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Abstract

In earlier work the author introduced the notion of an updown category, which
can be regarded as a graded poset with multiplicities and automorphisms. An up-
down category € naturally has associated linear operators U and D on the graded
vector space k(Ob €). In Stanley’s differential posets, the commutator [D, U] is a
constant multiple of the identity. We consider various “commutation conditions”
weaker than this: in particular, the “weak commutation condition” that every ele-
ment of Ob € is an eigenvector for [D, U]. We also show how a Hopf algebra structure
on k(Ob €) can provide a way of showing that € satisfies the weak commutation con-
dition. We illustrate with various examples, including updown categories of integer
partitions, integer compositions, planar rooted trees, and rooted trees.

1 Introduction

In [16], Stanley introduced the idea of a differential poset. This is a graded, locally
finite poset P (with 0) such that the operators U, D defined on the free vector space kP
generated by P (k a field of characteristic 0) by

Up= Y q and Dp= Y ¢ (1)

q covers p p covers q



satisfy [U, D] = r1 for some integer r. The principal example is Young’s lattice of integer
partitions (with » = 1). Stanley developed an extensive theory enumerating paths in the
Hasse diagram of a differential poset. As he showed in [17], most of these results generalize
to sequentially differential posets, which are defined like differential posets except that
instead of [U, D] = rI one assumes the restriction [U, D]; of [U, D] to rank-i elements is
r;I;, where ro,r1,... is a sequence of integers.

In [8] the author considered the graded poset T of rooted trees, which have a structure
similar to Stanley’s sequentially differential posets. Here one has [U, D|; = (i + 1)1,
provided equations (1) defining U and D are replaced by

Up= Y ulpiqg and Dp= Y d(gp), (2)

q covers p p covers q

where u(p;q) is the number of vertices of the rooted tree p to which a new edge and
terminal vertex can be added to get ¢, and d(p;q) is the number of different edges of ¢
that, when deleted, leave p; as shown in [8], u(p;q) # d(p;q) in general. In [8] most of
Stanley’s enumerative results in [17] were carried over to 7.

In [10] the author generalized a graded poset to an “updown category”. Here one
has a category C, whose object set is graded, and associated to each pair ¢,¢ € ObC
with |¢/| = |¢| + 1 are a pair of nonnegative integers u(c; ') and d(c;¢’). The set C is
naturally a poset, with u(c; ) and d(c; ') nonzero if and only if ¢ precedes ¢ in the
partial order. There are operators U and D on the free vector space k(Ob €) defined by
equations (2). We present these definitions, along with those of the generating functions
associated with an updown category, in §2 below. We also describe the “even covering
conditions” introduced in [10].

While nothing is assumed about the commutator [U, D] as part of the definition of an
updown category, in §3 below we consider a variety of “commutation conditions” ranging
from the absolute commutation condition (i.e., [U, D] = rI) to the weak commutation
condition (i.e., all elements of Ob € are eigenvectors of [U, D]). Our theory is somewhat
similar to Fomin’s theory of duality of graded graphs [3, 4], but is both more restrictive
and more general: more restrictive in that the functions u(p;¢) and d(p;q) must give
rise to the same partial order, i.e., for any pair p,q we have u(p;q) = 0 if and only if
d(p; q) = 0; and more general in that we discuss weaker commutation conditions than he
does. An updown category with the sequential commutation condition (the restriction of
[U, D] to rank-i elements is a scalar multiple of the identity for all i) has essentially the
properties of a sequentially differential poset. We explore some consequences of the weak
commutation condition, and also prove (Theorem 3.2) that under appropriate hypotheses
the weak commutation condition together with the even covering properties implies the
sequential commutation condition.

In §4 we consider updown categories with a compatible Hopf algebra structure: i.e.,
the vector space k(Ob €) has a Hopf algebra structure related to the operators U and D.
We also consider Hopf algebras for which there is a “B, operator”, which occurs naturally
in the case of Hopf algebras of trees. Results of this section (particularly Theorems 4.2
and 4.4) provide a practical method for showing that various updown categories satisfy
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the weak commutation condition.

In §5 we offer eleven examples. These include updown categories whose objects are
the subsets of a finite set, monomials, necklaces, integer partitions, integer compositions,
planar rooted trees, and rooted trees. For each example we determine which commutation
condition it satisfies.

The author acknowledges the generous hospitality of the Max-Planck-Institut fir
Mathematik in Bonn, where the original ideas of this project germinated in the fall of
2003, and where he wrote the final draft of this paper in the winter of 2012. He was further
supported by the Naval Academy Reserach Council during the 2004-2005 and 2005-2006
academic years. The author would also like to thank Prof. Lothar Gerritzen and Dr. Ralf
Holtkamp for helpful discussions.

2 Updown categories

We recall from [10] the following definitions.

Definition 2.1. An updown category is a small category € with a rank functor |-|: ¢ - N
(where N is the ordered set of natural numbers regarded as a category) such that

Al. Each rank €, = {p € ObC: |p| = n} is finite.

A2. The zeroth rank G, consists of a single object 0, and Hom(0, p) is nonempty for all
objects p of C.

A3. For objects p, p’ of €, Hom(p, p') is always finite, and Hom(p, p’) = @) unless |p| < |p/|
or p=p'. In the latter case, Hom(p, p) is a group, denoted Aut(p).

A4. Any morphism p — p/, where |p| = |p| + k, factors as a composition p = py — p; —
oo = pr =p', where |pi1| = [pi| + 1;

A5. If |p'| = |p| + 1, the actions of Aut(p) and Aut(p’) on Hom(p, p) (by precomposition
and postcomposition respectively) are free.

Definition 2.2. For any two objects p,p’ of an updown category € with |p/| = |p| + 1,

) = [Hom(p. ')/ Aut(pf)| = Lom Pl
ulp;p') = |Hom(p, )/ Aut(p')] = =7ty
and

d(p; p') = [Hom(p, ')/ Aut(p)| = W

It follows immediately from these definitions that

u(p; p')| Aut(p')| = d(p; p')| Aut(p)]. (3)

If u(c; ) = d(c; ) for every pair ¢, ¢ € Ob € with |¢/| = |¢| + 1, we say € is univalent. If
in fact u(c; ) = d(c; ') is either 1 or 0 for any such pair, we say C is unital. If |C;] =1
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for all 7, we call € an infinite chain: if there is some n such that |C;| =1 for 0 < i < n
and C; = 0 for ¢ > n, we call C a finite chain.

