10-COMMUTATOR AND 13-COMMUTATOR

A.S. DZHUMADIL’DAEV

ABSTRACT. Skew-symmetris sum of N! compositions of N vec-

tor fields in all possible order are called N -commutator. We con-

struct 10-commutator and 13 -commutator on Vect(3) and 10-

commutator on a space of divergenceless vector fields Vecto(3).

We show that 2 -commutator, 10 -commutator and 13 -commutator
form final list of N -commutators on Vect(3) and under these

polylinear operations Vect(3) has a structure of sh-Lie algebra.

We establish that the list of 2-and 10-commutators on Vecto(3)

is also final. Constructions are based on calculations of powers of

odd derivations.

Let (A, o) be an algebra with vector space A and multiplication o.
Let C < ty,...,t, > be a space of non-commutative non-associative
polynomials. Any f € C <ty,...,t > induces a k-ary map

f:iAXx---xA— A,
———

k
that correspond to any ai,...,a; € A element f(ay,...,a;) calcu-
lated by multiplication o. If this map is trivial, i.e., f(ay,...,ax) =0,

for any aq,...,ar € A then f =0 is said identity on (A, o). If f is
polylinear, then f induces a k -ary multiplication on A. For example,
if Sy =tity —tat1 € C < t1,t9 >, then

sa(a,b) =aob—boa

is ordinary commutator.
Let
sk="2, signoten) (- (tog-ntor) )

ceSymy,
be standard skew-symmetric polynomial. Let Diff,, be a space of dif-
ferential operators with n variables. For simplicity assume that vari-
ables are from Clxy,...,z,]. Let Diffld be a subspace of differential
operators of order d:

Diffld = <u80‘Hoz| =Y ;= d> :
i=1
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We can interpret differential operators of first order as vector fields
and identify Diff!l with a space of vector fields Vect(n). Consider
s as a k-ary operation on a space of differential operators Diff,. So,
sk(Xq, ..., Xg) is a skew-symmetric sum of compositions of k oper-
ators X,y -+ Xo) by all k! permutations. In general, composition
of k operators of orders di,... ,d, is a differential operator of order
di + - - -+ di. Therefore,

X, € l)iffr[;h]7 X E Diff?’[Ldk] = Sk(Xl, o an:) c Diffy[bdl—i_m—’_dk].

In fact differential order of sx (X7, ..., X}) isless than dy+...+dy. For
example, differential order of si(Xy,..., X)) is no more than n, if all
Xi,..., X are operators of order 1 (vector fields) on n-dimensional
manifold for any % [2]. Moreover, for some k might happen that s
will be well-defined operation on Difflll:

Xi,..., X, e Diffl = s.(Xy,..., X}, € Diffll).

In [1] is established that s,2,9,_5 is well-defined on Vect(n) = Diff!
and in [2] is proved that s,2,9, 1 = 0 is identity on Vect(n). For
example, Vect(2) has 6-commutator and skew-symmetric identity of
degree 7. Hamiltonian vector fields on 2-dimensional plane has 5-
commutator and skew-symmetric identity of degree 6.

Question 1. (n > 1). Is it true that N = n? +2n — 1 is index of
nilpotency for operator D, i.e., D"*2n=1 = but D" +2n=2 £ () ?

We think that coefficient at [T; 0; [Ti j)(nn) 075 [iszn 07 1:0 of Dr+2n—2
is non-zero. Computer calculations on Mathematica shows that this
coefficient is equal 1,2,3600 for n = 2,3, 4.

Question 2. (n > 3). Is it true that s,249, o is a unique N -
commutator well-defined on Vect(n), for N > 27 In other words, is
it true that

DY € Der L,,,n>3,= N =2orn?>+2n—2?

In our paper we prove that for n = 3 answer to this question
is negative. according our results Vect(3) has 2-commutator, 10-
commutator and 13-commutator and this list of N -commutators is
complete. Notice that 13-commutator is connected with skew-symmetric
identity of degree 14, but 10-commutator has no such connection with
skew-symmetric identity of degree 11: s;; even is not well-defined op-
eration on Vect(3). Some quantitive parameters about D'® and D'3.
D' has three escort invariants. They have types (2,7,1), (3,5,2)
and (3,6,0,1). It has 489 terms of type (2,7,1), 3093 terms of type
(3,5,2), 480 terms of type (3,6,0,1) and all together 4062 terms.
D™ has one escort invariant. It has type (3,8,2) and has 261 terms.
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In other words, s10(X1,...,Xj0) can be presented as a sum of 4062
10 x 10-determinants of three types. Similarly, s13(X7,...,X3) can
be presented as a sum of 261 matrices of order 13 x 13.

To see that D% is well-defined on Vecty(3), we change all terms of
DlO like 80‘77383, Qg > O, to —30‘_53+517]181—80‘_53+5277282. We obtain
element with 864 terms, among them 82 has type (2,7,1), 76 has
type (3,6,0,1) and 706 has type (3,5,2).

It is easy to see that D* is a sum of compositions of the form
Dxy (D %y (D gy D)---), where (*1,...,%x_1) is a sequence of
two symbols o or e such that there are no two consequative e and
whole number of e is no more than |I|. In particular we see that the
differential order of D* is no more than min(k + 1/2,|I|). This esti-
mate is not strong. One can see that, for n = 2,3 differential orders
of D¥ are given as follows

n=2
k 1 23456 7
ddegDF 1 1 2 2 2 1 —0
n=3
k 123456789 10 11 12 13 14
OdegD* 1 1 2 2 3 3333 1 2 2 1 -

If D€ DeryL,, i.e., Div D =0, then the growth of differential orders
of D¥ given as

n=2
k 123 45 6 7
ddegD*¥ 1 1 2 2 1 —oc0o —o0
n=3

k 1 23 45 6 7 8 9 10 11 12 13 14
OdegD* 1 1 2 2 3 3333 1 2 —o0o —00 —00

We pay attention to a drammatical jumping of ddeg D* in (n, k) =
(3,10). Here we see that D'° is a derivation or that the 10-commutator
is defined correctly on Vect(3). One can check that Div D'° =0 and
hence 10-commutator is a well defined commutator on Vecty(3) also.
Theorem 0.1. Let D = Zf’zl n;0; € Der L3 be odd derivation. Then

D' € Der L3 ® Clzy, 12, 23],

D' € Der L3 ® Clzy, To, 73],

D" =0.
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If DV € Der L3 @ Clzy, 29, 23], then N =2,10,13.

Theorem 0.2. Let D = Zle 1;0; € Der L3 be odd derivation and
DivD =3 0m; =0. Then

D' € Der L3 ® Clzy, To, 73],

Div DY =0,
D' =0.
If DY € Der L3 @ Clzy, 29, 23], and DivD =0, then N =2 or 10.
1. sl,-MODULE STRUCTURE ON U = Clzy,...,z,] AND Diff,(U)
Endow U by a structure of module over Lie algebra gl, =< x;0; :
1,7 =1,...,n,2 %# 7 > . Define an action of gl,, on generators of U
by

xz-@j (8a(us)) = —62-,88‘1(%-) + ZO&jaa_Ej—i_ei (Us)
i=1
and prolong this action to U as an even derivation:
a(XY)=a(X)Y + Xa(Y),

for any X,Y € U. Prolong the ¢gl,,-module structure by natural way
to Diff,(U). Notice that gl, acts on Diff,(U) as a derivation

a(FG) = a(F)G + Fa(G),
and as gl,-module subspaces < w;0; : 4,5 = 1,...,n >C Diff,(U)
and < 0;(u;):4,j =1,...,n > are isomorphic to adjoint module.
Denote by m,...,m,—1 fundamental weights of si,, and by R(y)
the irreducible sl, -module with highest weight ~. Let

DF =< 9" :a € Z”,|a| =5 >
and
U =<0 :a€lZl |af=si=1...,n>.

Since 0; are even and wu; are odd elements, take place the following
isomorphisms of sl,, -modules

Dl =~ R(smy),
Us = R(smy) = R(mp-1).
In particular,
D:=<0;:i=1,... ,n>= R(m,_1),
DR =< 9,0, :0,j=1,... ,n >~ R(2m),
Up=<wu;:i=1,...,n>= R(m),
Uy =<0;(u;) :i,j=1,... ,n>= R(m) Q@ R(mp—1)R(m1+7n—1) D R(0),
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Uy =< aza](us) : i,j, s = 1, e, >= R(27T1)®R(7Tn_1) = R(27T1+7Tn_1)@R(7T1).
We use the following well-known isomorphisms without special men-
tioning:
/\n_lR(’]Tl) = R(ﬂ'n_l),
A"R(m1) = R(0),
/\"Q_IR(Wl + 1) & R(my + m1),
A R(m + 1) = R(0).
Lemma 1.1. a(D*) =0 for any a € gl,.

Proof. If £ = 1 then action of a € gl, corresponds to adjoint
derivation and D corresponds to Euler operator. Therefore,

a(D) = [a, iuzaz] = 0.

