ON K; OF A WALDHAUSEN CATEGORY

FERNANDO MURO AND ANDREW TONKS

ABSTRACT. We give a simple representation of all elements in K7 of a Wald-
hausen category and prove relations between these representatives which hold

in Ki.
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INTRODUCTION

A general notion of K-theory, for a category W with cofibrations and weak
equivalences, was defined by Waldhausen [Wal78] as the homotopy groups of the
loop space of a certain simplicial category wS.W,

K,2W = 1,QwSW| & 7,41 |wS-W|, n>0.

Waldhausen K-theory generalizes the K-theory of an exact category E, defined as
the homotopy groups of Q |QE|, where QE is a category defined by Quillen.

Gillet and Grayson defined in [GG87] a simplicial set G.E which is a model for
Q|QE|. This allows one to compute K1 E as a fundamental group, K1 E = 7 |G.E|.
Using the standard techniques for computing 7, Gillet and Grayson produced al-
gebraic representatives for arbitrary elements in K1E. These representatives were
simplified by Sherman [She94, She98] and further simplified by Nenashev [Nen96].
Nenashev’s representatives are pairs of short exact sequences on the same objects,
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Such a pair gives a loop in |G.E| which corresponds to a 2-sphere in |wS.E|, ob-
tained by pasting the 2-simplices associated to each short exact sequence along
their common boundary.

FIGURE 1. Nenashev’s representative of an element in K E.

Nenashev showed in [Nen98a] certain relations which are satisfied by these pairs
of short exact sequences, and he later proved in [Nen98b] that pairs of short exact
sequences together with these relations yield a presentation of K;E.

In this paper we produce representatives for all elements in K; of an arbitrary
Waldhausen category W which are as close as possible to Nenashev’s represen-
tatives for exact categories. They are given by pairs of cofiber sequences where
the cofibrations have the same source and target. The cofibers, however, may be
non-isomorphic, but they are weakly equivalent via a length 2 zig-zag.

This diagram is called a pair of weak cofiber sequences. It corresponds to a 2-sphere
in |wS.W]| obtained by pasting the 2-simplices associated to the cofiber sequences
along the common part of the boundary. The two edges which remain free after
this operation are filled with a disk made of two pieces corresponding to the weak
equivalences.

FIGURE 2. Our representative of an element in K1 W.

In addition we show in Section 3 that pairs of weak cofiber sequences satisfy a
certain generalization of Nenashev’s relations.

Let K" W be the group generated by the pairs of weak cofiber sequences in
‘W modulo the relations in Section 3. The results of this paper show in particular
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that there is a natural surjection
KY®W —» K41W

which is an isomorphism in case W = E is an exact category. We do not know
whether it is an isomorphism for an arbitrary Waldhausen category W, but we
prove here further evidence which supports the conjecture: the homomorphism

n: KgW® Z/2 — K1W

induced by the action of the Hopf map n € 7§ in the stable homotopy groups of
spheres factors as
KW®Z/2— KW - K;W.

We finish this introduction with some comments about the method of proof. We
do not rely on any previous similar result because we do not know of any gener-
alization of the Gillet-Grayson construction for an arbitrary Waldhausen category
W. We use instead the algebraic model D, W defined in [MTO06] for the 1-type of
the Waldhausen K-theory spectrum K'W. The algebraic object D, W is a chain
complex of non-abelian groups concentrated in dimensions ¢ = 0, 1 whose homology
is KZW

('DOW)ab ® ('DOW)ab
())l
W ——— D;W 2 Dy W KoW.

This non-abelian chain complex is equipped with a bilinear map (-,-) which de-
termines the commutators. This makes D, W a stable quadratic module in the
sense of [Bau91]. This stable quadratic module is defined in [MTO06] in terms of
generators and relations. Generators correspond simply to objects, weak equiva-
lences, and cofiber sequences in W. The reader will notice that the simplicity of
the presentation of D, W makes the proofs of the results in this paper considerably
shorter than the proofs of the analogous results for exact categories.

Acknowledgement. The authors are very grateful to Grigory Garkusha for asking
about the relation between the algebraic model for Waldhausen K-theory defined
in [MTO06] and Nenashev’s presentation of K7 of an exact category in [Nen98b).