As mentioned in the introduction, we have operators U and D on k(Ob €) given by
equations (2). These two operators are adjoint with respect to the inner product (,) on

k(Ob €) defined by
| Autp|, if p'=p,

(4)

(p,p) =
0, otherwise.

The definitions of u(c; ¢) and d(c; ¢’) can be extended to any pair with |/| > |c| by

U, )
Hee) = Rl

<U\C'|—\C|<C)7 )
| Aut(¢)]

u(c;d) =

Then equation (3) still holds, as do the relations

Uk(e) = Z u(c;d)d,  DFc) = Z d(c; )

|c/[=lc|+k |c'|=lcl+k

If € and D are updown categories, then so is their product € x D (see [10, Prop. 2.1]).

We define a partial order on ObC by setting ¢ < ¢ if and only if u(¢;¢’) # 0 (or
equivalently d(c; ) # 0. If ¢ covers ¢ in this partial order (i.e., ¢ < ¢ and |d| = |¢| + 1)
we write ¢ < .

Definition 2.3. For any updown category C, the object generating function is

ZZ\Aut

n>0 peCy,

and the morphism generating function is

DI IE TIE

n>0 peCy q€Cn11

t2n+1

Both generating functions can be expressed in terms of the formal series

and the inner product (4) as follows:

(Se(t), Se(t)) = Oe(t?) (5)

and

(USe(t), Se(t)) = (Se(t), DSe(t)) = Me(t). (6)



Following [10], we say € is evenly up-covered if there is a sequence wug, u1, ... of integers

such that
Z u(c,d) = uy,
/€Cpt1
for all ¢ € C,,, and evenly down-covered if there is a sequence dy, ds, ... of integers with
Z d(d;e) =d,
ceCp_1

for all ¢ € C,. If C is evenly down-covered with d,, = n, we call € factorial. In [10] the
following results are proved.

Theorem 2.1. If C and D are factorial updown categories, so is C x D.

Theorem 2.2. If C and D are updown categories, their generating functions and those
of their product € x D are related by

Oexn(t) = Oe(t)On(t)

and

Meyxp(t) = Me(t)Op(t?) + Oe(t) My (t?).
Theorem 2.3. Let C be an updown category with Oe(t) = 3, oo ant™.

1. If C is evenly up-covered, then

Me(t) = Z anunt® .

n>0

2. If € 1s evenly down-covered, then

Me(t) =) and, ",

n>1
In particular, if C is factorial then Me(t) = tOp(t?).

If € is both evenly up-covered and evenly down-covered, we can equate the two ex-
pressions for Me(t) in the preceding result to get

Aply = Apy1dpr  for all m > 0. (7)



3 Commutation Conditions

We shall consider various conditions on the commutator of the operators D and U intro-
duced in §2. In what follows we write P; for the restriction of the operator P to rank ¢,

SO [D, U]z = Di—i—lUi - Ui—lDi-

Definition 3.1. Let € be an updown category, with operators D and U as defined above.
We write [ for the identity operator on k(Ob C).

1. If [D,U] = rI, where r is a scalar, then @ satisfies the absolute commutation
condition (ACC) with constant 7.

2. If [D,U]; = (ai + b)I; for constants a,b then C satisfies the linear commutation
condition (LCC) with slope a and intercept b.

3. If [D,U]; = riI; for some sequence of scalars {rg,r1,...,}, then € satisfies the
sequential commutation condition (SCC).

4. If every element of ObC is an eigenvector for [D,U], then € satisfies the weak
commutation condition (WCC).

Evidently ACC = LCC = SCC = WCC. Of course the SCC coincides
with the WCC if € is a chain. We can rephrase the preceding definition as follows. The
updown category € satisfies the WCC if there is a function € : Ob€ — k such that
(DU —UD)(c) = €(c)c for all ¢ € ObC. Then C satisfies the SCC if €(c) is a function of
||, the LCC if €(c) is a linear function of |c|, and the ACC if €(c) is independent of c¢. We
have the following result about products; cf. Lemma 2.2.3 of [4].

Proposition 3.1. Let C and D be updown categories.

1. If C satisfies the ACC with constant r and D satisfies the ACC with constant s, then
C x D satisfies the ACC with constant r + s.

2. If C and D satisfy the LCC with slope a, then so does € x D.
3. If C and D satisfy the WCC, then so does C x D.

Proof. Since any element of € x D covering (¢, d) € Ob(€ x D) must have the form (¢, d)
with ¢ covering ¢ or (¢, d’) with d’ covering d, we have

Ule,d) = Y uled)(d,d)+ > uldd)(c,d) = (Ued)+(c,Ud),  (8)

| |=]e|+1 |d'|=|d|+1
and similarly for D. If € and D satisfy the WCC, we can calculate that
(DU —UD)(c,d) = (DU —UD)c,d) + (¢, (DU — UD)d) = (e(c) + €(d))(c, d),

from which all three parts follow easily. O



Note that 0 is an eigenvector for [D, U] in any updown category C, since
[D,U]0 = DU(O = Z u(0; ¢)De = (Z u(0; ¢)d(0; c)) 0.
ceCy ceCy

Henceforth we write €(0) for D ece, u(0; ¢)d(0; ¢), whether @ satisfies the WCC or not.
Our axioms require that €(0) > |Cy].
Assuming the WCC, we can define a new generating function as follows.

Definition 3.2. If € is an updown category satisfying the WCC, the generating function
O§(t) is defined by
t\p\
Z |Aut

peOb e

We record some immediate consequence of our definitions in the next result.
Proposition 3.2. Let C be an updown category satisfying the WCC.

1. ([D, U)Se(t), Se(t)) = O5(8).

2. If C satisfies the ACC with constant r, then O§(t) = rOe(t).

3. If C satisfies the LCC with slope a and intercept b, then O§(t) = atOp(t) + bOe(t).

If an updown category C is evenly down-covered, we have

(c; )t )ctlel
USe(t Z Z | Aut ¢| Z Z |Autc’|

ceObC c>e ceObC >e
Jtlel=1 Cth‘cl_l
- Z |Autc’|Z &) Z | Aut ¢|
c'€ObE c€Ob e
so that
PR
WSet.USelt) = D Tie] — 2 it ©
ccObe

where Oe(t) = ),y ant". Similarly, if € is evenly up—covered, we have
(DSe(t), DSe(t)) = > t*"u’_ya,_1. (10)
n>1
This gives us the following result.