If our statement is true for £ — 1 then
a(D") = kD* [a, D] = 0.
O

2. ESCORT INVARIANTS OF NN -COMMUTATORS
Let L = W, be Witt algebra and U = Clzy,...,x,] be natural
L -module. Then
o L =®;>_1L; is a graded Lie algebra,
Ly =<2%0; :|a] =s+1>,
o U = @;>oU; be associative commutative graded algebra with
L,
Us =<z%:|a] =5 >,
e [ actson U as a derivation algebra, i.e.,
X(uwv) = X (u)v + u(Xv),

forany X € L,u,v € U and
e this action is graded:

LiU; CUyy, ©2-1,57>0.
In particular, Ly is a Lie algebra isomorphic to gl,, and all homoge-

neous components L, and U, have structures of gl,,-modules. Then
as sl, -modules,

L=< 82 c1 = 1, - ,(9n >= R(ﬂ'n_l),
Ly=<uz;0;:4,j=1,... ,n>= R(m ) ® R(m,—_1) & R(0),
L =< .Iixjas : i,j, S = 1, e, > R(Qﬂ'l + 7Tn_1) D R(ﬂ'l).
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Let M be graded L-module. It is called (L,U)-module if it has
additional structure of graded module over U such that

X(um) = X (u)m + uX(m),

for any X € Lyu € Uym € M. Call M (L,U)-module with a base
N if N= Mt =<meM:X(m)=0VX € L., > and M
is free U-module with base N. If M;,... , M, and M are (L,U)-
modules with bases and N is a base of M, then a space of poly-
linear maps C(My, ... ,My; M) =< ¢ : My X -+ X My — M > is
(L, U)-module with base and this base as a vector space is isomorphic
to C(My,...,My; M). In particular, to any L_ -invariant polylinear
map ¢ € C(My, ..., M;; M) one can correspond some polylinear map
esc(yp) € C(My, ..., M; N) called escort of 1, by

esc()(my, ... ,mg) = pr((my,... ,mg)),
where
pr: M — N,
is a projection map to N, i.e., pr(z®m) = d,0m. Inversly, for any ¢ €

C(My, ..., M;; N) one can correspond some L _-invariant polylinear
map w :E¢€ C(Ml, ,Mk,M) by
Eo(Xy,...,Xy) = Z E. (Xy) - E, (Xp)o(ar, ... ,a),
a1 EMa,...,ap €M,

where a; run basic elements of M; of the form x%n;, n; run basic
elements of a base of M;. If M; = --- = M, = L all are adjoint
modules then

9°(v)

ol

Epap,(v0;) = 0; 5

Details of such constructions see [3].
Apply this theory for L-module of differential operators M = Diff, =<
uwd*:ueUaecZ? >. Endow M = Diff, by grading:

M, =< 1%9° : |a| =5 > .

Diff,, has a structure of associative algebra, in particular, it is a Lie
algebra under commutator. As a Lie algebra it has a subalgebra iso-
morphic to W,,, and hence it has a structure of adjoint module over
W,. Make Diff, U-module under action u(vd®) = uvd”®. We see
that M-t =< 9> : a € Z7 > and M is free U-module with base
M=t Therefore, Diff, is (L,U)-module.

Define s, € C*(L, M) by

sp(Xy, ..., Xg) = Z sign o Xoy -+ Xo)-

o—GSymk
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We see that s is L_j-invariant and graded:

az’(sk(Xla - 7Xk)) = Zsk(X1,.~ , X1, [8i7Xs]7Xs+17 - 7Xk)>

s=1

forany 0; € L_1,X4,...,X, € L, and
Sk(Lila N ,sz) Q Mi1+"'+ik7

Fix some ordering on the set of basic elements of W,,. Let us take,
for example, the following ordering: z9; < X?9;, if i < j or |a| < |f|
if i =j or o < (8 in lexicographic order if i = j and |a| = |betal. As
we mentioned above any L_;-invariant cochain C*(W,,, Diff,) can
be restored by its escort. In particular, s can be restored by its
escort. Any escort is defined as a polylinear map on its support. Call
a subspace of k-chains a; A---Aa, € AFL generated by basic vectors
ai, ... ,a, such that

sp(ar,...,ap) €< 0" € L) >

as a support of s;. Then supp(sy) has a structure of sl, -module as a
sl, -submodule of A*L. We know that sl,-module Diffl-1 =< 9> :
a € Z% > is isomorphic to a direct sum of sl, -modules R(pm,_1):

<0%:|a|=pacZl >= R(pr,_1) > .

Then supp(sg) is also a direct sum of s, -submodules supp,(si),
where supp,(si) is a sl,-submodule of A*L generated by suppport
k-chains a; A --- A ag such that

sp(ar,...,ap) €< 0 :a €l |al=p>.

So, we see that any standard skew-symmetric polynomial s, induces
a serie of sl, -invariant maps

suppy(si) — R(pmp—_1).

Call such maps escort invariants. So, the calculation problem of k-
commutators is equivalent to the problem of finding escort invariants.

Example. esc(sy) =0 if £ >n?+2n—1 and s,2,9,_5 has exactly
one escort invariant R(7m1) ® R(m,_1) @ A" ' R(2m +7p_1) — R(mp_1).

3. DIFFERENTIAL POLYNOMIALS SUPER-AGEBRA L,

Let Z be set of integers, Z, a set of non-negative integers, Z" a set
of n-typles a = (a1,..., ), € Z,i € I, and 77 = {o € Z"|o; >
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0,i € I}. Let ¢; € Z" with ¢-th component 1 and other components
are 0. Then o =", a;e;, for any a € Z". Set

n
lal = a.
i=1

Endow sets Z77 and Z7 x {1,...,n} by linear ordering: « < 3, if
lal <[]
or
laf = (B8], a1 = B, ... ;01 = Bo1, 05 > B,
for some s=1,--- ,n. Set (a,i) < (B,7), if i<jori=ja<p.

Let £, be an super-commutative associative algebra over a field K
generated by odd elements e,;, where a € Z},i € I. Then

60‘77’6187] = _657.]‘6&,7:7

€a,i(€5,7€7,5) = (€a,i€6,5)Ex,s:
for any o, 8,7y € Z",i,j,s € I. Elements e, eg;-- e, with (a,i) <
(8,7) < -+ < (v,s) form base of £,. We fix this base and call such
elements base elements of £, . Call number of indexes 4,7,---,s of
base element e as its length and denote [(e).

Any base element of £, can be presented as e = el~Uelllell ... lr],
where el*l is a product of ordered generators of a form e,; with |a| =
s+1. Call el s-componentof e and its length [(e*]) | denote it I (e),
call as s-Length of e. Thus,

l(e) = > life).
i>—1

Let 0; = a%,i € I, are partial derivations of U = Klzy,...,2,)].
Prolong these maps to maps of L, by

0iegj = €ate,j-
It is easy to see that 0; satisfies Leibniz rule
Oi(ep,j€v,s) = (Diepj)eys + €5, (0iey,s),
for any 3,7 € Z’,. So, we have constructed commuting even deriva-
tions O4,...,0, € Der(L, ® U) and
Cai = 8a€0,i,

for any aw € Z'7,i € I. Here 0= (0,...,0) € Z7.
Space L, has three kinds of gradings. The first one, Z"-grading is
defined by

Hea,iH ==&
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and for other base elements are prolonged by multiplicativity,
lleai€s; - eysl|=a—ei+0—ec;j+---+7—es.
The second grading is induced by Z"-grading. It is Z-grading de-
fined on base element e = e, e5;- €, by
el = —l(e) +|a] + |8] + -+ 7],

The third grading is defined by length. Let [(§) = s, if £ is a
nontrivial linear combination of homogeneous base elements of length
s

Call
wt(e) = [af +---+ 5] = I(e)

weight of e. A parity on L, is defined by length. Let LI be linear
span of base elements u with [(u) = [. Let L£I%] be a linear span of
base elements u with [(e) = [, wt(e) = w.

Example.

LV = (eqila€Zmi=1,...,n),
57[?] = <€0,1 o '€o,n> )

[,7[11’_1] = <60,i> .

Proposition 3.1. L, is associative, super-commutative graded alge-
bra:
(uwv)w = u(vw),
v = (—1)q(“)q(”)vu,
En = @121@2—715%’1”],
E[l’w]ﬁll’wﬂ C £[l+l1,w+w1}.

for any u,v,w € L,.

Note that any base element uw € L, can be presented in a form
Uu_1ug - - - u, where ug, s = —1,0,... 7 are base elemenents and uy are
products of generators of weight s. We say that base element v € L,
has type (I_1,lop,... 1), if u is a product of l; generators of weight
s, for s=—-1,0,...,7.

Lemma 3.2. Any base element u € L,, satisfy the following conditions

> Li(u) = 1(u),

i>—1

> ili(u) = wt(u),

1>—1

Li(u) < n("“), i> 1.
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Proof. First two relations are reformulations of grading property of
L, (proposition 3.1). As far as last two relations, they follow from the
fact

n+1
{a € Z2]al =i+ 1} = (2;)

Example. Let u = 1710?120,05m5. Then u is odd base element of
type (1,0,2) and I(u) = 3, wt(u) = 1.

Let Diff,, be an algebra of differential operators on L, . It has a
base consisting differential operators of a form ud“, where a € Z%
and u is a base element of L£,. Endow Diff, by multiplication -
given by

ud® - vd’ = Z <oz> ud v,
Y
v

)-n()

Multiplication - corresponds to composition of differential operators.
Endow Diff,, also by two more multiplications o and e. They are
given by the following rules

ud® ovd’ =3y (a) udvd* P,

7#0

ud® o v9® = ywd* P,

Here

We see that
X Y=XoY+XeY,

for any X,Y € Diff,.
For a base element X = ud® € Diff,, define length 1(X), weight
wt(X), parity q(X) and differential order ddeg(X) by

I(X) = l(u),
wt(X) = wt(u) + |af,
q(X) = l(uw),
ddeg(X) = |a|.

Let
Diffld = (X|ddeg(X) = d) .