1. THE ALGEBRAIC MODEL FOR Ky AND K

Definition 1.1. A stable quadratic module C, is a diagram of group homomor-
phisms
cer g o 2,

such that given ¢;,d; € C;, 1 =0,1,

(1) 9(co,do) = [do, co],

(2) (9(c1),0(dr)) = [d1, 1],

(3) (co,do) + (do,co) = 0.
Here [z,y] = —x — y + « + y is the commutator of two elements z,y € K in any
group K, and K is the abelianization of K. It follows from the axioms that the

image of (-,-) and Kerd are central in C1, the groups Cy and C; have nilpotency
class 2, and 9(C4) is a normal subgroup of Cj.
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A morphism f: Cy — D, of stable quadratic modules is given by group homo-
morphisms f;: C; — D;, i = 0,1, compatible with the structure homomorphisms
of C, and Dy, i.e. fo0=0f1 and f1(-,-) = (fo, fo)-

Stable quadratic modules were introduced in [Bau91, Definition IV.C.1]. Notice,
however, that we adopt the opposite convention for the homomorphism (-, -).

Remark 1.2. There is a natural right action of Cy on Cy defined by
® = 1+ {co,0(c1)).

The axioms of a stable quadratic module imply that commutators in Cy act trivially
on C1, and that Cy acts trivially on the image of (-,) and on Ker 9.

The action gives 0 : C7 — Cj the structure of a crossed module. Indeed a stable
quadratic module is the same as a commutative monoid in the category of crossed
modules such that the monoid product of two elements in Cy vanishes when one of
them is a commutator, see [MT06, Lemma 4.15].

We assume the reader has certain familiarity with Waldhausen categories and
related concepts. We refer to [Wei] for the basics, see also [Wal85]. The following
definition was introduced in [MT06].

Definition 1.3. Let C be a Waldhausen category with distinguished zero object
x, and cofibrations and weak equivalences denoted by — and =, respectively. A
generic cofiber sequence is denoted by

A»— B —» B/A.
We define D,.C as the stable quadratic module generated in dimension zero by the
symbols
e [A] for any object in C,
and in dimension one by

e [A 5 A'] for any weak equivalence,
e [A — B — B/A] for any cofiber sequence,

such that the following relations hold.
(R1) 9[A = A'] = —[A] + [A].

(R2) 9[A — B — B/A] = —[B] + [B/A] + [A].
(R3) [%] = 0.

(R4) [A X Al =0.

(R5) [AB A+ =0, [x— A¥ A]=0.
(R6)

A0l =[B>C]+[A2 B
(R7) For any commutative diagram in C as follows
A——B—»B/A

FoFL

A —— B —» B /A
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we have
[AS A+ [B/AS B /A = —[A'— B’ — B'/A]
+[B S B
+[A — B —» B/A|.

(R8) For any commutative diagram consisting of four cofiber sequences in C as

follows
C/B
B/A——C/A
A B C
we have
[B— C — C/B|
+[A>—>B—»B/A} = [AHC—»C/A]

+[B/A — C/A — C/B]AL.
(R9) For any pair of objects A, B in C
(AL[B) = —[B2AvBY A+ (A% AvB % B
Here
R,
are the inclusions and projections of a coproduct in C.

Remark 1.4. These relations are quite natural, and some illustration of their mean-

ing is given in [MTO06, Figure 2]. They are not however minimal: relation (R3)

follows from (R2) and (R5), and (R4) follows from (R6). Also (R5) is equivalent to
(R5') [* — * — %] = 0.

This equivalence follows from (R8) on considering the diagrams

* A
T [
* p— % 3 A
[ .1 e
1 1
Ar—— Ar—— A k3 A

We now introduce the basic object of study of this paper.
Definition 1.5. A weak cofiber sequence in a Waldhausen category C is a diagram
A— B —C; Shde)

given by a cofiber sequence followed by a weak equivalence in the opposite direction.
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We associate the element
(16) [A—B—-C,&C = [A—B—-0C+[c S0 en,cC
to any weak cofiber sequence. By (R1) and (R2) we have
OJA— B —-»C,<C] = —[B+[C]+][A.

The following fundamental identity for weak cofiber sequences is a slightly less
trivial consequence of the relations (R1)—(R9).

Proposition 1.7. Consider a commutative diagram

(A

J s

A
~
A/\ \A \A/I/ ~ AI/
w
j, j jm j”
B B
J T ~
B/ B B/// = B//
w
T/ r T/// T//
J r ~
!/ " "
D D D" =D
w' |~ w |~ w" |~ w' |~
J r ~
C/ N O . CI/I S Cl/
w

Denote the horizontal weak cofiber sequences by 14, 1B, 1P and 1€, and the vertical
ones by l', 1, " and l”. Then the following equation holds in D,C.