Proposition 3.3. Suppose the updown category C is evenly up-covered, evenly down-
covered, and satisfies the WCC. Then

Oé(t) = d1u0a0 -+ Z(dnﬂun — un,ldn)ant",

n>1

where Og(t) = >, 5o ant™.



Proof. Subtract equation (10) from equation (9) to get

(USe(t), USe(t)) — (DSe(t), DSe(t)) = diay + Y t*(d21ans1 — ul_yan_1).

n>1

The left-hand side is ([D, U]Se(t), Se(t)), so by the first part of Proposition 3.2 we have

Og(t?) = diar + Z t2”(di+1an+1 — Up_1 1),

n>1
Now replace t? by t and use equation (7) to obtain the conclusion. U
The following result generalizes Proposition 2.4 of [8].

Theorem 3.1. Let C be an updown category satisfying the WCC, and define € : Ob C — k
as above. Then for objects ¢y, co of €,

O, Zf 1 # Co;
e(c)| Aut(c)|, ifci =co=c.

Proof. Since U and D are adjoint, the left-hand side is ([D, Ulcy, ). O

(U(er), Ule2)) = (D(cr), D(ca)) =

Remark. The second alternative of this result can be written

> ule;rd)?[Aut(d) = > d(c";e)’| Aut(c”)| = e(c)| Aut(c)],

c'>e c’'<c
or, dividing by | Aut(c)| and using equation (3),
Z u(c; )d(c; ) — Z u(d";e)d(d"; ) = e(c). (11)
c>c c'<c
Equation (11) has the following consequence.
Corollary 3.1. If the updown category C satisfies the WCC, then
Z Z u(c; )d(e; ) = Z e(c)
c€Cn '€Cr11 lc|<n

Proof. We use induction on n. Equation (11) with |¢| = 0 gives the result for n = 1. Now
suppose the conclusion holds for n < k, and use equation (11) with |¢| = k to get

Z u(e; )d(e; ) = Z u(c";c)d(c"; ) + €(c).

c'€Cri1 c"€C_q

Sum this on ¢ € €, and apply the induction hypothesis to obtain the conclusion for
n==k. O



If € is unital, we have the following result.

Corollary 3.2. Suppose C is a unital updown category that satisfies the WCC. Then

Me(t) = O:(t%).

1— 2
Proof. Since € is unital, the left-hand side of the preceding result is

2 2 wadi=2, )

le]l=n |'|l=n+1 n|c/|=n+1
Now
US@(t):ZZUct" ZZ (c; )™,
n>0 |c|=n n>0 |c|=n|¢/|=n+1
so we have
) = 505600 =X 3 5wt = 3 3 e
n2>0 |c|=n|c/|=n+1 n>0 |c|<n

and the result follows by equation (6) and Definition 3.2. O

The first alternative of Theorem 3.1 has interesting implications in the cases where
the induced poset is a lattice. This includes Examples 1, 4, 7 and 8 in §5 below.

Corollary 3.3. Let C be an updown category whose induced poset (Ob €, <) is a lattice.
If C satisfies the WCC, then (Ob @, <) is modular.

Proof. Tt is enough to show that, for z,y € Ob € with x # y, x and y cover x Ay iff x Vy
covers both x and y (see [1, §17]). Necessarily x # y satisfying either condition must be
in the same rank. For such x and y,

(Dx, Dy) — dx Ny;x)d(x Ay;y)| Aut(z Ay)|, if x and y cover = Ay,

0, otherwise,

and

(Uz,Uy) = u(z;z Vy)u(y;z Vy)| Aut(z Vy)|, if 2 Vy covers z and y,

0, otherwise.

But Theorem 3.1 implies (Uzx, Uy) = (Dz, Dy), so the required equivalence follows. [

If € is unital, this result can be strengthened as follows (cf. Proposition 1.3 of [16]
and Proposition 2.2 of [17]).

Corollary 3.4. Suppose C is a unital updown category. If (ObC, =) is a lattice, then C
satisfies the WCC' iff (Ob €, <) is modular.



Proof. In view of the preceding result, it suffices to show that € satisfies the WCC when
(Ob €, <) is modular. In this case we have, for ¢ € C,,

DUc=D(> ) =[C*(c)c+ > d

c>e {d€Cp: |evd|=n+1}

and

UDc=U(Y _c")=|C(c)lc+ > d,

e {d€Cn: |cAd|=n—1}
where CT(c) is the set of elements that cover ¢ and C~(c) is the set of elements ¢ covers.
Now modularity implies |cAd|+|cVd| = 2n for ¢,d € C,,, so |cAd| = n—1iff |eVd| = n+1.
It follows that
(DU = UD)e = (|C*(c)| = [C(e)])e,
so C satisfies the WCC. U

The commutation conditions do not force (Ob €, <) to be a lattice, even if € is unital:
see Example 3 below. Examples 9, 10 and 11 also satisfy the WCC although the induced
poset is not a lattice. Whether or not the induced poset is a lattice, in the unital case the
even covering properties allow us to deduce the SCC from the WCC as follows.

Theorem 3.2. Suppose the unital updown category C is evenly up-covered, evenly down-
covered, and satisfies the WCC. Then € satisfies the SCC with r, = u, —d,,. Further, the
numbers u,, and d, must satisfy the relations

Up — dp = Updypy1 — Up_1d,, n > 1. (12)

Proof. For ¢ € C,, we can write

and thus

Up Ani1—1

DU(C):unc+Z Z c(i,7)

i=1 j=1

for elements c(i, j) € €, — {c}. Similarly, if ¢ # 0 we have

for ¢(i,j) € €, — {c}. The WCC implies that all the elements c(i, j) and (i, j) cancel
in the difference DU(c¢) — UD(c), so (DU — UC)(c¢) = (u, — d,)c. But then € satisfies
the SCC with r,, = u,, — d,,, and equation (12) follows by comparing Proposition 3.3 with

O&(t) = 250 Tnnt™. O
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Remarks. 1. The hypotheses imply d; = 1 and uy = |Cy|. If in addition d,, = 1 for all n,
then equation (12) implies u,_1 = 1 for all n, and thus that € is a chain.