Diff, ) = (X|I(X) =1, wt(X) = w),
Difflbed — (X|I(X) =, wt(X) = w, ddeg(X) = d) .
Denote a space of differential operators of first order Diffl! by W,.
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For a differential operator X = Yaczn V,0% € Diff,, define its
differential order deg(X) as maximal |«a|, such that v, # 0.

Proposition 3.3. Space of differential operators under different mul-
tiplications have the following properties.
The algebra (Diff,,-) is associative super-algebra:

X-(Y-Z)=(XY) - Z,
forany X,Y,Z € Diff,. This agebra is graded,
Diffn = @505 —nDi ffI)]
Diffy!- Diffyrer C Diffifiveted,
The algebra (W,,,0) is super-left-symmetric:
(X,Y,2) = (=1)"(y, X, 2),

for any differential operators of first order X,Y,Z , where (X,Y,Z) =
Xo(YoZ)—(XoY)oZ is associator. Moreover, super-left-symmetric
rule is true for any X,Y € Difflll. Z € Diff,. This algebra is graded,

W, = @l>0,w2—nw1gl’w]>
Wikl o e C pyl+bwte]
The algebra (Diff,,®) is associative super-commutative:
XeoY = (—1)13N)y o X
Xe(YeoeZ)=(XeY)eZ

for any XY, Z € Diff,. This algebra is graded under length, weight
and differential order,

Diffn = 150wz -nazoDiffi" 7,
Dz’ff#w,d} ° Diffgl,’wl,dl} C Diffg“lvw‘*‘wlvd'irdﬂ'

Any differential operator of first order under multiplication o acts
on (Diff,,®) as a derivation:

Xo(YeZ)=(XoY)eZ+ (—1)1¥1V)y o (X 0 Z),
forany X € W,..Y, Z € Diff,.

Proof. Notice that natural action of W, on L, coincides with
left-symmetric product:
X(n)=Xon,

for any X € W,,,n € L,,. Therefore, we have the following connection
between composition and left-symmetric multiplications:

(X-Y)(n) # (XoY)(n)
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but
(X -Y)(n)=XoY(n),

for any X,Y € Diff,,n € L,. Moreover,composition of differential
operators of first order can be expressed in terms of left-symmetric
multiplication,

(X -Y)(n) =Xo(Yon),
forany X,Y € W,,n € L,. Thus,
(XoY+XeY)(n)=Xo(Yon),

and
Xo(Yon) —(XoY)(n) =(XeY)n).
Since X oY € W,,, this means that

Xo(Yon) —(XoY)on=(XeY)(n). (1)
for any X,Y € W,,, n € L,,. By these facts we see that
([X,Y]- Z)(n) = (X - Y — (=1)11)y. X)(Z(n))
= (X oY +XeV —(—=1)1XM)y o x — (—1)1N)y o X) o (Z(n))
= (X oY — (=1)1XM)y 6 X))o (Z(n)).
On the other hand
(X, Y]-Z)(n) = (X - (Y - Z) = (=1)"OVY - (X - Z))(n)
= X o (Y- 2)(n) — (~1)"™Y o (X - Z)(n)
=Xo(YoZ(n)—(-1)N)y o (X o Z(n)).

Hence,

(XoY —(=1)" 1Y 0X)o(Z(n)) = Xo(YoZ(1)~(~1)" 1Y o(XoZ(n)).

In other words,
(X oV —(—=1)1™1MYy o X)oZ = Xo(YoZ)—(—1)101MYo(X02Z),

for any X, Y e W,,, Z € Diff,.
Other statements of our proposition are evident. [

For a base element X = ud®* € Diff, say that it has type (I_1,1o, 11, ...

if w has type (I_1,lo,...,l.) and |a| =d.

Example. Let X = 7]1773817]1827]1827728182837738182. Then X is base
element of Diffs of type (2,3,0,1;1), weight 2 and differential order
2.

ey d)
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Lemma 3.4. Any base element X € Diff, satisfies the following

conditions:

> LX) =1(X),

i>—1
> ilLi(X) + deg(X) = wt(X),
i>—1

n—+1

. < > —1.
lZ(X)_n<i+1>’ 1> -1

Proof. Follows from proposition 3.3 and Lemma 3.2. [J
Let Diff{l-vlo-lnid) he a subspace of Diff, generated by base el-
ements of type (I_1,lp,...,l;d). Let

T(lfl,lo,...,lr;d) . lefn — Diffél_l’l()?"'vlﬁd),

74 : Diff, — Diff}!
be projection maps.

Polynomial space U = K|zy,...,x,] has natural gradings:
|zl = o, [2%] = |a].
It has standard base {z® =[]}, ;| € Z"}. These gradings on L,

and U induce gradings on £, ® U.
In previous section we define parity ¢ on £, ® U. Below we set
i = €0,i-

So, instead of e,; we can write 0%n;. Then for n = 0%'n;, ---0%%n;,
we have

l(n) =k
We identitfy £, with £, ® 1 and consider £, as a subalgebra of
L, U.

4. DIFFERENTIAL OPERATORS OF FIRST ORDER ON [,

W, = Diffll has two algebraic structures. The first one, a structure
of super-Lie algebra, is well-known. Let

[Dy, Dy] = Dy Dy — (—1)21PVeP2) ),
be super-commutator. Then
[D1, D) = —(=1)7P0aP2) Dy, D],
[Dy, [Da, D3]] = [[Dy, Ds), Dy] + (=1)"PV1P2 D, [Dy, Dy]].

Notice that
q(£0;) = q(§),
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for any & € £,,. Recall that for any D € W,,, corresponding adjopint
operator
adD : W, =W,

is a derivation of W,,. Therefore, W,, can be interpretered as a deriva-
tion super-Lie algebra of L,,.

The second structure of algebra on W,, can be done by left-symmetric
multiplication. It is less known. Define a product o by

(£0:) © (nd;) = £0:(n)0;.
Then for ant Dy, Dy, D3 € W,
(D1, Da, Dy) = (=)"PV4P2)(Dy, Dy, Dy)
(left-symmetric identity). Here
(D1, Dy, D3) = Dy o (Dgyo D3) — (Dq o Ds)o D

is associator.
Remark. Let Diff(*) be subspace of Diff, of order no more than
k. Well known that

Diff” =U c Diff" c Diff® c ..
is an increasing filtration on Diff,,
Diff® - Diff{ C Diff¥t9, ks >0.

So, Diff) has a structure of algebra under composition operation, if
k=0, Diff) has an algebraic structure under commutator. One cas
ask about algebraic structures on Diff*) for k > 0. In other words,
is it possible to find some N = N(n, k), such that

Xi,..., Xy € Diff¥) = sy(Xq,...,Xn) € Diff®.
One can prove the following

Theorem 4.1. Let n > 1. Then 5,412 = 0 is identity on Diff(V

and Sp249n, Sp21on—1 are well-defined operations on Diff,gl). Moreover,
Sn2qon(X1, .o s Xp2yan) € DifflO) for all Xq,..., X249, € Diff(V.

5. CALCULATION OF D"

Let n1,...,n, are odd elements and
i=1

1,j7=1

Notice that
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e Dc W

e F is even element of W,

o [ (F)=11)(F)=1,l4(F)=0,s > 0.

Therefore,
DF € Diffol,
Define left-symmetric power D°* by

D% = Do D¢V if k> 1,
D= D

15

Similarly one defines bullet power D*! and associative power D*.
Since multiplications - and e are associative, in last cases D**¥ and

D* have usual properties of powers
D* o D* — Dok+s),
D* e D = Dt
These facts are not true for left-symmetric powers. For example,
Do (Do D) = (DoD)oD>
but
DoD*oD)#(DoD*oD.

Lemma 5.1. D2=F.

Proof.
D?>=D-D =Y n0m;0; + > nin;0:0;.
ij=1 ij=1
Since n;n; = —n;n; and 0;0; = 0,0;, we have
Z ’f]ﬂ]j&z'&j = 0.
ij=1
Thus,
D2 == Z 7]1827]]8] =DoD=F.
ij=1
Lemma 5.2. D°?") = F°" for any n=1,2,3,---
Proof. We use induction on n.

If n =1, then nothing is to prove.

Suppose that
Do(2(n—l)) _ Fo(n—l)

for some n > 1. Then by definition
DO(Qn) — Do (D o DO2(n_1))
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Since D is odd, by left-symmetric property of (W,,o) (proposition
3.3)
(D,D,G) =
for any G' € W,,. Thus,
Do(DoG)=(DoD)oG.

Therefore,

D°®" = (Do D)o D°Gn=1),
By inductive suggestion,

Do(2n) — Fo Fo(n—l) — Fon
Lemma 5.3. Fo F*% = Fe(-1) ¢ [12

Proof. Since F' € W, is even derivation, any any left-symmetric
multiplication operator acts on (Diff,, ) asasuper-derivation (propo-
sition 3.3) we have

Fo(F*F)=(FoF)eF+Fe(FolF).
By commutativity of bullet-multiplication this means that
FoF* =2FeF®

Easy induction on k based on a such arguments shows that our lemma
is true in general case.