U e e R A IR 1 I (e A )
Proof. Applying (R7) to the two obvious equivalences of cofiber sequences gives

(a) (D" D = D" = ] + 1] = [w) T — [} — [u],
(b) [A/// s B s D///] [U)B] + [l//] _ [w//][A”] _ [wD][A”] _ [wA]v

using the notation of (1.6).
Now consider the following commutative diagrams

A A

J J
Ar—— A A—— A
5 push ; 5 push i
B— X B——X

’ X\A‘;AN’\/D’.
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We now have four commutative diagrams of cofiber sequences as in (R8).

o) D a) o
mw—%mﬁn DW—%MﬁU
] |

A A b'e A B X

¢) D ) D

DF—%I mw—ejﬂ
| ] |
A X B B X B

Therefore we obtain the corresponding relations

() [A— X = D+ 4] = [
_ [A/ — X —» A/// \/DI] + [A/// NN A/// \/DI _y DI][A/]’
@) [B = X = A" 4[] - [w]#

_ [A/ — X —» AW\/D/] + [D/ — A" D' = A///][A’],
(e) [X — B—-»D"|+[A— X - D]

[
= [1] + ([1°] = [ — [ — [,
() (X — B - D"+ B — X — A"]
= [17] — [wP) B 4+ (A" — B" — D"]IP]
= [15]+ ("] = w4 = [wP)A) = [wA) 1P,

Here we have used equations (a) and (b). Now —(c) + (d) and —(e) + (f) yield
(8) [w' ™ =[] = [A— X = D]+ [B' — X - A"+ [I'] - [T =
_ [A/// — A"V D' — D/][A’] + [D/ — A"V D' — A///][A’] — <[D/], [AW]>’

(h) —[A—X—>D]+[B — X —»A"]=
(w4 4 alCIHAl — 1A ) 4 18] 4 [17)1B'] — gl IHIBT A 1B
where we use (R9) and Remark 1.2, and we write a = [w’] + [w®] = [wP] + [w"],

by (R6). In fact it is easy to check by using Remark 1.2 and the laws of stable
quadratic modules that the terms al€1+14] and aA"1+B] cancel in this expression,
since

o (=M =) + EF)+ W)FY) = —(IC") + [A]) + (14"] + [B)).
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Substituting (h) into the left hand side of (g) we obtain
[ = 14 + )4 = (€ — [+ 1)+ )1 — )+ ] — )
= ([D], [A™)),
which, using again Definition 1.1 and Remark 1.2, may be rewritten as
— 4 = B - [+ ) )+ )
— [T wATAT — (A7 (D)) + [P 4 [T,
The result then follows from the identity

(Ofw?], 0w']) = ([A"], 0[w']) + ([C"), Olw™]) = ([C"], [A"]) + ([A™], [D"])-

2. PAIRS OF WEAK COFIBER SEQUENCES AND K

Let C be a Waldhausen category. A pair of weak cofiber sequences is a diagram
given by two weak cofiber sequences with the first, second, and fourth objects in
common

Cy

AIB

N/

A
v
Cs

We associate to any such pair the following element

(2.1)
T1 Cl ~
J1 /?[ w\ 1 1 ~ 2 T2 ~
A=B. U c = —-ALBE o Ea+4aEBE 0,20
J2 - el w1 w2
Cs

- MlBEZoco-alBl oo,

which lies in K1C = Ker 9. For the second equality in (2.1) we use that Kerd is
central, see Remark 1.2, so we can permute the terms cyclically.
The following theorem is one of the main results of this paper.

Theorem 2.2. Any element in K1C is represented by a pair of weak cofiber se-
quences.

This theorem will be proved later in this paper. We first give a set of useful
relations between pairs of weak cofiber sequences and develop a sum-normalized
version of the model D, C.
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3. RELATIONS BETWEEN PAIRS OF WEAK COFIBER SEQUENCES

Suppose that we have six pairs of weak cofiber sequences in a Waldhausen cate-
gory C

" " o/
N rlA Al wlA 5 T{B Bl w{a rlc Ol wlc
AN RSN i IS
ALA A BB BN oo c,
AN . P . s
Ty A// w3 Ty Bé’ Wy Ty C// Wy
, N
’ O ’ Cl " C” "
) L 1w ) 1 w1y T 1 _ wy
Vi AN NN R it AN
A/@ B/\’y N c’, AT DB . C, A//g B o,
A N 2 i "
e w) "2 Cy w2 : T’g\g A1 ’/wé’
2 02

that we denote for the sake of simplicity as A, AZ, X¢, X, A\, and \”, respectively.
Moreover, assume that for ¢ = 1,2 there exists a commutative diagram

A rA
/ : : "o~ "
A \ \ A W Az A

A

w;

Ji Ji Ji 3i!