2. If in addition to the hypotheses € is factorial, then equation (12) implies u,, = |G| —n
Hence G, = () for k > |Cy], and r,, = |C;| — 2n for 0 < n < |C4|. From equation (7),

¢
€l = a, — (' 1'), 0<n<lel
n
This is realized by A/® in Example 1 below.

3. Another solution of equation (12) is

qn_l qun_l
= and u, = ——
q—1 q—1

0<n<N.

Y

If ¢ is a prime power, this is realized by Example 2 below.
4. For an updown category 20 that satisfies the hypotheses of the theorem, is not a chain,
and has |20,| # 0 for all n > 0, see Example 3 below.

In an updown category satisfying the SCC, we can obtain the kinds of results proved
by Stanley for sequentially differential posets [17] and by Fomin for r-graded graphs in
[4]. For example, we have the following result by essentially the same proof as Theorem
2.3 of [17] (see also Proposition 2.7 of [8]).

Theorem 3.3. Let C be an updown category satisfying the SCC, and let p € C;. Call a
word w = wiws - - -wg tn U and D a valid p-word if the number of U’s minus the number
of D’s inw is k, and, for each 1 <i <'s, the number of D’s in w; - - -w,s does not exceed
the number of U’s. For such a word w, let S = {i : w; = D} and

=Wj:i>iw=U}—-Kj:j=diw =D}, i€Ss.
Then for any valid p-word w,

<w07p> = d<67p> H(TO +ri4+-+ Tci)-
€S

This result has the following corollary (cf. [8, Proposition 2.8] and [4, Theorem 1.5.2]).

Corollary 3.5. Let C be an updown category satisfying the SCC, and let p € Cx. Then
for nonnegative a,

a—1
Z d(p; ¢)u(0; q) = u(0 Hr0+7’1+-~-+7’k+¢).
lg|=k+a =0

Proof. Set w = D*U%* in the preceding result to get
1

<DaUa+k0,p> =d0;p) [ |(ro+7r1+ -+ 7rsi).

a

I
o



Expand out the left-hand side to get

—_

a—

> ulp;q)d(0; q) = d(0; p) H(ro e ).

lgl=k+a

~

Now use equation (3) and divide by | Autp|/| Aut 0| to obtain the conclusion. O

In particular, taking p = 0 in this result gives

a—1
> d0;q)u(0;q) = [J(ro+ri+---+12).
ldl=a =0

4 Algebra Structures on k(Ob Q)

In this section we consider some algebraic structures on k(Ob €) and their implications
for the commutation conditions.

Definition 4.1. We say € has a Pieri algebra structure if k(Ob €) has a graded product
kC, @ kC,,, = kCyim
with unit element 0 € Gy, such that U(c) = U(0)c for all ¢ € Ob €.

Pieri algebra structures are compatible with products.
Proposition 4.1. If C and D have Pieri algebra structures, then so does C x D.
Proof. Identifying k(Ob(C x D)) with k(Ob €C) @ k(Ob D), we can define a product by
(1 ®dy)(ca ® da) = 109 ® dyds. (13)
Under this identification equation (8) becomes
Uexp = Ue ®id 4+ id @Up,
from which we see that equation (13) provides a Pieri algebra structure for € x D:
Uexn(c®d) = Ue(c) @d+ ¢ ® Up(d) = Ue(Oc)c ® d+ ¢ @ Up(0p)d = Usxp(0exn)(c @ d).
O

If € has a Pieri algebra structure and additionally k(Ob €) admits a coproduct
A ke, » P k€, ®kC,
a+b=n

such that k(Ob €) is a graded connected Hopf algebra, then there is a second multiplication
o given by
(uov,w) = (u®v, A(w)).

The following result gives some properties of o.
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Proposition 4.2. Let C be an updown category with a Pieri algebra structure such that
k Ob C is a graded connected Hopf algebra.

1. The element |A1?t0| acts as an identity for o.

2. The operator D s a derivation for o.

Proof. For the first part, note that
(Dov,w) =(0®v, A(w)) = (0®v,0®w) = (0,0)(v,w) = | Aut 0|(v, w),
so 0ov = |AutOlv. Similarly, vo 0 = | Aut0[v.
For the second part, it suffices to show
(D(uow),w) = (D(u)ov+uoD(v),w) (14)

for all w. The left-hand side of equation (14) is

(wov,U(w)) = (u® v, AUDO)w)) = (u® v, AU0)A(w)) =

= 3, U () (v, "y + (u, 0y (0, U ")),

where A(w) = 3w’ ® w", since U(0) is primitive. On the other hand, the right-hand
side of (14) is

(D(u) @ v, Afw)) + (u® D(v), A(w)) = Y _{u, Uw)){v,w") + Y (u,w'){v,U(u"),

w

and equation (14) follows. O

If it happens that the “new” multiplication o coincides with the old one, we have the
following result.

Theorem 4.1. If C has a Pieri algebra structure and k(Ob C) is a graded connected Hopf
algebra such that uwov = uv (i.e., k(ObC) is self-dual via the inner product (,)), then C
satisfies the ACC (with constant €(0) € k).

Proof. For any p € ObC,
[D,U](p) = D(U(0) o p) = U(0) o D(p) = DU(0) o p+ U(0) o D(p) — U(0) o D(p) = €(0)p.
[

As we shall see, this result applies to Examples 4 and 7 in §5 below.
Now suppose U satisfies

~

Ulpoq)=U(p)og+poU(g) —poU(0)ogq (15)
for all p,q € ObC. We say U is a pre-derivation for o in this case: note that U is a

A

derivation exactly when U(0) = 0 (and any derivation is a pre-derivation). Note also

A

that equation (15) is satsified in the case where U(c) = U(0) o ¢ for all ¢ € ObC. A
straightforward calculation establishes the following.
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Proposition 4.3. The commutator of pre-derivations is a pre-derivation.

Definition 4.2. We say that the updown category C has a compatible Hopf algebra struc-
ture if k(Ob C) is a graded connected Hopf algebra whose product gives € a Pieri multi-
plication and whose coproduct makes U a pre-derivation for o as defined above.

An updown category with a compatible Hopf algebra structure need not satisfy the
WCC (see Example 5 below), but we have the following result.