Lemma 5.4. D* = F°? 4 [*?
Proof. By Lemma 5.1 and by associativity of o,
D'=D>.D*=F-F=FoF+FeF.
Lemma 5.5. D = F°3 4 3F @ F°2 4 ['*3,

Proof. By Lemma 5.1 and Lemma 5.4,
D*=D*.D'=D?*o D'+ D*eD*
=Fo(F?+F*)+ Fe(F?+F*%)

F3+FoF®+ FeF”+F*%
Thus by Lemma 5.3,
Db — 3 1 3F & [°2 1+ ['*3.
Lemma 5.6. D8 = F°* 4 3F°2 @ [ 4 4F @ [°3 + GF°? @ F*? 4 [*4,
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Proof. By Lemma 5.3
FoF* —3F°2 ¢ [*2.
Therefore, by Lemma 5.1, Lemma 5.5
D¥=D?.D%=D?o DS + D* e D°

:FO(F03+3F.FO2+F.3)
+F e (F% +3F ¢ F2 + F*?)

:FO4+3FO2.FO2+3F.F03+3F02.F.2
+F.Fo3+3FO2.FO2+FO4

:FO4+3FO2.FO2+4F.F03+6FO2.F.2+F.4.
Lemma 5.7.
DIO — Fo5
+5(F? e F* + Fo (F e F%))
+5(2FO3.F.2 +3F. Fo2 .Fo2)
+4F02.F.3+6F02 .F03+F05

Proof. By Lemma 5.6 and Lemma 5.3
D" =D?0D*=D?0 D* + D? e D¥

=Fo(F*+3F?eF? +4F ¢ F* + 6F ¢ F** + ['*%)
+F.(FO4+3FO2.FO2+4F.F03+6FO2.F.2+F.4)

:FO5+3FO(FO2.FO2)+4FO(F.F03)+6FO<FO2.F.2)+FO(F.4)
+F e F* +3F e F? e F? 4 4F*? 0 F?* + GF** 0 F** + F*)

=F® +6F? e +4F°° ¢ F** 4 4F o [
+6F03.F.2+12FO2.FO2.F+4FO2.F.3
+F.FO4+3F.FO2.FO2+4F.2.F03+6FO2.F.3+F.5)

_ F05
+10F°? @ 3 + 5F @ 4
+10F° @ F*2 + 15F o F°? o F°?
+4FO2 .F03 +6FO2 .F03
+F.5.
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By Lemma 5.3,
Fo(F®eF)=F"eF+F”eF?
Thus
OF2 ¢ [°3 1 [ @ 4 —
F?eF® + Fo(FeF%).
Our lemma is proved.

Lemma 5.8. For any G € Diff,,
Fo (H n. G) = 0.
r=1

Proof. We have
10 (1;)0; (1~~~ 1)

:Zé-sa

s=1
where
§ = niainjnl ce 773_16]- (ns)ns—l—l .

If s+#1i, then

58 = j:lr]inzfi,s,
where

gi,s = 6mjajns H Ny
r#i,s
Since n;m; = 0, this means that
SS = O,

if s#14. If s=1, then
& = T1mi0im;0;1; E[m — amjajm(l:[ )-
We have .
Z Oim;0in; = 6 + Oy + 05,
where o

01 = 0m;Om,

i<j
Oy = Z OimiOim,
O3 = Z 82‘773'83'772‘7
i>j
Since elements 0;n; and 0;n; are odd,
th +0; =0, 6 = 0.
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Thus,

© G i7lj 3772 .G = 0.
(I1 Z O, H =0
r=1

7,7=1
Let
Diff¥ =< wd*|u € L, 0 €Ty, |a| =5 >

be a space of differential operators of order s and

7y : Diff, — Diff!
be projection map.
Lemma 5.9. If n=3, D =" ,w0;, and u; are odd, then

nD = F%,
7 D'’ =5(F ¢ F*° + F o (F & F*?)),
DY = 5(2F°% o [ | 3F @ F°? o F°2),
D=0,  s>3.
Proof. Follows from Lemma 5.7 and from the fact that F** =0, if

s > n.

Conclusion. To find D' we need to calculate F°%, for s =1,2,3
and F*2.

6. SECOND BULLET-POWER OF F
The following calculations are not difficult.

£ 202 = —2m1120111 0211

.

F771773 07 — _7717732817]1837718%,

F772773 92 = _27727]3827]1837718%,

7. SECOND LEFT-SYMMETRIC POWER OF F

It is not hard to obtain the following results.

02 _
F771 01

7]1(—2317]15277151772 - 2317713377151773 + 827]1817]282772
— 091103120113 + 031101120213 + O31101130313) 1,

F772 o

N2 (=011 02110212 — 01110311 02m3 — 0211 03110113
— 0911 031202m3 + 031102120213 4 031102130313 01,
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F7;32;31 =
13(—011m1021m103m2 — 011103110313 — D211 02120312
+02m1 0311 01m2 — 021103120313 + O3m103120273) 01,
F:fm;& =
mn2(—=01m 010 — 8117283171 — 01130,03m1
+0om Oy + Domp01 0211 + Dom30105m1) 01,

F2(ms; &) =
mn3(—01n10103m1 — O1120203m1 — 81”3@?”1
+03m O + 0312010211 + 031301031101,
F;22n3;31 =
N2n3(—02m10103m1 — Oam20203m; — 8217383%171
+03m 1031 + D103 1 + D3n30205m1) 1.

8. THIRD LEFT-SYMMETRIC POWER OF F

In this section we give results of some calculations concerning F°% =

Fo(FoF)

F’?lg;al -
M1 (201010211 0112031202134-201171 0211 0217203120113 — 60111 0211 D31 11720113
—20117103110312011)3031)3—201 110311 0112021202113 — 20111 0311 0112021130313
+20111 0371 031201130213— 20211 0112021190319 02113+ 0211 01120312 0213051)3
— 0211 021203120113031)3+20511 0311 0112011130313 — 20211 03111 0111202120113
4031101120212 02130313 — 0311 0212031201 1)30213— 20311 03120111302130313 ) O
(all together 15 terms )

F7;23;31 -
12(20111 0211 021203120213 — 20111 0211 0311 011720213 — 201171 0211 0311 02120113
— 011110211 031202130313 — 0111 311 0211202130313 — 202110311 0111202120213
+0211 0311 021201130313 4 02110311 O3120113027m3) 01 -
(all together 8 terms)
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Fo3 —

13;01
7]3(817]1527715277283772837]3—23177132771837]1817]233773—2817]1827]13377153772817]3
+0111 0311 0212031205m3 — 20111 0311 0312021130513 — 0211 03111 01120212053

—0omM1 031 011203120213 + 202110511 0312011303M3) O -

(all together 8 terms)

F77013772§81 -

M n2(301m1 01720212051 + 301110112021m30203m1 + 4017101 302m305m
— D1 O1n305130205m1 — 201110211 011201021y + Oy Oamy Oy 12031
=501 02m10113010311 + 0111 02110113020312 — 201110211 021201 0212
+ 11 Oy Oz 0 1 — 3011710211 Dam301 0312 + 301110211 D i3
+011m1021)1 0312010513 — 40111 0212011305051 — 20111 021)2021301 0311
—20111 0213033010311 + 0111 D31 120313 + 30111 D11 01130100y
+0111 0311013020313 — 301110311 021201021)3 + 01110311 0213010212
—30111 0511021301 0313 + 817]18377182773an1 + 01110311 0313010213
+111 0312013051 + 20111 03m20211301 0211 — 301112021205m30203m
—30112021305130203m1 + 381772337723277333771 - 431U332773337733§771
+20511 0172013020511 — 20211 0112021m201 001 + Do D1120211203 12
+205171 0112051302051 — Doy 0117205120313 + 20011 0117302130312

+302m101m303130103m1 + 011 02120113010311 — 02111 0212011302031)2
— 0110212021301 031 + 0211 0212031201023 + 205110311 011201 0213
+20511 0371 D1 3010513 — 4021103 01305 — Dom1 D311 Oamz D1
— 0o O3 031307 m3 — 20011 03m201m30100m1 + Do11031m201m30205m3
—Da11031205m301 0313 — Oam1 D31202m307 11 + 203m201130213051,
+20212011303030203m1 + Dan202n303m301 0311 — 821728377281773822771
—20512051m200m301 0211 — 2037012013051 + 20511 0111205120313
—20511 0112051301021 + 20511 017202130505m3 — D31 111202130512
—33771517728377383773 — 403m101m305m30103m1 — O3m10113051302051)2
+28377181773827]3832,7]3 — O3m101M303n301 0011 — O31m1011303130,0313
+303m1021m201m301 011 — 20311 0212011302033 + 03171 0212021301 0212
+03m1 0212013071 + 0310212051301 Oam3 + 3110213031301 033
+05m10om3031307 M1 — 3031120111305m30205m1 — O312011305m305m
+031205m303130,02m1) 01 .
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(all together 76 terms)