B

B/ Ji B T BN ~ B”
wf

r; T T4 T;’
Ji Ty ~

! "

c C; O ¢
A~ Wy

A~

w; |~ w; | ~ W |~ w) | ~
11 ~

Cl— C ——» CJ —— "
Ji L w;

Notice that six of the eight weak cofiber sequences in this diagram are already in
the six diagrams above. The other two weak cofiber sequences are just assumed to
exist with the property of making the diagram commutative.

Theorem 3.1. In the situation above the following equation holds
(51) M=+ X = = r+ )
Proof. Fori=1,21et A2, A2, AF ) A, \;, and A be the upper and the lower weak
cofiber sequences of the pairs above respectlvely By Proposition 1.7

=] = DEI = Da] + P+ BT+ ] = ([C7] (A7)

=~ = DG = o] + ]+ DEIET + ).

Since (AX{) = 9(\S) and (\/) = (\y) the actions cancel,
=TT = ]+ DETH NN = =D8] = ST = Dl + T+ D]+ )

Now one can rearrange the terms in this equation, by using that pairs of weak
cofiber sequences are central in D, C, obtaining the equation in the statement. [

Theorem 3.1 encodes the most relevant relation satisfied by pairs of weak cofiber
sequences in K;C. They satisfy a further relation which follows from the very
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definition in (2.1), but which we would like to record as a proposition by analogy
with [Nen98al.

Proposition 3.2. A pair of weak cofiber sequences given by two times the same
weak cofiber sequence is trivial.

(52) A B

We establish a further useful relation in the following proposition.

Proposition 3.3. Relations (S1) and (S2) imply that the sum of two pairs of weak
cofiber sequences coincides with their coproduct.

/hCl\/C'l{Q Ch N
_ _ _ N
AVAIXIBVB cvCe = A B C
~u o RV
Cy Vv Cy 02
P
+¢ A2B C
S WL
Cs

Proof. Apply relations (S1) and (S2) to the following pairs of weak cofiber sequences

C Civer ~
PN i o o )T
AT B C, AvAAZBVEB cvC, AR C,
MWL 4 _ < e
Ca Co v Oy Ch
2 A 2 B 2 c
i1 j)/?{ :\17 1, :D/?( :\17 1 fyﬁ Nr\l,
A2 AV A A, BIIBVB _ B, cXeve . C.
" ,&A/l " ,}JAB% " ,}A,‘C,%

4. WALDHAUSEN CATEGORIES WITH FUNCTORIAL COPRODUCTS

Let C be a Waldhausen category endowed with a symmetric monoidal structure
+ which is strictly associative

(A+B)+C = A+ (B+0),
strictly unital
x+A = A = A+x,
but not necessarily strictly commutative, such that

A= A4+x—A+B+«——x+B =B
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is always a coproduct diagram. Such a category will be called a Waldhausen cat-
egory with a functorial coproduct. Then we define the sum-normalized stable qua-
dratic module D} C as the quotient of D, C by the extra relation

(R10) [B 2 A+B% Al =0.
Remark 4.1. In D} C, the relations (R2) and (R10) imply that
[A+ B]=[A] + [B].
Furthermore, relation (R9) becomes equivalent to
(RY) ([A],[B)) = [rp,a: B+ A - A+ B].

Here 7, 4 is the symmetry isomorphism of the symmetric monoidal structure. This
equivalence follows from the commutative diagram

A (2 B+A P1 B

A>.—>A+BT»B

i1
together with (R4), (R7) and (R10).

Theorem 4.2. Let C be a Waldhausen category with a functorial coproduct such
that there exists a set S which freely generates the monoid of objects of C under the
operation +. Then the projection

p: D,C - DIC
is a weak equivalence. Indeed, it is part of a strong deformation retraction.

Waldhausen categories satisfying the hypothesis of Theorem 4.2 are general
enough as the following proposition shows.