Theorem 4.2. If C has a compatible Hopf algebra structure and (k(Ob €), o) is generated
as an algebra by eigenvectors of [D, U], then C satisfies the WCC.

Proof. Suppose and p,q € ObC are eigenvectors of [D, U] with eigenvalues €(p), €(q)
respectively. Since [D, U] is a pre-derivation,

[D,U](pog) = [D,U(p)oq+po[D,Ul(q) —po[D,U](0)ogq = (e(p) +€(q) —€(0))pog. (16)
U

We say € admits a B, operator if k£(Ob C) has a Hopf algebra structure such that
m* By (u) = By (u) ® 0 + (id @B )m* (u) (17)

where By : k(ObC) — k(Ob €) is an injective linear function that increases degree by 1,
and m* is the dual comultiplication defined by

(v, w) = (u®@ v, m*(w))
for u,v,w € k(Ob €). Then we have the following result.
Proposition 4.4. If C admits a By operator, then DB, (u) = By D(u) for |u| > 0.

Proof. Writing m*(u) =), «' ® u”, we have

~ ~

(DB (u), w) = (By(u), U(O)w) = (m*By(u), U(0)
= (B, (u) ® 0 + (id @By )m*(u), U(0)
= (B, (u) ®O+Zu ® By, U(0)

/\

~

= (B, (u),U Ow+ZuUO W), w)
while
(BiD(u),w) = (D(u), By (w)) = (u,UB(w)) = (m*u, U(0) ® By (w))
= Z o', U(0)) (B (u"), w).
The two expressions agree unless |w| = [u| = 0. 0

14



Examples of updown categories admitting a B, operator occur in Examples 4, 10, and
11 below. The next result distinguishes the first of these examples from the other two.

Theorem 4.3. Suppose the Pieri algebra structure on C is commutative and |Cy| = 1. If
C admits a By operator, then there is a scalart # 0 with By D(u) = DBy (u) = tu for all
|u| > 0. It follows that C is an infinite chain.

Proof. Let €, = {a}. Then the hypotheses mean that for any v € C,, n > 1, there exists
u; € kCG,,_; so that

m*(u)=u®04+u @at - +a@u +0®u. (18)

There must be nonzero scalars r and s so that U(0) = ra and B, (0) = sa. For any

w € ObC,
(1w, D(w) = (U(w), u) = (raw, u) = (ra ® w,m*(u)) = (ra, a) (w,uz) = r| Aut ol (w, w),
so Du = r| Aut a|u;. Now apply the identity (17) to equation (18) to get
m By (u) = By(u) ® 0+ u®sa+---+a® By(u) +0® By (u),

and the cocommutativity of m* implies

1

— B, D
r| Autal (1),

su= By(u) =

i.e., BLD(u) = DB, (u) = rs| Aut a|u.

To see that € must be an infinite chain, suppose first that |C,| > 1 for some n: we can
assume n minimal. Let uy,us be distinct elements of C,,. Then if v is the unique object
in C,_1, we have the contradiction

0 = (tuy, tuz) = (By D(wr), By D(uz)) = d(v; ur)d(v; 1) (B, (v), B (1) #0.
That € is infinite follows from the fact that Bi@ is nonzero for all k. O

Definition 4.3. Suppose k(Ob €) has a compatible Hopf algebra structure and admits a
B, operator. We say C has a unilateral arboreal structure if in addition

UB,(p) = B:U(p) + U(0) o By (p)
for all p € Ob €, and a bilateral arboreal structure if
UBy(p) = ByU(p) + U(0) o By(p) + By (p) o U(0).

Theorem 4.4. Suppose C has a (unilateral or bilateral) arboreal structure such that

k(ObC) can be generated via the product o and the operation By from eigenvectors of
[D,U]. Then C satsifies the WCC.

15



Proof. Tt suffices to show that p o ¢ and B (p) are eigenvectors of [D, U] whenever p and
q are. The first statement follows from equation (16) above. For the second, we note that
in the unilateral arboreal case,

[D,U]B.(p) = DUB.(p) — UDB.(p)

= DB, U(p) + D(U(0) o By(p)) —UB,D(p)

= B, DU(p) + DU(0) o B1.(p) + U(0) o DBy.(p) — BLUD(p) — U(0) o DBy.(p)

= B.[D,Ulp + €(0)] Aut 0| By.(p).

Hence if p is an eigenvector of [D, U] we have

[D,U]B(p) = (e(p) + €(0)| Aut 0]) B (p)- (19)
A similar calculation shows that

[D,U]B.(p) = (e(p) + 2¢(0)] Aut 0]) B (p) (20)

in the bilateral arboreal case. O

5 Examples

In this section we present eleven examples of updown categories. Eight of them appear in
the last section of [10]. For the convenience of the reader we have included a cross-reference
to [10] at the beginning of each example where it applies.

Ezample 1. (Subsets of a finite set; [10, Example 1]) First, let A be an updown category
such that Ay = {0}, A; = {1}, A, = 0 for n # 0,1, and Hom(0, 1) has a single element.
The groups Aut(0) and Aut(1) are trivial since they act freely on the one-element set
Hom(@, 1) The object and morphism generating functions are evidently

Oa(t) =1+t and My(t) =t.

We also have

(DU -UD)0=D1=0
and

(DU —UD)1 = -U0 = —1,

so A satisfies the LCC with slope —2. Also, A has a Pieri multiplication if we identify 1
with z in the algebra k[z]/2?, but this cannot be improved to a compatible Hopf algebra
structure: for then x would have to be primitive, but this would force 0 = A(z2?) = 2z ®x.

There is an identification of objects of A™ with subsets of {1,2,...,n}: an n-tuple
(¢1,...,¢,) corresponds to the set {i : ¢; = 1}. The induced partial order is inclusion of
sets, and A" is unital. It is also factorial and evenly up-covered. From Theorem 2.2, the
generating functions are

Oan(t) = (1+8)" and My (t) = nt(1 +*)" L.
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By Proposition 3.1, A" satisfies the LCC with slope —2; in fact, (DU — UD)p
(n—2|p|)p for p € Ob A™ by Remark 2 following Theorem 3.2. Cf. Example 2.5(b) of [17]
and Example 6.2.6 of [2].

FEzample 2. Let ¢ be a prime power, [F, the finite field with ¢ elements, and V the category
of subspaces of the N-dimensional vector space Fév over [, with inclusions as morphisms.