F;fn:&;al -

N3 (—011101120212020311 — a17]1317725277385771 + 4317]1517725377283771
+A401171 0111203130551 + 301110113 D31303 11 + 30111021 1120131
+O1 1 Oy 0112020512 + Oy D D113 0312 + Oy Doy a1 D31y
— 3011710211 0311072 — 3011710211 031201021 + D111 Oa11 D311201 03173
+8177182771337723%771 — 30111 0211031301032 + 20111 0212051201 0211
—501m10311 011201 02m1 + 011103m1011202031m3 — 201110311 011301 03
+0111035m 013033 + 0111 D311 0am301 0310 — 3011103171 051201 0173
—20111 0311051301 03m3 + a1771(37377157:’,7]33%771 — 301 0312011305031
—2011103m205m301 0311 + 20111 0512031301 0211 — 81n262n2627736§771
+4011205m2031205 1 + 2011205120513020311 + 0172021303303,
—30112031202m30203m1 + 281772837]283773822771 + 232771817]23177383771
— 0110112021201 0311 — D11 0112021202031 — 40211 0112031201021
— 091 011203120,03m3 + 282771817]283772822772 — 30211 0112031301031
+20511 0112033020512 + 20511 017305m303512 + Oam1 Oam2 013951
— 0911 0212031201 0212 — 52U132772337723%771 — Oa111 0212031301031
—20,11 0311011201021 + 432771837]151772812771 — 20,11 0311013010312
+0311 83171 03120702 + D311 D311 Dz 033 + 20511 831201301 D3
—20911 0520111302031 + Oam1 D3m201m30313 — Oz D311203m301 03
—827]183772537738%771 + 30212031201m305031)1 — O2120312021301 0311
— 0120312031301 0211 — 20311 01120113020311 + 3031m10112021201 011
+20311011205m30,05m1 — 0311 011)20213020313 + 233771(917725377283773
— 0311 0112051301 0amy + 0371 O112031130205m3 — D311 0117302m303m2
—20511 013031301031 + O3110111305130315 — D311 02130571301 0313
—20511 0512013020513 + D311 032021301 02m2 + 0311 031202m307 1
+0511 0312051301 0amp3 + 3031201m302m30311 — 305m2011305m30205m;

+2031205m3031301 031 )1 .
(all together 76 terms)

Fo3

n2m3;01

772773(8177132771317723233771 + 51U132771317733§771 + 8117162771627728183771
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+011102m1021202 03 + 317]13277152U38§U2 — 01110211 0311010212
—01110211 051 01 0313 — 23177132771337713%771 — 0110211 031201021
—31771527718377283772 — 0110211 0313020312 + 231771827]233772522771
+20111 0212031302031, + 281U132773337738§771 - 817713377131772322771

—O1m103m1 0113020311 + 01110311 0a120203m3 + 0111031102301 031y
+81771837]1827]38§7]3 - a17]153771337723;773 — 01110311 031301021
— 0111031 0313020313 — 20101 03120213020311 — Do 0112021202031
+232771817]2837728227h + 02m1011203m30205m1 + 827]1817]3837738§n1
+0o1m10am201m305m1 + 2110320513052 — 30211 02120571201 001
—0am102m20312020313 + 82771527728377283772 — 2001 0212031301 0311
+0a11 0212031302031 + 2827713277333773332,772 — 20511 03m101m20105m
—20511 0311011301031 — 021110511 021201 0212 + 282771337718277283771
— 0110311 0213010312 — 011 O3171 031201003 — Oa11 0311031301 0373
+205m1035m1031307 1. — 2051 0512011130505m1 + Doy O31205m30103m1
—20211 0312021302032 + 827]18377282773332,773 + 011031203301 021y
—0a1103120513050313 + 32772027730377335771 — Dana 0312051305051
+02112051m203m305 1 — 3110172022051 — 20311 011200130505m
+ 031 11123130511 — 20511 011302m305m1 + D311 0113031130205,
+031m1 0220113020311 + 0311021205301 0311 — 3111021202132 0312
+2537713277233772322773 — 20311 05m2031301 0511 + 0311 0212031302051)3
—3031m10am3031301 0311 — 0311 02130313020372 + 837]182n3837738§773
+0311 0312051301 02m1 — 20311 0512021302031)3 + 831718377282773822772

+837]1837]2837735§773 — 031202130313020311 ) 01 .
(all together 71 terms)
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9. QUADRATIC DIFFERENTIAL PART OF DY

For G € Diff, denote by Gni1-~~mk;8“ projection to subspace of
Diff, generated by differential operators of the form 7;, - - - n;, 15 50 0Pu,0%.
For example, if

G = —511091203m201051301 + i3 0211 011301031305

—77177331771327713277331323377332 + 977177331771327713277331323377332
—Tmn301 1031201 13020,021303,
then

Gn1n3;8§ = 77177332771317738135’773332, - 77717733177183772817733%3253%77353%-
Lemma 9.1. F°>e F° + F o (F e F°) = 0.

Proof. Let
Q=F"?eF*+ Fo(FeF»),

It is enough to prove that 97 -part of @ is equal to 0. Then by sym-
metry 03 -, 03 -parts of @ should be 0, and 0105-, 9,05-, Ds05-parts
of G also will vanish.

Let us show how to calculate 17,79130% -part of Q.

Notice that 1;7.130? -part of F°* e F°3 denote it by G, is equal
to

G, =
02 03 02 03 02 03
F771§81 d F772773;<91 + F772;<91 ¢ Fn1773;31 + F773;<91 ¢ anz;81+
F02 ° FO3 + F02 ° FO3 + F02 ° FO3

n11m2;01 13;01 n1in3;01 12301 12m3;01 n1;01°

Using results of sections 7, 8 we obtain that

02 03 02 o3 02 03
F771§81 * F772773;<91 + F772;<91 * F771773;31 + F773;<91 * F771772;31

= 7717727]3(—53177182n1817]2827]28277383n38§n1+1481771827]1817]28277283772827]38283771
—8177182771817]2827]2837728377383771 — 801M1021m101120312051)3051)302031)1
+9317718277182772337723177382773832, M + 401110211 0212031201 13031302 0311
+301171 0211 031120511205113051301 D311 — 801110211 D311 011201 11305m305 1
+80111 02110311 011201M303130203m1 + 8011102110511 0112021201130 031,
—6011102110311011202120213020313 — 31771(927]15377131772827728277353773
+100,171 0211 0311 0120211205205 13 — 2011710211 0311 0111202112 05m301 Oy
+40111 0211 0311 01 112031205m30503m3 — D171 D31 D311 D112 0211203713052
— 4017105111031 0120213031301 0311 — 8011110211031 0112021)3031302031)2
+231771(927]1837]18177282n3837]33§n3 - 881771327718377181772537728177383771
+20111 0211 031 0112031202130 0211 — 8011102110311 011120312021302031)3
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+731771827h53771317728377282773822772 + 5(91771827]133771317728377283773522773
—1081771827]1837]181n382773837]38§772 + 58177152771837]1827723177352U38§U2
—20111 02110311 021201 130313010511 + 401110211 0311021201 1130513020512
— 011102110311 02m20113051303m3 + 5011102110311 0212051303301 0312
+40111 02110311 0212032011301 0211 + 801110211 0311 02120312011302051)3
—28177182771837]152772337728177383772 — 701110211 031103120312021301 0213
—20111 02110311 0212031202130103m3 — 5011102110311 0212.03112031301 0213
+201110211 031 O312011)302m301 0311 — 8011102110311 031120113021302031)2
+70171 0211 03171 031201 11300m303 13 — 6011710211 03171 0311201 13051130203173
—317713277133771337723177333773522772 + 2011102110311 O312051)3031301 0212
+70171 02110311 0311205113051301 0313 + 13011102171 311201 m3021m303m305 1
+401171 0511 0172001120511305130503171 — 13011103171 01120512 05120513051
+901171 9511 0172051205m305m305 1 + 111 031 0o1201m302m303m305m
—80111 0311 0212031201 130213020311 — 5317]13377152772837728177383773822771
—30111031)102120312.021)3031)301 011 — 1401171 0311 031201 1130213031302 0311
+02m1011202120312021303130203m1 + 5277132772337723177332U333773a§771
—20511 0311 0120117305m303m130511 — 40211 0311 0112051201 3021305
+60211031m101120512011)30313020311 — 802110311 011202120513051301 311
+0211031101120212021303113020312 + 32771(937]151U252772827I3a37735§773
—205m1 0311 01120212031m2011305 1 + 1302110311 0112.0211203112.051301 Ot
—20511 0311 011202120311202130203m3 — 2327]13377151772827728377252773822772
+20511 0311 011203m2011130213020311 — 432771837]18177233772517738377383771
—5021m1031101120512021)3031301 0211 + 0211 031101120512021)30313020313
+0911 031 0112031909m303130319 + 50511 0311 0219031201 1305m301 O3
—0a11 0311 021203120113021)302 0319 — 82771837]1827]2837728177382773832,773
+80a11 03111 0212031201 113031301 0211 — 0211 0311 0211203120113037)302037)3

— 01110511 Oa12 0320130513052 + 1300110311 031201m302m3031301 O3
—20511 051103201 11305m3051130505m2 — 20517 0311031201 30211305m303 13
—537718177232772337728277383773822771 - 3377132772337728177382773337733283771)5%-
Similarly,
Fo2 o %3

n1n2;01 13;01

+ Fo2 ° F03

02 03 _
+ F o I 1213;01 n;01

Mn3;01 12;01
771772773(—481 110211 0112021205120213020311 401110211 01 772527723377233773822771

+301171 0911 011120312021303m30203m1 — 40111 021710212031201 13021305
+3177132771327728377281773337733283771 - 35177182771827723377232773837738133771
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+8817]182n163771817]281n3827733§771 — 801110201 031101120113031302031)1
—80111 02110311 011202m201 13020511 + 401110211 0311 01120212021301 0311
+011102m1 0311 011202m2051301 0211 + 601110211 0311 01120213051301 0311

+8817]1527716377181772837725177363771 — 501110201 0311011205m2021301 211
+011102m1031m1 0212011305130 03111 — 6011102110311 021120512011301 211

+301171 0211 03171 0212032001307 11 — 5011710211 031710511201 3021301 D31

+40111 02110311 0312011303130 0211 — 33177182771837]133772327738377383771

—30111 0211 311201 1130211303m303 1 + D111 D311 D1 11201120213 D3m302 031y

+30111 0371 011720211203m205m305 1. — 4011710371 17102031m205m3031305 1

—817]1837]182n281773827]3837]33§7]1 + 30111 03m1021203120113021302 0511

+30111031102120312021m3031301 Oam1 + 401110311 0512011)30213031302031,1
— 0911 0112091205190213031302 0311 — 827713277233772317733277333773332,771
—1—2(927]1837]181n281773827]3837]35§7]1 + 4827]1837]18177282n2817]3827]38§7]1

