k 1

divisor on X
k . Let a be an element of ( n I(k)O ) and

k~O
H x

let 6::::;: div (a) on H. Then the proper trans form 6
k

of 6

in Hk always contains the point ek n Hk . Therefore

(n I(k)O) is a prime ideal generated by one element.
k;;;;O H x
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Since dirn Supp (Ox/J) = 1 , we have dirn Supp (OH/J · 0H) = 0

for general H. This is a contradiction. Q.E.D.

BY (1. '6), (2 . 3), ( 2 . 4), ( 2 . 5), (2 . 6) , we f i na 11y Prove d

the following:

Theorem. If C c X is an exceptional curve, then C
k

is of type S for some k.
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