Then V is a unital updown category, with rank given by dimension and 0 the zero subspace.
The object generating function is

k=0
where N N-1 N—k+1
lN] (-1 1) (g —1)
k1, (¢*=1)---(¢—1)
is the Gaussian binomial coefficient. Any V' € V;. has [kﬁl] — m . subspaces of dimension

k — 1, so V is evenly down-covered with dj = m o By Theorem 2.3,

w2 [ [l -0 - 2

k=1 k=1

—_

N -1 o
[k]t.
a

Note that these generating functions are the “g-versions” of those of Example 1.
Since the induced poset (ObV, <) is a modular lattice, V satisfies the WCC by Corol-
lary 3.4. In fact, V is also evenly up-covered (with wuy = [ Nk N _k}q), so Theorem

N—k—1]q ="
3.2 implies that V satisfies the SCC with

N —k k A
Tp = — =
F 1 1 q—1
q q

i

0

Cf. Example 2.5(d) of [17] and Example 6.2.6 of [2].

Example 3. Fix a positive integer n, and let 20 be the unital updown category with
W, = {0} and W, = {a;, b;, ¢;} for i > 1. The nontrivial covering relations are:

Aip1 > @i, bi; by > ag,c; and i > b e fori > 1

Then 20 is an updown category with object generating function

142
Ogg(t):1+3t+3t2+~-~:%.

By direct computation it is easy to show that 20 satisfies the SCC with ro = 3, r; = 1,
and r; = 0 for 7 > 2. Hence

O%(t) = 3+ 3t = 3(1 +1)
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and so by Corollary 3.2 we have

t
1—t2

3t(1 +t?)
1—¢2

Man(t) = Og(t*) = (21)
Also, 20 is evenly down-covered with d; = 1 and d; = 2 for ¢ > 2, Thus equation (21) also
follows from Theorem 2.3. The induced poset (Ob2J, <) is not a lattice since a; and co
have no least upper bound.

Since 20 is also evenly up-covered (with ug = 3 and u; = 2 for ¢ > 1), Theorem 3.2
applies. In fact, any updown category satisfying the hypotheses of Theorem 3.2 that is
like 20 in having N elements in rank ¢ for ¢ > 1, and w; = d;4; = k for ¢ > 1, must have
N = k?* — k + 1 by equation (12).

Ezxample 4. (Monomials; [10, Example 3]) Let 8 be the category with 8,, = {[n]}, where
n] = {1,2,...,n} (and [0] = @), and let Hom([m], [n]) be the set of injective functions
from [m] to [n]. Then 8 is an updown category with Aut[n| the symmetric group on n
letters. Since Hom([n], [n+1]) has (n+1)! elements, u([n]; [n+1]) = 1 and d([n]; [n+1]) =
n + 1. Clearly § is evenly up-covered and factorial, so

Os(t) =¢' and Ms(t) = te'

by Theorem 2.3.

We can give 8 a Pieri algebra structure by identifying [n] with 2™ in the polynomial
algebra k[z]. Then U is multiplication by x and D = %. If we declare x primitive, then
k[x] is a compatible self-dual Hopf algebra structure for 8 (note (", 2™) = nld, ). Hence
8 satisfies the ACC with constant 1 by Theorem 4.1. Also, § admits the B, operator

tn+1
B (t") =

n+1

Objects of the updown category 8™ can be identified with monomials in n commuting
indeterminates x1,...,x,. By Theorem 2.2, the generating functions are

Osn(t) = €™ and  Msn(t) = nte™.

There is a Pieri algebra structure on 8" in which U is multiplication by z; + - - -+ z,, and

0 0
D=~ 1... )
o0x, +8xn

Making the x; primitive gives a compatible self-dual Hopf algebra structure for 8", so
Theorem 4.1 says 8" satisfies the ACC with constant D(zy + -+ + x,) = n. (Of course
this already follows from Proposition 3.1.) Cf. Example 2.2.2 of [4].

Example 5. For a fixed positive integer ¢, let ¥ be the updown category with F, =
{f : [n] = [¢]}. Note that an element of F, can be thought of as a monomial in the
noncommuting indeterminates Xy, ..., X.. A morphism from f € F,, to g € &F,,, m > n,
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is an order-preserving injection ¢ : [n] — [m] such that f = g as functions on [n|. In
terms of monomials, in the case ¢ = 2

U(X2X,) = 3X3X, + X2Xo X1 + Xo X2 X5 + X1 X2 X1 X5 + 2X, X2,

In fact, it is easy to see that k(Ob F) can be identified with the underlying vector space of
the noncommutative polynomial algebra k(Xj, ..., X.), and we can give it a Pieri algebra
structure by multiplying elements according to shuffle product. We have

Uw)=(X1+ -+ X)Ww

for any word w in X1,...,X,,. Evidently F is univalent, so
1
Os(t) =3 |F,[t" = ngn — . 22
(0 =Dl = e = (22)

Now J has a compatible Hopf algebra structure, with product L and the “deconcate-
nation” coproduct, e.g.,

AXIXD =X X3@1+ XX ® Xo + X1 ® X7 +1® X, X5

With this coproduct, the second multiplication defined in §4 is just concatenation, e.g.,
X1 X5 0 XoX? = X, X3X?2 By Proposition 4.2, D is the derivation of k(Xj,..., X,)
sending each X; to 1, i.e.,

0 0
D=—+... .
ox, T ax,
Hence ¥ is factorial, so it follows from Theorem 2.3 and equation (22) that
i
My(t) = tO5(#?) = —— .
9( ) 3"( ) (1 _ Ct2)2

If ¢ > 1, then F does not satisfy the WCC: it fails to hold for the generators X;.
Nevertheless, there is a formula for [D,U]. For 1 <i < cand w a word in X7, ..., X,, let

ow

Diw =
YT ax,

and Uw = X; W w.