—6051103110112021201m303m30205m1 + 402110311 011202120213051301 0311

+20211 031101 112021203m201m303 11 — 50311 0311017205m20312021301 0oy

—20,11 0311 01120312011302m30203m1 + 462771337713177233772517733377333 n

+0211 0371 0112031120213031301 0211 — D211 03111 021203120113021)301 0311
—40,1)1 0311 0212031201 13031301 0211 — 50211 0311 031m2011)3021)3051301 0311
+337713177232772337723277333773522771 + 5377132772337723177332773337733233771)53-

Thus,

G =
7]1772773(—581771827]1817]282n282n3837]38§7]1+10317]1827]18177282772837]2827]382837]1

—50111 02111 0112031202m303130203m1 + 5(9177182771827]2537725177382773832,771
+50111 0211 0212051201130313020311 + 4011102110311 0112021m2021301 0311

—601110211 0311 01120212021302 0312 — a1771327713377131772327723277zaa§77z)>
+1031771827]1837]131772527728377283773 — 01102111 03n1011)20212031301 0211

+40111 0211 0311 Oy 112031205m30503m3 — D171 D31 D311 O11202712 03713052
+20111021m10311 0112021305301 0311 — 8011102110311 0112021)3031302 0313
+2817718277183U1817]2827I3537738§773 — 301110211 031101120512021301 211
—80111 02110311 01120312021)302 0313 + 731771827]1837]131772537728277383772

+501 1719211 0311 011120312051305m3 — 100,17, 0211 D311 0130213051303 12

+58177182n1837]1827]281773827738§772 — 011021110301 021201 13031301 0311

+40111 0211 03171 021201 0303m30503m3 — D111 Doy D1 Do 11331130313

+50111021m103110212021)3031301 0312 — 2011102110311 0212031201130 211

+801171 0211 03171 0212031201 130203175 — 20111 031710311 02120571201 7305 12
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— 7017105111 0311 021203112051301 0212 — 2011710211031 0212031202130, 0313
+3317]132771337718277283772327738%771 — 5011102110311 0212031205130, 0213
—3011102111 0311 0312.0113021301 0311 — 8011110211 0311 O312011)3021302 0319
+ 7011102110311 031201 773827]38§ N3 + 401110211 03111 0312013031301 0311
—60111 0211 0311 031m201130313020313 — 31771(927]153771537728177383773822772
+20111 02110311 0312023051301 0212 + 7011102171 0311 03120213051301 0313
—301m 02110311 0312051305307 1. + 10011710211 0311201 11305m305m303 11
+50111 0311 01120212051130313020311 — 1031771(937]151772527728377282773522771
+5817]1837718177283772827738377385771 — 501110301 0212031201130211302031)1
—50111 03171 02120312011303m305m1 — 10011103171 03m201130213031302 0311
—40511031m101120512021)305m301 0311 + 011 031101120512021)303113020313
+8277183771817]2827725277383773832,773 + 802110311 011202120312021)301 211
—205171 0511 01720211203m2021130503m3 — 20517 03171 0111202120312 02130512
—40511031101120512021)3031301 0211 + 0211 031101120512021)303113020313
+32771337713177233772327733377333 N2 + 402110511 021203120113021301 31y
— 0110311 02120312011)3021302 0319 — 327713377132772337723177332773332,773
+40211 0311 0212031201m3031301 021 — 021110311 021203120113031)302031)3
— 09110311 012031901 1303130319 + 80911 0311031901 130213031301 O3
—2011 03171031201 1305113031302 0312 — 20211 D311 D312 0130213031303 13) 05

Now calculate 7;7:n30% -part of F o (F e F3). Set G = F o F*3. It
is easy to see that

— 03 03
Gmng;@% - Fm;(% d an;c’h + F772;31 o Fn1;817

— 03 03
Gm”i*?a% = Hmson @ F773;81 + Fopgon @ Fn1;81>

— 03 03
G??2?73;<9f - F?72;<91 d an;al + Fn3;81 o I ;01 *

0
By results of section 8,
2
Gnmz;af = Mty n, 01,
2
G771773;8f = N3 Hy, s 07,

_ 2
G772773;8f = 123 H 501
where,

H771772 =
481771817]2827]1827728277383771 - 28177181772827]1827]38377183773
— 011 01M309m1 02120511 0313 + 3011101130211 O2n30311 0312

+517723277132772327733377133773 + 811738217182772627736317183172
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+201130211 02130511 03120373,
H’?1773 =
— 011 011205m1 02120511 0313 + 30111 01120211 O2n30311 0312
—2011101M30211 021203110319 + 4011101130211 0311 03120373
—201120211 021202130511 0312 — 01120211 02130311 03120313
— 01130211 02120311 03m20373,
H772173 =
— 301110211 021202m30511 0312 — 301110211 02130311 0312037)3.

Thus, 71791307 -part of F o G by Lemma 5.8 is equal to 1121305 -

part of
Fo (Gmnz;@f + Gnmmaf + an%;@f)'
So, mnanzd? -part of FoG is equal to
771772773(81 (D) © Iy, ps:62 + GQ(D) O Ity ps:02 + aS(D) © 771772;8f)a%

Calculations show that this expression is equal to —G1. So, we obtain
that 7,m91307 -part of F°? e F°3 + F o (F e F°%) is equal 0.

Similar calculations show that sums of 7;n;0? -parts of F°?e F'** and
Fo (F e F°3) are also vanish, if 7 # j. So, we have established that

F?eF% + Fo(FeF%) =0.
10. QUBIC DIFFERENTIAL PART OF DY

In this section we use denotions and results of calculations of section
9.

Lemma 10.1. F°2 e F*2 =

Proof. Recall that G = F e F°3. By associativity and super-
commutativity of bullet-multiplication (proposition ??7) we have

FPe(FeF)=1Fe(FeF%).
So, mnanz0? -part of F°3 e F*2 is equal to
F o (mneHy,n, + minis Hyyg + 1203 Hopyng )07

= mn213(01mor H7727738% — 0ym0, Hmns&% + 035m0y @ Hnlnza%>‘
By results of section 9 it is easy to obtain that

(917]1]‘1772773 = 07
62771[—[?71773 = 07
63771[’[771772 =0.
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So, mnenzd; -part of F°3 e F*? is (. Since number of bullets is two,
nin; 0% -parts and 7;0% -parts of F°® e F*? are also 0. So, 9% -part of
F°3 @ F*? vanishes. By symmetry 0%-part of F°3 e F'** vanishes also
for any « € I's, such that |o| = 3. Lemma is proved.

Lemma 10.2. F e F°2 e [°2 = (.

Proof. Let R = F°?e F°2. We use calculations on F°? ( section 7)
to obtain

anz;af
= mN2(801m1021m1 0311 0117202120213 — 401110211031 011202m30313
+20111 02110311 02m201m303m3 + 6011102110311 031201130213
—20211 0311 01M20212021303M)3 + 209110511 0212031201 1302M3+
40,11 0311 31201113021303m3) 07,

ans;af
= 771773(—2317]15277133771817728277253773 — 6011710211 03m10112031m2051)3
—40111 02110311 0212031m201M3 + 8011102110311 031201130313
—40511 0511 01120212031m202m3 + 202110311 0112051202130313
—205171 05171 02120312011305m3) 05

R

= 1on3(—60111 05710311 021203120513 + 601171 02110311 031205130313 ) 5 .
We have

n213;07

Mmoo, e Rmng;af =0,
7]28277181 L Rmng;af - 07
/’736377161 L Rmng;af =0.
Therefore 7,7,130; -part of I e F°% e [°2 is equal to
momor @ Ry, 00 + 12021101 @ Ry g2 + 1130301 @ Ry 2

= 0.
By symmetry, 11721305 -part of FeF°2e[F°% are also 0 for any o € I',
such that || = 3. As we mentioned above n;- and n;n;-parts of

elements obtained by two bullets are equal to 0. Lemma is proved.
By Lemma 5.9

T3(F5) — 5(2FO3 .F02 + 3F ° FO2 ® FO2).
Therefore, we come to the following

Conclusion. 73(D'"%) = 0.
Proof of Theorem 0.1
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By Theorem 0.1 of [2] if n;, - - -1;,0% -part of D' is nonzero, then
lo] < 3.

So,
D' = 1 (D).

11. N -COMMUTATORS AND SUPER-DERIVATIONS

In this section we explain how escort invariants appear in calculating
powers of odd derivations.

Suppose now [ = {1,...,n} and D = ¥, w;0; € Der L odd
super-derivation. For a € Z7 set

(07

gl =1
a!
Denote by Supp(si) a set of k-typles {(aW,d), -+, (a® i)} with
a® . ak e 7% iy, ... 1 € 1, such that ijzl a® —¢;, has a form
—f3 for some 0# 3 € Z7.
Theorem 11.1.
kIDF =

>0 (uiy )0° (uiy) - - -0 (ug, esc(s) (290, 290, ..., 270;),
where summation is by {(a,i1), (5,42),..., (7, i)} € Supp(sk).