Proposition 4.3. For any Waldhausen category C there is another Waldhausen
category Sum(C) with a functorial coproduct whose monoid of objects is freely gen-
erated by the objects of C except from x. Moreover, there are natural mutually
inverse exact equivalences of categories

@
Sum(C) ——= C .
»
Proof. The statement already says which are the objects of Sum(C). The functor
© sends an object Y in Sum(C), which can be uniquely written as a formal sum of
non-zero objects in C, Y = X; 4+ --- + X,,, to an arbitrarily chosen coproduct of
these objects in C

oY) = XiV--V Xy

For n = 0,1 we make special choices, namely for n = 0, p(Y) = *, and for n = 1
we set p(Y) = X;. Morphisms in Sum(C) are defined in the unique possible way
so that ¢ is fully faithful. Then the formal sum defines a functorial coproduct on
Sum(C). The functor ¢ sends * to the zero object of the free monoid and any other
object in C to the corresponding object with a single summand in Sum(C), so that
@ = 1. The inverse natural isomorphism 1 = ¢y,

X1+ + X, = (Xl\/"'\/Xn)a
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is the unique isomorphism in Sum(C) which ¢ maps to the identity. Cofibrations
and weak equivalences in Sum(C) are the morphisms which ¢ maps to cofibra-
tions and weak equivalences, respectively. This Waldhausen category structure in
Sum(C) makes the functors ¢ and ¢ exact. O

Let us recall the notion of homotopy in the category of stable quadratic modules.

Definition 4.4. Given morphisms f, g : C, — C. of stable quadratic modules, a
homotopy f < g from f to g is a function a: Cy — Cf satisfying
(1) a(co +do) = a(co) o) + a(dy),
(2) go(co) = fo(co) + dcr(co),
(3) g1(c1) = fi(er) + ad(c).
The following lemma then follows from the laws of stable quadratic modules.

Lemma 4.5. A homotopy « as in Definition 4.4 satisfies

(a) a([co, do]) = —(fo(do), fo(co)) + (g0(do), go(co)),
(b) a(co) + gi(c1) = filer) + aleo + d(er)).

Now we are ready to prove Theorem 4.2.

Proof of Theorem 4.2. In order to define a strong deformation retraction,

@
QD*C <7$> ch ) 1 é Jjp, pi=1,
J

the crucial step will be to define the homotopy a: DygC — D;C on the generators
[A] of DyC. Then one can use the equations

(1) alco +do) = alco)™ + a(do),

(2) jp(co) = co + da(co),

(3) jp(c1) = c1 + ad(cr),
for ¢;,d; € D;C to define the composite jp and the homotopy cwon all of D, C. Itisa
straightforward calculation to check that the map jp so defined is a homomorphism
and that « is well defined. In particular, Lemma 4.5 (a) implies that « vanishes on
commutators of length 3. In order to define 7 we must show that jp factors through
the projection p, that is,

jp([B2 A+B% A) = o.
If we also show that
pa = 0
then equations (2) and (3) above say pjp(c;) = p(c;) + 0, and since p is surjective
it follows that the composite pj is the identity.
The set of objects of C is the free monoid generated by objects S € S. Therefore
we can define inductively the homotopy a by

a([S+B))=[B25+B% 8]+ a(B))

for Be C and S € S, with a([S]) = 0. We claim that a similar relation then holds
for all objects A, B of C,

(4.6) a([A+B)=[B2A+B% Al +a(A] + [B)
= (B2 A+B% A+ a((A)P + o((B).
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If A=xor A €S then (4.6) holds by definition, so we assume inductively it holds
for given A, B and show it holds for S + A, B also:

a([S+A+B)=[A+B—S+A+B— S| +a(A+B))

—[A+B—S+A+B S +[B—A+B— A + o(A)P! +a(B])

=[B— S+A+B—>S+A+[A— S5+ A4 5B 4+ a(A)P! + o([B])
=[B— S+A+B—»S+A+a(S+ANE +o(B]).
Here we have used (R8) for the composable cofibrations

B »— A+B — S+A+B.
It is clear from the definition of « that the relation pa = 0 holds. It remains to see
that jp factors through D} C, that is,

jp(cr) =0 if ¢ =[B— A+ B —» Al

Let ¢g = [A + B] so that ¢y + 9(¢1) = [4] + [B]. Then by Lemma 4.5 (b) we have
Jp(e1) = —alco) + 1 + afco + 9(c1))

—ao([A+B]) + [B— A+ B— A] + o([A] + [B])
This is zero by (4.6).