Then [D;, U;J(w) = (Jw| + |w]; + 1)w, where |w|; is the X;-degree of w, and for j # i
[D;, Uj] is the derivation that takes z; to x; and all x, with p # i to 0. We have

(D, Ulw = ((c+ D|w| + c)yw + > _[D;, Ujlw.
i#]
Ezample 6. (Necklaces; [10, Example 5]) For a fixed positive integer ¢, let N,,, be the set
of m-bead necklaces with beads of ¢ possible colors. A morphism from f € N,,, to g € N,,,

m < n, is an injective function sending each bead of f to a bead of g of the same color
and preserving the cyclic order. Then u(p;q) is the number of ways to insert a bead into

19



necklace p to get necklace ¢, and d(p; ¢) is the number of different beads of ¢ that can be
deleted to give p. Evidently N is factorial and also evenly up-covered with ug = ¢ and
Uy, = mc for m > 1. From Theorem 2.3,

ct

O'N(t) =1- log(l — Ct) and MN(t) = m

There is a Pieri algebra structure on N given by associating certain polynomials in
k(Xy,..., X.) with necklaces. Let A = k(X3,...,X,), and define a linear function R :
A —Aby R(1) =1, R(X;) = X; for any 7, and

R(Xi1Xi2 te Xlk) = XikXilXi2 e X

le—1

for any monomial in A. Let A be the R-invariant polynomials in A, and define the linear
function P : A — A% by P(1) =1, P(X;) = X;, and

P(w) = w+ R(w) +--- + R*}(w)

for w = X;, -+ X;,. For any necklace we have an associated polynomial in A® that uses
X, to represent the ith color, e.g., for ¢ = 2

P(X2X2) = X?X2 + XoX2Xo + X2X?2 + X, X2X, represents the necklace {:} :

Then it can be shown that P(w;) W P(wy) € A for any monomials wy,w; € A, so the
shuffie product on A restricts to A%, Further, this is a Pieri algebra structure for N, since
if p € N,, is represented by P(w), then U(p) € N,,,+1 is represented by

(X1 +Xo+ -+ X)W P(w).

For ¢ > 2, N does not satisfy the WCC. There is a formula for [D, U]p similar to that
of the last example, but involving cyclic derivatives in the sense of [15]. Let C; = T;P,
where
w', if w= X,

Ty(w) =
0, otherwise.

If the necklace p is represented by P(w), then Dp is represented by P(C} + --- 4+ C.)w
and [D, U]p is represented by

(c+ D|w|P(w) + > P(X;Ci(w)).
i
The induced poset (ObN, <) also fails to be a lattice when ¢ > 2.

Ezample 7. (Integer partitions with unit weights; [10, Example 6]) Let Y be the category
with ObY the set of integer partitions, i.e., finite sequences (A1, Ag, ..., Ax) of positive
integers with

AL > Ay > 2 g
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The rank of a partition is |A\| = Ay + Ao + - - - + Ag; we write £(\) for the length (number
of parts) of A. The set of morphisms Hom(\, 1) contains a single element if and only if
Ai < p; for all 2. Then Y is a unital updown category. By identifying A\ with the Schur
symmetric function s) in the algebra Sym of symmetric functions, we have a Pieri algebra

structure for Y since
k )
8151 = Z u(A; 1)s,
lul=I\+k

for any partition pu (for definitions see [13]). Now the standard inner product on the
algebra of symmetric functions [13, 1,§5] makes the Schur functions an orthonormal basis.
Further, the usual Hopf algebra structure on Sym (see [5]) is known to be self-dual via this
inner product, so Theorem 4.1 shows that Y satisfies the ACC with constant D(s;) = 1
(cf. [16, Corollary 1.4]).

Since Y, is the set of partitions of n, the object generating function

n 1
Oy(t) = Z |yn|t - (1 _ t)(l _ t2)(1 — t3) .

n>0

is familiar. Since Y satisfies the ACC with constant 1, Og(t) = Oy(t) by the second part
of Proposition 3.2 and thus

f , f
2 = T era —ma )

My(t) =

by Corollary 3.2. Also, since the induced poset (Ob Y, <) is a lattice, Corollary 3.3 requires
it to be modular: in fact, (ObY, <) is distributive (see the introduction of [16]).

Besides providing the motivating example of theory of differential posets in [16], Y
appears as Example 1.6.8 of [4].

Ezample 8. (Integer partitions with non-univalent weights; [10, Example 7]). Let X be
the category with ObX the set of integer partitions, and Hom(\, 1) defined as follows.
Let A = (A\,...,\,) and pu = (p1, - - -, i), always written in decreasing order. Then a
morphism from A to p is an injective function f : [n] — [m] such that \; < p; whenever
76 = .

The category K has the same objects as Y, but it also has the nontrivial automorphism
groups: for a partition A = (A, ..., \x), Aut(\) is the group of permutations of {1,..., k}
exchanging parts of A\ of equal size. Thus

| Aut A| = mq(A)!mo(A)! -+,

where m;(A) is the number of parts of size ¢ in A. For partitions A, p with |u| = || + 1,
the multiplicities u(A, p) and d(\, ) are nonzero if u comes from A by increasing a part of
size k in A to a part of size k+1 in p: in this case u(A, ) = mg(A) and d(A, p) = mpiq1 (@),
where we allow the case k = 0 and make the convention mg(\) = 1. The weights d(X; u)
appear implicitly in [12] and explicitly in [11], where they are referred to as “Kingman’s
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branching”: see especially [11, Fig. 4]. As noted in [11], the d(\;u) appear in the
multiplication rule for monomial symmetric functions in Sym:

mlfmA: Z d<)‘§/~L)mu7

|1l =IAl+
where m is the monomial symmetric function associated with A. Then
mimy = Y u(\; )iy,
|l =IAl+k

where my = | Aut A|m,, so identifying A with m, gives a Pieri algebra structure for X.
From [10] the object and morphism generating functions are

t t t?
Ox(t) = exp <:) and My (t) = Tz OXP <m> :

The updown category K satisfies the WCC with

[D,U](A) = (1 4+ma(A))A (23)

for all partitions A. To prove this we use Theorem 4.2, since k(Ob X) has a compatible
Hopf structure given by identifying the partition A with m, as defined above: we again
use the usual Hopf algebra structure on the set Sym of symmetric functions. Then the
second multiplication is given by the union operation on partitions, e.g., (2,1)0(3,1,1) =
(3,2,1,1,1), and on the generators (n) we have

(n), ifn>1,
2(1), ifn=1.