If we use order on basic elements x%0; we can omit the coefficient

k!
D* = > 0 (usy) -0 (s, Jesc(sy) (2

1)

)ain tet >x(a(k))aik)'

Proof. Recall that U = Clzy,... ,z,] and 0; are partial deriva-
tions of U. Let Gry be a Grassman algebra with exterior generators

M,-... M l.e., it is associative super-commutative algebra of dimen-
sion 2*. For U = Clzy,... ,r,] take its Grassman envelope
U=U® Gry.

Prolong derivation 0; € Der U to a derivation of U by
0;(v @ w) = 0;(v) @ w.

We obtain commuting system of even derivations D = {0y,...,0,}
of U. For any fi,...,f, €U and o € Z"} elements 0%u; are odd.
So, we obtain D -differential super-algebra U and we can consider its
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algebra of super-derivations £ =< f0; : f € U > and its algebra of
super-differential operators

Diff =< fo*:acZl,fcld>.

We can endow Diff by composition operation, by left-symmetric mul-
tiplication and by bullet multiplication. In particular, we can consider
L as a left-symmetric algebra and as a super-Lie algebra. Thus,

Ean@)GT’k

is isomorphic to a current algebra with coefficients not in Laurent poly-
nomials as usual, but in exterior algebra.
We see that for any fi,..., f, we can consider a homomorphism

£n—>u,uzf—>fZ,Z:1, , n.

and this homomorphism can be extended to a homomorphism of left-
symmetric or Lie algebras

Der L, — L

and to a homomorphism of associative (left-symmetric) algebras

Diff — Diff

We can use this homomorphism in calculating F* for F = 1, fi0; €
L. In other words, in the formula for D*¥ we can make substitutions
u; — f; and calculate obtained expressions in U.

Use this method for calculating coefficients Af(a.i1),(8,i2),....(v,ix)s1} >
where

D" =37 Main) (si2)o rin)n O (i )07 (wiy) - - 07 (0, )0,
Since numbers of u; -indexes and 0; -indexes are equal, summation here
is done by o, 3,...,v,p € Z" and iy,... i € {1,...,n} such that
a+pB+-+y+pu= E';zl €;,. In other words, summation here is done

by {(a; il)a (67 i2)7 SR (77 Zk)} € Supp\u\(sk)'
Take

F=Xi@om+ - +X,@n €L,
where X; € W,,,i =1,... k are even elements. It is evident that
FkZSk(Xl,... 7Xk)®(7717]k>

On the other hand, if X; = xa(l)@-l, Xy = a:o‘(2)6i2, e, X = 22" 0,
then F' can be presented in the form

k?

k
=1
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where

fi= S e oneu

S:iis=1

summation by s such that i, =i. So, substitutions

u; — Z xa“)@nseu

in D*¥ and making calculations in U gives us on the one side
)‘{a“),il),---,(a(’“%ik);u}a(l)! ca®or m- M+ Y,
where
Y €< 20’ @ Gry : la| > 0,0, € 7" >,
and one the other side
a® al®)
sk(x ' Oigy v, % 0;,) @My -+ M.

Take projections Diff —< 1 > ®mny...n from the both parts. We
have

)\{Ol(l),il)7---7(Ot(k),ik);u}a(1)! cee a(k)'a,u = SSC(Sk)(Z’a(l)gil, NN ,Ia(k)ai )
Thus,
o o®)
€SC(Sk)(JI( ' )ailv o 775( ' )alk) = )\{a(l),h),---v(a(k)vik);ﬂ}au

that we need to prove. [l
Recall that k-commutator s, is called well defined on W,, if

VXy,..., XpeW, = Sk(Xl,... ,Xk) e W,
Denote by s a map A*W, — W, given by
SZ(Xlu e 7Xk) - Z SignaXa(l) © (XU(2) © ( o (Xa(k—l) o Xa(k))))a
oceSymy,
where W, is considered as a left-symmetric algebra under multiplica-
tion f@ e} 98] = f@z(g)aj
Corollary 11.2. The following conditions are equivalent:

DF € Der L

Dk — Dok

s 1s well defined operation on W,.
Sk = 8.

Theorem 11.1 has two-fold applications. We use it in construct-
ing D* by s, and vice versa one can use DF in calculating k-
commutators.
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Example 1. Let £ = 1. Then s;(2*0;) = 2*0;, therefore supp(s;) =<
O;:i=1,...,n> and Supp(s1) = {(0,1),...,(0,n)}. Hence

l)1 = Z@O(uz)sl(az) = Zuﬁz,
i=1 i=1
that we know well.

Example 2. Let us calculate Y = s11(Xyq,...,X51) for X; =
0i,1 <1 <3, Xy=m101 — w303, X5 =1x201, X =130, X7 =105,
Xy = 200y — 305, Xg = 2103, Xyo = 2203, X113 = 230,. Let Gryy
be Grassman algebra generated by 11 odd elements ny,... ,n;;. Take
U = Clzy,x9, 23] ® Gry;. Recall that z; and 0; are even variables.
Consider a homomorphism of super-differential polynomials algebra L3
to U given by

wy — 1+ 1M + Tams + TN + T3,
Ug > Mg + T1M7 + Talg,

Uz > 13 — T3N4 — T3Ng + T179 + T2M10-

In other words make in the formulas for 7;(D) and 7,(D'") corre-
sponding substitutions. Make all calculations in L3 using the formula
O;(ven) = 0;(v)®n, v e Clry,xa, x3],n € Gry;. One obtains that the
linear part of Y is equal to 0 and the quadratic part of Y is equal to
800%. So, Y = 8002
The following results about N -commutators on Vect(2) and Vecty(2)

was established in [1]. 6-commutator on Wy is well defined and it has
one escort invariant

escortasy 1 Lo ® L1 — R(m) = L_q,

escortasi(a, X) = d(ao Div X) 4+ Diva d Div X — 3d Div(ao X).

s¢ = 0 is identity on S; and 5-commutator is well defined on S; and
it has one escort invariant

escortag; : R(2m) @ R(3m) — R(m) = Ly,

escortag (a, X) = —3d Div(a o X).

Below we do similar things for Vect(3) and Vecty(3). Since cal-
culations are too tedious and similar to calculations given above we
formulate final results and give some examples.
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12. 13-COMMUTATOR ON Vect(3)
Theorem 12.1. If n = 3, then 13 -commutator on Ws
X1y, Xq3 € W3 = s13(X, ..., X13) € W
It has one escort invariant
escortsgy = escort(sys) 1 Lo @ N2 Ly — N R(m) & L_,

defined by
escortssa(a, X,Y) =

—d(ao DivX)ANd(DivY)+d(aoDivY) Ad(DivX)
—2(Diva)d(Div X) ANd(DivY')
+4d(DivX oa) Nd(DivY) +4d(DivX)ANd(DivY oa)
+8(da A dX) o DivY — 8(da A dY) o Div X.
Corollary 12.2. escortsgy induces a homomorphism E0®I}1®R(27r1) —
/\3R(7T1) by
(a0;, v0j, w) — da A do;(v) A dO;(w).
Corollary 12.3. s13 = 0 is identity on Vecty(3). Moreover s1o =0
is identity on Vecty(3).
Let

Gij(a) = 0i(a)9; — 0;(a)d;,

u = u(:);161 + .%262 + .%363).
Take place isomorphisms of sl,, -modules

Ly =L+ Ly,
where
L=< X :Diwv(X)=0>~R2m +m1) = R(2m + m1),
Ly = R(m).

Then L; is generated by elements of the form Gij(xa), where 7 < j
a€Z,|af =3 and L, is has a basis {Z;:i=1,... ,n].

Let us give construction of escort invariant in terms of L; and L.
We see that escort(siz)(a, X,Y) =0, if XY € Lior X,Y €L or
a=1=210 + 2205 + 2305. Below we use the following notation

(4,5,k) 81@%83( )
Non-zero components of escort(slg)(a, X,Y) can be given by:
escort(s13)(Gia(a), Gi2(b), &) =
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(_32a(1,0,1)b(0,3,0) 4 32a(1,1,0)b(0,2,1) - 32a(0,2,0)b(1,1,1) 4 32a(0,1,1)b(1,2,0))81
+(32a(1,0,1)b(1,2,0) - 16a(2,0,0)b(0,2,1) 4 16a(0,2,0)b(2,0,1) - 32(1(0’1’1)[)(2’170))82
+(_32a(1,1,0)b(1,2,0) 4 16a(2,0,0)b(0,3,0) 4 16(1(0’2’0)[)(2’1’0))83,

escort(s13)(Gia(a), G12(b), T3) =

(32(1(1,0,1)[)(1,2,0) - 16a(2,0,0)b(0,2,1) 4 16a(0,2,0)b(2,0,1) o 32(1(0,1,1)6(2,1,0))61
+(32a(2,0,0)b(1,1,1) o 320/(1,1,0)[)(2,0,1) o 320/(1,0,1)[)(2,1,0) + 32a(0,1,1)b(3,0,0))8y
H(—16a@00p1:20) 4 304 (LLO2L0) _ 164020530005,

escort(s13)(Gia(a), Gi2(b), &3) =

(_32a(1,1,0)b(1,2,0) + 1602005030 1 16402052105,
H(—16a@00p1:20) 4 394(LLORR1L0) _ 164(0:20p(3:0.0) 5,

escort(s13)(Gra(a), Gaz(b), 1) =

(_16(1(170,1)6(0,2,1) - 16(1(072,0)6(1,0,2) + 16a(1,1,0)b(071,2) =+ 16(1(071,1)6(1,1,1))82
+(+16a(0,2,0)b(1,1,1) o 16a(0,1,1)b(172,0) - 16(1(1,1,0) b(0,2,1) + 16(1(17071)6(0’370))83