(|
We finish this section with four lemmas which show useful relations in D C.
Lemma 4.7. The following equality holds in D} C.
[A+ A" — B+ B — B/A+B/A & C+ )
= [A— B BJ/AZCIIBl 4[4 — B — B'JA & C'] + ([A],[C']).
Proof. Use (R4), (R10) and Proposition 1.7 applied to the commutative diagram

!/

I BI/ N Blel ¢ ~ '

A+ A——B+B —» B/A+B'JA +«~—(C + '
A ' B » BJA "
A > B

C
» B/A = C

Lemma 4.8. The following equality holds in D} C.

As special cases we have

[A+A"— B+ B — B/A+ B'/A]

[A— B — B/AIP +[A' — B' — B'/A'| + (|A],[B'/A)).
Lemma 4.9. The following equality holds in D} C.

[A+B3 A +B] = [AS AP+ [BS B
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We generalize (R9’) in the following lemma.

Lemma 4.10. Let C be a Waldhausen category with a functorial coproduct and
let Ay, ..., A, be objects in C. Given a permutation o € Sym(n) of n elements we
denote by

Oty Agy 4t Ag, — Ay 4+ Ay

the isomorphism permuting the factors of the coproduct. Then the following formula
holds in DY C.

[GA17~~~;An] = Z <[A0i]7 [AUjD'

Proof. The result holds for n = 1 by (R4). Suppose o € Sym(n) for n > 2, and
note that the isomorphism o4, ... 4, factors naturally as

(trrits + DO T4 5): Ay 44 Ay — Ay 44 A+ Ay
_’A1+"'+An71 + An

where (01,...,0,,_1,n) = (01,...,0k,...,0n,0%) and B = A, . + -+ A,,.
Therefore by (R4), (R6) and Lemma 4.9,

oy, A =100, a4, + 1+ [1+7a, 5]
= (ot ST H0) + (04 [74,,8]),
By induction, (R9’) and Remark 4.1 this is equal to

Y (Aol A ) +(BLAD) = D (Aol A+ D (Ao [4s))

p>q > i>]
0,<a, o;<oj<n gi<oj=n
as required. O

5. PROOF OF THEOREM 2.2

The morphism of stable quadratic modules D, F': D,C — D,.D induced by an
exact functor F': C — D, see [MTO06], takes pairs of weak cofiber sequences to pairs
of weak cofiber sequences,

Ch F(Cl)
(D.F)y AZB

N

A
Sy 4
% F(Ch)
By [MTO06, Theorem 3.2] exact equivalences of Waldhausen categories induce ho-
motopy equivalences of stable quadratic modules, and hence isomorphisms in K.
Therefore if the theorem holds for a certain Waldhausen category then it holds
for all equivalent ones. In particular by Proposition 4.3 it is enough to prove the
theorem for any Waldhausen category C with a functorial coproduct such that the
monoid of objects is freely generated by a set S. By Theorem 4.2 we can work in
the sum-normalized construction DF C in this case.

Any element x € D} C is a sum of weak equivalences and cofiber sequences with
coefficients +1 or —1. By Lemma 4.9 modulo the image of (-,-) we can collect on
the one hand all weak equivalences with coefficient +1 and on the other all weak
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equivalences with coefficient —1. Moreover, by Lemma 4.8 we can do the same for
cofiber sequences. Therefore the following equation holds modulo the image of (-, -).

x = -

_|_

Vi 5 Vo] — [X1 — Xa — X3)
Y1 — Yo = Y] + [Wh = Wa)

Vi+ Wy = Vo + W]

X1 +Y1— Xo+ Y3+ Y1 — X3+ V3]

[
[
(R4), (Rlo), 4.9, 4.8 =
[
[X14+Y1 — X5+ X1+ Y2 > X34 Y3)
[
[
[

_|_

+[Vi+ Wy 5V + Wa
renaming = —L:>L1]— [A>—>E1 —»D]
+[A— Ey - D]+ [L = Ly] mod (-,-).