[D,U](n) =

Equation (23) follows by induction on the number of parts of A, using equation (16).
Ezample 9. (Integer compositions; [10, Example 8]) Let €, be the set of integer compo-

sitions of n, i.e. sequences I = (iy,...,1,) of positive integers with a; + - -- + a,, = n; as
with partitions we write ¢(I) for the length of /. A morphism from (i1, ...,7,) € C, to
(15 - -+ Jq) € Cp, is an order-preserving injective function f : [p] — [¢] such that i, < jf()

for all @ € [p]. Then € is a univalent updown category. To get a Pieri algebra structure
for € one can use the ring QSym of quasi-symmetric functions (for definitions see [14,
Sect. 9.4]): if M; is the monomial quasi-symmetric function associated with I, then

MM = > (I J)M,.
|TI=IT]+

The object generating function is

Oct) =D [C[t" =14 2"t = 1=t

1—-2¢
n>0 n>1
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From [10] the morphism generating function is

t—1t3

Me(t) = =222

The updown category C satisfies the WCC with
e(l)=L(I)+2mi(I) + 1, (24)

where my (1) is the number of 1’s in /. This can be proved using Theorem 4.2. First, note
QSym is a Hopf algebra with coproduct

AMg)= Y M @M,

IUJ=K

where I U J is a the juxtaposition of compositions [ and J. Then the dualized coproduct
is just Mjo Mj; = Mjp;, for which the length-1 elements M, generate: further, equation
(24) holds for these elements. Equation (24) in general then follows by induction on length
using equation (16).

Ezample 10. (Planar rooted trees; [10, Example 9]) Let P, be the set of functions f :
2n] — {(,)} with card f~(() = card f~!()) = n and card f~1({) N [;] > card f~1()) N [i]
for all 1 < i < 2n. We declare Aut(f) to be trivial for all objects f of P, and define
a morphism from f € P, to g € P,,1 to be an injective, order-preserving function
h : [2n] — [2n + 2] such that the two values of [2n + 2] not in the image of h are
consecutive, and f(i) = gh(i) for 1 < i < 2n. Then P is a univalent updown category. We
can regard elements of P, as balanced bracket arrangements, and also as planar rooted

trees, e.g.
((O)(())) is identified with /} .

Thinking of P as the updown category of planar rooted trees, the rank is the count of
non-root vertices. (The empty bracket arrangement () € Py is identified with the tree e
consisting of the root vertex.)

It is well known that balanced bracket arrangements, or equivalently planar rooted
trees, are enumerated by Catalan numbers:

Os(t) = Y [Pultn =3 b (2n)tn _l-vi-4r

= =n +1\n 2t
Now there are 2n+ 1 possibilities for order-preserving injections [2n] — [2n+ 2] that miss
two consecutive values, so P is evenly up-covered with u,, = 2n + 1 and by Theorem 2.3
the morphism generating function is

Mo(f) — 2n+1(2n Jnil _ 2n+1 t2n+1_1—\/1—4t2
o) =2 n+1\n = n+1 oI —4
n>0 n>0
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In the tree language, U(t) is the sum of the 2|t| + 1 planar rooted trees obtained by
attaching a new edge and terminal vertex at every possible position of ¢, and D(t) as the
sum of all trees obtained by deleting a terminal edge of ¢t. For example,

U(/\)z/[\Jr{\ +/I\+/\+/I\

and

The updown category P satisfies the WCC, as can be shown from Theorem 4.4. First
note that k(Ob P) has a Hopf algebra structure as described in [9]. For this Hopf algebra
structure the dual multiplication o is juxtaposition of balanced bracket arrangements, or
equivalently joining two planar rooted trees at the root:

/}oI :/{\.

Then U is a pre-derivation for o, so P has a compatible the Hopf algebra structure. The
unary operation B, : P, — P,.; encloses a balanced bracket operation in an outer pair
of delimiters, or equivalently adds a new root vertex at the top of a planar rooted tree:

B+</\>:)\.

This B satisfies the identity (17), and indeed P has a bilateral arboreal structure. Hence
P satisfies the WCC by Theorem 4.4. In fact, the eigenvalues are given by

€(t) =2t| +7(t) + 1, (25)

where 7(t) is the number of terminal vertices of ¢ (and 7(e) = 0), for any planar rooted
tree t. Equation (16) shows that equation (25) holds for ¢; o to whenever it holds for ¢;
and t5, and equation (20) shows that it holds for B, (¢;) whenever it holds for ¢;. Now any
planar rooted tree ¢t with |¢t| > 0 can be written as either ¢;0ty or B, (t1) with |t1], |ta] < |¢],
so equation (25) follows by induction on || starting with the unique element of P;.

Ezample 11. (Rooted trees; [10, Example 10]) Let T,, consist of partially ordered sets P
such that (i) P has n + 1 elements; (ii) P has a greatest element; and (iii) for any v € P,
the set of elements of P exceeding v forms a chain. The Hasse diagram of such a poset P
is a tree with the greatest element (the root vertex) at the top. A morphism of T from
P €7, to @ € T, is an injective order-preserving function f : P — () that sends the root
of P to the root of @), and which preserves covering relations (i.e., if v < w in the partial
order on P, then f(v) < f(w) in the partial order on @)). Then T is an updown category.
As shown in [10], the categorical definition above gives

u(P;Q) =n(P;Q) and d(P;Q)=m(P;Q),
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where n and m are the multiplicities introduced in [8]. Since u(P; Q) can be interpreted
as the number of vertices of P to which a new terminal edge can be attached to get @, it
follows that T is evenly up-covered with

> uP;Q)=|Pl+1=n+1 forall P€T,.

QeTn+1

It is also shown in [10] that the object and morphism generating functions are

05ty = S U g ap(ry = 30 D e

= (n+1)! = n!

The operators U and D on k(ObT) appear in §2 of [8] as 9 and B respectively. As
is proved there (Proposition 2.2), T satisfies the LCC with €(P) = |P| + 1 (Note that
the grading in [8] differs by 1 from the one used here). That T satisfies the LCC can
also be proved along the lines of the previous example using the Grossman-Larson Hopf
algebra structure on k(Ob T) [7]: this Hopf algebra structure gives T a unilateral arboreal
structure.

From Corollary 3.1 it follows that

n

Y wPQ(P;Q) =) (k+1)|Ti,

PeT, QeETn+1 k=0
which may be compared with the identity
YD wPiQ) = (n+1)[T,
PE’J’n Qegn+1

that follows from T being evenly up-covered.
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