escort(s13)(Gia(a), Gas(b), Ty) =

(_16a(1,0,1)b(0,2,1) o 16a(0,2,0)b(1,0,2) + 16a(1,1,0)b(0,1,2) + 16a(0,1,1)b(1,1,1))81
+(32a(1,1,0)b(1,0,2) + 32a(1,0,1)b(171,1) o 32(1(270,0)6(0,1,2) o 32(1(071,1)6(2,0,1))82
+(_48a(l71,0)b(1,1,1) - 16(1(170,1)6(1,2,0) + 32(1(2,0,0)[)(072,1)
+16a(0,2,0)b(2,0,1) + 16(1(07171)6(2’170))83

escort(s13)(Gia(a), Gas(b), 3) =

(16a(1’0’1)b(0’3’0) o 16a(1’1’0)b(0’2’1) + 16a(0,2,0)b(1,1,1) o 16(1(0’1’1)[?(1’2’0))(91
+(_48a(1,1,0)b(1,1,1) o 16(1(1’0’1)6(1’2’0) + 32a(2,0,0)b(0,2,1)
+16a(0’2’0)b(2’0’1) + 16(1(0’1’1)6(2’1’0))82
+(_32a(2,0,0)b(0,3,0) + 64(1(1’1’0)6(1’2’0) - 32(1(0’2’0)[)(2’1’0))83.
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If {i,j,s,k} € {1,2,3}, then any two pairs (i,j), (s, k) has at least
one common element. Therefore by symmetry one can easily write
other formulas for escort(si3)(Gij(a), Gsx(b), T;).

Let us show how to use theorem 12.1 in calculation of 13-commutator
on Vect(3).

Example 1. Take

X1=01,X0 =0, X3 =03, Xy = 2101, X5 = 2201, X¢ = 2301, X7 = 10,
Xg = 96282, Xg = 517332,X10 = 96183, X = 96283, Xig = 55127233,)(13 = 96283-

We see that the number of elements of grade —1 is 3 and the number
elements of grade 0 is 8. In 0-part here appear all base elements of gl3
except a = x303. Elements of the grade 1 are two: X = X5 and Y =

Xi3. So, to calculate 13-commutator of 13 elements Xi,..., X3, we
denote it s13(X7, ..., X13), we need to calculate escort(sz)(a, X,Y).
We have

Div X = 03(x129) =0,
therefore,
—d(aoDiv X)Ad(DivY )+d(aoDiv Y )Ad(Div X )—2(Div a)d(Div X )Ad(DivY") = 0.
Further,
Diva = 0s3(x3) =1, DivX oa = Div(x12205(x3)03) =0,

and

+4d(Div X oa) Nd(DivY) +4d(Div X) ANd(DivY oa) = 0.
Finally, DiwvY = 2z3 and

3
8 {,Zl Oy (DivY )d(a(x;))Ad(0;(X (2:)))=0;(Div X)d(a(x;))Ad(0;(Y (x:)))} =

inj=

3

8 > 0i(2x3)d(a(x))) A d(0;(r12205(x:))) =

ij=1

Therefore,
escort(si3) (w303, 112205, 2303) = 0.

Example 2. Now change in example 1 X5 to

X2 = 212305,
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other elements are as before. Two vector fields, nameley X = X5 and
Y = X3 have non-constant divergences:

DivX =z, DivY = 2ux3.

So, we can expect that s11(X1,..., Xi3) might be non-trivial vector
field. We have

—d(ao Div X)ANd(DivY)+d(ao DivY) ANd(Div X) =
2dxs N dxq,

—2(Diva)d(Div X) Nd(DivY) = —4dzy A ds,

4d(DivX oa) Nd(DivY) +4d(Div X)ANd(DivY oa) =
8dxy N\ dxs + 8dxy N dxs,

8{>_ di(DivY)d(a(z;))Ad(0;(X (:)))—0:(Div X)d(a(x;))Ad(0;(Y (1))} =

ij=1
8{2dx3 N d(05(z123)) =
—16dx; A dzs.
Thus,
escort(sy13)(a, X,Y) = —6dxy A dzs.

Since the isomorphism A?R(m;) & R(my) is established by

dzi N dxg v— 05, dxy N\ dxs — —0,dxs A drs — O
this means that

s13(X1, ..., Xi3) = esc(s13) (X, ..., X13) = 60s.

Example 3. Let now
X2 = 112303, X13 = T27303.

other elements as above. Then

—d(ao Div X)ANd(DivY)+d(ao DivY) ANd(Div X) =0,
—2(Diva)d(Div X) Nd(DivY) = —2dzy A dxa,

4d(DivX oa) Nd(DivY) +4d(DivX)ANd(DivY oa) =
ddxy N\dry +4dry A\ dry = 8dxy N dxs,
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> 0i(DivY)d(a(x;))Ad(9;(X (2;)))—0;(Div X )d(a(z;))Ad(0;(Y (z;))) = 0.

Q=1
Thus,
escort(siz)(a, X,Y) = 6dx; A dx,
and
s13(X1, ..., Xi3) = escort(s13)(X1, ... , X13) = 605.
Example 4. Let now all Y; = X; as before if 1 < 12 and
Vi = 12303, Y13 = 2o2305.
Then
s13(Y1,... , Yig) = Ezga3 (Yig)esc(s13) (X1, ..., X1, 212303, 517;%,83)+
Ex2x363(1/13)€30(813)(X1, oo, X1, 17305, 93293353) =
(by results of example 2 and 3 )
6ZL’282 + 12%383.

13.  10-COMMUTATOR ON Vect(3) AND Vecty(3)
Recall some denotions:
Up = (2°[|a] = k),

the multiplication o is left-symmetric and A means wedge-product
corresponding to left-symmetric multiplication:

Ly x Uy — AU, (u0;, v) — dud; A dv = du A do;(v).
Below expressions like Divao X will mean Div (a o X).
Theorem 13.1. 10 -commutator is well defined on L = Vect(3) :

Xi,..., X0 € L= s10(Xy, ..., X50) € L.
It has three escort invariants

escortyr : R(m) @ A° Lo @ Ly — A*R(m) & L_q,

escortsgoy 1 A°Lo @ Ly — AR(m1) = L_y,
and
escortssy - N*Lg ® A*Ly — N*R(m) & L_1.
They can be given by

escortor (u,a,b, X) =
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dun(11d(Div ([a, bloX))+21d(ao Div(boX)—boDiv(aoX))—44d(|a, bloDiv X))
—32(d(aou) Ad(Div(bo X)) — d(bou) Ad(Div(ao X)))
—50(d(a o u) Ad(bo Div X) —d(bou) Adao Div X))
+Diva dund(2boDiv X +9Div(boX ))—Div b durd(2a0Div X +9Div(ao X))
+8(Diva db A d(uDiv X) — Divb da A d(u Div X))
+12(da A d((bo X)ou) —db A d((ao X)ouw))
—28d[a, b] A d(X ou)
+16(da A d(X o (bou)) —db A d(X o (aou))),

escortsenl (a'7 bv C, X) -

—6(da A d(bo(Div (coX)))+db A d(co(Div (a0 X)))+de A d(ao(Div (boX))))

o

(
+6(da A d(co(Div (boX)))+db A d(ao(Div (coX)))+de A d(bo(Div (aoX))))
—5(da A d(Dw ([b, JoX))+db A d(Div ([¢,a]oX))+de A d(Div (a,b]oX)))

o

—d[a, b] A d(Dw (coX))—d[b, c] A d(Div (acX))—d[c, a] A d(Div (bo X))
—12(d[a, b] A d(co Div X)+d[b,c] A d(ao Div X)d|c,a] A d(bo Div X))
+27d(a o [b,c]+boc,al + cola,b]) A d(DiU X)

o

+18Diva (db A d(co Div X) — de A d(bo Div X))
)

d(
+18Divb (de A d(a o Div X) — db A d(a o Div X))
A d(a o Div X))
—14Diva (db A d(Div (co X)

—de A d(Div (bo X)))

)

)
+18Dive (da A d(bo DivX) — db A

) )

) —da A d(Div (co X))

—14Div b (de A d(Div (ao X)
—14Dive (da A d(Div (bo X)) — db A d(Div (a0 X)))

We are not able to write escort invariant of type (3,5,2) in a compact
form.
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Corollary 13.2. 10 -commutator on L = Vecty(3) is well defined and
escort invariants are given by

escortar @ R(m) @ A2*R(my + mo) ® R(2m, + mo) — A2R(my),
escortor (u,a,b, X) =

du A (11d(Div ([a,b] o X)) 4+ 21d(a o Div(bo X) — bo Div(a o X)))
—32(d(aou) Nd(Div(bo X)) —d(bowu) Ad(Div(ao X)))
+12(da A d((bo X)ou) —db A d((ao X) ou))

—28d[a, b] A d(X ou)
+16(da A d(X o(bou))—db A d(X o (aow))),

escortsgoy : N R(m + ) @ R(3m + Tue1) — A2R(m)

escortseor (a, b, c, X) =
—6(da A d(bo(Div coX))+db A d(co(Div (a0 X)))+de A d(ao(Div (boX))))
+6(da A d(co(Div (boX)))+db A d(ao(Div (coX)))+dc A d(bo(Div (aoX))))
—5(da A d(Div ([b,cJoX))+db A d(Div ([c, aloX))+de A d(Div ([a, b]oX)))

escortssy - N*R(my +m) @ AN*R(2my + m) — A*R(my) = L_,

1s too big to be presented here.
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