Suppose that d(x) = 0 modulo commutators. Then modulo [, -]

0 = —[L]+[Li] = [A] = [D] + [EA]
—[Ea] + [D] + [A] — [Le] + [L]
= [Li] + [Ex] = [E2] = [L2] mod [, ],

(51) i.e. [Ll + El] = [Lz + EQ] mod [-, ]
The quotient of D C by the commutator subgroup is the free abelian group on
S, hence by (5.1) there are objects Si,...,S, € S and a permutation o € Sym(n)
such that

Li+E = S1+-+ 5,

L2+E2 = Sol+"'+san7

so there is an isomorphism
0S1,..,5n Lo+ E5 AN L1+ Ey.
Again by Lemmas 4.9 and 4.8 modulo the image of (-, )

r = —[L+D:>L1+D]—[A>—>L1+E1—»L1+D]
+[A— Ly+E; » Ly+ D]+ [L+ D 5 Ly + D]
410 = —[L+D S Li+D]—[A— L +E — L+ D]
(08,5, Lo+ By — Ly + E1]
+[A— Ly+E; » Ly+ D]+ [L+D 5 Ly + D]
R7) = —[L+D S Li+D|—[Ar Li+E — Ly + D]
+[A—Li+Ey - Ly+ D]+ [L+D = Lo+ D]
[
[
[
[
[

_|_

renaming = —|C 5 C1] — [A— B — C4]
+[A— B —» Ca] + [C = O]
= —[cEc )™ -[A— B0y
+[A = B = Gy +[C = Oy
= —[A—B—»C,<C|+[A— B - Cy<C] mod (-,-),
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i.e. there is y € D] C in the image of (-,-) such that
c
AN

B c
MK

Cs

— —

Now assume that 0(z) = 0. Since the pair of weak cofiber sequences is also in
the kernel of 9 we have d(y) = 0. In order to give the next step we need a technical
lemma.

Lemma 5.2. Let C, be a stable quadratic module such that Cy is a free group of
nilpotency class 2. Then any element y € Ker ONImage(-, -) is of the form y = (a, a)
for some a € Cy.

Proof. For any abelian group A let &°A be the quotient of the tensor square A® A

by the relations a® b+b®a =0, a,b € A, and let A2A be the quotient of A ® A

by the relations a ® a = 0, a € A, which is also a quotient of &’A. The projection

ofa®@be A® A to ®2A and A?A is denoted by a®b and a A b, respectively.
There is a commutative diagram of group homomorphisms

Csb ® CgP
7
g
/ ) .
N ® Ogb W\ /\QCS,IJ

\
() \ lcl JCD
N

C4 #)OO

Ce®Z/2C

where 7(a ® 1) = a®a, the factorization ¢; of (-,-) is given by c;(a®b) = (a,b),
which is well defined by Definition 1.1 (3), and co(a A b) = [b,a] is well known to
be injective in the case Cy is free of nilpotency class 2.

Moreover, Cgb is a free abelian group, hence the middle row is a short exact
sequence, see [Bau9l, 1.4]. Therefore any element y € C; which is both in the
image of ¢; and the kernel of 9 is in the image of ¢17 as required. O

The group D C is free of nilpotency class 2, therefore by the previous lemma
y = (a,a) for some a € DJ C. By the laws of a stable quadratic module the element
(a,a) only depends on a mod 2, compare [MT06, Definition 1.6], and so we can
suppose that a is a sum of basis elements with coefficient +1. Hence by Remark
4.1 we can take a = [M] for some object M in C,

y = (M],[M]).
The element ([M], [M]) is itself a pair of weak cofiber sequences

1 M
[P p/h Q
(M), [M]) = MIIM+M LMy,
71 p}&MA

therefore = is also a pair of weak cofiber sequences, by Proposition 3.3, and the
proof of Theorem 2.2 is complete.
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6. COMPARISON WITH NENASHEV’S APPROACH FOR EXACT CATEGORIES

For any Waldhausen category C we denote by K}'“®* C the abelian group gener-
ated by pairs of weak cofiber sequences

Ci

TN
C

Sl

C

A B

modulo the relations (S1) and (S2) in Section 3. Theorem 3.1 and Proposition 3.2
show the existence of a natural homomorphism

(6.1) Ky C — K,C

which is surjective by Theorem 2.2.

Given an exact category E Nenashev defines in [Nen98a] an abelian group D(E)
by generators and relations which surjects naturally to K1E. Moreover, he shows
in [Nen98b] that this natural surjection is indeed a natural isomorphism

(6.2) DE) = KE.

Generators of D(E) are pairs of short exact sequences

They satisfy two kind of relations. The first, analogous to (S2), says that a generator
vanishes provided j; = jo and 71 = 3. The second is a simplification of (S1): given
six pairs of short exact sequences

Ji L1 J1 Ty J Ty
AT O s o =S T AT
AL AZAL, BB B, O 0
J2 To J2 T2 J2 T2
AR O, ATIBXC, AT B,
A P ZA

denoted for simplicity as A4, AZ, A®, X, A, and ), such that the diagram

it i
Ar—— A—>» 4"

j{ JI };/
jB T’B

B> B—> B/

’ . 1
Tbi T’Ll iT/L

C'——C—»C"
ie e

commutes for 4 = 1,2 then
=0 09 = =+
Proposition 6.3. For any exact category E there is a natural isomorphism

DE) = K'*E.
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Proof. There is a clear homomorphism D(E) — K" E defined by

T1 C ~

J1 1 Ji A r‘\
{AZBRC} AT B e
¢ " T>gcl/w

Exact categories regarded as Waldhausen categories have the particular feature that
all weak equivalences are isomorphisms, hence one can also define a homomorphism
KY*E — D(E) as

. T1 Gy = . 1
Ly p e L g
J2 ro o /§ J2 wy T2
2

We leave the reader to check the compatibiliy with the relations and the fact that
these two homomorphisms are inverse of each other. O

Remark 6.4. The composite of the isomorphism in Proposition 6.3 with the nat-
ural epimorphism (6.1) for C = E coincides with Nenashev’s isomorphism (6.2),
therefore the natural epimorphism (6.1) is an isomorphism when C = E is an exact
category.

7. WEAK COFIBER SEQUENCES AND THE STABLE HOPF MAP
After the previous section one could conjecture that the natural epimorphism
K" C —» K,C

in (6.1) is an isomorphism not only for exact categories but for any Waldhausen
category C. In order to support this conjecture we show the following result.

Theorem 7.1. For any Waldhausen category C there is a natural homomorphism
¢: KgCRZ/2 — K C

which composed with (6.1) yields the homomorphism -n: KoC ® Z/2 — K;C de-
termined by the action of the stable Hopf map n € wf in the stable homotopy groups
of spheres.

For the proof we use the following lemma.

Lemma 7.2. The following relation holds in K{'* C

1/HAI/ wlwy 1/?(14/ Y<U1
3 A ~ A = 3A A
1\5‘ ’ 1\5l /w2
Al wawa A
AT
+ *Q A - ~ A’
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Proof. Use relations (S1) and (S2) applied to the following pairs of weak cofiber
sequences

* 1, A whwn P
— 2 :\ — AN - ~ — A7 AN
e T, LA A, * LA A
\& / 1\5‘ ! 1\H /102
* A// Wyw2 A/
A , A
* 1 Wy 1 1
— /\ﬂ :\ * YT AN - L\ / —r /?( :\
*>_> * -~ 5 *>_> A -~ A y *>_> A ~ A
RV D4, Y 1
* A// wy A
O
Now we are ready to prove Theorem 7.1.
Proof of Theorem 7.1. We define the homomorphism by
LA AV A
i AN B L
A= ALZAVA T Ap=qxITAVA - AVA
e, gy AT

Here the second equality follows from (S1) and (S2) applied to the following pairs
of weak cofiber sequences

LA LAVA ) )
AN T ~ A L’\

AT A, AV A L AVAS A A
D T 4 <
FIN RN AN

Do MNEES ATZTAVA T A, ATZTAVA oA
\&*/ " ER ! " \'9 <]

Given a cofiber sequence A 2 B 5 C the equation ¢[C] + ¢[A] = ¢[B] follows
from (S1) and (S2) applied to the following pairs of weak cofiber sequences

12 P1/?( :\ 12 N& 12 /?( N&
ATZAVA oA B{IBVB . B, ocZzzcvc et
i > e i > e i e

p\BA 1 p\L\B 1 \Ltc
Id C VT O\/C Id C
LN Vi P L TN
A2 B . C, AVAIXBVB T CvC, AZXB - C.
TN v o 7 N

Q
Q
<
Q
Q
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Given a weak equivalence w: A — A’ the equation ¢[A] = ¢[A’] follows from
(S1) and (S2) applied to the following pairs of weak cofiber sequences

Al A
* P1 1 P1 1
r’\ i /h \ i /\R r\
*g*iz N AT A VA A ATZ AV A LA
% / 1 pQ\g A/ 1 ! P2\5\ A 1
1/?[14’ x }RAI v A’ wVw 1/?[A’ <
SN LA SZAvA LAVA, =33 A
N T v DK
A AV A A

The equation 2¢[A] = 0 follows from (S2) and Lemma 7.2 by using the second
formula for ¢[A] above and the fact that 73 4, = 1.

We have already shown that ¢ is a well-defined homomorphism. The composite
of ¢ and (6.1) coincides with the action of the stable Hopf map by the main result
of [MTO06]. m
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